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STABILITY, UNIQUENESS AND RECURRENCE
OF GENERALIZED TRAVELING WAVES IN TIME
HETEROGENEOUS MEDIA OF IGNITION TYPE

WENXIAN SHEN AND ZHONGWEI SHEN

ABSTRACT. The present paper is devoted to the study of stability, uniqueness
and recurrence of generalized traveling waves of reaction-diffusion equations in
time heterogeneous media of ignition type, whose existence has been proven
by the authors of the present paper in a previous work. It is first shown that
generalized traveling waves exponentially attract wave-like initial data. Next,
properties of generalized traveling waves, such as space monotonicity and ex-
ponential decay ahead of interface, are obtained. Uniqueness up to space
translations of generalized traveling waves is then proven. Finally, it is shown
that the wave profile and the front propagation velocity of the unique general-
ized traveling wave are of the same recurrence as the media. In particular, if
the media is time almost periodic, then so are the wave profile and the front
propagation velocity of the unique generalized traveling wave.
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1. INTRODUCTION

Consider the one-dimensional reaction-diffusion equation
(1.1) Ut = Uz + f(t,z,u), xER, tER,

where f(t,x,u) is of ignition type; that is, there exists # € (0,1) such that for all
teRand z € R, f(t,z,u) =0 for u € [0,0] U {1} and f(¢,z,u) > 0 for u € (6,1).
Such an equation arises in the combustion theory (see e.g. [8/[10]). The number 6
is called the ignition temperature. The front propagation concerning this equation
was first investigated by Kanel (see [21H24]) in the space-time homogeneous media,
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ie., f(t,z,u) = f(u); he proved that all solutions with initial data in some subclass
of continuous functions with compact support and values in [0, 1] propagate at
the same speed ¢, > 0, which is the speed of the unique traveling wave solution
P(x — cut), where 1 satisfies

Vor + e + f() =0, lim ¢@)=1 and lim ¥(z) = 0.

r—r—00 Tr—00

Concerning the stability of ¢ (z — c¢.t), Fife and McLeod proved in [I8] that
(x — c4t) attracts wave-like initial data. More precisely, if ug € C*(R) is such
that up(—o00) = 1, up(co) = 0 and (ug), < 0, then there exists v € C([0,0))
satisfying lim;_, o §(t) = 0 such that limy_, o |u(t, z;up) — Y(x — cut — y(t))] = 0
uniformly in z € R. Also see [3,[4L[17,[18,20,33,35,44] and references therein for
the treatment of traveling wave solutions of (1) in space-time homogeneous media
and in other homogeneous media.

Recently, equation (I)) in the space heterogeneous media, i.e., f(t,x,u) =
f(z,u), has attracted a lot of attention. In terms of space periodic media, that
is, f(x,u) is periodic in z, Berestycki and Hamel proved in [5] the existence of pul-
sating fronts or periodic traveling waves of the form ) (x — c.t, x), where (s, ) is
periodic in = and satisfies a degenerate elliptic equation with boundary conditions
limg—, oo ¥(s,2) = 1 and limg_, o0 ¥(s, ) = 0 uniformly in . In the work of Wein-
berger (see [46]), he proved from the dynamical system viewpoint that solutions
with general nonnegative compactly supported initial data spread with the speed
¢«. We also refer to [47H49] for related works.

In the general space heterogeneous media, Nolen and Ryzhik (see [31]), and
Mellet, Roquejofire and Sire (see [26]) proved the existence of generalized traveling
waves in the sense of Berestycki and Hamel (see [6L[7]). We recall that

Definition 1.1. A global-in-time classical solution u(¢,z) of (I1l) is called a gen-
eralized traveling wave (connecting 0 and 1) if u(t,z) € (0,1) for all (¢t,2) e R xR
and there is a function £ : R — R, called the interface location function, such that

lim w(t,z+£(t)) =1 and lim u(t,z+ £(¢)) = 0 uniformly in ¢ € R.
r——00 r—00

Later, stability and uniqueness of such generalized traveling waves in the space
heterogeneous media were also established in [27] by Mellet, Nolen, Roquejoffre
and Ryzhik. In their work, stability means that generalized traveling waves expo-
nentially attract wave-like initial data, and uniqueness is up to time translations.
These results were then generalized by Zlatos (see [52]) to equations in cylindrical
domains.

In a very recent work (see [42]), the authors of the present paper investigated
the equation (L)) in the time heterogeneous media, that is,

(1.2) U = Uy + f(t,u), xR, teR,

and proved the existence of generalized traveling waves with additional properties.
For convenience and later use, let us summarize the main results obtained in [42].
Consider the following two assumptions on the time heterogeneous nonlinearity

f(t,u).
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(H1) Thereis a8 € (0,1), called the ignition temperature, such that for allt € R,
ft,u) =0, wue€ (—o0,0]U{l},
flt,u) >0, we (1),

ft,u) <0, wu>1.
The family of functions {f(-,u),u € R} is locally uniformly Hélder contin-
wous. The family of functions {f(t,-),t € R} is locally uniformly Lipschitz

continuous. For any t € R, f(t,u) is continuously differentiable for u > 6.
(H2) There are Lipschitz continuous functions fing, fsup satisfying

fillfa fsup € Ol([97 00)7 R)7
fint (1) =0 = foup(u) foru € [0,0] U {1},
0< (fmf)f[(@ < (fsup)t(9)7
0> (fmf)u(l) Z (fsup)u(l)a
0 < fint(u) < foup(w) foru € (6,1)
such that fine(u) < f(t,u) < foup(u) foru e [0,1] and t € R.
The main results in [42] are summarized as follows.
Proposition 1.2 ([42]). Suppose (H1) and (H2). FEquation (L2)) admits a gen-
eralized traveling wave u’ (t,x) in the sense of Definition [LI with a continuously
differentiable interface location function £/ : R — R satisfying uf (t,&5(t)) = 6 for
all t € R and sup,cg |/ (t)| < co. Moreover, the following properties hold:

(i) (Space monotonicity) ul(t,x) <0 for x € R and t € R.
(ii) (Uniform steepness) For any M > 0, there is C(M) > 0 such that

ul(t,x + &5 (t) < —C(M), x€[-M,M], tcR.

(iii) (Uniform decaying estimates) There exists a continuous and strictly de-
creasing function v : R — (0, 1) satisfying v(xz) > 1 — c1e?*, x < —c3, for
some cy,c2,c3 > 0 and v(x) = fe= %% 1 >0, for some ¢y > 0 such that

w (tx+ &5 (1) > v(z), z<0;
uwl (t,x + &5 (1) <wv(z), z>0.
(iv) (Uniform decaying estimates of derivative) There is C > 0 such that
ul (t,x + & (1)) > —Cu(z), x>0.

The generalized traveling wave constructed in [42] has more properties than
stated in Proposition Here, we only state the properties which will be used in
the present paper. Property (iv) in Proposition [[2]is not stated in [42], but it is a
simple consequence of property (iii) and a prior estimates for parabolic equations.
We see that the profile function v = ¢/ (t,7) = u/ (t,x + &/ (¢)) is a solution of

(13) {wt = o+ & (O + £ (2, ),

lim, oo ¥(t, ) = 1, lim, 00 (¢, ) = 0 uniformly in t € R.

The objective of the present paper is to investigate the stability, uniqueness,
and recurrence of generalized traveling waves of ([Z) in the sense of Definition [[11
Throughout the paper, a generalized traveling wave of (2)) is then always in the
sense of Definition [11
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Besides (H1) and (H2), we assume:
(H3) There exist 0. € (6,1) and B > 0 such that f,(t,u) < —f for u > 0, and
teR.
This assumption is not restrictive. In fact, if f(¢,u) = g(¢) f(u) with g(¢) bounded
and uniformly positive, then (H3) is the case provided f(u) has negative continuous

derivative near 1.
Let

Cl (R, R) = {u € C(R,R) |u(x) is uniformly continuous and bounded on R}
with the uniform convergence topology. Note that for any uy € C’bnif(R,R) and

u
to € R, (I.2) has a unique solution u(t, -;tg, ug) € C° (R, R) with u(to, ; to, uo) =
up-
We first study the stability of the generalized traveling wave u (¢, z) in Propo-
sition In what follows, u/ (¢, z) will always be this special generalized traveling

wave. The main result is stated in

Theorem 1.3. Suppose (H1)-(H3). Suppose that to € R and ug € Cb (R, R)
satisfy

ug: R—=[0,1], wo(—o0) =1,
luo(z) — uf (to, )] < Ce=20@=€"(0) for 1 € R for some C > 0.

Then, there exist C = C(ug) > 0, ¢« = C(up) € R and r = r(ag) > 0 such that

wup (3, 10) (1, )] < =)
A

for all t > tg.

The proof of Theorem [[.3] is a version of the “squeezing technique”, which has
been verified to be successful in many situations (see e.g. [IIHIG2728[361/43]). Our
arguments are closer to the arguments in [27], where the space heterogeneous non-
linearity is treated. However, while the rightmost interface always moves rightward
in the space heterogeneous case due to the time monotonicity, it is not the case
here. In fact, £/ (¢) moves back and force in general due to the time-dependence of
f(t,u). This unpleasant fact is a source of many difficulties. It is overcome in this
paper by introducing the modified interface location, which always moves right-
ward and stays within a neighborhood of the interface location (see Proposition
2]), and thus shows the rightward propagation nature of the generalized traveling
wave uf (¢, ).

Next, we explore the monotonicity and exponential decay ahead of interface for
any generalized traveling wave of (L2)), which play an important role in the study
of uniqueness of generalized traveling waves and are also of independent interest.
We prove

Theorem 1.4. Suppose (H1)-(H3). Let v(t,z) be an arbitrary generalized traveling

wave of (L2)) with interface location function £Y(t). Then,
(i) there holds vy (t,x) <O for allz € R and t € R;
(ii) there are a constant ¢ > 0 and a twice continuously differentiable function

& : R — R satisfying

0 < inf £°(t) <sup&¥(t) < oo and sup|é¥(t)] < oo
teR teR teR
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such that sup,cp E0(t) — €°(t)] < oo and

vtz +E°(t) < e, >0

)

for allt € R.

Note that Theorem [[4Yi) shows the space monotonicity of generalized traveling
waves of (L2 and Theorem [[4(ii) reflects the exponential decay ahead of interface.
We point out that space monotonicity of generalized traveling waves in general time
heterogeneous media is only known in the bistable case (see [39]). In the monostable
case, it is true in the unique ergodic media (see [40]).

We then study the uniqueness of generalized traveling waves of (L2) and prove

Theorem 1.5. Suppose (H1)-(H3). Let v(t,x) be an arbitrary generalized traveling
wave of (L2). Then, there exists some (. € R such that v(t,z) = u/ (t,x + (i) for
all z € R and t € R. Hence generalized traveling waves of ([(L2) are unique up to
space translations.

We finally investigate the recurrence of generalized traveling waves of (L2). To
this end, we further assume:

(H4) The family {f(-,u), fu(-,u) | u € R} of functions is globally uniformly Hélder
continuous.
Let
H(f) =cl{f -t € R},
where f-t(-,-) = f(- +¢,-) and the closure is taken in the open compact topology.
Assume (H1)-(H4). Then for any g € H(f), (H1)-(H3) are also satisfied with f

being replaced by g. By Proposition [[.2] and Theorem [[L5] for any g € H(f), there
is a unique generalized traveling wave u? (¢, x) of

(14) Ut :uxm'i_g(tux)

with the continuously differentiable interface location function £9(t) at 6, i.e.,
ud(t,&9(t)) = 0 for all t € R, satisfying the normalization £9(0) = 0. Setting
YI(t, x) = uI(t, x + &9(t)), we prove

Theorem 1.6. Suppose (H1)-(H4). Then
(1.5) PI(t, ) =90,), VteR, ge H(f),

¥4, (t,0) + 9(t, 99(t, 0))

R (e

VteR, ge H(f),

and
(1.7) the mapping [H(f) > g — ¢9(0,-) € Ct (R, R)] is continuous.

In particular, if f(t,u) is almost periodic in t uniformly with respect to u in bounded
sets, then so are ¥ (t,z) and £/ (t), and the average propagation speed

L0 -¢)
t—o00 t

exists. Moreover, M(7(-,-)), M(£7(-)) € M(f(--)), where M(:) denotes the

frequency module of an almost periodic function.
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2578 WENXIAN SHEN AND ZHONGWEI SHEN

We remark that Theorem implies that the wave profile ¢/ (¢, ) is of the same
recurrence as f(t,-) in the sense that if f-t,(¢t,u) — f(t,u) as n — oo in H(f), then
DI (t+ tp, z) = /A0, 2) — S 1(0,2) = ¢/ (t,2) as n — oo in open compact
topology (this is due to (LH)). It also implies that the front propagation velocity
€1(t) is of the same recurrence as f(t,-) in the sense that if f - &, (t,u) — f(t,u)
as n — oo in H(f), then &/ (t 4+ t,) — &/ (t) as n — oo in open compact topology
(this is due to (L) and (L6)). Of course, if f(t,-) is periodic in ¢, then ¢/ (¢, ) is
periodic in ¢ with the same period as that of f(t,-). This fact has been obtained in
[42], Theorem 1.3(2)] by means of the uniqueness of critical traveling waves.

