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ABSTRACT. Integrodifference equations (IDEs) have been widely used to model the evolution of
species under the influence of climate change. In the absence of an Allee effect, the principal
eigenvalue of the linear integral operator associated with the linearization of the IDE at the extinction
state is well-known to play a fundamental role in characterizing extinction/persistence dynamics.
Thus, it becomes imperative to investigate the impact of climate change on this principal eigenvalue.
Particularly crucial are considerations regarding the shifting velocity (i.e., speed and direction), size,
and geometry of the climate envelope incorporated in the IDE to represent climate change. While
effects of shifting velocity and size have attracted some attention, the influence of the climate envelope
geometry remains largely unexplored.

The present paper is devoted to studying how the geometry of the climate envelope affects the
principal eigenvalue, leading to a two-dimensional shape optimization problem. Assuming radial
symmetry and analyticity of the dispersal kernel, we demonstrate that among rectangles of equal
area, squares maximize the principal eigenvalue for all small shifting speeds. Our approach explores
fine properties of the principal eigenfunction in response to the fact that the presence of the shifting
speed breaks the symmetry of the linear integral operator, and takes advantage of the analyticity of
the principal eigenvalue with respect to the shifting velocity and the smallness of the shifting speed.

1. Introduction

Climate change is a serious threat to the survival of species. Altering and shifting the favorable
habitat, climate change forces species to shift or expand their range accordingly in order to remain
persistence. Therefore, it is of fundamental significance to understand whether a species can keep up
with the shifting habitat and the dependence of the answer to this question on the species and shifting
habitat. These problems have been attracting a lot of attention in biological and ecological literature

(see [12, 14, 17, 18, 23] and references therein). In mathematical literature, models of different types
such as reaction-diffusion equations (see e.g. [3, 4, 5, 8, 20, 21, 22]) and integrodifference equations
(IDEs) (see e.g. [25, 20]) are widely used to study these problems. IDEs are advantageous in the sense

that they offer effective models for both local and nonlocal dispersal.
Consider the following IDE:

wniale) = [ ke = p)laly = neo) f(un )y @ € R, (1.1)

where the space dimension d = 1 or 2, u, : R? — [0,00) is the distribution of a species in the n-th
generation, k : R — [0,00) is a dispersal kernel (i.e., a continuous probability density function on
R?), the climate envelope €2 is compact and has positive measure, ¢ is the shifting speed, v € S¢~!
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stands for the direction that the favorable habitat shifts towards and f : [0, 00) — R is the growth rate
function without Allee effect. We have chosen the index function 1 as the climate envelope function
for clarity; in general, it can be any non-negative, bounded, and compactly supported function. A
typical example of the growth rate function f is the Beverton-Holt function [6]

Ru
fu) = Wﬁ
where R > 0 is the growth rate, and K* > 0 is the carrying capacity. The IDE (1.1) prescribes the
distribution w11 in the (n + 1)-th generation given the distribution in the n-th generation through
two stages: a sedentary stage and a dispersal stage.

In terms of (1.1), studying the effects of climate change on population persistence/extinction is
equivalent to studying the long-term behavior of solutions of (1.1), and its dependence on the shifting
speed ¢ and the climate envelope function 1g. Many results have been established in this regard (see
e.g. [15, 19, 25, 26]). Introducing the moving frame wy, () := u,(x + ncv), we can rewrite (1.1) as

wnia(w) = [ ko =y o), )dn. @€ (1.2)

Note that we have restricted w,, to the bounded domain €2 in (1.2). This is important for the purpose
of the present paper. It should be pointed out that a reaction-diffusion equation model can not be
converted to an equivalent problem on a bounded domain.

Let Fo,co @ C(Q) = C(R) be the linear operator associated with the linearization of (1.2) about
0, that is,

Fa.enlw] =10 /Q k(- —y+ cv)w(y)dy, we C(Q),

where ro = f’(0). Under mild assumptions on k ensuring the applicability of the Krein-Rutman
theorem (see e.g. [13]), the principal eigenvalue A(€, ¢, v) of Fq . exists and is given by its spectral
radius. Moreover, the sign of A(£2,¢,v) — 1 determines the persistence/extinction dynamics of (1.2)
or equivalently (1.1), that is, A(2,¢,v) — 1 > 0 ensures persistence while A\(Q,¢c,v) — 1 < 0 yields
extinction (see e.g. [15, 24]).

The dependence of A(£2, ¢, v) on the shifting speed ¢ is known in some situations. For instance, if

k is radially symmetric and decreasing, then A(f2,¢,v) is decreasing in ¢. In dimension d = 1, the
L L

T 202
See [15, 25, 26] and reference therein.

The main purpose of the present paper is to investigate the dependence of A(£2, ¢, v) on the geometry
of the domain 2 in dimension d = 2. To be more specific, assuming that k is radially symmetric and

non-increasing, we would like to shed some light on the following shape optimization problem

monotone dependence of A(] ],c,v) on L — the size of the climate envelope — is known as well.

arg max A(Q,c,v). (1.3)
|2[=1

The area being fixed to be 1 does not lose the generality. When ¢ = 0, it is well-known that A(Q2,0,v),
which no longer depends on v, is maximized only at € = disks. This, providing an answer to the
problem (1.3), is a simple consequence of the variational formula of A\(€2,0,v) and Riesz’s rearrange-
ment inequality (see e.g. [16, Theorem 3.7]). When ¢ # 0, the principal eigenvalue A(£2,¢,v) does
not admit a variational formula that is as simple as that in the case ¢ = 0. Therefore, the classical
rearrangement inequality does not apply and this fact increases the difficulty of the problem (1.3)
significantly.
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We deviate to mention that the shape optimization problem has been especially investigated for the
principal eigenvalue of elliptic operators on bounded domains with homogeneous Dirichlet boundary
condition. More precisely, one is interested in the following problem

argmin A(Q), (1.4)

|Q]=1

where A(2) > 0 is the principal eigenvalue of the elliptic operator £ := =V - (AV) +b-V +V
on Q C R? with homogeneous Dirichlet boundary condition. Here, we save the energy but refer
the reader to [10] for the introduction of general conditions on Q, A, b and V that are required to
investigate the problem (1.4). In the case of the negative Laplace operator (namely, A = Iyxq, b =10
and V = 0), the problem (1.4) is solved by the classical Rayleigh-Faber-Krahn inequality saying that
arg min|g)—1; A(Q2) = Q*, where Q* denotes an arbitrary open ball with [Q2*| = 1. Generalization to
more general cases (even for —V - (AV) or —A + b - V) turns out to be highly nontrivial. In [9], the
authors considered the operator —A+b-V and extended the classical Rayleigh-Faber-Krahn inequality
(see [9, Corollary 1.2]), answering the problem (1.4). They further considered in [10] the operator
L in its full generality. By introducing a new symmetric arrangement associated with the principal
eigenfunction of L, they established a series of results, leading in particular to a further extension of
the classical Rayleigh-Faber-Krahn inequality (see [10, Corollary 2.8]).

In the present paper, our focus is not on solving the problem (1.3), but rather on a restricted version
thereof. Specifically, recognizing the ecological significance of rectangular domains (see e.g. [19]), we
alm to maximize A(€2, ¢, v) over rectangular domains with fixed area. That is, for each |¢| < 1 and
v € S we consider the following problem

argmax A(£2, ¢, v). (1.5)
Q) rectangle
|Q|=1
Considering small shifting speed c is biologically meaningful.
We introduce assumptions and notations before stating our results.
(H) k : R? — [0,00) is real analytic, radially symmetric, radially decreasing in B, (0) and non-
increasing in R\ B, (0) for some 7 > 0, and satisfies [, k = 1, where B, (0) C R? is the open
ball centered at the origin 0 with radius 7.

Typical examples of k satisfying conditions in (H) are Gaussian probability densities functions
centred at the origin.

