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Abstract. The present paper is devoted to the large deviation principle (LDP), with particular

emphasis on the regularity of the quasi-potential for densities of stationary and quasi-stationary

distributions of randomly perturbed dynamical systems. Our framework is set up within a positively

invariant set contained in the basin of attraction of a maximal attractor of the unperturbed system.

Such a setting with a general maximal attractor is anticipated in many applications.

We begin by establishing the LDP, under the almost necessary condition that the maximal attrac-

tor is an equivalence class in the sense of Freidlin-Wentzell. The LDP gives rise to the quasi-potential

that is non-negative, vanishes only on the maximal attractor, has a variational representation, and

is a locally Lipschitz viscosity solution of a first-order Hamilton-Jacobi equation (HJE).

Our main purpose is to investigate the regularity of the quasi-potential. Assuming the maxi-

mal attractor is a normally contracting invariant manifold, we achieve the regularity of the quasi-

potential, along with some interesting properties such as positive definiteness of its Hessian in the

normal direction to the maximal attractor and uniqueness of minimizers in its variational represen-

tation. This geometric and dynamical condition on the maximal attractor is a natural but highly

nontrivial generalization of a linearly stable equilibrium – the only case in which the regularity of the

quasi-potential is previously known – and is believed to be a sharp sufficient condition for regularity.

Despite introducing complex dynamical structures of the Hamiltonian system associated with the

HJE, it enables us to construct a regular solution of the HJE that is nonnegative and vanishes only

on the maximal attractor by means of the invariant manifold theory of this Hamiltonian system.

Even without the equivalence class assumption on the maximal attractor, this regular solution ex-

ists; under the equivalence condition, it coincides with the quasi-potential, thereby establishing its

regularity.

Our results have many applications including a rigorous justification of the macroscopic fluc-

tuation theory of non-equilibrium thermodynamic systems, a theoretical foundation for the recent

potential landscape and flux framework for describing emergent behaviors, and a solid foundation for

further investigating the asymptotic of the prefactor, paving the way for more refined mathematical

frameworks and advanced applications.
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1. Introduction

Randomly perturbed dynamical systems of the form

ẋ = b(x) + εσ(x)Ẇt, x ∈ Rd (1.1)

have been widely used in stochastic thermodynamics to study especially nonequilibrium systems arsing

from many scientific areas [28, 54, 26]. Such a system (1.1) describes the evolution of macroscopic

variables xi, i = 1, . . . , d fluctuating around their means due to thermodynamic fluctuations and are

often derived as a mesoscopic or diffusive limit of microscopic systems consisting of a large number of

particles represented by 1
ε2 . Governing the large time asymptotic dynamics, the stationary distribution

µε, assumed to be unique and have a nice and positive density uε, is of particular interest. For an

equilibrium system that satisfies detailed balance, the stationary density follows a Gibbs density

given by uε = 1
Kε
e−

2
ε2
Veq for some potential function Veq and normalization constant Kε. In this

scenario, extensive theories regarding entropy production, fluctuation, phase transition, etc. have been

established in terms of Veq and its characteristics. In contrast, nonequilibrium systems, exhibiting

more complex and intriguing behaviours, are much less known, due partly to the absence of a natural

potential function. Establishing the large deviation principle (LDP) of the stationary distribution µε
or its density uε to define a potential-like function for a nonequilibrium system is one of the foremost
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problems in stochastic thermodynamics. Whenever it is determined by

− inf
Bo
V ≤ lim inf

ε→0

ε2

2
lnµε(B) ≤ lim sup

ε→0

ε2

2
lnµε(B) ≤ − inf

B
V, ∀B ∈ B(Rd), (1.2)

or

V := − lim
ε→0

ε2

2
lnuε, (1.3)

the quasi-potential (or macroscopic potential, nonequilibrium potential) V and its characteristics lay

the solid foundation for understanding nonequilibrium systems (see e.g. [28, 29, 38, 39]). It also plays

a crucial role in studying the noise-induced exit problem (see e.g. [12, 13, 23, 37]), provides insight

for the issue of stochastic stability and bifurcations (see e.g. [28, 65, 29]), and is the building block of

the recent potential landscape and flux framework for describing emergent behaviors that applies to

nonequilibrium networks, ecological systems, cell biology, and so on (see e.g. [61, 60, 17, 62]).

However, establishing the LDP (1.2) or (1.3) and investigating key properties of the quasi-potential

V such as regularity and variational principle are highly nontrivial, as they depend sensitively on

dynamical properties of the flow ϕt generated by the unperturbed system ẋ = b(x), and when it exists,

V necessarily satisfies the first-order Hamilton-Jacobi equation∇V >A∇V +b·∇V = 0 in the sense of a

viscosity solution, where A = σσ>. Despite extensive studies and discussions in physics literature (see

e.g. [28, 29]) regarding these issues, rigorous mathematical results are only known in a few cases. The

LDP (1.2) has been established in the case when ϕt admits finitely many “indecomposable” compact

invariant sets containing all the ω-limit sets (see [23, Theorem 4.3, Chapter 6]). The LDP (1.3) and

the regularity of V are unfortunately only known in the case when the flow ϕt admits a singleton set

global attractor A = {x∗}, that is, x∗ is the globally asymptotically stable equilibrium [57, 14, 12, 1].

More precisely, the existence of the limit (1.3) in this case is established in [57, 12, 1]. The regularity

of V and many other properties are obtained in [14] under the additional non-degeneracy assumption

on the equilibrium x∗.

We note that the LDP (1.3) for the stationary density uε is typically much stronger than the LDP

(1.2) for the stationary distribution µε in compact subsets. Such a strong result is necessary in many

situations especially those involving the consideration of the noise-vanishing limit ε→ 0, and therefore,

lays the solid foundation for some further developments that we discuss in Subsection 1.3.

The main purpose of the present paper is to extend previous work on the LDP (1.3) and regularity

of the quasi-potential V from the setting of a singleton set global attractor to that of a more general

global attractor. Such a far-reaching generalization turns to be anticipated in many applications. For

example, while a limit cycle is commonly used to model simple biological oscillations, more complex

oscillatory behaviors require quasi-periodic or even chaotic dynamics. Our framework also encom-

passes quasi-stationary distributions and restricted stationary distributions, making it applicable to

systems with multiple local attractors. To the best of our knowledge, this is the first time that the

LDP (1.3), the regularity of V and related results are established at this level of generality.

In Subsection 1.1, we introduce the mathematical framework and state our main results. Subsection

1.2 provides insights into our approach, highlighting key ideas and novel contributions. Finally, in

Subsection 1.3, we briefly discuss potential applications of our findings.

1.1. Setup and main results. Let Ω ⊂ Rd be open and connected, and b ∈ Ck(Ω;Rd) for k > 2.

Denote by ϕt the local flow generated by solutions of the following ODE

ẋ = b(x), x ∈ Ω. (1.4)
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(H1) Assume that Ω is positively invariant under ϕt, namely, ϕt(Ω) ⊂ Ω for all t ≥ 0, and that ϕt

admits the maximal attractor A in Ω, that is, A ⊂ Ω is compact, ϕt-invariant, and satisfies

limt→∞ distH(ϕt(O),A) = 0 for all O ⊂⊂ Ω.

In (H1), distH denotes the Hausdorff semi-distance. Some basics of maximal attractors are col-

lected in Appendix A.

Let A = (aij) ∈ Ck+1(Ω; Sd+), where Sd+ is the set of symmetric and positive definite d×d matrices,

and consider for each 0 < ε� 1 the following eigenvalue problem for (u, λ):
L∗εu := ε2

2 ∇ · (∇ · (Au))−∇ · (bu) = −λu in Ω,

u > 0 in Ω,

∫
Ω

u = 1,

λ ≥ 0,

(1.5)

where ∇· (Au) is the row-wise divergence. Note that L∗ is just the Fokker-Planck operator associated

with the SDE (1.1) when A = σσ>, and no properties of u on the boundary ∂Ω is required.

(H2) Assume that for each ε, (1.5) admits a classical solution pair (uε, λε), and that the family of

probability measures {µε}ε on Ω with densities {uε}ε is tight.

Under (H1) and (H2), there must hold lim supε→0
ε2

2 lnλε < 0 with the convention ln 0 = −∞
(see e.g. [24]). Moreover, limiting points of {µε}ε as ε → 0 under the topology of weak convergence

exist, are invariant measures of ϕt, and must be supported on A (see e.g. [46]). Note that in (H2) we

do not require the problem (1.5) to have a unique classical solution pair. Such a setting is helpful in

the application to quasi-stationary distributions, whose non-uniqueness is known in many situations

(see e.g. [49, 48, 8, 64]) due to singularities of b(x) and A(x) as x → ∂Ω. We also point out that no

restrictions on behaviors of uε near ∂Ω is imposed except the tightness of {uε}ε.
For x, y ∈ Ω, we set

V(y, x) := inf
t<0

inf
φ∈Φt,y,x

1

4

∫ 0

t

[
b(φ)− φ̇

]>
A−1(φ)

[
b(φ)− φ̇

]
,

where Φt,y,x :=
{
φ ∈ AC([t, 0]; Ω) : φ̇ ∈ L2([t, 0];Rd), φ(t) = y, φ(0) = x

}
. It is known that V : Ω ×

Ω :→ [0,∞) is locally Lipschitz continuous [23]. We follow Freidlin and Wentzell [23] to define

equivalence class and quasi-potential function.

Definition 1.1. A set Λ ⊂ Ω is called an equivalence class if V(x, y) = V(y, x) = 0 for all x, y ∈ Λ.

(H3) The maximal attractor A is an equivalence class.

Remark 1.1. Note that (H3) is independent of A ∈ Ck+1(Ω; Sd+), and even, A ∈ C(Ω; Sd+). More-

over, (H3) implies that A is chain-transitive, equivalent to that A does not contain a smaller maximal

attractor (see Proposition A.3). The converse does not hold in general (it does not seem easy to con-

struct a counterexample), but can be established under additional conditions (see Remark A.1). There

exist substantial chain-transitive maximal attractors that are also equivalence classes (see e.g. [23,

page 147]).
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The quasi-potential function V is defined by

V (x) := min
y∈A
V(y, x) = inf

φ∈Φx
I(φ) = inf

φ∈Φx

1

4

∫ 0

−∞

[
b(φ)− φ̇

]>
A−1(φ)

[
b(φ)− φ̇

]
, ∀x ∈ Ω, (1.6)

where

Φx :=

{
φ ∈ AC((−∞, 0]; Ω) : φ̇ ∈ L2

loc((−∞, 0];Rd), φ(0) = x, lim
t→−∞

dist(φ(t),A) = 0

}
.

Set ρV := lim infx→∂Ω V (x) and ΩV := {x ∈ Ω : V (x) < ρV }, where the exact meaning of x → ∂Ω

is explained at the beginning of Subsection 2.2. Denote by ΩVρ the ρ-sublevel set of V in Ω for each

ρ ∈ (0, ρV ], namely, ΩVρ := {x ∈ Ω : V (x) < ρ}.
Let the Hamiltonian H : Ω×Rd → R be defined by H(x, p) = p>A(x)p+ b(x) · p and consider the

first-order Hamilton-Jacobi equation (HJE)

H(x,∇W (x)) = 0. (1.7)

Lemma 1.1. Assume (H1) and (H3). Then, the following hold.

• V is locally Lipschitz continuous, non-negative, and vanishes only on A.

• For each ρ ∈ (0, ρV ], ΩVρ is connected.

• For each x ∈ ΩV , V (x) = minφ∈Φx I(φ).

• V is a viscosity solution of the HJE (1.7) in ΩV , and satisfies (1.7) whenever V is differentiable

at x ∈ ΩV .

The conclusions in Lemma 1.1 are more or less well-known. Their proofs are scattered in literature

(see e.g. [59, 14]) and are also contained in the proof of Theorem A.

Our first result establishes the large deviation principle (LDP) for the densities {uε}ε given in (H2).

Theorem A (Large deviation principle). Assume (H1)-(H3). Then, for any α ∈ (0, 1),

lim
ε→0

ε2

2
lnuε = −V in Cα(ΩV ).

The assumption (H3) guarantees limε→0
ε2

2 lnuε = 0 on A. The next result almost gives an inverse

to this. See Remark 1.1 for the tricky implication relationships between (H3) and A being chain-

transitive.

Theorem B. Assume (H1) and (H2). If limε→0
ε2

2 lnuε = 0 on A, then A is chain-transitive.

Proof. Suppose on the contrary thatA is not chain-transitive. Then, it must contain a smaller maximal

attractor Ã (see Proposition A.3), and since A is connected, there holds
(
B(Ã) \ Ã

)
∩A 6= ∅, where

B(Ã) is the basin of attraction of Ã. Since lim supε→0
ε2

2 lnuε(x) < 0 for x ∈ B(Ã) \ Ã (see e.g. [43,

Theorem A (2)]), we arrive at a contradiction by examining such an x belonging to A. �

Remark 1.2. Some comments on Theorem A follow.

(1) (H3) does not ensure that limiting measures of {µε}ε have the whole attractor A as their

support. For example, if A consists of one fixed point and one homoclinic orbit, then A satisfies

(H3) but limiting measures of {µε}ε are supported on the fixed point. The asymptotic of the

prefactor Rε := Kεuεe
ε2

2 V , where Kε is the normalization constant, needs to be investigated

to determine exact concentrations in general.
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(2) Even if limε→0
ε2

2 lnuε exists on Ω \ ΩV , it is unlike that the limit is given by −V . The

behaviors of b and A on the boundary ∂Ω play a role in determining the limit.

For stationary distributions, Theorem A is well-known when the maximal attractor A is a singleton

set [57, 12, 1], that is, A = {x∗} is an asymptotically stable equilibrium. Assuming further that the

equilibrium x∗ is linearly stable, it is shown in [14] that there is a connected, open, and dense subset

G ⊂ ΩV containing a neighborhood of x∗ such that V ∈ Ck(G). The regularity of V in the whole

domain ΩV fails in general [30, 12]. Such a regularity result of V has many applications that we

mention a few in Subsection 1.3.

The main purpose of the present paper is to establish the regularity of the quasi-potential function

V . While a counterexample is not known yet, the regularity as in the case of a non-degenerate singleton

set attractor is believed to fail in general when A has a strange structure given that V must be non-

negative, vanish only on A, and solve the HJE (1.7). Therefore, we impose proper geometric and

dynamical conditions on A without excluding possible complex dynamics. More precisely, we require

A to be a normally contracting invariant manifold of ϕt, which is a natural but highly non-trivial

generalization of a linearly stable equilibrium. A typical example is a linearly stable limit cycle.

(H4) The maximal attractor A is a Ck-submanifold with dimA < d and there are constants C > 0,

0 < β0 < β∗ satisfying β0

β∗−β0
< 1

k′ for some 2 ≤ k′ ≤ k − 1 such that for each x ∈ A,

– TxRd = S(x)⊕ TxM,

– Dϕt(x)S(x) = S(ϕt(x)), t ∈ R,

– ‖Dϕt(x)|S(x)‖ ≤ Ce−β∗t, t ≥ 0,

– ‖Dϕt(x)|TxM‖ ≤ Ceβ0|t|, t ∈ R.

Consider the following Hamiltonian system associated with the HJE (1.7):{
ẋ = 2A(x)p+ b(x),

ṗ = −p>∇A(x)p−∇b>(x)p
in Ω× Rd, (1.8)

where p>∇A(x)p =
(
p>∂1A(x)p, . . . , p>∂dA(x)p>

)>
, ∇b denotes the Jacobian of b, and ∇b> is its

transpose. Denote by ΦtH the local flow generated by (1.8). Obviously, A× {0} is an invariant set of

ΦtH . The following result establishes in particular the regularity of V in a neighborhood of A and its

connection to the local dynamics of ΦtH near A× {0}.

Theorem C. Assume (H1)-(H4). Then, there are open sets A ⊂ O2 ⊂ O1 ⊂⊂ O0 ⊂⊂ Ω such that

the following hold.

• (Local unstable manifold of A× {0}) There are a d-dimensional Ck
′

Lagrangian submanifold

Wu ⊂ Ω× Rd and a vector field F ∈ Ck′(O0;Rd) such that

– ΦtHWu ⊂ Wu for all t ≤ 0, and for any β ∈ (0, β∗), there is C > 0 such that

sup
(x,p)∈Wu

dist
(
ΦtH(x, p),A× {0}

)
≤ Ceβt, ∀t ≤ 0;

– graphF =Wu ∩ (O0 × Rd);
– F satisfies H(x, F (x)) = 0 for all x ∈ O0, and is conservative on O1.
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• (Local regularity) V ∈ Ck′+1(O2) satisfies ∇V = F on O2, and for each x ∈ A, Hess(V )|x :

TxRd ⊗ TxRd → R is semi-positive definite and satisfies

Hess(V )|x(y, z)

{
= 0, if y or z ∈ TxA,
> 0, if y = z ∈ T⊥x A,

where T⊥x A ⊂ TxRd denotes the orthogonal complement of TxA.

• (Uniqueness of minimizers) For each x ∈ O2, there is a unique φ ∈ Φx such that V (x) = I(φ),

where I is given in (1.6). Moreover, φ ∈ C1((−∞, 0];O2) satisfies φ̇ = 2A(φ)∇V (φ) + b(φ),

and (φ, F (φ)) solves the Hamiltonian system (1.8).

The reader is referred to Section 3 for more and finer properties of Wu and F . In particular, Wu

is foliated by submanifolds Wu
x with asymptotic phase (x, 0) ∈ A× {0}.

The next result addresses the global regularity of V .

Theorem D (Global regularity). Assume (H1)-(H4). Let Wu and O2 be as in Theorem C. Then,

there exists a connected, open, and dense subset G ⊂ ΩV containing O2 such that V ∈ Ck
′+1(G).

Moreover, for each x ∈ G, the following hold.

