
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

SIAM J. MATH. ANAL. © 2021 Society for Industrial and Applied Mathematics
Vol. 53, No. 2, pp. 1958--1992

CONVERGENCE TO PERIODIC PROBABILITY SOLUTIONS IN
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Abstract. The present paper is devoted to the study of convergence of solutions of a Fokker--
Planck equation (FPE) associated to a periodic stochastic differential equation with less regular
coefficients under various Lyapunov conditions. In the case of nondegenerate noises, we prove two
types of convergence of solutions to the unique periodic probability solution, namely, convergence in
mean and exponential convergence. In the case of degenerate noises, we show the convergence of so-
lutions in mean to the set of periodic probability solutions. New results on the uniqueness of periodic
probability solutions and global probability solutions of the FPE are also obtained. As applications,
we study the long-time behaviors of the FPEs associated to stochastic damping Hamiltonian systems
and stochastic slow-fast systems, and of weak solutions of periodic stochastic differential equations
with less regular coefficients.
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1. Introduction. Consider ordinary differential equations (ODEs) of the form

(1.1) \.x = V (x, t), x \in \scrU ,

where t is the time variable, \.x stands for the time derivative of x = x(t), \scrU \subset \BbbR d
is an open connected domain, and V = (V i) : \scrU \times \BbbR \rightarrow \BbbR d is a time T -periodic
vector field, called the drift field, for some T > 0. The periodic time dependence in
(1.1) is frequently used in applications, for instance in biology, ecology, physics, and
engineering, to model time recurrence and seasonal variations in the vector field. As
real world problems are often subject to noise perturbations from either surrounding
environments or intrinsic uncertainties [20], more realistic models should often take
the fluctuations or noises into consideration. This motivates us to consider noise
perturbations to the ODE (1.1) that result in the following stochastic differential
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CONVERGENCE TO PERIODIC PROBABILITY SOLUTIONS 1959

equation (SDE):

(1.2) dx = V (x, t)dt+G(x, t)dWt, x \in \scrU ,

where G : \scrU \times \BbbR \rightarrow \BbbR d\times m is a time T -periodic noise coefficient matrix with m \geq d,
and W = (Wt)t\in \BbbR is a standard m-dimensional Wiener process. The SDE (1.2) is
naturally connected to the following Fokker--Planck equation (FPE):

(1.3) \partial tu = \partial 2ij(a
iju) - \partial i(V

iu), x \in \scrU ,

where A := (aij) = 1
2GG

\top is the diffusion matrix, \partial i = \partial xi , \partial 
2
ij = \partial 2xixj

, and the
summation convention is used in the right-hand side of (1.3). Not only does the FPE
(1.3) govern the distributions of the solutions of (1.2), but it has also been directly
used to model the evolution of the distributions for many stochastic processes [33].
We emphasize that a general domain \scrU rather than the whole space \BbbR d expands
the scope of applications. For instance, mathematical models arising in population
biology often have the first quadrant of \BbbR d as the phase space.

Two fundamental problems concerning the long-time dynamics of the SDE (1.2)
and the FPE (1.3) are the existence and uniqueness of steady states and the con-
vergence of their solutions to the steady states. These problems have been exten-
sively studied when V (x, t) = V (x) and G(x, t) = G(x) are autonomous in both
regular or less regular cases, in which steady states are often defined to be the sta-
tionary measures, or stationary distributions. We refer the reader to [9, 5, 7, 6, 18, 19]
and references therein for the existence and uniqueness of stationary measures, and
[25, 32, 5, 29, 26, 3, 6, 23] and references therein for the convergence of solutions of
(1.2) and (1.3) to stationary measures. Many different approaches have been taken
and developed to study these problems. For instance, ergodic properties of Markov
processes and stochastic analytical techniques are adopted in [25, 32, 29, 26, 3], the-
ories of Dirichlet forms and semigroups are used in [9, 5, 6], and PDE techniques
are developed in [9, 5, 7, 6, 18, 19, 23]. We emphasize that (1.2) and (1.3) with less
regular coefficients arise naturally in applications, for instance in modeling complex
fluid flows [31], and their study gives rise to challenging mathematical problems.

When V and G are T -periodic in t and admit at least Lipschitz regularity in
x, steady states of (1.2) and (1.3) are characterized by the periodic analogues of
stationary measures, called periodic solutions, that appeared in the literature under
different names and definitions. The investigation of these fundamental problems
for (1.2) and (1.3) with locally Lipschitz coefficients has attracted much attention,
especially in recent years. In [26], Khasminskii defined periodic solutions for the
SDE (1.2) in the sense of periodic Markov processes and proved the existence under
periodic Lyapunov conditions. In [11], Chen et al. studied the existence of classical
periodic solutions of the FPE (1.3), assuming the existence of an uncommon Lyapunov
function. The existence of periodic solutions of semilinear SDEs has been established
in [30, 21, 13, 10] and references therein. Zhao and Zheng [35] and Feng, Zhao, and
Zhou [16] studied the existence of the so-called random periodic solutions of (1.2) in
the framework of random dynamical systems. As for the convergence, Feng, Zhao, and
Zhong investigated in [15] the ergodic property of (1.2) that generalizes the classical
ergodic theory of (1.2) in the autonomous case.

For (1.2) and (1.3) with less regular coefficients, the authors of the present paper
adopted PDE techniques in [22] to show the existence of periodic probability solutions
(see Definition 1.1) of (1.3) under a Lyapunov condition. The uniqueness of periodic
probability solutions and the convergence of solutions of (1.3) remained open.
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1960 MIN JI, WEIWEI QI, ZHONGWEI SHEN, AND YINGFEI YI

The main purpose of the present paper is to investigate the uniqueness of periodic
probability solutions of (1.3) as well as the convergence of the solutions of (1.2) and
(1.3) when V and G are less regular. Our study of the convergence issue also gives
an alternative approach for the existence of periodic probability solutions of (1.3)
but under stronger conditions than those required in [22]. We recall from [22] the
definition of periodic probability solutions of (1.3). Denote by

\scrL := \partial t + aij\partial 2ij + V i\partial i

the parabolic operator associated to the dual equation of (1.3).

Definition 1.1 (periodic probability solution). A Borel measure \mu on \scrU \times \BbbR 
is called a periodic probability solution of (1.3) if there exists a family of Borel
probability measures (\mu t)t\in \BbbR on \scrU satisfying \mu t = \mu t+T for all t \in \BbbR , aij , V i \in L1

loc(\scrU \times 
\BbbR ,d\mu tdt) for all i, j \in \{ 1, . . . , d\} , and

\int 
\BbbR 
\int 
\scrU \scrL \phi d\mu tdt = 0 for all \phi \in C2,1

0 (\scrU \times \BbbR ),
such that d\mu = d\mu tdt, writing \mu = (\mu t)t\in \BbbR in short.

To proceed, dissipative conditions in terms of Lyapunov functions are needed. For
a nonnegative function U \in CT (\scrU \times \BbbR ) (see Table 1 for the definition), we define for
each \rho > 0, the \rho -sublevel set \Omega \rho = \{ (x, t) \in \scrU \times \BbbR : U(x, t) < \rho \} , and its t-sections
\Omega t\rho = \{ x \in \scrU : U(x, t) < \rho \} for t \in \BbbR . From now on, we begin to use some function
spaces, which, except for the usual ones, are collected in Table 1 at the end of this
section. We define four types of Lyapunov functions as follows.

Definition 1.2. A function U \in CT (\scrU \times \BbbR ) is called an unbounded compact
function if U \geq 0 and there is a sequence \{ \scrU n\} n\in \BbbN of open sets in \scrU satisfying
\scrU n \subset \scrU n+1 \subset \subset \scrU for all n \in \BbbN and \scrU =

\bigcup \infty 
n=1 \scrU n such that

(1.4) inf
(\scrU \setminus \scrU n)\times \BbbR 

U \rightarrow \infty as n\rightarrow \infty .

An unbounded compact function U \in C2,1
T (\scrU \times \BbbR ) is called a Lyapunov function

(with respect to \scrL ) of the following types:
(L1) There are positive constants \rho m, C1, and C2 such that \scrL U \leq C1U + C2 in

(\scrU \times \BbbR ) \setminus \Omega \rho m .
(L2) There are positive constants \rho m and \gamma such that \scrL U \leq  - \gamma in (\scrU \times \BbbR ) \setminus \Omega \rho m .
(L3) limn\rightarrow \infty sup(\scrU \setminus \scrU n)\times \BbbR \scrL U =  - \infty .
(L4) There are positive constants \rho m, C1, and C2 such that \scrL U \leq  - C1U + C2 in

(\scrU \times \BbbR ) \setminus \Omega \rho m .

Note that in the definition of Lyapunov functions of types (L1) and (L4), the
domain (\scrU \times \BbbR ) \setminus \Omega \rho m cannot be replaced by \scrU \times \BbbR , as the drift field V is not
necessarily continuous or bounded. As the definitions of these Lyapunov functions are
based on unbounded compact functions, they are necessarily unbounded. The word
``unbounded"" often appears in front of these functions in literature just to highlight
their unboundedness. In this paper, we choose to suppress the word ``unbounded"" in
front of these functions for the sake of simplicity. Whenever no confusion is caused,
we also suppress the phrase ``with respect to \scrL "".

We point out that the unboundedness of a Lyapunov function of type (L1), the
weakest among all types, ensures the conservation of mass (see Theorem 2.3). In the
case of smooth coefficients, it simply says that trajectories of the solution process of
(1.2) do not reach the boundary of \scrU in finite time. Thus, the system on \scrU can be
treated in the same way as it is on \BbbR d.

To study the uniqueness of periodic probability solutions of (1.3), we make the
following assumption.
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CONVERGENCE TO PERIODIC PROBABILITY SOLUTIONS 1961

(H1) For fixed p > d + 2, aij \in L\infty (\BbbR ;W 1,p
loc (\scrU )) and V i \in Lploc(\scrU \times \BbbR ) for each

i, j = 1, . . . , d. The diffusion matrix A = (aij) is locally uniformly positive
definite; that is, for each open set \scrV \subset \subset \scrU , there are positive constants \lambda \scrV and
\Lambda \scrV such that \lambda \scrV | \xi | 2 \leq aij(x, t)\xi i\xi j \leq \Lambda \scrV | \xi | 2 for all (x, t) \in \scrV \times \BbbR and \xi \in \BbbR d.

Our result on uniqueness is as follows.

Theorem A (uniqueness). Assume (H1). If \scrL admits a Lyapunov function of
type (L1), then there exists at most one periodic probability solution of (1.3).

We remark that the existence of periodic probability solutions of (1.3) is estab-
lished in [22, Theorem A] under (H1) and a Lyapunov function of type (L2). This
together with Theorem A gives the following corollary.

Corollary A. Assume (H1). If \scrL admits a Lyapunov function of type (L2),
then there exists a unique periodic probability solution of (1.3).

Let\scrM p(\scrU ) be the space of all Borel probability measures on \scrU . We recall the defi-
nition of global probability solutions, whose existence and uniqueness are investigated
in subsection 2.2.

Definition 1.3. Let \scrI \subset \BbbR be an open interval, and let s \in \BbbR :
(1) A Borel measure \mu on \scrU \times \scrI is called a measure solution of (1.3) (in \scrU \times \scrI )

if there exists a family of Borel measures (\mu t)t\in \scrI on \scrU satisfying aij , V i \in 
L1
loc(\scrU \times \scrI ,d\mu tdt) for all i, j \in \{ 1, . . . , d\} and

(1.5)

\int \int 
\scrU \times \scrI 

\scrL \phi d\mu tdt = 0 \forall \phi \in C2,1
0 (\scrU \times \scrI ),

such that d\mu = d\mu tdt. In this case, we write \mu = (\mu t)t\in \scrI . If, in addition,
\scrI = (s,\infty ) and \mu t(\scrU ) \leq 1 (resp., \mu t(\scrU ) = 1) for a.e. t \in \scrI , then \mu is called
a global subprobability solution (resp., global probability solution) of (1.3).

(2) Let \scrI = (s, t0) for some t0 \in (s,\infty ]. A measure solution \mu = (\mu t)t\in \scrI of (1.3)
is said to satisfy the initial condition

(1.6) \mu s = \nu \in \scrM p(\scrU )

if for each \phi \in C\infty 
c (\scrU ), there is a set J\phi \subset \scrI satisfying | \scrI \setminus J\phi | = 0 such that

(1.7) lim
J\phi \ni t\rightarrow s

\int 
\scrU 
\phi d\mu t =

\int 
\scrU 
\phi d\nu .

In this case, \mu = (\mu t)t\in \scrI is simply called a measure solution of the Cauchy
problem (1.3) and (1.6). If, in addition, \scrI = (s,\infty ) and \mu = (\mu t)t\in (s,\infty ) is a
global subprobability solution (resp., global probability solution) of (1.3), then
\mu is called a global subprobability solution (resp., global probability solution)
of the Cauchy problem (1.3) and (1.6).

We prove three results on the convergence of global probability solutions of the
Cauchy problem (1.3) and (1.6) to periodic probability solutions. To state the first
one, we make the following assumptions on A and V .
(H2) aij , V i \in C(\scrU \times \BbbR ) for each i, j = 1, . . . , d.

Theorem B (convergence in mean). Assume (H2) and that \scrL admits a Lya-
punov function of type (L3) U . Let \mu = (\mu t)t\in (s,\infty ) be a global probability solution of
the Cauchy problem (1.3) and (1.6) with

\int 
\scrU U(\cdot , s)d\nu < \infty . Then for any sequence
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of positive integers \{ nj\} j\in \BbbN with limj\rightarrow \infty nj = \infty , there exist a subsequence, still de-
noted by \{ nj\} j\in \BbbN , and a periodic probability solution \~\mu = (\~\mu t)t\in \BbbR of (1.3) such that
the following hold:

(1) For each bounded \phi \in CT (\scrU \times \BbbR ), there holds that

lim
j\rightarrow \infty 

1

njT

\int t+njT

t

\int 
\scrU 
\phi d\mu \tau d\tau =

1

T

\int T

0

\int 
\scrU 
\phi d\~\mu \tau d\tau \forall t \geq s.

(2) For each \psi \in C2
c (\scrU ), there holds that

lim
j\rightarrow \infty 

1

nj

nj - 1\sum 
k=0

\int 
\scrU 
\psi d\mu t+kT =

\int 
\scrU 
\psi d\~\mu t for a.e. t > s.

In particular, if (1.3) admits a unique periodic probability solution \~\mu = (\~\mu t)t\in \BbbR , then
the convergence in (1) and (2) holds for the whole sequence \BbbN .

Under the conditions of Theorem B, the diffusion matrix A is allowed to be
degenerate in \scrU , in which case the FPE (1.3) can admit multiple periodic probability
solutions. This is why the main part in the statement of Theorem B only asserts the
average attractiveness of global probability solutions of the Cauchy problem (1.3) and
(1.6) by the set of periodic probability solutions of (1.3). If we assume, in addition,
that A is locally uniformly positive definite as in (H1), then Theorem A guarantees
the validity of the ``In particular"" part in the statement of Theorem B. The same
results can be established under slightly weaker conditions on the coefficients. As
the proof is almost the same, we state the results in the next corollary, which is our
second result on the convergence.

Corollary B. Assume (H1) and that \scrL admits a Lyapunov function of type
(L3) U . Then for any global probability solution \mu = (\mu t)t\in (s,\infty ) of the Cauchy problem
(1.3) and (1.6) with

\int 
\scrU U(\cdot , s)d\nu <\infty , there holds that for any \psi \in Cb(\scrU ),

lim
n\rightarrow \infty 

1

n

n - 1\sum 
k=0

\int 
\scrU 
\psi d\mu t+kT =

\int 
\scrU 
\psi d\~\mu t \forall t \in (s, s+ T ],

where \~\mu = (\~\mu t)t\in \BbbR is the unique periodic probability solution of (1.3).

Compared to the convergence in Theorem B (2), the convergence in Corollary B
holds for a larger class of test functions. This is because the assumption (H1) (more
precisely, the locally uniform positive definiteness of A in (H1)) ensures the existence
of the continuous density of a global probability solution \mu = (\mu t)t\in (s,\infty ), which
guarantees the continuity of the function t \mapsto \rightarrow 

\int 
\scrU \phi d\mu t on (s,\infty ) for each \phi \in Cb(\scrU ),

while under the conditions in the statement of Theorem B, the continuity of the
function t \mapsto \rightarrow 

\int 
\scrU \phi d\mu t on (s,\infty ) is only obtained when \phi \in C2

c (\scrU ).
Conclusions in Theorem B and Corollary B can be regarded as weak forms of

Birkhoff's ergodic theorem. Moreover, their proofs do not require the standard semi-
flow property that plays essential roles in the proof of the classical ergodic theorem
for measure-preserving dynamical systems and Markov processes. Indeed, under the
assumption (H1) or (H2), the uniqueness of solutions of the Cauchy problem (1.3)
and (1.6) is unknown. Even if we assume the uniqueness, they are only known to
generate a semiflow under the weak*-topology. Such weak ergodic theorems without
semiflow property can potentially serve as theoretical foundations for the evolution
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CONVERGENCE TO PERIODIC PROBABILITY SOLUTIONS 1963

of practical systems that are often too complicated to admit the standard semiflow
property or get it tested.

Our third convergence result concerns the exponential convergence of global prob-
ability solutions of the Cauchy problem (1.3) and (1.6) to periodic probability solu-
tions under Lyapunov functions of type (L4). This requires Lipschitz conditions on
A = (aij) as follows.
(H3) For each i, j = 1, . . . , d, the entry aij is locally Lipschitz in x; that is, for

each open set \scrV \subset \subset \scrU , there is an L\scrV > 0 such that
\bigm| \bigm| aij(x1, t) - aij(x2, t)

\bigm| \bigm| \leq 
L\scrV | x1  - x2| for all x1, x2 \in \scrV and a.e. t \in \BbbR .

Theorem C (exponential convergence). Assume (H1) and (H3). Suppose \scrL 
admits a Lyapunov function of type (L4) U . Then there exist positive constants C1

and C2 such that for any global probability solution \mu = (\mu t)t\in (s,\infty ) of the Cauchy
problem (1.3) and (1.6) with

\int 
\scrU U(\cdot , s)d\nu <\infty , there holds that

\| \mu t  - \~\mu t\| TV \leq C1e
 - C2(t - s) \forall t > s,

where \~\mu = (\~\mu t)t\in \BbbR is the unique periodic probability solution of (1.3) and \| \cdot \| TV
denotes the total variation norm.

An important piece in the proof of Theorem C is the construction of the transi-
tion probability densities p(s, x, t, y) for s < t and x, y \in \scrU associated to the global
probability solutions of the Cauchy problem (1.3) and (1.6) (see subsection 5.1). This
benefits from the assumption (H3), which, together with the assumption (H1), en-
sures the existence, regularity, and uniqueness of global probability solutions of the
Cauchy problem (1.3) and (1.6) (see Theorem 2.3). Consequently, the transition prob-
ability densities can be defined and shown to satisfy expected properties resulting in
the applicability of classical arguments leading to the exponential convergence.

