
SUPPLEMENTARY MATERIALS: CONVERGENCE TO PERIODIC
PROBABILITY SOLUTIONS IN FOKKER-PLANCK EQUATIONS\ast 

MIN JI\dagger , WEIWEI QI\ddagger , ZHONGWEI SHEN\S , \mathrm{A}\mathrm{N}\mathrm{D} YINGFEI YI\P 

In this supplement, we provide the proofs of (2.3) and Lemma 3.1.

SM1. Proof of (2.3). Let \rho 1, \rho 2 \in C(\scrU \times (s,\infty )) be respectively a global prob-
ability solution and a global sub-probability solution of the Cauchy problem (1.3) and
(1.6). Define w := \rho 2

\rho 1
and f\lambda (t) := e\lambda (1 - t)  - e\lambda for t \geq 0, where \lambda > 0 is a parameter.

Then for any non-negative function \phi \in C2,1
c (\scrU \times \BbbR ), there holds

(SM1.1)

\int 
\scrU 
f\lambda (w)\phi d\mu 

1
t \leq f\lambda (1)

\int 
\scrU 
\phi d\nu +

\int t

s

\int 
\scrU 
f(w)\scrL \phi d\mu 1

\tau d\tau , \forall t > s.

Note that the above inequality is just (2.3).
The rest of this section is devoted to the proof of (SM1.1).

Proof of (SM1.1). Define

\eta (x) =

\Biggl\{ 
cde

 - 1
1 - | x| 2 , if | x| \leq 1,

0, if | x| > 1,

where cd > 0 is such that
\int 
\BbbR d \eta dx = 1. It is well-known that \eta \in C\infty 

c (\BbbR d). Let

\eta \epsilon (x) :=
1
\epsilon d
\eta (x\epsilon ) for x \in \BbbR d and 0 < \epsilon \ll 1.

For a measurable function g : \scrU \times (s,\infty ) \rightarrow \BbbR , we define

g\epsilon (x, t) :=

\int 
\{ y\in \BbbR d:x - y\in \scrU \} 

g(x - y, t)\eta \epsilon (y)dy, (x, t) \in \scrU \times (s,\infty ).

In particular, for each i = 1, 2 and (x, t) \in \scrU \times (s,\infty ),

\rho i,\epsilon (x, t) =

\int 
\{ y\in \BbbR d:x - y\in \scrU \} 

\rho i(x - y, t)\eta \epsilon (y)dy =

\int 
\scrU 
\rho i(y, t)\eta \epsilon (x - y)dy.

It is not hard to check that

(SM1.2) lim
\epsilon \rightarrow 0

\rho i,\epsilon = \rho i locally uniformly in \scrU \times (s,\infty ),

and that for each 0 < \epsilon \ll 1,

(SM1.3) lim
t\rightarrow s

\rho i,\epsilon (x, t) = \nu \epsilon (x), x \in \scrU ,
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where \nu \epsilon (x) :=
\int 
\scrU \eta \epsilon (x - y)d\nu (y) for x \in \scrU . Note that for each 0 < \epsilon \ll 1 and i = 1, 2,

there holds \rho i,\epsilon (\cdot , t) \leq | \eta \epsilon | \infty on \scrU for each t \in (s,\infty ), which together with (SM1.3)
and the dominated convergence theorem implies that

(SM1.4) lim
t\rightarrow s+

\rho i,\epsilon (\cdot , t) = \nu \epsilon in L1(\scrU ).

It is straightforward to check that for each i = 1, 2, \rho i,\epsilon satisfies

\partial t\rho i,\epsilon = \partial kl(a
kl\rho i,\epsilon ) - \partial k((V

k\rho i)\epsilon  - Rk\rho i,\epsilon ),

where Rk\rho i,\epsilon := \partial l(a
kl\rho i)\epsilon  - \partial l(akl\rho i,\epsilon ). Set w\epsilon := \rho 2,\epsilon 

\rho 1,\epsilon 
. Multiplying by \phi \in C2,1

c (\scrU \times \BbbR )
the equation satisfied by \rho 2,\epsilon and integrating by parts, we arrive at\int t2

t1

\int 
\scrU 
\partial t(w\epsilon \rho 1,\epsilon )\phi dxd\tau =

\int t2

t1

\int 
\scrU 

\bigl[ 
w\epsilon \rho 1,\epsilon a

kl\partial kl\phi +
\bigl( 
(V k\rho 2)\epsilon  - Rk\rho 2,\epsilon 

\bigr) 
\partial k\phi 

\bigr] 
dxd\tau 

for all t2 > t1 > s. Setting \phi = f \prime \lambda (w\epsilon )\psi in the above equality, where \psi \in C2,1
c (\scrU \times \BbbR )

is non-negative, we find

\int t2

t1

\int 
\scrU 
\partial t(w\epsilon \rho 1,\epsilon )f

\prime 
\lambda (w\epsilon )\psi dxd\tau 

=

\int t2

t1

\int 
\scrU 

\bigl[ 
w\epsilon \rho 1,\epsilon a

kl\partial kl(f
\prime 
\lambda (w\epsilon )\psi ) +

\bigl( 
(V k\rho 2)\epsilon  - Rk\rho 2,\epsilon 

\bigr) 
\partial k(f

\prime 
\lambda (w\epsilon )\psi )