• There is a unique φ ∈ Φx such that V (x) = I(φ).

• φ ∈ C1((−∞, 0];G) satisfies φ̇ = 2A(φ)∇V (φ) + b(φ).

• (φ,∇V (φ)) satisfies the Hamiltonian system (1.8) and there is Tx > 0 such that (φ(t),∇V (φ(t))) ∈
Wu for all t ≤ −Tx.

The following result contains in particular a Helmholtz-type decomposition of the vector field b

that has fruitful consequences.

Corollary A. Assume (H1)-(H4). Set Vε := − ε
2

2 lnuε and γε := b − ε2

2
∇·(Auε)

uε
. Let G be as in

Theorem D. The following hold.

(1) limε→0 Vε = V in Cα(ΩV ) for any α ∈ (0, 1).

(2) limε→0 γε = γ in the weak sense, where γ = b+A∇V .

(3) ∇V · γ = 0 in G.

(4) ‖b‖2A−1 = ‖A∇V ‖2A−1 + ‖γ‖2A−1 in G, where ‖`‖A−1 =
√
` ·A−1` for a vector field ` on Ω.

(5) b · ∇V = −‖A∇V ‖2A−1 in G.

Proof. (1) is exactly Theorem A. Note that γε = b − ε2

2 ∇ · A + A∇Vε. By (1), it is easy to see

that limε→0∇Vε = ∇V in the weak sense. This yields (2). The orthogonality in (3) is just the HJE

H(x, V (x)) = 0, which holds for x ∈ G thanks to Lemma 1.1 and Theorems A and C. For (4), we note

that (3) implies A∇V and γ are orthogonal with respect to the inner product 〈`, ˜̀〉A−1 := ` ·A−1 ˜̀ for

vector fields `, ˜̀ on Ω. Since b = −A∇V + γ, the conclusion follows from the Pythagorean theorem.

The conclusion in (5) is an immediate consequence of (3). �

1.2. Comments on approaches. Given Theorem C, the proof of Theorem D follows directly from

the strategy laid out in [14, Section 5]. Below, we briefly comment on strategies for proving Theorems

A and C as well as related results and approaches.
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Comments on the proof of Theorem A. Previously, the LDP as in Theorem A was only es-

tablished for stationary densities in the case of Ω = Rd and a singleton set maximal attractor A
[57, 12, 1] and for quasi-stationary densities of a class of one-dimensional singular diffusions [52]. In

[57], the author considered a special class of systems whose vector field b admitting the decomposition

b = −A∇I+` with ` ·∇I = 0. An extension was made in [12], in which the key idea is to pass the LDP

for transition probability densities pε(t, x, y) to that for stationary densities as t→∞, relying on the

LDP for stationary distribution as in (1.2). The required LDP for pε(t, x, y) reads that for each t > 0

the limit limε→0
ε2

2 ln pε(t, x, y) exists locally uniformly in x, y ∈ Rd. In [1], the authors took a control

theoretic approach, formulating an optimization problem for Vε := − ε
2

2 lnuε and defining a control

problem to capture its limit, to re-establish the result in [12], albeit under stronger dissipative condi-

tions. These conditions ensure that the resulting quasi-potential V must satisfy lim|x|→∞ V (x) =∞,

playing a technical role in arguments. The approach in [52] for treating densities of quasi-stationary

distributions is elementary thanks to the one-dimensional nature, and therefore, can not be generalized

to higher-dimensional problems.

Both the probabilistic approach in [12] and the control theoretic one in [1] are by no means restrictive

to the singleton set attractor case. In consideration of the absence of the LDP for transition probability

densities and possible technical troubles to establish them due to factors including a general domain

Ω, a possible degenerate and singular diffusion matrix A on ∂Ω, and no restrictions on behaviors of

{uε}ε near ∂Ω except the tightness, we choose to leverage the control theoretic approach in [1] that

fits better into our setting. Given weak conditions near ∂Ω, we must adapt the global technique in

[1] to develop a localization argument that is much more technical. In particular, we have to work on

bounded domains, deal with exit events, and pass to the domain limit.

Comments on the proof of Theorem C. Only in the case of a linearly stable equilibrium attractor

A = {x∗} is the regularity of the quasi-potential V previously known [14]. In this case, (x∗, 0) is a

hyperbolic fixed point of the Hamiltonian system (1.8). Then, Hamiltonian trajectories corresponding

to curves minimizing V (see Lemma 2.7) must eventually (for negative time) stay on the local unstable

manifold of (x∗, 0), giving rise to a natural connection between the local unstable manifold and the

quasi-potential V , from which the regularity of V follows readily.

The situation in our setting is entirely different. The invariant manifold A × {0} is not normally

hyperbolic but admits a center direction with unclear dynamics on the associated center manifold,

which is non-unique in general. As a result, Hamiltonian trajectories corresponding to curves min-

imizing V may eventually stay on the center manifold instead of transitioning to the local unstable

manifold of A × {0}, and hence, the connection between the local unstable manifold and V remains

unsolved.

To circumvent this issue, we take an approach that builds on a local uniqueness result of the HJE

(1.7) (see Lemma 4.1) asserting that if O ⊂ Ω is an open set containing A and W ∈ C1(O) satisfies{
H(x,∇W (x)) = 0, x ∈ O,
W = 0 on A, and W > 0 on O \ A,

(1.9)

then W = V in a smaller open set A ⊂ O′ ⊂ O, reducing to the construction of such a W that

is done within two steps. Note that if A is a non-characteristic hypersurface, then the method of

characteristics can be applied. However, this is never the case since A seldom has dimension d − 1,
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and even if it does, it must be characteristic because A is an invariant manifold of ϕt in this case and

the diffusion matrix A is non-degenerate near A.

First, we consider the Hamiltonian system (1.8) and construct an d-dimensional local unstable

manifold of the invariant manifold A × {0}, which is actually a Lagrangian submanifold and given

by the graph of a Ck
′

vector field F obeying H(x, F (x)) = 0. A tricky ingredient is to identify the

unstable direction of A × {0} and determine that it is not perpendicular to the x-space so that (i)

the invariant splitting of the linearization of (1.8) along A× {0} can be established, (ii) the classical

invariant manifold theory (see Appendix B) can be applied to yield the existence of the local unstable

manifold of A×{0}, and (iii) the local unstable manifold, naturally constructed as the graph of some

function of the unstable direction, can be represented as the graph of a function F of x.

It is then shown that F is conservative, and hence, is a gradient field given by a Ck
′+1 function

V̂ defined by V̂ (x) =
∫ 0

−∞ L(Xx,F (x), Ẋx,F (x)), where L(x, v) = 1
4 (b(x)− v)

>
A−1(x) (b(x)− v) is the

Lagrangian associated with the Hamiltonian H, and Xx,F (x) is the x-component of the unique solution

of (1.8) on (−∞, 0] with initial condition (x, F (x)). Hence, W := V̂ satisfies required conditions.

The reader is referred to Remarks 2.1 and 3.2 for more technical comments on our approach. It is

worthwhile to point out that constructing such an W does not require A to be an equivalence class,

which however is needed for the local uniqueness result of (1.9). Actually, we directly work with a

normally contracting invariant manifold M when constructing W that solves (1.9) with A replaced

by M. Such a setting is of independent interest.

After proving Theorem C, we manage to show that Hamiltonian trajectories corresponding to curves

minimizing V transition to the local unstable manifold of A×{0} (see Lemma 4.2). This result plays

a crucial role in the proof of the global regularity of V , namely, Theorem D.

1.3. Applications. Our framework applies directly to stationary distributions (and its restriction to

subdomains) and quasi-stationary distributions (QSDs) of randomly perturbed dynamical systems.

The existence and uniqueness of stationary distributions have been extensively studied. In contrast,

QSDs on unbounded domains often exist without uniqueness unless strong dissipative conditions

are imposed. However, the tightness could be a serious issue especially for stationary distributions

restricted to subdomains and QSDs. They are discussed in Subsections 5.1 and 5.2.

These results for stationary and quasi-stationary distributions rigorously justify the macroscopic

fluctuation theory of nonequilibrium thermodynamic systems described by randomly perturbed dy-

namical systems. This theory gives rise to the theoretical foundation for the recent potential landscape

and flux framework for describing emergent behaviors in for instance living systems. Details are pre-

sented in Subsection 5.3.

The LDP in Theorem A determines the leading exponential asymptotic of uε. Examining the

asymptotic of the prefactor Rε := Kεuεe
ε2

2 V , where Kε is the normalization constant, turns out

to be necessary in many applications. The higher regularity of V ensures the well-behavedness of

coefficients appearing in the equation satisfied by Rε, and therefore, lays the solid foundation for

further investigating the asymptotic of Rε. Details are discussed in Subsection 5.4.

1.4. Organization of the rest of the paper. In Section 2, we study the LDP for {uε}ε and prove

Theorem A. Section 3 is devoted to the construction of a regular solution of the HJE (1.7) in a

neighborhood of a normally contracting invariant manifoldM of ϕt that is non-negative and vanishes

only on M. Theorems C and D are proven in Section 4. Applications are discussed in Section 5.

Appendices A-C are included as supplements to the main context.
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2. Large deviation principle

This section is devoted to studying the large deviation principle (LDP) of the densities {uε}ε. In

particular, we prove Theorem A. Through this section, we assume (H1)-(H3).

In Subsection 2.1, we study the limit of Vε := − ε
2

2 lnuε as ε→ 0 along subsequences, resulting in a

particular limiting function V x0 . Subsection 2.2 is devoted to establishing a variational representation

for V x0 . In Subsection 2.3, we identify V x0 with the quasi-potential function V defined in (1.6), and

hence, complete the proof of Theorem A.

2.1. Logarithmic transformation. Recall that uε and λε solve (1.5). The equation L∗εuε = −λεuε
can be rewritten as

ε2

2

d∑
i,j=1

aij∂2
ijuε − bε · ∇uε + cεuε = 0, (2.1)

where ∂i := ∂xi , ∂
2
ij := ∂2

xixj , bε := −ε2∇ · A + b and cε := ε2

2

∑d
i,j=1 ∂

2
ija

ij + λε − ∇ · b. It is

straightforward to verify that the logarithmically transformed function Vε := − ε
2

2 lnuε satisfies

ε2

2

d∑
i,j=1

aij∂2
ijVε − bε · ∇Vε −∇V >ε A∇Vε −

ε2

2
cε = 0. (2.2)

The local uniform boundedness of {∇Vε}ε is established in the following lemma.

Lemma 2.1. For each open O ⊂⊂ Ω, there exists C = C(O,Ω) > 0 such that supε ‖∇Vε‖L∞(O) ≤ C.

Proof. Given the regularity assumptions on b and aij , the classical elliptic theory ensures that uε ∈
C3(Ω). Since uε > 0 in Ω, it follows that wε := lnuε ∈ C3(Ω). Noting that wε = − 2

ε2Vε, we see from

(2.2) that wε satisfies
d∑

i,j=1

aij∂2
ijwε +∇w>ε A∇wε −Hε · ∇wε = Gε,

where Hε = 2
ε2 bε and Gε = − 2

ε2 cε. For each open O ⊂⊂ Ω, we apply [51, Lemma 5.1] to find a domain

O′ with O ⊂⊂ O′ ⊂⊂ Ω and a positive constant C1, depending only on λO′ – the minimum eigenvalue

of (aij) in O′ – and ‖aij‖C2
b (O′) such that

‖∇wε‖L∞(O) ≤ C1 sup
O′

(
1 + |Hε|+ |D2Hε|+ |Gε|+ |DGε|

)
.

We remark that the original statement of [51, Lemma 5.1] requires (aij) to be uniformly elliptic in

Rd, aij ∈ C2
b (Rd), Hε ∈ C2(Rd) and Gε ∈ C1(Rd), but the proof only depends on local properties of

the coefficients. So a straightforward adaptation of the proof leads to the above inequality.

Thus, there exists C2 > 0 depending on λO′ , ‖aij‖C3
b (O′) and ‖bi‖C2

b (O′) such that ‖∇wε‖L∞(O) ≤
C2

ε2 . The desired result follows readily from the fact that Vε = − ε
2

2 wε. �

In the next result, we study the limiting behaviors of Vε as ε→ 0.

Proposition 2.1. Each sequence {εn}n with limn→∞ εn = 0 has a subsequence, still denoted by {εn}n,

such that the following hold: there is a point x0 ∈ A and a locally Lipschitz continuous function

V x0 : Ω→ R such that

(1) limn→∞ Vεn = V x0 in Cα(Ω) for any α ∈ (0, 1),

(2) V x0(x0) = 0, V x0 ≥ 0 on A and V x0 > 0 in Ω \ A,
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(3) V x0 is a viscosity solution of the HJE (1.7).

Proof. Since {µε}ε is tight by assumption, each sequence {εn}n satisfying limn→∞ εn = 0 has a

subsequence, still denoted by {εn}n, such that µεn weakly converges to some probability measure µ0

on Ω. It is well-known (see e.g. [46]) that µ0 is an invariant measure of (1.4) and supported on A.

The proof is broken into three steps.

Step 1. There is x0 ∈ A such that µ0(N ) > 0 for any open neighbourhood N of x0.

Suppose on the contrary that for each x ∈ A, there exists an open neighbourhood Nx of x such

that µ0(Nx) = 0. Obviously, {Nx}x∈A forms an open cover of A. The compactness of A ensures

the existence of a finite open cover {Nxi}Ni=1. Then, 1 = µ0(A) ≤
∑N
i=1 µ0(Nxi) = 0, leading to a

contradiction.

Step 2. We show that up to extracting a subsequence, limn→∞ Vεn(x0) = 0.

Up to extracting a subsequence, we may assume without loss of generality that ` := limn→∞ Vεn(x0) ∈
[−∞,∞] exists. We claim that

• if ` < 0, then there is r0 > 0 such that

Vεn(x) ≤ 1

2
max{−1, `}, ∀x ∈ Br0(x0) and n� 1; (2.3)

• if ` > 0, then there is r′0 > 0 such that

Vεn(x) >
1

2
min{1, `}, ∀x ∈ Br′0(x0) and n� 1. (2.4)

We finish the proof assuming the above claim. Since uεn = e
− 2
ε2n
Vεn , we see that if ` < 0, then (2.3)

yields that 1 ≥
∫
Br0 (x0)

uεn ≥ e
− 1
ε2n

max{−1,`}|Br0(x0)| → ∞ as n → ∞, leading to a contradiction.

Similarly, if ` > 0, then (2.4) implies that
∫
Br′0

(x0)
uεn ≤ e

− 1
ε2n

min{1,`}|Br′0(x0)| → 0 as n→∞, which

contradicts Step 1 and the weak convergence limn→∞ µεn = µ0. As a result, ` = 0.

It remains to show (2.3) and (2.4). We here only prove (2.3); the proof of (2.4) follows similarly.

• If −∞ < ` < 0, we see from Lemma 2.1 that there exists 0 < r1 � 1 such that

sup
x∈Br1 (x0)

|Vεn(x)− Vεn(x0)| ≤ r1 sup
n
‖∇Vεn‖L∞(Br1 (x0)) ≤

|`|
4
.

Since limn→∞ Vεn(x0) = `, we find |Vεn(x0)− `| ≤ |`|4 for all n� 1, and thus,

Vεn(x) ≤ `+ |Vεn(x)− Vεn(x0) + Vεn(x0)− `| ≤ `+
|`|
2

=
`

2
, ∀x ∈ Br1(x0) and n� 1.

• If ` = −∞, we see from Lemma 2.1 that supx∈Br2 (x0) |Vεn(x) − Vεn(x0)| ≤ 1
2 for some 0 <

r2 � 1. Since limn→∞ Vεn(x0) = `, there holds Vεn(x0) ≤ −1 for all n� 1, and thus,

Vεn(x) ≤ Vεn(x0) + |Vεn(x)− Vεn(x0)| ≤ −1 +
1

2
= −1

2
, ∀x ∈ Br2(x0) and n� 1.

Setting r0 := min{r1, r2}, we arrive at (2.3). This completes the proof in this step.
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Step 3. We finish the proof. It follows from limn→∞ Vεn(x0) = 0 (by Step 2) and Lemma 2.1 that for

each open O ⊂⊂ Ω, {Vεn}n is uniformly bounded and equicontinuous on O and there is CO > 0 such

that supn ‖Vεn‖Lip(O) ≤ CO. We apply Arzelá-Ascoli theorem and the standard diagonal argument to

find a subsequence, still denoted by {Vεn}n, and a function V x0 ∈ C(Ω) such that limn→∞ Vεn = V x0

locally uniformly in Ω. In particular, V x0(x0) = 0 in (2) holds. Since O is arbitrary and

|V x0(x)− V x0(y)|
|x− y|

= lim
n→∞

|V x0
εn (x)− V x0

εn (y)|
|x− y|

≤ CO, x, y ∈ O, x 6= y,

we conclude that V x0 is locally Lipschitz continuous, and hence, (1) holds.

Noting that (2.2) is equivalent to

− ε2

2

d∑
i,j=1

aij∂2
ijVε + max

α∈Rd

[
(bε + α) · ∇Vε −

1

4
α>A−1α+

ε2

2
cε

]
= 0, (2.5)

we follow standard arguments in the theory of viscosity solutions (see e.g. [10, Proposition VI.1]) to

find that V x0 is a viscosity solution of the equation

max
α∈Rd

[
(b+ α) · ∇W − 1

4
α>A−1α

]
= 0 in Ω, (2.6)

which is just the Hamilton-Jacobi equation in (3).

Next, we show that V x0 ≥ 0 on A in (2). Suppose on the contrary that V x0(x∗) < 0 for some

x∗ ∈ A. Then, limn→∞ Vεn(x∗) = V x0(x∗) thanks to (1). Following arguments leading to (2.3), we

find r > 0 such that Vεn(x) ≤ 1
2 max {−1, V x0(x∗)} < 0 for all x ∈ Br(x∗) and n� 1. This together

with uεn = e
− 2
ε2n
Vεn results in 1 ≥

∫
Br(x∗)

uεn ≥ e
− 1
ε2n

max{−1,V x0 (x∗)}|Br(x∗)| → ∞ as n→∞, leading

to a contradiction.