It is worthwhile to point out that our approaches for the convergence are different
from those in [23] for the autonomous case based on the sophisticated theory of gener-
alized Markov semigroups associated to stationary measures developed in [9]. In fact,
it is unclear whether there is an analogous theory of generalized Markov semigroups
associated to periodic probability solutions. Any progress along this direction would
be helpful for improving the convergence results in Theorem B and Corollary B.

In this paper, we also consider three applications of Theorem B, Corollary B, and
Theorem C as follows. (i) For a class of stochastic damping Hamiltonian systems,
Lyapunov functions of type (L3) are constructed to ensure the convergence of global
probability solutions of the associated FPEs as stated in Theorem B. (ii) For a class
of stochastic slow-fast systems with very strong dissipative properties along the fast
directions and nondegenerate noises only along the slow directions, we show the ex-
istence and uniqueness of periodic probability solutions as well as the convergence of
global probability solutions of the associated FPEs under Lyapunov conditions along
the slow directions. (iii) For an SDE with less regular coefficients, we show that the
distributions of their globally defined weak solutions are global probability solutions
of the associated FPE, and hence, under appropriate Lyapunov conditions, the con-
vergence of globally defined weak solutions is established as simple consequences of
our convergence results. The details of these applications are given in section 6.

The rest of the paper is organized as follows. In section 2, we recall some basic
facts, including, in particular, equivalent formalisms of global probability solutions of
the Cauchy problem (1.3) and (1.6) and the regularity theory of measure solutions
of (1.3), and we prove the global well-posedness of the Cauchy problem (1.3) and
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Table 1
Notations.

\scrI \subset \BbbR An interval
Cc(\scrU ) Space of compactly supported continuous functions on \scrU 
Cb(\scrU ) Space of bounded continuous functions on \scrU 
C2

c (\scrU )/C\infty 
c (\scrU ) Cc(\scrU ) \cap C2(\scrU )/Cc(\scrU ) \cap C\infty (\scrU )

C0(\scrU \times \scrI ) Space of compactly supported continuous functions on \scrU \times \scrI 
Cc(\scrU \times \scrI ) Space of continuous functions u : \scrU \times \scrI \rightarrow \BbbR such that u(t, \cdot ) \in Cc(\scrU ) for

each t \in \scrI 
CT (\scrU \times \BbbR ) Space of T -periodic and continuous functions on \scrU \times \BbbR 
C2,1(\scrU \times \scrI ) Space of continuous functions that are twice continuously differentiable

in x and continuously differentiable in t

C2,1
c (\scrU \times \scrI ) C2,1(\scrU \times \scrI ) \cap Cc(\scrU \times \scrI )

C2,1
T (\scrU \times \BbbR ) C2,1(\scrU \times \BbbR ) \cap CT (\scrU \times \BbbR )

C2,1
0 (\scrU \times \scrI ) Space of functions in C2,1(\scrU \times \scrI ) with compact support

L\infty (\BbbR ;W 1,p
loc (\scrU )) Space of measurable functions u : \scrU \times \BbbR \rightarrow \BbbR such that u(t, \cdot ) \in W 1,p

loc (\scrU )
for a.e. t \in \BbbR and for each subdomain \Omega \subset \subset \scrU , the function t \mapsto \rightarrow 
\| u(t, \cdot )\| W1,p(\Omega ) is essentially bounded

(1.6). In section 3, we study the uniqueness of periodic probability solutions of (1.3)
with nondegenerate noises and prove Theorem A. We study the convergence of global
probability solutions of the Cauchy problem (1.3) and (1.6) in sections 4 and 5. In
particular, Theorems B and C are proven, respectively, in sections 4 and 5. The proof
of Corollary B is sketched out at the end of subsection 4.2. Some applications of our
convergence results, namely, Theorem B, Corollary B, and Theorem C, are presented
in section 6.

2. Preliminaries. In subsection 2.1, we present some equivalent formalisms of
measure solutions, given in Definition 1.3, of (1.3) or the Cauchy problem (1.3) and
(1.6), and we recall the regularity theory. In subsection 2.2, we present some results
on the global well-posedness of the Cauchy problem (1.3) and (1.6).

2.1. Measure solutions and regularity. Arguing as in [6, Proposition 6.1.2]
and [8, Lemma 1.1], the following equivalent formalisms hold for (1.5) or (1.5) and
(1.7) in \scrU \times \scrI , where \scrI \subset \BbbR is an open interval.

Lemma 2.1. Let (\mu t)t\in \scrI be Borel measures such that aij, V i \in L1
loc(\scrU \times \scrI ,d\mu tdt)

for all i, j = 1, . . . , d:
(1) The following statements are equivalent to (1.5):

(a) For each \phi \in C2
c (\scrU ), there exists J\phi \subset \scrI satisfying | \scrI \setminus J\phi | = 0 such that\int 

\scrU 
\phi d\mu t =

\int 
\scrU 
\phi d\mu r +

\int t

r

\int 
\scrU 
\scrL \phi d\mu \tau d\tau \forall r, t \in J\phi with r < t.

(b) For each \phi \in C2,1
c (\scrU \times \scrI ), there exists J\phi \subset \scrI satisfying | \scrI \setminus J\phi | = 0

such that\int 
\scrU 
\phi (\cdot , t)d\mu t =

\int 
\scrU 
\phi (\cdot , r)d\mu r +

\int t

r

\int 
\scrU 
\scrL \phi d\mu \tau d\tau \forall r, t \in J\phi with r < t.

(2) Let \scrI = (s, t0) for some  - \infty < s < t0 \leq \infty The following statements are
equivalent to (1.5) and (1.7):
(a) For each \phi \in C2

c (\scrU ), there exists J\phi \subset \scrI satisfying | \scrI \setminus J\phi | = 0 such that

(2.1)

\int 
\scrU 
\phi d\mu t =

\int 
\scrU 
\phi d\nu + lim

J\phi \ni r\rightarrow s

\int t

r

\int 
\scrU 
\scrL \phi d\mu \tau d\tau \forall t \in J\phi .
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CONVERGENCE TO PERIODIC PROBABILITY SOLUTIONS 1965

(b) For each \phi \in C2,1
c (\scrU \times [s, t0)), there exists J\phi \subset \scrI satisfying | \scrI \setminus J\phi | = 0

such that\int 
\scrU 
\phi (\cdot , t)d\mu t =

\int 
\scrU 
\phi (\cdot , s)d\nu + lim

J\phi \ni r\rightarrow s

\int t

r

\int 
\scrU 
\scrL \phi d\mu \tau d\tau \forall t \in J\phi .

Lemma 2.2. Let (\mu t)t\in \scrI be as in Lemma 2.1. If t \mapsto \rightarrow 
\int 
\scrU \phi d\mu t is continuous on \scrI 

for any \phi \in C2
c (\scrU ), then J\phi can be taken to be \scrI in each case of Lemma 2.1.

Proof. We only show the case in Lemma 2.1 (2)(a); the other cases can be proven
in the same manner.

For fixed \phi \in C2
c (\scrU ), it is clear that the function (r, t) \mapsto \rightarrow 

\int t
r

\int 
\scrU \scrL \phi d\mu \tau d\tau is

continuous on \{ (r, t) \in \scrI 2 : r < t\} . Fix t\ast \in \scrI \setminus J\phi . There exists a sequence
\{ tn\} n\in \BbbN \subset J\phi such that tn \rightarrow t\ast as n \rightarrow \infty . Setting t = tn in (2.1) and letting
n\rightarrow \infty , we see that (2.1) holds for t = t\ast .

It remains to show that for each t \in \scrI , there holds that limr\rightarrow s

\int t
r

\int 
\scrU \scrL \phi d\mu \tau d\tau =\int 

\scrU \phi d\mu t - 
\int 
\scrU \phi d\nu =: At. Clearly, the above limit is the case if r takes values in J\phi . If

the above limit is not the case, then there exist an \epsilon 0 > 0 and a sequence \{ rn\} n\in \BbbN in

\scrI \setminus J\phi satisfying rn \rightarrow s as n\rightarrow \infty such that | 
\int t
rn

\int 
\scrU \scrL \phi d\mu \tau d\tau  - At| > \epsilon 0 for all n\gg 1.

By the continuity of r \mapsto \rightarrow 
\int t
r

\int 
\scrU \scrL \phi d\mu \tau d\tau and the density of J\phi in \scrI , we find a sequence

\{ \~rn\} n\in \BbbN \subset J\phi satisfying \~rn \rightarrow s as n\rightarrow \infty such that | 
\int t
\~rn

\int 
\scrU \scrL \phi d\mu \tau d\tau  - At| > \epsilon 0

2 for

all n\gg 1, which leads to a contradiction. This proves (2)(a).

Now we recall the regularity theory of measure solutions of (1.3) in \scrU \times \scrI . Recall
p > d+2. Let \BbbH 1,p

0 (\scrU \times \scrI ) be the space of measurable functions u on \scrU \times \scrI such that
u(\cdot , t) \in W 1,p

0 (\scrU ) for a.e. t \in \scrI and the function t \mapsto \rightarrow \| u(t, \cdot )\| W 1,p
0 (\scrU ) lies in L

p(\scrI ). Let
\BbbH  - 1,p\prime (\scrU \times \scrI ) be the dual space of \BbbH 1,p

0 (\scrU \times \scrI ), where p\prime > 1 is such that 1
p +

1
p\prime = 1.

Let \scrH 1,p
loc(\scrU \times \scrI ) be the space of measurable functions u on \scrU \times \scrI such that

\eta u \in \BbbH 1,p
0 (\scrU \times \scrI ) and \partial t(\eta u) \in \BbbH  - 1,p(\scrU \times \scrI ) for each \eta \in C\infty 

0 (\BbbR d+1). By [6, Theorem
6.2.2], there exist \alpha > 1

p and \gamma > 0, depending only on d and p, such that\scrH 1,p
loc(\scrU \times \scrI ) is

continuously embedded into C\alpha  - 
1
p (\scrI , C\gamma (\scrU )). Here, C\alpha (\scrI , C\gamma (\scrU )) denotes the space

of all continuous functions u : \scrU \times \scrI \rightarrow \BbbR such that u(t, \cdot ) \in C\gamma (\scrU ) for all t \in \scrI and
for each subdomain \Omega \subset \subset \scrU , the function t \mapsto \rightarrow | u(t, \cdot )| C\gamma (\Omega ) lies in C

\alpha (\scrI ).

Theorem 2.1 (see [4, 6]). Assume (H1). Let \mu = (\mu t)t\in \scrI be a measure solution
of (1.3). Then \mu admits a positive density u \in \scrH 1,p

loc(\scrU \times \scrI ). Moreover, for closed
intervals [s1, t1] \subset \subset [s2, t2] \subset \scrI and open subsets \scrW \subset \subset \scrW 1 \subset \subset \scrU , there exist \alpha > 1

p ,
\gamma > 0, and N > 0, independent of \mu or u, such that

(2.2) \| u\| 
C

\alpha  - 1
p ((s1,t1),C\gamma (\scrW ))

\leq N

\int t2

s2

\mu \tau (\scrW 1)d\tau .

2.2. Global well-posedness. The following result on the existence of global
probability solutions of the Cauchy problem (1.3) and (1.6) is taken from [28].

Theorem 2.2 (see [28]). Assume (H1) or (H2). Suppose \scrL admits a Lyapunov
function of type (L1). Then the Cauchy problem (1.3) and (1.6) admits a global
probability solution \mu = (\mu t)t\in (s,\infty ). Moreover, under (H1), \mu admits a density in

C\alpha ((s,\infty ), C\gamma (\scrU )) for some \alpha > 1
p and \gamma > 0.

We prove a uniqueness result.
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Theorem 2.3. Assume (H1) and (H3). Suppose \scrL admits a Lyapunov function
of type (L1). Then the Cauchy problem (1.3) and (1.6) admits a unique (in the class
of global subprobability solutions) global probability solution.

Proof. Let \mu 1 = (\mu 1
t )t\in (s,\infty ) and \mu 

2 = (\mu 2
t )t\in (s,\infty ) be, respectively, a global prob-

ability solution and a global subprobability solution of the Cauchy problem (1.3) and
(1.6). Applying Theorem 2.1, we may assume that for each i = 1, 2, \mu i admits a
positive density \rho i \in C(\scrU \times (s,\infty )). We show that \rho 1 = \rho 2. Setting w := \rho 2

\rho 1
, it is

equivalent to prove w \equiv 1 on \scrU \times (s,\infty ).
Define f\lambda (t) := e\lambda (1 - t)  - e\lambda for t \geq 0, where \lambda > 0 is a parameter. Following

the main ideas of [34, Lemma 2.2], we deduce that for any nonnegative function
\phi \in C2,1

c (\scrU \times \BbbR ), there holds that

(2.3)

\int 
\scrU 
f\lambda (w)\phi d\mu 

1
t \leq f\lambda (1)

\int 
\scrU 
\phi d\nu +

\int t

s

\int 
\scrU 
f\lambda (w)\scrL \phi d\mu 1

\tau d\tau \forall t > s.

Since the proof of (2.3), using the main ideas in [34, Lemma 2.2], is relatively indepen-
dent and long, we include it in the accompanying supplemental file (supplement.pdf
[local/web 279KB]) for the sake of readability and completeness.

Let U be the Lyapunov function of type (L1). Fix \rho 0 > \rho m. We introduce a
smooth and nondecreasing function \theta satisfying \theta = 0 on [0, \rho m] and \theta (t) = t for
t \in [\rho 0,\infty ). There exists \=C > 0 such that t\theta \prime (t) \leq \=C\theta (t) for t \geq 0. Since \theta \prime \prime \not \equiv 0 on
[\rho m, \rho 0] and \theta 

\prime \prime = 0 otherwise, (H1) ensures the existence of \~C1, \~C2 > 0 such that

\scrL \theta (U) = \theta \prime (U)\scrL U + \theta \prime \prime (U)aij\partial iU\partial jU

\leq \theta \prime (U)(C1U + C2) + \Lambda \Omega \rho 0
| \theta \prime \prime | \infty max

\Omega \rho 0

| \nabla U | 2 \leq \~C1\theta (U) + \~C2 in \scrU \times \BbbR .

Hence, we find a new Lyapunov function of type (L1) \~U := \theta (U) whose Lyapunov
condition holds on \scrU \times \BbbR . This allows us to proceed as in [28, Theorem 3.5].

Let \zeta \in C\infty 
c ([0,\infty )) satisfy \zeta (0) = 1, \zeta = 0 on [1,\infty ), \zeta \prime \leq 0, and \zeta \prime \prime \geq 0. It is

clear that \zeta (
\~U
N ) \in C2,1

c (\scrU \times (s,\infty )) for N \gg 1. Setting \phi = \zeta (
\~U
N ) in (2.3), we find

\int 
\scrU 
f\lambda (w)\zeta 

\Biggl( 
\~U

N

\Biggr) 
d\mu 1

t \leq f\lambda (1)

\int 
\scrU 
\zeta 

\Biggl( 
\~U

N

\Biggr) 
d\nu +

\int t

s

\int 
\scrU 
f\lambda (w)\scrL \zeta 

\Biggl( 
\~U

N

\Biggr) 
d\mu 1

\tau d\tau 

= f\lambda (1)

\int 
\scrU 
\zeta 

\Biggl( 
\~U

N

\Biggr) 
d\nu +

\int t

s

\int 
\scrU 
f\lambda (w)

1

N
\zeta \prime 

\Biggl( 
\~U

N

\Biggr) 
\scrL \~Ud\mu 1

\tau d\tau 

+

\int t

s

\int 
\scrU 
f\lambda (w)

1

N2
\zeta \prime \prime 

\Biggl( 
\~U

N

\Biggr) 
aij\partial i \~U\partial j \~Ud\mu 1

\tau d\tau \forall t > s.

(2.4)

Since f\lambda \leq 0, \zeta \prime \prime \geq 0, and (aij) is positive definite, the last term in (2.4) is nonpositive.
Thus,\int 

\scrU 
f\lambda (w)\zeta 

\Biggl( 
\~U

N

\Biggr) 
d\mu 1

t \leq f\lambda (1)

\int 
\scrU 
\zeta 

\Biggl( 
\~U

N

\Biggr) 
d\nu +

\int t

s

\int 
\scrU 
f\lambda (w)

1

N
\zeta \prime 

\Biggl( 
\~U

N

\Biggr) 
\scrL \~Ud\mu 1

\tau d\tau .

Since \scrL \~U \leq \~C1
\~U + \~C2, \zeta 

\prime \leq 0, and f\lambda \leq 0, we find\int 
\scrU 
f\lambda (w)\zeta 

\Biggl( 
\~U

N

\Biggr) 
d\mu 1

t \leq f\lambda (1)

\int 
\scrU 
\zeta 

\Biggl( 
\~U

N

\Biggr) 
d\nu +

\int t

s

\int 
\scrU 
f\lambda (w)\zeta 

\prime 

\Biggl( 
\~U

N

\Biggr) 
\~C1

\~U + \~C2

N
d\mu 1

\tau d\tau .
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It follows from \zeta \prime (t) = 0 for t \geq 1 and | f\lambda | \leq e\lambda that

\int 
\scrU 
f\lambda (w)\zeta 

\Biggl( 
\~U

N

\Biggr) 
d\mu 1

t \leq f\lambda (1)

\int 
\scrU 
\zeta 

\Biggl( 
\~U

N

\Biggr) 
d\nu +

C3

N

\int t

s

\int 
\{ \~U\leq N\} 

\Bigl[ 
\~C1

\~U + \~C2

\Bigr] 
d\mu 1

\tau d\tau ,

(2.5)

where C3 = e\lambda | \zeta \prime | \infty .
Applying the dominated convergence theorem, we find

lim
N\rightarrow +\infty 

1

N

\int t

s

\int 
\{ \~U\leq N\} 

\Bigl[ 
\~C1

\~U + \~C2

\Bigr] 
d\mu 1

\tau d\tau = 0.

Since limN\rightarrow \infty \zeta ( tN ) = 1 for each t \in [0,\infty ), we pass to the limit N \rightarrow \infty in (2.5) to
find from the dominated convergence theorem that

\int 
\scrU f\lambda (w)d\mu 

1
t \leq f\lambda (1) for all t > s,

namely,
\int 
\scrU 
\bigl[ 
e\lambda (1 - w)  - e\lambda 

\bigr] 
d\mu 1

t \leq (1 - e\lambda ) for all t > s.
Since \mu 1 is a global probability solution of the Cauchy problem (1.3) and (1.6) so

that \mu 1
t (\scrU ) = 1 for all t > s, we deduce

\int 
\scrU e

\lambda (1 - w)d\mu 1
t \leq 1 for all t > s. For t \in \BbbR , if

there is a \in (0, 1) such that \mu 1
t (\{ x \in \scrU : 0 < w(x, t) < a\} ) > 0, then\int 

\{ x\in \scrU :0<w(x,t)<a\} 
e\lambda (1 - a)d\mu 1

t \leq 
\int 
\scrU 
e\lambda (1 - w)d\mu 1

t \leq 1.