Generalized traveling waves in time heterogeneous bistable and monostable me-
dia have been studied in the literature. In time periodic bistable media, Alikakos,
Bates and Chen (see [I]) proved the existence, stability and uniqueness of time peri-
odic traveling waves. In the time heterogeneous media, generalized traveling waves
with a time-dependent profile satisfying (3] and their uniqueness and stability
have been investigated by Shen (see e.g. [36H39]). There are also similar results for
time heterogeneous KPP equations (see e.g. [30,40]).

Generalized traveling waves have been proven to exist in space heterogeneous
Fisher-KPP type equations (see [32,[51]). Very recently, Ding, Hamel and Zhao
proved in [16] the existence of small and large period pulsating fronts in space
periodic bistable media. But it is far from being clear in the general space het-
erogeneous media of bistable type due to the wave blocking phenomenon (see [25])
except the one established in [3I] under additional assumptions. In [29], Nadin
introduced the critical traveling wave and proved that critical traveling waves exist
even in the bistable space heterogeneous media.

The rest of the paper is organized as follows. In Section 2] we introduce the
modified interface location, which shows the rightward propagation nature of the
generalized traveling wave u/(t,z) of ([L2) and is of great technical importance.
In Section Bl we give an a priori estimate, trapping the solution with wave-like
initial data between two space shifts of u/ (¢, 2) with exponentially small corrections.
In Section B we study the stability of u/(¢,z) and prove Theorem [[3l Section
is devoted to two general properties of generalized traveling waves defined in
Definition [Tl In Subsection 5.l space monotonicity of generalized traveling waves
is studied and Theorem [[4(i) is proved. In Subsection 52}, exponential decay ahead
of interface of generalized traveling waves is studied and Theorem [[4)ii) is proved.
In Section[6 we investigate the uniqueness of generalized traveling waves and prove
Theorem In the last section, Section[7l we explore the recurrence of generalized
traveling waves and prove Theorem

2. MODIFIED INTERFACE LOCATION

In this section, we study the rightward propagation nature of the generalized
traveling wave u/ (¢, ) of (L2)). Throughout this section, if no confusion occurs, we
will write uf (¢, ) and &/ (t) as u(t, =) and £(t), respectively. We assume (H1)-(H3)
in this section.

Recall € : R — R is such that u(¢,£(t)) = 6 for all ¢t € R. Tt is known that the
interface location £(t) moves back and forth in general due to the time-dependence
of the nonlinearity f(¢,u). This unpleasant fact causes many technical difficulties.
To circumvent it, we modify the interface location £(¢) properly.
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Let fp be a continuously differentiable function satisfying

fB(0) =0, fe(u) <0 for u € (0,0),

fB(u) = fine(u) for u € [#,1] and fol fB(u)du > 0.
Since fins(u) > 0 for u € (0,1), such an fp exists. Clearly, fg is of standard
bistable type and fg(u) < f(¢t,u) for all u € [0,1] and ¢ € R. There exist (see e.g.
[Bl4LI7]) a unique ¢ > 0 and a profile ¢ satisfying (¢p), < 0, ¢p(—o0) =1 and
¢p(00) = 0 such that ¢p(z — cpt) and its translations are traveling waves of
(2.2) U = gy + fB(w).

Let fr = fsup be as in (H2). Fix some 0; € (0,0). Then, there exist (see e.g.
[BL4L17]) a unique ¢; > 0 and a profile ¢; satisfying (¢r), < 0, ¢r(—o0) = 1 and
¢1(00) = 05 such that ¢;(x — crt) and its translations are traveling waves of
(2.3) Up = Uy + fr(uw).

Notice that ¢;(x — ¢rt) connects 0y and 1 instead of 0 and 1.
The following proposition gives the expected modification of £(t).

(2.1)

Proposition 2.1. There exist constants Cmax > 0 and dmax > 0, and a continu-
ously differentiable function £ : R — R satisfying

T <EW) < Coaxy tER,

such that )
0<E&(t)—&(t) <dmax, teER.

The proof of Proposition 2] needs the rightward propagation estimate of £(¢),
which we present now. For A € (0,1), let £,(¢) be the interface location function
of u(t,z) at A, that is, u(t,&x(8)) = A for all t € R. It is well-defined by the
space monotonicity of u(t, z). By Proposition [[.2] sup,cp [€x(t) — £(t)] < oo for all
A€ (0,1).

Lemma 2.2. For any € > 0, there is t. > 0 such that
(e —€)(t —to —te) < E(t) = €&(to) < (cr +e)(t —to+te), t=to.
In particular, there are tg > 0 and t; > 0 such that
3c d¢
TB(t —tg —tg) < E(t) — E(tg) < TI(t —to+tr), t>to.
Proof. We prove the lemma within three steps.

Step 1. We first construct a function v, satisfying the following properties:

¥y € [0,1] is nonincreasing,
(2'4) (N (O) =0, limg_, o 9« («T) =1, limy 00 P (1') =0,

Ye(x) <ulto,z +E&(tp)) for all z € R and tg € R.
For x < 0, define ¥, (z) = v(x), where v : (—00,0] — [0, 1) is given by Proposition
[C2(iii). For x > 0, let 1. (z) = 0. Clearly, such defined v, satisfies (2.4]).

Next, fix any to € R. Let up(t, z;1.) be the solution of (2.2) with initial data

up (0, x;9.) = Yu(x) < u(to,x 4+ £(to)) by 4). Thus, time homogeneity and the
comparison principle ensure that

ug(t —to, z;¢.) <ult,z+&(tg)), z€R, t> 1.

Licensed to Univ of Alberta. Prepared on Fri Jan 26 15:05:40 EST 2018 for download from IP 129.128.216.34.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2580 WENXIAN SHEN AND ZHONGWEI SHEN

By the stability of traveling waves of ([2.2) (see [I7, Theorem 3.1]) and the conditions
satisfied by 1., there exist zg € R, K > 0 and w > 0 such that

sup [up (t — to, 239.) — dp(x — cp(t — to) — 20)| < Ke @70 ¢ > ¢,
z€R

In particular, for t > tg and = € R,
(2.5) ult,z + E(to)) > up(t — to, T39.) > ¢p(x — cp(t — to) — z9) — Ke @10,

Let Ty > 0 be such that Ke «70 = % (we may make K larger so that K > % if

necessary) and denote by £p(2£2) the unique point such that ¢5(¢p(1E2)) = 122,
1

Setting = = cp(t — to) + 20 + £p(1E2) in ([ZF), we find for any ¢ > to + Ty,

1+90 1+46

u(t,cp(t —to) + 20 + £n( 5 ) +&(t)) = ¢B(Ea( 5 ) — Ke T = 0.
Monotonicity then yields
(2.6) f(t)—f(to)ZCB(t—fo)+Zo+§B(l+9), t >ty +Top.

Step 2. Now, fix A € (6,1). Note that choosing A closer to 1 and 6; closer to
0, we may assume \ > 20;. Let ¢¥* : R — [f;, 1] be a uniformly continuous and
nonincreasing function satisfying ¢*(z) = 1 for < 0 and ¥*(z) = 6; for = > xq,
where z¢ > 0 is fixed. Clearly, u(to,- + &o,(to)) < ¥*. Applying the comparison
principle and the stability of ignition traveling waves (see e.g. [34]; also see Theorem
B0, we find for ¢ > ¢y and = € R,

(2.7) u(t,x + &, (to)) < ur(t — to, z;97) < dr(w — er(t — to) — &) + ege 1710,
where uy(t, 7;9*) is the unique solution of ([Z3) with ur(0,;¢*) = ¥*. Let &(3)

be the unique point such that ¢;(£;(3)) = 3 (since A > 2607, &(3) is well-defined)

and let T > 0 be such that eje=«'T = % (we may make e; larger so that e; > % if
necessary). Setting z = ¢;(t —to) + & +&;(3) in (7)), we conclude that

ult,erlt —to) + &+ &)+ &, () < A, £t 4T,

which leads to

A
E\(t) <er(t—to) +&r + 51(5) +&o,(to), t>to+T.
Setting C' := sup,, ¢ [Ex(to) — &o, (to)| < oo due to Proposition [LZ, we conclude
that
A
(2.8) Ex(t) = Exlto) < er(t —to) +&r + 51(5) +C, t>to+T.

Step 3. By ([2.08)), (Z8) and the fact sup,cp [£1(t) — £(t)| < 0o, the lemma holds for
t > to + max{Ty, T}. But for t € [to, to + max{Ty, T}], the lemma is trivial, since
we always have

up(t —to,x — &(to); ¥x) < u(t,x) < up(t—to,x — &, (to); V™)

and supy, cg [£(to) — &o, (to)| < oo. This completes the proof. O
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The next result is an improvement of Lemma [2.21

Lemma 2.3. There are Chpax > 0 and dpax > 0 such that for any tg € R, there
exists a continuously differentiable function &, : [to,00) — R satisfying

C .
73 < €y (t) < Crmax, > to,

such that
0 Sgto(t)—f(t) < dmax; tZtO-

Moreover, {éto}togo 18 uniformly bounded and uniformly Lipschitz continuous.

Proof. We use the following estimate to modify &(¢):
3cg dcr

1 ——(t—to—tp) <&(t) —&(to) < ——(t —to+tr), t2>to,

(2.9) .

which is proven in Lemma
Fix any tg € R. Define

C
n(tto) = &(to) + Co + 7B(t —ty), t>to,

where Co > 3¢t is fixed. Clearly, &(to) < n(to;to). By ([ZJ) and continuity, &(t)
will hit n(¢; to) sometime after to. Let T3 (tg) be the first time that £(¢) hits n(¢; to),
that is,

Ty (to) = min {t > t|&(t) = n(t:t0) }.
It follows that

£(t) <n(t;to) for t € [to, T1(to)) and  &(Ti(to)) = n(Ti(to);to)-
As a simple consequence of ([29)), we obtain T1(tg) — to € [Twmin, Lmax], Where
0 < Thin < Tmax < 00 depend only on cp, tp, ¢ and t;. In fact, we can take
T — 4Cy — bertr and T, — 4Cy + 3CBtB'
5S¢ — cp CB

Now, at the moment T} (), we define

n(t: Ty (o)) = €(Th(to)) + Co + %B(t ~Tito)), t>Ti(to).

Similarly, £(T1(to)) < n(T1(to); T1(to)) and &(t) will hit n(¢; T1(¢o)) sometime after
T (to). Denote by Ta(to) the first time that £(¢) hits n(¢; T1(tg)). Then,
§(t) < n(t; Ti(to)) for t € [Ti(to), To(to)) and  &(T(to)) = n(T2(to); Ti(to)),

and Tg(to) — T1 (to) S [Tmimeax] by m
Repeating the above arguments, we obtain the following: there is a sequence

{T-1(to) tnen satistying To(to) = to,
T (to) — Tr—1(to) € [Tmin, Tmax] for all n € N|
and for any n € N,
() < n(t; Tr—1(to)) for t € [Tr—1(to), Tn(to)) and
§(Tn(to)) = n(Tn(to); Tn-1(to)),

where

0t T (t0)) = §(Tor (b)) + Co + (¢ = Tuoa (t0)).
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&to (1)

o Tit) @) Do) Talio)

FIGURE 1. Modified interface location

Moreover, for any n € N and ¢t € [T,,_1(to), Tn(to)]

n(t; Tn-1(t0)) — £(2)

< §(Tu-1(t0)) + Co+ (¢ = Tu-a (t0))

- (€Tt + Jente = Tomato) ~ 1))

3 1 3
=Cp+ ZCBtB - ZCB(t —Th1(to)) < Co+ ZCBtB'

Now, define &, : [to, o) — R by setting
(2.10) 1, (t) = n(t; T_1(to)), t€ [Th1(to), Tu(to)), n € N.

Since [to,00) = U,en[Tn—1(to), Tn(to)), &, (t) is well-defined for all ¢ > to (see
Figure [I] for the illustration). Notice that g}o (t) is strictly increasing and is linear
on [T,,—1(to), Tn(to)) with slope < for each n € N, and satisfies

= 3
0<&,(t) —&(t) < Co+ 1cBte, T =to.
Finally, we can modify &, (t) near each T}, (to) for n € N to get &, (t) as in the

statement of the lemma. In fact, fix some §, € (0, Zai»). We modify &, (t) by
redefining it on the intervals (T),(t9) — 0x, T (o)), n € N, as follows: define

gt (t) — gtﬂ (t)7 te [to’ OO)\UneN(Tn(tO) - 5*7Tn(t0)),
’ E(Tn(t0)) + 6(t — Tn(to)), t € (Tulto) — s, Tu(to)), n €N,
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where ¢ : [~6,,0] — [~ Ed,,1] is continuously differentiable and satisfies

5(—6,) = —Es,, 50) =1,

§(—6,) = B =5(0) and §(t) > %B for t € (—4.,0).