It remains to show V x0 > 0 in Ω \ A in (2). It is actually a simple consequence of [43, Theorem

A (2)], where the authors show that any O ⊂⊂ Ω \ A, there are γO > 0 and 0 < εO � 1 such that

supO uε ≤ e
− γO
ε2 for all ε ∈ (0, εO). It follows from Vε = − ε

2

2 lnuε that lim infn→∞ Vεn > 0, and hence,

V x0 > 0 in Ω\A. We point out that the original estimates were developed for stationary distributions

in [43]; however the arguments are still applicable here since limε→0 λε = 0. This completes the

proof. �

2.2. Variational representation. In this subsection, we prove a variational representation for the

function V x0 derived in Proposition 2.1 by adapting the control theoretical approach proposed in

[1], but we have to modify the global technique in [1] to develop much more technical localization

arguments in order to deal with exit events caused by weak conditions imposed on ∂Ω.

We introduce some notations before stating the result. Set

ρ∗ := lim inf
x→∂Ω

V x0(x) and Ω∗ := {x ∈ Ω : V x0(x) < ρ∗} .

The meaning of x→ ∂Ω should be clarified. If Ω is bounded, it is just in the usual sense. Otherwise,

we need to use the homeomorphism h from the extended Euclidean space Rd ∪ ∂Rd to the closed unit

ball B := {x ∈ Rd : |x| ≤ 1}. Here, ∂Rd := {x∞∗ : x∗ ∈ B} with x∞∗ denoting the infinity element of the

ray through x∗. Then, we define ∂Ω as the preimage of ∂h(Ω) and regard x→ ∂Ω if h(x)→ h(∂Ω).

For each ρ ∈ (0, ρ∗], we denote by Ωρ the ρ-sublevel set of V x0 in Ω, namely,

Ωρ = Ωρ(x0) := {x ∈ Ω : V x0(x) < ρ}.
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In particular, Ω∗ = Ωρ∗ . Obviously, x0 ∈ Ωρ1
⊂⊂ Ωρ2

and limx→∂Ωρ2
V x0(x) = ρ2 for all 0 < ρ1 <

ρ2 ≤ ρ∗. Note that the dependence of ρ∗, Ω∗ and Ωρ on x0 are suppressed for the sake of simplicity.

For α ∈ Γ := L2
loc([0,∞);Rd) and x ∈ Ω, Carathéodory’s existence theorem and assumptions on b

ensure the existence of a unique absolutely continuous solution Xα,x of the following control system:{
Ẋ(t) = −b(X(t))− α(t), t > 0,

X(0) = x.
(2.7)

Note that Xα,x(t) may not exist for all t ≥ 0, but this shall cause no trouble as restrictions will be

imposed on when it is used. Whenever it is well-defined, we set for t ∈ (0,∞],

Iα,x(t) :=
1

4

∫ t

0

α(s)>A−1(Xα,x(s))α(s)ds.

Below is the main result in this subsection. It, in particular, gives the variational representation

for V x0 in Ω∗. Set

Γx :=
{
α ∈ Γ : Xα,x(t) ∈ Ω for all t ≥ 0 and lim

t→∞
dist(Xα,x(t),A) = 0

}
. (2.8)

Proposition 2.2. The following hold.

(1) For each x ∈ Ω∗, V
x0(x) = minα∈Γx Iα,x(∞).

(2) For each ρ ∈ (0, ρ∗], Ωρ is connected and A ⊂⊂ Ωρ.

The rest of this subsection is devoted to the proof of Proposition 2.2. The key step, circumventing

difficulties caused by the lack of information about V x0 on ∂Ω, is to establish a local version of the

variational representation for V x0 (see Lemma 2.4).

We need some notations and preliminary results. Let OA,Ω be the set of open and connected sets

O satisfying A ⊂ O ⊂⊂ Ω. For each O ∈ OA,Ω, we denote by τα,x,O the first time that Xα,x exits

from O, namely, τα,x,O := inf {t ≥ 0 : Xα,x(t) ∈ ∂O} with the convention that inf ∅ = ∞, and set

ρO := min∂O V
x0 . Proposition 2.1 ensures that ρO is well-defined and positive. For ρ ∈ (0, ρO], let

Oρ be the ρ-sublevel set of V x0 in O, namely, Oρ := {x ∈ O : V x0(x) < ρ}. It is easy to see that

x0 ∈ Oρ1 ⊂⊂ Oρ2 , limx→∂Oρ2 V
x0(x) = ρ2 for all 0 < ρ1 < ρ2 ≤ ρO and OρO ∩ ∂O 6= ∅.

Lemma 2.2. Let O ∈ OA,Ω. Then,

V x0(x) = inf
α∈Γ

[Iα,x(t ∧ τ) + V x0(Xα,x(t ∧ τ))] , ∀(x, t) ∈ O × [0,∞),

where τ = τα,x,O.

Proof. Fix O ∈ OA,Ω and set

Ṽ x0(x, t) := inf
α∈Γ

[Iα,x(t ∧ τ) + V x0(Xα,x(t ∧ τ))] , ∀(x, t) ∈ O × [0,∞).

Since V x0 is a viscosity solution of (2.6) and is Lipschitz continuous on O (see Proposition 2.1), we

see that Ṽ x0 is a Lipschitz viscosity solution (see e.g. [10]) of the following problem:{
∂tW + supα∈Rd

[
(b+ α) · ∇W − 1

4α
>A−1α

]
= 0 in O × (0,∞),

W = V x0 on (∂O × (0,∞)) ∪
(
O × {0}

)
.

Obviously, V x0 is also a viscosity solution of the above problem. By the uniqueness result in [11,

Theorem VI.1], we conclude that V x0 = Ṽ x0 . The lemma follows. �

Lemma 2.3. V x0 = 0 on A. In particular, A ⊂⊂ Oρ for each ρ ∈ (0, ρO] and O ∈ OA,Ω.
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Proof. Fix x ∈ A. Since V(x, x0) = V(x0, x) = 0 by (H3), there exist absolutely continuous functions

φ̂n : [−tn, 0]→ Ω with tn > 0 for n ∈ N satisfying φ̂n(0) = x and φ̂n(−tn) = x0 such that

1

4

∫ 0

−tn

[
b(φ̂n)− ˙̂

φn

]>
A−1(φ̂n)

[
b(φn)− ˙̂

φn

]
≤ 1

n
. (2.9)

For each n ∈ N, we set φn(t) := φ̂n(−t) and αn(t) := −b(φn(t))− φ̇n(t) for t ∈ [0, tn] and αn(t) = 0

for t > tn. Clearly, αn ∈ Γ. Note that{
φ̇n(t) = −b(φn(t))− αn(t), t ∈ (0, tn],

φn(0) = x.

That is, Xαn,x = φn on [0, tn] and Xαn,x(tn) = x0. The absolute continuity of Xαn,x yields the

existence of On ∈ OA,Ω such that ran (Xαn,x|[0,tn]) ⊂ On. Since Iαn,x(tn) ≤ 1
n due to (2.9), we derive

from Lemma 2.2 and the fact ταn,x,On > tn that

V x0(x) ≤ lim sup
n→∞

[Iαn,x(tn) + V x0(Xαn,x(tn))] = V x0(x0) = 0.

As V x0(x) ≥ 0 thanks to Proposition 2.1 (2), we conclude V x0(x) = 0. The “In particular” part

follows readily from the definition of Oρ. This finishes the proof. �

The following lemma establishes the variational formula for V x0 in the largest sublevel set OρO of

V x0 in O.

Lemma 2.4. Let O ∈ OA,Ω. Then, the following hold.

(1) For each x ∈ OρO ,

V x0(x) = min
α∈Γx,O

Iα,x(∞), (2.10)

where Γx,O := {α ∈ Γ : τα,x,O =∞ and limt→∞ dist(Xα,x(t),A) = 0}.
(2) For each ρ ∈ (0, ρO], Oρ is connected.

Proof. Since V x0 |A = 0 by Lemma 2.3 and A is invariant under ϕt, the variational representation

(2.10) is trivial by selecting α ≡ 0 if x ∈ A. The rest of the proof is broken into four steps. In Steps

1-3, we fix x ∈ OρO \ A and prove (2.10). Step 4 is devoted to proving the connectedness of Oρ.

Step 1. There holds V x0(x) ≤ infα∈Γx,O Iα,x(∞).

Indeed, the fact Γx,O ⊂ Γ and Lemma 2.2 yield

V x0(x) ≤ inf
α∈Γx,O

[Iα,x(t ∧ τ) + V x0(Xα,x(t ∧ τ))] , ∀t ≥ 0,

where τ = τα,x,O. Letting t → ∞ in the above inequality, we conclude this step from τ = ∞ due to

the definition of Γx,O and V x0 |A = 0 (by Lemma 2.3).

Step 2. We show the existence of αx ∈ Γ such that ταx,x,O =∞ and

V x0(x) = Iαx,x(t) + V x0(Xαx,x(t)), ∀t ≥ 0. (2.11)

Moreover, t 7→ V x0(Xαx,x(t)) is decreasing on [0,∞).
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Recall that Vε satisfies (2.5) and the maximum is attained at α = 2A∇Vε, which is uniformly

bounded in O thanks to Lemma 2.1. Thus, there is a compact set KO ⊂ Rd such that

− ε2

2

d∑
i,j=1

aij∂2
ijVε + max

α∈Rd

[
(bε + α) · ∇Vε −

1

4
α>A−1α+

ε2

2
cε

]

= −ε
2

2

d∑
i,j=1

aij∂2
ijVε + max

α∈KO

[
(bε + α) · ∇Vε +

1

4
α>A−1α+

ε2

2
cε

]
= 0,

(2.12)

when Vε is considered inO. Proposition 2.1 and standard arguments in the theory of viscosity solutions

ensure that V x0 is a viscosity solution of maxα∈KO
[
(b+ α) · ∇W − 1

4α
>A−1α

]
= 0 in O. Given this,

we can follow the proof of Lemma 2.2 to show

V x0(x) = inf
α∈ΓO

[Iα,x(t ∧ τ) + V x0(Xα,x(t ∧ τ))] , ∀t ≥ 0, (2.13)

where ΓO := L2
loc([0,∞);KO).

For each t ≥ 0, we define the functional Ft : ΓO → R as follows:

Ft(α) := Iα,x(t ∧ τ) + V x0(Xα,x(t ∧ τ)),

and claim

∃α ∈ ΓO s.t. τ > t and V x0(x) = Ft(α). (2.14)

To prove (2.14), we fix t > 0 and choose a minimizing sequence {αn}n ⊂ ΓO for Ft, namely,

limn→∞ Ft(αn) = V x0(x). Denote Xn := Xαn,x and τn := ταn,x,O for simplicity. As KO is compact

and Ẋn = −b(Xn)−αn, it is not hard to deduce that {Xn}n is uniformly bounded and equicontinuous

over any finite interval. By Arzelà–Ascoli theorem and the standard diagonal argument, we find a

subsequence of {Xn}n, still denoted by {Xn}n, such that Xn converges locally uniformly to some

Lipschitz continuous function X on [0,∞).

Clearly, {αn}n is relatively compact in L2([0, s],KO) under the weak topology for any s ≥ 0 thanks

to the compactness of KO. Then, we apply the standard diagonal argument to find a subsequence of

{αn}n, still denoted by {αn}n, such that αn weakly converges to some α ∈ ΓO. It is easy to verify

that Ẋ = −b(X)− α, indicating Xα,x = X. Then, τ ≤ lim infn→∞ τn.

By standard programming arguments, {αn}n is also a minimizing sequence for Ft∧τ . Note that

Ft∧τ (αn) =
1

4

∫ t∧τ∧τn

0

α>nA
−1(X)αn +

1

4

∫ t∧τ∧τn

0

α>n
(
A−1(Xn)−A−1(X)

)
αn

+ V x0(Xn(t ∧ τ ∧ τn)) =: In + IIn + IIIn.

The continuity of A and V x0 and the fact supn ‖αn‖L2([0,t]) < ∞ ensure that limn→∞(IIn + IIIn) =

V x0(X(t ∧ τ)), where we used the fact limn→∞ t ∧ τ ∧ τn = t ∧ τ . Noting that α 7→ α>A−1(X)α

is convex and limn→∞ τ ∧ τn = τ , we apply the standard arguments in control theory to derive∫ t∧τ
0

α>A−1(X)αds ≤ lim infn→∞ In. As a result, Ft∧τ (α) ≤ lim infn→∞ Ft(αn) = V x0(x). This

together with (2.13) leads to V x0(x) = Ft∧τ (α) ≥ V x0(X(t∧τ)). Since V x0(x) < ρO and V x0(X(τ)) ≥
ρO (if τ <∞), we conclude that τ > t and V x0(x) = Ft(α) = Iα,x(t) +V x0(Xα,x(t)). This proves the

claim (2.14).

Set Γx,t := {α ∈ ΓO : V x0(x) = Ft(α)}, which is nonempty by (2.14). Moreover, the proof of (2.14)

indicates the closedness of Γx,t under the topology of weak convergence over closed intervals. We show

that

Γx,t ⊂ Γx,s for s < t. (2.15)
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To see this, we fix s < t and take α ∈ Γx,t. Then,

V x0(x) = Iα,x(t) + V x0(Xα,x(t)) = Iα,x(s) +
1

4

∫ t

s

α>A−1(Xα,x)α+ V x0(Xα,x(t)).

A standard dynamic programming argument asserts 1
4

∫ t
s
α>A−1(Xα,x)α+V x0(Xα,x(t)) = V x0(Xα,x(s)),

resulting in V x0(x) = Iα,x(s) + V x0(Xα,x(s)). Hence, α ∈ Γx,s, verifying (2.15).

Note that ∩n∈NΓx,n 6= ∅. Indeed, if αn ∈ Γx,n for n ∈ N, then the sequence {αn}n when restricted

on L2([0,m];KO) is relatively compact under the weak topology for each m ∈ N. Applying the

standard diagonal argument results in the existence of α ∈ ΓO being the limit of αn|[0,m] for any m.

Moreover, the closedness of Γx,n for any n ∈ N ensures that α ∈ ∩n∈NΓx,n.

Let αx ∈ ∩n∈NΓx,n. Then, V x0(x) = Ft(αx) = Iαx,x(t) +V x0(Xαx,x(t)) for all t ≥ 0, implying that

ταx,x,O =∞ and V x0(Xαx,x(t)) is decreasing in t.

Step 3. We show αx ∈ Γx,O. Consequently, letting t→∞ in (2.11), we arrive at V x0(x) = Iαx,x(∞),

which together with Step 1 yields (2.10).

Obviously, there is ρx ∈ (0, ρO) such that x ∈ Oρx . The monotonicity of t 7→ V x0(Xαx,x(t)) (by

Step 2) implies Xαx,x(t) ∈ Oρx for all t ∈ [0, ταx,x,O). Since Oρx ⊂⊂ O, we see that Xαx,x does not

exit from O, and thus, ταx,x,O =∞.

It remains to show limt→∞ dist(Xαx,x(t),A) = 0. By Proposition 2.1 (2) and Lemma 2.3, we

only need to prove limt→∞ V x0(Xαx,x(t)) = 0. Since t 7→ V x0(Xαx,x(t)) is decreasing, the limit

ρ := limt→∞ V x0(Xαx,x(t)) exists. Suppose on the contrary that ρ > 0.

Consider the time-reversed version of (1.4), that is,

ẋ = −b(x). (2.16)

The assumption on the dynamics of (1.4) implies that (2.16) has no invariant set in Oρx \ Oρ and all

the orbits starting in Oρx \ Oρ enter BA \ O after some fixed time. From this, it is easy to see that

Xαx,x, satisfying Xαx,x(0) ∈ Oρx \ Oρ, is far away from solving (2.16). We apply [22, Lemma 3.1] to

conclude that

Iαx,x(∞) =
1

4

∫ ∞
0

[
b(Xαx,x) + Ẋαx,x

]>
A−1(Xαx,x)

[
b(Xαx,x) + Ẋαx,x

]
=∞.

Letting t→∞ in (2.11) yields V x0(x) =∞, leading to a contradiction. Hence, ρ = 0.

Step 4. Let ρ ∈ (0, ρO]. Since V x0 |A = 0 (by Lemma 2.3), there is an open and connected set N
satisfying A ⊂ N ⊂ Oρ. Let y ∈ Oρ. Results in Steps 1-3 ensure the existence of αy ∈ Γy,O such

that Xαy,y(0) = y, limt→∞ dist(Xαy,y(t),A) = 0, and t 7→ V x0(Xαy,y(t)) is decreasing. That is, the

continuous path Xαy,y starts at y, lies in Oρ, and eventually enters N . Since y ∈ OρO is arbitrary

and N is connected, the connectedness of Oρ follows. �

Now, we prove Proposition 2.2.

Proof of Proposition 2.2. We first show that Ω∗ =
⋃
O∈OA,Ω OρO . Obviously,

⋃
O∈OA,Ω OρO ⊂ Ω∗.

To show the converse inclusion, we take y0 ∈ Ω∗. Then, V x0(y0) < ρ∗ and dist({x ∈ Ω : V x0(x) ≤
V x0(y0)}, ∂Ω) > 0. Clearly, there is y1 ∈ Ω∗ such that V x0(y0) < V x0(y1) < ρ∗. It is not hard to find

O ∈ OA,Ω such that {x ∈ Ω : V x0(x) ≤ V x0(y0)} ⊂⊂ O and y1 ∈ ∂O. Therefore, V x0(y0) < ρO ≤
V x0(y1), leading to y0 ∈ OρO . Since y0 is arbitrary in Ω∗, we conclude Ω∗ ⊂

⋃
O∈OA,Ω OρO .
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Next, we prove the variational representation. Let x ∈ Ω∗ and O ∈ OA,Ω be such that x ∈ OρO .