Letting \lambda \rightarrow \infty , the left-hand side in the above inequality approaches \infty , giving rise
to a contradiction. Thus, w(x, t) \geq 1 for \mu 1

t -a.e. x \in \scrU . As \mu 1 has a pointwise positive
density \rho 1 and w is continuous on \scrU \times (s,\infty ), then w(x, t) \geq 1 for all (x, t) \in \scrU \times (s,\infty ).

If w \not \equiv 1, we integrate the equality w\rho 1 = \rho 2 to find T <
\int T
0

\int 
\scrU w(x, t)\rho 1(x, t)dxdt =\int T

0

\int 
\scrU \rho 2(x, t)dxdt \leq T , which leads to a contradiction.

3. Proof of Theorem A. Throughout this section, we assume (H1). Let \mu 1

and \mu 2 be two periodic probability solutions of (1.3). By Theorem 2.1, for each i =

1, 2, \mu i admits a positive and T -periodic density \rho i \in \scrH 1,p
loc(\scrU \times \BbbR )\cap C\alpha  - 

1
p (\BbbR , C\gamma (\scrU ))

for some \alpha > 1
p and \gamma > 0. To show \mu 1 = \mu 2, it suffices to prove that w := \rho 2

\rho 1
\equiv 1.

This is done within two steps. We first establish an important inequality for w. Using
this inequality for a family of carefully chosen test functions, we conclude that w \equiv 1.

The inequality for w is contained in the following result. Set C2,1
c,T (\scrU \times \BbbR ) :=

C2,1
c (\scrU \times \BbbR ) \cap C2,1

T (\scrU \times \BbbR ).
Lemma 3.1. Let f(t) := e1 - t  - e for t \in [0,\infty ). Then there exists a C > 0 such

that for each nonnegative function \phi \in C2,1
c,T (\scrU \times \BbbR ), there holds that\int t+T

t

\int 
\scrU 
\phi f \prime \prime (w)aij\partial iw\partial jwd\mu 

1
sds \leq C

\int t+T

t

\int 
\scrU 
f(w)\scrL \phi d\mu 1

sds \forall t \in \BbbR .

As the proof of Lemma 3.1 follows from similar arguments leading to (2.3), we
sketch it in the supplementary material file (supplement.pdf [local/web 279KB]).

Now we prove Theorem A.

Proof of Theorem A. Let \zeta \in C\infty ([0,+\infty )) be a nonnegative function satisfying
\zeta (0) = 1, \zeta = 0 on [1,\infty ), \zeta \prime \leq 0, and \zeta \prime \prime \geq 0. Let \theta be as in the proof of Theorem
2.3. Clearly, \~U := \theta (U) satisfies \scrL \~U \leq \~C1

\~U + \~C2 for some \~C1, \~C2 > 0. It is easy to

see that \zeta (
\~U
N ) \in C2,1

c,T (\scrU \times \BbbR ) for N \gg 1. Applying Lemma 3.1 with \phi := \zeta (
\~U
N ), we
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find\int t+T

t

\int 
\scrU 
\zeta 

\Biggl( 
\~U

N

\Biggr) 
f \prime \prime (w)aij\partial iw\partial jwd\mu 

1
sds

\leq C

\int t+T

t

\int 
\scrU 
f(w)\scrL \zeta 

\Biggl( 
\~U

N

\Biggr) 
d\mu 1

sds

= C

\int t+T

t

\int 
\scrU 
f(w)

\Biggl[ 
\zeta \prime \prime 

\Biggl( 
\~U

N

\Biggr) 
1

N2
aij\partial i \~U\partial j \~U + \zeta \prime 

\Biggl( 
\~U

N

\Biggr) 
1

N
\scrL \~U

\Biggr] 
d\mu 1

sds \forall t \in \BbbR .

Note that
\int t+T
t

\int 
\scrU f(w)\zeta 

\prime \prime \bigl( \~U
N

\bigr) 
1
N2 a

ij\partial i \~U\partial j \~Ud\mu 1
sds \leq 0 due to the positive definiteness

of (aij), f < 0, and \zeta \prime \prime \geq 0. As a result,\int t+T

t

\int 
\scrU 
\zeta 

\Biggl( 
\~U

N

\Biggr) 
f \prime \prime (w)aij\partial iw\partial jwd\mu 

1
sds \leq 

C

N

\int t+T

t

\int 
\scrU 
f(w)\zeta \prime 

\Biggl( 
\~U

N

\Biggr) 
\scrL \~Ud\mu 1

sds.

Using \scrL \~U \leq \~C \~U + \~C2 and | f | \leq e, we find

0 \leq 
\int t+T

t

\int 
\scrU 
\zeta 

\Biggl( 
\~U

N

\Biggr) 
f \prime \prime (w)aij\partial iw\partial jwd\mu 

1
sds

\leq Ce

N
| \zeta \prime | \infty 

\int t+T

t

\int 
\{ (x,s): \~U(x,s))\leq N\} 

\Bigl( 
\~C1

\~U + \~C2

\Bigr) 
d\mu 1

sds \forall t \in \BbbR .

Letting N \rightarrow \infty in the above inequality, we conclude from f \prime \prime (t) = e1 - t and the

dominated convergence theorem that
\int t+T
t

\int 
\scrU e

1 - waij\partial iw\partial jw\rho 1dxdt = 0 for all t \in \BbbR .
Since (aij) is locally uniformly positive definite, we conclude that \nabla w = 0 a.e. on
\scrU \times \BbbR , which together with the continuity of w implies that w(\cdot , t) \equiv const for t \in \BbbR .
As w = \rho 2

\rho 1
and both \rho 1(\cdot , t) and \rho 2(\cdot , t) are continuous probability densities for each

t \in \BbbR , there must hold that w \equiv 1. This completes the proof.

4. Proof of Theorem B. In subsection 4.1, we establish an estimate for global
probability solutions of the Cauchy problem (1.3) and (1.6). It is then applied to
prove Theorem B in subsection 4.2.

4.1. An estimate. We first prove a result on the time regularity of global sub-
probability solutions of (1.3). It is indeed a variation of a classical result (see [2,
Lemma 8.1.2]). However, there is no global integrability of aij and V i in our case.

Definition 4.1. Let \scrI be an interval and \mu = (\mu t)t\in \scrI be a family of Borel mea-
sures on \scrU . A continuous modification of \mu is a family of Borel measures \~\mu = (\~\mu t)t\in \scrI 
on \scrU satisfying the following property:

\forall \phi \in C2,1
c (\scrU \times \scrI ), the function t \mapsto \rightarrow 

\int 
\scrU 
\phi (\cdot , t)d\~\mu t is continuous on \scrI ,

such that \mu t = \~\mu t for a.e. t \in \scrI .
Lemma 4.1. Let \scrI be an interval and \mu = (\mu t)t\in \scrI be a family of Borel measures

on \scrU . Then there exists at most one continuous modification of \mu .

Proof. Suppose both \~\mu 1 = (\~\mu 1
t )t\in \scrI and \~\mu 2 = (\~\mu 2

t )t\in \scrI are continuous modifications
of \mu = (\mu t)t\in \scrI . By Definition 4.1, \~\mu 1

t = \~\mu 2
t for a.e. t \in \BbbR , and for each \phi \in C2

c (\scrU ),
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CONVERGENCE TO PERIODIC PROBABILITY SOLUTIONS 1969

the functions t \mapsto \rightarrow 
\int 
\scrU \phi d\~\mu 

1
t and t \mapsto \rightarrow 

\int 
\scrU \phi d\~\mu 

2
t are continuous on \scrI . It follows that for

each \phi \in C2
c (\scrU ), there holds that

\int 
\scrU \phi d\~\mu 

1
t =

\int 
\scrU \phi d\~\mu 

2
t for all t \in \scrI . This implies that

\~\mu 1
t = \~\mu 2

t for all t \in \scrI .
Lemma 4.2. Assume (H2). Let \mu = (\mu t)t\in (s,\infty ) be a global subprobability solution

of (1.3). Then \mu admits a unique continuous modification.

Proof. By Lemma 4.1, we only need to show the existence. We first show that
there is a family of subprobability measures (\~\mu t)t\in (s,\infty ) on \scrU satisfying the following
property:

\forall \phi \in C2
c (\scrU ), the function t \mapsto \rightarrow 

\int 
\scrU 
\phi d\~\mu t is continuous on (s,\infty ),

such that \~\mu t = \mu t for a.e. t \in (s,\infty ).
As \mu = (\mu t)t\in (s,\infty ) is a subprobability solution of (1.3), Lemma 2.1 (1)(a) implies

that for any \phi \in C2
c (\scrU ), there exists J\phi \subset (s,\infty ) satisfying | (s,\infty ) \setminus J\phi | = 0 such that\int 

\scrU 
\phi d\mu t =

\int 
\scrU 
\phi d\mu r +

\int t

r

\int 
\scrU 
\scrL \phi d\mu \tau d\tau \forall r, t \in J\phi with r < t.

For each \phi \in C2
c (\scrU ), we define a function f\phi on J\phi by setting f\phi (t) :=

\int 
\scrU \phi d\mu t for

t \in J\phi . Since aij and V i are locally bounded and T -periodic for each i, j = 1, . . . , d,
and \phi is compactly supported in \scrU , the boundedness of \scrL \phi follows. As a result,

| f\phi (t) - f\phi (r)| =
\bigm| \bigm| \bigm| \bigm| \int 

\scrU 
\phi d\mu t  - 

\int 
\scrU 
\phi d\mu r

\bigm| \bigm| \bigm| \bigm| 
=

\bigm| \bigm| \bigm| \bigm| \int t

r

\int 
\scrU 
\scrL \phi d\mu \tau d\tau 

\bigm| \bigm| \bigm| \bigm| \leq max
\scrU \times [r,t]

| \scrL \phi | \times (t - r) \forall r, t \in J\phi with r < t.

It follows that there exists a locally Lipschitz continuous function \~f\phi on (s,\infty ) such

that \~f\phi (t) = f\phi (t) for t \in J\phi . Obviously, \~f\phi \geq 0 if \phi \geq 0 and | \~f\phi (t)| \leq | \phi | \infty for
\phi \in C2

c (\scrU ) and t \in (s,\infty ).
For each t \in [s,\infty ), we define a functional: Kt : C

2
c (\scrU ) \rightarrow \BbbR , \phi \mapsto \rightarrow \~f\phi (t). Obvi-

ously, Kt is linear and positive, and | Kt\phi | \leq | \phi | \infty . As C2
c (\scrU ) is dense in Cc(\scrU ) under

the topology of uniform convergence on \scrU , Kt has a unique linear continuous extension
Kt onto Cc(\scrU ) satisfying Kt\phi = Kt\phi for all \phi \in C2

c (\scrU ). We see that Kt is positive. In
fact, for any nonnegative function \phi \in Cc(\scrU ), there exists a sequence of nonnegative
functions \{ \phi n\} n\in \BbbN \subset C2

c (\scrU ) that converges uniformly to \phi on \scrU . Therefore,

Kt\phi = lim
n\rightarrow \infty 

Kt\phi n = lim
n\rightarrow \infty 

\~f\phi n
(t) \geq 0.

Applying the Riesz representation theorem, we find a Borel measure \~\mu t on \scrU such
that

\int 
\scrU \phi d\~\mu t = Kt\phi for all \phi \in Cc(\scrU ). As a consequence, we obtain a family of Borel

measures (\~\mu t)t\in (s,\infty ) on \scrU satisfying
\int 
\scrU \phi d\~\mu t =

\~f\phi (t) for all t \in (s,\infty ) and \phi \in C2
c (\scrU ).

In particular, the function t \mapsto \rightarrow 
\int 
\scrU \phi d\~\mu t is continuous on (s,\infty ) for any \phi \in C2

c (\scrU ).
Let \scrD be a countable basis of C2

c (\scrU ) under the topology of uniform convergence
on \scrU , and set J := \cap \phi \in \scrD J\phi . Clearly, | (s,\infty ) \setminus J | = 0 and

(4.1)

\int 
\scrU 
\phi d\~\mu t = \~f\phi (t) = f\phi (t) =

\int 
\scrU 
\phi d\mu t \forall \phi \in \scrD and t \in J.

As C2
c (\scrU ) is dense in Cc(\scrU ) and \scrD is dense in C2

c (\scrU ), (4.1) holds for all \phi \in Cc(\scrU ) and
t \in J . Hence, \~\mu t = \mu t and \~\mu t(\scrU ) = \mu t(\scrU ) \leq 1 for all t \in J . From the continuity of
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1970 MIN JI, WEIWEI QI, ZHONGWEI SHEN, AND YINGFEI YI

the function t \mapsto \rightarrow 
\int 
\scrU \phi d\~\mu t on (s,\infty ) for each \phi \in C2

c (\scrU ), we conclude that \~\mu t(\scrU ) \leq 1
for all t \in (s,\infty ).

It remains to show that for each \phi \in C2,1
c (\scrU \times (s,\infty )), the function t \mapsto \rightarrow 

\int 
\scrU \phi (\cdot , t)d\mu t

is continuous on (s,\infty ). For fixed t \in (s,\infty ) and \phi \in C2,1
c (\scrU \times (s,\infty )), the local Lip-

schitz continuity of \~f\phi (\cdot ,t) on (s,\infty ) implies that\bigm| \bigm| \bigm| \bigm| \int 
\scrU 
\phi (\cdot , t)d\~\mu r  - 

\int 
\scrU 
\phi (\cdot , t)d\~\mu t

\bigm| \bigm| \bigm| \bigm| = \bigm| \bigm| \bigm| \~f\phi (\cdot ,t)(r) - \~f\phi (\cdot ,t)(t)
\bigm| \bigm| \bigm| \rightarrow 0 as r \rightarrow t.

It follows that\bigm| \bigm| \bigm| \bigm| \int 
\scrU 
\phi (\cdot , r)d\~\mu r  - 

\int 
\scrU 
\phi (\cdot , t)d\~\mu t

\bigm| \bigm| \bigm| \bigm| 
\leq max

x\in \scrU 
| \phi (x, r) - \phi (x, t)| +

\bigm| \bigm| \bigm| \bigm| \int 
\scrU 
\phi (\cdot , t)d\~\mu r  - 

\int 
\scrU 
\phi (\cdot , t)d\~\mu t

\bigm| \bigm| \bigm| \bigm| \rightarrow 0 as r \rightarrow t.

This proves the required continuity and hence completes the proof.

A similar result can be proven for global subprobability solutions of the Cauchy
problem (1.3) and (1.6).

Lemma 4.3. Assume (H2). Let \mu = (\mu t)t\in (s,\infty ) be a global subprobability solution
of the Cauchy problem (1.3) and (1.6). Then \mu admits a continuous modification
\~\mu = (\~\mu t)t\in \BbbR satisfying limt\rightarrow s+

\int 
\scrU \phi (\cdot , t)d\~\mu t =

\int 
\scrU \phi (\cdot , t)d\nu .

Proof. The proof follows from arguments as in the proof of Lemma 4.1. The
differences are that we use Lemma 2.1 (2)(a) instead of Lemma 2.1 (1)(a) and define
\~f\phi on [s,\infty ) for \phi \in C2

c (\scrU ) with \mu s = \nu .

Remark 4.1. If \mu is a global subprobability solution of (1.3) or a global subproba-
bility solution of the Cauchy problem (1.3) and (1.6), so is its continuous modification
\~\mu . Moreover, Lemma 2.2 applies in particular to \~\mu . This would allow us to get rid of
J\phi in many situations in what follows.

The expected estimate is stated in the next result.

Proposition 4.1. Assume (H2) and that \scrL admits a Lyapunov function of type
(L3) U . Let \{ \scrU n\} n\in \BbbN be a sequence of open sets in \scrU as in Definition 1.2 and \mu =
(\mu t)t\in (s,\infty ) be a global subprobability solution of the Cauchy problem (1.3) and (1.6)
with

\int 
\scrU U(\cdot , s)d\nu < \infty . Let \~\mu = (\~\mu t)t\in (s,\infty ) be the continuous modification of \mu =

(\mu t)t\in (s,\infty ) given in Lemma 4.3. Then \~\mu t(\scrU ) = 1 for all t > s, and there exists some
C > 0, independent of s, \nu , and \mu , such that

(4.2) Cn

\int t

s

\~\mu \tau (\scrU \setminus \scrU n)d\tau +Dn\~\mu t(\scrU \setminus \scrU n) \leq 
\int 
\scrU 
U(\cdot , s)d\nu + C(t - s)

for all t > s and n \in \BbbN , where Cn :=  - sup(\scrU \setminus \scrU n)\times \BbbR \scrL U > 0 and Dn := inf(\scrU \setminus \scrU n)\times \BbbR U .

Proof. For notational simplicity, we write \~\mu = (\~\mu t)t\in (s,\infty ) as \mu = (\mu t)t\in (s,\infty ).
We see from Lemma 2.1 (2)(b) and Lemma 2.2 that for each \phi \in C2,1

c (\scrU \times [s,\infty )),

(4.3)

\int 
\scrU 
\phi (\cdot , t)d\mu t =

\int 
\scrU 
\phi (\cdot , s)d\mu s + lim

r\rightarrow s

\int t

r

\int 
\scrU 
\scrL \phi d\mu \tau d\tau \forall t > s.

Since U is a Lyapunov function of type (L3), there is a \rho m > 0 such that \scrL U \leq 0 on
(\scrU \times \BbbR )\setminus \Omega \rho m . Fix \rho 0 > \rho m, and let \{ \zeta \rho \} \rho >\rho 0 be a family of smooth and nondecreasing
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CONVERGENCE TO PERIODIC PROBABILITY SOLUTIONS 1971

functions on \BbbR satisfying

\zeta \rho (t) =

\left\{     
0, t \in [0, \rho m],

t, t \in [\rho 0, \rho ],

\rho + 1, t \in [\rho + 2,\infty ),

\zeta \rho (t) \leq t, t \in [\rho m, \rho 0], and \zeta \prime \prime \rho (t) \leq 0, t \in [\rho , \rho +2].

In addition, we let the functions \{ \zeta \rho \} \rho \geq \rho 0 coincide on [0, \rho 0].
Clearly, \zeta \rho (U) - (\rho +1) \in C2,1

c (\scrU \times \BbbR ). Setting \phi = \zeta \rho (U) - (\rho +1) in (4.3) gives\int 
\scrU 
(\zeta \rho (U) - (\rho + 1))d\mu t =

\int 
\scrU 
(\zeta \rho (U) - (\rho + 1))d\nu + lim

r\rightarrow s

\int t

r

\int 
\scrU 
\scrL (\zeta \rho (U))d\mu \tau d\tau .