Note the existence of such a function §(t) is clear. We point out that such a
modification is independent of ty € R and n € N. Moreover, there exists some
Cmax = Cmax(dx) > 0 such that 5(t) < Chax for t € (=64,0). It’s easy to see that
&1, (t) satisfies all required properties. This completes the proof. (Il

We remark that here we only need the function §(t) to be continuously differen-
tiable. But §(¢) can be obviously made to be at least twice continuously differen-
tiable. Moreover, in proving Lemma 23] we only used (29) and the continuity of
&(t). These observations will be useful later in Lemma [5:3

Proposition 2.1l now is a simple consequence of Lemma,

Proof of Proposition 2] It follows from Lemma 23 the fact that £(¢) remains
bounded within any finite time interval, the Arzela-Ascoli theorem and the diag-
onal argument. In fact, we first see that the sequence of functions {&;, }+,<o con-
verges locally uniformly to some continuous function 5 along some subsequence as
to — —oo. For the continuous differentiability, we note that {éto}togo is uniformly
bounded and uniformly Lipschitz continuous, and thus converges locally uniformly

to some continuous function ¢. It then follows that € = (; that is, ¢ is continu-
ously differentiable. Other properties of £ stated in the proposition follow from the
properties of the sequence {&, }+,<o as in Lemma 23] |

3. A PRIORI ESTIMATES

In this section, we give an a priori estimate, trapping the solution with wave-like
initial data between two space shifts of the generalized traveling wave u/(t,z) of
([T2) with exponentially small corrections. Throughout this section, if no confusion
occurs, we will also write u/ (¢, ) and ¢/ (t) as u(t, z) and £(t), respectively.

Let ap > 0. Fix an initial data ug € C? (R, R) satisfying
(3.1)

uo: R—=[0,1], wup(—o0) =1,
Jtg € R s.t. Jup(x) — u(to, )| < Ce=0@=E0)) for z € R for some C > 0

as in the statement of Theorem [[33] We will show that the solution of ([2) with
initial data wg is trapped between two space shifts of u(t,z) with exponentially
small corrections. Before stating the main result, let us fix some parameters.

Let Ly > 0 be such that for any ¢ € R,

u(t,xz) > 1+6. if :cgf(t)—ﬂ and
2 2
(3.2) 0 I
ult,e) <5 i w2 E0)+ 70
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where 6, is as in (H3). Such an Ly exists by Proposition [[2(iii). Let I' := T, :
R — [0,1] be a smooth function satisfying

supI’(z) <0, Cr:=sup|l"'(z)]<occ and
zER z€R

(3.3) {1, r<—Lo—1,

I'(x) =
( ) e_a(ac—LO)v x> LO + 17
where o = a(ap) := min{%, €, co} and cg > 0 is the unique speed of traveling
waves of (22 and ¢ is as in Proposition By Proposition [L2[(ii), there exists
Cr, > 0 such that

(3.4) ug(t,x) < =Cpr, for |[x —&(t)| < Lo+ 1+ dmax, t €R,
where dp.x > 0 is as in Proposition 2.1l Set
2CLip, + C
(3.5) M = Lpih,
Cr,

where Crip > 0 is the Lipschitz constant for f(t,u), that is,
|f(tau) B f(tav)|

CLip = sup sup

teR u,vel0,1];u#v |u - U|
We also need
(36) w :w(ozo) = min{ﬁ,% —OéQ,CLip},
where 8> 0 is as in (H3). By the choice of o, %2 — o > 0.

Due to condition BI]) and the fact that u(to,x) is strictly decreasing in z by
Proposition [[2(i), for any

(3.7 e € (0,e0], where ¢g = min { b6 106 c5 },

27 2 T4M
we can find two shifts (;” < ¢ (depending only on € and wug) such that
(3.8)
ulto, x = Gy) — Lz —&(to) = Go') < uo(x) < ulto,x — () + eL(a — E(to) — (7 )-
Note that we used £(to) here instead of £(ty). Proposition EZI] allows us to do so.

Moreover, by making (; smaller and Car larger, we may assume, without loss of
generality, that

(3.9) G =G e

Now, we are ready to state and prove the main result in this section. Recall that
u(t, x;tg, ug) is the solution of ([2) with initial data u(te, z;tg, ug) = ue(x).

Theorem 3.1. Suppose (H1)-(H3). Let ty € R. For any e € (0, €], there are shifts

_ _ Me Me
Clzgo__ and Cf=§5r+7

such that
u(t,r— ¢ ) —qt)T(x—E(t)— (1) < ult, 25 to.ug) < ut,z— ) +q(t)T(z—E(t)— ()

forallz € R and t > to, where q(t) = ee=“(¢=1) and € : R — R is as in Proposition
21
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Proof. The idea of the proof is to construct an appropriate super-solution and sub-
solution of (L2) with initial data at time t; satisfying the second and the first
estimate in (B8], respectively.

Let us start with the super-solution. Define for ¢ > ¢,

u't(t, @ to) = u(t,x — (F (1) + q(OT (z — €() — ¢H (1)),
where
Me
w
We show that u™ is a super-solution of ([L2), that is, u) > uf, + f(t,u™). We
consider three cases.

q(t) = ee™*%) and ¢H(t) =¢f + (1= e~w(t=t0)),

Case 1. © —£(t) — (T(t) < —Lo — 1. In this case, D(z — £(t) — ¢t (t)) = 1 by the
definition of I'; and thus
ut(t,wsto) = u(t,x — (7 (1)) + q(t).
Moreover, by Proposition 2]
_ Lo
2
(making L larger if necessary), which implies that u* (¢, z;t0) > w(t,z — (T (1))
> 148 by ([@2), and hence
(3.10) ftult,z = CH (1)) = f(tu™ (t 23t0)) = Balt)
by (H3). We compute
uf =g, = ftut) = u = CF(us +4(8) = ug — f(tu’)
= f(t,u) = f(t,u") — Mq(t)us — wq(t)
> Bq(t) —wq(t) =0,
where we used ([B.10), the fact that u, < 0 by Proposition [[L2(i) and (B.6]).

x— ¢t <EM) —Lo— 1< E(t) — Lo — 1 + dinax < £(1)

Case 2. x —&(t) — CT(t) > Lo + 1. In this case,
D(w —&(t) — ¢F (1)) = e =E0=CTO~Lo),

and hence

wt (s to) = ult,x = CH (1)) +g(t)e 0T OE),
Moreover, by Proposition 2L = — (T (t) > £(t) + Lo + 1 > £(t) + Lo + 1, which
leads to u(t,z — (*(t)) < & by B2), and hence f(t, u(t,z — (*(t)))=0. Also, by
B, ut(t,z;to) < u(t,z — (T (t)) + € < 0, which yields f(t,u™ (¢, z;t0)) = 0. We
compute

u;r — Ut — f(tau+)

rxT

= uy — (T (t)ug, + [q’(t) + ag(t) (g(t) + g'+(t)>} o—a(@—E(t)—¢* (t)—Lo)

— Uy — a2q(t)e"@ED=CTM=Lo) _ (g o F)

= =CH (s + [d(6) + ag(t) (1) + EH (1)) - aq(p) e OO L0
Z Oa
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2586 WENXIAN SHEN AND ZHONGWEI SHEN
since —C*(t)u, > 0 and, due to (3.0),

(1) + aq(®) (£0) +CH®)) - a%q(t) > [~ w+ TF +adg(t) — o] q(t) > 0.

Case 3. x — &(t) — (T (t) € [~Lo — 1, Lo + 1]. In this case,
2= () —&(t) = 2 — (T (1) = €(6) +£(8) — €(t) € [~Lo — 1, Lo + 1 + dinas]
by Proposition 211 It then follows from (B3.4) that
(3.11) ug(t,r — (T (1) < —Cp,-
‘We compute
uf —ul, = f(tuh) = up = (Eup + 40 (2 = €(1) — CF (1))
—q[ED) + O Tala — £1) - ¢F )
— gy — q(t) o — &, (t) — CF (1) — f(t,u™)
> f(t.u) — f(t.u™) = CF(ua —wq(t) - Cra(t),
where we used D« — £(t) = ¢*(1)) < L q() [£(8) + ¢ (0] Tul — £(t) = CH(1) <

and Tye(x — £(t) — (T (t)) — f(t,u™) < Cp. By the Lipschitz continuity and (Bj:l])
we deduce that

uf —ul, — flt,ut) > ( CLlp—I—MC'LO—w—CF)() 0
by (B.3) and (3.6).

Hence, Case 1, Case 2 and Case 3 imply that u;” > ui, +f(t,u™); i.e., ut (¢, ;o)
is a super-solution of (L2). It then follows from the second inequality in ([B.8]) and
the comparison principle that

w(t, 5 to, ug) < ut(t,x;t0) = u(t,z — (1)) + q(t)D(z — £(t) — ¢ (1))
<u(t,e =) +aOT(x = &(t) = ¢,
where the last inequality follows from the facts that u(¢, z) and T'(z) are decreasing
in z, and ¢t (¢) is strictly increasing and converges to Cf as t — oo. This proves
half of the theorem.

We now construct a sub-solution of (L2]) to prove the remaining half. Define for
t> tOv

u (8 w5to) = u(t,x = ¢ (1) = g (z = £(t) = ¢ (1)),

) =G — (1= e,

We show that u~ is a sub-solution of ([2)), that is, u; < wu,, + f(t,u”). We
consider three cases.

where

Case 1. & —£(t) — ¢~ (t) < —Lo — 1. In this case, T'(x — £(t) — ¢ (t)) = 1 by the
definition of I', and thus

u” (t,x;tg) = u(t,x — ¢ (t) — q(t).
Moreover, by Proposition 2.1

P ) SED) ~ Lo~ LS EW) ~ Lo~ 1+ dnas < (1) —
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(making Lg larger if necessary), which implies that u(¢t,x —(~(¢)) > 1+9 by B2).
Also, u™ (t,m3t0) = u(t,x — (~(t)) — q(t) > = —e > 0, by B). It then follows
from (H3) that

(3.12) [tz = @) = f(tu™(t,25t0)) < —Bg(t).
We compute
uy =ty = f(tuT) = up = (7 (e — (1) = e — f(tu7)
= f(tu) = f(t,u™) + Mq(t)us + wq(t)
< —Bq(t) +wq(t) <0,
where we used ([B.12), the fact that u, < 0 by Proposition [[L2(i) and (B.6]).
Case II. z — &£(t) — ¢ (t) > Lo + 1. In this case,
P(a —&(1) = ¢ (1) = e e Ok,
and hence
T (t @i to) = u(t, @ — (1)) — g(t)e OO -Lo),

Moreover, by Proposition 2L # — ¢~ (t) > £(t) + Lo + 1 > £(t) + Lo + 1, which
leads to u(t,z — (~(t)) < ¢ by B2), and hence f(t,u(t,z — ((t)))=0. Clearly,
flt,u=(t,x;t0)) = 0. We compute

ut_ - u;:c - f(t7u7)
= up = ¢ (t)us — [d(t) + aq(t )(é(t) +7 (1)) et EO=C Ok
— Upy + a2q(t)e 2@ E(t)—¢~ ()=Lo) _ f(t,um)
=~ (t)ue — [d(t) + aq() (e<t> +7 (1) — a2q(t)|eeem €O 0= Lo)
S 07
since —C ™ (t)ug < 0 and, due to (30),
i(t) + g (£0) + E (1) = aq(t) = [~ w+ X2~ “E —a]q(t) 0.
Case T1L. x — £(t) — ¢ (t) € [=Lo — 1, Lo + 1]. In this case,
T= () =€) =2 — (1) = () +E(t) = €(t) € [=Lo — 1, Lo + 1 + dinas]
by Proposition 2l It then follows from (4] that
(3.13) ug(t,x — (1)) < —ClL,.
We compute

up =ty = f(tu”) = u = (T (up — 4O (@ — () = ¢ (1))
+ () [E) + @) Tale — €)= (@)
— gy + q()Tae(z — E(t) = ¢ () = f(t,u7)

< f(tu) = f(tu™) = ¢ (Hue +wq(t) + Crq(t),
where we used I'(z — £(t) — ¢ (¢ )) <1, Tap(z — E(t) — CH (1)) — f(t,uT) < Cr and

a(t)[E@) +E (O]Tale = €)= ¢ (1) < al)[2 = Ma(®)]Talw — &) - (1)) <0
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by (371). By the Lipschitz continuity and (3.13)), we deduce that
ut_ — Ugy — f(tau_) < (CLip - MCLO +w + CF)q(t) <0
by (B3) and (B3).

Hence, Case I, Case II and Case III imply that u; < u,, + f(t,u”); ie.,
u” (t,x;tp) is a sub-solution of (L2). It then follows from the first inequality in
B3) and the comparison principle that

ult, w3 to, uo) > u” (t,w5t0) = ult,x — ¢ (1)) + q(t)L (@ = &(t) — ¢ (1))

> u(t,e = ¢) + a0 (@ — £(1t) = ¢;),
where the last inequality follows from the facts that u(¢, z) and T'(z) are decreasing

in x and ¢~ (¢) is strictly decreasing and converges to ¢; as t — oo. This completes
the proof. O

We end this section with a remark concerning Theorem [B.11

Remark 3.2. (i) Theorem [31] is not tailored for the initial data wg. All we
need in the proof of Theorem B.]is the initial two-sided estimate (B8] for
ug. Hence, if initially we have the estimate in the form of (B.8)), we will
be able to apply Theorem [3.Il This observation is helpful in the following
sections.