From now on, we only consider Q as rectangles with area 1. Under (H), the principal eigenvalue
A, ¢,v) of Fa., exists and is given by its spectral radius. As A(TQ,c,v) = A(Q,¢,v) for any
translation T on R2, we only need to consider rectangles centered at the origin, that is,

{RQL : R is a rotation on R?, Q = {s, S] X [21L’ 21[/} , L> 0} .
Since the radial symmetry of k asserts that A(RQp, ¢, v) = AN(Qr, ¢, R~1v), considering (1.5) for each
fixed v € S is equivalent to studying the following problem

argmax A(Qr,c,v). (1.6)
L>0,veS

For convenience, we write

Frew=Fa,.co and ML, c,v)=XNQ,c,v).
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Note that Fy ., and A(L,0,v) are independent of v.
We take a two-step approach to solve the problem (1.6). First, we solve for each v € S the following
problem

argmax A(L, ¢, v). (1.7)
L>0

It is shown in Theorem A that (1.7) admits a unique solution L, (actually, L, = 1). It is followed by
maximizing the function v — A(L,, ¢, v), that is, to study
argmax A(Ly, ¢, v). (1.8)
v€eES
In Theorem B, we show that A\(L,,c,v) = A(1, ¢, v) is independent of v € S.

Now, we present our findings in detail. Under (H), classical perturbation theories [1, 2] ensure that
AL, ¢,v) is analytic in (L, c,v). Therefore, for each v € S and Ly > 0, there holds the second-order
Taylor expansion of A(L, ¢,v) about (L, ¢) = (Lo, 0):

AL, e,v) = A(Lg,0,v) + N7 (Lo, 0,v)(L — Lo) + A.(Lg,0,v)c
1

1
+ 5 III/L(LO’ 0, ’U)(L — L0)2 + ZC(L(], 0, ’U)(L — Lo)C + 5)\15/6(.[/(], 0, 1})62 (19)

+ hi(L,c,v)(L — Lo)? 4 ho(L, ¢,v)(L — Lo)c + hs(L, ¢, v)c?,
where lim(z, o) (z,,0) hi(L, c,v) = 0 for i = 1,2,3. Note that the coefficients A\(Lo,0,v), A7 (Lo,0,v)

and X/ ; (Lo, 0,v) are independent of v.
The following theorem addresses coefficients of the first- and second-order terms in (1.9).

Theorem A. Assume (H). For each v € S, the following statements hold.

(i) M. (Lo,0,v) >0 for 0 < Lo <1,
A (1,0,v) =0 and N/ (1,0,v) <0,
N (Lo, 0,v) <0 for Lo > 1.
(ii) N.(Lo,0,0) = 0 and N.(Lo,0,v) < 0 for all Lo > 0.
(ii) A} .(Lo,0,v) =0 for all Ly > 0.

Therefore, the Taylor expansion (1.9) is simplified to the following:
o if LO = ].7

1 1
)\(L,C,’U) = )\(1,0,1)) + §>‘,I/,L(1707’U)(L - 1)2 + §>‘/c/c(1aoav)02 =+ 0((L - 1)2) + 0(02>7
o if L() 75 ].7

1
ML, ¢,v) = X(Lg,0,v) + Xy (Lo, 0,v)(L — Lo) + 5XC’C(LO, 0,v)c? + o((L — Lo)?) + o(c?).

An immediate consequence is that for each |¢| < 1 and v € S, the function L — A(L, ¢,v) is unimodal
and achieves its largest value at L = 1. In particular, the solution to the problem (1.7) is L = 1.
It remains to consider the problem (1.8) with L, = 1, that is,

argmax A(1, ¢, v). (1.10)
veES

We prove the following result.
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Theorem B. Assume (H). There exists a 6 > 0 such that

\ - > 621' 821A 5.5 S
(1707 U) - Z (22)' acgi (17071]0)7 V(C7U) e (_ I ) X )

where vg = (1,0). In particular, for any ¢ € (=6,0), the function v — A(1,¢,v) is constant on S, and
therefore, the solution of (1.10) is given by the whole unit circle S.

The conclusion of Theorem B is somewhat counter-intuitive, as 2; is not radially symmetric.
Perhaps, this is a result of the analyticity and symmetry, and is supported by the following important
example.

Example 1.1. Let k be a Gaussian probability density function with zero mean, namely,

1 =2 9
k(z) = 552 227, zeR

for some o > 0. Denote by wq . the positive eigenfunction associated with A(2, c,v). Then,

c vz

70 _lz—ytev|? 0 2 e _lz—yl? cvy
AR, ¢, v)pq,c,0(2) /6 207 Qe (y)dy = e e o /6 227 Pq.c0(y)dy.
Q Q

2702 2702
co.
o

Setting ¢(x) = e o* pq.co(x) yields

AR 6, v)e 3(z) = ro / k(- )(y)dy,

Q
resulting in
AMQ,c,v) = 67%/\(9, 0,v).
Since AM(2,0,v) is independent of v € S, so is A€, ¢, v).
The solution of (1.6) follows immediately from Theorems A and B.

Corollary 1.2. Assume (H). Then, there exists a 6 > 0 such that for any ¢ € (—6,0), the solution
of (1.6) is given by the set {1} x S. Equivalently, for any c € (=6,0) and v € S, the solution of (1.5)
is given by unit squares.

Our approach is different from those used in [9, 10]. The proof of Theorem A is based on the
analysis of the eigenfunction ¢y . of Fr ., associated with the principal eigenvalue A(L, ¢,v) under
the normalization (fixed throughout the paper)

max ¢r, e, = L. (1.11)
Qr

From the second-order Taylor expansion (1.9) of A(L, ¢, v), one finds identities connecting coefficients
of the first- and second-order terms in (1.9) with ¢, ., and its partial derivatives calculated at (Lo, 0).
Crucial ingredients in our proof are the establishment of properties of ¢y, .. at (Lo, 0) in response to
the symmetry breaking, namely, ¢ # 0. Some of them are collected in Section 2. Others are hidden
in Section 3, where the proof of Theorem A is given.

The proof of Theorem B digs into the analyticity and symmetry of (c,8) — A(1,¢,v(0)), where
v(f) = (cosf,sinf). A crucial step in our proof is to show that the disk of convergence of the
simplified series of A(c,0) := A(1,¢,v(0)) at (c,0) = (0,0) actually contains (—Rg, Ro) x [0, 7/4] for
some small Ry > 0 (considering 6 € [0, 7/4] suffices due to the symmetry), that is,

2inok [ 2%+ 2K\ Ac2ig2r (0,0)
)\(6,9) = /\(0,0)+iglkgoc 0 ( 2%k 7(22 2]{})' , Vece (—Ro,Ro), RS [0,7(/4],
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where A.2ig2x(0,0) = aj§j;2’;)A(c, 0)](0,0y- This together with the symmetry of A(c,0) at (0,7/4) helps
to draw the conclusion of Theorem B.

The rest of the paper is organized as follows. In Section 2, we establish some properties of the
principal eigenfunction ¢ . that play significant roles in the proof of Theorem A, whose proof is
given in Section 3. Section 4 is devoted to the proof of Theorem B.

2. Properties of the principal eigenfunction

Recall that ¢y, 0, is the principal eigenfunction of Fp, ¢, associated with the principal eigenvalue
AL, 0,v) and satisfies the normalization (1.11). In this section, we establish some properties of ¢z, o,
that play crucial roles in the sequel. Due to the independence of ¢r 0, on v € S, we write ¢, o for
©rL,0,0 in the rest of this section.

Given the radial symmetry of k and the geometry of the domain Qp, the proof of the following
result addressing the symmetry of ¢y, ¢ is straightforward, and therefore, omitted.

Lemma 2.1. Assume (H). Then, ¢r o is symmetric with respect to both x1 = 0 and o = 0. When
L =1, there holds in addition

v1,0(z1,22) = 1,0(T2, 1) = @1,0(—x2, —21), V(x1,72) € Q1. (2.1)

Now, we explore finer properties of the eigenfunction ¢ ¢. For L > 1, straight lines ¢, : z3 =

T — Lzzl and 1 = Lzzz divide Q, into three subdomains as follows (see Figure 1)
L2 -2 L 1 IZ-1
A = R?: — —— < —
L {(561,3?2)6 Y7 _331_27 2L_3?2<561 oL },
L? -2 L I? -1 1
Br = R%: < —r — <xp < —
L {($1,$2)€ Y7 ,$1,27CE1 oL $22L}’

CrL=Qg \ (AL UBL).