It follows from \scrL (\zeta \rho (U)) = \zeta \prime \rho (U)\scrL U + \zeta \prime \prime \rho (U)aij\partial iU\partial jU that

\int 
\scrU 
\zeta \rho (U)d\mu t =

\int 
\scrU 
\zeta \rho (U)d\nu + (\rho + 1)\times [\mu t(\scrU ) - \nu (\scrU )]

+ lim
r\rightarrow s

\int t

r

\int 
\scrU 
\zeta \prime \rho (U)\scrL Ud\mu \tau d\tau + lim

r\rightarrow s

\int t

r

\int 
\scrU 
\zeta \prime \prime \rho (U)aij\partial iU\partial jUd\mu \tau d\tau .

(4.4)

Due to (1.4), there exists an n0 \in \BbbN such that \Omega \rho 0 \subset \subset \scrU n \times \BbbR for all n > n0.
Since \zeta \prime \rho = 0 on [0, \rho m], \zeta \prime \rho = 1 on [\rho 0, \rho ], and \zeta 

\prime 
\rho \geq 0 otherwise, we see from \scrL U \leq 0

in (\scrU \times \BbbR ) \setminus \Omega \rho m that \zeta \prime \rho (U)\scrL U \leq [sup(\scrU \setminus \scrU n)\times \BbbR \scrL U ]1\Omega \rho \setminus (\scrU n\times \BbbR ). Thus,

lim
r\rightarrow s

\int t

r

\int 
\scrU 
\zeta \prime \rho (U)\scrL Ud\mu \tau d\tau \leq sup

(\scrU \setminus \scrU n)\times \BbbR 
\scrL U \times lim

r\rightarrow s

\int t

r

\mu \tau (\Omega 
\tau 
\rho \setminus \scrU n)d\tau 

=  - Cn
\int t

s

\mu \tau (\Omega 
\tau 
\rho \setminus \scrU n)d\tau , n > n0,

(4.5)

where Cn :=  - sup(\scrU \setminus \scrU n)\times \BbbR \scrL U > 0 and the monotone convergence theorem is used
in the above equality.

As \zeta \prime \prime \rho \not = 0 on [\rho m, \rho 0], \zeta 
\prime \prime \leq 0 on [\rho , \rho +2], and \zeta \prime \prime = 0 otherwise, the nonnegative

definiteness of (aij) gives \zeta \prime \prime \rho (U)aij\partial iU\partial jU \leq [C\ast max\Omega \rho 0
aij\partial iU\partial jU ]1\Omega \rho 0\setminus \Omega \rho m

, where

C\ast := maxt\in [\rho m,\rho 0] \zeta 
\prime \prime 
\rho (t) is independent of \rho due to the construction of \{ \zeta \rho \} \rho >\rho 0 .

Hence, setting C := C\ast 
\bigl( 
max\Omega \rho 0

aij\partial iU\partial jU
\bigr) 
, we find

(4.6)

\int t

r

\int 
\scrU 
\zeta \prime \prime \rho (U)aij\partial iU\partial jUd\mu \tau d\tau \leq C\ast 

\Biggl( 
max
\Omega \rho 0

aij\partial iU\partial jU

\Biggr) 
\times (t - r) = C(t - r).

Substituting (4.5) and (4.6) into (4.4) yields\int 
\scrU 
\zeta \rho (U)d\mu t \leq 

\int 
\scrU 
\zeta \rho (U)d\nu + (\rho + 1)\times [\mu t(\scrU ) - \nu (\scrU )]

 - Cn

\int t

s

\mu \tau (\Omega 
\tau 
\rho \setminus \scrU n)d\tau + C(t - s) \forall t > s.

(4.7)

As \zeta \rho \geq 0 and \zeta \rho (t) = t for t \in [\rho 0, \rho ], we derive from \Omega \rho 0 \subset \scrU n \times \BbbR that\int 
\scrU 
\zeta \rho (U)d\mu t \geq 

\int 
\Omega t

\rho \setminus \Omega t
\rho 0

Ud\mu t \geq 
\int 
\Omega t

\rho \setminus \scrU n

Ud\mu t \geq Dn\mu t(\Omega 
t
\rho \setminus \scrU n) \forall n > n0,(4.8)
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where Dn := inf(\scrU \setminus \scrU n)\times \BbbR U . As \zeta \rho (t) \leq t for t \geq 0 and \rho > \rho 0, we find from (4.7) and
(4.8) that

Dn\mu t(\Omega 
t
\rho \setminus \scrU n) \leq 

\int 
\scrU 
U(\cdot , s)d\nu + (\rho + 1)\times [\mu t(\scrU ) - \nu (\scrU )]

 - Cn

\int t

s

\mu \tau (\Omega 
\tau 
\rho \setminus \scrU n)d\tau + C(t - s) \forall t > s.

(4.9)

Note that the \nu -integrability of U(\cdot , s) ensures the nontriviality of the above inequal-
ities. If \mu t(\scrU ) < \nu (\scrU ) = 1 for some t > s, we deduce from (4.9) that

0 \leq 
\int 
\scrU 
U(\cdot , s)d\nu + (\rho + 1)\times (\mu t(\scrU ) - \nu (\scrU )) + C(t - s) \rightarrow  - \infty as \rho \rightarrow \infty ,

which leads to a contradiction. Therefore, \mu t(\scrU ) = \nu (\scrU ) = 1 for all t > s. Conse-
quently, letting \rho \rightarrow \infty in (4.9) leads to

Cn

\int t

s

\mu \tau (\scrU \setminus \scrU n)d\tau +Dn\mu t(\scrU \setminus \scrU n) \leq 
\int 
\scrU 
U(\cdot , s)d\nu + C(t - s) \forall t > s.

This completes the proof.

Remark 4.2. A priori estimates as in Proposition 4.1 have been established in [26,
Chapter 3, Theorem 3.8] in the case of smooth coefficients. The proof in [26] follows
from a direct application of Dynkin's/It\^o's formula to the Lyapunov function of type
(L3) U . However, the situation in the setting of weak coefficients is much worse, as
only the definition of global subprobability solutions and their equivalent formalisms
can be used. As a result, we have to truncate the Lyapunov function U in order to
use the definition and establish estimates in order to pass to the limit.

We point out that a similar situation is encountered in the proof of Lemma 5.3.

4.2. Proof of Theorem B. We recall the definition of the weak*-topology for
Borel measures on \scrU \times \BbbR .

Definition 4.2. A sequence of \sigma -finite Borel measures \{ \mu n, n \in \BbbN \} on \scrU \times \BbbR is
said to converge to a \sigma -finite Borel measure \mu on \scrU \times \BbbR under the weak*-topology as
n\rightarrow \infty if

lim
n\rightarrow \infty 

\int \int 
\scrU \times \BbbR 

\phi d\mu n =

\int \int 
\scrU \times \BbbR 

\phi d\mu \forall \phi \in C0(\scrU \times \BbbR ).

Set Cc,T (\scrU \times \BbbR ) := Cc(\scrU \times \BbbR ) \cap CT (\scrU \times \BbbR ).
Proof of Theorem B. For clarity, we assume s = 0. Applying Lemma 4.3, we

may replace \mu = (\mu t)t\in (0,\infty ) by its continuous modification, still denoted by \mu =
(\mu t)t\in (0,\infty ). Since U(\cdot , 0) is \nu -integrable, Proposition 4.1 yields the existence of some
C > 0 such that

(4.10) Cn

\int t

0

\mu \tau (\scrU \setminus \scrU n)d\tau +Dn\mu t(\scrU \setminus \scrU n) \leq 
\int 
\scrU 
U(\cdot , 0)d\nu + Ct, t > 0,

where \scrU n, Cn, and Dn are as in the statement of Proposition 4.1.
For each n \in \BbbN , we define \mu nt := 1

n

\sum n - 1
k=0 \mu t+kT for t > 0 and d\mu n := d\mu nt dt on

\scrU \times (0,\infty ). It is easy to see that for any bounded \phi \in CT (\scrU \times \BbbR ),\int t+T

t

\int 
\scrU 
\phi d\mu n\tau d\tau =

1

n

\int t+nT

t

\int 
\scrU 
\phi d\mu \tau d\tau \forall t > 0.(4.11)
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Let \{ nj\} j\in \BbbN \subset \BbbN be fixed. The proof is finished in seven steps. In Steps 1--5, we
construct a periodic probability solution of (1.3). The convergence results are proven
in Steps 6 and 7.

Step 1. We show the existence of a subsequence of \{ nj\} j\in \BbbN , still denoted by
\{ nj\} j\in \BbbN , such that \mu nj converges under the weak*-topology to some Borel measure \~\mu 
on \scrU \times (0,\infty ) as j \rightarrow \infty , and for each t > 0, there holds that

(4.12) lim
j\rightarrow \infty 

\int t+T

t

\int 
\scrU 
\phi d\mu nj

\tau d\tau =

\int \int 
\scrU \times [t,t+T ]

\phi d\~\mu \forall bounded \phi \in C(\scrU \times [t, t+ T ]).

For any compact set K \subset \scrU \times (0,\infty ), there holds that supj\in \BbbN \mu 
nj (K) <\infty . Ap-

plying [14, Corollary A2.6.V], we conclude the existence of a subsequence of \{ nj\} j\in \BbbN ,
still denoted by \{ nj\} j\in \BbbN , such that \mu nj converges under the weak*-topology to some
Borel measure \~\mu on \scrU \times (0,\infty ) as j \rightarrow \infty .

To show (4.12), we may apply [12, Theorem 4.4.2], which says, in particular, that
it is equivalent to showing the following:

(i) limj\rightarrow \infty 
\int t+T
t

\int 
\scrU fd\mu 

nj
\tau d\tau =

\int \int 
\scrU \times [t,t+T ]

fd\~\mu for each f \in C0(\scrU \times [t, t+ T ]);

(ii) \~\mu (\scrU \times [t, t+ T ]) = T .
We prove (i) and (ii) in the rest of Step 1.
(i) Note that for any f \in C0(\scrU \times [t, t+T ]), there exist an \epsilon 0 \in (0, 1) and a family

of functions \{ f\epsilon \} \epsilon \in (0,\epsilon 0) \subset C0(\scrU \times (0,\infty )) satisfying the following:
\bullet | f\epsilon | \infty \leq | f | \infty for all \epsilon \in (0, \epsilon 0);

\bullet for each \epsilon \in (0, \epsilon 0), f\epsilon =

\Biggl\{ 
f on \scrU \times [t, t+ T ],

0 on \scrU \times (0, t - \epsilon ] \cup [t+ \epsilon + T,\infty ).

Clearly, lim\epsilon \rightarrow 0 f\epsilon (x, \tau ) = f(x, \tau )1[t,t+T ](\tau ) for (x, \tau ) \in \scrU \times (0,\infty ). As \mu nj converges
to \~\mu on \scrU \times (0,\infty ) as j \rightarrow \infty under the weak*-topology, there holds that

(4.13) lim
j\rightarrow \infty 

\int \infty 

0

\int 
\scrU 
f\epsilon d\mu 

nj
\tau d\tau =

\int \int 
\scrU \times (0,\infty )

f\epsilon d\~\mu \forall \epsilon \in (0, \epsilon 0).

The construction of \{ f\epsilon \} \epsilon \in (0,\epsilon 0) ensures that\int \infty 

0

\int 
\scrU 
f\epsilon d\mu 

nj
\tau d\tau  - 2\epsilon | f | \infty \leq 

\int t+T

t

\int 
\scrU 
fd\mu nj

\tau d\tau \leq 
\int \infty 

0

\int 
\scrU 
f\epsilon d\mu 

nj
\tau d\tau + 2\epsilon | f | \infty 

for all \epsilon \in (0, \epsilon 0). Letting j \rightarrow \infty in the above inequality, we find from (4.13)\int \int 
\scrU \times (0,\infty )

f\epsilon d\~\mu  - 2\epsilon | f | \infty \leq lim inf
j\rightarrow \infty 

\int t+T

t

\int 
\scrU 
fd\mu nj

\tau d\tau 

\leq lim sup
j\rightarrow \infty 

\int t+T

t

\int 
\scrU 
fd\mu nj

\tau d\tau \leq 
\int \int 

\scrU \times (0,\infty )

f\epsilon d\~\mu + 2\epsilon | f | \infty .

Since lim\epsilon \rightarrow 0

\int \int 
\scrU \times (0,\infty )

f\epsilon d\~\mu =
\int \int 

\scrU \times [t,t+T ]
fd\~\mu thanks to the dominated convergence

theorem, passing to the limit \epsilon \rightarrow 0 in the above inequalities yields (i).

(ii) It follows from the definition of \{ \mu nj\} j\in \BbbN that

\mu nj ((\scrU \setminus \scrU m)\times [t, t+ T ]) =
1

nj

\int t+njT

t

\mu \tau (\scrU \setminus \scrU m)d\tau \forall m \in \BbbN and j \in \BbbN .

By (4.10), 1
nj

\int t+njT

0
\mu \tau (\scrU \setminus \scrU m)d\tau \leq 1

njCm

\bigl( \int 
\scrU U(\cdot , 0)d\nu + C \times (t+ njT )

\bigr) 
holds for

allm \in \BbbN and j \in \BbbN , where we recall that Cm =  - sup(\scrU \setminus \scrU m)\times \BbbR \scrL U \rightarrow \infty . As a result,
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1974 MIN JI, WEIWEI QI, ZHONGWEI SHEN, AND YINGFEI YI

for any 0 < \epsilon \ll 1, there exists anm0 = m0(\epsilon ) \in \BbbN such that \mu nj ((\scrU \setminus \scrU m)\times [t, t+T ]) \leq 
\epsilon for all m \geq m0 and j \in \BbbN . Equivalently, \mu nj (\scrU m\times [t, t+T ]) \geq T  - \epsilon for all m \geq m0

and j \in \BbbN . This means, \{ \mu nj\} , when restricted on \scrU \times [t, t+ T ], is tight. Hence, we
apply the Portmanteau theorem to find

\~\mu (\scrU m \times [t, t+ T ]) \geq lim sup
j\rightarrow \infty 

\mu nj (\scrU m \times [t, t+ T ]) \geq T  - \epsilon \forall m \geq m0.

Letting \epsilon \rightarrow 0, we conclude that \~\mu (\scrU \times [t, t+ T ]) \geq T .
By (i), we deduce \~\mu (\scrU m\times [t, t+T ]) \leq lim infj\rightarrow \infty \mu nj (\scrU m\times [t, t+T ]) \leq T , which

implies \~\mu (\scrU \times [t, t+ T ]) \leq T . Hence, \~\mu (\scrU \times [t, t+ T ]) = T , and (ii) follows.
Step 2. We show that the measure \~\mu obtained in Step 1 admits t-sections. More

precisely, we show the existence of a family of Borel measures \{ \~\mu t\} t\in (0,\infty ) on \scrU satis-
fying \~\mu t = \~\mu t+T and \~\mu t(\scrU ) = 1 for a.e. t > 0 such that \~\mu = (\~\mu t)t\in (0,\infty ).

Let \eta \in Cc(0,\infty ) and | supp(\eta )| \leq T . Setting \phi = \eta in (4.12) gives

(4.14)

\int \int 
\scrU \times (0,\infty )

\eta d\~\mu = lim
j\rightarrow \infty 

\int \infty 

0

\int 
\scrU 
\eta d\mu 

nj

t dt =

\int \infty 

0

\eta dt.

Arguing as in the proof of [22, Lemma 4.2], we derive from (4.14) the existence of
a family of Borel measures \{ \~\mu t\} t\in (0,\infty ) satisfying \~\mu t(\scrU ) = 1 for a.e. t > 0 such that
\~\mu = (\~\mu t)t\in (0,\infty ).

It remains to show that \~\mu t = \~\mu t+T for a.e. t > 0. It follows from (4.11) that for
any \phi \in Cc,T (\scrU \times \BbbR ) and t1, t2 \in (0,\infty ) with t1 < t2, there holds that\int t1+T

t1

\int 
\scrU 
\phi d\mu nj

\tau d\tau =
1

nj

\int t1+njT

t1

\int 
\scrU 
\phi d\mu \tau d\tau 

=
1

nj

\Biggl( \int t2

t1

\int 
\scrU 
\phi d\mu \tau d\tau  - 

\int t2+njT

t1+njT

\int 
\scrU 
\phi d\mu \tau d\tau +

\int t2+njT

t2

\int 
\scrU 
\phi d\mu \tau d\tau 

\Biggr) 

=
1

nj

\Biggl( \int t2

t1

\int 
\scrU 
\phi d\mu nj

\tau d\tau  - 
\int t2+njT

t1+njT

\int 
\scrU 
\phi d\mu \tau d\tau 

\Biggr) 
+

\int t2+T

t2

\int 
\scrU 
\phi d\mu nj

\tau d\tau .

Letting j \rightarrow \infty in the above equality, we find from (4.12) that
\int \int 

\scrU \times [t1,t1+T ]
\phi d\~\mu =\int \int 

\scrU \times [t2,t2+T ]
\phi d\~\mu for all 0 < t1 < t2. We then argue as in the proof of [22, Lemma

4.1] to find \~\mu t = \~\mu t+T for a.e. t > 0.
Step 3. We show that \~\mu = (\~\mu t)t\in (0,\infty ) is a global probability solution of (1.3).
We claim that for each t > 0, there holds that

(4.15)

\int t+T

t

\int 
\scrU 
\scrL \phi d\~\mu \tau d\tau = 0 \forall \phi \in C2,1

0 (\scrU \times (t, t+ T )).

Fix t \in \BbbR . For any \phi \in C2,1
0 (\scrU \times (t, t+ T )) and k \in \BbbN \cup \{ 0\} , we define

\phi k(x, \tau ) := \phi (x, \tau  - kT )1\scrU \times (t+kT,t+(k+1)T )(x, \tau ), (x, \tau ) \in \scrU \times (0,\infty ).

Obviously, \phi k \in C2,1
0 (\scrU \times (0,\infty )) for each k \in \BbbN \cup \{ 0\} . As \mu = (\mu t)t\in (0,\infty ) is a

global probability solution of (1.3),
\int t+(k+1)T

t+kT

\int 
\scrU \scrL \phi kd\mu \tau d\tau =

\int \infty 
0

\int 
\scrU \scrL \phi kd\mu \tau d\tau = 0.

This together with the T -periodicity of (aij) and (V i) gives
\int t+T
t

\int 
\scrU \scrL \phi d\mu \tau +kTd\tau =
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CONVERGENCE TO PERIODIC PROBABILITY SOLUTIONS 1975\int t+(k+1)T

t+kT

\int 
\scrU \scrL \phi kd\mu \tau d\tau = 0, which yields

(4.16)

\int t+T

t

\int 
\scrU 
\scrL \phi d\mu n\tau d\tau =

1

n

n - 1\sum 
k=0

\int t+T

t

\int 
\scrU 
\scrL \phi d\mu \tau +kTd\tau = 0 \forall n \in \BbbN .

