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Abstract. The present paper is devoted to the study of convergence of solutions of a Fokker—
Planck equation (FPE) associated to a periodic stochastic differential equation with less regular
coefficients under various Lyapunov conditions. In the case of nondegenerate noises, we prove two
types of convergence of solutions to the unique periodic probability solution, namely, convergence in
mean and exponential convergence. In the case of degenerate noises, we show the convergence of so-
lutions in mean to the set of periodic probability solutions. New results on the uniqueness of periodic
probability solutions and global probability solutions of the FPE are also obtained. As applications,
we study the long-time behaviors of the FPEs associated to stochastic damping Hamiltonian systems
and stochastic slow-fast systems, and of weak solutions of periodic stochastic differential equations
with less regular coefficients.
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1. Introduction. Consider ordinary differential equations (ODEs) of the form
(1.1) z=V(z,t), z€l,

where ¢ is the time variable, & stands for the time derivative of » = z(t), U C R?
is an open connected domain, and V = (V?) : U x R — R? is a time T-periodic
vector field, called the drift field, for some T' > 0. The periodic time dependence in
(1.1) is frequently used in applications, for instance in biology, ecology, physics, and
engineering, to model time recurrence and seasonal variations in the vector field. As
real world problems are often subject to noise perturbations from either surrounding
environments or intrinsic uncertainties [20], more realistic models should often take
the fluctuations or noises into consideration. This motivates us to consider noise
perturbations to the ODE (1.1) that result in the following stochastic differential
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equation (SDE):
(1.2) de =V(z, t)dt + G(z,t)dW,, =z €U,

where G : U x R — R¥*™ is a time T-periodic noise coefficient matriz with m > d,
and W = (W;)ier is a standard m-dimensional Wiener process. The SDE (1.2) is
naturally connected to the following Fokker—Planck equation (FPE):
(1.3) Opu = 81-2]-(aiju) —0;(V'u), wel,

where A := (a¥) = GG is the diffusion matriz, ; = 0,,, 0} = aiﬂj, and the
summation convention is used in the right-hand side of (1.3). Not only does the FPE
(1.3) govern the distributions of the solutions of (1.2), but it has also been directly
used to model the evolution of the distributions for many stochastic processes [33].
We emphasize that a general domain I/ rather than the whole space R? expands
the scope of applications. For instance, mathematical models arising in population
biology often have the first quadrant of R? as the phase space.

Two fundamental problems concerning the long-time dynamics of the SDE (1.2)
and the FPE (1.3) are the existence and uniqueness of steady states and the con-
vergence of their solutions to the steady states. These problems have been exten-
sively studied when V(z,t) = V(z) and G(x,t) = G(x) are autonomous in both
regular or less regular cases, in which steady states are often defined to be the sta-
tionary measures, or stationary distributions. We refer the reader to [9, 5, 7, 6, 18, 19]
and references therein for the existence and uniqueness of stationary measures, and
[25, 32, 5, 29, 26, 3, 6, 23] and references therein for the convergence of solutions of
(1.2) and (1.3) to stationary measures. Many different approaches have been taken
and developed to study these problems. For instance, ergodic properties of Markov
processes and stochastic analytical techniques are adopted in [25, 32, 29, 26, 3], the-
ories of Dirichlet forms and semigroups are used in [9, 5, 6], and PDE techniques
are developed in [9, 5, 7, 6, 18, 19, 23]. We emphasize that (1.2) and (1.3) with less
regular coefficients arise naturally in applications, for instance in modeling complex
fluid flows [31], and their study gives rise to challenging mathematical problems.

When V and G are T-periodic in ¢ and admit at least Lipschitz regularity in
x, steady states of (1.2) and (1.3) are characterized by the periodic analogues of
stationary measures, called periodic solutions, that appeared in the literature under
different names and definitions. The investigation of these fundamental problems
for (1.2) and (1.3) with locally Lipschitz coefficients has attracted much attention,
especially in recent years. In [26], Khasminskii defined periodic solutions for the
SDE (1.2) in the sense of periodic Markov processes and proved the existence under
periodic Lyapunov conditions. In [11], Chen et al. studied the existence of classical
periodic solutions of the FPE (1.3), assuming the existence of an uncommon Lyapunov
function. The existence of periodic solutions of semilinear SDEs has been established
in [30, 21, 13, 10] and references therein. Zhao and Zheng [35] and Feng, Zhao, and
Zhou [16] studied the existence of the so-called random periodic solutions of (1.2) in
the framework of random dynamical systems. As for the convergence, Feng, Zhao, and
Zhong investigated in [15] the ergodic property of (1.2) that generalizes the classical
ergodic theory of (1.2) in the autonomous case.

For (1.2) and (1.3) with less regular coefficients, the authors of the present paper
adopted PDE techniques in [22] to show the existence of periodic probability solutions
(see Definition 1.1) of (1.3) under a Lyapunov condition. The uniqueness of periodic
probability solutions and the convergence of solutions of (1.3) remained open.
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The main purpose of the present paper is to investigate the uniqueness of periodic
probability solutions of (1.3) as well as the convergence of the solutions of (1.2) and
(1.3) when V and G are less regular. Our study of the convergence issue also gives
an alternative approach for the existence of periodic probability solutions of (1.3)
but under stronger conditions than those required in [22]. We recall from [22] the
definition of periodic probability solutions of (1.3). Denote by

L:=08+a 0+ V'
the parabolic operator associated to the dual equation of (1.3).

DEFINITION 1.1 (periodic probability solution). A Borel measure p on U x R
is called a periodic probability solution of (1.3) if there exists a family of Borel
probability measures (j1¢)ter onU satisfying s = pyrr for allt € R, a®, Vi € Llloc(l/{x

R, dpdt) for all i,j € {1,....d}, and [, [, Lodudt = 0 for all ¢ € C3H(U x R),
such that dp = dpdt, writing p = (pt)ter @n short.

To proceed, dissipative conditions in terms of Lyapunov functions are needed. For
a nonnegative function U € Cp(U x R) (see Table 1 for the definition), we define for
each p > 0, the p-sublevel set Q, = {(z,t) e U x R:U(z,t) < p}, and its t-sections
QY ={z eU:U(x,t) < p} for t € R. From now on, we begin to use some function
spaces, which, except for the usual ones, are collected in Table 1 at the end of this
section. We define four types of Lyapunov functions as follows.

DEFINITION 1.2. A function U € Cr(U x R) is called an unbounded compact
function if U > 0 and there is a sequence {Un}nen of open sets in U satisfying
Uy CUp+1 CCU foralln €N and U = U,Zozl U,, such that
(1.4) inf - U—o00 as n— oo

U\U, ) xR

An unbounded compact function U € C%’I(Z/l x R) is called a Lyapunov function
(with respect to L) of the following types:

(L1) There are positive constants pm, C1, and Cy such that LU < C1U + Cy in
UXxR)\Q,, .

(L2) There are positive constants p, and vy such that LU < —vy in (U x R)\ Q, .

(L3) limy— 00 SUP(4\1s, ) xr LU = —00.

(L4) There are positive constants pm,, C1, and Cy such that LU < —C1U + Cs in
UxR)\Q,, .

Note that in the definition of Lyapunov functions of types (L1) and (L4), the
domain (U x R) \ Q,, cannot be replaced by U x R, as the drift field V is not
necessarily continuous or bounded. As the definitions of these Lyapunov functions are
based on unbounded compact functions, they are necessarily unbounded. The word
“unbounded” often appears in front of these functions in literature just to highlight
their unboundedness. In this paper, we choose to suppress the word “unbounded” in
front of these functions for the sake of simplicity. Whenever no confusion is caused,
we also suppress the phrase “with respect to £”.

We point out that the unboundedness of a Lyapunov function of type (L1), the
weakest among all types, ensures the conservation of mass (see Theorem 2.3). In the
case of smooth coefficients, it simply says that trajectories of the solution process of
(1.2) do not reach the boundary of I/ in finite time. Thus, the system on U can be
treated in the same way as it is on R%.

To study the uniqueness of periodic probability solutions of (1.3), we make the
following assumption.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/09/21 to 129.128.216.34. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

CONVERGENCE TO PERIODIC PROBABILITY SOLUTIONS 1961

(H1) For fixed p > d + 2, a¥ € L®(R; Wz P(U)) and V' € LY (U x R) for each
i,7 = 1,...,d. The diffusion matrix A (a¥) is locally uniformly positive
deﬁmte, that is, for each open set V CC U, there are positive constants Ay and
Ay such that Ay |€]? < a¥(z,1)&& < Ap|€)? for all (z,t) € VxR and € € RY.

Our result on uniqueness is as follows.

THEOREM A (uniqueness). Assume (H1). If L admits a Lyapunov function of
type (L1), then there exists at most one periodic probability solution of (1.3).

We remark that the existence of periodic probability solutions of (1.3) is estab-
lished in [22, Theorem A] under (H1) and a Lyapunov function of type (L2). This
together with Theorem A gives the following corollary.

COROLLARY A. Assume (H1). If L admits a Lyapunov function of type (L2),
then there exists a unique periodic probability solution of (1.3).

Let M,,(U) be the space of all Borel probability measures on &. We recall the defi-
nition of global probability solutions, whose existence and uniqueness are investigated
in subsection 2.2.

DEFINITION 1.3. Let Z C R be an open interval, and let s € R:
(1) A Borel measure p on U x I is called a measure solution of (1.3) (inU xI)
if there exists a family of Borel measures (ut)ier on U satisfying a, Vi €
L} (U x T,dudt) for alli,j € {1,...,d} and

(1.5) / Lodpdt =0 VYo e CoM U x T),
UXT

such that dp = dugdt. In this case, we write p = (u¢)iez. If, in addition,
Z = (s,00) and pe(U) < 1 (resp., pe(U) = 1) for a.e. t € Z, then u is called
a global subprobability solution (resp., global probability solution) of (1.3).

(2) LetZ = (s,tg) for some tg € (s,00]. A measure solution pn = (pt)tez of (1.3)
is said to satisfy the initial condition

(1.6) ps =v € My(U)

if for each ¢ € C°(U), there is a set J, C I satisfying |Z\ Jy| = 0 such that

(1.7) Jqsgrtn—>5/1,{¢dmz/z,,¢dy'

In this case, u = (ut)ter is simply called a measure solution of the Cauchy
problem (1.3) and (1.6). If, in addition, T = (s,00) and p1 = (iit)se(s,00) 5 @
global subprobability solution (resp., global probability solution) of (1.3), then
w is called a global subprobability solution (resp., global probability solution )
of the Cauchy problem (1.3) and (1.6).

We prove three results on the convergence of global probability solutions of the
Cauchy problem (1.3) and (1.6) to periodic probability solutions. To state the first
one, we make the following assumptions on A and V.

(H2) a¥, Vie O(U x R) for each i,j =1,...,d.

THEOREM B (convergence in mean). Assume (H2) and that L admits o Lya-
punov function of type (L3) U. Let p = (,ut)te(s ) be a global probability solution of
the Cauchy problem (1.3) and (1.6) with fu s)dv < oo. Then for any sequence
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of positive integers {n;};en with lim;_, n; = 0o, there exist a subsequence, still de-
noted by {n;};en, and a periodic probability solution i = (fit)ier of (1.3) such that
the following hold:

(1) For each bounded ¢ € Cr(U x R), there holds that

t+n; T
lim —/ /(bdquT— —/ /qﬁdquT vVt > s.
j—o0 TL]

(2) For each v € C%(U), there holds that

lim — /¢dﬂt+kT = / Ydie  for a.e. t > s.

j—o0 n]

In particular, if (1.3) admits a unique periodic probability solution i = (fit)tcr, then
the convergence in (1) and (2) holds for the whole sequence N.

Under the conditions of Theorem B, the diffusion matrix A is allowed to be
degenerate in U, in which case the FPE (1.3) can admit multiple periodic probability
solutions. This is why the main part in the statement of Theorem B only asserts the
average attractiveness of global probability solutions of the Cauchy problem (1.3) and
(1.6) by the set of periodic probability solutions of (1.3). If we assume, in addition,
that A is locally uniformly positive definite as in (H1), then Theorem A guarantees
the validity of the “In particular” part in the statement of Theorem B. The same
results can be established under slightly weaker conditions on the coefficients. As
the proof is almost the same, we state the results in the next corollary, which is our
second result on the convergence.