Obviously, Cp, =0 if L = 1.
Similarly, for 0 < L < 1, straight lines £y, : o = 1 — % and zo = 1_22LL2 divide Qj, into three
subdomains as follows (see Figure 2)

L L -1 1
Ap = ) ER?—= < < Sy — Ty < — 3,
L {(“ z2) g =Ti= T T S 2L}
L L 1-—2L2 L2 -1
By = R?2: = < e N T
L {($1,$2)€ 2_561_2, oL S T2 ST oL }’

CL =9\ (AL UBy).
For L > 0, we define pr, : A;, — By, \ £, by mapping = € Ay, to pr(z) € By, such that z and py,(z)
are symmetric with respect to the line ¢, that is,
I? -1 I? -1
Tor YT Tar

Clearly, pr, is smooth and has a smooth inverse.

pr(z) = <x2+ > z = (z1,22) € Ar.

We prove the following result about ¢ g.
Lemma 2.2. Assume (H). Then,
vro<eroopr in Afp.
If L =1, then the equality holds.



SHAPE OPTIMIZATION OF PRINCIPAL EIGENVALUES AND THE GEOMETRY OF CLIMATE ENVELOPES 7

)
Q) 1
L 2L
2.
(k2 + L2L 17,?..2%) ,
By, '
Cr 'pL(x)
L?-2 : L
2L 2
I 3
*z (%7 IQ)
Ap

F1GURE 1. Decomposition of 1y, for L > 1

Proof. If L = 1, the result follows immediately from Lemma 2.1. Now, we fix L # 1 and write
A= A(L,0) and ¢ = ¢ ¢ for simplicity. Clearly, it is equivalent to prove

Al ={x € AL : p(z) — p(pr(z)) > 0} = 0. (2.2)

Suppose on the contrary that (2.2) fails, that is, AJLr = (). The continuity of ¢ and pr ensures that
Aj{ contains an open set, and therefore, has positive Lebesgue measure.
For x € A, we deduce from the eigen-equation Fr, gp = Ap that

() = 1o /A k= ey £ /B |, He =gy

- /A o e a7 /A = 1) plon ()i

_— / K —y)e@)dy +r0 | kpw() — v)e(on))dy,
ApUuCy Ap

since we used the definition of py, in the second equality, and the fact |x — pr(y)| = |pr(z) — y| for
x,y € A and the radial symmetry of k in the third equality.
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T2
1
2L
(.1717 ﬁ)
A, i
Qr "
-z
By,
2_
v'pL(x) ' (%azl_ Lng)
L
2
z1
1-21%
2L
L

Cr

FIGURE 2. Decomposition of f for 0 < L < 1

Similarly, for x € Ap,
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where we used the fact that |pr(z) — pr(y)| = |x — y| for x,y € A and the radial symmetry of k in
the third equality. Thus, for =z € A,

AMeo(x) = @(pr(z))) = 7“0/ (k(x —y) — k(pr(z) —9)(p(y) — w(prL(y)))dy

Ap
w10 [ (k@ =) = Fpu() =)ol
L
Since |z — y| > |pr(z) — y| for x € Ap, and y € CL, we deduce from k being radially nonincreasing
that
[ (=)= hlos(a) =)o)y <0. V€ Ay,
L

As |z —y| < |pr(z) —y| for z,y € AL, o(y) — p(pr(y)) <0 for y € AL\ A} and ¢(y) — ¢(pL(y)) >0
for y € AZ, we find for x € Ay,

/A (k(z — v) — K(pw(2) — ) (o) — p(os()))dy
< /+(k(x —y) —k(pr(z) —y)(e(y) — e(p(y)))dy
A

L

< k(x —y)(e(y) — v(pr(y)))dy.

+
AL

It follows that

(@) — p(pp())) < 7o / k(e — 9)(o(y) — oL (u))dy, Va € Ar.

+
AL

Multiplying the above inequality by ¢ — ¢ o py, and integrating over A} yield

A /A oo <r /A z /A K= 0)(6lo) ~ P (o(a) = el ()

S)\+/+(SD—SOOPL)2a

AL
where A is the principal eigenvalue of Fr ¢ restricted on Az. It follows that A < AT. However, [11,
Theorem 1.1] asserts that A > AT, leading to a contradiction. Hence, (2.2) holds. O

Then, we have the following lemma.

Lemma 2.3. Assume (H). For any L > 0,

Orpro <0 in [0,2]x |-, = (2.3)

a:1<PL,0_ m 72 2L’2L ) .
) L L 1

Oz, 000 <0 in 33 X O’ﬁ .

Moreover, there exists § = 6(L) > 0 such that

0 <0 ¢ L 6L X LI
:L’1S0L,O m 2 32 2L72L )

. L L 1 1
Oz, o0 <0 in {2’2} > ( s } '
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T2

1
Qp S

by
Cu By, Ay
L
2u+ 35 L %
. . 3
pula) v

FI1GURE 3. Decomposition of Qf for L > 0

Proof. We only prove the results for d,, ¢ 0; the results for 0,91 0 can be proven in the same way.

For fixed L > 0, we write ¢ for ¢y o for simplicity. Since k is radially symmetric, there is K :
[0,00) — [0, 00) such that k(z) = K(|z|) for all z € R%. The differentiability of K is ensured by that
of k. Differentiating the eigen-equation Fr, o = A(L, 0)¢ with respect to the first variable z1, we find

1 — U

AL, 0000, p(x) =70 | K'(|Jz —yl) o

e(y)dy, VzeQp. (2.4)
Qr |

To proceed, for any 0 < p < %, we decompose €1y, into
Qp=A4,UB,UC,,

where A, = (,u, %] X [—i7 ﬁL B, = [2,u — %,,u] X [—i7 ﬁ] and Cp, = Qp \ (A, U B,,), and define

pu Ay — By \ £, where £, : x1 = pu, by setting
pu(®) = (20 —z1,22), = (21,22) € 4.

See Figure 3 for an illustration. Clearly, for x € A,, x and p,(x) are symmetric with respect to the
line £,,. The map p,, is smooth and has a smooth inverse.
We claim that for any p € (0, %),

p<gpop, in A, (25)

We continue to prove the result assuming (2.5) whose proof is postponed to the end.
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We treat the integral on the right hand side of (2.4). For z; € (0, %),

Y
K'(|lo = y) 21 ¢(y)dy
Qr E yl
1Y —Yy
— [ K-y [ Ko ) ey
Ay UCq, [z =yl By \lay |z -yl

- / K'(jo - y) 2= o) dy + / K1z - y)) 2" o, (4))dy
A UC

u—m lz — 9l

/ K'(|lx = y) =2 (0o, (1)) — () dy+/ K'(|Jz — y) Lo (y)dy

\ - |z =yl

fﬁAMqu—y)m_y“ﬂmdw)—ﬂwﬂyéa

where we used the symmetry of y and p,, (y) with respect to £,, in the second equality, k being
radially non-increasing (so K’ < 0) and x; — y; > 0 for y € C,, in the first inequality, and (2.5) and
y1 —x1 > 0 for y € A,, in the last inequality. Hence, (2.3) is true for z € [0, L) x [=55, 5%] (note
that the correctness of (2.3) for x; = 0 is trivial due to the symmetry of ¢ with respect to z; = 0).