\bigr] 
dxd\tau 

(SM1.5)

for all t2 > t1 > s. Note that there holds the equality

\partial t(w\epsilon \rho 1,\epsilon )f
\prime 
\lambda (w\epsilon ) = \partial t(f\lambda (w\epsilon )\rho 1,\epsilon ) - (f\lambda (w\epsilon ) - f \prime \lambda (w\epsilon )w\epsilon ) \partial t\rho 1,\epsilon .

Inserting the above equality into the left-hand side of (SM1.5) and then utilizing the
equation satisfied by \rho 1,\epsilon , the following equality follows from straightforward calcula-
tions. \int t2

t1

\int 
\scrU 
\partial t(f\lambda (w\epsilon )\rho 1,\epsilon )\psi dxd\tau +

\int t2

t1

\int 
\scrU 
\psi f \prime \prime \lambda (w\epsilon )a

kl\partial kw\epsilon \partial lw\epsilon \rho 1,\epsilon dxd\tau 

=

\int t2

t1

\int 
\scrU 

\bigl[ 
f\lambda (w\epsilon )\rho 1,\epsilon a

kl\partial kl\phi + f\lambda (w\epsilon )(V
k\rho 1)\epsilon \partial k\psi 

\bigr] 
dxd\tau 

+

\int t2

t1

\int 
\scrU 
(W\epsilon \cdot \nabla \psi )f \prime \lambda (w\epsilon )dxd\tau 

+

\int t2

t1

\int 
\scrU 
(W\epsilon \cdot \nabla w\epsilon )f \prime \prime \lambda (w\epsilon )\psi dxd\tau 

 - 
\int t2

t1

\int 
\scrU 
f \prime \lambda (w\epsilon )R

k
\rho 2,\epsilon \partial k\psi dxd\tau 

+

\int t2

t1

\int 
\scrU 
(f\lambda (w\epsilon ) - w\epsilon f

\prime 
\lambda (w\epsilon ))R

k
\rho 1,\epsilon \partial k\psi dxd\tau 

+

\int t2

t1

\int 
\scrU 
f \prime \prime \lambda (w\epsilon )(R

k
\rho 2,\epsilon  - w\epsilon R

k
\rho 1,\epsilon )\partial kw\epsilon \psi dxd\tau 

=

\int t2

t1

\int 
\scrU 

\bigl[ 
f\lambda (w\epsilon )\rho 1,\epsilon a

kl\partial kl\phi + f\lambda (w\epsilon )(V
k\rho 1)\epsilon \partial k\psi 

\bigr] 
dxd\tau +

5\sum 
j=1

Ij ,

(SM1.6)
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where W\epsilon := (V \rho 2)\epsilon  - (V \rho 1)\epsilon w\epsilon .
We estimate the terms Ij , j = 1, . . . , 5. Note that f \prime \lambda (x) =  - \lambda e\lambda (1 - x) and f \prime \prime \lambda (x) =

\lambda 2e\lambda (1 - x). Obviously,

| I1| \leq \lambda e\lambda sup
\scrU \times [s,t2]

| \nabla \psi | 
\int t2

s

\int 
\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\psi (\cdot ,\tau ))

| W\epsilon | e - \lambda w\epsilon dxd\tau .

By Young's inequality, there holds for any \delta > 0,

| I2| \leq \delta 

\int t2

t1

\int 
\scrU 
\psi f \prime \prime \lambda (w\epsilon )| \nabla w\epsilon | 2\rho 1,\epsilon dxd\tau 

+
1

4\delta 
sup

\scrU \times [s,t2]

| \psi | 
\int t2

t1

\int 
\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\psi (\cdot ,\tau ))

| W\epsilon | 2

\rho 1,\epsilon 
f \prime \prime \lambda (w\epsilon )dxd\tau 

\leq \delta 

\int t2

t1

\int 
\scrU 
\psi f \prime \prime \lambda (w\epsilon )| \nabla w\epsilon | 2\rho 1,\epsilon dxd\tau 

+
\lambda 2

4\delta 
e\lambda sup

\scrU \times [s,t2]

| \psi | 
\int t2

s

\int 
\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\psi (\cdot ,\tau ))

| W\epsilon | 2

\rho 1,\epsilon 
e - \lambda w\epsilon dxd\tau .

