SUPPLEMENTARY MATERIALS: CONVERGENCE TO PERIODIC
PROBABILITY SOLUTIONS IN FOKKER-PLANCK EQUATIONS*

MIN JIf, WEIWEI QIf, ZHONGWEI SHEN!, AND YINGFEI YIY

In this supplement, we provide the proofs of (2.3) and Lemma 3.1.

SM1. Proof of (2.3). Let p1,p2 € C(U X (s,00)) be respectively a global prob-
ability solution and a global sub-probability solution of the Cauchy problem (1.3) and
(1.6). Define w := % and f(t) := er17t) — e for t > 0, where A\ > 0 is a parameter.
Then for any non-negative function ¢ € C21(U x R), there holds

(SML.1) /u rw)odul < fr(1) /M odv+ [ /u f(w)Lodutdr, V> s,

Note that the above inequality is just (2.3).
The rest of this section is devoted to the proof of (SM1.1).

Proof of (SM1.1). Define

1
cge 1le? if |z| <1,
n(z) = { % i ol <
0, if |z > 1,

where ¢4 > 0 is such that [p,ndz = 1. It is well-known that n € C°(R?). Let
ne(z) == 4n(£) forz € R and 0 < e < 1.
For a measurable function g : U x (s,00) — R, we define

ge(z, 1) ::/ glx —y, tn(y)dy, (x,t) €U x (s,00).
{yeRd:z—yeld}
In particular, for each ¢ = 1,2 and (z,t) € U X (s,00),
pie(T,t) = / pi(z =y, t)ne(y)dy = / pi(y, t)ne(z — y)dy.

{yeRe:z—yecU} u

It is not hard to check that

(SM1.2) lin% pie = p; locally uniformly in U X (s,00),

€E—r
and that for each 0 < e < 1,
(SM1.3) %gn pie(z,t) =v.(x), xzel,
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where ve(z) := [, ne(x—y)dv(y) for x € U. Note that for each 0 < e < T andi = 1,2,
there holds p; (-, t) < |Ne|oo on U for each t € (s,00), which together with (SM1.3)
and the dominated convergence theorem implies that

(SM1.4) lim p; (-, t) =v. in LY(U).

t—st

It is straightforward to check that for each i = 1,2, p; . satisfies
atpi,e = akl(aklpi,e) - ak((vkpi>€ - leji&)’

where R’;m = 0y(a® p;)e — O (a¥ p; o). Set w, := £2<. Multiplying by ¢ € C?1 (U x R)

Pl,e
the equation satisfied by p2 . and integrating by parts, we arrive at

to ta
[ [ atwmotzar = [ [ [wpnaouo+ ((Vpa). ~ BY,.) 016] dadr
t1 u t1 1z

for all ty > t; > s. Setting ¢ = f4(w¢)y in the above equality, where 1 € C2!' (U x R)
is non-negative, we find

(SML1.5)
/tQ/uat(wepLe)f;\(we)l/dedT
= /t Z/M [wep1,5ak13kl(f,/\(we)1/’) + ((Vk,OQ)e - R’;M) 6k(f§\(w€)q/;)] dxdr

for all t5 > t; > s. Note that there holds the equality

at(wepl,E)fi(U)E) = 3t(f)\(’w5)p175) — (fa(we) — f;\(we)we) O¢p1,e-

Inserting the above equality into the left-hand side of (SM1.5) and then utilizing the
equation satisfied by p; ., the following equality follows from straightforward calcula-
tions.

to ts
/ /3t(fx(we)pl,e)wdwd7+/ /Qﬁfg\/(we)aklakwealwepl,edxdq-
t1 u t1 u
[2)
:/ /M[f/\(w€>p1,eaklakl¢+f)\(we)(vkpl)eakl[}] dzdr
t1
ta
-l-/ /(We-Vw)f;(we)dxdT

+f ; W Vwo £ wovdadr

t1 JU
(SML.6) .
- /tl /Mf;(we)R’;z’Eakwdde
t2
+ [1 /u(f)\(’wé) - wef;\(we))Rf;heakdedT

to
+/./KWM%M—W%M%WWMT
t] u

to 5
— [ [ w00 + (Vi) 0] dadr + 3 1,
t1 u

=1
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where W := (Vp2)e — (Vp1)cwe.
We estimate the terms I;, j = 1,...,5. Note that f(z) = —XeM1=%) and fl(z) =
A2er(1=2) - Obviously,

Z/IX Stz

to
|| < A sup |V¢|/ / [Wele Medadr.
supp(¢(-,7))