We now show the strict inequality near the edge x; = % Note that

1

AL 0o (L /203) = o [ K(1(E/2.0) = o) L2=n opay, v@e[—;L,ﬂj.(zﬁ)

Qr L/2,x3) -y
It follows from the assumption that k is radially decreasing on B, (0) (or equivalently, K is decreas-
ing on [0,n)) that the integral on the right hand side of the above equality is negative. Hence,
Oz p(L/2,22) < 0 for all 2o € [—L L] As ¢ € C?(Qy), there must exist some § > 0 such that

e . L 2D
Orp <0in (3 —0,3] x [-3,3].
It remains to prove (2.5), which actually follows from arguments as in the proof of Lemma 2.2. We
include the details for completeness. It is seen from the eigen-equation Fr, o = A(L, 0)p that for any

x €Ay,

MLW()*m/

k(z — y)p(y)dy + 1o / Kz — y)o(y)dy
A,UC,

Bu\ly

1o /A o K=y o /A b pu0)elou )y

= 1o /A o He =0y o /A k(o () — 1) (ou(v))dy,

"

where we used the definition of p,, in the second equality, and the fact that |z — p,(v)| = |pu(z) — Y|
for any x,y € A, and the radial symmetry of k in the last equality. Similarly, for x € A4,,,

AL, 0)p(py () = o /A  klpula) = plu)dy + o /B k(ou(z) — v)e(y)dy

w\Ey

ro /A“ucu k(pu(x) —y)e(y)dy + ro/ k(pu(x) — pu()e(pu(y))dy

Ay

T{/ k@A@—yM@My+m/‘km—yM@AwM%
A,UC, A

m
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where we used the fact that |p,(z) — p.(y)| = |x — y| for any =,y € A, and the radial symmetry of k
in the last equality. Thus, for x € 4,

ML, 0)(p(z) — p(pu(x))) = 7“0/ (k(x —y) = k(pu(z) —y) () — v(pu(y)))dy

Ap

7 /C (k(z — 1) — k(o (@) — 1)) (v)dy.

I

Since |z —y| > |pu(z) —y| for x € A, and y € Cy, k being radially non-increasing ensures

/C (k(z — y) — K(pu(@) - )(y)dy <0, Va € A,

"

Then,

AL, 0)(p(x) — @(pu(z))) < To/A (k(x —y) — k(pu(z) —y) () — e(pu(y)))dy, Vre A,

Obviously, (2.5) is equivalent to
AT ={z e Ay p(x) — @(pu(x)) > 0} = 0.

Suppose on the contrary that A:‘ # (. The continuity of ¢ guarantees that A;’[ has positive Lebesgue
measure. By the facts that [z —y| < [pu(z) — y| for 2,y € Ay, w(y) — @(pu(y)) <0 fory € A, \ AF
and ¢(y) — ¢(pL(y)) > 0 for y € A}, we have for z € Ay,

/A (k(z —y) — k(pu(z) —y) (@) — plpu(y)))dy

"

< [ e =) = kpula) = ) ol0) = el )
< /A+ k(z = y)(e(y) = e(pu(y)))dy.

n

It follows that

AL, 0)(p(x) = p(pu(x))) < To/ k(z = y)(p(y) = (ou(y)))dy, Voe A,

Al

Multiplying the above inequality by ¢ — ¢ o p,, and integrating over A;’[ yield

NE0) [ e=gond? < [ [ ke =)o) = o)) ~ plputa))dudy

< )‘+(L70)/+(S@_SDOPM)27

n

where At (L, 0) is the principal eigenvalue of Fy, o restricted on A We deduce that A(L,0) < A*(L,0).

However, [11, Theorem 1.1] asserts that A\(L,0) > A*(L,0), leading to a contradiction. Hence, (2.5)

holds. This completes the proof. O
3. Proof of Theorem A

This section is devoted to the proof of Theorem A.
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3.1. Proof of Theorem A (i). Observe that it suffices to study A(L,0,v), which is actually inde-
pendent of v € S, in order to determine the signs of A} (Lo, 0,v) and X7/, (Lo, 0,v).
Fix Lo > 0. The second-order Taylor expansion of A(L,0,v) at L = Ly reads

1
ML, 0,v) = M(Lg, 0,v) + N}, (Lo, 0,v)(L — Lo) + 5A’L'L(Lo,o,u)(L — Lo)? + o((L — Lo)?).

Let —1 < ¢ < 1. Note that

QL0+6 == T(L(),G)QLO, (31)
where
Lo+e O
T(Lo,e)=| "o (32)
0 Lo+e
Set

)‘(6) = )‘(LO +¢,0, 'U) and Pe ‘= PLo+¢€,0,0-

Clearly, X' (0) = X} (Lo, 0,v) and X' (0) = X/ ; (Lo, 0, v).
We break the proof into two steps.

Step 1. We determine the sign of A\'(0).

In consideration of the symmetry, it is easy to see that A\'(0) = 0 if Ly = 1, and the treatment for
the case 0 < Ly < 1 is analogous to the case Ly > 1. Hence, we focus on the case Ly > 1 in the rest
of this step.

The eigen-equation associated with A(e) and ¢, reads

NOpea) =ro [ e =)oy, @€ Uy (3.3)
Lo+e
It follows that ¢. := @, o T(Ly, €) satisfies
A€)pe(w) = 10 k(T (Lo, €)(z — y))oe(y)dy, x € Q. (3.4)
Q1

Therefore, (A(e), ¢c) is a principal eigenpair of the integral operator on €, defined by the kernel
rok o T(Lg,€). As maxq, ¢e = 1 due to the normalization of p., we readily see that ¢, is twice
continuously differentiable with respect to e. In particular, letting ¢ = 0 in (3.4) results in

A(0)o(x) = 7o /Q k(e — w)do(y)dy, =€ Q. (3.5)

Of course, ¢g = o.
Differentiating (3.4) with respect to € leads to

N (€)¢e(x) + Me)Dede ()

=0 [ (VT (E0,6)(o ~ )T (Lo i = 9)) ) + KT (Lo, ) = 1))0.4(0) Y- (3.6)
Setting € = 0, we find
N(0)go(z) + A(0)dcde ()| _,
(3.7)

=70 | {(Vk(z — ), T!(Lo, 0)(z — y))do(y) + k(z — )0ete(y)]_, } dy-
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Multiplying (3.5) by O, and integrating over Q1 yield

=0
/ Bese| _y0 =10 / / (2 — 4)0.6.(x)]_yd0(y)dyda

— / k(z — 1)0c6e ()| o (@) dyd,
Qr,y /1,

where we used the radially symmetry in the second equality. Now, multiplying (3.7) by ¢g, integrating
over (1, and applying the above equality, we arrive at

X'(0) $5 =10 / (VE(z —y),T{(Lo, 0)(z — y))po(x)do(y)dzdy. (3.8)
Qr, Qr, /O,
Differentiating (3.5) with respect to « and multiplying by T/ (Lo, 0)x gives
NO)(Von(e), T (Lo, 0)a) = o [ (Vk(a 1) T2 (Lo, ) () dy
Qr,
Multiplying the above equality by ¢ and integrating over €1z, yields

A(0) /Q (Véo(z), T (Lo, 0)z) o () de
— o /Q ) /Q i (VE(z — ), T' (Lo, 0)2)0(y) do (z)dzdy

— 1o /Q } /Q VG = ). TR Ol u(s) (e

where we switched x and y in the integral and used the radial symmetry of k£ in the second equality.
In particular,

2>\(0)/Q (Véo(x), T¢(Lo, 0)x) o (x de—TO/Q AL ¢(Lo, 0)(z — y))do(x)po(y)dxdy.
It follows from (3.8) that

X©) [ 6 =2:0) / (Voo (@), T! (Lo, 0)z) o () de

QLU QLO

A0) T 2 [ 1
=, <2Lo/ $3(Lo/2, v2)dzs — fo./o o3 (w1, = 5L, )dx1>v

where the second equality follows from straightforward calculations of the integral and the symmetry
of ¢¢ with respect to 1 = 0 and z2 = 0 (see Lemma 2.1).
Now, we treat the integrals on the last line of (3.9) to determine the sign of A’(0). Note that for

(3.9)

any rs € { 3T57 3o ] the points ( 1'2) and (:cg + L“ 1, 2%{)) are symmetric with respect to the

L2-1 1
2L0 ’QLO

line £1,, (see Figure 1 for an illustration), that is, pr,(Lo/2,z2) = (acg + ) Thus, we can

apply Lemma 2.2 to find

1 1 Lo
Ly, RIZI L3 — 1 [,
/O ¢0(L0/2,l‘2)d.’1?2 < /0 (bO (3?2 + — 2L 2L0 dl‘g = L3-1 P s (310)

2L

where @ := ¢/, i) and a simple change of variable is used in the equality.
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By Lemma 2.3, there exists a § > 0 such that
(I)(.fl) < (I)(Lo/Q — (S) < @(i‘l), VI, € [0,L0/2 — 6], T € (L0/2 — 5, L0/2] .