For I3 and I4, we have

| I3| \leq \lambda e\lambda sup
\scrU \times [s,t2]

| \nabla \psi | 
\int t2

s

\int 
\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\psi (\cdot ,\tau ))

| R\rho 2,\epsilon | e - \lambda w\epsilon dxd\tau ,

| I4| \leq \lambda e\lambda sup
\scrU \times [s,t2]

| \nabla \psi | 
\int t2

s

\int 
\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\psi (\cdot ,\tau ))

| R\rho 1,\epsilon | (1 + \lambda w\epsilon )e
 - \lambda w\epsilon dxd\tau ,

where R\rho i,\epsilon = (Rk\rho i,\epsilon ), i = 1, 2. For I5, we find from Young's inequality and f \prime \prime \lambda (x) =

\lambda 2e\lambda (1 - x) that

| I5| \leq 2\delta 

\int t2

t1

\int 
\scrU 
\psi f \prime \prime \lambda (w\epsilon )| \nabla w\epsilon | 2\rho 1,\epsilon dxd\tau 

+
\lambda 2

4\delta 
e\lambda sup

\scrU \times [s,t2]

| \psi | 
\int t2

s

\int 
\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\psi (\cdot ,\tau ))

| R\rho 2,\epsilon | 2

\rho 1,\epsilon 
e - \lambda w\epsilon dxd\tau 

+
\lambda 2

4\delta 
e\lambda sup

\scrU \times [s,t2]

| \psi | 
\int t2

s

\int 
\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\psi (\cdot ,\tau ))

| R\rho 1,\epsilon | 2

\rho 1,\epsilon 
| w\epsilon | 2e - \lambda w\epsilon dxd\tau , \delta > 0,

It follows from (SM1.6) that

\int t2

t1

\int 
\scrU 
\partial t(f\lambda (w\epsilon )\rho 1,\epsilon )\psi dxd\tau +

\int t2

t1

\int 
\BbbR d

\psi f \prime \prime \lambda (w\epsilon )a
kl\partial kw\epsilon \partial lw\epsilon \rho 1,\epsilon dxd\tau 

\leq 
\int t2

t1

\int 
\scrU 
[f\lambda (w\epsilon )\rho 1,\epsilon a

kl\partial kl\psi + f\lambda (w\epsilon )(V
k\rho 1)\epsilon \partial k\psi ]dxd\tau 

+ 3\delta 

\int t2

t1

\int 
\scrU 
\psi f \prime \prime \lambda (w\epsilon )| \nabla w\epsilon | 2\rho 1,\epsilon dxd\tau +\Omega (\epsilon , \delta ), \forall t2 > t1 > s,

(SM1.7)
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where

\Omega (\epsilon , \delta ) = \lambda e\lambda sup
\scrU \times [s,t2]

| \nabla \psi | 
\int t2

s

\int 
\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\psi (\cdot ,\tau ))

| W\epsilon | e - \lambda w\epsilon dxd\tau 

+
\lambda 2

4\delta 
e\lambda sup

\scrU \times [s,t2]

| \psi | 
\int t2

s

\int 
\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\psi (\cdot ,\tau ))

| W\epsilon | 2

\rho 1,\epsilon 
e - \lambda w\epsilon dxd\tau 

+ \lambda e\lambda sup
\scrU \times [s,t2]

| \nabla \psi | 
\int t2

s

\int 
\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\psi (\cdot ,\tau ))

[| R\rho 2,\epsilon | + | R\rho 1,\epsilon | (1 + \lambda w\epsilon )] e
 - \lambda w\epsilon dxd\tau 

+
\lambda 2

4\delta 
e\lambda sup

\scrU \times [s,t2]

| \psi | 
\int t2

s

\int 
\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\psi (\cdot ,\tau ))

| R\rho 2,\epsilon | 2

\rho 1,\epsilon 
e - \lambda w\epsilon dxd\tau 

+
\lambda 2

4\delta 
e\lambda sup

\scrU \times [s,t2]

| \psi | 
\int t2

s

\int 
\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\psi (\cdot ,\tau ))

| R\rho 1,\epsilon | 2

\rho 1,\epsilon 
| w\epsilon | 2e - \lambda w\epsilon dxd\tau .

Arguing as in the proof of [SM1, Lemma 3.1 and Lemma 3.2], we find lim\epsilon \rightarrow 0 \Omega (\epsilon , \delta ) =
0 for all \delta > 0. It follows from the Newton-Leibniz formula that\int t2

t1

\int 
\scrU 
\partial t(f\lambda (w\epsilon )\rho 1,\epsilon )\psi dxd\tau =

\int 
\scrU 
f\lambda (w\epsilon (x, t2))\rho 1,\epsilon (x, t2)\psi (x, t2)dx

 - 
\int 
\scrU 
f\lambda (w\epsilon (x, t1))\rho 1,\epsilon (x, t1)\psi (x, t1)dx

 - 
\int t2

t1

\int 
\scrU 
f\lambda (w\epsilon )\rho 1,\epsilon \partial t\psi dxd\tau .