COROLLARY B. Assume (H1) and that £ admits a Lyapunov function of type
(L3) U. Then for any global probability solution . = (j1t)e(s,00) 0f the Cauchy problem
(1.3) and (1.6) with [, U(-,s)dv < oo, there holds that for any ¢ € Cy(U),

n—o0o N,

lim — Z/ ¢dﬂt+kT = / wd,ut Vit € (S 3+T]

where i = (fit)ter i the unique periodic probability solution of (1.3).

Compared to the convergence in Theorem B (2), the convergence in Corollary B
holds for a larger class of test functions. This is because the assumption (H1) (more
precisely, the locally uniform positive definiteness of A in (H1)) ensures the existence
of the continuous density of a global probability solution u = (f¢)te(s,00), Which
guarantees the continuity of the function ¢ — fu ¢dp on (s,00) for each ¢ € Cp(U),
while under the conditions in the statement of Theorem B, the continuity of the
function ¢ — [;, ¢dp on (s,00) is only obtained when ¢ € CZ(U).

Conclusions in Theorem B and Corollary B can be regarded as weak forms of
Birkhoft’s ergodic theorem. Moreover, their proofs do not require the standard semi-
flow property that plays essential roles in the proof of the classical ergodic theorem
for measure-preserving dynamical systems and Markov processes. Indeed, under the
assumption (H1) or (H2), the uniqueness of solutions of the Cauchy problem (1.3)
and (1.6) is unknown. Even if we assume the uniqueness, they are only known to
generate a semiflow under the weak*-topology. Such weak ergodic theorems without
semiflow property can potentially serve as theoretical foundations for the evolution
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of practical systems that are often too complicated to admit the standard semiflow
property or get it tested.

Our third convergence result concerns the exponential convergence of global prob-
ability solutions of the Cauchy problem (1.3) and (1.6) to periodic probability solu-
tions under Lyapunov functions of type (L4). This requires Lipschitz conditions on
A = (a') as follows.

(H3) For each i,j = 1,...,d, the entry a¥ is locally Lipschitz in z; that is, for
each open set ¥V CC U, there is an Ly > 0 such that [a" (z1,t) — a' (z2,t)] <
Ly|z1 — x| for all 21,25 € V and a.e. t € R.

THEOREM C (exponential convergence). Assume (H1) and (H3). Suppose L
admits a Lyapunov function of type (L4) U. Then there exist positive constants Cy
and Cy such that for any global probability solution p = (f1¢)ie(s,00) Of the Cauchy
problem (1.3) and (1.6) with [, U(-,s)dv < oo, there holds that

e — fiellov < Cre~ 2073 i > s,

where i = (fit)ter is the unique periodic probability solution of (1.3) and || - ||rv
denotes the total variation norm.

An important piece in the proof of Theorem C is the construction of the transi-
tion probability densities p(s,z,t,y) for s < ¢t and x,y € U associated to the global
probability solutions of the Cauchy problem (1.3) and (1.6) (see subsection 5.1). This
benefits from the assumption (H3), which, together with the assumption (H1), en-
sures the existence, regularity, and uniqueness of global probability solutions of the
Cauchy problem (1.3) and (1.6) (see Theorem 2.3). Consequently, the transition prob-
ability densities can be defined and shown to satisfy expected properties resulting in
the applicability of classical arguments leading to the exponential convergence.

It is worthwhile to point out that our approaches for the convergence are different
from those in [23] for the autonomous case based on the sophisticated theory of gener-
alized Markov semigroups associated to stationary measures developed in [9]. In fact,
it is unclear whether there is an analogous theory of generalized Markov semigroups
associated to periodic probability solutions. Any progress along this direction would
be helpful for improving the convergence results in Theorem B and Corollary B.

In this paper, we also consider three applications of Theorem B, Corollary B, and
Theorem C as follows. (i) For a class of stochastic damping Hamiltonian systems,
Lyapunov functions of type (L3) are constructed to ensure the convergence of global
probability solutions of the associated FPEs as stated in Theorem B. (ii) For a class
of stochastic slow-fast systems with very strong dissipative properties along the fast
directions and nondegenerate noises only along the slow directions, we show the ex-
istence and uniqueness of periodic probability solutions as well as the convergence of
global probability solutions of the associated FPEs under Lyapunov conditions along
the slow directions. (iii) For an SDE with less regular coefficients, we show that the
distributions of their globally defined weak solutions are global probability solutions
of the associated FPE, and hence, under appropriate Lyapunov conditions, the con-
vergence of globally defined weak solutions is established as simple consequences of
our convergence results. The details of these applications are given in section 6.

The rest of the paper is organized as follows. In section 2, we recall some basic
facts, including, in particular, equivalent formalisms of global probability solutions of
the Cauchy problem (1.3) and (1.6) and the regularity theory of measure solutions
of (1.3), and we prove the global well-posedness of the Cauchy problem (1.3) and
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TABLE 1
Notations.
ICR An interval
C.(U) Space of compactly supported continuous functions on U
Cyp(U) Space of bounded continuous functions on U
CZU)/Ce(U) Ce(U) N C*(U)/Ce(U) N C™(U)
Co(U X I) Space of compactly supported continuous functions on U x Z
Cc(U XT) Space of continuous functions u : U X Z — R such that u(t,-) € Ce(U) for
eachte T
Cr(U X R) Space of T-periodic and continuous functions on U x R
C21(U x T) Space of continuous functions that are twice continuously differentiable
in z and continuously differentiable in ¢
3l x 1) C2 U X I) N Ce(U x T)
c
C%*l(u x R) C2Y U x R) N Cr(U x R)
C’O’l(u x T) Space of functions in C%1 (U x T) with compact support
L*>(R; Wllo’f(l/{)) Space of measurable functions u : U X R — R such that u(t,-) € Wllo’cp )

for a.e. t € R and for each subdomain @ CC U, the function t
[|u(t, ')HWLP(Q) is essentially bounded

(1.6). In section 3, we study the uniqueness of periodic probability solutions of (1.3)
with nondegenerate noises and prove Theorem A. We study the convergence of global
probability solutions of the Cauchy problem (1.3) and (1.6) in sections 4 and 5. In
particular, Theorems B and C are proven, respectively, in sections 4 and 5. The proof
of Corollary B is sketched out at the end of subsection 4.2. Some applications of our
convergence results, namely, Theorem B, Corollary B, and Theorem C, are presented
in section 6.

2. Preliminaries. In subsection 2.1, we present some equivalent formalisms of
measure solutions, given in Definition 1.3, of (1.3) or the Cauchy problem (1.3) and
(1.6), and we recall the regularity theory. In subsection 2.2, we present some results
on the global well-posedness of the Cauchy problem (1.3) and (1.6).

2.1. Measure solutions and regularity. Arguing as in [6, Proposition 6.1.2]
and [8, Lemma 1.1], the following equivalent formalisms hold for (1.5) or (1.5) and
(1.7) in U x Z, where Z C R is an open interval.

LEMMA 2.1. Let (ut)iez be Borel measures such that a®, Vi € Li, (U x T, dpdt)
foralli,j=1,....d:

(1) The following statements are equivalent to (1.5):

(a) For each ¢ € C2(U), there exists Jy C T satisfying |Z\ Jy| = 0 such that

t
/ odpy = / od sy Jr/ / Lodp-dr Vr,t € Jy withr <t.
u u r Ju

(b) For each ¢ € C>Y(U x I), there exists Js C I satisfying |Z\ Jy| = 0
such that

t
/ d(-,t)dps = / d(-,r)dpy +/ / Lodpdr  Vr, t € Jy withr < t.
u u r Ju

(2) Let T = (s,tg) for some —oo < s < tg < oo The following statements are

equivalent to (1.5) and (1.7):
(a) For each ¢ € C2(U), there exists Jy C T satisfying |Z\ Jy| = 0 such that

¢
(2.1) /¢dut:/¢dy+ lim /Ed)dquT vt € Jy.
u u u

Jypor—=5 /.
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(b) For each ¢ € C*Y(U x [s,10)), there exists J5 C T satisfying |Z\ Jp| =0
such that

t
/¢(~,t)d,ut:/¢(~,s)du+ lim / /EgbdquT vt € Jg.
u u Joor—=s | Ju

LEMMA 2.2. Let (ut)tez be as in Lemma 2.1. If t — fu @dpy is continuous on T
for any ¢ € C2(U), then Jy can be taken to be I in each case of Lemma 2.1.

Proof. We only show the case in Lemma 2.1 (2)(a); the other cases can be proven
in the same manner.

For fixed ¢ € C%(U), it is clear that the function (r,t) ~ f: Jy Lodprdr is
continuous on {(r,t) € Z? : r < t}. Fix t, € T\ Js. There exists a sequence
{tn}nen C Jp such that ¢, — t. as n — oo. Setting t = ¢, in (2.1) and letting
n — 0o, we see that (2.1) holds for ¢ = t,.

It remains to show that for each t € Z, there holds that lim,_, f: Jyy Lodpdr =
Jyy ddpe — [, ¢dv =: A;. Clearly, the above limit is the case if 7 takes values in Jyg. If
the above limit is not the case, then there exist an ¢y > 0 and a sequence {ry, }nen in
T\ Jy satistying r,, — s as n — oo such that | f:ﬂ Jyy Lodprdr — Ay > € for all n > 1.
By the continuity of r — f: fu Lodp,dr and the density of J, in Z, we find a sequence
{Fn}nen C Jp satisfying 7, — s as n — oo such that |f7fn Jy Lodprdr — Ay > S for
all n>> 1, which leads to a contradiction. This proves (2)(a). |

Now we recall the regularity theory of measure solutions of (1.3) in & x Z. Recall
p>d+2. Let Hé’p (U x T) be the space of measurable functions v on U x Z such that
u(-,t) € WP (U) for a.e. t € T and the function t — |ul(t, -)HWOl,p(u) lies in LP(Z). Let

H~' (U x T) be the dual space of Hj” (U x T), where p/ > 1 is such that %Jr ﬁ =1.

Let HZI(;IC)(Z/{ x T) be the space of measurable functions u on U x Z such that

nu € HyP(U x T) and 8 (nu) € H-P(U x T) for each € C§°(R41). By [6, Theorem
6.2.2], there exist o > % and v > 0, depending only on d and p, such that 'Hllo’p (UXTI)is

C
continuously embedded into co v (Z,C7(U)). Here, C*(Z,C7(U)) denotes the space
of all continuous functions v : U x Z — R such that u(t,-) € C7(U) for all t € Z and
for each subdomain Q@ CC U, the function t — |u(t,)|c- () lies in C*(I).

THEOREM 2.1 (see [4, 6]). Assume (H1). Let 1 = (it)tez be a measure solution
of (1.3). Then u admits a positive density u € 'Hllo’f(l/l x I). Moreover, for closed

intervals [s1,t1] CC [s2,t2] C T and open subsets W CC Wy CC U, there exist o > %,
v >0, and N > 0, independent of i or u, such that

(2.2) [[ul

to
COTF ((s1,40),CT V) /sz T

2.2. Global well-posedness. The following result on the existence of global
probability solutions of the Cauchy problem (1.3) and (1.6) is taken from [28].

THEOREM 2.2 (see [28]). Assume (H1) or (H2). Suppose L admits a Lyapunov
function of type (L1). Then the Cauchy problem (1.3) and (1.6) admits a global
probability solution p = (ft¢)tc(s,00)- Moreover, under (H1), p admits a density in
C*((s,00),C7(U)) for some o > % and v > 0.

We prove a uniqueness result.
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THEOREM 2.3. Assume (H1) and (H3). Suppose L admits a Lyapunov function
of type (L1). Then the Cauchy problem (1.3) and (1.6) admits a unique (in the class
of global subprobability solutions) global probability solution.