By Young’s inequality, there holds for any § > 0,

|I5] <6/ /de we)|Vwe|? py cdxdr
2
—|—— sup || / [We* {(we)dxdT

40 ux[s to] upp(y(-,7)) Plie

/wf)\ (we) |Vw6|2p1’5dxd7

/\ We|?
+ 2 sup |¢|/ / [Wel e~ Medaxdr.
1 UX]s,t2] supp (i (7)) Ple

For I3 and I, we have

ITs) < Ae* sup |vw|/ / s e
supp(¢(-,7)

Z/l>< Stz]

to
14| < Ae* sup |vw|/ / IR, o|(1+ Mwo)e  edadr,
s Jsupp(y(-,7))

Ux [S7t2]

where R, c = (R’p“iye), i =1,2. For I5, we find from Young’s inequality and f{(x) =
A2er1=2) that

|I5] < 26 /w (we)|Vw,|? p1,edzdr

)\ Ry, |

4+ sup |¢| / / | 1 p2,€] | e~ Medpdr

45 UX[s,t2] supp(y(-,7)) Pl

A2 Ry, e

w35 ol [ el g, a0
45 UX[s,ta] supp(y(-,7)) Pl

It follows from (SM1.6) that

to
/ /8t(f,\(w€)p1’6)wdxdr+/ / DIy (we)a l@;gwealwgp17edxdr
t1 u
12
(SML.7) S/ /[fx(we)m,eaklakll/”rfA(we)(Vkﬂl)eak%/f]dde
t1

+ 36 / [ (we |Vw6\ p1,edzdr + Q(e,6), Vo >t > s,
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where

ta
Q(e,8) = Ae* sup |V1/)|/ / |W€|ef)‘“’€dxd7'
ux[s to] supp (¢ (-,7

4—66>‘ sup |w|/ / |W | e e dgdr
UX[s,t2] supp(¢ (-, Pl,e

12
A€t sup 'W"/ / HRM,A+|Rm,e|<1+xwe>]e**w6dxd7
UX[s,tz2] supp (¢ (-,7))

A2 f2 c
4—66/\ sup |¢| / / |Rp2 ’ e Medpdr
UX[s,t2] supp((-,7)) Pl

A2 f2
55 sw i [ W, oo daar
45 UX[s,t2] supp(p(-,7)) Pl

Arguing as in the proof of [SM1, Lemma 3.1 and Lemma 3.2], we find lim._,g Q(¢,0) =
0 for all § > 0. It follows from the Newton-Leibniz formula that

/ 2 / B, (fr(we)pr.c)dbddr = / a(we(e, t2))pr o (20, £2)i0(x, t2)dx
tq1 u U

(SML8) - /u Pr(el, 1)pre(, 1), 1) da

ta
7/ / Fa(we) p1,e0ppdadr.
t1 u

As ¢ € C21(U x R), when restricted on U x [s, t2], is compactly supported, and (a*)
is locally uniform positive definite, there is a positive number m such that

(aijaiweajwe) (x,t) > m|Vw€(x,t)|2, V(z,t) € supp(v)) N (U X [s,ta]).
This together with f{ > 0 and ¢ > 0 yields that
SMl 9

/ //wf)\ we af akwealwepl cdzdr > — / /1/) we a® akwealwepl cdadr

+ 2 / / B () [V 2pr odadr

Set § = {5. We find from (SM1.7), (SM1.8) and (SM1.9) that
(SML1.10)

/ Pa(we (@, 12))p1 e (@, )0 2, o) da
U
/fx we(w,t1))p1,e(x, t1)(x, tr)de — */ /WA we)a Opw dwepy drdr

/ / P fr(w) (@0t + AFO) + fr(we)(VEp1)euts] dadr + Q(e, )

12
< / Fa(we(, 00)prc(, ), 1) da
u

to
+ Al /u [pl,ef)\(we)(at'l/} + aklaklw) + f)\(we)(vkpl)eakw] dzdr + Q(E, %)



CONVERGENCE TO PERIODIC PROBABILITY SOLUTIONS SM5

Since |fr(t) — fr(1)| < Xe*|t — 1| holds for all ¢ > 0, we apply the dominated
convergence theorem to find for each 0 < e < 1,

[ 1w t0) = A W)prc(o )it
< /\e>‘/ |p2,e(z,t1) — pre(x, t1)|Y(x, t1)de =0 as ¢ — st
u

By (SM1.4) and the dominated convergence theorem, we deduce
[ oretatite ) - viwpite, s)las
u
< [ Ity — @t t)de + [ v@le.n) - vl 9)lds
u

14
u

Z/{x[s,tg

< g (6]l t) = Ol + [ @bl t) — v, s)lde
u
—0 as t; —sT.