(SM1.8)

As \psi \in C2,1
c (\scrU \times \BbbR ), when restricted on \scrU \times [s, t2], is compactly supported, and (aij)

is locally uniform positive definite, there is a positive number m such that\bigl( 
aij\partial iw\epsilon \partial jw\epsilon 

\bigr) 
(x, t) \geq m| \nabla w\epsilon (x, t)| 2, \forall (x, t) \in supp(\psi ) \cap (\scrU \times [s, t2]).

This together with f \prime \prime \lambda \geq 0 and \psi \geq 0 yields that

\int t2

t1

\int 
\scrU 
\psi f \prime \prime \lambda (w\epsilon )a

kl\partial kw\epsilon \partial lw\epsilon \rho 1,\epsilon dxd\tau \geq 3

4

\int t2

t1

\int 
\scrU 
\psi f \prime \prime \lambda (w\epsilon )a

kl\partial kw\epsilon \partial lw\epsilon \rho 1,\epsilon dxd\tau 

+
m

4

\int t2

t1

\int 
\scrU 
\psi f \prime \prime \lambda (w\epsilon )| \nabla w\epsilon | 2\rho 1,\epsilon dxd\tau .

(SM1.9)

Set \delta = m
12 . We find from (SM1.7), (SM1.8) and (SM1.9) that

\int 
\scrU 
f\lambda (w\epsilon (x, t2))\rho 1,\epsilon (x, t2)\psi (x, t2)dx

\leq 
\int 
\scrU 
f\lambda (w\epsilon (x, t1))\rho 1,\epsilon (x, t1)\psi (x, t1)dx - 3

4

\int t2

t1

\int 
\scrU 
\psi f \prime \prime \lambda (w\epsilon )a

kl\partial kw\epsilon \partial lw\epsilon \rho 1,\epsilon dxd\tau 

+

\int t2

t1

\int 
\scrU 

\bigl[ 
\rho 1,\epsilon f\lambda (w\epsilon )(\partial t\psi + akl\partial kl\psi ) + f\lambda (w\epsilon )(V

k\rho 1)\epsilon \partial k\psi 
\bigr] 
dxd\tau +\Omega (\epsilon ,

m

12
)

\leq 
\int 
\scrU 
f\lambda (w\epsilon (x, t1))\rho 1,\epsilon (x, t1)\psi (x, t1)dx

+

\int t2

t1

\int 
\scrU 

\bigl[ 
\rho 1,\epsilon f\lambda (w\epsilon )(\partial t\psi + akl\partial kl\psi ) + f\lambda (w\epsilon )(V

k\rho 1)\epsilon \partial k\psi 
\bigr] 
dxd\tau +\Omega (\epsilon ,

m

12
).

(SM1.10)
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Since | f\lambda (t)  - f\lambda (1)| \leq \lambda e\lambda | t  - 1| holds for all t \geq 0, we apply the dominated
convergence theorem to find for each 0 < \epsilon \ll 1,\int 

\scrU 
| f\lambda (w\epsilon (x, t1)) - f\lambda (1)| \rho 1,\epsilon (x, t1)\psi (x, t1)dx

\leq \lambda e\lambda 
\int 
\scrU 
| \rho 2,\epsilon (x, t1) - \rho 1,\epsilon (x, t1)| \psi (x, t1)dx\rightarrow 0 as t1 \rightarrow s+,

By (SM1.4) and the dominated convergence theorem, we deduce\int 
\scrU 
| \rho 1,\epsilon (x, t1)\psi (x, t1) - \nu \epsilon (x)\psi (x, s)| dx

\leq 
\int 
\scrU 
| \rho 1,\epsilon (x, t1) - \nu \epsilon (x)| \psi (x, t1)dx+

\int 
\scrU 
\nu \epsilon (x)| \psi (x, t1) - \psi (x, s)| dx

\leq max
\scrU \times [s,t2]

| \psi | \cdot \| \rho 1,\epsilon (\cdot , t1) - \nu \epsilon (\cdot )\| L1(\scrU ) +

\int 
\scrU 
\nu \epsilon (x)| \psi (x, t1) - \psi (x, s)| dx

\rightarrow 0 as t1 \rightarrow s+.