Proof. Let ' = (1} )te(s,00) and p? = (47 )e(s,00) be, respectively, a global prob-
ability solution and a global subprobability solution of the Cauchy problem (1.3) and
(1.6). Applying Theorem 2.1, we may assume that for each i = 1,2, u’ admits a
positive density p; € C(U x (s,00)). We show that p; = p2. Setting w := Z—f, it is
equivalent to prove w =1 on U X (s, 00).

Define fy(t) := 1Y) —¢* for t > 0, where A > 0 is a parameter. Following
the main ideas of [34, Lemma 2.2], we deduce that for any nonnegative function
¢ € C>1(U x R), there holds that

(2.3) /M Pw)odut < Fr(1) /u odv+ [ /u fa(w)Codptdr V> s

Since the proof of (2.3), using the main ideas in [34, Lemma 2.2], is relatively indepen-
dent and long, we include it in the accompanying supplemental file (supplement.pdf
[local/web 279KB]) for the sake of readability and completeness.
Let U be the Lyapunov function of type (L1). Fix pg > pn,. We introduce a
smooth and nondecreasing function 6 satisfying 6 = 0 on [0, p,,,] and 6(t) = t for
€ [po,00). There exists C' > 0 such that t0'(t) < CO(t) for t > 0. Since 6" # 0 on
[pm, po] and 8” = 0 otherwise, (H1) ensures the existence of Cy,Cy > 0 such that
LOU) =0 (U)LU + 0" (U)a" 0;,U0;U
< O'(U)(C1U + C2) + Aq, 0”0 max [VU|* < C1O(U) + C2 in U xR.
PO

Hence, we find a new Lyapunov function of type (L1) U= 0(U) whose Lyapunov
condition holds on U x R. This allows us to proceed as in [28, Theorem 3.5].

Let ¢ € C°([0,00)) satisfy ¢(0) =1, { =0 on [1,00), (' <0, and ¢" > 0. It is
clear that ((¥) € C2M(U x (s,00)) for N > 1. Setting ¢ = ((%) in (2.3), we find

(2.4)
/fo(w)é (%) duiéhﬂ)/y(( >du+/ /fA £g< )dquT
:fA()/C< )du+//fA ( )L’UdquT
//fx < )a@UaUdquT Vt > s.

Since fy < 0, (" > 0, and (a¥) is positive definite, the last term in (2.4) is nonpositive.
Thus,

ufx(w)C (g) duy < fx(l)/ C( )dw—/ /fx ( )ﬁUdMTdT
U
)dﬂi<f)\()/<< >dl/+//f)\ < )ClUN—FCQd/JTdT

_|_
Qr
f\f
IA
o
®
5
e
=
IN
o
z
=
5
e
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It follows from ¢'(t) = 0 for ¢t > 1 and |f\| < e* that

fx duy < fA(1) | ¢ 4 dv +— 01U+02} dptdr,
uo \N (O<N}

where C3 = e*(('|o-
Applying the dominated convergence theorem, we find

1 R
NLHEOON/S /{USN} [01U+02} duldr = 0.

Since limy o0 ((%) = 1 for each ¢ € [0,00), we pass to the limit N — oo in (2.5) to
find from the dominated convergence theorem that [, f(w)du; < fa(1) for all t > s,
namely, [,, [e*17%) —e* duf < (1—¢€*) for all t > s.

Since p! is a global probability solution of the Cauchy problem (1.3) and (1.6) so
that pf (U) =1 for all t > s, we deduce |, eM=w)dyl <1 for all t > s. For t € R, if
there is a € (0,1) such that pf {z €U : 0 < w(w,t) < a}) > 0, then

/ e’\(l_“)du% < / e)‘(l_w)du% <1.
{zel:0<w(z,t)<a} u

Letting A — oo, the left-hand side in the above inequality approaches oo, giving rise
to a contradiction. Thus, w(z,t) > 1 for ut-a.e. z € U. As pu! has a pointwise positive
density p; and w is continuous on U x (s, 00), then w(x,t) > 1 for all (z,t) € UX (s, 00).
If w # 1, we integrate the equality wp; = po to find T < fOT Jyw(x, t)py(z,t)dedt =
fOT Jy p2(z, t)dzdt < T, which leads to a contradiction. O

3. Proof of Theorem A. Throughout this section, we assume (H1). Let '
and /ﬂ be two periodic probability solutions of (1.3). By Theorem 2.1, for each i =
1,2, p* admits 2 positive and T-periodic density p; € H,;2(U x R) N nC* s (R, C7(U))
for some a > L and v > 0. To show pu1 = po, it suPﬁces to prove that w := 22 =1
This is done within two steps. We first establish an important inequality for w. Usmg
this inequality for a family of carefully chosen test functions, we conclude that w = 1.

The inequality for w is contained in the following result. Set Cf%(u x R) :=

C2Y (U x R)NC2' (U x R).

LEMMA 3.1. Let f(t) :==e'~' —e fort € [0,00). Then there exists a C > 0 such
that for each nonnegative function ¢ € C’f%(u x R), there holds that

t+T t+T
/ / o f" (w)a' d;wd; wd,usds < C/ / fw)Lopdutds Vvt e R.

As the proof of Lemma 3.1 follows from similar arguments leading to (2.3), we
sketch it in the supplementary material file (supplement.pdf [local/web 279KB]).
Now we prove Theorem A.

Proof of Theorem A. Let ¢ € C* (|0, +0o0)) be a nonnegative function satisfying
¢(0) =1, =0o0n [l,00), ¢" <0, and ¢" > 0. Let ¢ be as in the proof of Theorem
2.3. Clearly, = 0(U) satisfies LU < CLU + Cy for some C1,Cy > 0. Tt is easy to
see that ((¥) € C’CQJ{(U x R) for N > 1. Applying Lemma 3.1 with ¢ := ((%), we
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/”T [ ( ) )l Dyl ds
<cf o [ stz @) dpids
:C/tHT/Mf(w) " (%) zv1'2 10,00, + ¢ <U> Lo

Note that fH_T Jo Fw)¢" (% )N2 a"9,U0;Udulds < 0 due to the positive definiteness
of (%), f <0, and(”ZO As a result,

t+T t+T U _
/ / < > £ (w)a" ;wd;wdptds < —/ /f (N) LUdplds.

Using LU < CU + Cy and |f| < e, we find

t+T
0 </ / ( ) w)a" Qwdjwdplds

t+T o
< %mm/ / ) (ClU—i—Cg) dulds VteR.
t z,s):U(z,s))<N}

dulds VteR.

Letting N — oo in the above inequality, we conclude from f”(t) = e!~* and the
dominated convergence theorem that f:+T fu el=wqi Oiwdjwprdxdt = 0 for all t € R.
Since (a*) is locally uniformly positive definite, we conclude that Vw = 0 a.e. on
U x R, which together with the continuity of w implies that w(-,t) = const for ¢ € R.
As w = £2 and both p1(-,t) and pa(-,t) are continuous probability densities for each
t € R, there must hold that w = 1. This completes the proof. ]

4. Proof of Theorem B. In subsection 4.1, we establish an estimate for global
probability solutions of the Cauchy problem (1.3) and (1.6). It is then applied to
prove Theorem B in subsection 4.2.

4.1. An estimate. We first prove a result on the time regularity of global sub-
probability solutions of (1.3). It is indeed a variation of a classical result (see [2,
Lemma 8.1.2]). However, there is no global integrability of a*/ and V* in our case.

DEFINITION 4.1. Let T be an interval and = (u¢)iez be a family of Borel mea-
sures onU. A continuous modification of u is a family of Borel measures ft = (fit)tez
on U satisfying the following property:

Vo € C2Y(U x I), the function t — / (-, t)dfis is continuous on Z,
u

such that ps = iy for a.e. t € T.

LEMMA 4.1. Let T be an interval and p = (ut)iez be a family of Borel measures
on U. Then there exists at most one continuous modification of .

Proof. Suppose both it = (i} )iez and ji? = (fi?)iez are continuous modifications
of i = (ut)ter. By Definition 4.1, i} = ji? for a.e. t € R, and for each ¢ € C?(U),
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the functions ¢t — [, ¢dfi; and ¢t — [, ¢dfi are continuous on Z. It follows that for
each ¢ € C2(U), there holds that [, ¢djif = [, ¢dfif for all t € Z. This implies that
ff = @2 for all t € 7. a

LEMMA 4.2. Assume (H2). Let 1 = (fit)ie(s,00) be a global subprobability solution
of (1.3). Then p admits a unique continuous modification.

Proof. By Lemma 4.1, we only need to show the existence. We first show that
there is a family of subprobability measures (fi¢)¢c(s,00) On U satisfying the following
property:

V¢ € C2(U), the function ¢ — / ¢dfi; is continuous on (s, 00),
u

such that fi; = p; for a.e. ¢ € (s, 00).
As j1 = (pit)te(s,00) 1 @ subprobability solution of (1.3), Lemma 2.1 (1)(a) implies
that for any ¢ € C2(U), there exists Jy C (s,00) satisfying |(s,00) \ J,| = 0 such that

¢
/ odpy = / odu, +/ / Lodp-dr  Vr,t € Jy with r < 1.
u u r Ju

For each ¢ € C?(U), we define a function fs on .J, by setting fy(t) := fu odpy for
t € Jy. Since a” and V* are locally bounded and T-periodic for each 4,5 = 1,...,d,
and ¢ is compactly supported in U, the boundedness of L¢ follows. As a result,

/M by — /M by
/T t /M Lodu,dr

It follows that there exists a locally Lipschitz continuous function fg on (s, 00) such
that fu(t) = fu(t) for t € J,. Obviously, fs > 0if ¢ > 0 and |f4(t)] < |¢|eo for
¢ € C3U) and t € (s,00).

For each t € [s,00), we define a functional: K; : C2(U) — R, ¢ — f4(t). Obvi-
ously, K; is linear and positive, and |K;¢| < |¢|oo. As C?(U) is dense in C..(U) under
the topology of uniform convergence on U, K; has a unique linear continuous extension
K; onto C.(U) satisfying K;¢ = K;¢ for all ¢ € C?(U). We see that K; is positive. In
fact, for any nonnegative function ¢ € C.(U), there exists a sequence of nonnegative
functions {¢y, fnen C C%(U) that converges uniformly to ¢ on U. Therefore,

?td) - nh—>Hgo Kion = nh—>n<,>lo f¢" (t) 2 0.

[fo(t) = fo(r)] =

< max Lo x (t—r) Vr.te Jy with r <.
Ux[r,t]

Applying the Riesz representation theorem, we find a Borel measure fi; on U such
that fu ¢dji; = K¢ for all ¢ € C.(U). As a consequence, we obtain a family of Borel
measures (fit)ye(s,00) N U satisfying [, dfiy = fs(t) for all t € (s,00) and ¢ € C2(U).
In particular, the function ¢ — [, ¢dji is continuous on (s, 0c) for any ¢ € CZ(U).

Let D be a countable basis of C%(I/) under the topology of uniform convergence
on U, and set J := NyepJy. Clearly, |(s,00) \ J| =0 and

(4.1) | i = Fot) = £o6) = [ o Vo eDand te

As C%(U) is dense in C.(U) and D is dense in C%(U), (4.1) holds for all ¢ € C.(U) and
t € J. Hence, iy = py and fi(U) = p(U) < 1 for all ¢ € J. From the continuity of

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/09/21 to 129.128.216.34. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

1970 MIN JI, WEIWEI QI, ZHONGWEI SHEN, AND YINGFEI YI

the function ¢ — [, ¢dji; on (s,00) for each ¢ € CZ(U), we conclude that i, (U) < 1
for all ¢t € (s, 00).

It remains to show that for each ¢ € C2!(Ux (s, 00)), the function t — [, (-, ¢)dp,
is continuous on (s, 00). For fixed ¢ € (s,00) and ¢ € C2' (U x (s,00)), the local Lip-
schitz continuity of fg. ;) on (s,00) implies that

LM%N%—LM%M%

It follows that

Lame—Lawmw
< malota,r) ~ ote 0 + | [ o0, ~ [ o0

= ‘f¢(-,t)(7") —f¢>(-,t)(t) —0 as r—t

—0 as r—t.