It follows from the mean value theorem that

L

5 oL .
P2 < 70/ P2,
/Lo _ 1—20Ly J13—
4 2o

2

SR

Thus,

2

3 & == 1 -5 1 Zr
P? < ——— P2 < i
[ ARy i L ey e R

where we used Lemma 2.3 and the mean value theorem in the last inequality. This implies that
Lo

Lo Lo Lo 9 Lg Lo
2 2 2 2
2Lo P2 = PP+ P2 < — == H2,
L2-1 LZ-1 L L2 1
20L0 0 0 0

1 L
which together with (3.10) leads to 2Lg ['™° ¢3(42, z2)dzs < = fOTO ®2. Tt then follows from (3.9)
that '(0) < 0.

Step 2. We show \’(0) < 0 when Ly = 1.
Denote by k" the Hessian of k. Differentiating (3.6) with respect to e yields

N1 (o) + 2N (€06 (2) + M6 (2)
=ro [ {006 - 0) K06 - )T = o
(VKT @ = 1), TV (1, )z — 9)(y)
+2ATKT(1,)(o = ) T/ e~ 1)0:04(0) + KT o~ 1))
As N(0) = 0, setting e = 0 results in
N'(O)d0(2) + MOV .(2)] _,
=ro [ { @06 - e - m0.06E -
+(VE(z — y), T/ (1,0)(z — y))do(y)
2(Vk(z — ) T(1,0)(e — 1)) + Ko~ 06 o

(3.11)

where ¢ = 8€¢E|€:0. Thanks to the radial symmetry of k£ and the fact that €2y is a square, it is easy
to verify that 1 is symmetric with respect to 1 = 0 and z2 = 0, that is,

1/)(1’1,%2) = 1/1(7%1, 7%2) = 1/)(1’1, 7(132), V(I’l,CEQ) S Ql. (312)

This property of ¥ is needed later.
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Multiplying (3.11) by ¢ and integrating over Q;, we find

N0) [ 62 =ro / / (T!(1,0)(x — 1)) k" (& — )T’ (1,0)(x — 1)o(x)do(y)ddy
Q4 QS

“v"l“o/

/Q (T — ), T(1,0) (z — y))o(x)do(y)dzdy

Q
. (). T Ve (3.13)
+ 2, /Q | /Q (T~ ), (1,00 (3) g0 )y
~2rg / (Vh(z — y), T/(1, 0)5)t () o () ddy
Q JQ

= (I) + (II) + (III) + (IV),
where we used the fact that
30 [ o _yo=ro [ [ ke p)0ow)]_oontiyd
= [ ] K@= )26, _gtula)dyd
thanks to (3.5) and the radial symmetry of k.

Now, we treat the terms (I)-(IV) on the right hand side of (3.13). For (I), we see from the radial
symmetry of k that

(1) = 2r / / (T!(1,0)2) K" ( — y)T!(1, 0)adh () o (y)ddy
o0 Jo,
~org /Q /Q (T!(1,0)2) k" (& — y)T/(1, 0)yeo () (y)dexdy (3.14)
— 21, /Q 1 / (T, 00)TH" (2 =) TA(1,0)( — 3)60(y) 0 )y
For (IT), we see from the radial symmetry of k that
(1) = 27 / | / 00,k = 3) (2 — y2)u(e) o)y

Differentiating the eigen-equation Fi g[¢o](x) = A(0)¢po(x) with respect to the second variable wxa,
multiplying the resulting equality by x2 and ¢g(x), and integrating over €y yield

" /91 /Ql 2202,k(& = y)do(z)do(y)drdy = A(O)/ 290y, po () o (x)dx

1951

Similarly,
ro/Q /Q Y20y, k(y — x) o ()P0 (y)dady = )\(O)/Q Y20y, b0 (y) o (y)dy

Since the radial symmetry of k ensures that

—r /Q 1 /Q 1 Y20, k(1 — ) o (2) o (y)dxdy = 70 /Q 1 /Q 1 Y20y, k(y — ) o () o (y)daxdy,
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we find
(11) = 2A(0) [ £202,60(x)do(x)dz + 20(0) / 120y 60(y) o) dy

Q

— 2)(0) / 1104, 60 () o) + 27(0) / 220 60() 0 ()
“1 = (3.15)

— 21, /Q | /Q (@100, = 9) + e~ )00y

— 2, /Q | /1 (T0,002) T T(L 0K — )60 ()l dedy

where we used the fact that ¢g(x1,x2) = ¢o(x2,21) for all (x1,22) € Q1 (see (2.1)) in the second
equality.
Now, we treat the term (III). By (3.7) and X (0) = 0, we have

AO)(a) = 7 /

Q1

{(Vk(z =), T/1,0)(x = )0 () + klx = y)(y) |dy.

Differentiating the above equality with respect to x, multiplying the resulting equality by 7. (1,0)z
and 2¢g(z), and integrating over §; yield

2(0) /Q (Vab(a), T/ (1, 0)2) o ) de
o, / | / 1<Tg<1,o>x>Tk“<x )T, 0)(x — y)do(y)do(x)dydz

+ 279 Vo) T T/ (1,0)VE(x — y)do(y)do(x)dydz

191

/ (Vh(z — 4), T/ (1, 0)2)(y) o) dydz.

1

+ 27’0

S— 5—

2

1

Thus,
(IT1) = 2)(0) / (V4p(2), T/(1,0)) o) d

o /Q | /Q (TL0,00)TH (2 =), T/(1,0)(@ — )l o)y (3.16)

o /Q | /Q (0,000 TT(L OV K — )60 (4)60 () dyi

For (IV), we differentiate the eigen-equation A(0)¢po(y) = Fi1,0[¢do](y) with respect to y, multiply
the resulting equality by T/(1,0)y and 29 (y), and integrate over {2 to arrive at

2/\(0)/Q <V¢>o(y),Té(l,0)y>1,b(y)dy:27’0/Q /Q<Vk(y*fv),Té(l,O)yW(y)cbo(I)dxdy-

It follows that

(IV) = 27 / (V(y — ), T/ (1, 0}y (y) o () ddy
T (3.17)
— 2)(0) /Q (Véo(y). T/ (1, 0)5)(y)dy,

where we used the radial symmetry of k in first equality.
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Inserting (3.14), (3.15), (3.16) and (3.17) into (3.13) results in

V(O [ 65 =220) / (Vo). T/ (1,0)2))(x)dz + 27(0) / (V4p(2), T/ (1, 0)) o) dx

951

— 2A(0) f w1 @)oo@)] | das 72>\(O)/§ ot (@)o(@)] | day

T1=—73 T2=—73

Nl
ol

NJ=
N

= 2)\(0) ’(/J(1/2, .’132)¢0(1/2, xg)dxg — 2)\(0) w(.’L‘l, 1/2)¢0($1, 1/2)d$€1 (318)

Nl
[

[SIE

— 2)(0) / (6(1/2,22) — (2, 1/2))bo(2, 1/2)dy

Nl

[N

— 4(0) / ($(1/2,22) — (2, 1/2))bo(w2, 1/2)des,

where the second equality follows from straightforward calculations, the third equality follows from
the symmetry of ¢ and ¢¢ with respect to z; = 0 and zo = 0 (see (3.12) and Lemma 2.1), the fourth
equality follows from ¢g(z1,z2) = ¢o(x2,x1) for all (z1,22) € Q1 (see (2.1)), and the last equality
follows again from (3.12) and Lemma 2.1.

We claim that

W(1/2,x9) < P(x2,1/2), Vaq €[0,1/2],

35 € (0,1/2) st P(1/2,22) < (x2,1/2), Vas € (1/2-16,1/2). (3.19)

Assuming (3.19), we conclude from (3.18) that A”(0) < 0, completing the proof.