Thus,
\int 
\scrU f\lambda (w\epsilon (x, t1))\rho 1,\epsilon (x, t)\psi (x, t1)dx \rightarrow f\lambda (1)

\int 
\scrU \nu \epsilon (x)\psi (x, s)dx as t1 \rightarrow s. Note

that \rho 1,\epsilon f\lambda (w\epsilon )(\partial t\psi + akl\partial kl\psi ) + f\lambda (w\epsilon )(V
k\rho 1)\epsilon \partial k\psi is integrable on \scrU \times [s, t2). It

follows that

lim
t1\rightarrow s+

\int t2

t1

\int 
\scrU 
\rho 1,\epsilon 

\bigl[ 
f\lambda (w\epsilon )(\partial t\psi + akl\partial kl\psi ) + f\lambda (w\epsilon )(V

k\rho 1)\epsilon \partial k\psi 
\bigr] 
dxd\tau 

=

\int t2

s

\int 
\scrU 

\bigl[ 
\rho 1,\epsilon f\lambda (w\epsilon )(\partial t\psi + akl\partial kl\psi ) + f\lambda (w\epsilon )(V

k\rho 1)\epsilon \partial k\psi 
\bigr] 
dxd\tau .

Passing to the limit t1 \rightarrow s+ in the inequality (SM1.10) yields\int 
\scrU 
f\lambda (w\epsilon (x, t2))\rho 1,\epsilon (x, t2)\psi (x, t2)dx

\leq f\lambda (1)

\int 
\scrU 
(\nu \ast \eta \epsilon )\psi dx+

\int t2

s

\int 
\scrU 

\bigl[ 
f\lambda (w\epsilon )\rho 1,\epsilon f\lambda (w\epsilon )(\partial t\psi + akl\partial kl\psi )

+f\lambda (w\epsilon )(V
k\rho 1)\epsilon \partial k\psi 

\bigr] 
dxd\tau +\Omega (\epsilon ,

m

12
), \forall t2 > s.

As lim\epsilon \rightarrow 0 \Omega (\epsilon ,
m
12 ) = 0, we let \epsilon \rightarrow 0 in the above inequality to find from (SM1.2),

(SM1.3) and the dominated convergence theorem that (SM1.1), with t2 and \psi replaced
by t and \phi , respectively, holds. This completes the proof.

SM2. Proof of Lemma 3.1. The proof follows from similar arguments lead-
ing to (2.3). To proceed, we need a lemma concerning the convergence of mollified
functions.

Let \{ \eta \epsilon \} be as defined in the proof of (SM1.1). For a T -periodic measurable
function g on \scrU \times \BbbR , we define

(SM2.1) g\epsilon (x, t) :=

\int 
\{ y\in \BbbR d:x - y\in \scrU \} 

g(x - y, t)\eta \epsilon (y)dy, (x, t) \in \scrU \times \BbbR .

In particular, for each i = 1, 2,

(SM2.2) \rho i,\epsilon (x, t) =

\int 
\{ y\in \BbbR d:x - y\in \scrU \} 

\rho i(x - y, t)\eta \epsilon (y)dy, (x, t) \in \scrU \times \BbbR .
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Set w\epsilon :=
\rho 2,\epsilon 
\rho 1,\epsilon 

, W\epsilon := (V \rho 2)\epsilon  - (V \rho 1)\epsilon w\epsilon and R
k
\rho i,\epsilon := \partial l(a

kl\rho i)\epsilon  - \partial l(a
kl\rho i,\epsilon ) for

i = 1, 2 and k = 1, . . . , d.

Lemma SM2.1. Assume (H1). Then, both W\epsilon and Rk\rho i,\epsilon (for each i = 1, 2 and
k = 1, . . . , d) converge to 0 in Lploc(\scrU \times \BbbR ) as \epsilon \rightarrow 0.

Proof. Let \scrK \subset \subset \scrU and t > s. We see from the formula (SM2.1) that there is an
\epsilon \scrK > 0 such that for each T -periodic measurable function g on \scrU \times \BbbR , there holds

g\epsilon (x, t) =

\int 
\BbbR d

g(x - y, t)\eta \epsilon (y)dy, (x, t) \in \scrK \times \BbbR and \epsilon \in (0, \epsilon \scrK ).

Then, it follows from definitions ofW\epsilon and w that for each \epsilon \in (0, \epsilon \scrK ), there holds

W\epsilon (x, t) =

\int 
\BbbR d

V (x - y, t)\rho 2(x - y, t)\eta \epsilon (y)dy

 - 
\int 
\BbbR d

V (x - y, t)\rho 1(x - y, t)\eta \epsilon (y)dyw\epsilon (x, t)

=

\int 
\BbbR d

V (x - y, t)\rho 1(x - y, t)\eta \epsilon (y) [w(x - y, t) - w\epsilon (x, t)] dy

for all (x, t) \in \scrK \times \BbbR . Since w \in CT (\scrU \times \BbbR ), we see that for any 0 < \delta \ll 1, there is
an \epsilon 0 = \epsilon 0(\delta ) \in (0, \epsilon \scrK ) such that \scrK \epsilon 0 := \{ x \in \scrU : dist(x,\scrK ) < \epsilon 0\} \subset \subset \scrU ,

sup
| y| \leq \epsilon 0

sup
(x,t)\in \scrK \times \BbbR 

| w(x - y, t) - w(x, t)| < \delta 

2
, and

sup
(x,t)\in \scrK \times \BbbR 

| w(x, t) - w\epsilon (x, t)| <
\delta 

2
, \forall \epsilon \in (0, \epsilon 0).