As \scrL \phi \in C0(\scrU \times (t, t+T )), we deduce from (4.16) and (4.12) that
\int t+T
t

\int 
\scrU \scrL \phi d\~\mu \tau d\tau =

limj\rightarrow \infty 
\int t+T
t

\int 
\scrU \scrL \phi d\mu nj

\tau d\tau = 0. This proves (4.15).
From (4.15) and Lemma 2.1 (1)(a), we find that for each t > 0 and \phi \in C2

c (\scrU ),
there exists a subset J t\phi \subset (t, t+ T ) satisfying | (t, t+ T ) \setminus J t\phi | = 0 such that\int 

\scrU 
\phi d\~\mu t2  - 

\int 
\scrU 
\phi d\~\mu t1 =

\int t2

t1

\int 
\scrU 
\scrL \phi d\~\mu \tau d\tau \forall t1, t2 \in J t\phi with t1 < t2.

As t is arbitrary in (0,\infty ), there exists J\phi \subset (0,\infty ) with | (0,\infty ) \setminus J\phi | = 0 such that\int 
\scrU 
\phi d\~\mu t2  - 

\int 
\scrU 
\phi d\~\mu t1 =

\int t2

t1

\int 
\scrU 
\scrL \phi d\~\mu \tau d\tau \forall t1, t2 \in J\phi with t1 < t2.

That is, \~\mu is a measure solution of (1.3) in \scrU \times (0,\infty ). As \~\mu t(\scrU ) = 1 for a.e. t > 0 by
Step 2, \~\mu = (\~\mu t)t\in (0,\infty ) is a global probability solution of (1.3).

Step 4. We show that \~\mu = (\~\mu t)t\in (0,\infty ) admits a continuous modification, still
denoted by \~\mu = (\~\mu t)t\in (0,\infty ), such that \~\mu t = \~\mu t+T and \~\mu t(\scrU ) = 1 for all t > 0.

By Lemma 4.2, there is a modification of \~\mu = (\~\mu t)t\in (0,\infty ), still denoted by \~\mu =
(\~\mu t)t\in (0,\infty ), satisfying the following property: the function t \mapsto \rightarrow 

\int 
\scrU \phi d\~\mu t is continuous

on (0,\infty ) for all \phi \in C2
c (\scrU ). This together with the fact that \~\mu t = \~\mu t+T for a.e.

t > 0 (from Step 2) yields
\int 
\scrU \phi d\~\mu t =

\int 
\scrU \phi d\~\mu t+T for all \phi \in C2

c (\scrU ) and t > 0. Hence,
\~\mu t = \~\mu t+T for all t > 0.

It remains to show that \~\mu t(\scrU ) = 1 for all t > 0. Note that up to now we only
know \~\mu t(\scrU ) \leq 1 for all t > 0 and \~\mu t(\scrU ) = 1 for a.e. t > 0. Fix t0 > 0. Since U
is a Lyapunov function of type (L3), we can follow the arguments as in the proof
of [28, Proposition 2.8] (see the proof of [22, Theorem A] for more details) to find a
nonnegative function \~U \in C2,1

T (\scrU \times \BbbR ) satisfying the following properties:

(1)
\int 
\scrU 
\~U(\cdot , t0)d\~\mu t0 <\infty .

(2) limn\rightarrow \infty infx\in \scrU \setminus \scrU n
\~U(x, t) = \infty for all t \in \BbbR .

(3) There is a \~\rho m > 0 such that \scrL \~U \leq 0 on (\scrU \times \BbbR )\setminus \~\Omega \rho m , where \~\Omega \rho m := \{ (x, t) \in 
\scrU \times \BbbR : \~U(x, t) < \~\rho m\} .

We see from Lemma 2.1 (1)(b) and Lemma 2.2 that for each \phi \in C2,1
c (\scrU \times (0,\infty )),

(4.17)

\int 
\scrU 
\phi d\~\mu t2  - 

\int 
\scrU 
\phi d\~\mu t1 =

\int t2

t1

\int 
\scrU 
\scrL \phi d\~\mu \tau d\tau \forall 0 < t1 < t2.

Note that \zeta \rho ( \~U)  - (\rho + 1) \in C2,1
c (\scrU \times \BbbR ) thanks to property (2), where \{ \zeta \rho \} is

defined as in the proof of Proposition 4.1. Setting \phi = \zeta \rho ( \~U)  - (\rho + 1) in (4.17), we
find\int 

\scrU 
(\zeta \rho ( \~U) - (\rho + 1))d\~\mu t =

\int 
\scrU 
(\zeta \rho ( \~U) - (\rho + 1))d\~\mu t0

+

\int t

t0

\int 
\scrU 

\Bigl[ 
\zeta \prime \rho ( \~U)\scrL \~U + \zeta \prime \prime \rho ( \~U)aij\partial i \~U\partial j \~U

\Bigr] 
d\~\mu \tau d\tau \forall t > t0.
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Arguing as in the proof of Proposition 4.1 yields the existence of C > 0 such that

0 \leq 
\int 
\scrU 
\~U(\cdot , t0)d\~\mu t0 + (\rho + 1)\times [\~\mu t(\scrU ) - \~\mu t0(\scrU )] + C(t - t0) \forall t > t0.

Since \~U(\cdot , t0) is \~\mu t0 -integrable, if \~\mu t(\scrU ) < \~\mu t0(\scrU ) for some t > t0, a contradiction is
readily derived by letting \rho \rightarrow \infty in the above inequality. As a result, \~\mu t(\scrU ) \geq \~\mu t0(\scrU )
for all t > t0. Since t0 > 0 is arbitrary and \~\mu t(\scrU ) = 1 for a.e. t > 0, we conclude that
\~\mu t(\scrU ) = 1 for all t > 0.

Step 5. We extend \~\mu = (\~\mu t)t\in (0,\infty ), the continuous modification obtained in Step
4, to obtain a periodic probability solution \^\mu = (\^\mu t)t\in \BbbR of (1.3).

To do so, we define

\^\mu t =

\Biggl\{ 
\~\mu t, t > 0,

\~\mu t+kT , t \in ( - kT, - (k  - 1)T ] and k \in \BbbN .

Obviously, \^\mu t(\scrU ) = 1 and \^\mu t = \^\mu t+T for all t \in \BbbR . Thus, \^\mu := (\^\mu t)t\in \BbbR is a periodic
probability solution of (1.3) if we can show that \^\mu is a measure solution of (1.3) in
\scrU \times \BbbR .

As \~\mu is a measure solution of (1.3) in \scrU \times (0,\infty ), the definition of \^\mu implies that
for any \phi \in C2

c (\scrU ) and k \in \BbbN , there holds that
(4.18)\int 

\scrU 
\phi d\^\mu t1  - 

\int 
\scrU 
\phi d\^\mu t2 =

\int t2

t1

\int 
\scrU 
\scrL \phi d\^\mu \tau d\tau \forall t1, t2 \in ( - kT, - (k  - 1)T ] with t1 < t2.

As k \in \BbbN is arbitrary and \^\mu = \~\mu on \scrU \times (0,\infty ), we see that (4.18) holds for all
t1, t2 \in \BbbR with t1 < t2. That is, \^\mu is a measure solution of (1.3) in \scrU \times \BbbR .

Step 6. We show that for any bounded \phi \in CT (\scrU \times \BbbR ), there holds that

(4.19) lim
j\rightarrow \infty 

1

njT

\int t+njT

t

\int 
\scrU 
\phi d\mu \tau d\tau =

1

T

\int T

0

\int 
\scrU 
\phi d\^\mu \tau d\tau \forall t \geq 0.

It follows from (4.11), (4.12), and the definition of \^\mu = (\^\mu t)t\in \BbbR that for each
bounded \phi \in CT (\scrU \times \BbbR ), t \geq 0, and \epsilon > 0,

lim
j\rightarrow \infty 

1

njT

\int t+njT

t

\int 
\scrU 
\phi d\mu \tau d\tau = lim

j\rightarrow \infty 

1

njT

\Biggl[ \int t+\epsilon 

t

\int 
\scrU 
\phi d\mu \tau d\tau  - 

\int t+\epsilon +njT

t+njT

\int 
\scrU 
\phi d\mu \tau d\tau 

\Biggr] 

+ lim
j\rightarrow \infty 

1

njT

\int t+\epsilon +njT

t+\epsilon 

\int 
\scrU 
\phi d\mu \tau d\tau 

= lim
j\rightarrow \infty 

1

njT

\int t+\epsilon +njT

t+\epsilon 

\int 
\scrU 
\phi d\mu \tau d\tau 

= lim
j\rightarrow \infty 

1

T

\int t+\epsilon +T

t+\epsilon 

\int 
\scrU 
\phi d\mu nj

\tau d\tau =
1

T

\int t+\epsilon +T

t+\epsilon 

\int 
\scrU 
\phi d\^\mu \tau d\tau .

The T -periodicity of \phi and \^\mu = (\^\mu t)t\in \BbbR then ensures that 1
T

\int t+\epsilon +T
t+\epsilon 

\int 
\scrU \phi d\^\mu \tau d\tau =

1
T

\int T
0

\int 
\scrU \phi d\^\mu \tau d\tau for all t \geq 0 and \epsilon > 0. Hence, (4.19) follows.

Step 7. We show that for any \psi \in C2
c (\scrU ), there holds that

(4.20) lim
j\rightarrow \infty 

1

nj

nj - 1\sum 
k=0

\int 
\scrU 
\psi d\mu t+kT =

\int 
\scrU 
\psi d\^\mu t \forall t > 0.
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CONVERGENCE TO PERIODIC PROBABILITY SOLUTIONS 1977

Fix \psi \in C2
c (\scrU ). Clearly, \scrL \psi is bounded on \scrU \times \BbbR . Since \mu = (\mu t)t\in (0,\infty ) is a

global probability solution of (1.3), Lemma 2.1 (1)(a) and Lemma 2.2 imply that\bigm| \bigm| \bigm| \bigm| \int 
\scrU 
\psi d\mu t1  - 

\int 
\scrU 
\psi d\mu t2

\bigm| \bigm| \bigm| \bigm| \leq \int t2

t1

\int 
\scrU 
| \scrL \psi | d\mu \tau d\tau 

\leq max
supp(\psi )\times \BbbR 

| \scrL \psi | \times (t2  - t1) \forall 0 < t1 < t2.
(4.21)

Fix t0 \in (0, T ), and let \eta \in C\infty 
c (\BbbR ) be nonnegative and satisfy supp(\eta ) \subset [ - 1, 1]

and
\int 
\BbbR \eta dt = 1. Define \eta \epsilon (t) :=

1
\epsilon \eta (

t
\epsilon ) for t \in \BbbR and 0 < \epsilon \ll 1. Clearly,

\int 
\BbbR \eta \epsilon dt = 1

for 0 < \epsilon \ll 1. It follows that for all t > 0 and 0 < \epsilon \ll 1,\bigm| \bigm| \bigm| \bigm| \bigm| 
\int t+T

t

\biggl( \int 
\scrU 
\psi d\mu \tau 

\biggr) 
\eta \epsilon (\tau  - (t+ t0))d\tau  - 

\int 
\scrU 
\psi d\mu t+t0

\bigm| \bigm| \bigm| \bigm| \bigm| 
\leq 
\int t+T

t

\bigm| \bigm| \bigm| \bigm| \int 
\scrU 
\psi d\mu \tau  - 

\int 
\scrU 
\psi d\mu t+t0

\bigm| \bigm| \bigm| \bigm| \eta \epsilon (\tau  - (t+ t0))d\tau \leq \epsilon \times max
supp(\psi )\times \BbbR 

| \scrL \psi | ,

where we used (4.21). Equivalently, for all t > 0 and 0 < \epsilon \ll 1, there holds that

\int t+T

t

\biggl( \int 
\scrU 
\psi d\mu \tau 

\biggr) 
\eta \epsilon (\tau  - (t+ t0))d\tau  - C\epsilon 

\leq 
\int 
\scrU 
\psi d\mu t+t0 \leq 

\int t+T

t

\biggl( \int 
\scrU 
\psi d\mu \tau 

\biggr) 
\eta \epsilon (\tau  - (t+ t0))d\tau + C\epsilon ,

(4.22)

where C = maxsupp(\psi )\times \BbbR | \scrL \psi | .
Fix t1 > 0. For each fixed nj , setting t = t1 + kT for k = 0, . . . , nj  - 1 in (4.22)

and then summarizing the resulting inequalities, we arrive at

nj - 1\sum 
k=0

\int t1+(k+1)T

t1+kT

\biggl( \int 
\scrU 
\psi d\mu \tau 

\biggr) 
\eta \epsilon (\tau  - (t0 + t1 + kT )) d\tau  - njC\epsilon 

\leq 
nj - 1\sum 
k=0

\int 
\scrU 
\psi d\mu t0+t1+kT

\leq 
nj - 1\sum 
k=0

\int t1+(k+1)T

t1+kT

\biggl( \int 
\scrU 
\psi d\mu \tau 

\biggr) 
\eta \epsilon (\tau  - (t0 + t1 + kT ))d\tau + njC\epsilon , 0 < \epsilon \ll 1.

(4.23)

For each \epsilon > 0, we define a function \~\eta \epsilon on \BbbR by setting

\~\eta \epsilon (t) = \eta \epsilon (t - (t0 + t1 + kT )), t \in [t1 + kT, t1 + (k + 1)T ) and k \in \BbbZ .

Obviously, \~\eta \epsilon is T -periodic and \~\eta \epsilon \in C\infty 
c (\BbbR ) for each 0 < \epsilon \ll 1. Setting \phi (x, t) :=

\psi (x)\~\eta \epsilon (t) for (x, t) \in \scrU \times \BbbR in (4.19) gives

lim
j\rightarrow \infty 

1

njT

\int t1+njT

t1

\biggl( \int 
\scrU 
\psi d\mu \tau 

\biggr) 
\~\eta \epsilon (\tau )d\tau =

1

T

\int t1+T

t1

\biggl( \int 
\scrU 
\psi d\^\mu \tau 

\biggr) 
\~\eta \epsilon (\tau )d\tau .(4.24)
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It follows that

lim
j\rightarrow \infty 

1

njT

nj - 1\sum 
k=0

\int t1+(k+1)T

t1+kT

\biggl( \int 
\scrU 
\psi d\mu \tau 

\biggr) 
\eta \epsilon (\tau  - (t0 + t1 + kT ))d\tau 

= lim
j\rightarrow \infty 

1

njT

nj - 1\sum 
k=0

\int t1+(k+1)T

t1+kT

\biggl( \int 
\scrU 
\psi d\mu \tau 

\biggr) 
\~\eta \epsilon (\tau )d\tau 

= lim
j\rightarrow \infty 

1

njT

\int t1+njT

t1

\biggl( \int 
\scrU 
\psi d\mu \tau 

\biggr) 
\~\eta \epsilon (\tau )d\tau =

1

T

\int t1+T

t1

\biggl( \int 
\scrU 
\psi d\^\mu \tau 

\biggr) 
\~\eta \epsilon (\tau )d\tau .

Dividing (4.23) by njT and then letting j \rightarrow \infty , we derive from the above limit that

1

T

\int t1+T

t1

\biggl( \int 
\scrU 
\psi d\^\mu \tau 

\biggr) 
\~\eta \epsilon (\tau )d\tau  - 

C\epsilon 

T
\leq lim inf

j\rightarrow \infty 

1

njT

nj - 1\sum 
k=0

\int 
\scrU 
\psi d\mu t0+t1+kT

\leq lim sup
j\rightarrow \infty 

1

njT

nj - 1\sum 
k=0

\int 
\scrU 
\psi d\mu t0+t1+kT \leq 1

T

\int t1+T

t1

\biggl( \int 
\scrU 
\psi d\^\mu \tau 

\biggr) 
\~\eta \epsilon (\tau )d\tau +

C\epsilon 

T

for all 0 < \epsilon \ll 1. Since the continuity of the function t \mapsto \rightarrow 
\int 
\scrU \psi d\^\mu t on \BbbR ensures

lim\epsilon \rightarrow 0
1
T

\int t1+T
t1

\bigl( \int 
\scrU \psi d\^\mu \tau 

\bigr) 
\~\eta \epsilon (\tau )d\tau = 1

T

\int 
\scrU \psi d\^\mu t0+t1 , we pass to the limit \epsilon \rightarrow 0 in the

above inequalities to find limj\rightarrow \infty 
1
njT

\sum nj - 1
k=0

\int 
\scrU \psi d\mu t0+t1+kT = 1

T

\int 
\scrU \psi d\^\mu t0+t1 for all

t0 \in (0, T ) and t1 > 0. This proves (4.20).

If the periodic probability solution of (1.3) is unique, then it is clear that (4.19)
and (4.20) hold for the whole sequence \{ \mu n\} n\in \BbbN . This completes the proof.

We sketch the proof of Corollary B.

Proof of Corollary B. The proof is almost the same as that of Theorem B. The
main difference lies in Step 7. More precisely, in this situation, we apply Theorem A
to find that \~\mu = (\~\mu )t\in \BbbR is the unique periodic probability solution of (1.3) and admits
a continuous density. Therefore, the function t \mapsto \rightarrow 

\int 
\scrU \psi d\~\mu t is continuous on \BbbR for any

\psi \in Cb(\scrU ). Hence, the result follows from arguments as in Step 7.

5. Proof of Theorem C. The main idea of proving Theorem C is to apply Har-
ris's theorem (see, e.g., [17, Theorem 3.6]) to a map induced by transition probability
densities associated to global probability solutions of the Cauchy problem (1.3) and
(1.6). Such transition probability densities are constructed and studied in subsection
5.1. We prove Theorem C in subsection 5.2.

Throughout this section, we assume (H1) and (H3) and that \scrL admits a Lya-
punov function of type (L4) U . Hence, Theorems 2.3 and A hold. Moreover, we
denote Mb(\scrU ) as the collection of all bounded measurable functions on \scrU and write
\langle \mu , \phi \rangle :=

\int 
\scrU \phi d\mu for \mu \in \scrM p(\scrU ) and \phi \in Mb(\scrU ), where we recall that \scrM p(\scrU ) is the

set of all Borel probability measures on \scrU .

5.1. Transition probability densities. For fixed s \in \BbbR and x \in \scrU , let \mu s,x
be the unique global probability solution of the Cauchy problem (1.3) and (1.6) with
\nu = \delta x given in Theorem 2.3. Following Theorem 2.1, \mu s,x admits a H\"older continuous
density (y, t) \mapsto \rightarrow p(s, x, t, y) on \scrU \times (s,\infty ). We prove some properties of p(s, x, t, y) in
the rest of this subsection.
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Lemma 5.1. The following hold:
(1) For s < t and y \in \scrU , the function x \mapsto \rightarrow p(s, x, t, y) is continuous on \scrU .
(2) For s \in \BbbR , the function (x, t, y) \mapsto \rightarrow p(s, x, t, y) is measurable on \scrU \times (s,\infty )\times \scrU .
Proof. (1) Let \{ xn\} n\in \BbbN \subset \scrU converge to some x\ast \in \scrU as n\rightarrow \infty . We show that

(5.1) lim
n\rightarrow \infty 

p(s, xn, t, y) = p(s, x\ast , t, y) \forall (y, t) \in \scrU \times (s,\infty ).