Since Γx,O ⊂ Γx, it follows from Lemma 2.4 that V x0(x) = minα∈Γx,O Iα,x(∞) ≥ infα∈Γx Iα,x(∞).

Note that the desired conclusion follows immediately if there holds

V x0(x) ≤ inf
α∈Γx\Γx,O

Iα,x(∞). (2.17)

We establish (2.17) to finish the proof. Let α ∈ Γx\Γx,O. This implies in particular that Xα,x leaves

O before eventually staying in OρO . Thus, the last time that Xα,x(t) re-enters OρO is positive and

finite, namely, τα,x := sup {t ≥ 0 : Xα,x(t) /∈ OρO} < ∞. Clearly, Xα,x(τα,x) ∈ ∂OρO and Xα,x(t) ∈
OρO for all t > τα,x.

Let Õ ∈ OA,Ω be such that O ⊂⊂ Õ. Set x̃ := Xα,x(τα,x) and α̃ := α(· + τα,x). Obviously,

x̃ ∈ ∂OρO ⊂⊂ ÕρÕ . Since

d

ds
Xα,x(s+ τα,x) = −b(Xα,x(s+ τα,x))− α(s+ τα,x), s ≥ 0,

we see that Xα̃,x̃(s) = Xα,x(s+ τα,x) ∈ O for s ≥ 0, indicating α̃ ∈ Γx̃,Õ. Therefore, an application of

Lemma 2.4 yields V x0(x̃) ≤ Iα̃,x̃(∞) = 1
4

∫∞
τα,x

α>A−1(Xα,x)α. Since x ∈ OρO and x̃ ∈ ∂OρO , we have

V x0(x) < ρO = V x0(x̃), leading to V x0(x) < Iα,x(∞). As α is arbitrary in Γx \ Γx,O, (2.17) follows.

Finally, we establish the connectedness of the sublevel sets. For ρ ∈ (0, ρ∗), we see from Lemma

2.3 and the definition of Ωρ that A ⊂⊂ Ωρ ⊂⊂ Ω∗ ⊂ Ω. Therefore, there exists O ∈ OA,Ω such that

Ωρ ⊂⊂ O. Obviously, ρ < ρO and Ωρ = Oρ. This together with Lemma 2.4 ensures Ωρ is connected.

The connectedness of Ω∗ then follows from the fact Ω∗ = limρ→ρ−∗ Ωρ. This completes the proof. �

2.3. Proof of Theorem A. Recall from Proposition 2.1 that limn→∞ Vεn = V x0 in Cα(Ω) for any

α ∈ (0, 1). Since the variational representation for V x0 in Proposition 2.2 is independent of x0, one

would expect that the whole family Vε converges locally uniformly to V x0 as ε → 0. However, this

does not follow in such a straightforward way since the variational representation in Proposition 2.2

only holds in Ω∗, which depends on x0, and thus, the choice of {εn}n.

Lemma 2.5. For each x ∈ Ω, V (x) = infα∈Γx Iα,x(∞).

Proof. Fix x ∈ Ω. We define Πx : Γx → Φx by setting (Πxα)(t) = Xα,x(−t) for t ∈ (−∞, 0] and

α ∈ Γx. If α ∈ Γx, we readily see that Xα,x(−·) ∈ Φx. Hence, Πx is well-defined.

We show ΠxΓx = Φx. Let φ ∈ Φx. Since φ̇ ∈ L2
loc((−∞, 0];Rd) and b is continuous, it follows that

α(t) := −b(φ(−t)) + φ̇(−t) is well-defined a.e. in [0,∞) and α ∈ Γ. Clearly, Xα,x = φ(−·) satisfies

required properties in the definition Γx. Hence, α ∈ Γx and Πxα = φ.

Consequently,

inf
α∈Γx

Iα,x(∞) = inf
α∈Γx

I(Πxα) = inf
φ∈Φx

I(φ) = V (x),

proving the lemma. �

Proof of Theorem A. Recall Vε = − ε
2

2 lnuε and choose a sequence {εn}n ⊂ (0,∞) with limn→∞ εn =

0. By Propositions 2.1 and 2.2, there exists a subsequence, still denoted by {εn}n, and x0 ∈ A such

that

lim
n→∞

Vεn(x) = V x0(x) = min
α∈Γx

Iα,x(∞) locally uniformly in x ∈ Ω∗,

where Ω∗ = {x ∈ Ω : V x0(x) < ρ∗} and ρ∗ = lim infx→∂Ω V
x0(x). It follows from Lemma 2.5 and

Proposition 2.2 that V x0 = V in Ω∗. Moreover, Proposition 2.1 ensures that limn→∞ Vεn = V in

Cα(Ω∗) for any α ∈ (0, 1).
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Next, we prove

V ≥ ρ∗ in Ω \ Ω∗. (2.18)

Then, ρV = lim infx→∂Ω V (x) = ρ∗ and Ω∗ = ΩV . Since {εn}n is arbitrary, we arrive at limε→0 Vε = V

in Cα(ΩV ) for any α ∈ (0, 1).

Suppose (2.18) fails. Namely, there exists x1 ∈ Ω \ Ω∗ such that ρ1 := V (x1) ∈ (0, ρ∗). It follows

from the standard dynamic programming arguments that V (x1) = infα∈Γx [Iα,x1(t) + V (Xα,x1(t))]

for all t ≥ 0. Let ρ2 ∈ (ρ1, ρ∗) and α ∈ Γx. Since limt→∞ dist(Xα,x(t),A) = 0 and A ⊂⊂ Ωρ2
,

there is t0 = t0(α) > 0 such that Xα,x(t0) ∈ ∂Ωρ2
, and thus, V (Xα,x(t0)) = ρ2. As a result,

Iα,x1(t0) + V (Xα,x1(t0)) ≥ ρ2. Since α is arbitrary, it follows that V (x1) ≥ ρ2. This contradicts the

fact that V (x1) = ρ1 < ρ2, and thus, proves (2.18). �

The following corollary is needed later.

Corollary 2.1. Let O ∈ OA,Ω. For x ∈ O, set

Φx,O :=

{
φ ∈ AC((−∞, 0];O) : φ̇ ∈ L2

loc((−∞, 0];Rd), φ(0) = x, lim
t→−∞

dist(φ(t),A) = 0

}
.

For each x ∈ OV := {x ∈ O : V (x) < ρV,O}, where ρV,O := lim infx→∂O V (x), there holds V (x) =

minφ∈Φx,O I(φ).

Proof. It is shown in the proof of Theorem A that V = V x0 in ΩV . Recall Γx,O from Lemma 2.4

and the map Πx from the proof of Lemma 2.5. It is easy to verify that ΠxΓx,O = Φx,O, leading to

infα∈Γx,O Iα,x(∞) = infφ∈Φx,O I(φ). The desired result then follows from Lemma 2.4. �

2.4. Minimizer and Hamiltonian system. In this section, we provide some intuition for investi-

gating the regularity of V . Let L : Ω × Rd → R be the Lagrangian associated with the Hamiltonian

H, that is,

L(x, v) = sup
p∈Rd

{v · p−H(x, p)} =
1

4
(b(x)− v)

>
A−1(x) (b(x)− v) . (2.19)

The regularity and uniform convexity of H ensure the following classical result.

Lemma 2.6. For each x ∈ Ω, the following statements are equivalent.

• p = ∂vL(x, v).

• v = ∂pH(x, p).

• L(x, v) +H(x, p) = v · p.

Whenever the above statements are true, there holds ∂xL(x, v) = −∂xH(x, p).

In terms of L, the quasi-potential function V defined in (1.6) can be written as

V (x) = inf
φ∈Φx

∫ 0

−∞
L(φ, φ̇), x ∈ Ω. (2.20)

Definition 2.1 (Minimizer). Let x ∈ Ω. A function φ ∈ Φx is called a minimizer corresponding to

V (x) if V (x) =
∫ 0

−∞ L(φ, φ̇).

Lemma 1.1 indicates that for each x ∈ ΩV , there exist minimizers corresponding to V (x). The

proof of the following result is standard, and thus, omitted (see e.g. [14, Theorem 1]).
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Lemma 2.7. Let x0 ∈ Ω. Suppose x(t) is a minimizer corresponding to V (x0) and set p(t) :=

∂vL(x(t), ẋ(t)). Then, (x(t), p(t)) satisfies the Hamiltonian system (1.8). Moreover, H(x(t), p(t)) = 0

for all t ≤ 0 and limt→−∞ dist ((x(t), p(t)),A× {0}) = 0.

Remark 2.1. We comment on how Lemma 2.7 guides us to establish the regularity of the quasi-

potential V in a neighborhood of the maximal attractor A.

Given the local uniqueness result Lemma 4.1, it suffices to construct an open neighborhood O of A
and a non-negative function W ∈ Ck′+1(O) that vanishes only on A and satisfies H(x,∇W (x)) = 0

for x ∈ O.

Lemma 2.7 suggests studying the unstable set of A× {0}, namely,(x, p) ∈ Ω× Rd :
⋃
t≤0

ΦtH(x, p) ⊂ Ω× Rd and lim
t→−∞

dist
(
ΦtH(x, p),A× {0}

)
= 0

 .

Inspired by the work in the case that A is a linearly stable equilibrium [14] so that A × {0} is a

hyperbolic fixed point and those trajectories (x(t), p(t)) naturally lives on its unstable manifold, we

wish to show that this unstable set is actually an d-dimensional Ck
′

manifold in a neighborhood of

A× {0} and is given by the graph of the gradient field of some Ck
′+1 function W , as expected. This

often requires A×{0} to be an invariant manifold of ΦtH (equivalently, A is an invariant manifold of

ϕt) that is normally hyperbolic [18, 36].

Unfortunately, this can not be the case unless A is a linearly stable equilibrium. In fact, if A is

a normally contracting invariant manifold as in (H4), then A × {0} admits unstable, center, and

stable directions, and therefore, the unstable set is generally determined by both the unstable manifold

and the center manifold associated with the unstable direction and the stable direction, respectively.

However, it is a notorious fact that the dynamics on the center manifold can hardly be studied, and

therefore, it is unlike to argue that (x(t), p(t)) lives on the unstable manifold at this point. The reader

is referred to Remark 3.2 below for more details as well as our idea of addressing this issue.

3. Hamiltonian dynamics and regular solutions of HJE

Throughout this section, we assume that ϕt admits a normally contracting invariant manifold M
(see Definition 3.1) and intend to construct a regular solution of the HJE (1.7) in a neighborhood of

M that is non-negative and vanishes only on M. The motivation for seeking such a solution of (1.7)

is explained in Remark 2.1, where we apply it to the maximal attractor A assumed to be a normally

contracting invariant manifold. Our approach builds on analyzing the Hamiltonian system (1.8). In

Subsection 3.1, we construct the local unstable manifold of the invariant manifold M× {0} of (1.8).

A desired regular solution of (1.7) is then constructed in Subsection 3.2.

Remark 3.1. Note that we work with a general normally contracting invariant manifold M of ϕt,

which is of course the maximal attractor of ϕt in its basin of attraction or in a positively invariant

open set contained in its basin of attraction, but not assumed to be an equivalence class as in (H3)

for A.

For simplicity, set x · t := ϕt(x) for x ∈ Ω and t belonging to the maximal interval of existence.

Of course, if x ∈ M, then the maximal interval of existence is R. Consider the linearization of ODE

(1.4) along the orbit x · t:
ẏ = ∇b(x · t)y, y ∈ Rd, (3.1)
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and denote by Ψ(x, t) := Dϕt(x) its principal fundamental matrix solution at initial time 0 [6], that

is, Ψ(x, t) the fundamental matrix solution of (3.1) with Ψ(x, 0) = Id×d.

Definition 3.1 (Normally contracting invariant manifold). A ϕt-invariant Ck compact and connected

submanifold M with dimension dM < d is said to be a normally contracting invariant manifold of ϕt

if there are constants 0 < β0 < β∗ satisfying β0

β∗−β0
< 1

k′ for some 1 ≤ k′ ≤ k − 1 such that for each

x ∈M,

• TxRd = S(x)⊕ TxM,

• Ψ(x, t)S(x) = S(x · t) for t ∈ R,

• ‖Ψ(x, t)|S(x)‖ . e−β∗t, t ≥ 0,

• ‖Ψ(x, t)|TxM‖ . eβ0|t|, t ∈ R.

Here and after, we use the notation . (resp. &) to mean that an inequality ≤ (resp. ≥) holds up

to a multiplicative constant that is independent of x ∈ M and other parameters involved (e.g., t ≥ 0

or t ∈ R as above, or elements belonging to a subspace of Rd). While this is not absolutely clarified,

no confusion shall be caused. The notation ≈ means both . and &.

In Definition 3.1, we only assume k′ ≥ 1, which is sufficient for constructing the local unstable

manifold ofM×{0}. For constructing a regular solution of the HJE (1.7), we need k′ ≥ 2 as required

in (H4).

It is useful to point out that Ψ is a cocycle on M:

Ψ(x, t+ s) = Ψ(x · s, t)Ψ(x, s), ∀t, s ∈ R, x ∈M. (3.2)

Taking the transpose and then the inverse results in(
Ψ>
)−1

(x, t+ s) =
(
Ψ>
)−1

(x · s, t)
(
Ψ>
)−1

(x, s), ∀t, s ∈ R, x ∈M, (3.3)

that is,
(
Ψ>
)−1

is also a cocycle on M. In fact,
(
Ψ>
)−1

(x, t) is the principal fundamental matrix

solution at initial time 0 of ẏ = −∇b>(x · t)y (see (3.5) below).

3.1. Local unstable manifold. Recall that ΦtH is the local flow generated by the Hamiltonian system

(1.8). For x ∈M, the linearization of (1.8) along the orbit ΦtH(x, 0) = (x · t, 0) reads{
ẏ = ∇b(x · t)y + 2A(x · t)q,
q̇ = −∇b>(x · t)q

in Rd × Rd. (3.4)

Denote by ΨH(x, t) the principal fundamental matrix solution at initial time 0 of (3.4).

Remark 3.2. We briefly comment on the invariant splitting of (3.4), the associated local invariant

manifolds of M × {0}, and our approach including both ideas and techniques. In particular, this

explains why we only look at the local unstable manifold of M×{0}.
(1) From (3.4), we see that the invariant manifold M × {0} is NOT normally hyperbolic but

partially hyperbolic, which is in sharp contrast to the situation considered in [14], where M is

a linearly stable equilibrium of (1.4) so that M×{0} is a hyperbolic fixed point of (1.8).

Indeed, in the space {q = 0}, the system (3.4) is reduced to ẏ = ∇b(x ·t)y, which determines

the dM-dimensional tangent direction and (d− dM)-dimensional stable direction to M×{0}.
Note that the q-equation, which is decoupled from the y-equation and dual to (3.1), has dM-

dimensional central dynamics and (d − dM)-dimensional unstable dynamics. They together
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with the y-equation determine the dM-dimensional central direction and (d−dM)-dimensional

unstable direction to M×{0}.
This gives rise to the invariant splitting under ΨH(x, t): for x ∈M,

T(x,0)(Rd × Rd) = Eu(x,0) ⊕ E
c
(x,0) ⊕ E

s
(x,0),

ΨH(x, t)Ei(x,0) = Ei(x·,0), i = u, c, s,

where T(x,0)(M× {0}) $ Ec(x,0). Moreover, ΨH(x, t) expands Eu(x,0) sharply than Ec(x,0), and

ΨH(x, t) contracts Es(x,0) sharply than Ec(x,0).

(2) Given the invariant splitting in (1), the classical invariant manifold theory, recalled in Theorem

B.1 for readers’ convenience, ensures the existence of a unique d-dimensional local Ck
′

unstable

manifold Wu and a unique d-dimensional local Ck
′

stable manifold Ws of M×{0}. Observe

that Ws extends to Ω×{0}. Applying the center manifold theory developed in [7], we can find

an 2dM-dimentional Ck
′

center manifold Wc of M×{0}, which is not unique in general.

(3) For our purposes, it is of crucial importance to study the unstable set ofM×{0}, as suggested

by Lemma 2.7 and commented in Remark 2.1. The unstable set is determined by the unstable

manifold Wu and the center manifold Wc if it contains trajectories approaching M × {0}
as t → −∞. However, as the asymptotic dynamics on Wc is unknown and can hardly be

investigated due to complexity, bifurcation, etc., the structure of the unstable set of M× {0}
can barely be identified. But, this is not so necessary anyway since an d-dimensional structure

suffices to determine what we want, while the unstable set may have dimension higher than d.

Given that the unstable manifold Wu is d-dimensional, we directly work with it and manage

to show that it is given by the graph of the gradient field of some non-negative Ck
′+1 function

that vanishes only on M, as expected.

Recall that Ψ(x, t) is the principal fundamental matrix solution at initial time 0 of (3.1). It is

well-known that
(
Ψ>
)−1

(x, t) is the principal fundamental matrix solution at initial time 0 of the

q-equation in (3.4), which is the dual equation of (3.1). In fact, by the derivative of the inverse matrix

formula,

d

dt

(
Ψ>
)−1

(x, t) = −
(
Ψ>
)−1

(x, t)
d

dt
Ψ>(x, t)

(
Ψ>
)−1

(x, t)

= −
(
Ψ>
)−1

(x, t)Ψ>(x, t)∇b>(x · t)
(
Ψ>
)−1

(x, t)

= −∇b>(x · t)
(
Ψ>
)−1

(x, t).

(3.5)

The variation of constants formula asserts that the unique solution (y(t), q(t)) := ΨH(x, t)(y0, q0) of

(3.4) with initial condition (y0, q0) at t = 0 satisfiesy(t) = Ψ(x, t)y0 + 2

∫ t

0

Ψ(x · s, t− s)A(x · s)q(s)ds,

q(t) =
(
Ψ>
)−1

(x, t)q0.