To finish the proof, it remains to show (3.19). Recall that ¢ = 8€¢€L:O and ¢ = .o T(1,€). We
may assume without loss of generality that 0 < € < 1; the case —1 < € < 0 can be treated in the
same manner.

Note that for € > 0, the width of ;. is greater than its height as shown in Figure 1. By Lemma
2.2, we have ¢, < @, 0 p1y. in Ajy.. In particular,

Lt i) <o (1), doe|o,—t—
Pe 9 , L2 ) S Pe 1;2(1+€) ) 2 a2(1+€) ’

. Obviously, (1 + €)?% < #; for 0 < € < 1. By the mean value theorem,

(14¢)
(1+ )

o (x12(11+€)> s <<1+e)25c2,2(11+6)> (@1 — (14 €22)00, 0. (5, (116»

where £ € ((1+ €)2Z2,71). It follows that
1+e€ _ 9. 1 N 9. 1
< 1 - — -
we( 5 ,xz) < e (( +€) $2,2(1+6)) + (&1 — (14 €)7%2) 0z, e (E, 2(1+6))

= (04 0y ) + T (5 - (002 e (6 )

Setting o := (1 + €)%, we find from ¢ = ¢ 0 T'(1,€) that

where 21 = Zo +

6.1/2.23) < 0ax1/2) + T2 (L) e (657 ). (3:20)
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where £ € ((1 +€)x2, {2 + € +2¢ ) Since ¢.(z) is continuously differentiable in e,

2(14-¢€)
00.(1/2,1)]_ = lim ST L)
o Pe(w2,1/2) — po(1/2,22) . [e+2 (1 1
S61—1>I(I)1Jr € _’_61—1{(?Jr |:1+6 (2_332) w1 Pe (5, (1+6)):|
= lim Oelz2,1/2) - Q022 (190, polas. 1/2)

= Oetpe(2,1/2)] _y + (1 = 222)0s, o (2, 1/2),
we used (3.20) in the inequality, and (2.1) and lim._,o+ & = z3 in the second equality. Note that
Lemma 2.3 ensures that
(1 = 229)0y, po(x2,1/2) <0, Vag €(0,1/2],
36 € (0,1/2) s.t. (1 —222)04,00(x2,1/2) <0, Vag € (1/2-16,1/2).
Hence, (3.19) follows. This completes the proof.

3.2. Proof of Theorem A (ii). First, recall that the principal eigenvalue problem

)\(L07 C, U)(JOL07C7U($) =To k(x -y + C’U)QPLO7C,’U(y)dy? VS QLo' (3'21)
QLO

The second-order Taylor expansions of A(Lo, ¢, v), ¢ry,¢,0(2) and k(z — y + cv) about ¢ = 0 read

2
AL, c,v) = A(Lo, 0,v) + cAL(Lg,0,v) + c—)\” (Lo, 0,v) + o(c?),

C
PLo,c,v = PLo,00 + CacSDLo c v|c 0 + 8CCLPLO c v|p 0 + 0(62)7 (322)

2
k(x4 cv) = k(z) + ¢«(Vk(z),v) + Ev—rk”(x)fu + o(c?).

Set
)\(C) = )‘(L07 c, U)a (bO = ¥Ly,05 ¢1 = 80(10L07C7U‘C:0 and ¢2 = 83c<pL0,c7v‘C:O-

Then, A(0) = A(Lg, 0,v), N'(0) = AL(Lg,0,v) and X'(0) = N/.(Lyg, 0,v).
Inserting (3.22) into (3.21) and matching terms haing the same order in ¢ lead to

A(0)éo(x) = 7o /Q K(z — y)do(y)dy, (3.23)

N (O)o(a) + AO)r(w) =0 [ {kla =)o)+ (VhG@ =) )ulo)Jy (324
and

SV (0)0(z) + N (0)1 () + S\ (006 (2)

+ N
=0 [ {5 = 06200 + Tk~ )00 0) + 507K~ wyos(n) |

(3.25)

We show A (0) = 0. Multiplying (3.24) by ¢o and integrating over Qr, yield

YO [ 2= / (VE(z — y), v)bo(y)do(x)dzdy, (3.26)
ar, Qr, J0r,
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where we used
A(0) o1 = 7“0/ k(x —y)po(y) o1 (x)dzdy = To/ k(x —y)go(z)¢1(y)dzdy.
Qr, Qr, JQr, Qr, JQr,

Differentiating (3.23) with respect to x, multiplying the resulting equality by v and ¢¢, and integrating
over €1y, we find

o /QLO /QLO (VE(z —y),v)do(y )ri)o(x)dxdy:/\(())/ (Vo v)bo = 0,

QLO

where we used Lemma 2.1 implying fQL (Vo,v)pg = 0. Tt then follows from (3.26) that \'(0) =
0
We show A”(0) < 0 in the rest. Thanks to A’ (0) = 0, the equalities (3.24) and (3.25) are respectively
reduced to
A0)61 (2) = 7o / { k(@ = 9)é1(y) + (Th(z = 9), v)b0(v) pdy, (3.27)
Lo

and

S O)60(2) + SAO)0a(2)

1 1., (3.28)
=0 [ {5 - 0on(0) + (T = ) )10+ 307K o~ odnlo) s
Qr,
Note from (3.23) that
A(0) = k(x — dydzx.
O =ro,, e L, L, v - owstis
Thus,
m ) /| ko= o) dody <20 [ ot
which together with (3.27) yields
7"0/ (VEk(x —y),v)d1(x)do(y)dydz > 0. (3.29)
Qr, /0,

We multiply (3.28) by ¢o and integrate over Qr, to obtain

O [ dh=n [ [ {00 @+ K @ ) dedy,

(3.30)
where we used

NO0) [ duda =m0 /Q /Q k( — y)do(y)ba(e)dzdy = ro /Q /Q k(x — y)o(@)da(y)ddy.

Since

o /QLO /QLO vk (@ — y)vdo(y)do(z)dzdy = M0) /QLO T llvdo,

where ¢ denotes the Hessian of ¢, and

ro/ (VE(z —y),v)d1(y)do(x)dady = —7"0/ (VE(x —y),v)d1(x)do(y)dady,
Qr, JQr, Qz,

Q1
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we find from (3.30) that

A(0
Rl N A e A

Qr,

A (3.31)
<20 [ uTogun,
2 O,
where we used (3.29) in the inequality.
To finish the proof, it remains to show
/ v pyudy < 0. (3.32)
Qr,

Let v = (v1,v2) ". Then,

/ v pgudy = U%/ 92,4 dodo + 2?)1112/ 92 4, Podo + v} / 92, 2, P00
QLO QLO

= (1) + 20109(I1) + v2(I10).
We now treat (I), (II) and (III). Integration by parts yields

I = /_ﬁ 0z, 90(Lo/2, 22)dpo(Lo /2, x2)dzo — /ﬁ Oz, 00(—Lo/2, x2)¢0(—Lo/2, x2)dz> _/ (9, ¢0)?

o ~ 7o o
1
3Ly
= 2/ 0z, 00(Lo/2,22)P0(Lo/2, x2)dx2 —/ (D2, 00)
_ﬁ Qr,
where we used the fact that the symmetry of ¢y with respect to z; = 0 in the second equality.

Similarly, integration by parts and the symmetry of ¢y with respect to zo = 0 imply

) =2 [ ondo(or g)n(eon grodn = [ @ndo)

0

Again, by integration by parts and the symmetry of ¢y with respect to x5 = 0, we find

Lo Lo
2 1 1 2 1 1
(I = /_L# Oz, do(21, E)%( 5o —)dxy — /_L% 5z1¢0($1,—m)¢0($1,—m)d$1 - /QLO Oz, 9002, ¢0
7/ a$1¢08$2¢0'
QLO

Since
U%/ (Oy 60)* + 21}102/ Oz, $00x, 00 + U%/ (Ory00)* = / (0102, 0 + V20,,60)* > 0,
Qr, O, Qr, Or,

we arrive at

1 Lo
sty 3 1 1
/ v pyudy < 211%/ Oy 00(Lo/2, 72)po(Lo /2, x2)dxo + 205 / L 39;2(#0(931,@)%(931,@)613?1-
QL 2&0 0 0
Since Lemma 2.3 implies
2L0 1 1
/ Oz, ¢0(Lo/2,72)¢0(Lo/2,72)dxy <0 and / Oz, G0(T1, 57— 5T )oo(z1, E)dl'l <0,
0 0

_2L0
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we conclude fQLo v dgugy < 0, that is, (3.32) holds. This completes the proof.