Set un(y, t) := p(s, xn, t, y), (y, t) \in \scrU \times (s,\infty ) and d\mu n = d\mu nt dt := un(y, t)dydt.
Note that \mu n is nothing but \mu s,xn .

By Theorem 2.1, we see that for any \scrV \subset \subset \scrU and t1, t2 \in (s,\infty ) with t1 < t2,
there exists a C > 0, independent of n, such that | un| 

C
\alpha  - 1

p ([t1,t2],C\gamma (\scrV ))
\leq C for all

n \in \BbbN . Thus, the sequence \{ un\} n\in \BbbN is precompact under the topology of locally
uniform convergence on \scrU \times (s,\infty ) thanks to the Arzel\`a--Ascoli theorem and the
standard diagonal argument. In particular, any subsequence of \{ un\} n\in \BbbN has a further
subsequence that is locally uniformly convergent on \scrU \times (s,\infty ).

Let us fix a subsequence \{ unj
\} that converges locally uniformly to some nonneg-

ative continuous function u on \scrU \times (s,\infty ). We show that the Borel measure \mu defined
by d\mu = d\mu tdt := u(y, t)dydt coincides with \mu s,x\ast . That is, for any \phi \in C2

c (\scrU ),

(5.2)

\int 
\scrU 
\phi d\mu t = \phi (x\ast ) + lim

r\rightarrow s

\int t

r

\int 
\scrU 
\scrL \phi d\mu \tau d\tau \forall t > s.

As \mu nj is the global probability solution of the Cauchy problem (1.3) and (1.6)
with \nu = \delta xnj

, we apply Lemma 2.1 (1)(a) and Lemma 2.2 to find for any \phi \in C2
c (\scrU )

and t > r > s,
\int 
\scrU \phi d\mu 

nj

t =
\int 
\scrU \phi d\mu 

nj
r +

\int t
r

\int 
\scrU \scrL \phi d\mu nj

\tau d\tau , which is rewritten as\int 
\scrU 
\phi d\mu 

nj

t  - \phi (xnj ) - 
\int t

r

\int 
\scrU 
\scrL \phi d\mu nj

\tau d\tau =

\int 
\scrU 
\phi d\mu nj

r  - \phi (xnj ).

Following the proof of [28, Theorem 2.3], we see that for fixed t0 > s and \phi \in 
C2
c (\scrU ) there exist C1 > 0 and \alpha > 0, independent of n, such that

\bigm| \bigm| \int 
\scrU \phi d\mu 

n
t  - \phi (xn)

\bigm| \bigm| \leq 
C1| t - s| \alpha for all t \in (s, t0) and n \in \BbbN . Hence, for any t > s, there holds that\bigm| \bigm| \bigm| \bigm| \int 

\scrU 
\phi d\mu 

nj

t  - \phi (xnj
) - 

\int t

r

\int 
\scrU 
\scrL \phi d\mu nj

\tau d\tau 

\bigm| \bigm| \bigm| \bigm| 
\leq 
\bigm| \bigm| \bigm| \bigm| \int 

\scrU 
\phi d\mu nj

r  - \phi (xnj
)

\bigm| \bigm| \bigm| \bigm| \leq C1| r  - s| \alpha \forall s < r < min\{ t, t0\} and j \in \BbbN .

Letting j \rightarrow \infty , we find
\bigm| \bigm| \int 

\scrU \phi d\mu t  - \phi (x\ast )  - 
\int t
r

\int 
\scrU \scrL \phi d\mu \tau d\tau 

\bigm| \bigm| \leq C| r  - s| \alpha for all
s < r < min\{ t, t0\} . Letting r \rightarrow s in the above inequality yields (5.2).

Since the above result holds for any locally uniformly convergent subsequence of
\{ un\} n\in \BbbN , the sequence un converges locally uniformly to p(s, x\ast , \cdot , \cdot ) as n \rightarrow \infty . In
particular, (5.1) follows.

(2) In addition to (1), we know that for each s \in \BbbR and x \in \scrU , the function
(y, t) \mapsto \rightarrow p(s, x, t, y) is continuous on \scrU \times (s,\infty ). Hence, the function (x, t, y) \mapsto \rightarrow 
p(s, x, t, y) is a Carath\'eodory function on \scrU \times (s,\infty )\times \scrU and its measurability follows
from [1, Lemma 4.51].

Lemma 5.2. Let \mu = (\mu t)t\in (s,\infty ) be the unique global probability solution of the
Cauchy problem (1.3) and (1.6). Then d\mu = d\mu tdt =

\int 
\scrU p(s, x, t, y)d\nu (x)dydt. In

particular, for any \phi \in Mb(\scrU ), \langle \mu t, \phi \rangle = \langle \nu , \langle \mu s,\bullet t , \phi \rangle \rangle =
\int 
\scrU \langle \mu 

s,x
t , \phi \rangle d\nu (x).
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Proof. Define d\~\mu = d\~\mu tdt :=
\int 
\scrU p(s, x, t, y)d\nu (x)dydt on \scrU \times (s,\infty ). By the

definition of \mu s,x, there holds that for any \phi \in C2
c (\scrU ),

lim
t\rightarrow s

\int 
\scrU 
\phi d\mu s,xt = \phi (x),(5.3) \int 

\scrU 
\phi d\mu s,xt =

\int 
\scrU 
\phi d\mu s,xr +

\int t

r

\int 
\scrU 
\scrL \phi d\mu s,x\tau d\tau \forall s < r < t.(5.4)

It follows from Lemma 5.1 that each term in (5.4) is measurable with respect to x.
Integrating (5.4) with respect to \nu and applying Fubini's theorem, we find

(5.5)

\int 
\scrU 
\phi d\~\mu t =

\int 
\scrU 
\phi d\~\mu r +

\int t

r

\int 
\scrU 
\scrL \phi d\~\mu \tau d\tau \forall s < r < t.

That is, \~\mu is a global probability solution of (1.3) in \scrU \times (s,\infty ).
For \phi \in C2

c (\scrU ), we deduce from
\bigm| \bigm| \int 

\scrU \phi d\mu 
s,x
t

\bigm| \bigm| \leq | \phi | \infty , (5.3), and the dominated
convergence theorem that

\int 
\scrU \phi d\~\mu t =

\int 
\scrU 
\int 
\scrU \phi d\mu 

s,x
t d\nu (x) \rightarrow 

\int 
\scrU \phi d\nu as t\rightarrow s. Hence, \~\mu 

is a global probability solution of the Cauchy problem (1.3) and (1.6). The uniqueness
result in Theorem 2.3 ensures that \~\mu = \mu . The ``In particular"" part follows readily.

Corollary 5.1. For each x, y \in \scrU and t2 > t1 > s, there holds that

p(s, x, t2, y) =

\int 
\scrU 
p(s, x, t1, z)p(t1, z, t2, y)dz.

Proof. Fix s \in \BbbR and x \in \scrU . Lemma 5.2 ensures that the measure

d\mu = d\mu tdt :=

\biggl[ \int 
\scrU 
p(t1, z, t, y)d\mu 

s,x
t1 (z)

\biggr] 
dydt =

\biggl[ \int 
\scrU 
p(t1, z, t, y)p(s, x, t1, z)dz

\biggr] 
dydt

on \scrU \times (t1,\infty ) is the unique global probability solution of the Cauchy problem (1.3)
and (1.6) (with s = t1 and \nu = \mu s,xt1 ). So is the measure \mu s,x restricted on \scrU \times (t1,\infty ).
Theorem 2.3 then yields \mu s,x = \mu on \scrU \times (t1,\infty ). Hence, they have the same densities,
that is, p(s, x, t, y) =

\int 
\scrU p(s, x, t1, z)p(t1, z, t, y)dz for all t > t1 and y \in \scrU . The

corollary follows.

5.2. Proof of Theorem C. We prove two lemmas before proving Theorem C.
Recall that U is a Lyapunov function of type (L4).

The first lemma gives evolutionary estimates of a global probability solution of
the Cauchy problem (1.3) and (1.6) against U .

Lemma 5.3. There are positive constants C1 and C2 such that for any global
probability solution \mu = (\mu t)t\in (s,\infty ) of the Cauchy problem (1.3) and (1.6) with\int 
\scrU U(\cdot , s)d\nu <\infty , there holds that\int 

\scrU 
U(\cdot , t)d\mu t \leq e - C1(t - s)

\int 
\scrU 
U(\cdot , s)d\nu + C2 \forall t > s.

Proof. For simplicity, integrals of the forms
\int 
\scrU g(\cdot , t)d\mu t and

\int 
\scrU g(\cdot , s)d\nu are re-

spectively written as
\int 
\scrU gd\mu t and

\int 
\scrU gd\nu in the rest of the proof.

By Theorem 2.1, \mu admits a density u \in C(\scrU \times (s,\infty )), namely, d\mu = d\mu tdt =
u(x, t)dxdt. By Lemma 2.1 (1)(b) and Lemma 2.2, there holds that for each \phi \in 
C2,1
c (\scrU \times (s,\infty )),

\int 
\scrU \phi d\mu t =

\int 
\scrU \phi d\mu r +

\int t
r

\int 
\scrU \scrL \phi d\mu \tau d\tau for all t > r > s, that is,

(5.6)
d

dt

\int 
\scrU 
\phi d\mu t =

\int 
\scrU 
\scrL \phi d\mu t \forall t > s.
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As U is a Lyapunov function of type (L4), there are positive constants C1, C2,
and \rho m such that \scrL U \leq  - C1U + C2 < 0 in (\scrU \times \BbbR ) \setminus \Omega \rho m . Fix \rho 0 > \rho m, and set
N0 = [\rho 0] + 1, where [\rho 0] is the integer part of \rho 0. Let \{ \zeta N\} N\geq N0

be a sequence of
smooth and nondecreasing functions on \BbbR satisfying

\zeta N (t) =

\left\{     
0, t \in [0, \rho m],

t, t \in [\rho 0, N ],

N + 1, t \geq N + 2,

\zeta N (t) \leq t, t \in [\rho m, \rho 0], and \zeta 
\prime \prime 
N (t) \leq 0, t \in [N,N+2].

In addition, let the functions \{ \zeta N\} N\geq N0 coincide on [0, \rho 0].

We claim that there exists \~C1 > 0 such that\int 
\scrU 
\zeta N (U)d\mu t \leq e - C1(t - s)

\int 
\scrU 
\zeta N (U)d\nu +

\~C1

C1

+ C1(N + 1)

\int t

s

\mu \tau (\scrU \setminus \Omega \tau N )e - C1(t - \tau )d\tau \forall t > s and N \geq N0.

(5.7)

Note that \zeta N (U)  - (N + 1) \in C2,1
c (\scrU \times \BbbR ). Applying Lemma 2.1 (2)(b) and

Lemma 2.2 with \phi = \zeta N (U)  - (N + 1), we find limr\rightarrow s

\int 
\scrU [\zeta N (U)  - (N + 1)]d\mu r =\int 

\scrU [\zeta N (U) - (N + 1)]d\nu . It follows from \mu r(\scrU ) = \nu (\scrU ) = 1 for all r > s that

(5.8) lim
r\rightarrow s

\int 
\scrU 
\zeta N (U)d\mu r =

\int 
\scrU 
\zeta N (U)d\nu .

Setting \phi = \zeta N (U)  - (N + 1) in (5.6), we find d
dt

\int 
\scrU [\zeta N (U) - (N + 1)] d\mu t =\int 

\scrU \scrL (\zeta N (U) - (N + 1)) d\mu t. Since \mu t(\scrU ) = 1 for all t > 0 and \scrL (\zeta N (U) - (N + 1)) =
\zeta \prime N (U)\scrL U + \zeta \prime \prime N (U)aij\partial iU\partial jU , we deduce

d

dt

\int 
\scrU 
\zeta N (U)d\mu t =

\int 
\scrU 
\zeta \prime N (U)\scrL Ud\mu t +

\int 
\scrU 
\zeta \prime \prime N (U)aij\partial iU\partial jUd\mu t \forall t > s.(5.9)

As \zeta \prime N = 0 on [0, \rho m], \zeta \prime N (t) = 1 on [\rho 0, N ], and \zeta \prime N \geq 0 otherwise, we find
\zeta \prime N (U)\scrL U \leq ( - C1U + C2)1\Omega N\setminus \Omega \rho 0

, which implies that\int 
\scrU 
\zeta \prime N (U)\scrL Ud\mu t \leq 

\int 
\Omega t

N\setminus \Omega t
\rho 0

( - C1U + C2)d\mu t.(5.10)

Since \zeta \prime \prime N \not = 0 on [\rho m, \rho 0], \zeta 
\prime \prime 
N \leq 0 on [N,N + 2], and \zeta \prime \prime N = 0 otherwise, the non-

negative definiteness of (aij) gives \zeta \prime \prime Na
ij\partial iU\partial jU \leq (C\ast max\Omega \rho 0

aij\partial iU\partial jU)1\Omega \rho 0
\setminus \Omega \rho m

,

where C\ast := maxt\in [\rho m,\rho 0] \zeta 
\prime \prime 
N (t), which is independent of N due to the coincidence of

\{ \zeta N\} N\geq N0 on [0, \rho 0]. Thus,
\int 
\scrU \zeta 

\prime \prime 
N (U)aij\partial iU\partial jUd\mu t \leq C\ast max\Omega \rho 0

aij\partial iU\partial jU , which

together with (5.9) and (5.10) gives

(5.11)
d

dt

\int 
\scrU 
\zeta N (U)d\mu t + C1

\int 
\Omega t

N\setminus \Omega t
\rho 0

Ud\mu t \leq C2 + C\ast max
\Omega \rho 0

aij\partial iU\partial jU.

As \zeta N \leq \rho 0 on [0, \rho 0], \zeta N (t) = t on [\rho 0, N ], and \zeta N \leq N + 1 on [N,\infty ), we see that\int 
\scrU 
\zeta N (U)d\mu t =

\Biggl( \int 
\Omega t

\rho 0

+

\int 
\Omega t

N\setminus \Omega t
\rho 0

+

\int 
\scrU \setminus \Omega t

N

\Biggr) 
\zeta N (U)d\mu t

\leq \rho 0 +

\int 
\Omega t

N\setminus \Omega t
\rho 0

Ud\mu t + (N + 1)\mu t(\scrU \setminus \Omega tN ).

(5.12)

D
ow

nl
oa

de
d 

04
/0

9/
21

 to
 1

29
.1

28
.2

16
.3

4.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/p
ag

e/
te

rm
s



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1982 MIN JI, WEIWEI QI, ZHONGWEI SHEN, AND YINGFEI YI

Setting \~C1 := C1\rho 0 +C2 +C\ast max\Omega \rho 0
aij\partial iU\partial jU , we find from (5.11) and (5.12) that

d

dt

\int 
\scrU 
\zeta N (U)d\mu t + C1

\int 
\scrU 
\zeta N (U)d\mu t \leq \~C1 + C1(N + 1)\mu t(\scrU \setminus \Omega tN ) \forall t > s.

Applying Gronwall's inequality yields\int 
\scrU 
\zeta N (U)d\mu t \leq e - C1(t - r)

\int 
\scrU 
\zeta N (U)d\mu r +

\~C1

C1

+ C1(N + 1)

\int t

r

\mu \tau (\scrU \setminus \Omega \tau N )e - C1(t - \tau )d\tau \forall t > r > s.

Letting r \rightarrow s in the above inequality, we conclude (5.7) from (5.8) and the monotone
convergence theorem.

Note that if there holds that

(5.13) (N + 1)

\int t

s

\mu \tau (\scrU \setminus \Omega \tau N )e - C1(t - \tau )d\tau \rightarrow 0 as N \rightarrow \infty ,

then we can pass to the limit N \rightarrow \infty in (5.7) to find from \zeta N (t) \leq t for N \geq N0 and

t \geq 0 that
\int 
\scrU \setminus \Omega t

\rho 0

Ud\mu t \leq e - C1(t - s)
\int 
\scrU U(\cdot , s)d\nu + \~C1

C1
for all t > s, which readily leads

to the lemma.
To finish the proof, we show (5.13). Fix t > s. We define

f : = (1 + U)u1\bigcup 
\tau \in [s,t]((\scrU \setminus \Omega \rho 0 )\times \{ \tau \} ),

fN (x, \tau ) : = (N + 1)u(x, \tau )e - C1(t - \tau )1\bigcup 
\tau \in [s,t]((\scrU \setminus \Omega \rho N

)\times \{ \tau \} )(x, \tau ), N \gg 1.

Obviously, fN \leq f for N \gg 1 and fN \rightarrow 0 as N \rightarrow \infty . As\int t

s

\int 
\scrU \setminus \Omega \tau 

\rho 0

f(x, \tau )dxd\tau =

\int t

s

\int 
\scrU \setminus \Omega \tau 

\rho 0

Ud\mu \tau d\tau ,\int t

s

\int 
\scrU \setminus \Omega \tau 

\rho 0

fN (x, \tau )dxd\tau = (N + 1)

\int t

s

\mu \tau (\scrU \setminus \Omega \tau N )e - C1(t - \tau )d\tau ,

the limit (5.13) follows from the dominated convergence theorem if there holds that

(5.14)

\int t

s

\int 
\scrU \setminus \Omega \tau 

\rho 0

Ud\mu \tau d\tau <\infty .

It remains to show (5.14). Set \~C2 := C2 + C\ast max\Omega \rho 0
aij\partial iU\partial jU . For any fixed

r \in (s, t), integrating (5.11) over [r, t] gives\int 
\scrU 
\zeta N (U)d\mu t + C1

\int t

r

\int 
\Omega \tau 

N\setminus \Omega \tau 
\rho 0

Ud\mu \tau d\tau \leq 
\int 
\scrU 
\zeta N (U)d\mu r + \~C2(t - r).

Letting r \rightarrow s in the above inequality, we deduce from (5.8) that\int 
\scrU 
\zeta N (U)d\mu t + C1

\int t

s

\int 
\Omega \tau 

N\setminus \Omega \tau 
\rho 0

Ud\mu \tau d\tau \leq 
\int 
\scrU 
\zeta N (U)d\nu + \~C2(t - s).