(3.6)

Recall the splitting TxRd = S(x) ⊕ TxM from Definition 3.1. Let P (x) be the projection onto

S(x) along TxM. Then, Id×d − P (x) is the projection onto TxM along S(x). Since P (x · t)Ψ(x, t) =

Ψ(x, t)P (x) for all t ∈ R and x ∈M, we deduce

P>(x · t)
(
Ψ>
)−1

(x, t) =
(
Ψ>
)−1

(x, t)P>(x), ∀t ∈ R, x ∈M. (3.7)
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Set E(x) := ranP>(x) and N(x) := ran
(
Id×d − P>(x)

)
for x ∈M. The following lemma concerning

the invariant splitting under
(
Ψ>
)−1

follows.

Lemma 3.1. For each x ∈M, the following hold.

(1) Rd = E(x)⊕N(x).

(2)
(
Ψ>
)−1

(x, t)E(x) = E(x · t) and
(
Ψ>
)−1

(x, t)N(x) = N(x · t) for t ∈ R.

(3) There hold ∥∥∥(Ψ>)−1
(x, t)

∣∣
E(x)

∥∥∥ . eβ∗t, t ≤ 0, (3.8a)∥∥∥(Ψ>)−1
(x, t)

∣∣
N(x)

∥∥∥ . eβ0|t|, t ∈ R. (3.8b)

Proof. The first two conclusions follow immediately from (3.7). Note from (3.3) that(
Ψ>
)−1

(x, t)P>(x) = Ψ>(x · t,−t)P>(x) = [P (x)Ψ(x · t,−t)]> ,

which together with Definition 3.1 implies (3.8a). Similar arguments lead to (3.8b). �

The next result is crucial for determining in particular the unstable direction to M×{0}.

Lemma 3.2. For each x ∈M, the following hold.

(1) The matrix

Q(x) := 2

∫ 0

−∞
Ψ(x · s,−s)A(x · s)

(
Ψ>
)−1

(x, s)P>(x)ds

is well-defined, and satisfies ‖Q(x)‖ . 1.

(2) Q(x) is symmetric on E(x), that is, q>1 Q(x)q2 = q>1 Q
>(x)q2 for all q1, q2 ∈ E(x).

(3) Q(x) is positive-definite on E(x), that is, q>Q(x)q & |q|2 for all q ∈ E(x). In particular,

|Q(x)q| ≈ |q| for all q ∈ E(x).

Remark 3.3. The definition of Q(x) in Lemma 3.2 is inspired by the Lyapunov-Perron method. The

main idea is to identify a subspace for (q0, y0) ∈ Rd × Rd such that (y(t), q(t)) = ΨH(x, t)(y0, q0)

converges to (0, 0) sufficiently fast as t→ −∞. By Lemma 3.1, there must hold q0 ∈ E(x). It follows

from (3.6) that y(t) satisfies

y(t) = Ψ(x, t)y0 + 2

∫ t

0

Ψ(x · s, t− s)A(x · s)
(
Ψ>
)−1

(x, s)q0ds,

or

y0 = Ψ−1(x, t)y(t) + 2

∫ 0

t

Ψ(x · s,−s)A(x · s)
(
Ψ>
)−1

(x, s)q0ds.

Formally, letting t→ −∞ in the above equality yields y0 = 2
∫ 0

−∞Ψ(x·s,−s)A(x·s)
(
Ψ>
)−1

(x, s)q0ds,

that is, y0 = Q(x)q0.

Proof of Lemma 3.2. (1) Definition 3.1 implies ‖Ψ(x, t)‖ . eβ0t for all t ≥ 0. This together with

(3.8a) yields that |Q(x)q| . 2|P>(x)q|maxM ‖A‖
∫ 0

−∞ e−β0seβ∗sds . |P>(x)q|. The results follow.

(2) Let q1, q2 ∈ E(x). Note that

q>1 Q
>(x)q2 = 2

∫ 0

−∞
q>1 Ψ−1(x, s)A>(x · s)Ψ>(x · s,−s)q2ds.
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The equality Ψ−1(x, s) = Ψ(x ·s,−s) (by (3.2)) and the symmetry of A then give rise to q>1 Q
>(x)q2 =

q>1 Q(x)q2.

(3) Since Ψ(x, t) is the principal fundamental matrix solution at initial time 0 of (3.1) and maxM ‖∇b‖ <
∞, there exists β∗ > 0 such that ‖Ψ>(x, t)‖ . e−β

∗t for all t ≤ 0, implying that
∣∣∣(Ψ>)−1

(x, t)y
∣∣∣ &

eβ
∗t|y| for all y ∈ Rd and t ≤ 0. This together with the equality Ψ>(x · s,−s) =

(
Ψ>
)−1

(x, s) (by

(3.3)) yields

q>Q(x)q = 2

∫ 0

−∞

[(
Ψ>
)−1

(x, s)q
]>

A(x · s)
(
Ψ>
)−1

(x, s)qds

≥ 2λ

∫ 0

−∞

∣∣∣(Ψ>)−1
(x, s)q

∣∣∣2 ds & ∫ 0

−∞
e2β∗s|q|2ds & |q|2, ∀q ∈ E(x),

where λ > 0 is such that y>A(x)y ≥ λ|y|2 for all y ∈ Rd and x ∈ M. The “In particular” part then

follows readily from (1) and |q>||Q(x)q| ≥ q>Q(x)q for all q ∈ E(x). �

Now, we can determine the unstable direction to M× {0} and establish the invariant splitting

under ΨH . For x ∈M, set

E(x, 0) : = graphQ(x)−1 = {(Q(x)q, q) : q ∈ E(x)} ,

N (x, 0) : = TxRd ×N(x),
(3.9)

where Q(x)−1 : ran Q(x)→ E(x) denotes the inverse of Q(x). It is well-defined thanks to Lemma 3.2

(3), implying kerQ(x) = N(x).

Lemma 3.3. For each x ∈M, the following hold.

(1) T(x,0)(Rd × Rd) = E(x, 0)⊕N (x, 0).

(2) T(x,0)(M×{0}) ⊂ N (x, 0).

(3) ΨH(x, t)E(x, 0) = E(x · t, 0) and ΨH(x, t)N (x, 0) = N (x · t, 0) for t ∈ R.

(4) For any fixed β′0 ∈ (β0, β∗) satisfying
β′0

β∗−β′0
< 1

k′ ,∥∥ΨH(x, t)|E(x,0)

∥∥ . eβ∗t, t ≤ 0, (3.10a)

‖ΨH(x, t)|N (x,0)‖ . eβ
′
0|t|, t ∈ R. (3.10b)

Remark 3.4. It should be clear from the statement of Lemma 3.3 (4) that both inequalities . depends

on β′0, but we choose not to highlight this dependence as it is only used with a fixed β′0.

Proof of Lemma 3.3. (1) and (2) follow readily from the definition of E(x, 0) and N (x, 0).

(3) The invariance of N under ΨH is a result of (3.6) and the invariance of N under
(
Ψ>
)−1

(by

Lemma 3.1 (2)). We show the invariance of E under ΨH . This is equivalent to showing that if

q0 ∈ E(x) and y0 = Q(x)q0, then (y(t), q(t)) := ΨH(x, t)(y0, q0) satisfies

y(t) = Q(x · t)q(t). (3.11)
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We prove (3.11). It follows from (3.6) that

y(t) = Ψ(x, t)Q(x)q0 + 2

∫ t

0

Ψ(x · s, t− s)A(x · s)
(
Ψ>
)−1

(x, s)q0ds

= Ψ(x, t)

(
Q(x)q0 + 2

∫ t

0

Ψ(x · s,−s)A(x · s)
(
Ψ>
)−1

(x, s)q0ds

)
= 2Ψ(x, t)

∫ t

−∞
Ψ(x · s,−s)A(x · s)

(
Ψ>
)−1

(x, s)q0ds,

where we used (3.2) in the second equality and the definition of Q in the last equality.

Clearly, q(t) =
(
Ψ>
)−1

(x, t)q0 ∈ E(x · t) thanks to Lemma 3.1 (2). Note that

Q(x · t)q(t) = 2

∫ 0

−∞
Ψ(x · t · s,−s)A(x · t · s)

(
Ψ>
)−1

(x · t, s)
(
Ψ>
)−1

(x, t)q0ds

= 2

∫ 0

−∞
Ψ(x, t)Ψ(x · (t+ s),−(t+ s))A(x · (t+ s))

(
Ψ>
)−1

(x, t+ s)q0ds

= 2Ψ(x, t)

∫ t

−∞
Ψ(x · s,−s)A(x · s)

(
Ψ>
)−1

(x, s)q0ds,

where we used (3.3) and (3.2) in the second equality. Hence, (3.11) holds.

(4) Note that the invariance of E under ΨH and Lemma 3.2 (3) ensure that |(y(t), q(t))| ≈ |q(t)| for

all t ∈ R and (y0, q0) ∈ E(x, 0). Then, (3.10a) follows immediately from (3.8a).

To show (3.10b), we let (y0, q0) ∈ N (x, 0). Applying Definition 3.1 and (3.8b), we find |q(t)| .
eβ0|t||q0| for all t ∈ R and

|y(t)| ≤ |Ψ(x, t)y0|+ 2

∣∣∣∣∫ t

0

Ψ(x · s, t− s)A(x · s)q(s)ds
∣∣∣∣

. eβ0|t||y0|+ 2|q0|max
M
‖A‖

∣∣∣∣∫ t

0

eβ0|t−s|eβ0|s|ds

∣∣∣∣ . eβ0|t||y0|+ |t|eβ0|t||q0|, t ∈ R.

For fixed β′0 ∈ (β0, β∗) satisfying
β′0

β∗−β′0
< 1

k′ , we then deduce

|ΨH(x, t)(y0, q0)| ≤ |y(t)|+ |q(t)| . eβ
′
0|t||(y0, q0)|, t ∈ R and (y0, q0) ∈ N (x, 0),

giving rise to (3.10b). �

Finally, we state and prove the local unstable manifold theorem. Set (Xx,p(t), Px,p(t)) := ΦtH(x, p).

Theorem 3.1. The invariant manifold M× {0} admits a Ck
′

local unstable manifold Wu, which is

a Lagrangian submanifold and satisfies the following properties.

(i) M×{0} ⊂ Wu and T(x,0)Wu = E(x, 0)⊕ T(x,0)(M×{0}) for all x ∈M.

(ii) Wu = ∪x∈MWu
x , where

• Wu
x is a Ck

′
manifold and (x, 0) ∈ Wu

x ,

• Wu
x is diffeomorphic to a ball in E(x, 0) and tangent to E(x, 0) at (x, 0),

• Wu
x ∩Wu

x′ = ∅ if x 6= x′,

• ΦtHWu
x ⊂ Wu

x·t for t ≤ 0.
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(iii) For any 0 < β < β∗, there is C > 0 such that

dist
(
ΦtH(x, p), (πWu(x, p) · t, 0)

)
≤ Ceβt, ∀(x, p) ∈ Wu and t ≤ 0,

where πWu :Wu →M× {0} is the Ck
′

projection defined by πWu(x, p) = x̃ if (x, p) ∈ Wx̃.

Moreover, there exist an open set M ⊂ O0 ⊂⊂ Ω and a function F ∈ Ck′(O0;Rd) such that the

following hold.

(1) graphF =Wu ∩
(
O0 × Rd

)
and F = 0 on M.

(2) For x ∈ O0, let π(x) ∈M be such that πWu(x, F (x)) = (π(x), 0). Then, π is Ck
′

and for any

β ∈ (0, β∗),

lim
t→−∞

sup
x∈O0

eβ|t|
(∣∣Xx,F (x)(t)− π(x) · t

∣∣+ |Px,F (x)(t)|
)

= 0.

(3) There is an open set M⊂ O1 ⊂⊂ O0 such that ΦtH (graphF |O1
) ⊂ graphF for all t ≤ 0.

(4) H(x, F (x)) = 0 for all x ∈ O0.

(5) For each x ∈M, TxRd = TxM⊕ ranQ(x) and the Jacobian ∇F (x) satisfies

∇F (x)y =

{
0, y ∈ TxM,

Q(x)−1y, y ∈ ranQ(x).

(6) For each y0 ∈ Rd,

ΨH(x, t)(y0,∇F (x)y0) = (y(t),∇F (x · t)y(t)), ∀t ≤ 0,

where y(t) satisfies (3.6) with initial condition (y0, q0) = (y0,∇F (x)y0).

Proof. First, given Lemma 3.3, we can apply the classical invariant manifold theory (recalled in

Appendix B for reader’s convenience) to find the local unstable manifold Wu of M × {0}. More

precisely, replacing (5.2), E(x) and N(x) in Appendix B by (1.8), E(x, 0) and N (x, 0), respectively,

we apply Theorem B.1 to find the Ck
′

local unstable manifoldWu ofM×{0} with properties (i)-(iii).

Next, we claim that there exist a neighborhood O0 of M and a Ck
′

function F : O0 → Rd such

that graphF = Wu ∩
(
O0 × Rd

)
. Indeed, as E(x, 0) = graphQ(x)−1, any non-zero vector in E(x, 0)

is not perpendicular to the x-plane. Clearly, T(x,0)(M× {0}) lies on the x-plane. Then, we see from

(i) that all the non-zero tangent vectors of Wu along M× {0} are not perpendicular to the x-plane.

This ensures that nearM×{0}, Wu can be regarded as the graph of some function over the x-plane,

which shares the same regularity as Wu. The claim follows.

Now, we verify desired properties of F .

(1) We have shown graphF =Wu ∩
(
O0 × Rd

)
. From which, F = 0 on M follows.

(2) It follows directly from (iii).

(3) By (2), there is an open set M ⊂ O1 ⊂⊂ O0 such that Xx,F (x)(t) ∈ O0 for all x ∈ O1 and

t ≤ 0. The conclusion then follows from the negative invariance of Wu.

(4) Since (1.8) is a Hamiltonian system, we conclude from (2) and the fact H(x, 0) = 0 that for

any x ∈ O0, H(x, F (x)) = limt→−∞H(Xx,F (x)(t), Px,F (x)(t)) = 0.

(5) Let x ∈M. It follows from (i) that

T(x,0)Wu = E(x, 0)⊕ T(x,0)(M×{0})

=
{

(y,Q(x)−1y) : y ∈ ran Q(x)
}
⊕ (TxM×{0}).

(3.12)
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Projecting E(x, 0) and T(x,0)(M× {0}) onto the first argument, we find TxM and ran Q(x)

are complementary in Rd, namely, TxRd = TxM⊕ ran Q(x).

Since graphF = Wu ∩
(
O0 × Rd

)
by (1), any tangent vector in T(x,0)Wu takes the form

(y,∇F (x)y) for some y ∈ TxRd. Comparing with (3.12), we find

∇F (x)y =

{
0, y ∈ TxM,

Q(x)−1y, y ∈ ran Q(x).

(6) Recall that Ψt
H is the flow of the linearized system (1.8). SinceWu is a local unstable manifold

and (y0,∇F (x)y0) ∈ T(x,0)Wu, we see that Ψt
H(y0,∇F (x)y0) ∈ T(x·t,0)Wu for all t ≤ 0. Thus,

Ψt
H(y0,∇F (x)y0) = (y(t),∇F (x · t)y(t)) for all t ≤ 0.

Finally, we show thatWu is a Lagrangian submanifold. Since the symplectic form ω :=
∑d
i=1 dx

i∧
dpi is invariant under ΦtH , and each point on Wu is connected to some point on graphF via ΦtH , we

only need to prove that graphF is Lagrangian. Note that

ω =

d∑
i=1

dxi ∧

 d∑
j=1

∂jF
i(x)dxj

 =

d∑
i=1

∑
j 6=i

∂jF
i(x)dxi ∧ dxj on graphF,

where Fj is the j-th component of F . Since ∇F is symmetric by (5), it follows that ω = 0 on graphF .

This completes the proof. �

3.2. Conservativeness and regular solutions of HJE. Let F and O1 be as in Theorem 3.1 and

recall (Xx,p(t), Px,p(t)) = ΦtH(x, p) and the constant k′ from Definition 3.1.

Theorem 3.2. If k′ ≥ 2, then F is conservative in O1, that is,
∫
γ
F ·dγ = 0 for any closed, continuous,

and piecewise C1 curve γ : [0, 1]→ O1.

Theorem 3.2 ensures that F is the gradient of some function that we figure out now. Define

V̂ (x) :=

∫ 0

−∞
L(Xx,F (x), Ẋx,F (x)), x ∈ O1, (3.13)

where L is the Lagrangian associated with H and is given in (2.19).

Corollary 3.1. If k′ ≥ 2, then V̂ is well-defined, non-negative, and vanishes only on M. Moreover,

the following hold.

(1) V̂ ∈ Ck′+1(O1) and ∇V̂ = F .

(2) H(x,∇V̂ (x)) = 0 for x ∈ O1.

(3) Hess(V̂ )|x : TxRd ⊗ TxRd → R is semi-positive definite and satisfies:

Hess(V̂ )|x(y, z)

{
= 0 if y or z ∈ TxM,

> 0 if y = z ∈ T⊥x M,

where T⊥x M⊂ TxRd denotes the orthogonal complement of TxM.

The rest of this subsection is devoted to the proof of Theorem 3.2 and Corollary 3.1.

Proof of Theorem 3.2. Let Γ be a closed, continuous, and piecewise C1 curve in O1 parameterized by

γ : [0, 1]→ O1. Then, γ(0) = γ(1). For each t ≤ 0, let Γt be the curve parameterized by

γt(u) := Xγ(u),F (γ(u))(t), u ∈ [0, 1].
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In particular, γ0 = γ. We break the proof into three steps.

Step 1. We show
∫

Γ
F · dγ =

∫
Γt
F · dγt for all t ≤ 0.