3.3. Proof of Theorem A (iii). Set A(¢,c) := AM(Lo + €,¢,v) and @e ¢ := QL te,cn- Lhe conclusion
follows if we show A”.(0,0,v) = 0.

Recall T(Lg, €) from (3.2). Setting ¢ . := @e,c 0 T(Lo,¢€), we find from Fr,tecoPeec = A€, C)@ec
that

A€, ¢, V)0 o(x) = 7’0/ E(T(Lo,€)(x —y) + cv)ge c(y)dy, € Qp,. (3.33)
QLO
Second-order Taylor expansions of A(e, ¢), ¢e. and k(T (Lo, €)(z —y) + cv) about (e, ¢) = (0,0) read
respectively

2 2
Ae, ) = A(0,0) + eX.(0,0) + %Ag;(o,o) +eeN’(0,0) + %A;’c(o, 0)

+ €2hy (€, ¢) + echa(e, ) + hs(e, ¢),
~ 2 — 2 ~
bec = G0+ €1 + e + T o + echa+ o
+ €2hy (e, ¢) + echy(e, ¢) + Phs(e, ¢),
k(T(Lo, €)(z —y) + cv) = k(z — y) + (Vk(z — ), T{(Lo, 0)(z — y)) + c(VEk(z — y),v)
2

+ % ((VE(x = y), T/(Lo, 0)(z — )) + (T!(Lo, 0)(x — y)) "k (x — y) T/ (Lo, 0)(z — y))

2
+ ee(T! (Lo, 0)(w =) K" (z = yv + S0k (@ = y)o

+ €2hy (€, ¢) + echa(e, ¢) + 2hs(e, ¢),

where we used X,(0,0) = 0 (by Theorem A (ii)) in the expansion of A(e, c), ¢1 = 8€¢57C|(0 0)’ b1 =
8c¢e,c|(070), ¢2 = aee¢e,c|(070)a (52 = aec¢5,c|(070) and &2 = acc¢e,c|(070)a and hi(€,c) - 0, iLi(eaC) =0

and h;(e,c¢) — 0 as (¢,¢) — (0,0) for i = 1,2, 3.
Inserting them into (3.33) and collecting terms of the same order, we find the following:

e order 1:

A(0,0)¢po(x) = 70 A k(z — y)eo(y)dy, (3.34)

e order e:

X.0.0)60(z) + A0.0001(2) = 0 | {ble=9)010)+ (ko =9), (Lo, 0)(w =)o) . (3.35)

e order c:

70,00 (@) =0 [ {k(e = 1)61(0) + (Thiz = 9).0)d0(0) o (3.36)
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e order ec:
A2(0,0)¢0(x) + AL(0,0)é1 () + A(0,0)pa ()

—ro [ Kz —9)d2(v)dy + 1o / (Vh(z — y), v)1 (v)dy

Qr, Qr,
bro [ (Th =), 00— )10y (837)
7o / (T/(Lo, 0)(z — 1)) K" (z — y)vdo(y)dy

Multiplying (3.35) and (3.36) respectively by #1 and ¢; and integrating over Qr, lead to

~~

AL(0,0) i dod1 + A(0,0) i b1

—n [ ) / ke 000050 + (Thte =) 000w = D)) b
and
20,0 [ dior=ro [ [ {ko -0 w)or(e) + (Th - ), 0)éo)é (o) fdady.
Qr, Qr, /9L,
Inserting the second equality into the first one, we conclude from the fact
[ [ k=0 (6:0)6i@) - 61w)6i(@)) dedy =0,
QLO QLO
thanks to the radial symmetry of k that

)‘le (07 0) ¢0¢~51

O,
_ro/ﬂLo /QLO Vk (z —y), T/(Lo,0)(z — y))bo(y)d1(x )—<Vk(a:—y),v>¢o(y)¢>1(x)}dxdy,

(3.38)
It follows from (3.34) and the radial symmetry of k that

70.0) [ dao=ro [ [ k- y)awnlaldody
Qr, QL J QL
Multiplying (3.37) by ¢o and integrating over €z, then yield

)‘Zc(ov 0) ¢(2) + )‘é (07 O) (51 ¢0
QLO QLO

JO/QLU /Q vm— ,0)01(y)do(x) + (VE(z — ), T/ (Lo, 0)(x — y)) b1 (y )¢0(m)}da¢dy

o [ @UL00 - 0) T @~ puso(w)onladrdy
Qr, QLU
(3.39)
We see from the radial symmetry of k that

/ (T — ), )61 (1) o () ddy = — / (Vh(z — y), o)1 (2)d0(y)drdy
Qr, 01,

Qr, /L,
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and
[ [ ke T L0 0 )b n()dndy = [ [ (Th—), T Lo 0 a-9) 1 (0)n(w)dndy,
QLO QLO QLO QLO
For the second term on the right hand side of (3.39), we claim
[ [ @0 - ) k@ - ess(wa(eidsdy =o. (3.40)
Qr, JQr,

Indeed, setting h(x) := fQLo (T!(Lo,0)(x — y)) Tk (z — y)voo(y)do(x)dy, we have
h(=a) = [ (T:(La,0) (= = )K" (= = y)ucn(y)on(~o)dy
Qr,
- /Q (T2 (Lo,0)(z + 9)) A" (— — 1) (y) o (x)dy
== | @L0.0@ = ) H (o +y)otn(—a)on(a)dy

. /Q (T! (Lo, 0) (& — 4)) K" (z — 1)vgho(y)dolx)dy,

we used the fact that & is radially symmetric and ¢o(z) = ¢o(—2z) for any = € Qr,. Thus, h(—z) =
—h(z) for x € Qr,, implying fQL hdz = 0, namely, (3.40).
0
Hence, (3.39) becomes

AZ,(0,0) @5 + AL(0,0) bod1
QLO QLD

=70 /Q /Q (Vk(z = y), T (Lo, 0)(& — 9))d1(2)do(y) — (VE(z =), v)¢1 () po(y)dady.
This together with (3.38) yields

AZ(0,0) P2 +M.(0,0) [ dod1 = \.(0,0) b1,
Qr, Qr, Qr,

leading to A”.(0,0) = 0. This completes the proof.

4. Proof of Theorem B

This section is devoted to the proof of Theorem B. Set v(f) := (cosf,sinf) and A(c,0) =
A1, c,v(0)) for 6 € [0,27]. Recall that ¢; ., is the principal eigenfunction of F; ., associated with
the principal eigenvalue A(1,c,v) and satisfies the normalization (1.11). Setting ¢cg := ©1,cv(0), We
see from the eigen-equation that

N Obco@) = ro [ b~y + cv®)bcalu)dy, 7€ (41)
(951
This together with the radial symmetry of k and the symmetry of 2; ensures that
A, 0) = M(—¢,0) = A, —0), (4.2)
and
Me,m/4—0) = N, m/4+0). (4.3)

Hence, we only need to consider A(c, ) for 6 € [0, 7].
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For 0 € [0, /4], Taylor series of A(c,6) at (c,0) = (0,6) reads

A0 =33 (1))

where Agm—ngn (0,6) := Opn—ngn A€, )] 0.5)-
Note from (4.1) with ¢ = 0 that Ao := A(0, §) is independent of §, and hence,
Aom(0,0) =0, Vm e N,

where N denotes the set of positive natural numbers. Moreover, the symmetry A(c,8) = \(—c, 0)
from (4.2) yields that