This proves the required continuity and hence completes the proof. 0

A similar result can be proven for global subprobability solutions of the Cauchy
problem (1.3) and (1.6).

LEMMA 4.3. Assume (H2). Let 1 = (pt)1e(s,00) be a global subprobability solution
of the Cauchy problem (1.3) and (1.6). Then p admits a continuous modification

it = (fir)eer satisfying limg_, o+ fu o, t)df = fu o(-, t)dv.
Proof. The proof follows from arguments as in the proof of Lemma 4.1. The

differences are that we use Lemma 2.1 (2)(a) instead of Lemma 2.1 (1)(a) and define
f» on [s,00) for ¢ € C2(U) with ps = v. O

Remark 4.1. If u is a global subprobability solution of (1.3) or a global subproba-
bility solution of the Cauchy problem (1.3) and (1.6), so is its continuous modification
ii. Moreover, Lemma 2.2 applies in particular to fi. This would allow us to get rid of
Js in many situations in what follows.

The expected estimate is stated in the next result.

PROPOSITION 4.1. Assume (H2) and that L admits a Lyapunov function of type
(L3) U. Let {Up}nen be a sequence of open sets in U as in Definition 1.2 and u =
(14t)te(s,00) be a global subprobability solution of the Cauchy problem (1.3) and (1.6)
with [, U(-,s)dv < oo. Let fi = (fit)te(s,00) be the continuous modification of y =
(Kt )te(s,00) given in Lemma 4.3. Then jiy(U) =1 for all t > s, and there exists some
C > 0, independent of s, v, and p, such that

t
(4.2) C’n/ for U\ Up)AT + Dy fie (U \ Uy,) < / U(,s)dv+C(t —s)

s u
forallt > s andn € N, where Cp, := —suppy,)xr LU > 0 and Dy, := infgny, )<z U-

Proof. For notational simplicity, we write i = (fi)¢e(s,00) 85 1t = (ft)te(s,00)-
We see from Lemma 2.1 (2)(b) and Lemma 2.2 that for each ¢ € C*(U x [s,00)),

(4.3) /ugz)(-,t)dut:/u¢>(-,s)dus+m/:/u,c¢du7dr Vt > s.

Since U is a Lyapunov function of type (L3), there is a p,, > 0 such that LU < 0 on
(UXR)\Q,,,. Fix pg > pm, and let {{,},>,, be a family of smooth and nondecreasing
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functions on R satisfying

0’ t G [O’pm]’
G(t) =1t t € [po, pl, Go(t) <ty t € [pm,pol, and ¢ (t) <0, t € [p, p+2].
p+1, telp+2,00),

In addition, we let the functions {(,},>,, coincide on [0, po.
Clearly, (,(U) — (p+1) € C21(U x R). Setting ¢ = (,(U) — (p+1) in (4.3) gives

LG = o+ 0 = [ (G@) = o+ D)aw -+ Jm / [ £ waar

It follows from L((,(U)) = ¢/(U)LU + ¢/ (U)a” d;Ud;U that
(4.4)
/ (U s = / GOV + (p+ 1) % [ U) — v(Uh)]
u u

T—S

t
+ lim / / ¢ U )LUdprd7 + lim / / ¢(U)a” 9;U8;Udpdr.
1z

Due to (1.4), there exists an ng € N such that Q,, CC U, x R for all n > ny.
Since ¢, = 0 on [0, p], ¢, = 1 on [po, p], and (j, > 0 otherwise, we see from LU < 0
in (U xR)\ Qp,, that ,(U)LU < [supgu,)xr LUILa,\ @, xr)- Thus,

¢ ¢
lim/ / C(U)LUdp-dr < sup LU x lim | pr () \ Uy, )dT
(4.5) TS Jr Ju (U\UR)XR TS Jp

t
= fC’n/ pr (2, \Upn)dT, 1 > no,

where C,, := —sup gy, )xr LU > 0 and the monotone convergence theorem is used

in the above equality.

As () # 0 on [pm, pol, ¢" <0 on [p, p+2], and (" = 0 otherwise, the nonnegative
definiteness of (a*) gives ¢/ (U)a"9;U8;U < [C. maxg a9;U9; Ullg, \q,,, . Where
Ci = maxycp,, po] ¢, (t) is independent of p due to the construction of {(,},>p,-
Hence, setting C := C, ( maxg a'19;U0;U), we find

t
(4.6) / /MCI’)’(U)aijﬁanjUdquT < C, (max aijﬁanjU> X (t—r)=C(t~-r).

SIPO

Substituting (4.5) and (4.6) into (4.4) yields
[ @i < [ G@ian + (o 1) x (@) - vieo)
(4.7) . o
— Cn/ uT(Q; \Upy)dT +C(t —s) Vt>s.

As ¢, > 0 and (,(t) =t for t € [po, p|, we derive from Q,, C U, x R that

(4.8) / Co(U)dpe > / Udpe > / Udpe > Dppe (U, \Uy) V1> ng,
u QL\Q QL \Un
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where D, := inf gy, )xr U. As (,(t) <t fort >0 and p > po, we find from (4.7) and
(4.8) that

Dot \Un) < [ Uls)dy -+ (o 1) x [ual) = v()
(4.9) u

t
—cn/ b (0 \ Up)dr + C(t—5) ¥t > s,

Note that the v-integrability of U(-, s) ensures the nontriviality of the above inequal-
ities. If us(U) < v(U) =1 for some t > s, we deduce from (4.9) that

OS/MU(-,S)dZ/—l—(p—Fl)x(ut(U)—y(U))+C(t—s)—>—oo as p — 00,

which leads to a contradiction. Therefore, pu:(U) = v(U) = 1 for all t > s. Conse-
quently, letting p — oo in (4.9) leads to

Cn/tuT(U\Un)dT+Dnut(U\un)g/MU(-,s)dz/—&—C(t—s) Vs s

This completes the proof. 0

Remark 4.2. A priori estimates as in Proposition 4.1 have been established in [26,
Chapter 3, Theorem 3.8] in the case of smooth coefficients. The proof in [26] follows
from a direct application of Dynkin’s/It6’s formula to the Lyapunov function of type
(L3) U. However, the situation in the setting of weak coefficients is much worse, as
only the definition of global subprobability solutions and their equivalent formalisms
can be used. As a result, we have to truncate the Lyapunov function U in order to
use the definition and establish estimates in order to pass to the limit.

We point out that a similar situation is encountered in the proof of Lemma 5.3.

4.2. Proof of Theorem B. We recall the definition of the weak*-topology for
Borel measures on U x R.

DEFINITION 4.2. A sequence of o-finite Borel measures {u™,n € N} onU x R is
said to converge to a o-finite Borel measure u on U X R under the weak*-topology as
n — oo if

lim / pdp" = / dpdp Vo € Co(U x R).
UxR UXR

n—oo

Set Cor(U xR) :=C.(U x R)NCp(U x R).

Proof of Theorem B. For clarity, we assume s = 0. Applying Lemma 4.3, we
may replace 1 = (ft)e(0,00) DY its continuous modification, still denoted by u =
(#4t)te(0,00)- Since U(-,0) is v-integrable, Proposition 4.1 yields the existence of some
C > 0 such that

t

(4.10) C’n/ e (U\ Up)AT + Dy (U \ Uy,) < / U(-,0)dv+Ct, t>0,
0 u

where U,,, C,,, and D,, are as in the statement of Proposition 4.1.

For each n € N, we define uy := %Z:;g gy for t > 0 and dp™ := duj'dt on
U x (0,00). Tt is easy to see that for any bounded ¢ € Cr(U x R),

t+T 1 t+nT
(4.11) / / opdpldr = —/ / ¢du,dr Yt > 0.
t u nJs u
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Let {n;}jen C N be fixed. The proof is finished in seven steps. In Steps 1-5, we
construct a periodic probability solution of (1.3). The convergence results are proven
in Steps 6 and 7.

Step 1. We show the existence of a subsequence of {n;};en, still denoted by
{n;}jen, such that p" converges under the weak*-topology to some Borel measure fi
on U x (0,00) as j — oo, and for each ¢t > 0, there holds that

t+T
(4.12) lim / pdpidr = // ¢dfi ¥ bounded ¢ € C(U x [t, t+T7).
I St u UX[t,t+T]

For any compact set K C U x (0, 00), there holds that sup,cy ™ (K) < co. Ap-
plying [14, Corollary A2.6.V], we conclude the existence of a subsequence of {n;};en,
still denoted by {n;};en, such that u™ converges under the weak*-topology to some
Borel measure i on U x (0,00) as j — oo.

To show (4.12), we may apply [12, Theorem 4.4.2], which says, in particular, that
it is equivalent to showing the following:

(i) lim;eo ftt+T f, fdur dr = ffux[t"HT] fdi for each f € Co(U x [t,t+ TY));

(i) pU X [t,t+T))=T.

We prove (i) and (ii) in the rest of Step 1.

(i) Note that for any f € Co(U x [t,t+T]), there exist an ¢y € (0,1) and a family
of functions {fe}ec(0,e) € Co(U x (0,00)) satisfying the following:

o |feloo < |floo for all € € (0, €);
f on UXxI[tt+T],
0 on Ux(0,t—€¢U[t+e+T,00).
Clearly, lim o fe(2,7) = f(z, 7)1 (7) for (z,7) € U x (0,00). As u™ converges
to fron U x (0,00) as j — oo under the weak*-topology, there holds that

(4.13) lim/ /fed[t?de:// fedin Ve € (0, ).
I Jo  Ju U x (0,00)

The construction of { fec}cc(o,c,) ensures that

oo t+T oo
| uar—2dp < [ [ awpar< [ [ papdr i
0 u t u 0 u

for all € € (0,¢0). Letting j — oo in the above inequality, we find from (4.13)

t+T
[/ fedii — 2€|f|o < liminf/ / fdpdr
Ux(0,00) j—oo  Jy u

t+T
< limsup/ / fdpidr < // fedft + 2€| floo-
j—00 t u Ux(0,00)

Since lim._,q ffux(o 00) fedfi = ffblx[t 4] fdfi thanks to the dominated convergence

e for each € € (0,¢), fc =

theorem, passing to the limit € — 0 in the above inequalities yields (i).
(ii) It follows from the definition of {y™ };en that
1 t—‘r’an
1P (U Uy % [t t+T]) = 77/ 1 U\ Up)dr Vm e N and j € N.
J Jt
By (4.10), & [ e U\ U )dr < L (f,U(,0)dv + C x (t +n;T)) holds for
allm € Nand j € N, where we recall that Cy, = —supg\y,,)xr LU — 00. As aresult,
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for any 0 < € < 1, there exists an mg = mg(€) € N such that p™ (U\U,) X [t, t+T]) <
e for all m > mg and j € N. Equivalently, p™ (U, x [t,t+T]) > T — € for all m > my
and j € N. This means, {u™ }, when restricted on U X [t,t + T, is tight. Hence, we
apply the Portmanteau theorem to find

AU x [t,t+T]) > limsup ™ Uy, X [t,t+T)) >T —€e Ym > my.
J—00
Letting € — 0, we conclude that g x [t,t +T]) > T.

By (i), we deduce fi(Up, X [t,t+T]) <liminf; oo p™ (U, X [t,t+T]) < T, which
implies (U x [t,t +T]) <T. Hence, f(U x [t,t+ T]) =T, and (ii) follows.