Straightforward calculations show that

d

dt

∫
Γt

F · dγt =
d

dt

∫ 1

0

F (γt(u)) · ∂γt(u)

∂u
du

=

∫ 1

0

[
∇F (γt(u))

∂γt(u)

∂t
· ∂γt(u)

∂u
+ F (γt(u))

∂2γt(u)

∂t∂u

]
du

=

∫ 1

0

∂

∂u

[
F (γt(u)) · ∂γt(u)

∂t

]
du = F (γt(1)) · ∂γt(1)

∂t
− F (γt(0)) · ∂γt(0)

∂t
= 0,

where we used the symmetry of ∇F in the third equality. The result follows.

Step 2. Let β′0 ∈ (β0, β∗) satisfy
β′0

β∗−β′0
< 1

k′ and be fixed. We prove supu∈[0,1]

∣∣∣∂γt(u)
∂u

∣∣∣ . eβ′0|t| for all

t ≤ 0.

The definition of γt ensures that for each u ∈ [0, 1], t 7→ (γt(u), F (γt(u))) is a solution of (1.8).

Hence, ∂γt(u)
∂t = Hp (γt(u), F (γt(u))) = (2AF + b)(γt(u)). Differentiating this equation with respect

to u results in
∂2γt(u)

∂t∂u
= (2∇AF + 2A∇F +∇b)(γt(u))

∂γt(u)

∂u
, (3.14)

where ∇AF is a d × d matrix whose i, j-entry is
∑
k ∂ja

ikFk, in which, Fk is the k-th component of

F . Since γt(u) = Xγ(u),F (γ(u))(t), we see from (3.14) that t 7→ ∂γt(u)
∂u solves the linear system

Ż = (2∇AF + 2A∇F +∇b)(Xx,F (x)(t))Z, t ≤ 0. (3.15)

with x = γ(u) ∈ O1 and Z(0) = ∂γ0(u)
∂u .

For x ∈ O1, denote by Zx the unique solution of (3.15) with initial condition Zx(0) ∈ Rd. We

claim that

|Zx(t)| . eβ
′
0|t||Zx(0)|, ∀t ≤ 0. (3.16)

Since supu∈[0,1]

∣∣∣∂γ0(u)
∂u

∣∣∣ <∞, the conclusion in this step follows readily from (3.16).

We verify (3.16) to finish the proof of Step 2. Fix x ∈ O1 and β ∈ (β′0, β∗). Theorem 3.1 (2) yields

lim
t→−∞

eβ|t| sup
y∈O1

∣∣Xy,F (y)(t)− π(y) · t
∣∣ = 0, (3.17)

Since π(x) · t ∈ M for all t ≤ 0 and F = 0 on M by Theorem 3.1 (1), we can regard (3.15) as a

perturbation of the following linear system:

Ż = (2A∇F +∇b)(π(x) · t)Z, t ≤ 0.

Denoted by ΨZ(π(x), t) its principal fundamental matrix solution at initial time 0. Fix 0 < δ � 1

such that β′0 − δ ∈ (β0, β∗) and
β′0−δ

β∗−β′0+δ <
1
k′ . Note that

‖ΨZ(π(x), t)‖ . e(β′0−δ)|t|, t ≤ 0. (3.18)

Indeed, we deduce from Theorem 3.1 (6) that

(y(t), q(t)) := ΨH(π(x), t) (y0,∇F (π(x))y0) = (y(t),∇F (π(x) · t)y(t)) .
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Then, the y-equation in (3.4) becomes ẏ = 2A(π(x) · t)∇F (π(x) · t)y + ∇b(π(x) · t)y, which is just

the equation for Z. It follows from Lemma 3.3 that ‖ΨZ(π(x), t)‖ ≤ ‖ΨH(π(x), t)‖ . e(β′0−δ)|t| for all

t ≤ 0, that is, (3.18) is true.

Setting

Gx(t) := (2∇AF + 2A∇F +∇b)(Xx,F (x)(t))− (2A∇F +∇b)(π(x) · t),

we can rewrite (3.15) as

Ż = (2A∇F +∇b)(π(x) · t)Z +Gx(t)Z, t ≤ 0.

An application of the variation of constants formula yields

Zx(t) = ΨZ(π(x), t)Zx(0) +

∫ t

0

ΨZ(π(x) · s, t− s)Gx(s)Zx(s)ds, t ≤ 0. (3.19)

Since π(x) · t ∈M for all t ≤ 0 and F = 0 on M, we see that∣∣F (Xx,F (x)(t))
∣∣ ≤ ‖∇F‖L∞(O1) ×

∣∣Xx,F (x)(t)− π(x) · t
∣∣ . eβt, ∀t ≤ 0, (3.20)

and thus,

|Gx(t)| ≤ 2|(∇AF )(Xx,F (x)(t))|+ ‖∇(2A∇F +∇b)‖L∞(O1) × |Xx,F (x)(t)− π(x) · t|

. |Xx,F (x)(t)− π(x) · t| . eβt, ∀t ≤ 0,

where we used (3.17) in the last inequality. It follows from (3.18) and (3.19) that there is C > 0 such

that

|Zx(t)| ≤ Ce(β′0−δ)|t||Zx(0)|+ C

∫ 0

t

e(β′0−δ)|t−s|eβs|Zx(s)|ds

= Ce−(β′0−δ)t|Zx(0)|+ C

∫ 0

t

e−(β′0−δ)(t−s)+βs|Zx(s)|ds, ∀t ≤ 0.

(3.21)

Setting f(t) :=
∫ 0

t
e−(β′0−δ)(t−s)+βs|Zx(s)|ds, we derive from f ′(t) = −eβt|Zx(t)| − (β′0 − δ)f(t) and

(3.21) that

−f ′(t)− (β′0 − δ)f(t) ≤ Ce(β−β′0+δ)t|Zx(0)|+ Ceβtf(t), t ≤ 0.

Clearly, there exists t0 = t0(δ) < 0 such that eβt ≤ δ for t ≤ t0, and thus, f ′(t) + β′0f(t) +

Ce(β−β′0+δ)t|Zx(0)| ≥ 0. An application of Grönwall’s inequality results in

f(t) ≤ Ceβ
′
0(t0−t)f(t0) +

C|Zx(0)|
β + δ

e(β+δ)t0−β′0t . e−β
′
0t, ∀t ≤ t0,

which together with (3.21) leads to |Zx(t)| . e−(β′0−δ)t|Zx(0)| + e−β
′
0t . eβ

′
0|t| for all t ≤ 0, proving

(3.16).

Step 3. Since γt(u) = Xγ(u),F (γ(u))(t), we apply (3.20) to find supu∈[0,1] |F (γt(u))| . eβt for t ≤ 0. It

follows from Step 2 that∣∣∣∣∫
Γt

F · dγt
∣∣∣∣ =

∣∣∣∣∫ 1

0

F (γt(u)) · ∂γt(u)

∂u
du

∣∣∣∣ . e(β−β′0)t, t ≤ 0,

which together with Step 1 yields
∫

Γ
F · dγ = limt→−∞

∫
Γt
F · dγt = 0. This completes the proof. �

Finally, we prove Corollary 3.1.
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Proof of Corollary 3.1. By Theorem 3.2, there exists Ṽ ∈ Ck′+1(O1) such that F = ∇Ṽ in O1. The

fact F = 0 on M ensures that Ṽ is constant on M. Since Xx,F (x)(t) approaches M as t → −∞
thanks to Theorem 3.1 (2), we find limt→−∞ Ṽ (Xx,F (x)(t)) = Ṽ |M.

Let x ∈ O1. Note that Theorem 3.1 (4) yields

H(Xx,F (x)(t), Px,F (x)(t)) = H(Xx,F (x)(t), F (Xx,F (x)(t))) = 0, ∀t ≤ 0.

It then follows from Lemma 2.6 that

L(Xx,F (x)(t), Ẋx,F (x)(t)) = Ẋx,F (x)(t) · Px,F (x)(t)−H(Xx,F (x)(t), Px,F (x)(t))

= Ẋx,F (x)(t) · F (Xx,F (x)(t)), ∀t ≤ 0,

and hence,

V̂ (x) =

∫ 0

−∞
Ẋx,F (x) · F (Xx,F (x)) = Ṽ (Xx,F (x)(t))

∣∣∣0
t=−∞

= Ṽ (x)− Ṽ |M.

This indicates that V̂ is well-defined and vanishes only onM. Hence, (1) holds. The non-negativeness

of V̂ follows directly from its definition in (3.13). Theorem 3.1 (4) yields (2) readily.

For (3), we note that Hess(V̂ )|x(y, z) = 〈y,∇F (x)z〉 for (y, z) ∈ TxRd ⊗ TxRd. This together with

Theorem 3.1 (5) implies that Hess(V̂ )|x(y, z) = 0 if y or z ∈ TxM. As T⊥x M is complementary

to TxM, we deduce that Hess(V̂ )|x is non-degenerate on T⊥x M, leading to Hess(V̂ )|x(y, y) > 0 for

y ∈ T⊥x M. This completes the proof. �

4. Regularity of the quasi-potential

In this section, we study the regularity of the quasi-potential V , defined in (1.6), under the ad-

ditional assumption that A is a normally contracting invariant manifold (see Definition 3.1). In

particular, we prove Theorems C and D in Subsections 4.1 and 4.2, respectively.

4.1. Local regularity. In this subsection, we apply the theory developed in Section 3 to study the

regularity of V in a neighborhood of the maximal attractor A and prove Theorem C. We first prove

a local uniqueness result asserting that any non-negative C1 solution of the HJE (1.7) that vanishes

only on A must coincide with V in a neighborhood of A.

Recall that OA,Ω denotes the set of open and connected sets O satisfying A ⊂ O ⊂⊂ Ω. Let

O ∈ OA,Ω. For U ∈ C(O), set ρU,O := lim infx→∂O U(x), OU := {x ∈ O : U(x) < ρU,O}, and

OUρ := {x ∈ O : U(x) < ρ} for ρ ∈ (0, ρU,O). Recall from Corollary 2.1 that

V (x) = min
φ∈Φx,O

I(φ), ∀x ∈ OV , (4.1)

where Φx,O =
{
φ ∈ AC((−∞, 0];O) : φ̇ ∈ L2

loc((−∞, 0];Rd), φ(0) = x, limt→−∞ dist(φ(t),A) = 0
}

.

Lemma 4.1. Assume (H1)-(H3). Let O ∈ OA,Ω. Assume that (1.7) admits a solution W ∈ C1(O)

that is non-negative and vanishes only on A. Then, the following hold for each x ∈ OW ∩ OV .

(1) W (x) = V (x).

(2) φ is a minimizer corresponding to V (x) (see Definition 2.1) if and only if φ ∈ Φx,O and solves

φ̇ = 2A(φ)∇V (φ) + b(φ) a.e. on (−∞, 0). (4.2)

(3) If, in addition, ∇W is locally Lipschitz, then there is a unique minimizer corresponding to

V (x), and the unique minimizer belongs to C1((−∞, 0];OW ∩ OV ).
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Proof. It is more or less a rephrase of [23, Theorem 5.4.3] that is adapted to meet our needs. We

provide the proof for reader’s convenience. Set ` := b+A∇W and b̂ := A∇W + ` = 2A∇W + b in O.

As W solves the HJE (1.7), that is, W satisfies

∇W ·A∇W + b · ∇W = 0 in O, (4.3)

we find

∇W · ` = 0 in O. (4.4)

In the rest of the proof, we fix some x ∈ OV ∩ OW . We first claim that

I(φ) =
1

4

∫ 0

−∞

[
b̂(φ)− φ̇

]
·A−1(φ)

[
b̂(φ)− φ̇

]
+W (x), ∀φ ∈ Φx,O. (4.5)

Indeed, for φ ∈ Φx,O, we apply the definition of b̂ to calculate

I(φ) =
1

4

∫ 0

−∞

[
b̂(φ)− φ̇

]
·A−1(φ)

[
b̂(φ)− φ̇

]
−
∫ 0

−∞
∇W (φ) ·

[
b̂(φ)− φ̇

]
+

∫ 0

−∞
∇W (φ) ·A(φ)∇W (φ).

It follows from (4.3) that

I(φ)− 1

4

∫ 0

−∞

[
b̂(φ)− φ̇

]
·A−1(φ)

[
b̂(φ)− φ̇

]
= −

∫ 0

−∞
∇W (φ) ·

[
b̂(φ)− φ̇+ b(φ)

]
= −

∫ 0

−∞
∇W (φ) ·

[
2`(φ)− φ̇

]
=

∫ 0

−∞
∇W (φ) · φ̇ = W (φ(0))− lim

t→−∞
W (φ(t)) = W (x),

where we used (4.4) in the third equality and W = 0 on A in the last equality.

Given (4.1) and (4.5), it is clear that if there exists a φ̂ ∈ Φx,O satisfying (4.2) with V reaplaced

by W , then φ̂ is a minimizer corresponding to V (x) and V (x) = W (x), proving (1).

Now, we construct such a φ̂. Note that b̂ is only continuous in O so that the classical local well-

posedness result for ODEs can not be applied here. Note that for fixed ρ1, ρ2 ∈ (0, ρW,O) with ρ1 < ρ2,

there holds OWρ1
⊂⊂ OWρ2

⊂⊂ O. Since b̂ is uniformly bounded on OWρ2
, a careful examination of the

proof of the classical Peano’s existence theorem yields a δ > 0 such that for each y ∈ OWρ1
, (4.2) admits

a solution φy ∈ C1((−δ, 0];OWρ2
) with φy(0) = y. An application of (4.3) results in

d

dt
W (φy(t)) = (2∇W ·A∇W + b · ∇W )(φy(t)) = (∇W ·A∇W )(φy(t)) ≥ 0.

That is, t 7→ W (φy(t)) is non-decreasing on (−δ, 0]. Hence, φy(t) ∈ OWρ1
for all t ∈ (−δ, 0]. Since this

is true for any y ∈ OWρ1
, we can extend φy to be φ̂y in OWρ1

over (−∞, 0] as follows:

φ̂y(t) = φy(t), t ∈ (−δ, 0],

φ̂y(t) = φφ̂y(−kδ)(t+ kδ), t ∈ (−(k + 1)δ,−kδ], k = 1, 2, . . . .

Obviously, φ̂y : (−∞, 0] → OWρ1
is absolutely continuous and satisfies (4.2). We make δ smaller (if

necessary) so that φy ∈ C1([−δ, 0];OWρ2
). Then,

˙̂
φy ∈ L2

loc((−∞, 0];Rd).
As OW =

⋃
ρ∈(0,ρW,O)OWρ , we follow the above procedure to find a φ̂x ∈ AC((−∞, 0];O) satisfying

˙̂
φx ∈ L2

loc((−∞, 0];Rd) and (4.2). We prove limt→−∞ dist(φ̂x(t),A) = 0 so that φ̂x ∈ Φx,O. Since

t 7→ W (φ̂x(t)) is non-decreasing and W is non-negative and vanishes only on A, it suffices to prove
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ρ := limt→−∞W (φ̂x(t)) = 0. Suppose on the contrary that ρ > 0. Then, φ̂x stays in O \ OWρ , which

is away from A. Noting that (1.4) has no invariant set in O \ OWρ , we apply [22, Lemma 3.1] to

conclude that W (x) − limt→−∞W (φ̂x(t)) =
∫ 0

−∞ L(φ̂x,
˙̂
φx) = ∞, leading to a contradiction. Hence,

limt→−∞W (φ̂x(t)) = 0. Clearly, φ̂ := φ̂x satisfies all the requirements.

Now, we prove (2). The sufficiency is an immediate consequence of (4.1) and (4.5). To show

the necessity, let φ be a minimizer corresponding to V (x). It follows from the standard dynamic

programming arguments that for each t ≤ 0, φ(·+ t) is a minimizer corresponding to V (φ(t)). Thus,

t 7→ V (φ(t)) is increasing and φ(t) ∈ OVρ ⊂ O for all t ∈ (−∞, 0] with ρ := V (x). This shows φ ∈ Φx,O.

Thanks to (4.5) and V (x) = I(φ) = W (x), we arrive at
∫ 0

−∞

[
b̂(φ)− φ̇

]
·A−1(φ)

[
b̂(φ)− φ̇

]
= 0. Hence,

φ satisfies (4.2).

For (3), we note that if W is locally Lipschitz, so is b̂, and therefore, the classical local well-posedness

result of ODE applies, leading to the uniqueness of the minimizer corresponding to V (x). If φ is the

unique minimizer corresponding to V (x), the monotonicity of t 7→ W (φ(t)) and t 7→ V (φ(t)) yields

that φ ∈ C1((−∞, 0];OW ∩ OV ). �

Now, we prove Theorem C.

Proof of Theorem C. Under the assumption of Theorem C, we can apply Theorem 3.1 and Corol-

lary 3.1 to find the domain A ⊂ O1 ⊂⊂ Ω and a function V̂ ∈ Ck′+1(O1) defined in (3.13). It then

follows from Lemma 4.1 (with W = V̂ and O = O1) that V = V̂ in O2 := OV̂1 ∩OV1 . Other conclusions

in the statement of Theorem C follow from Theorem 3.1, Corollary 3.1, and Lemma 4.1. �

4.2. Global regularity. We study the global regularity of V and prove Theorem D. Theorem D

actually follows from the strategies laid out in [14] (treating the problem in the case that A is a

linearly stable equilibrium) that build upon two key elements. One is the attainability of the infimum

in the variational formula (1.6) used to define the quasi-potential V (see Lemma 1.1), that is, for each

x ∈ ΩV , there exist minimizers corresponding to V (x) (see Definition 2.1). The other is stated in the

following result.

Lemma 4.2. Assume (H1)-(H4). Let x0 ∈ ΩV . Suppose x(t) is a minimizer corresponding to V (x0)

and set p(t) := ∂vL(x(t), ẋ(t)). Then, there exists T > 0 such that (x(t), p(t)) ∈ Wu for all t ≤ −T ,

where Wu is the local unstable manifold given in Theorem C.