(ii) From the proof of Theorem B.] the lower bound and the upper bound for
u(t, x;tg, up) in Theorem Bl are independent: the lower bound and the
upper bound for u(t,x;tg, ug) depend only on the lower bound and the
upper bound for ug in ([B.38), respectively.

4. STABILITY OF GENERALIZED TRAVELING WAVES

In this section, we study the stability of the generalized traveling wave u/ (¢, x)
of (I2)) in Proposition and prove Theorem [[.3] Throughout this section, we
still write uf (¢, z) and &/ (¢) as u(t,z) and £(t), respectively.

The proof of Theorem [[3] is based on the following lemma, which is the time
heterogeneous version of [27, Proposition 2.2], where the space heterogeneous non-
linearity is treated.

Proposition 4.1. Suppose (H1)-(H3). Fiz ug satisfying B1). Let ¢ and ¢, be
as in [B3.8).
(i) There exist a time T = T(ao,( — () > 0, two shifts ¢z < (F with
CF — ¢ <1, and qr with 0 < g7 < min{ey, (7 — (5} such that

ulto+ T,z —Cp) —grl(x — &0+ T) — ¢7)
<wu(to+T,x;tg,ug) < u(to—i—T,x—C:,‘f) +qTF(x—€~(to—|—T) —C:,"E)

for all x € R. . y
(ii) There are constants T = T(ag) > 0, K = K(ag) > 0 and v = y(ag) €
(0,1), and three sequences {C;; Ynen, {CF tnen and {qn}nen satisfying

0 < gn <min{eo, ¢ — ¢} < GF = ¢, < KY" and

4.1
(1) G —K(GE—=¢) <G <G <SGH+HK(GH-¢))
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for all n € N such that for any n € N there holds
(4.2)  ult,z— ) — gue ) <t x5 to, uo) < ult,z — ) + gue @t
forallz € R andtztnzto—l—T—i—nT.
Assuming Proposition 1] let us prove Theorem

Proof of Theorem [L3. We see from ([@J)) that lim, . ¢, = ¢« = limy,_00 ¢ for
some (., € R, and there is some C = C(ap) such that |, — (.| < Cy™ and
IGF — ¢o| < O™ for all n € N. Also, from 0 < ¢, < K7™ and the estimate ([£2)),
we have

(4.3) u(t,z — ¢ ) — Kyme @t t) <t 25 to, uo) < ult,x — ) + Kyte @ t=tn)
for ¢t > t,,. Note that using |(;7 — (.| < Cy™ and Proposition [[.2] we deduce that
u(t, e — ¢ <ult,z — G — Cv") <wlt,z — )+ Cy",
where C' = C'- SUDseR reri—Uz(t,7)}. Similarly, we have
ult,z — () > ult,x — G+ Cy™) > u(t,z — () — Cy™.
It then follows from (@3] that
u(t, 2 —C) =" (CH+Ke @)Y < u(t, x;to, ug) < ult, z—Co)+y"(C+Ke @t tn))
for t > t,,. In particular, for ¢t > to + T, there holds
|u(t, z;t0, ug) — u(t,x — G| < Cer(t=to=T)
for some C' = C(ap) > 0 and 7 = r(ag) > 0. The result then follows. O

The rest of this section is devoted to the proof of Proposition 1l If no confusion
occurs, we write u(t, z; to, uo) as u(t,x;tg) in the rest of this section.

Proof of Proposition Bl (i) Let ¢; and ¢;” be as in Theorem B By Theorem
B.1l we have

u(t,x — () —ee U (@ — £(t) — ()
< wult,z;to) < ul(t,z — Cf) + ee_‘"(t_t‘))l‘(x — é(t) — Cf)

for all z € R and t > #y. Let s > 0 (to be chosen at the end of the proof). Since
e—w(t—to) < g=w(t—to—s1) e have

u(t,w = () — qre” T (@ — () - (1)

<u(t,z;tg) < ult,x — ) + e =)D (2 — £(t) — ¢)
for all 2 € R and t > to + s1, where q; = ¢ < ¢ — (5 < ¢ — ¢ by BA). We
remark that the above estimate holds for an arbitrary s; > 0.

We now show that there are constants C' > 0 and o = Yo(v, ¢ — ¢;) € (0,1)
such that for any n > 2 there holds:

Claim,,. For s, = ns; there holds
ult,z = () = e 0TI (@ — €() - ()
<u(t,wito) < ult,x = (F) + gae™ 0T (@ = £(t) - ¢F)
for all t > tg + s, where
G =16 GG +1 and 0<gn ¢ = ¢, <O
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We prove this by induction. Assuming Claim,,, we verify Claim,, 1. Set

=R(CY—CI)=2( max+%+1+< 2C1 )

The reason for such a choice is that the set

contains the set {(t,z) € RxR|u(t,z—({; —1)) < % and u(t,z— (¢ +1)) > £}
T—

Let us consider u(t, z—¢,, ) and u(t, ) for (t,x) € Q3r. By Taylor expansion

QR:{(t,!E)ERXR

U(t,.’[] _Cr-l_) —u(t,x - C;) = _’U’I(fﬂx _Cr*L)(Cr—zi_ - C’r?)’

where ¢ € [¢,,¢F] € [¢f — 1,¢ + 1] by induction assumption. For (t,2) € Qag,
we easily check that |z — ¢ — £(¢)| is bounded by some constant depending only
on Cfr — ¢y, which together with Proposition [[2(ii) ensures the existence of some
K = K({ — ¢;) > 0 such that u, (¢, — ) < —K. It then follows that

(4.4) ult,x = ¢) —ult,e = ¢) 2 K(G —¢,),  (t,2) € Qsp.
Set §, = s, + § with § = lnTp for some p = p(ap, ;" — ¢;) large (to be chosen).
Let €, = CTTP;KC;. We deduce from the induction assumption that if ¢ > t5 + §,, and

(t,l‘) € Q3g, then

G =G
p

u(t,x;to)Zu(t,x—QZ)— :u(t,x—C;)—enK,

G =G

u(t, wsto) < u(t,x— () +
p

=u(t,z — () + e K.

Moreover, for (t,z) € Q3r, we see that
u(t,z — ¢ —€,) —u(t,r — () > Ke, and
u(t,z —(, +e,) —ult,z—(,) < —Kep,

provided p is sufficiently large so that e, is small. Hence, for (¢,2) € Qsg and
t > to + S, there hold

(4.5) u(t,zite) > u(t,x — ¢, +€,) and u(t,x;te) <ult,xr — ¢ —ep).
Using the estimates ([£4]) and (£5) and the monotonicity of u(t,z) in x, we obtain
[u(t,z - CTJ{ - En) - u(t7l‘;t0)] + [u(ta Z; tO) - u(ta T — C; + En)} > [((CVJLr - C;)

for (t,x) € Q3r and t > tp + §,. In particular, at the moment ¢ = tg + 3, + 2

for
2
some o = a(ap, ;" — ¢;) > 0 to be chosen, we must have either

(4.6) sup [u(t, r—CF — ) —u(t, to)] > 5(C;r -<¢))
Q3N ({t} xR) 2
or
_ K _
(4.7) sup [u(t, x;yto) —u(t,x — ¢, + en)} E(C" ¢ )-
Q3Rﬁ({t}XR)
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Due to (&3), we can apply Harnack’s inequality to both w(t,x — (I — €,) —
u(t, z;tg) and u(t,x;to) — u(t,z — ¢, + €,). As a result, there is py = po(o,7) =
po(ao, ¢ = ¢) > 0, where 7 = (g, (” — ¢;) > 0 is to be chosen, such that

K
4.8 inf tx—CF—en) —ult,z:t >p°— -
@8) ot fulte = G =) —uttast)] = PG -6
if (£8) holds, and

po KK
4.9 inf t,z;tg) — n > PO ok -
( )QRﬁ([to+§n+dl,rtlo+§n+a+7']XR)[( zito) —ultz =G +e )] - 2 (G =)

if (@) holds.
From now on, we assume (6] and (£8). The case with (7)) and @3] can be

treated similarly. Set ro = pOQK. For (t,z) € Qr and t € [to+ 38, +0,to+ 8, +0+7],

we deduce from the fact that inf,cp ger vy (f, ) > —C, for some C, > 0 by a priori
estimates for parabolic equations and the estimate ([AJ)) that

u(t, — G5 4 dro(¢F — ¢)) — ult, 2 to)
> u(t,r — (G —en) —u(t, z;t0) — Culen + dro(¢F = ¢)))
> 7o(GF = C) — Culen +dro(GE = ¢))

= (= Sz - cuam) 6 - 60

We now choose p = p(ag, ¢ — (i) sufficiently large and d = d(ag, ¢ — ()
CI*( > 0. Thus, for (t,2) € Qg and

t € to+ 8, + 0,to + 8, + 0 + 7|, we have
(4.10) u(t,x — G +dro(GF — ¢)) —ult, ;1) > 0.

Next, we estimate u(t,z — (T + dro(¢F — ¢)) — u(t, x; o) for (¢,z) ¢ Qg and
t € [to + 3n + 0,t0 + S + 0 + 7]. We distinguish between

Qnp =Qn N ([to +5n +0,t0+ 3, +0+7] xR) and
On = QLN ([to+ 3, +0o,to+ 8, + 0+ 7] xR),

where
Qg:{(t,x)eRxRx—g(t)—% S—R} and
QE—{(t,z)ERXRx—E(t)—%ZR}

are the regions left and right of Qg, respectively. Clearly, if (t,x) ¢ Qg, then
(t,z) € Qp or (t,x) € QF.

Case (t,x) € Qp. If (t,x) € Qp, we check 2 — (¢ —1)—£(t) < — L0 by the definition
of R, and hence u(t,x — (¢; — 1)) > X by @2). Choosing d = d(ao, ¢ — ¢7)
smaller if necessary so that drg < %, we have

(G —1<¢ <GH—dro(GE = ¢ ),

where the first inequality is due to the induction assumption. The monotonicity of
u(t,x) in x then yields

A1) (e — ¢ +dro(C — ) > ult,a — (¢ — 1)) = 2 E0%

2
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Moreover, by the induction assumption

u(t,zsto) > ult,x — ) — gne O T (@ — () — ()

(4.12) Zult,z— (G —1) = (G =G )e ™

< 1+6. 1-0, ..

-2 2
where o = (g, (;F —¢; ) is large so that (¢F—¢ e ™7 < ({ —¢; +2)e7+° < %.
Setting

u(t, zito) = ult,x — ¢ +dro(Gy = ;) — ult,z;to),
we have
V= Ve + fut,r — G +dro(CF —¢))) — ftult, x5t0)) = vap + alt, 2)v,
where a(t,z) < —f due to (.11), (£12) and (H3). By (I0), v(¢,z;to) is nonnega-

tive on the boundary of 2};. At the initial moment ¢y + 5, + o, we deduce from the
induction assumption and the fact that inf,cr yer uy (¢, z) > —C for some Cy > 0
that

v(to + S + 0, x; to)
=u(to+3n + 0,0 = +dro(F —¢))) —ulto + 3, + o, x5 t0)
> u(to +8n + 0,0 = () +dro(C) = ) —ulto + 8 + 0,2 = ()
= (G = Ga)e™™
—Cdro(Gy —G) — (Go — G )e™”
—C(dro+e77)(GF = ()

AVARIYS

Define

3(t) = =C(dro +e™7)(Gf = ¢ e P ltotsatel),
It is a space-independent solution of ¥; = ¥, — S0 with initial data 0(tg+ 3, +0) =
—C(dro + e “?)(¢,;F —¢,,). Since © < 0, it satisfies ¥y < Uy + a(t, z)0; hence, the
comparison principle implies that for any (¢,z) € Q,

u(t,w — G +dro(¢ —¢)) — ult, x5 t0)

4.13 <
(4.13) =w(t,x;t0) > 0(t) = —C(dro + e ) (¢F — ¢ )e Pl (totsnto)),

Case (t,x) € Qf. If (t,x) € QF, then o — (¢ + 1) — £(t) > %, and hence
u(t,z — ((F +1)) < £ by B2). We then obtain from the monotonicity of u(,z) in

x and the estimate (7 — dro(¢ — () < ¢ < ¢ +1 that

N D

u(t, o = G +dro(G = ¢) S ult,e — (¢ +1)) <
Moreover, by the induction assumption
u(t, zsto) < ult,x — GF) + gue” D@ — £(t) — ()
<u(t,o — (G +1) + (¢ = ¢ +2)e 7 <0

provided o = (g, { — ¢) is large so that ({7 — ¢ +2)e 7 < g. Thus, setting
v(t,zyto) = u(t,x — ¢ +dro(¢F —¢))) — u(t, z;to), we verify that

V¢ = VUgge-
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For (t,2) € Q},, we easily check that z —&(t) — ¢ > Lo+ 1; thus T(z —£(t) — () =
e—a(z=€(t)—=¢I—Lo) by the definition of I'. Then, at the initial moment ¢t = t4+5,+0,
we deduce from the induction assumption that

v(to + S + 0, x; to)

uto + 8, +o,x —CH +dro(¢ —¢))) — ulto + 5, + 0,73 t0)

> u(to +8n + 0,0 = G +dro(C) = ) —ulto + 8+ 0,2 = ()
— (¢ = ¢ Yemwremata—Elto+in+a)~(i~Lo)