Step 2. We show that the measure i obtained in Step 1 admits t-sections. More
precisely, we show the existence of a family of Borel measures {/i; }+c(0,00) On U satis-
fying fi; = fiz4r and i (U) = 1 for a.e. t > 0 such that fi = (fit)se(0,00)-

Let n € C.(0,00) and |supp(n)| < T. Setting ¢ = in (4.12) gives

(o) (o)
(4.14) // ndp = hm/ /nd,u?jdt:/ ndt.
Ux(0,00) J—r00 u 0

Arguing as in the proof of [22, Lemma 4.2], we derive from (4.14) the existence of
a family of Borel measures {/it}c(0,00) satisfying fi(U) = 1 for a.e. t > 0 such that

/1 = (ﬂt)te(o,oo)~
It remains to show that fi; = fizy7 for a.e. t > 0. It follows from (4.11) that for
any ¢ € C.r(U x R) and t1,t2 € (0,00) with ¢; < to, there holds that

t14+T t1+n;T
/ /qbdu"ﬂdr— —/ /(bdquT
to+mn;T to+mn;T
-1 / | oduear— | / pdprdr + / / b dr

g 1 Ju ti4+n;T

t2+n] to+T
( [ [oaar | /gbdMTdT) [ [

t1+n]

Letting 7 — oo in the above equality, we find from (4.12) that ffux[tl tr) QA =
ffux[tg toir) @i for all 0 < £y < 1. We then argue as in the proof of [22, Lemma

4.1] to find fiy = i for a.e. t > 0.
Step 3. We show that fi = (fi¢)¢c(0,00) is @ global probability solution of (1.3).
We claim that for each ¢ > 0, there holds that

t+T
(4.15) / / Lodjidr =0 Yo e Oy (U x (t,t +T)).
t u
Fix t € R. For any ¢ € Co' (U x (t,t +T)) and k € NU {0}, we define

br(x,7) = ¢(x, 7 — KT) Ly 4k t+ (e+0)1) (2, 7), (2, 7) €U X (0,00).

Obviously, ¢p € Co' (U x (0,00)) for each k € NU{0}. As p = (Kt )te(0,00) 18 @
global probability solution of (1.3), tfé;“” fu Lopdpdr = fooo fu Lopdp,dr = 0.
This together with the T-periodicity of (a¥/) and (V?) gives fttJrT Sy Lodpr pprdr =
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t+(k+1)T
t+kT

t+T 1 n—1 44T
(4.16) / / Lodpltdr = = / / Lédpriprdr =0 VYn e N.
t u na=Jt u

As Lo € Co(U % (t,t+T)), we deduce from (4.16) and (4.12) that f:+T J,y Lodjirdr =

lim; o0 ftH_T J Lédp7? dr = 0. This proves (4.15).

From (4.15) and Lemma 2.1 (1)(a), we find that for each t > 0 and ¢ € C?(U),
there exists a subset J}, C (t,¢ + T) satisfying |(¢,¢ +T) \ J5| = 0 such that

Jyy Lordprdr = 0, which yields

12
/ odjis, — / odjis, = / / Lodjirdr Vir,ta € J4 with ¢ < to.
u u t1 u

As t is arbitrary in (0, 00), there exists J; C (0, 00) with |(0,00) \ Js| = 0 such that

to
/ odjiy, — / odjig, = / / Lodfi-dr Vi, ty € Jy with 1 < to.
u u t1 u

That is, fi is a measure solution of (1.3) in U x (0,00). As fit(U) = 1 for a.e. t > 0 by
Step 2, i = (fi¢)te(0,00) 15 @ global probability solution of (1.3).

Step 4. We show that i = (fit)ie(0,00) admits a continuous modification, still
denoted by fi = (fit)1e(0,00), sSuch that fi; = iy and fi;(U) = 1 for all t > 0.

By Lemma 4.2, there is a modification of fi = (fit)se(0,00), Still denoted by fi =
(fit)te(0,00)» satisfying the following property: the function ¢ fu ¢dji; is continuous
on (0,00) for all ¢ € C2(U). This together with the fact that ji, = fi.r for a.e.
t >0 (from Step 2) yields [,, ¢dfie = [, ¢djizir for all ¢ € C2(U) and ¢ > 0. Hence,
ity = g for all ¢ > 0.

It remains to show that (/) = 1 for all ¢ > 0. Note that up to now we only
know f(U) < 1 for all ¢ > 0 and f:(U) = 1 for a.e. t > 0. Fix tg > 0. Since U
is a Lyapunov function of type (L3), we can follow the arguments as in the proof
of [28, Proposition 2.8] (see the proof of [22, Theorem A] for more details) to find a
nonnegative function U € C’%l(u x R) satisfying the following properties:

(1) f?/l U(',to)dﬂto < 0OQ.

(2) limy, 00 infrernu, U(x,t) = oo for all t € R.

(3) There is a f,, > 0 such that LU < 0on (U xR)\Q,, , where Q, = {(2,t) €

UXR:U(x,t) < pm}
We see from Lemma 2.1 (1)(b) and Lemma 2.2 that for each ¢ € C*(U x (0, 00)),

to
(4.17) / ddjiy, — / odjiy, = / / Lodfidr Y0 <t <ty
u u t1 u

Note that ¢,(U) — (p + 1) € C2*(U x R) thanks to property (2), where {(,} is
defined as in the proof of Proposition 4.1. Setting ¢ = (,(U) — (p + 1) in (4.17), we
find

/ (€0 — (p+ 1))dfis = / (C(0) = (p + 1))de,
u u

t
+ / / [c,g(U)cU+<;'(U)aijaiﬁajff dfidr Yt > t,.
to 12
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Arguing as in the proof of Proposition 4.1 yields the existence of C' > 0 such that
0< [ OCto)dfe, + (p+ 1) % [10(e) = iy @) + Clt — t0) ¥ > 1,
u

Since U(-, o) is jis,-integrable, if fis(U) < jir, (U) for some t > to, a contradiction is
readily derived by letting p — oo in the above inequality. As a result, fi:(U) > fir, (U)
for all ¢ > ty. Since ty > 0 is arbitrary and ji; (i) = 1 for a.e. t > 0, we conclude that
e (U) =1 for all t > 0.

Step 5. We extend fi = (fit)¢e(0,00), the continuous modification obtained in Step
4, to obtain a periodic probability solution i = (fit)icr of (1.3).

To do so, we define

I P t>0,
7Y fnrs € (KT, —(k — 1)T] and k € N.

Obviously, fi;(U) = 1 and [iy = fiyr for all ¢ € R. Thus, [ := (fit)ter is a periodic
probability solution of (1.3) if we can show that /i is a measure solution of (1.3) in
U xR

As [1 is a measure solution of (1.3) in U x (0, 00), the definition of i implies that
for any ¢ € C?(U) and k € N, there holds that
(4.18)

ta
/ odfig, — / odfi, = / / Lodfirdr Viy, ta € (—kT, —(k — 1)T] with ¢1 < ta.
t1 u
As k € N is arbitrary and g = & on U x (0,00), we see that (4.18) holds for all

t1,t2 € R with t; < to. That is, {1 is a measure solution of (1.3) in U x R.
Step 6. We show that for any bounded ¢ € Cp(U x R), there holds that

t-‘rnJ
(4.19) lim — / / pdp,dr = — / / ¢dji,dr V> 0.
j—o0 nj

It follows from (4.11), (4.12), and the definition of fi = (ji;)ier that for each
bounded ¢ € Cr(U x R), t > 0, and € > 0,

t+n; T t+e+n; T
lim —/ /gbdﬂTde lim — / /gbdquT—/ /gbdquT
J—ro0 ’n,j J—ro0 nj t+n,;T u
t+etn,; T
+ lim —/ /¢d,quT
j—o0 n]

t+etn,; T
= lim —/ /¢d,quT
Jj—ro0 nj

t+et+T t+etT
= lim —/ /(bdu’“dT = — /¢dquT

The T-periodicity of ¢ and i = (fit)ier then ensures that T tt_:r€+T fu odjidr =

T fo J,; #dji-dr for all t > 0 and € > 0. Hence, (4.19) follows.
Step 7. We show that for any ¢ € C2(U), there holds that

(4.20) lim — /z/JdquT —/wd,ut Vvt > 0.

—00 T4
J 7 k=0
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Fix ¢ € CZ(U). Clearly, L1 is bounded on U x R. Since p = (f¢)e(0,00) 18 @
global probability solution of (1.3), Lemma 2.1 (1)(a) and Lemma 2.2 imply that

ta
/ s, — / S, | < / / Lol dr
U U t1 u

< max |£’(/J| X (tg — tl) V0 <ty < to.
supp() xR

(4.21)

Fix to € (0,7), and let n € C>(R) be nonnegative and satisfy supp(n) C [—1, 1]
and [, ndt = 1. Define ne(t) := In(%) for t € R and 0 < e < 1. Clearly, [ n.dt =1
for 0 < e < 1. It follows that for all £ > 0 and 0 < e < 1,

/tt+T (/u wdur) Ne(T — (t+tp))dr — /uz/)dutHO
< [ e~ [

where we used (4.21). Equivalently, for all £ > 0 and 0 < ¢ < 1, there holds that

/tw (/M W“*) 1e(7 = (t + to))d7 — Ce

t+T
< /M i < / ( /M wduf) ne(r — (¢ + to))dr + Ce,

where C' = maxXgupp(y)xr L]
Fix ¢ > 0. For each fixed n;, setting t = ¢; + kT for k =0,...,n; — 1 in (4.22)
and then summarizing the resulting inequalities, we arrive at

(T — (t+1tg))dr <ex max |Ly],
1l = (¢ + 10)) L max (2

(4.22)

(4.23)

n;—1

t1+(k+1)T
Z/ (/ 1/1de) e (7 — (to + t1 + kT)) dr — n;Ce
u

k=0 t1+kT

nj—1
< Z/¢duto+t1+kT
k=0 U

ni—1 4+ (k+1)T
< Z/ (/ ¢du7> Ne(T — (to +t1 + kT))dr +n;Ce, 0<e< 1.
o JtiHkT u
For each € > 0, we define a function 7. on R by setting

fe(t) = ne(t — (to +t1 + k1)), te [t +kT,t; + (k+1)T) and k € Z.

Obviously, 7 is T-periodic and 7. € C°(R) for each 0 < € < 1. Setting ¢(x,t) :=
()i (t) for (x,t) €U x R in (4.19) gives

1 ti+n; T 1 [h+T
(4.24)  lim — / ( / wdu7> fle(T)dT = = < / wdﬂr> 7le(T)dr.
j—o0 an ty u T t1 u
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It follows that

1 =1 4+ (k+1)T
lim — Z / (/ wduT> Ne(T — (to +t1 + kT))dr
g=oe T = )y 1k u
1 Ml DT
= lim — / (/ z/JduT> Ne(7)dT
j—eon; T Z ti+kT u ")

k=0

1 t1+an 1 t1+T
= 1' _— o4 - ~ ~ :
Jm T /t1 (/M wdu7> e(T)dT T/t1 (/u wduT> Me(T)dr

Dividing (4.23) by n;T and then letting j — oo, we derive from the above limit that

1 t1+T Ce 1 n;—1
J— d"T "’( d = <1. . fi d
T/m (/ud) : )77‘(7) T =AS n;T kz::(] /uw Hig+t1+kT

’I'Lj—l

1 Z 1 tAT CE
< limsup —— / Sty ptr o < / < / wm) fie(r)dr + £
jmoo ML = Jy ’ T Ji, u T

for all 0 < € < 1. Since the continuity of the function ¢t +— fu df; on R ensures
lime_o = ft1+T (fu Ydi,) fe(T)dr = % J; ¥dfieg 4, , We pass to the limit e — 0 in the

t1
above inequalities to find lim;_, ﬁ Z:J:BI oy Vdpit 1ty 1hT = % fu Wdfig,+1, for all
J

to € (0,T) and t; > 0. This proves (4.20).

If the periodic probability solution of (1.3) is unique, then it is clear that (4.19)
and (4.20) hold for the whole sequence {u™},en. This completes the proof. d

We sketch the proof of Corollary B.

Proof of Corollary B. The proof is almost the same as that of Theorem B. The
main difference lies in Step 7. More precisely, in this situation, we apply Theorem A
to find that fi = (fi)¢er is the unique periodic probability solution of (1.3) and admits
a continuous density. Therefore, the function t fu 1dfi; is continuous on R for any
¥ € Cy(U). Hence, the result follows from arguments as in Step 7. O

5. Proof of Theorem C. The main idea of proving Theorem C is to apply Har-
ris’s theorem (see, e.g., [17, Theorem 3.6]) to a map induced by transition probability
densities associated to global probability solutions of the Cauchy problem (1.3) and
(1.6). Such transition probability densities are constructed and studied in subsection
5.1. We prove Theorem C in subsection 5.2.