Proof. Lemma 2.7 says that (x(t), p(t)) satisfies (1.8) and limt→−∞ dist(x(t),A) = 0. Then, there

exists T > 0 such that x(t) ∈ O2 for all t ≤ −T , where O2 is given in Theorem C. By the standard

dynamic programming arguments, x(·−T ) is a minimizer corresponding to V (x(−T )). Since x(−T ) ∈
O2, Theorem C asserts that x(· − T ) is the only minimizer corresponding to V (x(−T )) and satisfies

ẋ(−T ) = 2A(x(−T ))∇V (x(−T )) + b(x(−T )).

The fact that (x(t), p(t)) satisfies (1.8) yields

ẋ(−T ) = 2A(x(−T ))p(−T ) + b(x(−T )).

It follows from the positive definiteness of A that p(−T ) = ∇V (x(−T )), leading to (x(−T ), p(−T )) ∈
Wu, and hence, (x(t), p(t)) ∈ Wu for all t ≤ −T . �
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Remark 4.1. When the maximal attractor A is a linearly stable equilibrium so that A × {0} is

a hyperbolic fixed point of the Hamiltonian system (1.8), the conclusion in Lemma 4.2 is a direct

consequence of Lemma 2.7. For a general normally contracting invariant manifold A, Lemma 2.7

alone can not yield Lemma 4.2 thanks to the existence of center manifolds of A × {0} on which the

dynamics of (1.8) remains unclear (see Remark 3.2).

Proof of Theorem D. We brief on how aforementioned two key elements enter into the proof and refer

the reader to [14, Section 5] for details.

For any given x0 ∈ ΩV , let x(t) be a minimizer corresponding to V (x0). The existence of minimizers

is ensured by Lemma 1.1. By Lemma 4.2 or its proof, there exists T > 0 such that x(−T ) ∈ O2,

where O2 is given in Theorem C, and V (x0) = V (x(−T )) +
∫ 0

−T L(x(t), ẋ(t))dt. Moreover, p(t) :=

∂vL(x(t), ẋ(t)) = ∇V (x(t)) for all t ≤ −T . Given these, we can follow the proof of [14, Theorem 6] to

show that for each t < 0, V is Ck
′+1 in a neighborhood of x(t).

Now, let G be the union of all the open sets in ΩV where V is Ck
′+1. Obviously, G is non-empty

and open. The above arguments imply that if x0 ∈ ΩV and x(t) is a minimizer corresponding to

V (x0), then x(t) ∈ G for all t < 0. The density of G in ΩV follows.

Finally, for a fixed x0 ∈ G. We follow [14, Corollary 5] to show that there is a unique minimizer

x(t) corresponding to V (x0) and p(0) = ∇V (x0). It follows that p(t) = ∇V (x(t)) for all t ≤ 0, which

together with Lemma 2.7 implies that x(t) satisfies ẋ = 2A(x)∇V (x)+b(x). The fact (x(t), V (x(t))) ∈
Wu for all t ≤ −T for some T > 0 then follows from Lemma 4.2. �

5. Applications

In this section, we discuss applications of Theorems A, C and D to stationary and quasi-stationary

distributions of the following randomly perturbed dynamical system:

dx = b(x)dt+ εσ(x)dWt, x ∈ U , (5.1)

where 0 < ε � 1, U ⊂ Rd is open and connected, b ∈ Ck(U ,Rd) with k > 2, σ ∈ Ck+1(U ,Rd×m)

for some m ≥ d, A = (aij) := σσ> is pointwise positive definite in U , and Wt is the standard

m-dimensional Wiener process.

Remark 5.1. We use U instead of Rd as the whole state space for the reason that U is typically

(0,∞)d for applications in chemical reactions, ecology, and epidemiology.

In some applications, the SDE (5.1) is naturally equipped with absorbing or reflecting boundary

conditions. When it is clear whether stationary or quasi-stationary distributions should be considered

in the given context, the subsequent discussions can be easily adapted accordingly. Hence, we do not

bother with boundary conditions in the following discussion.

Assumptions on b and σ guarantee the local existence and uniqueness of strong solutions of (5.1).

Denote by Xε
t the unique strong solution of (5.1) and by Pεµ the law of Xε

t with initial distribution

µ. The expectation associated with Pεµ is denoted by Eεµ. When µ = δx, the Dirac measure at x, Pεµ
and Eεµ are written as Pεx and Eεx, respectively. The generator and Fokker-Planck operator associated

with (5.1) are denoted by Lε := ε2

2

∑d
i,j=1 a

ij∂2
ij + b · ∇ and L∗εu := ε2

2

∑d
i,j=1 ∂

2
ij(a

iju) − ∇ · (bu),

respectively.

Let ϕt be the local flow generated by the ODE

ẋ = b(x), x ∈ U , (5.2)
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whose local well-posedness is ensured by the regularity assumption on b.

If Ω ⊂ U is open, connected, and positively invariant under ϕt, and AΩ is the maximal attractor

of ϕt in Ω and is an equivalence class (see Definition 1.1), we introduce the quasi-potential

VΩ(x) := inf
φ∈Φx,Ω

1

4

∫ 0

−∞

[
b(φ)− φ̇

]
·A−1(φ)

[
b(φ)− φ̇

]
, ∀x ∈ Ω,

where

Φx,Ω :=

{
φ ∈ AC((−∞, 0]; Ω) : φ̇ ∈ L2

loc((−∞, 0];Rd), φ(0) = x, lim
t→−∞

dist(φ(t),A) = 0

}
.

Set ρΩ := lim infx→∂Ω VΩ(x) and Ω∗ = {x ∈ Ω : VΩ(x) < ρΩ}.

5.1. Stationary distributions. Recall that for each ε, a probability measure µ on U is called a

stationary distribution of (5.1) if Pεµ[Xε
t ∈ •] = µ for all t ≥ 0. We point out that under the current

assumptions on the regularity of b and σ and positive definiteness of σσ>, there holds the uniqueness of

stationary distributions of (5.1) for each fixed ε (see e.g. [15]). The existence of stationary distributions

needs dissipative conditions often given by Lyapunov functions.

Definition 5.1. Suppose U ∈ C2(U) satisfies U(x)→∞ as x→ ∂U . U is called a uniform Lyapunov

function of (5.1) if there is a compact set K ⊂ U and γ > 0 such that supε LεU ≤ −γ in U \K.

Remark 5.2. If U is a uniform Lyapunov function of (5.1), then it is also a Lyapunov function

of (5.2), and hence, U is positively invariant under ϕt and ϕt admits the global attractor AU (see

Appendix A).

The following result, addressing the existence, uniqueness, tightness, and concentration estimates

of stationary distributions of (5.1), is known (see e.g. [45, 2, 40, 43]).

Proposition 5.1. Suppose (5.1) admits a uniform Lyapunov function. Then, the following hold.

(1) For each ε, (5.1) admits a unique stationary distribution µε with a density uε ∈ C2(U) obeyingL
∗
εuε = 0 in U ,

uε > 0 in U ,
∫
U
uε = 1.

(2) For any open neighbourhood O of the global attractor AU (see Remark 5.2), there exist 0 <

εO � 1 and γO > 0 such that µε(U \ O) ≤ e−
γO
ε2 for all ε ∈ (0, εO). In particular, {µε}ε is

tight.

The next result follows immediately from Theorem A.

Theorem 5.1. Assume that (5.1) admits a uniform Lyapunov function and let µε be the unique

stationary distribution of (5.1) with the density uε.

(1) If the global attractor AU is an equivalence class, then limε→0
ε2

2 lnuε = −VU in Cα(U∗) for

any α ∈ (0, 1).

(2) Suppose that Ω $ U is open, connected, and positively invariant under ϕt, and that AΩ is the

maximal attractor of ϕt in Ω and is an equivalence class. If
{
µε|Ω
µε(Ω)

}
ε

is tight as probability

measures on Ω, then limε→0
ε2

2 ln uε
µε(Ω) = −VΩ in Cα(Ω∗) for any α ∈ (0, 1).
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The condition that “
{
µε|Ω
µε(Ω)

}
ε

is tight” in the statement of Theorem 5.1 (2) can be verified in some

interesting situations.

Corollary 5.1. Assume that (5.1) admits a uniform Lyapunov function and let µε be the unique

stationary distribution of (5.1) with the density uε. Suppose that Ω $ U is open, connected, and

positively invariant under ϕt, and that AΩ is the maximal attractor of ϕt in Ω and is an equivalence

class.

(1) If there is O ⊂⊂ Ω such that limε→0 µε(O) = 1, then limε→0
ε2

2 lnuε = −VΩ in Cα(Ω∗) for

any α ∈ (0, 1).

(2) If Ω ⊂⊂ U , then limε→0
ε2

2 ln uε
µε(Ω) = −VΩ in Cα(Ω∗) for any α ∈ (0, 1).

Proof. To apply Theorem 5.1 (2), we need to check that
{
µε|Ω
µε(Ω)

}
ε

is tight. In the case of (1), this is

an immediate result of limε→0
µε(Ω\O)
µε(Ω) = 0. The conclusion follows from Theorem 5.1 (2) and the fact

that limε→0 µε(Ω) = 1.

(2) Given the positive invariance of Ω under ϕt, the proof of [63, Theorem 3.2] (more precisely,

the fourth line on [63, page 86]) shows particularly that for each x ∈ ∂Ω, there are small δ1
x > 0,

δ2
x > 0, κx > 0 and εx > 0 such that µε(Bδ1

x
(x)) ≤ e−

κx
ε2 µε(Bδ2

x
(AΩ)) for all ε ∈ (0, εx). Here, Bδ(x)

and Bδ(AΩ) are δ-neighborhoods of x and AΩ, respectively. This together with the boundedness of

Ω yields the tightness of the family
{
uε|Ω
µε(Ω)

}
ε
. The result then follows from Theorem 5.1 (2). �

5.2. Quasi-stationary distributions. Let Ω ⊂ U be open and connected and denote by T εΩ the first

time that Xε
t exits Ω, namely, T εΩ = inf{t > 0 : Xε

t 6∈ Ω}. We assume that Pεx [T εΩ <∞] = 1 for all

x ∈ Ω. Note that Ω = U is not excluded.

Recall that for each ε, a probability measure µ on Ω is called a quasi-stationary distribution (QSD)

of (5.1) in Ω if Pεµ[Xε
t ∈ •|t < T εΩ] = µ for all t ≥ 0. It is known from the general theory of QSDs (see

e.g. [50, 8]) that if µε is a QSD of (5.1) in Ω, then there is λε > 0 such that Eεµε [T
ε
Ω > t] = e−λεt for

all t ≥ 0. The number λε is often called the exit rate (or escape rate, extinction rate) associated with

µε.

In the rest of this subsection, we only consider an open and connected set Ω ⊂⊂ U . While it is

possible to generalize our results to an open and connected Ω ⊂ U , achieving the tightness of QSDs

{uε}ε often requires substantial efforts. We do not pursue this generalization here but refer the reader

to Remark 5.3 below for relevant discussion.

The following result about the existence and uniqueness of QSDs is particularly proven in [31, 5].

Proposition 5.2. Suppose Ω ⊂⊂ U is open and connected. Then, for each ε, (5.1) admits a unique

QSD µε in Ω with a positive density uε ∈ C2(Ω). Moreover, uε and the associated exit rate λε satisfy

L∗εuε = −λεuε in Ω.

In the next result, we establish the LDP for QSDs.

Theorem 5.2. Suppose that Ω ⊂⊂ U is open, connected, and positively invariant under ϕt, and that

AΩ is the maximal attractor of ϕt in Ω and is an equivalence class. Denote by µε with density uε the

unique QSD of (5.1) in Ω. If Ω can be approximated by smooth domains in the Hausdorff distance,

then limε→0
ε2

2 lnuε = −VΩ in Cα(Ω∗) for any α ∈ (0, 1).
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Proof. For any open set O ⊂ Ω, we denote by T εO the first time that Xε
t exits O, that is, T εO = inf{t >

0 : Xε
t 6∈ O}. By the definition of QSDs, for any open set O ⊂ Ω,

µε(Ω \ O) =
Pεµε

[
Xε
t ∈ Ω \ O, t < T εΩ

]
Pεµε [t < T εΩ]

= Pεµε
[
Xε
t ∈ Ω \ O, t < T εΩ

]
eλεt. (5.3)

Given the dynamical properties of ϕt on Ω, it is known (see e.g. [24]) that lim supε→0
ε2

2 lnλε < 0.

We are going to find an open set O0 satisfying AΩ ⊂ O0 ⊂⊂ Ω and a time scale tε such that

limε→0 λεtε = 0 and lim supε→0
ε2

2 lnPεµε
[
Xε
tε ∈ Ω \ O0, tε < T εΩ

]
< 0 so that setting O = O0 and

t = tε in (5.3) yields

lim sup
ε→0

ε2

2
lnµε(Ω \ O0) < 0. (5.4)

In particular, {µε}ε is tight, and hence, the result follows from Theorem A.

Let N be an open, smooth, and narrow neighbourhood of ∂Ω and O0 be open, connected, and

positively invariant under ϕt and satisfy Ω \ N ⊂⊂ O0 ⊂⊂ Ω. Such a O0 always exists. Indeed,

let O00 be open, connected, and satisfy Ω \ N ⊂⊂ O00 ⊂⊂ Ω, and set O0 := ∪t≥0ϕ
t(O00). Then,

O0 obviously satisfies all the conditions except O0 ⊂ Ω. Suppose this is not the case. Since there

exists t00 > 0 such that ∪t≥t00ϕ
t(O00) is contained in a small neighbourhood of A, we find convergent

sequences {tn}n ⊂ (0, t00) and {xn}n ⊂ O00 such that limn→∞ ϕtn(xn) ∈ ∂Ω. Setting t∗ := limn→∞ tn
and x∗ := limn→∞ xn, we conclude ϕt∗(x∗) ∈ ∂Ω, leading to a contradiction.

Split

Pεµε
[
Xε
t ∈ Ω \ O0, t < T εΩ

]
=

∫
Ω∩N

Pε•
[
Xε
t ∈ Ω \ O0, t < T εΩ, T

ε
Ω∩N > t

]
dµε

+

∫
Ω∩N

Pε•
[
Xε
t ∈ Ω \ O0, t < T εΩ, T

ε
Ω∩N ≤ t

]
dµε

+

∫
Ω\N

Pε•
[
Xε
t ∈ Ω \ O0, t < T εΩ

]
dµε

=: I1(ε, t) + I2(ε, t) + I3(ε, t).

(5.5)

Since wε := Eε•[T εN ] satisfies Lεwε = −1 in N and wε = 0 on ∂N , we can adapt the proof of the

classical a priori estimate for Poisson equations (see e.g. [27, 33]) to show the existence of γN > 0

satisfying that γN approaches 0 as N narrows down to ∂Ω such that

lim sup
ε→0

ε2

2
ln

(
sup
N

Eε•[T εN ]

)
≤ γN . (5.6)

Define

VO0
(x) := inf

φ∈Φx,O0

1

4

∫ 0

−∞

[
b(φ)− φ̇

]
·A−1(φ)

[
b(φ)− φ̇

]
, ∀x ∈ O0,

where Φx,O0
:=
{
φ ∈ AC((−∞, 0];O0) : φ̇ ∈ L2

loc((−∞, 0];Rd), φ(0) = x, limt→−∞ dist(φ(t),A) = 0
}

.

Set V0 := inf∂O0 VO0
> 0. Then, for any open O ⊂⊂ O0, there are γO > 0 and 0 < εO � 1 such that

sup
x∈O

Pεx
[
T εO0
≤ e

2
ε2

V0
2

]
≤ e−

γO
ε2 , ∀ε ∈ (0, εO]. (5.7)

Indeed, following arguments in the proof of [16, Theorem 5.7.11] (more precisely, arguments leading

to the first inequality in [16, page 230]), we find that for any open O ⊂⊂ O0, there exist γO > 0 and
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0 < εO � 1 such that

Pεx
[
T εO0
≤ e

2
ε2

V0
2

]
≤ Pεx

[
Xε
T ε
O0\Aδ

∈ ∂O0

]
+

1

2
e−

γO
ε2 , ∀x ∈ O, ε ∈ (0, εO],

where Aδ is the δ-neighbourhood of A for some fixed small δ so that Aδ ⊂⊂ O0. Making γO and εO
smaller if necessary, we conclude from the sample path large deviation, the positive invariance of O0

under ϕt, and the existence of tO > 0 such that ϕt(O) ⊂ Aδ for all t ≥ tO that

sup
x∈O

Pεx
[
Xε
T ε
O0\Aδ

∈ ∂O0

]
≤ 1

2
e−

γO
ε2 , ∀ε ∈ (0, εO].

Hence, (5.7) holds.

Let us fix N so narrow that γN < V0

2 and set tε := e
2
ε2

V0
2 . It is known that lim supε→0

ε2

2 lnλε ≤
− 2V0

3 (see e.g. [24]), and hence, limε→0 λεtε = 0. It remains to treat (5.5) with t = tε. It follows from

Chebyshev’s inequality and (5.6) that

lim sup
ε→0

ε2

2
ln I1(ε, tε) ≤ lim sup

ε→0

ε2

2
ln

∫
N
Pε•[T εN > tε]dµε ≤ γN −

V0

2
< 0.

Applying (5.7), we find the existence of γΩ\N > 0 such that

lim sup
ε→0

ε2

2
ln I3(ε, tε) ≤ lim sup

ε→0

ε2

2
ln

(
sup

x∈Ω\N
Pεx
[
Xε
tε ∈ Ω \ O0, tε < T εΩ

])

≤ lim sup
ε→0

ε2

2
ln

(
sup

x∈Ω\N
Pεx
[
T εO0
≤ tε

])
≤ −

γΩ\N

2
< 0.