Ae2it1g) (0, é) =0, VZ,j eN
where N = {0} UNT. Hence, the Taylor series of A(c, ) at (c,) = (0,0) becomes

Me, ) =Xo+ > > <m) wxcwgn (0,6).

n m!
m=2ne{0,1,...,m—2}
m—ne2NT

Setting 2i = m —n € 2NT, we can rewrite the above series of A(c, 0) as

2% \m—2i X
( m ‘)6(99)%2@”(0,9)
m

m!

o J . 2i A\25—2i
B 2j cO—-0) ==
= )\0 + Z Z <2j _ 22) T)\CZQ%—%. (O, 6)

o~ J . 2 A\25—2i+1
2j+1 (0 —0)~ -
+ Z Z ( ) ( ) )\02i02j72i+1 (0’ 9),

2j —2i+1 (25 +1)!

where [] denotes the greatest integer less than or equal to . Rearrangement yields

XL Lien 2f \(0—0)%2 X
0)=A % A 2ip2—2i(0,0
A(Ca ) o+ Z C Z (2_7 . 22) (2j)' >‘c 0 (07 )

=t (4.4)

o0

oo ) 2] +1 (0 _ é)2j—2i+1 R
21 — 210925 —2i4+1 .
+.Zc Z(?j—2i+1) it e (06)

=1 Jj=t

Applying the binomial expansion to (6§ — 9)2j_2i and (6 — é)gj_%*l and separating even and odd
powers of 6 result in

22 .. ..
(0 — 0)%% — Z (2J 21) 6" (—G)% 2"

n

Jj—t . . j—1i . .
2] =20\ porsoj—2i—2k 2] =20\ pop_142j—2i—2k+1
= (a7 — 0 Q2 —2i—2k+
(72”) > (5
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and

2j—2i+1 . .
(6 - é)2j—2i+1 _ Z (23 -2+ 1) 9n(_é)2j—2i+1—n

n
n=0
J—i+1 —i . -
_ Z 2j—2i+1 g2k—17§2j—2i+2-2k Z 2j—2i+1 g2k j2i—2i+1—2k
2k —1 2k '
k=1 k=0
Inserting them into (4.4), collecting even and odd powers of 6, and rearranging, we arrive at

Ae, 0) = Ao + i i 292k g\ (6) + Z Z 210 (6), (4.5)

i=1 k=0 i=1 k=1

where

@i 00 2j 2j—2i é2j72i72k - R
ggk(e)— Z (2]—22)( 2% )(2])' )\szgzjfzz(o,o)

j=ith
i ( 27+1 ) (Qj — 92 + 1) é2j—2i+1—2k}\ o é)
—_ Y Tlos Ly Aezigi—2it1(U, U),
S\ -2+ 2k (25 + 1)!
(4) A Sad 27 +1 2j —2i+1 25 —2i+2—2k R
g2k71(9> = Z ( . _ ,7')\621'92]'72#1 (O7 9)
e \2-2i+ 1)\ 2%k-1 ) (2 + D)
2j — 2@') ézj—2i—2k+1 A
- Z —— A 2]’721(0 9)
— _ | c2t0 bl
e (21 22) <2k 1) @)

Note that when 6 = 0, the symmetry A(c,8) = A(c, —0) from (4.2) implies that
Ac2igm—21(0,0) =0, Vm >3o0dd, i=1,2,...,Im/2].
It then follows from (4.4) with 6 = 0 that
92i—2i
ot Z 2 JZ (5, 5s) g A2 0.0

20 + 2k\ A 2 2k(0 0)
2i g2k Zeroh\ 5 V)
*A”ZZ b ( ) (2i 1 2k)]

1=1 k=0

(4.6)

For 6 € [0,7/4], let R; > 0 be such that the rectangle (—Rj, R;) x 0 — Ry, 0+ R;) is contained
in the disk of convergence of the series of A(c,6) at (c,0) = (0,6). Set I; = 0 — Ré,é + Ry).
Obviously, {Ié,é € [0,7/4]} is an open cover of € [0,7/4]. By the Heine-Borel Theorem, there are
01,02,...,0) € [0,7/4] such that {Ip, ,m=1,..., M} covers [0,7/4]. We may assume, without loss
of generality, that

O < 01 and Igmﬂfgmﬂ#(b, vYm=1,2,....M —1.

Moreover, we may assume 6; = 0. Otherwise, we just add Iy to the above open cover of [0, 7/4] and
then relabel the intervals.
Set Ry := min{Ry,, ..., Ry,, }. We finish the proof of Theorem B within three steps.
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Step 1. We show that

i 21 + 2k\ A 2: 2k(0 O)

2102k c?if )

Ae,0) = Ao + §1k§ 0 ( >(2i+2k)!, Ve € (—Ro, Ro) (4.7)
1= =0

holds for all § € Iy, U Iy,.
Recall that ¢, = 0. Note that (4.6) ensures that

i 2t + 2k Ao2ig2n (0,0)
C 0 —>\Q+Z;kz: 202k< )(27,—|—2]{)" Ve € (—RO,RO), 96]91. (48)
i 0

That is, (4.7) holds for all € Ip,. It remains to show that it also holds for all 8 € Ip,. We find from
(4.5) with 6 = 6, that

Me,0) = o+ .3 g gl ZZ 19?15 (62), Vee (—Ro,Ro), 0¢€lp,.

i=1 k=0 i=1 k=1
(4.9)
Since Ip, N Iy, # 0, we compare (4.8) with (4.9) in Iy, N Iy, to find

o) (6,) =0, VieN', keNt,

) (gy) = (22T 20) Acee2e(0,0) s
ggk(92)—< ok ETTIR Vie NT, keN.

Inserting them into (4.9) asserts the correctness of (4.7) for 6 € Iy,. Hence, (4.7) holds for all
0 € Igl U 192.

Step 2. We show that (4.7) holds for all 6 € Iy, U Iy, U---UIy,,.
Note that (4.5) with 6 = 63 reads in particular

Me,0) = o+ 33920 (0) + >3 0218 (65), Ve € (—Ro,Ro), 0 € I,

i=1 k=0 i=1 k=1
(4.10)

Since Iy, N Iy, # 0, we compare (4.10) with (4.7) to find
9%_1(03) =0, ieNT, keNT,

gy = (1 T2F) L\ (0,0, ieN*, keN

ng( 3) < ok (22+2k)' 6210219( s ), S s e N.

It then follows from (4.10) that (4.7) holds for all 6 € Iy,, and hence, it holds for all 6 € Iy, U Iy, UIy,.
The claim then follows readily from repeating the above process.

Step 3. We finish the proof of Theorem B.
Since [0,7/4] C Iy, UIy, U---UIp,,, we have from Step 2 that

21 + 2k \ A2: 2k(0 0)
21 2k c2t )
e on+§;€§‘6 ()
Z (4.11)
A k2 0 0
—A0+ZZCQW%W%)), Ve € (—Ro, Ro), 0€[0,7/4]

i=1 k=0
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Note that (4.3) ensures that A.zigzn-1(0,7/4) = 0 for all i,n € NT. From which, we differentiate (4.11)
to arrive at

e 2k—2n+1 ) 005 (0.0
Z(%) (6292’“(’):07 Vi,n € NT.

= 2k —2n + 1)!
Multiplying the above equality by (5)?"~! yields
> 2k /\C2i92k (0, 0) o . +
> (3) Gty = nen (112)
Define the lower triangular matrix
1 0 0 0 0
# 1 0 0 0
11
A |7 7 1 0 0

7o @ L0
N I

For each i € NT, we set a,(f) i= (Z)% X 21921 (0,0) for k € NT, and define X := (agi),aéi),aéi), ce).
It is straightforward to check that (4.12) can be rewritten as

XWA=0, VieNt.

)

We apply [7, Theorem 2.2.9] to conclude that X9 = 0 for all i € N*, and hence, A2ig2« (0,0) = 0 for
all i, k € N*. It then follows from (4.11) that

)\0+Z Azl (0,0), Vee (—Ro,Ro), 6¢€l0,m/4].

This completes the proof.
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