Throughout this section, we assume (H1) and (H3) and that £ admits a Lya-
punov function of type (L4) U. Hence, Theorems 2.3 and A hold. Moreover, we
denote My(U) as the collection of all bounded measurable functions on U and write
(1, ¢) == [, ¢dp for p € M,(U) and ¢ € My(U), where we recall that M, (U) is the
set of all Borel probability measures on U.

5.1. Transition probability densities. For fixed s € R and =z € U, let p**
be the unique global probability solution of the Cauchy problem (1.3) and (1.6) with
v = 0, given in Theorem 2.3. Following Theorem 2.1, ;1** admits a Holder continuous
density (y,t) — p(s,z,t,y) on U x (s,00). We prove some properties of p(s,x,t,y) in
the rest of this subsection.
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LEMMA 5.1. The following hold:
(1) For s <t andy € U, the function x — p(s,z,t,y) is continuous on U.
(2) Fors e R, the function (x,t,y) — p(s,x,t,y) is measurable on U x (s, 00) XU.

Proof. (1) Let {2y }nen C U converge to some z,. € U as n — oo. We show that
(5.1) lim p(s, 2n,t,y) = p(s, 2+, t,y) Yy, 1) €U x (s5,00).

Set un(y,t) := p(s, Zn,t,y), (y,t) €U X (s,00) and dp™ = dufdt = u, (y, t)dydt.
Note that p™ is nothing but g%

By Theorem 2.1, we see that for any V CC U and t1,ts € (s,00) with t; < to,
there exists a C' > 0, independent of n, such that |u, < C for all

C7F ([t1,421,07 (D))
n € N. Thus, the sequence {uy}nen is precompact under the topology of locally
uniform convergence on U x (s,00) thanks to the Arzela—Ascoli theorem and the
standard diagonal argument. In particular, any subsequence of {u, } nen has a further
subsequence that is locally uniformly convergent on U x (s, 00).

Let us fix a subsequence {uy, } that converges locally uniformly to some nonneg-
ative continuous function u on U X (s,00). We show that the Borel measure p defined
by du = dpgdt := u(y, t)dydt coincides with p***. That is, for any ¢ € C2(U),

t
(5.2) /uqﬁdut = ¢(zs) + }g/ /uﬁgf)dquT Yt > s.

As p™ is the global probability solution of the Cauchy problem (1.3) and (1.6)
with v = d,, , we apply Lemma 2.1 (1)(a) and Lemma 2.2 to find for any ¢ € C2(U)

J

and t >r >s, [ ¢du’ = [, ¢dpu + f: J,; Lédps? dr, which is rewritten as

| oanis = ot~ [ t | eoaar = [ o~ ota,).

Following the proof of [28, Theorem 2.3], we see that for fixed tg > s and ¢ €
C2(U) there exist C; > 0 and o > 0, independent of n, such that | [, pduy — ¢(x,)| <
Cy|t — s|* for all t € (s,t9) and n € N. Hence, for any ¢ > s, there holds that

‘/u ¢duy” — @an,) — /:/Mﬁgﬁdﬂgde

| oanrs = otz

< < Cylr —s|* Vs <r <min{t to} and j € N.

Letting j — oo, we find | [, ¢dpe — ¢(x,) — f: J, Lodprdr| < Clr — s|* for all
s < r < min{t, to}. Letting r — s in the above inequality yields (5.2).

Since the above result holds for any locally uniformly convergent subsequence of
{un }nen, the sequence u,, converges locally uniformly to p(s,x.,-, ) as n — oco. In
particular, (5.1) follows.

(2) In addition to (1), we know that for each s € R and x € U, the function
(y,t) — p(s,x,t,y) is continuous on U x (s,00). Hence, the function (z,t,y) —
p(s,z,t,y) is a Carathéodory function on U X (s,00) x U and its measurability follows
from [1, Lemma 4.51]. |

LEMMA 5.2. Let 1 = (ft)1e(s,00) e the unique global probability solution of the
Cauchy problem (1.3) and (1.6). Then dp = dp,dt = [, p(s,z,t,y)dv(z)dydt. In
particular, for any ¢ € My(U), (pe, d) = (v (ug’*, ) = [, (ui™, ¢)dv(z).
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Proof. Define dji = dj,dt := [, p(s,z,t,y)dv(z)dydt on U x (s,00). By the
definition of ;*®, there holds that for any ¢ € C?(U),

(5.3) tim [ g = o(a),
(5.4) /u ddus® = /u PR / / Lodus®dr Vs <1 < t.

It follows from Lemma 5.1 that each term in (5.4) is measurable with respect to x.
Integrating (5.4) with respect to v and applying Fubini’s theorem, we find

(5.5) /uqbdﬂt = /uq’)d/]T —l—/:/uﬁqﬁdﬂTdT Vs <r <t.

That is, f1 is a global probability solution of (1.3) in U x (s, c0).

For ¢ € C2(U), we deduce from |[;, ¢dp;""| < |¢|os, (5.3), and the dominated
convergence theorem that [, ¢djiy = [, [,, ¢dp;*dv(z) — [, ¢dv ast — s. Hence, i
is a global probability solution of the Cauchy problem (1.3) and (1.6). The uniqueness
result in Theorem 2.3 ensures that ji = p. The “In particular” part follows readily. O

COROLLARY 5.1. For each x,y € U and ty > t1 > s, there holds that

p(S,I,tQ,’y):/p(S,.T,ch)p(tl,Z,tQ,y)dZ.
u

Proof. Fix s € R and = € Y. Lemma 5.2 ensures that the measure

dp = dpdt = U p(tl,z,t,y)duff(Z)} dydt = U p(t, 2, t,y)p(s, z, 1, 2)dz | dydt
u u

on U X (t1,00) is the unique global probability solution of the Cauchy problem (1.3)
and (1.6) (with s = ¢; and v = p’"). So is the measure p* restricted on U x (t1,00).
Theorem 2.3 then yields pu®* = pon U x (t1,00). Hence, they have the same densities,
that is, p(s,z,t,y) = fup(s,m,tl,z)p(tl,z,t,y)dz for all t > t; and y € U. The
corollary follows. ]

5.2. Proof of Theorem C. We prove two lemmas before proving Theorem C.
Recall that U is a Lyapunov function of type (L4).

The first lemma gives evolutionary estimates of a global probability solution of
the Cauchy problem (1.3) and (1.6) against U.

LEMMA 5.3. There are positive constants Cy and Cy such that for any global
pmbabz’lz’ty solution p = (pt)ie(s,00) 0f the Cauchy problem (1.3) and (1.6) with
J, U, s)dv < oo, there holds that

/ U(-,t)dp, < e*CﬂH)/ U(-,s)dv+Cy Vit > s.
u u

Proof. For simplicity, integrals of the forms [, g(-,t)du; and [, g(-,s)dv are re-
spectively written as [,, gdy; and [, gdv in the rest of the proof.
By Theorem 2.1, p admits a density u € C(U x (s,00)), namely, du = dudt =
u(z, t)dacdt By Lemma 2.1 (1)(b) and Lemma 2.2, there holds that for each ¢ €
C2H U x (s,00)), [, ¢dp = fu odp, + f: Jyy Lodprdr for all t > r > s, that s,
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As U is a Lyapunov function of type (L4), there are positive constants Cy, Cs,
and p,, such that LU < —C1U+Cy < 0in (U x R)\ Q,,.. Fix py > pm, and set
No = [po] + 1, where [po] is the integer part of pg. Let {(n}n>n, be a sequence of
smooth and nondecreasing functions on R satisfying

0, t €10, pml,
CN(t) =94t te [pOaN]a CN(t) <t te [pm;pO]a and CK’(t) <0, te [N7N+2]
N+1, t>N+2,

In addition, let the functions {{n}n>n, coincide on [0, po].
We claim that there exists C; > 0 such that

/ Cn(U)dpy < emGrlt=9) / Cv(U)dv + G
u u Gy

(5.7) .
+ C1(N + 1)/ U\ Q)e” 1 dr Wt > s and N > N.
Note that (n(U) — (N + 1) € C>Y(U x R). Applying Lemma 2.1 (2)(b) and
Lemma 2.2 with ¢ = (y(U) — (N + 1), we find lim,_,, [, ,[{n(U) — (N + 1)]dp, =
J[Cn(U) = (N + 1)]dv. It follows from p,(U) = v(U) =1 for all r > s that

(5.5) i [ G @)an = [ G
Setting ¢ = (n(U) — (N + 1) in (5.6), we find < [, [(n(U) — (N +1)]dp, =

fuﬁ (Cn(U) = (N +1))dus. Since p(U) =1 for all ¢ > 0 and E(CN( )—(N+1)) =
(VO LU + R (U)a¥ 9;U0;U, we deduce

69 3 | x@dn= [ G+ [ GO > s
u 17 u

As ¢y = 0 on [0, pm], CN(t) = 1 on [po, N], and ¢y > 0 otherwise, we find
(v(U)LU < (=C1U + C2)1qgy\q,, » which implies that

(5.10) /MC;V(U)ﬁUdNt < /t o (=C1U + Cy)d .

Since ¢3 # 0 on [pm, po], Cv < 0 on [N, N + 2], and ¢j = 0 otherwise, the non-
negative definiteness of (a%) gives ({a”9;U0;U < (C. maxg aijaanjU)lgpo \Q2,., 5
where C. := max;c[y,, p0] S (1), Which is independent of N due to the coincidence of
{Cn}n=n, on [0, po]. Thus, [, ¢X(U)a9;U0;Udp, < C. maxg a9;U0;U, which

together with (5.9) and (5.10) gives

(5.11) 4 / (v(U)dpe + Cy / Udp; < Cy + C.maxa®9;U0;U.
dt u t \QZO

Qpg

As (v < po on [0, pgl, {n(t) =t on [po, N], and {(xy < N + 1 on [N, c0), we see that

/(N )dp = (/Qf /Qt .y /M\%> (v (U)dp

(5.12)
§p0+/ \ Udpg + (N + DU\ Q).
QL \Qt
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Setting Cy := Cypo+ Co + C, maxg, a9;U0;U, we find from (5.11) and (5.12) that

d ~
G [ @i +0n [ n@iam < C+ N + D@\ ) v >
u u
Applying Gronwall’s inequality yields

C
/ Cn(U)dpy < e ) / Cv(U)dpr + =
u u Gy

t
+Cy(N + 1)/ prUN\ Q3)e~ AT V> > s,
Letting r — s in the above inequality, we conclude (5.7) from (5.8) and the monotone
convergence theorem.
Note that if there holds that

t
(5.13) (N +1) / U\ Qy)e 1 dr 50 as N — oo,

then we can pass to the limit N — oo in (5.7) to find from (n(¢) <t for N > No and
t > 0 that f”\ﬂéo Udp, < e=C1(t=9) fu U(-,s)dv + % for all t > s, which readily leads

to the lemma.
To finish the proof, we show (5.13). Fix t > s. We define

f L= (1 + U)/U/]-UTE[S,(’,]((M\QP())X{T})7
(@, r) = (N +Dul@,n)e” 01, e, oxien (@) N> 1

Obviously, fy < f for N > 1 and fy — 0as N — oco. As

t t
/ / f(z,7)dzdr :/ / Udu,dr,
s JU\Q7, s JU\Q7,
t t
/ / fn(x,7)dadr = (N + 1)/ U\ Qe dr,
s JU\Q7, s

the limit (5.13) follows from the dominated convergence theorem if there holds that

t
(5.14) / / Udp-dr < oo.
s Z/I\QZO

It remains to show (5.14). Set Cy = Cy + C, maxg aijﬁanj U. For any fixed
r € (s,t), integrating (5.11) over [r,t] gives

t
/CN(U)d,ut—i-Cl/ / UdquTS/ CN(U)d/Lr—f—CQ(t—T).
u r Jag\ar, u
Letting 7 — s in the above inequality, we deduce from (5.8) that
t
/ n(U)dp + Cy / / Udpdr < / Cx(U)dv + Colt — 9).
u s }'V\QZO u

Since (n(t) <t for all t > 0 and N > Ny, and U(+, s) is v-integrable, passing to the

limit N — oo in the above inequality yields f; fu\ﬂ* Udp.dr < [, Udv+Cy(t—s) <
PO

oo. Hence, (5.14) holds. This completes the proof. d
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The second lemma is a version of the minorization condition of the measures
{p>"}, where p** = (17" )ie(0,00) is defined at the beginning of subsection 5.1.