For I2(ε, t), we note that for each x ∈ Ω ∩ N , the event [t < T εΩ, T
ε
Ω∩N ≤ t] yields Xε

T εΩ∩N
∈ ∂1N :=

∂N ∩ Ω. Thus, the strong Markov property implies that

Pεx
[
Xε
t ∈ Ω \ O0, t < T εΩ, T

ε
Ω∩N ≤ t

]
= Ex

[
1[T εΩ∩N≤t]

PεXε
Tε

Ω∩N

[
Xε
t−T εΩ∩N

∈ Ω \ O0, t− T εΩ∩N < T εΩ

]]
≤ sup
x∈∂1N

Pεx
[
T εO0
≤ t
]
.

It then follows from (5.7) that there exists γ∂1N > 0 such that

lim sup
ε→0

ε2

2
ln I2(ε, tε) ≤ lim sup

ε→0

ε2

2
ln

(
sup

x∈∂1N
Pεx
[
T εO0
≤ tε

])
≤ −γ∂1N

2
< 0.

Therefore, lim supε→0
ε2

2 lnPεµε
[
Xε
tε ∈ Ω \ O0, tε < T εΩ

]
< 0 holds. This completes the proof. �

Remark 5.3. When Ω ⊂ U but not Ω ⊂⊂ U , the existence and uniqueness of QSDs of (5.1) in Ω have

been studied in various settings (see [31, 4, 50, 8, 34, 5, 21, 35, 32] and references therein). Notably,

when Ω is unbounded, the uniqueness typically requires strong dissipative conditions near infinity, such

as coming down from infinity [4]. Otherwise, the scenario of infinitely many QSDs could happen (see

e.g. [49, 48, 8, 64]).

Even when a uniform-in-noise strong dissipative condition near infinity is satisfied, establishing

the tightness of QSDs can still suffer from properties of the vector field and the noise coefficient at

boundary points where trajectories may exit the domain. For instance, let us consider the stochastic

logistic equation:

ẋ = x(1− x) + ε
√
xẆt. (5.8)
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It is shown in [4] that for each ε, (5.8) admits a unique QSD µε in Ω = (0,∞). Note that the vector field

vanishes at the boundary ∂Ω = {0} and the noise coefficient shows both degeneracy and singularity at

∂Ω. The tightness of {µε}ε is established in [55] by leveraging the one-dimensional structure of (5.8).

However, extending this result remains an open problem, even for the relatively simple stochastic

competitive Lotka-Volterra system:{
ẋ1 = x1(r1 − c11x1 − c12x2) + ε

√
x1Ẇ

1
t ,

ẋ2 = x2(r2 − c22x2 − c21x1) + ε
√
x2Ẇ

2
t ,

(5.9)

where ri > 0 and cij > 0 for i, j = 1, 2. For each ε, the system (5.9) admits a unique QSD µε
in Ω = (0,∞)2 [5, 35], but the tightness of {µε}ε remains unknown. Note that the vector field has

vanishing components on the boundary ∂Ω = ({0} × (0,∞)) ∪ (0, 0) ∪ ((0,∞)× {0}) and the noise

coefficient shows both degeneracy and singularity on ∂Ω.

5.3. Macroscopic fluctuation theory. In this subsection, we assume (H1)-(H4) are satisfied and

{uε}ε are either densities of stationary or quasi-stationary distributions of (5.1). For stationary

distributions, Ω = U and A is the global attractor.

In stochastic thermodynamics, the vector field γε, defined in Corollary A, is called Onsager’s

thermodynamic flux. Note that ∇ · (uεγε) = λεuε. In the case of a stationary distribution (i.e.,

λε = 0), zero flux γε ≡ 0 is equivalent to the detailed balance (see e.g. [44]). Therefore, γε 6≡ 0 if

and only if (1.1) is out of equilibrium, or irreversible. In which case, γε describes irreversible cyclic

fluctuations in the steady state.

The limits of Vε and γε are respectively the quasi-potential V and γ, which are responsible for

macroscopic dissipation and fluctuations. In fact, the relaxation dynamics to the attractor A is

described by

ẋ = b(x) = −A(x)∇V (x) + γ(x).

Fluctuations away from the attractor A are rare events, which occur with overwhelming probability

along paths satisfying

ẋ = 2A(x)∇V (x) + b(x) = A(x)∇V (x) + γ(x).

The orthogonality∇V ·γ = 0 and Lyapunov property b·∇V = −‖A∇V ‖2A−1 ≤ 0 imply that γ describes

cyclic transitions, while V or A∇V is responsible for both the relaxation to A and fluctuation away

from A. Moreover, when γ 6≡ 0, fluctuation paths are not simply reversed relaxation paths.

The potential function V is often regarded as the generalized free energy or relative entropy in the

classical irreversible thermodynamics. More precisely, if x(t) solves ẋ = b(x) with initial condition

x(0) = x0, Corollary A (4)-(5) implies that

d

dt
V (x(t)) = −‖A(x(t))∇V (x(t))‖2A−1(x(t)) = ‖γ(x(t))‖2A−1(x(t)) − ‖b(x(t))‖2A−1(x(t)), (5.10)

which is an instantaneous energy balance law with free energy dissipation ‖A(x(t))∇V (x(t))‖2A−1(x(t)),

house-keeping heat ‖γ(x(t))‖2A−1(x(t)), and total entropy production ‖b(x(t))‖2A−1(x(t)) [53, 38].

For reader’s convenience, we include Appendix C to brief on the formal derivation of (5.10) from the

energy balance equation for the relative entropy or Kullback–Leibler divergence
∫

Ω
pε(x, t) ln pε(x,t)

uε(x) dx

in the case of stationary distributions, where pε(x, t) is the density of the distribution of Xε(t) starting

at Xε(0) = x0. This is closely related to de Bruijn’s identity and Boltzmann’s H-theorem.

Recently, there have been exciting applications of nonequilibrium stochastic thermodynamics to

nonequilibrium complex systems arising from neural network dynamics, ecology, cell biology, and so
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on (see e.g. [61, 60, 17, 62]). Built on the kinetic potential Vε and Onsager’s thermodynamic flux γε
and their limits V and γ, the potential landscape and flux framework is formulated to address issues

such as the origin of the underlying driving force for nonequilibrium systems and the underlying

mechanisms for different physical and biological systems.

5.4. Sub-exponential LDP. In this subsection, we assume (H1)-(H4) are satisfied and {uε}ε are

either densities of stationary or quasi-stationary distributions {µε}ε of (5.1). The LDP given in

Theorem A captures the leading exponential asymptotic of uε. Since V is non-negative and vanishes

only on A, it implies that µε tends to concentrate on the attractor A. To better understand the

asymptotic of uε, it is in general necessary to study the sub-exponential asymptotic, that is, the

asymptotic of the prefactor Rε := Kεuεe
ε2

2 V , where Kε is the normalization constant. Straightforward

calculations show that Rε satisfies the following singularly perturbed linear equation

ε2

2

d∑
i,j=1

aij∂2
ijRε −

d∑
i=1

bi + 2

d∑
j=1

aij∂jV − ε2
d∑
j=1

∂ja
ij

 ∂iRε

−

∇ · b− λε +

d∑
i,j=1

(aij∂2
ijV + 2∂ia

ij∂jV −
ε2

2
∂2
ija

ij)

Rε = 0 in G,

where G is given in Theorem D. Note that the regularity of V gives rise to the regularity of coefficients,

laying the solid foundation for studying the asymptotic of Rε.

When the attractor A is a linearly stable equilibrium and {uε}ε are stationary distributions in the

whole space Rd instead of a general open and connected U ⊂ Rd, it is shown in [12, Theorem 3] that

there is a positive function R0 ∈ C1(G) such that limε→0Rε = R0 holds locally uniformly in G. When

it comes to a more general attractor, the situation is much more complicated since the asymptotic of

Rε, when restricted to A, must reflect invariant measures of ϕt, which may be singular with respect

to the volume measure on A. Therefore, possible complex dynamics of ϕt on A must play a crucial

role determining the asymptotic of Rε.

The sub-exponential LDP of uε has many applications that extend far beyond the LDP. We here

mention a few. (i) When the attractor A is singleton set, it is used in [3] to formally derive the

Eyring-Kramers formula in a randomly perturbed bistable system and in [12, Theorem 4] to prove

that determining the asymptotic of the exit measure (associated with the exit problem from a smooth

bounded domain with a non-characteristic boundary) is equivalent to the asymptotic evaluation of

a Laplace integral on the boundary. These results are expected in a more general setting. (ii) The

computation of a stationary or quasi-stationary distribution in the small noise regime on a domain

of large size has to be done on a relatively smaller one. The sub-exponential LDPs (for the original

stationary or quasi-stationary distribution and its restriction on a smaller domain with appropriate

boundary conditions) would provide a theoretical foundation for this. (iii) As mentioned above, the

asymptotic of Rε must reflect invariant measures of ϕt, and hence, will have the stability of invariant

measures of ϕt under noise perturbations as consequences.

Appendix A. Maximal attractors

Let U ⊂ Rd be open and connected and b : U → Rd be locally Lipschitz continuous. Denote by ϕt

be the local flow generated by the ODE (1.4).



QUASI-POTENTIAL OF STATIONARY AND QUASI-STATIONARY DENSITIES 39

Definition A.1 (Maximal attractor). Let Ω ⊂ U be open, connected, and positively invariant under

ϕt. A compact ϕt-invariant set A ⊂ Ω is called the maximal attractor in Ω of ϕt if limt→∞ distH(ϕt(O),A) =

0 for all O ⊂⊂ Ω, where distH is the Hausdorff semi-distance.

When Ω = U , A is called the global attractor. Otherwise, A is called a local attractor.

Proposition A.1 ([41, Proposition 5.2]). Let Ω ⊂ U be open, connected, and positively invariant

under ϕt. ϕt admits the maximal attractor in Ω if and only if it is dissipative in Ω, that is, there is a

compact set K ⊂ Ω such that for any x ∈ Ω, there is tx ≥ 0 such that ϕt(x) ∈ K for all t ≥ tx.

Definition A.2 (Lyapunov function). A function U ∈ C1(Ω) is called a Lyapunov function of ϕt

in Ω if limx→∂Ω U = supΩ U and there exist a compact set K ⊂ Ω and a constant γ > 0 such that

b · ∇U ≤ −γ in Ω \K.

Proposition A.2 ([41, Proposition 5.2]). Let Ω ⊂ U be open and connected. Suppose ϕt admits a

Lyapunov function in Ω. Then, Ω is positively invariant under ϕt and ϕt admits the maximal attractor

in Ω.

In Definition A.1, no “indecomposability condition” on a maximal attractor is imposed, and there-

fore, it may contain smaller maximal attractors. The next result discusses some indecomposability

conditions and their relationships.

Proposition A.3. Let Ω ⊂ U be open, connected, and positively invariant under ϕt, and A be the

maximal attractor in Ω. Consider the following statements.

(1) A is an equivalence class in the sense of (H3).

(2) A is chain-transitive, that is, for any x, y ∈ A, ε > 0, and T > 0, there is a finite sequence

{x1 = x, x2, . . . , xn, xn+1 = y; t1, . . . , tn} with xi ∈ Ω and ti ≥ T such that |ϕti(xi)− xi+1| <
ε for all i.

(3) A does not contain a smaller maximal attractor.

Then, (1) implies (2), which is equivalent to (3).

Proof. The equivalence between (2) and (3) is a consequence of a celebrated result of C. Conley (see

[9, 42]). For (1) =⇒ (2), we point out that the problem can be reduced to the discrete-time case (see

[46, Proposition 5.5] and [42, Theorem 5]), which then follows from [47, Lemma 3.1]. �

Remark A.1. (2) does not imply (1) in general, although it does not seem easy to construct a

counterexample. Following [46, Proposition 4.1], it is not hard to formulate a condition under which

(2) implies (1).

Appendix B. Invariant manifold theory

We recall and adapt some classical results from [19, 20, 36] regarding the invariant manifold theory

of dynamical systems that are used in Subsection 3.1 to construct the local unstable manifold.

Let us consider the ODE (1.4) with b ∈ Ck(U) for k ≥ 2. Denote by x · t the local flow, namely,

x · t = ϕt(x). Let Ψ(x, t) be the principal fundamental matrix solution at initial time 0 of the

linearization of (1.4) along x · t:
ẏ = ∇b(x · t)y, y ∈ Rd,

where ∇b denotes the Jacobian of b.
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(H) We assume that (1.4) admits a Ck compact, connected, and invariant submanifold M with

dimension dM < d and there are constants C > 0 and 0 < β0 < β∗ satisfying β0

β∗−β0
< 1

k′ for

some 1 ≤ k′ ≤ k − 1 such that for each x ∈M,

– TxRd = E(x)⊕N(x),

– Ψ(x, t)E(x) = E(x · t), Ψ(x, t)N(x) = N(x · t), t ∈ R,

– TxM⊂ N(x),

– ‖Ψ(x, t)|E(x)‖ ≤ Ceβ∗t, t ≤ 0,

– ‖Ψ(x, t)|N(x)‖ ≤ Ceβ0|t|, t ∈ R.

Theorem B.1. Assume (H). Then, there exists a Ck
′

local unstable manifold Wu ⊂ U , namely

ϕtWu ⊂ Wu for t ≤ 0, with the following properties:

(1) M⊂Wu and TxWu = E(x)⊕ TxM for each x ∈M,

(2) Wu = ∪x∈MWu
x , where

(a) Wu
x is a Ck

′
manifold containing x,

(b) Wu
x is diffeomorphic to a ball in E(x) and TxWu

x = E(x),

(c) Wu
x ∩Wu

x′ = ∅ if x 6= x′,

(d) ϕtWu
x ⊂ Wu

x·t for t ≤ 0,

(3) the projection π :Wu →M is Ck
′

and for any 0 < β′ < β∗, there exists C > 0 such that

dist(ϕt(x), π(x) · t) ≤ Ceβ
′t, ∀x ∈ Wu and t ≤ 0.

Remark B.1. If M is just a set instead of a manifold, then all the results in Theorem B.1 except the

regularity of Wu are true (see [19, 36]). The regularity of Wu when M is a manifold is established in

[19, 20].

Appendix C. Energy balance law

In this appendix, we present a formal derivation of the instantaneous energy balance law (5.10)

from the energy balance law, and therefore, we do not bother with matters that are involved in the

rigorous proof. A rigorous justification along this line remains unavailable. See Remark C.1 below for

explanation.

Consider the SDE (5.1) and denote by Xε
t its solution. Suppose it admits a unique stationary

distribution µε with a positive density uε. For t > 0, let pε(x, t) be the positive density of the

distribution of Xε
t with initial condition Xε

0 = x0.

Consider

• relative entropy or Kullback–Leibler divergence: Fε(t) =
∫
U pε ln pε

uε
dx;

• Fisher information: Iε(t) = 2
ε2

∫
U

(
ε2

2 A∇ ln pε
uε

)
·A−1

(
ε2

2 A∇ ln pε
uε

)
pεdx;

• entropy production rate: eεp(t) = 2
ε2

∫
U Γε ·A−1Γεpεdx, where Γε := b− ε2

2
∇·(Apε)

pε
;

• house-keeping exchange rate: Qεhk(t) = 2
ε2

∫
U γε · A

−1γεpεdx, where γε := b − ε2

2
∇·(Auε)

uε
is

Onsager’s thermodynamic flux.

The energy balance equation [58, 53] reads

F ′ε(t) = −Iε(t) = Qεhk(t)− eεp(t), t > 0 (C.1)

The first equality in (C.1) is known as de Bruijn’s identity. Since Iε(t) > 0, the relative entropy Fε(t)

decays in time. This latter property is often referred to as the Boltzmann’s H-theorem. Moreover,

since Qεhk(t) ≥ 0 and eεp(t) > 0, they can be interpreted as the source and sink for the “generalized
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free energy” Fε(t). Note that the source Qεhk(t) equals to 0 if and only if γε ≡ 0 (that is, the system

is an equilibrium system).

Assume that uε and pε admit sub-exponential LDPs (or zero-th order WKB expansions) as follows:

uε(x) =
R(x) +O(ε2)

Kε
e−

2
ε2
V (x) and pε(x, t) =

R(x, t) +O(ε2)

Kε
e−

2
ε2
V(x,t), t > 0, (C.2)

where V(x(t), t) = 0 < V(x, t) for x ∈ U \ {x(t)} and Hess(V)(x(t), t) is positive definite, where x(t) is

the unique solution of (5.2) with initial condition x(0) = x0. Applying Laplace’s method, the following

leading asymptotic can be derived:

F ′ε(t) =
2

ε2
d

dt
V (x(t)) + o

(
2

ε2

)
,

Iε(t) =
2

ε2
∇V (x(t)) ·A(x(t))∇V (x(t)) + o

(
2

ε2

)
,

eεp(t) =
2

ε2
b(x(t)) ·A−1(x(t))b(x(t)) + o

(
2

ε2

)
,

Qεhk(t) =
2

ε2
γ(x(t)) ·A−1(x(t))γ(x(t)) + o

(
2

ε2

)
,

where γ = b − A∇V . These together with (C.1) give rise to the instantaneous energy balance law

(5.10).

Remark C.1. Assume that b and σ are sufficiently regular and σσ> is uniformly positive definite on

U . Then, the energy balance equation (C.1) can be readily established if U is a compact manifold or a

bounded domain with reflecting boundary condition imposed on. Otherwise, dissipative conditions are

needed to ensure that pε(x, t) and uε(x) have good decaying properties as x→ ∂U .

The sub-exponential LDP for uε in (C.2) is only known when b admits a non-degenerate and globally

asymptotically stable equilibrium (see Subsection 1.3 for relevant discussions). That for pε remains

unknown, except that the limit V(x, t) := − limε→0
ε2

2 ln pε(x, t) has been established in [25, 56].
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