Thus, [, fa(we(z, t1))p1.e(x, )Y (x, t1)dz — fa(1) [, ve(x)d(z, s)dz as t; — 5. Note
that p1 cfa(we)(0eh + a*0k) + fa(we)(VFp1) Okt is integrable on U x [s,t2). It
follows that

ta
fim / / pre [fa(we) (O + a¥Ornp) + fa(we)(VFp1) O] dadr
11 u

t1—st

ta
_ / / o1,/ (we) (@ + a5 0) + fi(we) (VEp1)eBd] dardr.
s u
Passing to the limit £ — sT in the inequality (SM1.10) yields
/M Pr(we(@, t2))pr.e(, t2)i(, ) da
ta
< () /M (v % ez + / /M [ (we)pr.e fa(we) (Bu) + M Dy)

+f)\(w6)(Vkp1)€8k’(/}] dzdr + Q(e, %), Vg > s.

As lime,0 Q(e, 22) = 0, we let € — 0 in the above inequality to find from (SM1.2),

)12
(SM1.3) and the dominated convergence theorem that (SM1.1), with 5 and ¢ replaced
by t and ¢, respectively, holds. This completes the proof. 0

SM2. Proof of Lemma 3.1. The proof follows from similar arguments lead-
ing to (2.3). To proceed, we need a lemma concerning the convergence of mollified
functions.

Let {n.} be as defined in the proof of (SM1.1). For a T-periodic measurable
function g on U x R, we define

(sM2.1) alat) = [ 9@ — 5, )y, (2,t) EUXR.
{yeR*:z—yecU}
In particular, for each i =1, 2,

(SM2.2) pielx,t) = / pi(z —y,t)ne(y)dy, (x,t) eU xR.
{yeR®:z—yecU}
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Set w, 1= Z?'Z, We:i=(Vp2)e — (Vp1)ewe and R’;m = 01(a¥p;)e — 9y (a*p; ) for

i=1,2and k=1,...,d.

LEMMA SM2.1. Assume (H1). Then, both W, and Rﬁi,e (for each i = 1,2 and
k=1,...,d) converge to 0 in L} (U x R) as e — 0.

Proof. Let K CC U and ¢t > s. We see from the formula (SM2.1) that there is an
ex > 0 such that for each T-periodic measurable function g on U x R, there holds

ge(x,t) = / gz —y,tne(y)dy, (x,t) € K xR and e € (0,ex).
R4

Then, it follows from definitions of W, and w that for each € € (0, ex), there holds

We(z,t) = e V(z —y,t)p2(z — y,t)ne(y)dy

- [ V=00 = o)y

= RY V(LL' - yvt)pl(x - y7t)776(y) [w(m - yvt) - we(x7t)] dy

for all (z,t) € K x R. Since w € Cr(U x R), we see that for any 0 < § < 1, there is
an €9 = €9(d) € (0,ex) such that K, := {z e U : dist(z,K) < eg} CC U,

1)
sup sup |w(z —y,t) —w(x,t)| < =, and
ly|<eo (z,t)EXR 2

)
sup  |w(z,t) —we(z,t)] < =, Vee (0,¢).
(z,t)ELXR 2

It follows that supjy <., SUP(; pyerxr (W(T =y, t) —we(z,t)] < § for all € € (0,¢).
This together with Holder’s inequality yields

/t/ Ivc/;|pc1mhgap/t/’C /Rd V(e —y, )o@ — 3, 7)ne(y)dy
// l( Viz -y, ”pr(x—yaT)m(y)dy) (/Rd lp'ne(y)dyy] dzdr

= 51’/ /K g V(z =y, 7)Ppi(z — y,7)ne(y)dydzdr, Ve € (0,€).

p
dadr

A simple change of variable gives

/ / |[WePdzdr < 5p/ / / (z,7)|P ol (2, T)ne(z — 2)dzdzdT
/ / (z,7) [P} (2,7) (/]Rd ne(x — z)dz) dzdr
< 6P (Ksup p1>/ / |[V|Pdzdr, Ve € (0,¢),

€0

where we used Fubini’s theorem in the second inequality. Thus,

Lim [Well o (o [s,1) = 0-
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Now, we deal with RE . Note that for € € (0, ex),

Ry (o) =0 [ ae = oo =iy =01 [ (0ol = gty
= /Rd [Ora™ (= y, 1) — 1™ (2, )] piw — y, t)ne(y)dy

- /Rd (a*(z —y,t) — a*(2,t)) Aipi(z — y, )ne(y)dy, (z,t) € K x R.