LEMMA 5.4. Let s,t € R with s <t. For each R > 0, there exists o > 0 such that
g™ = 1 |l py < 2(1 — @) for all 1,22 € U satisfying U(xy,s) + U(xz,s) < R,
where || - ||Tv denotes the total variation norm.

Proof. Fix s,t € R with s <t and R > 0. Note that
{(#1,20) €U x U : U(x1,5) + U(xa,s) < R} C Qp x O,

where we recall that Q7 := {z € U : U(z,7) < p} for 7 € R and 0}, denotes the
closure of Q27.
We first claim that there exist positive constants p; and M such that

(5.15) inf p(s,z,t,y) > M VYreQp.
yey,

For z € ﬁ;, we denote i = (fi¢)te(s,00) = p** and u(y,t) := p(s,z,t,y) for y € U for
notational simplicity. Applying Lemma 5.3, we find

/ Uy, )u(y, 7)dy = / U(-,7)dp, <e =902, 5)+ Cy Y7 > 5.
u u

Set A = = [s + A, s+ 2A] gives

s+2A
/ / Uy, T)u(t, 7)dydr < % (e — 72N B) 4 OLA.
1

Setting C5 := C% (e=@A — 7298 max o U(z,s) + CoA, we arrive at

T€ENR
s+2A
(5.16) / / Uy, ")u(t,7)dydr < C3 Vp>minU.

s+A  Junes UXR
As U satisfies (1.4), there holds that lim,, infgxry\q, U = oc. This together with
(5 16) yields the existence of some p; > ming xg U such that fs+2A fu\Q, ,7)dydr <

5, which implies that

s+2A s+2A
— S A — / / u(y, 7)dydT —/ / u(y, 7)dydr < |Q |supu
2 u\Qg, 7

01
where Q}A = Ureg[s4A,54+24] (Q;1 x {r}). By Harnack’s inequality (see, e.g., [27,
Theorem 10.1]) to u, there is C' > 0, independent of u, such that ﬁ <supg: u <
P1 P1
C’ian%1 u < Cinfyeﬁgl u(y,t), where Qf)l = Ure[s43A.4] (Q;l X {T}) Setting M :=
ﬁ%, (5.15) follows.

We prove the lemma. For z1, x5 € O}, set i = (1) te(0,00) = p**" and u;(y, t) ==
p(s,x;, t,y) for y € U and ¢ = 1,2. It follows from (5.15) that for ¢, 5 = 1,2 with i # j,

/ (s, 1) — sy, £)) "y < / (w9, 1) — M) Ly, (5 £)dy
%, %,

<) =M [ Tz 04,

P1
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As a result, for 4, j = 1,2 with i # j,

U; — U tdy = U; — U, +
/u< (0,1) — u;(y,8) " dy (/u\%+/%><z<y,t> S ) dy

< .u;(u \ Q;l) + Nz(ﬂfn) -M o ]]-{u¢2uj}(y7t)dy
p1

=1- M/ ]l{uiZuj}(y’ t)dy
2,

As ‘ul - U2| - (ul - 7—‘2)+ + (UZ - ul)Jrv we arrive at fz,{ |u1(y7t) - UZ(yat”dy <
2 — M|, |. Tt follows that

i — 2|y < sup / |ug(z,t) — ug(z,t)|de < 2 (1 - 7M|Q |> .
A€eB(RY)
As 0 < M|Q) | < fﬂﬁl uy(y,t)dz < 1, we find a := $M|QF | € (0,1). This completes
the proof. 0
We are ready to prove Theorem C.

Proof of Theorem C. We assume, without loss of generality, that s = 0. For
each © € U, we denote pu” = (i} )ie(0,00) 1= 1", where we recall p® is the unique
global probability solution of the Cauchy problem (1.3) and (1.6) with s = 0 and
v = 0,. Then dp® := dufdt = p(0, z, t,y)dydt. The proof is divided into four steps.

Step 1. We show that there exist a unique measure p. € M,(U) and positive
constants C' and ¢ € (0,1) such that [|u%; — pullry < Co™(1+ U(x,0)) for all x € U
and n € N.

Let P : My(U) — My(U) be defined by Po(z) := (uf, ¢) = [, p(0,2,T,y)p(y)dy
for x € U and ¢ € My(U). By Lemma 5.1, P is well-defined. In particular, P1 = 1,
where 1 = 1. Let P* : M,(U) — M,(U) be the adjoint operator of P defined by

(P*, ¢) = (1, Po) Y € Mp(U) and ¢ € My(U).

Since ¥ and V? are T-periodic for 4,5 = 1,...,d, we find from Theorem 2.3 that
(nT z,(n+ 1)T,y) = p(0,2,T,y) for all n € N and x,y € U, which implies that
Po(x fup (nT,z,(n+ 1)T,y)p(y)dy for x € U. Tt follows from Corollary 5.1 that

(5.17) Pro(x) = (pnr, ), = €U.

Define a weighted supremum norm: ||@||, := esssup,¢y, ‘1;@(7&)0)‘ for ¢ € My(U).
Thanks to Lemmas 5.3 and 5.4, we apply Harris’s theorem (see, e.g., [17, Theorem
3.6]) to find that P admits a unique invariant measure p, of P, namely, P*p, = pu.,
and there exist constants C' > 0 and ¢ € (0, 1) such that

e @) = (s D)l = [P ) = (i, D)1, < C0™ |6 = (i, D)I,. < 2C0" 9|0
holds for all ¢ € My(U), where we used (5.17) in the equality. Consequently,

T |<#fLT7¢> - </~L*a¢>|
n —_ * = Sup
ke — by ol<1 1+ U(x,0)

< sup K @) = (s D)1 [1 4 U, 0)] < 2C0" [1 + U(, 0)] -

(1+U(z,0)]
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Step 2. We show that (1.3) admits a unique periodic probability solution i =
(fit)ter. Moreover, there holds that fi,,7 = p. for all n € N.

Denote dfi := dfi;dt as the unique global probability solution of the Cauchy
problem (1.3) and (1.6) with s = 0 and v = p,. It follows from Lemma 5.2 that
(fig, &) = (s, (g, ¢)) for all ¢ > 0 and ¢ € M(U), which together with (5.17) and
the fact that p, is invariant under P implies that for each n € N and ¢ € M, (U),

(fing, @) = (s (tings ) = (b, P*d) = (P o, ) = (bt §) -

That is, fi,7 = p for all n € N. Therefore, fi;7 = fi for all £ > 0. We then extend
Qi to U x (—00,0) by defining fi; := fiyyny for t € (—nT, (n — 1)T] and n € N. It is
not hard to check that i := (fit):er is a periodic probability solution of (1.3). The
uniqueness follows from Theorem A.

Step 3. We prove there exist positive constants Cy and Cs such that s —fie || rv <
Cre= @t [1 + U(x,0)] for all z € U and t > 0.

For t > 0, there exist unique n; € Ng and 0 < r; < T such that ¢t = n,T + r;. For
¢ € My(U), we set ¢y, () = (uy,, ¢) for v € U. Clearly, ||y, || < [[¢]|c if ¢ is bounded.
Asp(0,z,r,y) = p(nT,z,r+nT,y) foralln € N, z,y € U, and r > 0, we find ¢, () :=
fu p(niT,z,t,y)o(y)dy for € U. Tt follows from Lemma 5.2 and Corollary 5.1 that

for each ¢ € My(U), there hold that (fi¢,¢) = (fir,,¢) = <:u*7 <H’;t7¢>> = (s Pry )
and for each x € U,

0t6) = [ p0.007,2) | [ T 0)0(0) | = P, (0) = 0
Consequently, we derive from Step 1 that
ki — Bellpy = sup [(uf, @) — (fie, D)
l¢[<1
= sup i e = (s )] < O 14 UG, 0)] < Cre™ 1+ Uz, 0),
<1
where C1 = Cp™! and C» = L 1Inp.

Step 4. Applying Lemma 5.2, we find (u;, ¢) = (v, (uf, ¢)) = [,,(uf, d)dv () for
all ¢ € Myp(U). It follows from Step 3 that

re = fuellpy < /u ‘lelfl (i, @) — (fie, )| dv(zx) < CN'le_éﬂ/u 1+ U(-,0)]dv

for all ¢ > 0. This completes the proof. ]

6. Applications. In this section, we discuss some applications of Theorem B,
Corollary B, and Theorem C. Applications to stochastic damping Hamiltonian sys-
tems and stochastic slow-fast systems are discussed, respectively, in subsections 6.1
and 6.2. In subsection 6.3, we investigate the convergence of weak solutions of an
SDE with less regular coefficients.

6.1. Stochastic damping Hamiltonian systems. Consider the following sto-
chastic damping Hamiltonian system:

T =y,
6.1
(-1 {@=—%@ww+VW%m&+F@wﬁ&+UMMﬂMW
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where (z,y) € R? x R?, the damping b = (b¥/) : R? x R?  R¥*? is continuous,
the potential V' : R? x R + (0,00) is twice continuously differentiable in x and
continuously differentiable in ¢, the external force F : R4 x R% x R — R¢ is continuous,
the noise coefficient matrix o : R? x R x R  R?*™ belongs to C(R, W2 (R% x R%)),
where p > d + 2 and m > d are fixed, and (W}):cr is a standard m-dimensional
Wiener process. We assume V, F', and o are all T-periodic in ¢ for some T > 0.

The FPE associated to (6.1) reads as
(6.2) Oru = 851,%_ (a”u) — Oy, (ysu) + Oy, (B7y; + 05,V )u) — 0y, (F'u),

where (a%) := % is the diffusion matrix. Denote

;CH 78t+a 62

YilYj

+y'0p, — (B9y; + 0,V )0y, + F'0,,.

We make the following additional assumptions on the coefficients:
(A1) There exists by > 0 such that bYy;y; > boly|? for all y € R%
(A2) The functions F and o, and 0;V, are uniformly bounded on R% x R? x R and
R? x R, respectively.
(A3) @ € C?(R?) is lower bounded and satisfies

d

sup Z —bji(;r:,y)ﬁ + 0, ®(z)| < 0.
(z,y)ERIXRE “ |z

(A4)VV —>ooas|x|—>oo
Note that (Al) says that the system (6.1) is damped. When b(x,y) is bounded,
the function ® in (A3) can be taken to be 0.
Following the arguments as in the proof of [22, Theorem 5.1], we can construct a

Lyapunov function of type (L3) with respect to Lg. Hence, Theorem B is applied to
give the following result.

THEOREM 6.1. Assume (A1)—~(A4). Let i = (f1t)1e(s,00) be a global probability
solution of the Cauchy problem associated to (6.2) with initial condition ps = v, where
v € My(R? x R?) is compactly supported. Then for any sequence of positive integers
{n;}jen with lim;_,o n; = oo, there exists a subsequence, still denoted by {n;} e,
and a periodic probability solution i = (fit)tecr of (6.2) such that the following hold:

(1) for each bounded ¢ € Op(R? x R? x R), there holds that

t+n; T
lim —/ / odprdr = —/ / ¢diidr YVt > s
j—oo ;T R x R4 R x R4

(2) for each i € C?(RY x R?), there holds that

njfl

1
lim — ) / Ydpyrry = / Ydji;  for a.e. t € (s,5+T).
Rd xRd R4 xRd

j—00 N;
J k=0

We point out that the uniqueness of periodic probability solutions of (6.2) (with
nonsmooth coefficients) remains an interesting open question.