—a(z—¢F Snto
> —C’dro(g‘ —¢; e ¢ —€(to+3n+0))
-\, —wo —a(z—E Spto)—CH—
_ (Cn —¢))e e~ (z—=E(to+3n+0)=(,; —Lo)
> —Cldro + ¢ 7)(Gf — G )e e~ Etotinto=to),

where we used Proposition [[L2[(iv) in the second inequality. More precisely, we used
the following estimate:

u(to+ 38, + o,z — ¢ +dro(CH —¢))) —ulto+ 5, + 0,2 — )

= dro(¢y — G )ua(to + 50+ 0,2 — (7 +y)  (where y € [0,dro(¢) —¢,)])
> —Cdro(¢F — ¢ )e 0@ CnFy=&(totdn+)) (by Proposition [[2(iv))

> —Cdro(¢H — ¢ )e o= G —&(to+En+o) (since a < ¢p)

= —Cdro(CF — ¢ )em@=Cl ~Eltot8n+0)) g —a(€(to+8n+0) —E(to+5nt0)

> —Cdro(CF — C;)e—a(w—Ci—é(to+5n+a)).
Moreover, estimate ([{I0) gives the nonnegativity of v(t, x;ty) on the boundary of

Qg Let v = % — o2. Since

o(t,w5tg) = —C(dro + e “7) (¢ — C;)e*a(m*@f*f(t)*LO)e*V(t*(to+§n,+0))
solves ¥y < 0, we conclude from the comparison principle that for (¢, z) € QE,
(4.14)
u(t,x — 4+ dro(G —¢)) — ult, z;t0)
=w(t,z;tp)
> B(t, 25t0) = —Cldro + e™7) (G = (7 )e ¢ D~ Lo)mv(t=(lotiuto)),
So far, we have obtained the following estimate for u(¢, x; to) for t €[ty + §, + o,
to+ 5, +o0+7]:
(4.15)  u(t,z— () — gue 0TI (@ — €(t) — ) < u(t, a3to) < alt, x3to),
where the first inequality is the induction assumption and
u(t,x — ¢F +dro(¢ = ¢))), if (t,z) € Qr,
ut,x — Gy +dro(Gh — ¢))
+C(drg + ew) (¢ — ¢ )e Pl=Gotsntad) i (¢ 1) € O,
ult @ — G+ dro(¢ — 7)) ~
+C(dro + e~ (¢F — ¢ e @=Ca =&~ Lo)
><e_y(t_(t()"l'gn"l‘o'))7 if (t7x) = QE,

ﬂ(ta Z; tO) =
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2594 WENXIAN SHEN AND ZHONGWEI SHEN

is given by (4.10), (£I3) and ([4.14]). Note that from the induction assumption to
(@1H), we have reduced the gap ;I — ¢, to (1 —dro)(¢;F — ¢, ). We now construct
Snt1s Crirs Gfir and gpq1, and show Claimy, .

Set

Spt1 =8, +0o+T,

Cn+% = 5n>
;4_% = Cr—:,_ - dTO(C: - Cr:)a
Gy = [(GF = G)e™7 + Cldro + e™)(GF = )™
It then follows from (I3]) that at the moment ¢ = tg + $p41,
(4.16)
ulto +sn1, & = Cn) = Qg T(@ = €0+ 8n41) = €1 1)
< U(to + Sn+1,$;t0) < u(to + Spt1,T — C:+%) + qn+%F(az — g(to + Sn+1) — C:{)
Since T'(z — &(tg + Spi1) — C:+l) is T'(z — £(to + Sn41) — ) shifting to the left by
2

dro(¢f — (1) < 3, we conclude from the definition of I' that there is C' > 0 such
that

D(x = &(to + sp+1) = GF) < CT(x = &(to + sp41) — Coyr) TER.
Setting g, 1 = Cq,, 41, @.I6) yields

(4.17)
u(tO + Sp41, T — C;_,’_%) - dn+%r(x - f(to + sn+1) - C,:_;’_%)

< ulto + snt1,@5to) < ulto + Snv1,2 — C:;r%) + Gny 1z — E(to + snt1) — C:;r%)-
Also,

(4.18) Guey < Cldro+e7) (G = ¢)e ™ < minfeo, ¢y =€)

provided 7 = 7(ap, (" — ¢;) is sufficiently large, where ¢ is given by ([B.1). Using
this estimate and (£I7), we can apply Theorem 3] as mentioned in Remark 3.2 to
conclude that

(419) ult,x = (i) = quare” OO (@ = £(t) — i)
. <u(t,zito) < ult,x — () + Gnyre 0T D (@ — £(t) — i)
for z € R and t > tg + s,41, where

M M
— _ ~ + _ JF ~ _ o~
Cn+1 = Cn—&-% - ;qn-q-%a Cn+1 = <n+% + ;‘Lﬁ-% and  gpi1 = An-L-

Moreover, by [@I8), we have 41 < ¢y — (1. For ¢, and ;' |, we have

- _ = + _ —\,—wo —wo + _ = —WwT
way S =G = OGT =G Cldra G = e
> ¢, = Cdro+e ) (G — G )e ™"

Licensed to Univ of Alberta. Prepared on Fri Jan 26 15:05:40 EST 2018 for download from IP 129.128.216.34.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



STABILITY, UNIQUENESS AND RECURRENCE 2595

and
(4.21)
Gin = G = dro(G = G+ (G = Gem + Cldro + ) (G = G)] e
< Gy = (dro = C(dro +e7“7)e ™ T)(G) = (o)

It follows that
(4.22) G — G S A —dro+ Cldro 4+ e7)e*T)(GF = ¢))-

The estimates (£19), ([£20), ([A21) and ([£22]) are obtained provided (&6]) and (4.8)
hold. If (&T) and (ZJ) hold, then we can also obtain (@I9) with (,,, and ¢},

satisfying
Gt = G + (dro — Cldro+e™*7)e™ ) (¢ = ¢)
and

CHa SGH+Cldro+e747)e™ (¢ = ¢),

respectively, and hence ¢ 11— Cpyy satisfies (22) as well.

Choosing o = o(ag, ¢ — ¢;) and 7 = 7(a, ¢ — ¢; ) sufficiently large, we can
write the above estimate in uniform form: for some Jy = o(, ¢ — ¢;) > 0
sufficiently small, there holds

G = 00(Cr —C0) <G S Gy S GF+00(GE =6,
C;l_+1 - C;+1 < (1 - 50)(42_ - C’r:)

We then deduce from the induction assumption that (; —1 < ¢, < ¢y < GF+1,
and then ¢ — ¢, < C(1 —dp)™ for some C' > 0.
It remains to choose s1. From the proof, we see that

. Inp
sn+1:sn—|—a+7':sn+7+a+7',

where p = p(ap, (;F — (), 0 = o(ap, ¢ — () and 7 = 7(ap, (7 — () are large
constants. Thus, choosing s; = mTp + o0+ 7, we have s, = nsy. This proves Claim,,
for n > 2.

Finally, we set T' = Ns; for some N sufficiently large to complete the proof of
(1).

(ii) We apply Theorem [BI] and the iteration arguments for Claim,, n € N, in
the proof of (i) to the estimate

ulto+T,x —(¢p) —grl' (e — €0+ T) — (7))
<ulto + T, a5t0) < ulto+ Tz — () +qrl(z — E(to + T) — ¢F)

at the new initial moment to 4+ T, which is the result of (i). The only difference
between this and the arguments in the proof of (i) is that now the initial gap between
the shifts ¢ and C; satisfy 0 < (- — (; < 1. As a result, various constants as in
the proof of (i) now do not depend on ¢ — {; and only depend on ¢y, and hence
we find the result. |
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2596 WENXIAN SHEN AND ZHONGWEI SHEN

5. PROPERTIES OF GENERALIZED TRAVELING WAVES

In this section, we study fundamental properties of arbitrary generalized travel-
ing waves as defined in Definition [[LTl Properties of particular interest are space
monotonicity and exponential decay ahead of the interface as stated in Theorem
[[4l These two properties play a crucial role in the study of uniqueness of general-
ized traveling waves, which will be the objective of Section [l We always assume
(H1)-(H3) in this section.

From now on, we will always consider some fixed generalized traveling wave
v(t,x) of (L2) as defined in Definition [Tl Let £Y(¢) be the interface location
function of v(t, ).

5.1. Space monotonicity. In this subsection, we study the space monotonicity
of v(t,z) and prove Theorem [[L4(i). We first prove the following lemma.

Lemma 5.1. There exists hy > 0 such that for any h > hy there holds v(t,x) <
v(t,x —h) for allz € R and t € R.
1446,
<
ol < 5%,

Proof. For t € R, define
07 = {z € Rlz <infQ}} = {z € Rlz < inf O},
Q) = {r e Rlz >supQ;} = {x € Rlz > sup U},

1+6.
v(t,xz) > +2 }

and set Q; = ,ep({t} x Q) for i = 1,2,3,4. Notice that R? = Uz 1 8.

We first show that there exists hy > 0 such that for any h > h; there holds
v(t,z) < v(t,z — h) for (t,z) € Q1. We see from the definition of a generalized
traveling wave that

QtZ{CL‘ER‘9<D(t$

Qf = { [mf Qq, sup Qt]

Qf = {3: € [iant,suth]

hy == sup(sup Q; — inf Q) < oo
teR
Since v(t,z) > M= for all 2 < infQ} and ¢t € R, we deduce for (t,z) € Q; and
h > hy that  — h < infQ}, and hence v(t,z — h) > 1 > o(t, 2).

Next, we show that for any h > h; there holds v(t, x) < v(t,xz—h) for (t,z) € Qs.
Let h > hy and set ¢(t,x) = v(t,x — h) —v(t,x) for (t,z) € Qa. We see that ¢(t, x)
satisfies

¢t = Py + G(t,ﬂf)(ﬁ, (t,.’lf) € 927
P(t,z) >0, (t,x) € 00 = Jep{(t,inf QF)} C Qy,

where a(t,z) = ,f(tmirz,ta;z—f]zg:5((:,;;)(@@). Since v(t,z) > Y for (t,z) € Qs and
r—he QFifx € QF we have v(t,z — h) > % for (t,z) € Qy. It then follows
from (H3) that a(t,z) < —p for (¢,x) € Q. For contradiction, let us assume that

= f t 0.
T2 (t;r)leﬂzci?( ,x) <

Then, we can find a sequence {(t,, ) tnen C 2 such that ¢(t,,x,) < ra(l — %)
for all n € N. Note that sup,cy(inf Q7 — x,) < dy for some dy > 0; otherwise
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d(tn, z,) — 0 as n — oo by the definition of generalized traveling wave. Moreover,
since ¢ > 0 on 98 and sup,,cy ¢(tn, z,) < 2, regularity of v(t, z) implies that x,,
stays uniformly away from inf Qfﬂ, that is, mfneN(mf Q —Ty) > dy for some dy >
0. Thus, by a priori estimates for parabolic equations, say7 SUP (¢ 2)erz [Ve(t, 2)| < 00

and sup ,yerz [V (¢, )| < 0o, we can find some small dy > 0 such that
o(t,x) < %2 for (t,x) € B, := {(t,x) € R2‘(t — )+ (= x,)? < dg} CQ

for alln € N. Now, for n € N, define ¢,,(t, ) = ¢(t+t,, z+x,) for (t,z) € R?, which
satisfies ¢, < 2 on By := {(t,z) € R[t? + 22 < d3} and (¢y): — (n)zx > —% for
(t,z) € Bg. A priori estimates for parabolic equations then ensure the existence
of some subsequence, still denoted by n, such that {¢, },en converges to some ¢
uniformly in By. It then follows that

bt — Pow > —& >0 for (t,2)€ By.

Moreover, ¢ > ro on By and QNS(O,O) = lim, 00 ¢(tn, n) = r2. That is, on By, o
attains its minimum at (0,0), which is an interior point of By. This is a contradic-
tion by the maximum principle. Hence, for any h > hy, we have v(t,z) < v(t,z—h)
for (¢,z) € Q.
We now show that for any h > hy there holds v(t,z) < v(t,xz — h) for all
(t,x) € Q3. Let ho > 0 and set ¢p(t,x) = v(t,z — h) — v(t,z) for (t,x) € Q3. Since
v(t,z) < g for (t,x) € Qs, f(t,v(t,z)) =0 for (t,z) € Q3. We then verify that

¢t - ¢zx = f(t,’l)(t,.’lf - h)) Z 07 (t,!E) S Q?n
P(t,x) >0, (t,x)€ 0 = ,ep{(t,inf QF)} C Q1.

For contradiction, suppose that

= f t < 0.
T3 (t;r)leﬂgsb( ,x) <

Let {(tn, Tp)}nen C Q3 be such that ¢(tn,x,) < r3(1 — 55) for all n € N. For
n € N, set d,, = dist((tn, zn), 0 N({t < t,} xR)). As above, there are ds > ds >0
such that d,, € [ds,ds] for n € N. For n € N, we have

Pt — Pge > 0 for (ta'r> € By,

where

B, = {(t,x) € RQ‘(t—t,L)Q +(r—2,)* <d? and t < tn} C Q.