Since \zeta N (t) \leq t for all t > 0 and N \geq N0, and U(\cdot , s) is \nu -integrable, passing to the

limit N \rightarrow \infty in the above inequality yields
\int t
s

\int 
\scrU \setminus \Omega \tau 

\rho 0

Ud\mu \tau d\tau \leq 
\int 
\scrU Ud\nu + \~C2(t - s) <

\infty . Hence, (5.14) holds. This completes the proof.
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CONVERGENCE TO PERIODIC PROBABILITY SOLUTIONS 1983

The second lemma is a version of the minorization condition of the measures
\{ \mu s,x\} , where \mu s,x = (\mu s,xt )t\in (0,\infty ) is defined at the beginning of subsection 5.1.

Lemma 5.4. Let s, t \in \BbbR with s < t. For each R > 0, there exists \alpha > 0 such that
\| \mu s,x1

t  - \mu s,x2

t \| TV \leq 2(1  - \alpha ) for all x1, x2 \in \scrU satisfying U(x1, s) + U(x2, s) \leq R,
where \| \cdot \| TV denotes the total variation norm.

Proof. Fix s, t \in \BbbR with s < t and R > 0. Note that

\{ (x1, x2) \in \scrU \times \scrU : U(x1, s) + U(x2, s) \leq R\} \subset \Omega 
s

R \times \Omega 
s

R,

where we recall that \Omega \tau \rho := \{ x \in \scrU : U(x, \tau ) < \rho \} for \tau \in \BbbR and \Omega 
\tau 

R denotes the
closure of \Omega \tau R.

We first claim that there exist positive constants \rho 1 and M such that

(5.15) inf
y\in \Omega t

\rho 1

p(s, x, t, y) \geq M \forall x \in \Omega 
s

R.

For x \in \Omega 
s

R, we denote \mu = (\mu t)t\in (s,\infty ) := \mu s,x and u(y, t) := p(s, x, t, y) for y \in \scrU for
notational simplicity. Applying Lemma 5.3, we find\int 

\scrU 
U(y, \tau )u(y, \tau )dy =

\int 
\scrU 
U(\cdot , \tau )d\mu \tau \leq e - C1(\tau  - s)U(x, s) + C2 \forall \tau > s.

Set \Delta := t - s
4 . Integrating the above inequality over [s+\Delta , s+ 2\Delta ] gives\int s+2\Delta 

s+\Delta 

\int 
\scrU 
U(y, \tau )u(t, \tau )dyd\tau \leq U(x, s)

C1

\bigl( 
e - C1\Delta  - e - 2C1\Delta 

\bigr) 
+ C2\Delta .

Setting C3 := 1
C1

\bigl( 
e - C1\Delta  - e - 2C1\Delta 

\bigr) 
maxx\in \Omega 

s
R
U(x, s) + C2\Delta , we arrive at

(5.16)

\int s+2\Delta 

s+\Delta 

\int 
\scrU \setminus \Omega \tau 

\rho 

U(y, \tau )u(t, \tau )dyd\tau \leq C3 \forall \rho \geq min
\scrU \times \BbbR 

U.

As U satisfies (1.4), there holds that lim\rho \rightarrow \infty inf(\scrU \times \BbbR )\setminus \Omega \rho 
U = \infty . This together with

(5.16) yields the existence of some \rho 1 > min\scrU \times \BbbR U such that
\int s+2\Delta 

s+\Delta 

\int 
\scrU \setminus \Omega \tau 

\rho 1

u(y, \tau )dyd\tau \leq 
\Delta 
2 , which implies that

\Delta 

2
\leq \Delta  - 

\int s+2\Delta 

s+\Delta 

\int 
\scrU \setminus \Omega \tau 

\rho 1

u(y, \tau )dyd\tau =

\int s+2\Delta 

s+\Delta 

\int 
\Omega \tau 

\rho 1

u(y, \tau )dyd\tau \leq | Q1
\rho 1 | sup

Q1
\rho 1

u,

where Q1
\rho 1 := \cup \tau \in [s+\Delta ,s+2\Delta ]

\bigl( 
\Omega \tau \rho 1 \times \{ \tau \} 

\bigr) 
. By Harnack's inequality (see, e.g., [27,

Theorem 10.1]) to u, there is C > 0, independent of u, such that \Delta 
2| Q1

\rho 1
| \leq supQ1

\rho 1
u \leq 

C infQ2
\rho 1
u \leq C infy\in \Omega t

\rho 1
u(y, t), where Q2

\rho 1 := \cup \tau \in [s+3\Delta ,t]

\bigl( 
\Omega \tau \rho 1 \times \{ \tau \} 

\bigr) 
. Setting M :=

\Delta 
2C| Q1

\rho 1
| , (5.15) follows.

We prove the lemma. For x1, x2 \in \Omega 
s

R, set \mu 
i = (\mu it)t\in (0,\infty ) := \mu s,xi and ui(y, t) :=

p(s, xi, t, y) for y \in \scrU and i = 1, 2. It follows from (5.15) that for i, j = 1, 2 with i \not = j,\int 
\Omega t

\rho 1

(ui(y, t) - uj(y, t))
+dy \leq 

\int 
\Omega t

\rho 1

(ui(y, t) - M)1\{ ui\geq uj\} (y, t)dy

\leq \mu it(\Omega 
t
\rho 1) - M

\int 
\Omega t

\rho 1

1\{ ui\geq uj\} (y, t)dy.

D
ow

nl
oa

de
d 

04
/0

9/
21

 to
 1

29
.1

28
.2

16
.3

4.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/p
ag

e/
te

rm
s



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1984 MIN JI, WEIWEI QI, ZHONGWEI SHEN, AND YINGFEI YI

As a result, for i, j = 1, 2 with i \not = j,\int 
\scrU 
(ui(y, t) - uj(y, t))

+dy =

\Biggl( \int 
\scrU \setminus \Omega t

\rho 1

+

\int 
\Omega t

\rho 1

\Biggr) 
(ui(y, t) - uj(y, t))

+dy

\leq \mu it(\scrU \setminus \Omega t\rho 1) + \mu it(\Omega 
t
\rho 1) - M

\int 
\Omega t

\rho 1

1\{ ui\geq uj\} (y, t)dy

= 1 - M

\int 
\Omega t

\rho 1

1\{ ui\geq uj\} (y, t)dy.

As | u1  - u2| = (u1  - u2)
+ + (u2  - u1)

+, we arrive at
\int 
\scrU | u1(y, t) - u2(y, t)| dy \leq 

2 - M | \Omega t\rho 1 | . It follows that

\| \mu 1
t  - \mu 2

t\| TV \leq sup
A\in \scrB (\BbbR d)

\int 
A

| u1(x, t) - u2(x, t)| dx \leq 2

\biggl( 
1 - 1

2
M | \Omega t\rho 1 | 

\biggr) 
.

As 0 < M | \Omega t\rho 1 | \leq 
\int 
\Omega t

\rho 1

u1(y, t)dx \leq 1, we find \alpha := 1
2M | \Omega t\rho 1 | \in (0, 1). This completes

the proof.

We are ready to prove Theorem C.

Proof of Theorem C. We assume, without loss of generality, that s = 0. For
each x \in \scrU , we denote \mu x = (\mu xt )t\in (0,\infty ) := \mu 0,x, where we recall \mu 0,x is the unique
global probability solution of the Cauchy problem (1.3) and (1.6) with s = 0 and
\nu = \delta x. Then d\mu x := d\mu xt dt = p(0, x, t, y)dydt. The proof is divided into four steps.

Step 1. We show that there exist a unique measure \mu \ast \in \scrM p(\scrU ) and positive
constants C and \varrho \in (0, 1) such that \| \mu xnT  - \mu \ast \| TV \leq C\varrho n(1 + U(x, 0)) for all x \in \scrU 
and n \in \BbbN .

Let \scrP : Mb(\scrU ) \rightarrow Mb(\scrU ) be defined by \scrP \phi (x) := \langle \mu xT , \phi \rangle =
\int 
\scrU p(0, x, T, y)\phi (y)dy

for x \in \scrU and \phi \in Mb(\scrU ). By Lemma 5.1, \scrP is well-defined. In particular, \scrP 1 = 1,
where 1 \equiv 1. Let \scrP \ast : \scrM p(\scrU ) \rightarrow \scrM p(\scrU ) be the adjoint operator of \scrP defined by

\langle \scrP \ast \mu , \phi \rangle = \langle \mu ,\scrP \phi \rangle \forall \mu \in \scrM p(\scrU ) and \phi \in Mb(\scrU ).

Since aij and V i are T -periodic for i, j = 1, . . . , d, we find from Theorem 2.3 that
p(nT, x, (n + 1)T, y) = p(0, x, T, y) for all n \in \BbbN and x, y \in \scrU , which implies that
\scrP \phi (x) =

\int 
\scrU p(nT, x, (n+ 1)T, y)\phi (y)dy for x \in \scrU . It follows from Corollary 5.1 that

(5.17) \scrP n\phi (x) = \langle \mu xnT , \phi \rangle , x \in \scrU .

Define a weighted supremum norm: \| \phi \| \ast := ess supx\in \scrU 
\bigm| \bigm| \phi (x)
1+U(x,0)

\bigm| \bigm| for \phi \in Mb(\scrU ).
Thanks to Lemmas 5.3 and 5.4, we apply Harris's theorem (see, e.g., [17, Theorem
3.6]) to find that \scrP admits a unique invariant measure \mu \ast of \scrP , namely, \scrP \ast \mu \ast = \mu \ast ,
and there exist constants C > 0 and \varrho \in (0, 1) such that

\| \langle \mu \bullet 
nT , \phi \rangle  - \langle \mu \ast , \phi \rangle \| \ast = \| \scrP n\phi  - \langle \mu \ast , \phi \rangle \| \ast \leq C\varrho n \| \phi  - \langle \mu \ast , \phi \rangle \| \ast \leq 2C\varrho n\| \phi \| \infty 

holds for all \phi \in Mb(\scrU ), where we used (5.17) in the equality. Consequently,

\| \mu xnT  - \mu \ast \| TV = sup
| \phi | \leq 1

| \langle \mu xnT , \phi \rangle  - \langle \mu \ast , \phi \rangle | 
1 + U(x, 0)

[1 + U(x, 0)]

\leq sup
| \phi | \leq 1

\| \langle \mu \bullet 
nT , \phi \rangle  - \langle \mu \ast , \phi \rangle \| \ast [1 + U(x, 0)] \leq 2C\varrho n [1 + U(x, 0)] .
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CONVERGENCE TO PERIODIC PROBABILITY SOLUTIONS 1985

Step 2. We show that (1.3) admits a unique periodic probability solution \~\mu =
(\~\mu t)t\in \BbbR . Moreover, there holds that \~\mu nT = \mu \ast for all n \in \BbbN .

Denote d\~\mu := d\~\mu tdt as the unique global probability solution of the Cauchy
problem (1.3) and (1.6) with s = 0 and \nu = \mu \ast . It follows from Lemma 5.2 that
\langle \~\mu t, \phi \rangle = \langle \mu \ast , \langle \mu \bullet 

t , \phi \rangle \rangle for all t > 0 and \phi \in Mb(\scrU ), which together with (5.17) and
the fact that \mu \ast is invariant under \scrP implies that for each n \in \BbbN and \phi \in Mb(\scrU ),

\langle \~\mu nT , \phi \rangle = \langle \mu \ast , \langle \mu \bullet 
nT , \phi \rangle \rangle = \langle \mu \ast ,\scrP n\phi \rangle = \langle \scrP \ast n\mu \ast , \phi \rangle = \langle \mu \ast , \phi \rangle .

That is, \~\mu nT = \mu \ast for all n \in \BbbN . Therefore, \~\mu t+T = \~\mu t for all t > 0. We then extend
\~\mu to \scrU \times ( - \infty , 0) by defining \~\mu t := \~\mu t+nT for t \in ( - nT, (n  - 1)T ] and n \in \BbbN . It is
not hard to check that \~\mu := (\~\mu t)t\in \BbbR is a periodic probability solution of (1.3). The
uniqueness follows from Theorem A.

Step 3. We prove there exist positive constants \~C1 and \~C2 such that \| \mu xt - \~\mu t\| TV \leq 
\~C1e

 - \~C2t [1 + U(x, 0)] for all x \in \scrU and t > 0.
For t > 0, there exist unique nt \in \BbbN 0 and 0 \leq rt < T such that t = ntT + rt. For

\phi \in Mb(\scrU ), we set \phi rt(x) := \langle \mu xrt , \phi \rangle for x \in \scrU . Clearly, \| \phi rt\| \leq \| \phi \| \infty if \phi is bounded.
As p(0, x, r, y) = p(nT, x, r+nT, y) for all n \in \BbbN , x, y \in \scrU , and r > 0, we find \phi rt(x) :=\int 
\scrU p(ntT, x, t, y)\phi (y)dy for x \in \scrU . It follows from Lemma 5.2 and Corollary 5.1 that

for each \phi \in Mb(\scrU ), there hold that \langle \~\mu t, \phi \rangle = \langle \~\mu rt , \phi \rangle =
\bigl\langle 
\mu \ast , \langle \mu \bullet 

rt , \phi \rangle 
\bigr\rangle 
= \langle \mu \ast , \phi rt\rangle ,

and for each x \in \scrU ,

\langle \mu xt , \phi \rangle =
\int 
\scrU 
p(0, x, nT, z)

\biggl[ \int 
\scrU 
p(nT, z, t, y)\phi (y)dy

\biggr] 
dz = \scrP n\phi rt(x) = \langle \mu xnT , \phi rt\rangle .

Consequently, we derive from Step 1 that

\| \mu xt  - \~\mu t\| TV = sup
| \phi | \leq 1

| \langle \mu xt , \phi \rangle  - \langle \~\mu t, \phi \rangle | 

= sup
| \phi | \leq 1

| \langle \mu xnT , \phi rt\rangle  - \langle \mu \ast , \phi rt\rangle | \leq C\varrho n [1 + U(x, 0)] \leq \~C1e
 - \~C2t [1 + U(x, 0)] ,

where \~C1 = C\varrho  - 1 and \~C2 = 1
T ln \varrho .

Step 4. Applying Lemma 5.2, we find \langle \mu t, \phi \rangle = \langle \nu , \langle \mu \bullet 
t , \phi \rangle \rangle =

\int 
\scrU \langle \mu 

x
t , \phi \rangle d\nu (x) for

all \phi \in Mb(\scrU ). It follows from Step 3 that

\| \mu t  - \~\mu t\| TV \leq 
\int 
\scrU 

sup
| \phi | \leq 1

| \langle \mu xt , \phi \rangle  - \langle \~\mu t, \phi \rangle | d\nu (x) \leq \~C1e
 - \~C2t

\int 
\scrU 
[1 + U(\cdot , 0)] d\nu 

for all t \geq 0. This completes the proof.

6. Applications. In this section, we discuss some applications of Theorem B,
Corollary B, and Theorem C. Applications to stochastic damping Hamiltonian sys-
tems and stochastic slow-fast systems are discussed, respectively, in subsections 6.1
and 6.2. In subsection 6.3, we investigate the convergence of weak solutions of an
SDE with less regular coefficients.

6.1. Stochastic damping Hamiltonian systems. Consider the following sto-
chastic damping Hamiltonian system:

(6.1)

\Biggl\{ 
\.x = y,

dy =  - [b(x, y)y +\nabla V (x, t)] dt+ F (x, y, t)dt+ \sigma (x, y, t)dWt,
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1986 MIN JI, WEIWEI QI, ZHONGWEI SHEN, AND YINGFEI YI

where (x, y) \in \BbbR d \times \BbbR d, the damping b = (bij) : \BbbR d \times \BbbR d \mapsto \rightarrow \BbbR d\times d is continuous,
the potential V : \BbbR d \times \BbbR \mapsto \rightarrow (0,\infty ) is twice continuously differentiable in x and
continuously differentiable in t, the external force F : \BbbR d\times \BbbR d\times \BbbR \mapsto \rightarrow \BbbR d is continuous,
the noise coefficient matrix \sigma : \BbbR d\times \BbbR d\times \BbbR \mapsto \rightarrow \BbbR d\times m belongs to C(\BbbR ,W 1,p

loc (\BbbR d\times \BbbR d)),
where p > d + 2 and m \geq d are fixed, and (Wt)t\in \BbbR is a standard m-dimensional
Wiener process. We assume V , F , and \sigma are all T -periodic in t for some T > 0.

The FPE associated to (6.1) reads as

(6.2) \partial tu = \partial 2yiyj (a
iju) - \partial xi

(yiu) + \partial yi
\bigl( 
(bijyj + \partial xi

V )u
\bigr) 
 - \partial yi(F

iu),

where (aij) := \sigma \sigma \top 

2 is the diffusion matrix. Denote

\scrL H := \partial t + aij\partial 2yiyj + yi\partial xi  - (bijyj + \partial xiV )\partial yi + F i\partial yi .

We make the following additional assumptions on the coefficients:
(A1) There exists b0 > 0 such that bijyiyj \geq b0| y| 2 for all y \in \BbbR d.
(A2) The functions F and \sigma , and \partial tV , are uniformly bounded on \BbbR d\times \BbbR d\times \BbbR and

\BbbR d \times \BbbR , respectively.
(A3) \Phi \in C2(\BbbR d) is lower bounded and satisfies

sup
(x,y)\in \BbbR d\times \BbbR d

d\sum 
i,j=1

\bigm| \bigm| \bigm| \bigm|  - bji(x, y) xj| x| + \partial xi
\Phi (x)

\bigm| \bigm| \bigm| \bigm| <\infty .

(A4) \nabla xV \cdot x
| x| \rightarrow \infty as | x| \rightarrow \infty .

Note that (A1) says that the system (6.1) is damped. When b(x, y) is bounded,
the function \Phi in (A3) can be taken to be 0.

Following the arguments as in the proof of [22, Theorem 5.1], we can construct a
Lyapunov function of type (L3) with respect to \scrL H . Hence, Theorem B is applied to
give the following result.

Theorem 6.1. Assume (A1)--(A4). Let \mu = (\mu t)t\in (s,\infty ) be a global probability
solution of the Cauchy problem associated to (6.2) with initial condition \mu s = \nu , where
\nu \in \scrM p(\BbbR d \times \BbbR d) is compactly supported. Then for any sequence of positive integers
\{ nj\} j\in \BbbN with limj\rightarrow \infty nj = \infty , there exists a subsequence, still denoted by \{ nj\} j\in \BbbN ,
and a periodic probability solution \~\mu = (\~\mu t)t\in \BbbR of (6.2) such that the following hold:

(1) for each bounded \phi \in CT (\BbbR d \times \BbbR d \times \BbbR ), there holds that

lim
j\rightarrow \infty 

1

njT

\int t+njT

t

\int 
\BbbR d\times \BbbR d

\phi d\mu \tau d\tau =
1

T

\int T

0

\int 
\BbbR d\times \BbbR d

\phi d\~\mu \tau d\tau \forall t \geq s;

(2) for each \psi \in C2
c (\BbbR d \times \BbbR d), there holds that

lim
j\rightarrow \infty 

1

nj

nj - 1\sum 
k=0

\int 
\BbbR d\times \BbbR d

\psi d\mu t+kT =

\int 
\BbbR d\times \BbbR d

\psi d\~\mu t for a.e. t \in (s, s+ T ].