It follows that sup| y| \leq \epsilon 0 sup(x,t)\in \scrK \times \BbbR | w(x - y, t) - w\epsilon (x, t)| < \delta for all \epsilon \in (0, \epsilon 0).
This together with H\"older's inequality yields\int t

s

\int 
\scrK 
| W\epsilon | pdxd\tau \leq \delta p

\int t

s

\int 
\scrK 

\bigm| \bigm| \bigm| \bigm| \int 
\BbbR d

V (x - y, \tau )\rho 1(x - y, \tau )\eta \epsilon (y)dy

\bigm| \bigm| \bigm| \bigm| p dxd\tau 
\leq \delta p

\int t

s

\int 
\scrK 

\Biggl[ \biggl( \int 
\BbbR d

| V (x - y, \tau )| p\rho p1(x - y, \tau )\eta \epsilon (y)dy

\biggr) \biggl( \int 
\BbbR d

1p
\prime 
\eta \epsilon (y)dy

\biggr) p
p\prime 
\Biggr] 
dxd\tau 

= \delta p
\int t

s

\int 
\scrK 

\int 
\BbbR d

| V (x - y, \tau )| p\rho p1(x - y, \tau )\eta \epsilon (y)dydxd\tau , \forall \epsilon \in (0, \epsilon 0).

A simple change of variable gives\int t

s

\int 
\scrK 
| W\epsilon | pdxd\tau \leq \delta p

\int t

s

\int 
\scrK 

\int 
\scrK \epsilon 0

| V (z, \tau )| p\rho p1(z, \tau )\eta \epsilon (x - z)dzdxd\tau 

\leq \delta p
\int t

s

\int 
\scrK \epsilon 0

| V (z, \tau )| p\rho p1(z, \tau )
\biggl( \int 

\BbbR d

\eta \epsilon (x - z)dx

\biggr) 
dzd\tau 

\leq \delta p

\Biggl( 
sup

\scrK \epsilon 0\times \BbbR 
\rho p1

\Biggr) \int t

s

\int 
\scrK \epsilon 0

| V | pdzd\tau , \forall \epsilon \in (0, \epsilon 0),

where we used Fubini's theorem in the second inequality. Thus,

lim
\epsilon \rightarrow 0

\| W\epsilon \| Lp(\scrK \times [s,t]) = 0.
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Now, we deal with Rk\rho i,\epsilon . Note that for \epsilon \in (0, \epsilon \scrK ),

Rk\rho i,\epsilon (x, t) = \partial l

\int 
\BbbR d

akl(x - y, t)\rho i(x - y, t)\eta \epsilon (y)dy  - \partial l

\int 
\BbbR d

akl(x, t)\rho i(x - y, t)\eta \epsilon (y)dy

=

\int 
\BbbR d

\bigl[ 
\partial la

kl(x - y, t) - \partial la
kl(x, t)

\bigr] 
\rho i(x - y, t)\eta \epsilon (y)dy

 - 
\int 
\BbbR d

\bigl( 
akl(x - y, t) - akl(x, t)

\bigr) 
\partial l\rho i(x - y, t)\eta \epsilon (y)dy, (x, t) \in \scrK \times \BbbR .

Since akl \in L\infty (\BbbR ,W 1,p
loc (\scrU )) is T -periodic for each k, l = 1, . . . , d, we find

(SM2.3) sup
| y| \leq \epsilon 

\int t

s

\int 
\scrK 

\bigm| \bigm| \partial lakl(x - y, \tau ) - \partial la
kl(x, \tau )

\bigm| \bigm| p dxd\tau \rightarrow 0 as \epsilon \rightarrow 0, and

sup
| y| \leq \epsilon 

sup
(x,t)\in \scrK \times \BbbR 

\bigm| \bigm| akl(x - y, t) - akl(x, t)
\bigm| \bigm| 

\leq \epsilon 1 - 
d
p ess sup

t\in \BbbR 
\| akl(\cdot , t)\| W 1,p(\scrK \epsilon \times \BbbR ) \rightarrow 0 as \epsilon \rightarrow 0,

(SM2.4)

where we used the Sobolev embedding theorem.
Applying H\"older's inequality and (SM2.3), we find

\int t

s

\int 
\scrK 

\bigm| \bigm| \bigm| \bigm| \int 
\BbbR d

\bigl( 
\partial la

kl(x - y, \tau ) - \partial la
kl(x, \tau )

\bigr) 
\rho i(x - y, \tau )\eta \epsilon (y)dy

\bigm| \bigm| \bigm| \bigm| p dxd\tau 
\leq 
\int t

s

\int 
\scrK 

\biggl( \int 
\BbbR d

\bigm| \bigm| \partial lakl(x - y, \tau ) - \partial la
kl(x, \tau )