Note that we can find some subsequence, still denoted by n, such that d,, — d3 €
[dg, dg] as n — oo and {¢y, := ¢(- + tn, - + Tp) }nen converges to some ¢ uniformly
in By :={(t,z) € R?t? + 22 < d% and t < 0}. Moreover,

1 — gy >0 for (t,z) € By

and, on By, ¢ attains its minimum rz at (0,0). Thus, the maximum principle
implies that ¢ = r3 on By. However, for any n € N, 9B, N Q; # (), and hence
there’s (t,,, %,) € 0B, N such that gb(tn, #,) > 0. As aresult, ¢ > 0 at some point
on 0By. This is a contradiction. Hence, for any h > hq, we have v(t,x) < v(t,z—h)
for (¢,z) € Q.
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Finally, we show that for any h > hy there holds v(t,z) < v(t,z — h) for all
(t,x) € Q4. Let h > hy. Note by the definition of hq, we actually have v(t,x —h) >
% for # < supQ} and t € R. In particular, v(t,x — h) > # for (t,z) € Qq.
Thus, we are in a situation similar to the case of {29, and we can argue similarly to
obtain the result.

In conclusion, for any h > h; there holds v(t,z) < v(t,x — h) for all z € R and

t € R. This completes the proof. (Il
We now prove Theorem [T.4)1).

Proof of Theorem [[L4(i). By the classical results of Angenent (see [2, Theorem A
and Theorem B]), the proposition follows if we can show that for any h > 0 there
holds v(t,z) < v(t,x — h) for all x € R and ¢t € R. For this purpose, define

ho = inf {hy > O|for any h > hy there holds v(t,z) < v(t,z—h) for all (t,z) € R*}

and suppose hg > 0 for contradiction. Clearly, v Z v(-,- — hg). Thus, by maximum
principle, there holds v(t,z) < v(t,x — hg) for all z € R and ¢t € R. For ¢t € R, let
Q, = {x IS R|g <wo(t,x) < %} as in the proof of Lemma [5.1] and set

Q= U ({t} X [iant,suthD.

teR
Setting ¢(t,x) = v(t,x — hg) —v(t,x) > 0 for z € R and t € R, we claim that
(5.1) inf ¢(t,z) > 0.
(t,x)€eN

Suppose (B.1)) is false. We can find a sequence {(tn,=n)}nen C Q such that
d(tn,zy) = 0 as n — oo. For n € N, define for x € R and ¢t € R,

Up(t, ) = v(t + tn, T + x4),
On(t,z) = Ot +tn,z + x,) = v (t, z — ho) — v (¢, x).

We see that there is some subsequence, still denoted by n, and a function ¥ such that
v, and v, (-, — ho) converge locally uniformly to o and o(-,- — hg), respectively.
Of course, ¢, converges locally uniformly to ¢ := 0(+,- — hg) — 0. Moreover, as
#1(0,0) = 0 as n — oo and ¢, > 0 satisfying (¢n); = (dn)ze + an(t, T)P, with

an(t,r) = f(tﬂo’vg;f’é’tf;_h}‘zzg:git(;fco)’”"(t’z)) bounded, we conclude from the Harnack

inequality that gz~5 = 0. This yields
(5.2) (e, — ho) = .

However, since {(tn,Zn)}nen C ), the uniform-in-time limits in the definition of
generalized traveling waves implies the uniform-in-n limits

lim v,(0,2)=1 and lim v,(0,2) = 0.
T——00 T—00
This yields limg—, o 9(0,2) = 1 and lim,_,o 9(0,z) = 0, which contradicts (5.2).

Hence, (5] holds.
From (E1I), we are able to find some §p > 0 such that if § € (0, §o], then

(5.3) inf (v(t,z — (ho —9)) —v(t,z)) > 0.
(t,x)€eN
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Indeed, due to the uniform boundedness of vy, i.e., sup(; ;)er2 vz (t, ¥)| < oo, there
exists some dy € (0, ho) such that for any § € (0, o] there holds

v(t,z+ 06— ho) —v(t,x — hg) € [— %O, %0}, (t,z) € Q,
where ro = inf; ,cq(v(t,z = ho) —v(t,x)) > 0 by @I). It then follows that for

any ¢ € (0, do],

v(t,x+9d—ho) —v(t,x) =v(t, x4+ —ho) —v(t,z —ho) +v(t,z —ho) —v(t,z) > %O
for all (¢,x) € Q. This establishes (5.3).

Now, using (B.3]), we can repeat the arguments for Qs and €3 as in the proof of
Lemma [51] to conclude that

inf  (v(t,z—(ho—9))—v(t,z)) >0 and inf  (v(t,z—(ho—9))—v(t,x)) >0
(tvx)eﬂ2 (t,$)€Q3
for any ¢ € (0, dp]. This together with (5.I]) and (53) implies that for any h > ho—do
there holds v(t,z) < w(t,x — h) for x € R and ¢ € R, which contradicts the
minimality of hg. Hence, hg = 0 and the result follows. ]

5.2. Exponential decay ahead of interface. Consider a generalized traveling
wave v(t,x) of ([L2) with interface location function £¥(¢). In this subsection, we
study the exponential decay of v(t,x) ahead of the interface and prove Theorem
[L4(ii). With Theorem [[4{i), we understand that v(¢, x) is strictly decreasing in x
for any t € R. We first prove two lemmas.

For A € (0,1), let £ : R — R be such that v(t,£5(t)) = X for all ¢ € R.
By Theorem [[4i), £} is well-defined and continuously differentiable. Define % :
R xR — (0,1) by setting ¢ (¢, z) = v(t,x + £3(¢)). We show that

Lemma 5.2. For each X € (0,1), there hold
(i) ¥3(t, ) is a profile of v(t,x), that is,

lim ¢3¢, ) =1, lim 3 (t,2) = 0 uniformly int € R;
r—r—00 T—00
(ii) there exists Ly > 0 such that |£V(t) — £3(t)| < Ly for allt € R.

Proof. (i) From the definition of the generalized traveling wave and the space
monotonicity, for any 0 < Ay < Ay < 1, there exists Ly, », > 0 such that
8, (t) = &3, () < Lz, forall t € R

Fix any Ag € (0,1). Then, for any A > Ao, we have for all © < —Lj »,

U3, (6 x) = vtz + &5, (1) = v(t, €3, (1) — Laga) = v(t, 65 (1)) = A

This shows the uniform-in-time limit lim, , - ¥, (¢,2) = 1. Similarly, we have
the limit lim, 00 12, (¢, ) = 0 uniformly in ¢ € R. This proves (i).
(ii) Since ¥V (t,x —£V(t)) = v(t, x) = Y3 (¢, — £(t)), we have

(5-4) POt @) = Y3t = EX(1) + £7(1)-

Now, suppose there exists {t,}nen with |t,| — 0o as n — oo such that |7 (¢,) —
£(tn)| = o0 as n — oco. Then, there must be a subsequence, still denoted by
{tn}nen, such that either £ (t,) — &3 (tn) — 00 as n — oo or £V(t,) — &3 (tn) = —00
as n — 00. Suppose the former is true (the case in which the latter holds can be
treated similarly). Then setting ¢t = ¢, and x,, = M in (B4), we have
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YV (tn, Tn) = Y3 (tn, —2,). We then conclude from uniform-in-time limits of ¥? (¢, )
and 9% (t,x) as © — +oo that

0= lim wv(tn;mn) = 11_)111 W\(tm _-Tn) =1
n—00

n—oo
This is a contradiction. Hence, £V (t) — £}(t) remains bounded as ¢ varies in R. [

We next show the rightward propagation nature of £¥(t), and hence, of £(¢) for
all A € (0,1).

Lemma 5.3. There exist constants C7 > 0, C3 > 0 and d* > 0, and a twice
continuously differentiable function &' : R — R satisfying

FEWS, teR

€'t < C5, teR,
such that }
1€°() =€ ()] <d”, teR,
where cg > 0 is the speed of traveling waves of @2). In particular, for any X €
(0,1), there exists Ly > 0 such that |£V(t) — £3(t)] < Ly for allt € R.
Proof. Since we have no idea about the value v(t,£"(¢)) and do not know whether
£"(t) is continuous, instead of modifying £”(t), we modify &3 () for some Ao € (0,1)
as we did in Proposition 21 for £(t). We sketch the proof within four steps.
Step 1. There are tz > 0 and t7 > 0 such that
3c Sc
(55) =t~ to—th) <&, (1) — &, (to) <

The proof follows from the arguments as in the proof of Lemma The only
difference is that we need to use a different 1),, which in this case can be taken as
a uniformly continuous and nonincreasing function satisfying

Vu(z) = {A07 x < 2o,

0, x>0,

(t—to— 1Y), t>to.

for some fixed zyp < 0. We then have 1. < u(to, -+ &x,(to)) for all ¢y € R. The rest
of the proof proceeds as in the proof of Lemma

Step 2. Let Cy > %qt?. Let tg € R. There are a sequence {T,_1(to) }nen with
To(to) = to and functions

n(t; Tr-1(to)) = &3, (Tn-1(t0)) + Co + %B(t = Th-1(to)), t € [Th-1(to), Tn(to)]

for n € N such that the following hold: for any n € N,
(i) To(to) — Tn—1(to) € [Tmins Tmax), where 0 < Tin < Tmax < 0o depend only
on cg, ty, cr and ty;
(i) &3, () < n(t; Tu-1(to)) for t € [Tn-1(to), Tn(to))
and fio (Th(to)) = n(Tn(to); Tn-1(to));
(i) 0 < n(t; Tao1(to)) — &5, (t) < Co + 3eptt; for t € [Tn_1(to), Tp(to)]-
The proof follows in the same way as that of Lemma 23] since we only need (5.5)
and the continuity of £§ () as remarked after the proof of Lemma The lower
bound and the upper bound in (i) follow from (GX).
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Step 3. Let tg € R. There exist constants C{ > 0, C§ > 0 and d” > 0, and a twice
continuously differentiable function £%(+;t) : [to, 00) — R satisfying for ¢ > ¢,

Cc = = ~
T <t) SO (k) S5 and 0< (ko) — &, () <

Moreover, {é“(, t0) hio<o and {5“(-;t0)}t0§0 are uniformly bounded and uniformly
Lipschitz continuous.
To see this, we first define £V (-;¢o) : [to, 00) — R by setting
fv(t;to) - U(té Tn—l(to))v te [Tn—l(tO)an(tO))a n € N.

We then modify £7(t; o) as in the proof of Lemma 23l to get £¥(t; o). For the mod-
ification, it concerns some function §(¢) as in the proof of Lemma 23] which is only
required to be continuously differentiable there, but clearly we can make it twice
continuously differentiable with uniformly bounded first and second derivatives as
remarked after the proof of Lemma

Step 4. By Step 3, the Arzela-Ascoli theorem and the diagonal argument, we can
argue as in the proof of Proposition 1] to conclude that {€¥(-;tg)}+,<0 converges
locally uniformly to some twice continuously differentiable function &R >R
satisfying <2 < £°(t) < C7, [€¥(t)] < C and 0 < £¥(t) — &%, (t) < d” for t € R. The
lemma then follows from sup,cp [£7() — &3, (¢)| < oo due to Lemma [5.21

O
We now prove Theorem [[4Y(ii).

Proof of Theorem [L4(ii). By Lemma [B.2]ii) and Lemma 5.3 there holds Ly :=
sup,ep [£¥(t) — &5 (t)] < co. For t € R, we define

(1) = (1) + L.

Then, é” satisfies all the properties for 5” as in Lemma[0.3l In particular, it satisfies
the properties as in the statement of the theorem. It remains to show that v(¢,x)
is exponential decay ahead of £*(t) uniformly in ¢ € R.

Set o(t,x) = v(t,x + £(t)) for z > 0 and t € R. Since £°(t) > €4(t) by
the definition, we obtain from monotonicity that v(t,z + £(t)) < 0, and hence
f(t,o(t, x4+ £°(t)) = 0 and (¢, z) = su(t, + £'(t)) <1forallz >0andt € R.
We then readily check that o(¢, z) satisfies

@t:f}xx‘Fé@xa .IZO,tER,
0(t,0) <1, teR,
lim, o0 O(¢, 2) = 0 uniformly in ¢ € R.
Now, define
o(t,x) = e~ FT o(t,z), x>0, teR.
Since £(t) = é(t) > & for all t € R by Lemma 5.3 we see that ¢(t, z) satisfies
¢t2¢zm+é¢za xZO,téRa

#(t,0) >0, tekR,
lim,; 00 (¢, ) = 0 uniformly in t € R.

Licensed to Univ of Alberta. Prepared on Fri Jan 26 15:05:40 EST 2018 for download from IP 129.128.216.34.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2602 WENXIAN SHEN AND ZHONGWEI SHEN

We claim that ¢(¢,z) > 0 for > 0 and ¢ € R. For contradiction, suppose this
is not the case, that is,

o= x>léleR o(t,) <0

Let {(t,2n)}nen C R x [0,00) be such that ¢(t,,z,) < ro(1 — 5) for all n € N.
For n € N, let d,, = dist((t,,z,),R x {x = 0}) = x,,. Since ¢(tn,z,) € (ro, 2| for
alln € N and lim, o ¢(¢,2) = 0 uniformly in ¢ € R, there is do > 0 such that d,, =
z, < do for all n € N. Moreover, the uniform estimate SUP;>0,tcR | (t, )] < o0
and the fact that inf,cp ¢(#,0) > 0 ensure the existence of some do > 0 such that
dp = xp > do for all n € N. Hence, d,, € [do, do] for all n € N. Clearly,

¢t > ¢mx + é(bm for (t7LL‘) € By,
where

B, = {(t,x) € R2](t—tn)2+ (€ —2,)2 <d2 and t < tn} C R x [0, 00).