We point out that the uniqueness of periodic probability solutions of (6.2) (with
nonsmooth coefficients) remains an interesting open question.

6.2. Stochastic slow-fast systems. Consider the following SDE:

(6.3)

\Biggl\{ 
\epsilon \.x = f(x, y, t),

dy = g(x, y, t)dt+ \sigma (x, y, t)dWt,
(x, y) \in \BbbR m \times \BbbR n,
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CONVERGENCE TO PERIODIC PROBABILITY SOLUTIONS 1987

where 0 < \epsilon \ll 1, f = (fk) : \BbbR m \times \BbbR n \times \BbbR \mapsto \rightarrow \BbbR m, g = (gi) : \BbbR m \times \BbbR n \times \BbbR \mapsto \rightarrow \BbbR n,
\sigma = (\sigma ij) : \BbbR m \times \BbbR n \times \BbbR \mapsto \rightarrow \BbbR n\times \ell is the noise coefficient matrix with \ell \geq n, and
W = (Wt)t\in \BbbR is a standard \ell -dimensional Wiener process. We assume f , g, and \sigma are
T -periodic in t for some T > 0.

As here we are only interested in the dynamics of (6.3) for each fixed 0 < \epsilon \ll 1,
we set \epsilon = 1 in (6.3) and consider the following system for clarity:\Biggl\{ 

\.x = f(x, y, t),

dy = g(x, y, t)dt+ \sigma (x, y, t)dWt,
(x, y) \in \BbbR m \times \BbbR n.

The associated FPE reads as

(6.4) \partial tu = \partial 2yiyj (a
iju) - \partial xk

(fku) - \partial yj (g
iu), (x, y, t) \in \BbbR m \times \BbbR n \times \BbbR ,

where A := (aij) = 1
2\sigma \sigma 

\top . Denote \scrL SF := \partial t + aij\partial yiyj + fk\partial xk
+ gi\partial yi .

We make the following assumptions on the coefficients:
(B1) Let p > m+n+2. A(x, y, t) is positive definite for each (x, y, t) \in \BbbR m\times \BbbR n\times \BbbR ,

and aij \in CT (\BbbR ,W 1,p
loc (\BbbR m \times \BbbR n)) and gi \in CT (\BbbR m \times \BbbR n \times \BbbR ) for each i, j =

1, . . . , n. Moreover, for each a > 0, sup\{ (x,y,t)\in \BbbR m\times \BbbR n\times \BbbR :| y| \leq a\} | A| <\infty ,

(B2) There exists a positive T -periodic function U \in C1,1(\BbbR m \times \BbbR ) satisfying
lim| x| \rightarrow \infty U(x, t) = \infty for all t \in \BbbR such that sup| y| \leq a supt\in \BbbR \scrL SFU \rightarrow  - \infty 
as | x| \rightarrow \infty for each a > 0, and

\scrL SFU = 0 on \{ (x, y, t) \in \BbbR m \times \BbbR n \times \BbbR : | x| = 0\} ,
\scrL SFU < 0 on \{ (x, y, t) \in \BbbR m \times \BbbR n \times \BbbR : | x| \not = 0\} .

To proceed, we need dissipativity along the slow direction, namely, the y-direction.

Definition 6.1. Let V \in C2,1
T (\BbbR n \times \BbbR ) be a nonnegative function, and let it

satisfy lim| y| \rightarrow \infty inft\in \BbbR V (y, t) = \infty . It is called a semi-Lyapunov function (with
respect to \scrL SF ) of

(1) type (L2) if there exist positive constants \gamma and a such that \scrL SFV \leq  - \gamma on
\{ (x, y, t) \in \BbbR m \times \BbbR n \times \BbbR : | y| > a\} and

(2) type (L3) if lim| y| \rightarrow \infty sup(x,t)\in \BbbR m\times \BbbR \scrL SFV (x, y, t) =  - \infty .

Theorem 6.2. Assume (B1) and (B2). If \scrL SF admits a semi-Lyapunov func-
tion of type (L2), then there exists a unique periodic probability solution \mu = (\mu t)t\in \BbbR 
of (6.4). Moreover, supp(\mu ) = \{ 0m\} \times \BbbR n \times \BbbR , where 0m denotes the origin in \BbbR m.

Proof. We write \scrL SF as \scrL for simplicity. The proof is divided into three steps.
Step 1. We show that (6.4) admits a periodic probability solution \mu = (\mu t)t\in \BbbR .
Let V be a semi-Lyapunov function of type (L2) and \gamma , a > 0 be as in Definition

6.1 (1). Define W (x, y, t) := U(x, t) + V (y, t) for (x, y, t) \in \BbbR m \times \BbbR n \times \BbbR . Obviously,
W is nonnegative and T -periodic, and satisfies inft\in \BbbR W (x, y, t) \rightarrow \infty as | x| + | y| \rightarrow \infty 
and \scrL W = \scrL U+\scrL V \leq  - \gamma on \{ (x, y, t) \in \BbbR m\times \BbbR n\times \BbbR : | y| > a\} . Moreover, it follows
from (B1) that \scrL V is bounded on \{ (x, y, t) \in \BbbR m\times \BbbR n\times \BbbR : | y| \leq a\} and from (B2)
that lim| x| \rightarrow \infty sup| y| \leq a supt\in \BbbR \scrL U =  - \infty . Hence, there exists a constant b > 0 such
that

\scrL W = \scrL U + \scrL V \leq  - \gamma on \{ (x, y, t) \in \BbbR m \times \BbbR n \times \BbbR : | y| \leq a, | x| > b\} .

As a result, \scrL W \leq  - \gamma on \{ (x, y, t) \in \BbbR m \times \BbbR n \times \BbbR : | y| > a or | x| > b\} . That is,
W is a Lyapunov function of type (L2). Hence, we apply [22, Theorem B] to find a
periodic probability solution \mu = (\mu t)t\in \BbbR of (6.4).
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By virtue of Lemma 4.2, we may assume, without loss of generality, that for any
\phi \in C2,1

c (\BbbR m \times \BbbR n \times \BbbR ), the function t \mapsto \rightarrow 
\int \int 

\BbbR m\times \BbbR n \phi (\cdot , t)d\mu t is continuous on \BbbR .
Step 2. We show that \mu is supported on \{ 0m\} \times \BbbR n \times \BbbR . By Lemma 2.1 (1)(b)

and Lemma 2.2, there holds that for any T -periodic \phi \in C2,1
c (\BbbR m \times \BbbR n \times \BbbR ),\int t+T

t

\int \int 
\BbbR m\times \BbbR n

\scrL \phi d\mu \tau d\tau = 0 \forall t \in \BbbR .(6.5)

For each \alpha > 1, set W\alpha (x, y, t) := \alpha U(x, t) + V (y, t) for (x, y, t) \in \BbbR m \times \BbbR n \times \BbbR .
Obviously, W\alpha (x, y, t) \rightarrow \infty as | x| + | y| \rightarrow \infty for each \alpha > 1.

Let \{ \zeta \rho \} \rho >0 be smooth and nondecreasing functions on \BbbR satisfying \zeta \rho (t) = t
for t \in [0, \rho ], \zeta \rho = \rho + 1 on [\rho + 2,\infty ), and \zeta \prime \prime \rho \leq 0 on [\rho , \rho + 2]. Clearly, for each
\rho > 0, the function \zeta \rho (W\alpha ) - (\rho +1) is T -periodic and belongs to C2,1

c (\BbbR m\times \BbbR n\times \BbbR ).
Setting \phi := \zeta \rho (W\alpha ) - (\rho +1) in (6.5), we find from \scrL \zeta \rho (W\alpha ) = \zeta \prime \rho (W\alpha )(\alpha \scrL U+\scrL V )+

\zeta \prime \prime \rho (W\alpha )a
ij\partial yiV \partial yjV that

0 = \alpha 

\int t+T

t

\int \int 
\BbbR m\times \BbbR n

\zeta \prime \rho (W\alpha )\scrL Ud\mu \tau d\tau +

\int t+T

t

\int \int 
\BbbR m\times \BbbR n

\zeta \prime \rho (W\alpha )\scrL V d\mu \tau d\tau 

+

\int t+T

t

\int \int 
\BbbR m\times \BbbR n

\zeta \prime \prime \rho (W\alpha )a
ij\partial yiV \partial yjV d\mu \tau d\tau .

(6.6)

As \zeta \prime \rho \geq 0 on [0,\infty ), we see from Definition 6.1 (1) that

(6.7) \zeta \prime \rho (W\alpha )\scrL V \leq 

\Biggl\{ 
max\Omega \times \BbbR | \scrL U | \zeta \prime \rho (W\alpha ), (x, y, t) \in \Omega \times \BbbR ,
 - \gamma \zeta \prime \rho (W\alpha ), (x, y, t) \in \Omega c \times \BbbR ,

where \Omega := \{ (x, y) : | y| \leq a\} , \Omega c := \{ (x, y) : | y| > a\} , and a > 0 is as Definition 6.1
(1). Since \zeta \prime \prime \rho \leq 0 on [\rho , \rho + 2] and \zeta \prime \prime \rho = 0 otherwise, we derive from the nonnegative

definiteness of A = (aij) that \zeta \prime \prime \rho (W\alpha )a
ij\partial yiV \partial yjV \leq 0 on \BbbR m\times \BbbR n\times \BbbR , which together

with (6.6) and (6.7) gives

 - \alpha 

\int t+T

t

\int \int 
\BbbR m\times \BbbR n

\zeta \prime \rho (W\alpha )\scrL Ud\mu \tau d\tau + \gamma 

\int t+T

t

\int \int 
\Omega c

\zeta \prime \rho (W\alpha )d\mu \tau d\tau 

\leq max
\Omega \times \BbbR 

| \scrL V | 
\int t+T

t

\int \int 
\Omega 

\zeta \prime \rho (W\alpha )d\mu \tau d\tau \leq max
\Omega \times \BbbR 

| \scrL V | \times T.

In particular,  - \alpha 
\int t+T
t

\int \int 
\BbbR m\times \BbbR n \zeta 

\prime 
\rho (W\alpha )\scrL Ud\mu \tau d\tau \leq max\Omega \times \BbbR | \scrL V | \times T . Note that

lim\rho \rightarrow \infty \zeta \prime \rho (W\alpha ) = 1. Letting \rho \rightarrow \infty in the last inequality, we find

 - \alpha 
\int t+T

t

\int \int 
\BbbR m\times \BbbR n

\scrL Ud\mu \tau d\tau \leq max
\Omega \times \BbbR 

| \scrL V | \times T.

To see supp(\mu ) \subset \{ 0m\} \times \BbbR n \times \BbbR , we suppose on the contrary that there exists a

closed set B \subset \BbbR m satisfying 0m /\in B such that
\int t+T
t

\mu \tau (\{ (x, y) : x \in B\} )d\tau > 0 for
all t \in \BbbR . Note that supB\times \BbbR \scrL U < 0 by (B2). Hence,

 - \alpha 
\biggl( 
sup
B\times \BbbR 

\scrL U
\biggr) \int t+T

t

\mu \tau (\{ (x, y) : x \in B\} )d\tau \leq max
\Omega \times \BbbR 

| \scrL V | \times T,

which leads to a contradiction when letting \alpha \rightarrow \infty .
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Step 3. We claim that supp(\mu ) = \{ 0m\} \times \BbbR n \times \BbbR and \mu = (\mu t)t\in \BbbR is the unique
periodic probability solution of (6.4).

Define \mu \ast 
t (B) := \mu t(\{ 0m\} \times B) for B \in \scrB (\BbbR n) and t \in \BbbR , and \mu \ast := (\mu \ast 

t )t\in \BbbR , where
\scrB (\BbbR n) is the Borel \sigma -algebra of \BbbR n. We further define \scrL 0 := \partial t + \alpha ij\partial 2yiyj + \beta i\partial yi ,

where \alpha ij(y, t) = aij(0m, y, t) and \beta i(y, t) := gi(0m, y, t) for (y, t) \in \BbbR n \times \BbbR and
i, j = 1, . . . , n.

As \mu = (\mu t)t\in \BbbR is a periodic probability solution of (6.4) and is supported on
\{ 0m\} \times \BbbR n\times \BbbR , we find \mu \ast 

t (\BbbR n) = 1 and \mu \ast 
t = \mu \ast 

t+T for t \in \BbbR and
\int 
\BbbR 
\int 
\BbbR n \scrL 0\phi d\mu 

\ast 
\tau d\tau = 0

for all \phi \in C2,1
0 (\BbbR n \times \BbbR ). That is, \mu \ast = (\mu \ast 

t )t\in \BbbR is a periodic probability solution of
the following FPE:

(6.8) \partial tu = \partial 2yiyj (\alpha 
iju) - \partial yi(\beta 

iu), (y, t) \in \BbbR n \times \BbbR .

By Theorem 2.1, \mu \ast admits a positive density on \BbbR n \times \BbbR . Hence, supp(\mu \ast ) =
\BbbR n \times \BbbR , or equivalently, supp(\mu ) = \{ 0m\} \times \BbbR n \times \BbbR . Note that V is a Lyapunov
function of type (L2) with respect to \scrL 0. Hence, we apply Theorem A to conclude
that (6.4) as well as (6.8) admit a unique periodic probability solution.

When the semi-Lyapunov function of type (L2) in Theorem 6.2 is of type (L3),
we can apply Theorem B to deduce a convergence result.

Theorem 6.3. Assume (B1), (B2) and that \scrL SF admits a semi-Lyapunov func-
tion of type (L3). Then, for any global probability solution \mu = (\mu t)t\in (s,\infty ) of the
Cauchy problem associated to (6.4) with initial condition \mu s = \nu , where \nu \in \scrM p(\BbbR m\times 
\BbbR n) is compactly supported, there holds that for each t \in (s, s+ T ],

lim
K\rightarrow \infty 

1

K

K\sum 
k=1

\int \int 
\BbbR m\times \BbbR n

\phi d\mu t+kT =

\int \int 
\BbbR m\times \BbbR n

\phi d\~\mu t \forall \phi \in C2
c (\BbbR m \times \BbbR n),

where \~\mu = (\~\mu t)t\in \BbbR is the unique periodic probability solution of (6.4)

Proof. Let V \in C2,1
T (\BbbR n \times \BbbR ) be the strong semi-Lyapunov function with re-

spect to \scrL SF . Arguing as in the proof of Theorem 6.2, we show that the function
W (x, y, t) := U(x, t) + V (y, t) for all (x, y, t) \in \BbbR m \times \BbbR n \times \BbbR is a Lyapunov function
of type (L3). The conclusion follows from Theorems B and 6.2.

6.3. Convergence of weak solutions of an SDE. Fix s \in \BbbR . Consider the
following initial value problem associated to the SDE (1.2):

(6.9)

\Biggl\{ 
dx = V (x, t)dt+G(x, t)dWt, x \in \scrU ,
xs \sim \nu ,

where \nu is a given Borel probability measure on \scrU . We assume V and G are continuous
on \scrU \times \BbbR and T -periodic in t for some T > 0.

Recall that a (globally defined) weak solution of (6.9) is a triple of a filtered prob-
ability space (\Omega ,\scrF , \{ \scrF t\} t\geq s,\BbbP ), an adapted Wiener process (Wt)t\geq s, and an adapted
stochastic process (Xt)t\geq s such that

Xs \sim \nu , Xt = Xs +

\int t

s

V (X\tau , \tau )d\tau +

\int t

s

G(X\tau , \tau )dW\tau \forall t > s.

In what follows, we simply call (Xt)t\geq s a weak solution of (6.9) without mentioning
the underlying probability space and Wiener process.

Let (aij) = 1
2GG

\top , and set \scrL := \partial t + aij\partial 2ij + V i\partial i.
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Lemma 6.1. Let (Xt)t\geq s be a weak solution of (6.9) and \mu t be the distribution of
Xt for t \geq s. Then (\mu t)t\in (s,\infty ) is a global probability solution of the Cauchy problem
(1.3) and (1.6).

Proof. It is well known [24] that under the current assumptions on the coefficients,
(Xt)t\geq s induces a solution of the associated martingale problem. Hence, for each

\phi \in C2
c (\scrU ), there holds that \BbbE \phi (Xt)  - \BbbE \phi (Xs)  - 

\int t
s
\BbbE [\scrL \phi (X\tau )] d\tau = 0 for all t > s,

that is,
\int 
\scrU \phi d\mu t  - 

\int 
\scrU \phi d\nu  - 

\int t
s

\int 
\scrU \scrL \phi d\mu \tau d\tau = 0 for all t > s. The conclusion then

follows from Lemma 2.1 (1) (b).

In the presence of Lemma 6.1, we can apply Theorems B and C to derive the
following convergence results of weak solutions.

Theorem 6.4. Suppose \scrL admits a Lyapunov function of type (L3) U . Let (Xt)t\geq s
be a weak solution of (6.9) with

\int 
\scrU U(\cdot , s)d\nu < \infty . Then for any sequence of posi-

tive integers \{ nj\} j\in \BbbN with limj\rightarrow \infty nj = \infty , there exists a subsequence, still denoted
by \{ nj\} j\in \BbbN , and a periodic probability solution \~\mu = (\~\mu t)t\in \BbbR of (1.3) such that the
following hold:

(1) for each bounded \phi \in CT (\scrU \times \BbbR ), there holds that

lim
j\rightarrow \infty 

1

njT

\int t+njT

t

\BbbE \phi (X\tau )d\tau =
1

T

\int T

0

\int 
\scrU 
\phi d\~\mu \tau d\tau \forall t \geq s;

(2) for each \psi \in C2
c (\scrU ), there holds that

lim
j\rightarrow \infty 

1

nj

nj - 1\sum 
k=0

\BbbE \psi (Xt+kT ) =

\int 
\scrU 
\psi d\~\mu t for a.e. t > s.

In particular, if (1.3) admits a unique periodic probability solution \~\mu = (\~\mu t)t\in \BbbR , then
the convergence in (1) and (2) holds for the whole sequence \BbbN .

Theorem 6.5. Assume GG\top is locally Lipschitz continuous in x and pointwise
positive definite. Suppose \scrL admits a Lyapunov function of type (L4) U . Then there
exist positive constants C1 and C2 such that any weak solution (Xt)t\geq s of (6.9) with\int 
\scrU U(\cdot , s)d\nu <\infty satisfies\bigm| \bigm| \bigm| \bigm| \BbbE \phi (Xt) - 

\int 
\scrU 
\phi d\~\mu t

\bigm| \bigm| \bigm| \bigm| \leq C1e
 - C2(t - s) \forall t > s

for all bounded measurable function \phi on \scrU , where \~\mu = (\~\mu t)t\in \BbbR is the unique probability
solution of (1.3).
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