6.2. Stochastic slow-fast systems. Consider the following SDE:

_ .
(63) &= fl@5,0) (r,9) € R™ x R,
dy = g(l’, Y, t)dt + O'(Z‘, Y, t)th;
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where 0 < e < 1, f = (fF) :R®" xR* xR+ R™, g = (¢°) : R™ x R” x R R",
o = (0¥) : R™ x R™ x R+ R™** is the noise coefficient matriz with £ > n, and
W = (W¢)ier is a standard £-dimensional Wiener process. We assume f, g, and o are
T-periodic in t for some T > 0.

As here we are only interested in the dynamics of (6.3) for each fixed 0 < e < 1,
we set € = 1 in (6.3) and consider the following system for clarity:

:sz(amy,t), ($,y)€RmXRn.
dy = g(m, Y, t)dt + 0'(.13, Y, t)tha

The associated FPE reads as
(64) atu = 85,3/] (aiju) - aﬁck (fku) - ayj (glu)7 (I, Y, t) € R™ x R" x Rv

where A := (a") = Joo". Denote Lsp := 0y + a'0y,,, + [*0u, + g'0,,.
We make the following assumptions on the coefficients:

(B1) Letp > m+n+2. A(z,y,t) is positive definite for each (z,y,t) € R™xR"* xR,
and a¥ € Or(R, WLP(R™ x R")) and ¢* € Cr(R™ x R™ x R) for each i, =
1,...,n. Moreover, for each a > 0, Sup(; y ¢)crm xR7 xR:|y|<a} | Al < 00,

(B2) There exists a positive T-periodic function U € CHH(R™ x R) satisfying
limyz| 500 U(w,t) = oo for all £ € R such that sup, <, sup,eg LsrU — —00
as |z| — oo for each a > 0, and

LspU=0 on {(z,y,t) e R™ xR" xR : |z| =0},
LspU <0 on {(z,y,t) e R xR" x R: |z| # 0}.

To proceed, we need dissipativity along the slow direction, namely, the y-direction.

DEFINITION 6.1. Let V € C2'(R™ x R) be a nonnegative function, and let it
satisfy limy| o0 infier V(y,t) = oo. It is called a semi-Lyapunov function (with
respect to Lsr) of

(1) type (L2) if there exist positive constants v and a such that LopV < —vy on

{(z,y,t) eR™ xR" xR : |y| > a} and

(2) type (L3) if limy 00 SUD(z,4)cRm xR LspV(z,y,t) = —o0.

THEOREM 6.2. Assume (B1l) and (B2). If Lsr admits a semi-Lyapunov func-
tion of type (L2), then there exists a unique periodic probability solution p = (ut)ier
of (6.4). Moreover, supp(p) = {0,,} x R™ x R, where 0,,, denotes the origin in R™.

Proof. We write Lgr as L for simplicity. The proof is divided into three steps.

Step 1. We show that (6.4) admits a periodic probability solution p = (u¢)ter-

Let V be a semi-Lyapunov function of type (L2) and 7, a > 0 be as in Definition
6.1 (1). Define W(x,y,t) := U(x,t) + V(y,t) for (z,y,t) € R™ x R™ x R. Obviously,
W is nonnegative and T-periodic, and satisfies inf;egr W(z,y,t) — oo as |z|+|y| = o0
and LW = LU+ LV < —vyon {(z,y,t) € R™" xR" xR : |y| > a}. Moreover, it follows
from (B1) that £V is bounded on {(z,y,t) € R™ x R" xR : |y| < a} and from (B2)
that lim;| o SUP|y|<q SUP¢cRr LU = —oo. Hence, there exists a constant b > 0 such
that

LW =LU+LV <—y on {(z,y,t) e R"xR" xR: |yl <a, || >Db}.

As a result, LW < —v on {(z,y,t) € R™ xR" x R : |y| > a or |x| > b}. That is,
W is a Lyapunov function of type (L2). Hence, we apply [22, Theorem B] to find a
periodic probability solution p = (u¢)rer of (6.4).
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By virtue of Lemma 4.2, we may assume, without loss of generality, that for any
¢ € CZL(R™ x R™ x R), the function t — [[o. gn ¢(-,t)dpy is continuous on R.

Step 2. We show that p is supported on {0,,} x R™ x R. By Lemma 2.1 (1)(b)
and Lemma 2.2, there holds that for any T-periodic ¢ € CZ1(R™ x R" x R),

t+T
(6.5) / / / Lédpdr =0 VteR.
t R™ xR™

For each o > 1, set W, (z,y,t) := aU(z,t) + V(y,t) for (z,y,t) € R™ x R™ x R.
Obviously, W, (z,y,t) — oo as |z| + |y| — oo for each o > 1.

Let {¢,},>0 be smooth and nondecreasing functions on R satisfying (,(¢t) =t
for t € [0,p], (, = p+ 1 on [p+2,00), and ¢; < 0 on [p,p +2]. Clearly, for each
p > 0, the function (,(W,) — (p+ 1) is T—perlodlc and belongs to CZH(R™ x R™ x R).
Setting ¢ := (,(Wa) — (p+1) in (6.5), we find from L{,(Wa) = (,(Wa)(aLU + LV )+
¢l(Wa)a'd,,V9,,V that

t+T T
0= a/ // Wo)LUdpdr —|—/ // Wo)LVdu,dr
m ><]R" m ><]R"
t+T
/ // <( a9,,vao, S Vdurdr.

As ¢, > 0 on [0,00), we see from Definition 6.1 (1) that
maxaxg [LU[CL(Wa),  (z,y,1) € 2 xR,
*"Yq;(Wa)a (xayat) €0 x Ra

where Q := {(z,y) : |y| < a}, Q°:={(z,y) : |y| > a}, and @ > 0 is as Definition 6.1
(1). Since ¢;) <0 on [p,p+ 2] and () = 0 otherwise, we derive from the nonnegative
definiteness of A = (a*/) that ¢}/ (W, ) 499,,V8,,V <0onR™xR"xR, which together
with (6.6) and (6.7) gives

t+T t+T
- a/ // W) LUdp-dr + 7/ // Wa)dpdr
m XRT] c

t+T
< max|£V|/ // ¢ (Wa)dp-dr < max|£V| xT.

(6.7) C(Wa)LV < {

In particular, —a H—T JJgm sgn C(Wa)LUdp,d7 < maxqxr [LV] x T. Note that
lim,, C;(Wa) = 1 Letting p — oo in the last inequality, we find

T
—a/ // LUdp,dr < max|LV] x T.
t Rm xR™ QxR

To see supp(p) C {0} X R™ X R, we suppose on the contrary that there exists a

closed set B C R™ satisfying 0,, ¢ B such that f ~{(z,y) : x € B})dr > 0 for
all t € R. Note that supg.p LU < 0 by (B2). Hence

T
- (sup £U> / pr({(z,y) : x € B})dr < max|LV| x T,
BxR t QxR

which leads to a contradiction when letting o — oc.
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Step 3. We claim that supp(u) = {0,,} X R™ x R and g = (pu¢)¢er is the unique
periodic probability solution of (6.4).

Define u} (B) := ¢ ({0} x B) for B € B(R™) and ¢t € R, and p* := (u} )ier, where
B(R™) is the Borel o-algebra of R™. We further define £y := 0; + aij(?;iyj + B%0,,,
where o (y,t) = a¥”(0,,,y,t) and B'(y,t) := ¢*(Om,y,t) for (y,t) € R™ x R and
,j=1,...,n.

As u = (ue)ter is a periodic probability solution of (6.4) and is supported on
{0} XxR" xR, we find g (R") = 1 and pf = py, pfort € Rand [, [, Lopdpidr =0
for all ¢ € C’g’l(R" x R). That is, u* = (u})icr is a periodic probability solution of
the following FPE:

(6.8) Oy = aiyj (@) — 0y, (B'u), (y,t) € R x R.

By Theorem 2.1, p* admits a positive density on R™ x R. Hence, supp(u*) =
R™ x R, or equivalently, supp(u) = {0,,} x R™ x R. Note that V is a Lyapunov
function of type (L2) with respect to Lo. Hence, we apply Theorem A to conclude
that (6.4) as well as (6.8) admit a unique periodic probability solution. |

When the semi-Lyapunov function of type (L2) in Theorem 6.2 is of type (L3),
we can apply Theorem B to deduce a convergence result.

THEOREM 6.3. Assume (B1), (B2) and that Lsr admits a semi-Lyapunov func-
tion of type (L3). Then, for any global probability solution p = (fi¢)te(s,00) Of the
Cauchy problem associated to (6.4) with initial condition s = v, where v € M, (R™ x
R™) is compactly supported, there holds that for each t € (s,s+ T],

K
1
lim — // s T :// odji; Vo € C2H(R™ x R™),
K—o0 K ]; R™ xR™ tHRT R™ xRn t ( )

where i = (fit)ter @S the unique periodic probability solution of (6.4)

Proof. Let V € C’%’l(R" x R) be the strong semi-Lyapunov function with re-
spect to Lgp. Arguing as in the proof of Theorem 6.2, we show that the function
W(z,y,t) :=Ul(z,t) + V(y,t) for all (z,y,t) € R™ x R” x R is a Lyapunov function
of type (L3). The conclusion follows from Theorems B and 6.2. a

6.3. Convergence of weak solutions of an SDE. Fix s € R. Consider the
following initial value problem associated to the SDE (1.2):

(6.9)

Ts ™~ U,

{da: = V(z,t)dt + Gz, t)dW,, =z €U,

where v is a given Borel probability measure on . We assume V' and G are continuous
on U x R and T-periodic in t for some T > 0.

Recall that a (globally defined) weak solution of (6.9) is a triple of a filtered prob-
ability space (0, F,{F;}¢>s,P), an adapted Wiener process (W;):>s, and an adapted
stochastic process (X¢)>s such that

t t
X, ~v, X;=X, +/ V(X,,7)dr +/ G(X,,7)dW, Vt>s.

In what follows, we simply call (X;);>s a weak solution of (6.9) without mentioning
the underlying probability space and Wiener process.
Let (a¥) = %GGT, and set £ := 0, + aij(?izj + Vip;.
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LEMMA 6.1. Let (X¢)i>s be a weak solution of (6.9) and p, be the distribution of
Xt fort > s. Then (pit)ie(s,00) 5 a global probability solution of the Cauchy problem
(1.3) and (1.6).

Proof. It is well known [24] that under the current assumptions on the coefficients,
(X¢)i>s induces a solution of the associated martingale problem. Hence, for each

¢ € C*(U), there holds that Ep(X;) — E¢(Xs) — f;E [Lo(X)]dr =0 for all t > s,

that is, [, ¢dpe — [, pdv — f; Jy; Loddprdr = 0 for all t > s. The conclusion then
follows from Lemma 2.1 (1) (b). d

In the presence of Lemma 6.1, we can apply Theorems B and C to derive the
following convergence results of weak solutions.

THEOREM 6.4. Suppose L admits a Lyapunov function of type (L3) U. Let (X;)i>s
be a weak solution of (6.9) with fu U(-,s)dv < oo. Then for any sequence of posi-
tive integers {n;}jen with lim; o nj = 0o, there exists a subsequence, still denoted
by {n;}jen, and a periodic probability solution i = (fit)ier of (1.3) such that the
following hold:

(1) for each bounded ¢ € Cp(U x R), there holds that

1 t+n;T 1 T
lim —/ E¢(X,)dr = —/ /(bd/]TdT Yt > s;
¢ TJo Ju

(2) for each i € C2(U), there holds that
njfl

1
lim — Z E(Xeirr) = / Ydi; for a.e.t > s.
j u

In particular, if (1.3) admits a unique periodic probability solution i = (fit)tcr, then
the convergence in (1) and (2) holds for the whole sequence N.

THEOREM 6.5. Assume GG is locally Lipschitz continuous in x and pointwise
positive definite. Suppose L admits a Lyapunov function of type (L4) U. Then there
exist positive constants C1 and Cy such that any weak solution (X¢)i>s of (6.9) with
J, U(,s)dv < oo satisfies

’E¢(Xt) —/ ¢dfic| < Cre= @179 > s
u

for all bounded measurable function ¢ onU, where i = (fit)rer s the unique probability
solution of (1.3).
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