For n € N, set &, := é( +t,) and ¢, := ¢(- + tn, - + z,). Then, we can find some
subsequence, still denoted by n, such that d,, — do as n — oo for Some do € [czo, do),
{&ntnen converges to some £ uniformly on By := {(t,z) € R2|t2 + 22 < d% and t <

0} (where we used _\ﬁ”( ) = |€°(t)| < CY for t € R by Lemma [5.3), and {¢y, }nen
converges to some ¢ uniformly on By. Moreover, ¢ satisfies

Q_St > d_)xx + f_q_sx for (tyl') € By,

and, on By, ¢ attains its minimum 7 at (0,0). The maximum principle then implies
that ¢ = 9 on By. However, since (t,,0) € dB,, for all n € N and ¢(t,,0) > 0,
we obtain that ¢ > 0 at some point on 0By. This is a contradiction. Hence,
inf;>0.1er ¢(t, ) > 0 and the proof is complete. O

6. UNIQUENESS OF GENERALIZED TRAVELING WAVES

In this section, we investigate the uniqueness of generalized traveling waves of
(C2). Throughout this section, we assume uf(¢,z) is the generalized traveling
wave of (LZ) in Proposition and write u/ (t,r) and &/(t) as u(t,x) and £(t),
respectively. We assume that v(¢,z) is an arbitrary generalized traveling wave of
([C32). Hence, v(t, z) satisfies all properties as in Section

Recall that £§ : R — Rand & : R — R are such that v(¢, £} (¢)) = 0 = u(t, £(t)) for
all t € R. By considering space translations of v(¢,z) and u(t, ), we may assume,
without loss of generality, that £5(0) = 0 = £(0), that is, v(0,0) = 6 = u(0,0). We
will assume this normalization as well as (H1)-(H3) in the rest of this section, and
therefore, Theorem reads:

Theorem 6.1. There holds v(t,z) = u(t,z) for all z € R and t € R.

Before proving the above theorem, we first prove two lemmas. The first one
concerns the boundedness of interface locations between v(t,z) and u(t,z). For
A€ (0,1), let &y : R — R be such that u(t,&x(t)) = A for all ¢ € R. By the space
monotonicity of u(t, ), £, is well-defined and unique. In particular, & = &.

Lemma 6.2. For any A1, A2 € (0,1), there holds sup,cg [€3 () — &, (1) < o0 In
particular, there holds sup,cp |£5 () — £(t)] < oo.
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Proof. We note that by Proposition [[2(iii) and Lemma [B.2[ii), it suffices to
prove the “in particular” part sup,cp |&5(t) — &(t)] < oco. To do so, we show
(i) supco €5 (£) — £(1)] < 00 and (i) supyo 65 (1) — (1) < ox.

(1) Suppose on the contrary sup,«q €5 () — £(t)] = oo. Then there exists ¢, —
—o00 as n — oo such that |€§(t,) — &(,)| — 00 as n — co. Suppose first &5 (t,) —
§(tn) — o0 as n — oo. Let a € (0,%) be small and fixed, where cq is given in
Proposition [L2(iv). Recall that u(t,z) < e=©@=¢®) for 2 > £(t). Then, for any
e > 0 small and any (p > 0, we can find some large N such that

u(tn, x — (o) — eLalz — E(tn) — Co) < v(ty,z), =z €R,

where Ty, is given in B3) and £ : R — R is given in Proposition 21l Applying
Theorem 3.1l we find that

u(t,z—C)—e <ult,z—()—ee “EINIT (2—€() =) <v(t,z), z€R, t>ty,

where (1 = (o — % is close to (g if € is sufficiently small. Setting ¢ = 0 and

x = (1 + £(0) in the above estimate, we find 0 — e < v(0,¢; + £(0)), which leads
to &5_.(0) > ¢ + £(0). Since &_ (0) — £5(0) < Lg_cg, we have £5(0) — £(0) >
C1 — Lo—c,9 > 0 if we choose (p > 0 sufficiently large once € > 0 is fixed. This is a
contradiction to the normalization £§(0) = 0 = £(0).

Now assume & (t,) — &(tn,) — —o0 as n — oo. By Theorem [[4)(ii) and its proof,
we have £(t) = £9(t) + Lg and v(t,2) < fe= % @€' ) for 2 > £U(¢). Also, recall
that sup,cg |£5(t) — £9(t)| < oo. Let a € (0, 2) be small and fixed. Then, for any
€ > 0 small and any (y < 0, we can find some large N such that

v(tn,z) <ulty,z— (o) + elo(x — é(tN) — (), z€R
Applying Theorem B.1] we find that
v(t,z) < u(t,z—C)+ee ETINT (2—E(t)—C) <ult,z—C1)+e, z€R, t>ty,

where (1 = (o+2£¢. Setting t = 0 and = = (1 +£(0), we obtain v(0, {1 +£(0)) < f+e,
which leads to &5, .(0) < (1 + £(0). Since £5(0) — &4, .(0) < Lo gic, We arrive at
£5(0)—£&(0) < 1+ Lo pte < 0 if we choose —( sufficiently large once € > 0 is fixed.
This is a contradiction. Hence, sup,« |£5(t) — ()] < oc.

(ii) Fix a small o € (0, min{“Z, 2 }). On one hand, due to the normalization
£5(0) = £(0) and the fact that v(0,z) < e 5 (=€) for > £v(0), for any small
€ > 0, there holds

v(0,z) < w0,z — () + Loz —£(0) — (), = €R,
for large (o > 0. Theorem B.1] then yields
v(t,z) <ult,z — () +ee oz —E(t) —C) <ult,z —C1)+6, xR, t>0,

where (1 = (g + % Setting = = (1 + £(t), we find v(t, (1 + £(t)) < 0 + €, which
implies £y, (1) < (1 +&(t) for all ¢ > 0. It then follows from &;(t) — &5, (t) < Lot
for all t € R that &5 (t) — &(t) < (1 + Lg g4 for all t > 0.

On the other hand, for any small ¢ > 0, there holds

w(0,z + Co) — Loz — £(0) + ¢o) < v(0,z), = €R,
for large (o > 0. Again, by Theorem Bl we have

u(t,z+C1) —e<ult,z+¢) —ee ¥ o(z— () + ) <v(t,z), zeR, t>0,
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where (1 = (o + % Setting x = —(1 + £(t), we have 6 — e < v(t,—(1 + £(1)),
which leads to &__(t) > —C + &(t) for all t > 0. Since §§_ (t) — &5(t) < Lo—cp
for all ¢t € R, we find £j(t) — &£(t) > —C1 — Lg_cp for all ¢ > 0. This establishes

sup; > [€5 (1) — £(t)| < oo, and hence completes the proof. O

The second lemma giving a comparison of u(t, z) and v(¢, z) is similar to Lemma

b1l

Lemma 6.3. There exists hg > 0 such that for any h > hg there holds u(t,x) <
v(t,z —h) forz € R and t € R.

Proof. Note that due to the space monotonicity of v(t,z) by Theorem [L4(i), we
only need to show that for some hg > 0 there holds u(t,z) < v(t,x — ho) for x € R
and t € R. The proof is similar to, and even simpler than, that of Lemma [5.1] since
we now have space monotonicity. Let us sketch the proof.

For t € R, let

(6.1) Q= (=00 (O], Q= [grm0. (8),65(0)] and Qf = [€4.(6),00).

For i =1, m,r, set Q; = J,cp({t} x Q).
We first claim that there is some hg > 0 such that u(t,z) < v(t,z — ho) for
(t,z) € Q. In fact, due to Lemma [6.2] we have

ho = sup 51#(15) —{g(t)’ < 00.

teR

Ifx < 5% (t), then z—ho < €Y., (t), and hence v(t, x —hg) > 1+29* by monotonicity.
2

Since u(t,z) < % for (t,x) € Q,, the claim follows.

For €, we note that if (¢,z) € €, then we have both u(t,z) > % and
v(t,x — ho) > X and hence ¢(t,z) = v(t,x — ho) — u(t,z) satisfies ¢y = dpp +
a(t,x)¢ with a(t,z) < —8 by (H3). We then proceed as in the proof of Lemma 5.1
for 29 to conclude that

inf t,x — ho) —u(t > 0.
Lt (06— ho) — ult,2) 2

For Q,, we have u(t,z) < %, hence f(t,u(t,z)) = 0 for (t,z) € Q,. Thus,
o(t,x) = v(t,x — ho) — u(t, z) satisfies ¢y — Py = f(t,v(t,x — hg)) > 0. We then
proceed as in the proof of Lemma [5.1] for 23 to conclude that

inf (v(t,z — ho) — u(t,z)) > 0.
Lt (o(te = ho) = u(t.)

In conclusion, u(t,z) < v(t,x — hg) for z € R and ¢ € R, and the lemma
follows. O

Now, we prove Theorem

Proof of Theorem [611 We modify the proof of Theorem [[4(i). By Lemma (3]
there holds

hs :=inf {ho > O|u(t,z) <wv(t,x — ho), © € R, t e R} < o0.

We claim that h, = 0. For contradiction, suppose h, > 0. Since u(t,z) < v(t,x—hy)
for all z € R and ¢t € R, and »(0,0) = v(0,0) < v(0, —h,) by the normalization and
monotonicity, we have u(t,z) < v(t,x — h,) for all z € R and t € R.
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For i =1,m,r, let Qf be as in (6.1 and set Q; = Us<o({t} % Q1). Setting
o(t,x) =v(t,x — hye) —u(t,z), z€R, teR,
we show that

(6.2) inf  (t,x) > 0.

(t,x)EQm
In fact, if (€2)) fails, then there’s {(tn,Zn)}nen C Q,, with ¢, - —c0 as n — o0
such that ¢(t,,x,) — 0 as n — oo. Since ¢ > 0, we conclude from Harnack’s
inequality that ¢,(t,z) := ¢(t + t,,z + ) converges locally uniformly to 0 as
n — oo. This, in particular, implies that for any € > 0, there exists M = M (e) > 0
and N = N(e) > 0 such that

(6.3)
sup ¢,(0,z) < £ forallneN and sup ¢,(0,z) < £ forall n > N.
jol>M 100 jal<M 100

The first one holds for all n € N due to the uniform-in-time limits at £oo of
generalized traveling waves and the fact that (t,,z,) € Q,, for all n € N. The
second one is due to the locally uniform limit as above.

Moreover, since (t,,, z,) € Q,, for all n € N, there holds sup,, ¢y [£(tn) — 25| < 0.
Also, we recall that v(t,, z) is exponential decay ahead of £°(t,,) by Theorem [[4Yii)
and sup,,cy [€¥(t,) — £(t,)] < oo by Lemma [52(ii), Lemma and Lemma [6.2]
Now, using ([63), we have

Gn(0,2 — xp) = V(tp, & — hy) — u(ty, x) < WGO for z <z,

provided n > N. For z > z,,, we have from (@3]
O (0,2 — ) = V(tn, 2 — hy) — u(ty, ) < min {ﬁ,v(tn, x— h*)}

provided n > N. We then conclude from the exponential decay of v(t,, x — h.) and
the uniform bounds
sup |§(tn) - :En‘ < 00, sup ‘év(tn) - g(tn)‘ < oo and sSup ‘f(tn) - é(tn)l <00
neN neN neN
that for any € > 0 there holds

Dn(0,2) < Lz — g(tn)), r € R,

if n is sufficiently large, where o € (0, %) is small. The above estimate is the same
as

V(tn, T — hy) <u(tn,x) + Loz —E(tn)), z€R.
Theorem [3.1] then implies that

v(t,x — hy) <ult,x — 1) + ee_“(t_t”)Fa(x — é(t) - (1)
<wult,z—C)+e TR, t>t,,

where (; = % Setting x = £(t) + (1, we find v(¢,&(t) + ¢ — ho) < 0 + ¢, which
yields &5, (t) < &(t) + (1 — ha, and then £5(t) < &(t) 4+ G — ha + &5 (1) — &, (1)
Now, setting ¢ = 0 and choosing € > 0 small so that ¢; +&4(0) — &5, (0) < %, we
deduce from the normalization that 0 < —}‘2—*. This is a contradiction. Hence, (6.2])
holds.
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Mimicking the arguments for (5.3)), we conclude from (6.2), sup,cg ;er [v2(t, )]
< 00 and SUp,cg ser |Uz(t, )| < 00 that there is small 0. € (0, h.) such that
inf (v(t,x — (he —6x)) —u(t,x)) > 0.
(t,x)EQm,
We now argue as in the proof of Lemma Bl for Qs and Q3 (here, we need to consider
the restriction ¢ < 0) to find
inf  (v(t,z— (he —dx)) —ult,z)) >0, =17
(t,x)eQ;
Thus, infyer i<o(v(t,x — (he — 04)) — u(t,z)) > 0. The maximum principle then
implies that inf( yyer2(v(t,® — (hs — 0x)) — u(t,x)) > 0, which contradicts the
minimality of h.. Hence, h, = 0. It then follows that v(t,z) > u(t,x) for all z € R
and t € R. Since v(0,0) = u(0, 0) by normalization, the maximum principle ensures
that v = u. This completes the proof. (]

7. RECURRENCE OF GENERALIZED TRAVELING WAVES

In this section, we study the recurrence of the wave profile ¥/ (t,x) =
uf (t,z + €7(t)) and the wave speed £/ (¢) of the unique generalized traveling wave
uf (t,x) of (L2), and the almost periodicity of ¥/ (t,z) and £7(t) in t when f(t,u)
is almost periodic in t.