\bigm| \bigm| p \rho pi (x - y, \tau )\eta \epsilon (y)dy

\biggr) 
\times 
\biggl( \int 

\BbbR d

1p
\prime 
\eta \epsilon (y)dy

\biggr) p
p\prime 

dxd\tau 

=

\int t

s

\int 
\scrK 

\int 
\BbbR d

\bigm| \bigm| \partial lakl(x - y, \tau ) - \partial la
kl(x, \tau )

\bigm| \bigm| p \rho pi (x - y, \tau )\eta \epsilon (y)dydxd\tau 

\leq 
\biggl( 

sup
\scrK \epsilon \times \BbbR 

\rho pi

\biggr) \Biggl( 
sup
| y| \leq \epsilon 

\int t

s

\int 
\scrK 

\bigm| \bigm| \partial lakl(x - y, \tau ) - \partial la
kl(x, \tau )

\bigm| \bigm| p dxd\tau \Biggr) \int 
\BbbR d

\eta \epsilon (y)dy

=

\biggl( 
sup
\scrK \epsilon \times \BbbR 

\rho pi

\biggr) 
sup
| y| \leq \epsilon 

\int t

s

\int 
\scrK 

\bigm| \bigm| \partial lakl(x - y, \tau ) - \partial la
kl(x, \tau )

\bigm| \bigm| p dxd\tau 
\rightarrow 0 as \epsilon \rightarrow 0.

(SM2.5)
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Applying H\"older's inequality, a change of variable and (SM2.4), we find\int t

s

\int 
\scrK 

\bigm| \bigm| \bigm| \bigm| \int 
\BbbR d

\bigl( 
akl(x - y, \tau ) - akl(x, \tau )

\bigr) 
\partial l\rho i(x - y, \tau )\eta \epsilon (y)dy

\bigm| \bigm| \bigm| \bigm| p dxd\tau 
\leq 
\int t

s

\int 
\scrK 

\int 
\BbbR d

\bigm| \bigm| akl(x - y, \tau ) - akl(x, \tau )
\bigm| \bigm| p | \partial l\rho i(x - y, \tau )| p\eta \epsilon (y)dydxd\tau 

\leq sup
| y| \leq \epsilon 

sup
(x,\tau )\in \scrK \times \BbbR 

\bigm| \bigm| akl(x - y, \tau ) - akl(x, \tau )
\bigm| \bigm| p

\times 
\int t

s

\int 
\scrK 

\int 
\BbbR d

| \partial l\rho i(x - y, t)| p\eta \epsilon (y)dxd\tau 

\leq sup
| y| \leq \epsilon 

sup
(x,\tau )\in \scrK \times \BbbR 

\bigm| \bigm| akl(x - y, \tau ) - akl(x, \tau )
\bigm| \bigm| p

\times 
\int t

s

\int 
\scrK \epsilon 

| \partial l\rho i(z, t)| p
\biggl( \int 

\BbbR d

\eta \epsilon (x - z)dx

\biggr) 
dzd\tau 

\leq \epsilon p - d ess sup
t\in \BbbR 

\| akl(\cdot , t)\| pW 1,p(\scrK \epsilon \times \BbbR ) \times 
\int t

s

\int 
\scrK \epsilon 

| \partial l\rho i| pdxd\tau 

\rightarrow 0 as \epsilon \rightarrow 0,

(SM2.6)

where the Lp-integrability of \partial l\rho i (for each l = 1, . . . , d and i = 1, 2) on \scrK \epsilon \times [s, t]
follows from \rho i \in \scrH 1,p

loc(\scrU \times \BbbR ) for i = 1, 2.
It follows from (SM2.5) and (SM2.6) that lim\epsilon \rightarrow 0 \| Rk\rho i,\epsilon \| Lp(\scrK \times [s,t]) = 0. This

completes the proof.

Proof of Lemma 3.1. We only point out the differences from the arguments
leading to (2.3). Fix a non-negative function \phi \in C2,1

c,T (\scrU \times \BbbR ). We see that the in-
equality (SM1.7) holds with t1, t2, \psi and f\lambda replaced by t, t+T , \phi and f , respectively.
That is, \int t+T

t

\int 
\scrU 
\partial t(f(w\epsilon )\rho 1,\epsilon )\phi dxd\tau +

\int t+T

t

\int 
\BbbR d

\phi f \prime \prime (w\epsilon )a
kl\partial kw\epsilon \partial lw\epsilon \rho 1,\epsilon dxd\tau 