We are going to prove Theorem Before this, let us first recall the definition
of almost periodic functions and some basic properties.

Definition 7.1. (i) A continuous function g : R — R is called almost peri-
odic if for any sequence {a/,},en C R, there is a subsequence {a, }nen C
{a), }nen such that lim, o g(t + ) exists uniformly in ¢ € R.

(ii) Let g(¢,u) be a continuous function of (t,u) € R xR. g is said to be almost
periodic in ¢ uniformly with respect to u in bounded sets if ¢ is uniformly
continuous in ¢ € R and u in bounded sets, and for each u € R, g(¢,u) is
almost periodic in t.

(iii) Let g € C(R x R,R) be almost periodic in ¢ uniformly with respect to wu,

and let
glt,u) ~ Y ax(u)e™
A€ER
be the Fourier series of g (see [45], [50] for the definition). Then S(g) =
{Alax(u) # 0} is called the Fourier spectrum of g, and

M(g) = the smallest additive subgroup of R containing S(g)
is called the frequency module of g.

Remark 7.2. (i) Suppose that g : R — R is continuous and almost periodic.
Then lim7 o0 7 fOT g(t)dt exists.

(ii) Let g(t,u) be a continuous function of (¢,u) € R x R. g is almost periodic
in ¢ uniformly with respect to u in bounded sets if and only if g is uniformly
continuous in ¢ € R and v in bounded sets, and for any sequences {a, }ren,
{/B';L}TLEN C R, there are Subsequences {an}nGN C {a%}nGNa {Bn}nGN C
{8} }rnen such that

lim lim g(t+ ap + Bm,u) = lim g(t + oy + Bn,u)
n—oo

n—o0 Mm—roQ

for each (t,u) € R x R (see [19] Theorems 1.17 and 2.10]).

Licensed to Univ of Alberta. Prepared on Fri Jan 26 15:05:40 EST 2018 for download from IP 129.128.216.34.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



STABILITY, UNIQUENESS AND RECURRENCE 2607

(iii) Assume that g1, g2 € C(R x R,R) are two uniformly almost periodic func-
tions in its first independent variable. If for any sequence {t,}neny C R
with g1 - t, — ¢1 as n — oo, there holds g5 - t, — g2 as n — oo, then
M(g2) € M(g1) (it follows from the results in [50] (see also [19]).

In the rest of this section, we assume that (H1)-(H4) hold. Then, any g €
H(f) satisfies (H1)-(H3). Let u9(¢,x) be the unique generalized traveling wave of
(T4 with the continuously differentiable interface location function £9(¢) satisfying
u9(t,&9(t)) = 0 and the normalization £9(0) = 0. Let ¢9(t,z) = u9(t,z + £9(¢t)) be
the profile function. For any ug € Cb ..(R,R), let u(t, z;ug,g) be the solution of
(L4) with u(0,z;u0,g) = uo(x).

Next, we prove a lemma.

Lemma 7.3. (i) For any g € H(f),
(7.1) YI(r,2) =97 (0,z), VT,x€eR.
(ii) limys oo ¥9(t,z) = 1 and limy_oo Y9(¢t, ) = 0 uniformly in t € R and
geH(f).
(iii) SUPgcH (f) 1R |€9(¢)| < 0.

Proof. (i) Observe that for any given 7 € R, uy(t,x) = ¢97(t,x — &97(t)) is a
generalized traveling wave of

(72) Up = Ugy + g(t +7, u)

with uq (¢,£97(t)) = 6. Observe also that us(t,z) = ¢Y9(t + 7,2 —E9(t + 7)) is a
generalized traveling wave of (T2)) with ua(t,£9(t+7)) = 0. Then by Theorem [L[F]

(7.3) YIT(t,x) =PIt + 7, ).
Setting t = 0, we get (T.I]).

(ii) By ([3)), for any 7 € R,

Ity =l (t+T,x), TER, teR.

As a consequence, we have
(74) lim_ Tt x) =1, lim. I 7 (t,x) =0 uniformly in t € R and 7 € R.
Moreover,
(7.5) Wt e+ @) =t + e+t +7), zeR, teR.
In particular, for any 7 € R,
(7.6) ul T, ) = ul(t + T, el (t 4+ 1), tER.

Setting = 0 in (Z3) and then differentiating the resulting equality with respect
to t, we obtain for any ¢ € R,

Ll t+ 7o+t +71)]—ul (7 (1)
ul 7 (t, 607 (1))
Ll (t+ 7o+t +7)]—ul (7 (1)
ub(t+ 7,65t +7))

where we used (0] in the second equality. By a priori estimates for parabolic
equations and Proposition [L2(ii), 4 [uf(t+ 7,2+ & (t+7))] and u! 7(t,£7(¢)) is

&) =

b

Licensed to Univ of Alberta. Prepared on Fri Jan 26 15:05:40 EST 2018 for download from IP 129.128.216.34.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2608 WENXIAN SHEN AND ZHONGWEI SHEN

bounded uniformly in ¢ € R and 7 € R, and uf (t+7, &7 (t+7)) is negative uniformly
int € R and 7 € R. Hence, ¢/ (t) is bounded uniformly in ¢ € R and 7 € R, i.e.,

(7.7) sup €77 (t)] < o0.
tER,TER

For any g € H(f), there is {t,} C R such that g, := f-t, — ¢g in H(f). By (T4)
and a priori estimates for parabolic equations, there exists a continuous function
Y(+,59) : R x R — [0, 1] such that, up to a subsequence,

I (t,z) = Y(t,z;9) as n — oo locally uniformly in (¢,x2) € R x R
and

(7.8) lm ¢(t,z;9) =1, lim ¢(t,2;9) = 0 uniformly in t € R, g € H(f).
Tr—r— 00 r—r0o0

We claim that ¥9(t,x) = (¢, x; g). In fact, as a special case of (.7,

(7.9) sup €97 (1)] < oo.
teR,nEN

As a result, there exists a continuous function £(+;g) : R — R such that, up to a
subsequence,

(7.10) &9 (t) = &(t;9) as  m — oo locally uniformly in ¢ € R.

Hence
It e — &0 (1) = v(t,z — £(t 9); 9)

as n — oo locally uniformly in (¢,2) € R x R. Observe that u(t,x;1%"(0, ), gn)
(= 9 (t,x — &9 (t))) is an entire solution of (L) with g being replaced by g, and

u(t, 2399 (0,-), gn) — u(t, ;10,5 9), 9)

as n — oo locally uniformly in (¢,2) € R x R. It then follows that
u(t,z;9(0,9),9) =¥tz —£(t;9);9), z€R, teR

Thus, ¥(t,z — £(t;9);9) is an entire solution of ([[4). Set wu(t,z;g) :=
P(t,x — &(t;9);9). Due to [T8), for u(t,z;g) being a generalized traveling wave,
it remains to show that £(t; ¢) is differentiable and sup,cp |£(¢;9)] < co. To do
so, we first see that wu(t,z;g) is strictly decreasing in = by the maximum principle
and the fact that ¢ (¢, z; g) is nonincreasing in 2. Moreover, since u(t,£(t;9);9) =
P(t,0;9) = lim, o0 97 (¢,0) = 0 for any ¢t € R, £(¢; g) is continuously differentiable.
Then, there must hold
(7.11) sup [£(t:9)| < sup [€7(#)] < oo;

teR tER,neN
otherwise we can easily deduce a contradiction from (7.9) and (Z.I0). Consequently,
u(t,x; 9) = Y(t,x — £(t; 9); g) is a generalized traveling wave of (L4). By Theorem
[ we have

It @) = P(t, x5 9).

This proves the claim, and then (ii) follows from (Z.g]).

(iii) Tt follows from (7)) and ([TITI). O
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Finally, we prove Theorem

Proof of Theorem [LA First of all, (L) follows from Lemma [T3(i).
Second, we prove (L6)); that is, for any g € H(f),

1,(,0) +g(t, ¥9(4,0))

(1) = -

$i(t, 0)
Differentiating w9 (t, 9(t)) = 19(t,0) = 6, we get ud (t,£9(t)) +ud(t, 9(t))E9(t) = 0,
that is,
fq(t) — utg(ta gq(t))

u(t,69(t))’
which is meaningful by Theorem [[L4[i). Note that
ui(t,x) = uf,(t,x) + g(t,u?(t, x))
and
ug(t,w) = Ptz — &0(1),  ui,(tx) = 9L, (tx - &(1)).

We then have (L0).
Next, we show ([7); that is, the mapping

(7.12) [H(f) > g~ 19(0,-) € Cb (R, R)] is continuous.

Suppose that ¢* € H(f), {gn}tnen C H(f) and g, — g* in H(f) as n — oo, that
is,

gn(t,x) = g*(t,x) as n — oo locally uniformly in (¢,2) € R x R.

Thus, by Proposition[[.2land Lemma[7.3] without loss of generality, we may assume
that there are continuous functions £* : R — R and 9* : R x R — [0, 1] such that

&9 (t) = &7 (t), Y (t,x) = ¥*(t,x)
as n — oo uniformly in z € R and locally uniformly in ¢ € R. Hence
It x — & (1) = 7 (tx — £7(1))
as n — oo uniformly in z € R and locally uniformly in ¢ € R. Observe that
u(t, z;99(0,+), gn) = I (t,x — £97(t)) is an entire solution of (L) with g being
replaced by g, and
u(t, z;99(0, ), gn) = u(t, z;97(0,-), 9%)

as n — oo locally uniformly in (¢,2) € R x R. It then follows that
ut,z;97(0,-),9") =7 (t,x — (1))
This implies that ¢* (¢, z — £*(¢)) is an entire solution of ([4)). By Lemma [[3|(ii),

lim ¢*(t,z)=1, lim ¢"(t,) =0 uniformly in ¢ € R.
T—r00

T—r—00

Note that 1*(t,x) is nonincreasing in x. This together with the comparison prin-
ciple for parabolic equations implies that ¢, (¢t,2) < 0 for all t € R and z € R and
then £*(t) is continuously differentiable. By Lemma [T3[iii), we have

sup |§*(t)\ < 0.
teR
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It then follows that ¥*(¢t,x — £*(t)) is a generalized traveling wave of (L4 with g
being replaced by g*. Then by Theorem [, v*(t,z) = 19 (t,z), and therefore,

P9 (0,x) — 9 (0,2) as n — oo uniformly in z € R.

That is, (CI2)) holds.

Now assume that f(¢,u) is almost periodic in ¢ uniformly with respect to u in
bounded sets. For any given sequences {a/, }nen, {0, }nen C R, there are subse-
quences {ay tnen C {a), tnens {Bntnen C {8}, }nen such that

lim lim f(t+an + B, u) = I f(t+on + Bo,u)

n—oo m—roo

for all t € R and w € R. Let g(t,u) = limy oo f(t + Bim,u) and h(t,u) =
lim,, 00 g(t + ap,w). By (1) and (TI2),

lim ¢f(t + ﬂmvx) — mlgnoo wf-(t‘i’ﬂm)(o’ x) — ¢g~t(0’x),

m—00

lim 9 (t + o, ) = lim 9 Een) (0, 2) = Y40, 2) = VP(¢, ),

n—oo n—oo

and
lim ¢/ (t + o, + B, ) = lim Pftrantbn) (0 z) = "0, 2) = Yh(t, x)
n— oo n—0o00

for all t € R and = € R. Therefore,

lim lim ¥/ (t + an + Bm, z) = li_>m VI (t+an+ Bn,z), VteER, zeR.
n oo

n—00 M—r00

Obviously, 1/ (¢, z) is uniformly continuous in ¢ € R and = € R. By Remark [T.2(ii),
Y/ (t,x) is almost periodic in ¢ uniformly with respect to x. Moreover, by Remark

[C2(iii) and (I2), M(¥7(-,-)) € M(f(-,)).

Finally, note that

f _ 1Z)f(t7l‘_|_h) —1/)f(t71”)
Yzt o) = flL1—>0 h

and

T ¢£(t7$+h)—¢£(t7$)
Vla(t,0) = lim 2

uniformly in ¢ € R and = € R. Hence 9 (¢,2) and v/, (¢, 2) are almost periodic in
t uniformly with respect to . Then by (IL8]), £/ (¢) is almost periodic and the limit

I (t f
tlggof() S 7t1g£10t/£f

exists. Moreover, we also have M (9] (-,)), \ M@L () € M(f(-,-)) by Remark
[T2(iii) and (ZI2). Then, by (L6) again, M(&f(- )) M(f(-,))- O
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