\leq 
\int t+T

t

\int 
\scrU 
[f(w\epsilon )\rho 1,\epsilon a

kl\partial kl\phi + f(w\epsilon )(V
k\rho 1)\epsilon \partial k\phi ]dxd\tau 

+ 3\delta 

\int t+T

t

\int 
\scrU 
\phi f \prime \prime (w\epsilon )| \nabla w\epsilon | 2\rho 1,\epsilon dxd\tau +\Omega (\epsilon , \delta ), \forall t \in \BbbR ,

(SM2.7)

where \delta > 0 is to be determined and

\Omega (\epsilon , \delta ) = \lambda e\lambda sup
\scrU \times [t,t+T ]

| \nabla \phi | 
\int t+T

t

\int 
\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\phi (\cdot ,\tau ))

| W\epsilon | e - \lambda w\epsilon dxd\tau 

+
\lambda 2

4\delta 
e\lambda sup

\scrU \times [t,t+T ]

| \phi | 
\int t+T

t

\int 
\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\phi (\cdot ,\tau ))

| W\epsilon | 2

\rho 1,\epsilon 
e - \lambda w\epsilon dxd\tau 

+ \lambda e\lambda sup
\scrU \times [t,t+T ]

| \nabla \phi | 
\int t+T

t

\int 
\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\phi (\cdot ,\tau ))

[| R\rho 2,\epsilon | + | R\rho 1,\epsilon | (1 + \lambda w\epsilon )] e
 - \lambda w\epsilon dxd\tau 

+
\lambda 2

4\delta 
e\lambda sup

\scrU \times [t,t+T ]

| \phi | 
\int t+T

t

\int 
\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\phi (\cdot ,\tau ))

| R\rho 2,\epsilon | 2

\rho 1,\epsilon 
e - \lambda w\epsilon dxd\tau 

+
\lambda 2

4\delta 
e\lambda sup

\scrU \times [t,t+T ]

| \phi | 
\int t+T

t

\int 
\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\phi (\cdot ,\tau ))

| R\rho 1,\epsilon | 2

\rho 1,\epsilon 
| w\epsilon | 2e - \lambda w\epsilon dxd\tau .
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It follows from Lemma SM2.1 that lim\epsilon \rightarrow 0 \Omega (\epsilon , \delta ) = 0 for any \delta > 0.
From the T -periodicity of w, \rho 1,\epsilon and w\epsilon , and the Newton-Leibniz formula, we

find
\int t+T
t

\int 
\BbbR d \partial t(f(w\epsilon )\rho 1,\epsilon )\phi dxd\tau =  - 

\int t+T
t

\int 
\BbbR d f(w\epsilon )\rho 1,\epsilon \partial t\phi dxd\tau . It follows from

(SM2.7) that\int t+T

t

\int 
\BbbR d

\phi f \prime \prime (w)akl\partial kw\epsilon \partial lw\epsilon \rho 1,\epsilon dxd\tau 

\leq 
\int t+T

t

\int 
\scrU 
[f(w\epsilon )\rho 1,\epsilon (\partial t\phi + akl\partial kl\phi ) + f(w\epsilon )(V

k\rho 1)\epsilon \partial k\phi ]dxd\tau 

+ 3\delta 

\int t+T

t

\int 
\scrU 
\phi f \prime \prime (w)| \nabla w\epsilon | 2\rho 1,\epsilon dxd\tau +\Omega (\epsilon , \delta ), \forall t \in \BbbR ,

(SM2.8)

Since \phi , when restricted on \scrU \times [t, t+ T ], is compactly supported, and (aij) is locally
uniform positive definite, there exists \lambda > 0 such that\bigl( 

akl\partial kw\epsilon \partial lw\epsilon 
\bigr) 
(x, \tau ) \geq \lambda | \nabla w\epsilon (x, \tau )| 2, \forall (x, \tau ) \in supp(\phi ) \cap (\scrU \times [t, t+ T ]),

which together with the positiveness of f \prime \prime and \phi gives

\lambda 

2

\int t+T

t

\int 
\BbbR d

\phi f \prime \prime (w)| \nabla w\epsilon | 2\rho 1,\epsilon dxd\tau \leq 1

2

\int t+T

t

\int 
\BbbR d

\phi f \prime \prime (w)akl\partial kw\epsilon \partial lw\epsilon \rho 1,\epsilon dxd\tau .

Setting \delta = \lambda 
6 in (SM2.8), we use the above inequality to find

1

2

\int t+T

t

\int 
\BbbR d

\phi f \prime \prime (w)akl\partial kw\epsilon \partial lw\epsilon \rho 1,\epsilon dxd\tau 

\leq 
\int t+T

t

\int 
\BbbR d

[\rho 1,\epsilon f(w\epsilon )(\partial t\phi + akl\partial kl\phi ) + f(w\epsilon )(V
k\rho 1)\epsilon \partial k\phi ]dxd\tau +\Omega (\epsilon ,

\lambda 

6
)

for all t \in \BbbR . The result follows from letting \epsilon \rightarrow 0.
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