Since a*! € L>(R, W,>

loc

P(U)) is T-periodic for each k,l =1,...,d, we find

(SM2.3) sup / / ‘&akl (x—y,7 alakl(x77')|pdxd7' —0 as e—0, and

ly|<e

sup  sup ’akl(az —y,t) —a(x, t)’
<e(x, KxR
(SM2.4) ise ek

S617%esssup||akl(-,t)||W1,p(;<EXR)—>O as € — 0,
teR

where we used the Sobolev embedding theorem.
Applying Holder’s inequality and (SM2.3), we find

(SM2.5)
/ /’C | (et @ =y, m) = 0¥ (@, 7)) pile =y, T)me(y)dy

< [ [ ([ 1= v = a0 @l o = oo

x(/ 1p,776(y)dy> dzdr
Rd

t
- / / / ‘alakl(x —Y,T) — 8lakl(:v,7')]ppf(x —y, )0 (y)dydadr
s JK JRE

< (sup pﬁ’) <SUP/ / 0™ (x —y, 7 8za“(w,7)|pdwd7>/ ne(y)dy
KexR y‘<e s Rd

= <sup pf) sup/ / |8lakl($ —y,T) — 8lakl(x,7)|pdxd7'
Kex®R ) yl<eds Jx

—0 as e—0.

p

dadr
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Applying Holder’s inequality, a change of variable and (SM2.4), we find
[

<sup sup |aM(z-y,T)-
ly|<e (z,7)ELXR

(SM2.6) . /: /,< /Rd 0ipi(z =y, £)[Pne (y)dedT

< sup sup }akl(:z: —y,7) — a*(z, T)|p

ly|<e (z,7)ELXR
t
x/ / |O1pi(z,t)|P </ ne(xz)da:> dzdr
s JK. R4

¢
< P4 esssup [l (-, )HWlp Ko xR) / / |00 [Pdzdr
teR s Ke

—0 as €—0,

p

/]Rd (akl(l’ —y,T) — akl(z, T)) Opi(x —y, 7N (y)dy| dadr

///'m—y — (2, 1) |01pi(z — g, )P (y)dydadr

kl(‘r 7_)|

where the LP-integrability of 9jp; (for each I = 1,...,d and i = 1,2) on K. X [s,]
follows from p; € H,:?(U x R) for i = 1,2.

It follows from (SM2.5) and (SM2.6) that lim._,q HR’;MHLp(;CX[S’t]) = 0. This
completes the proof. 0

Proof of Lemma 3.1. We only point out the differences from the arguments
leading to (2.3). Fix a non-negative function ¢ € 02 +(U x R). We see that the in-
equality (SM1.7) holds with ¢, t2, ¥ and f replaced by t,t+T, ¢ and f, respectively.
That is,

+T t+T
[ [auwopaetars [ [ or'w)a oo dadr
t u t R4
t+T
(SM2.7) <[ [ 1wden a0 + Fw) (Vi) droldedr
t u

t+7T
+ 35/ / of" (we)|[Vwe|*p1 cdadr + Q(e,8), VtER,
t u

where 6 > 0 is to be determined and

t+T
Q(e,8) = X sup |V / / [We|e Medadr
UX[t,t+T] t supp(¢(-,7)

)\2 t+7T We 2
76 sup |¢)| / / 7‘ | 67/\w5 dxdT
40 1t t4T] t supp(¢ (7)) Plie

t+T
oact s (Vo [ [ R Ryl (14 ]
UX[t,t+T) supp((-,

A2 G R
+ Ee’\ sup |¢|/ / By el e Medpdr
U X [t,t+T) supp(¢(-,7))  Pl,e

)\2 t+T R e
s o[ Wl oo daa
40 yx[ti4T) supp(e(-,7)) Pl
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It follows from Lemma SM2.1 that lim._,q Q(¢,0) = 0 for any § > 0.
From the T-periodicity of w, p; . and w, and the Newton-Leibniz formula, we

find [ [0 0, (f(wpr)edadr = — [T [ fwe)pr Brpdadr. Tt follows from
(SM2.7) that

t+T
/ of" (w)a* Opw. Oywepy dxdr
t R4
t+T
(SM2.3) < [ [ @6+ a0u0) + 1w (Vo) drolasar
t u
t+T
+ 35/ / of" (w)|Vwe*p1 cdxdr + Qe,8), VtER,
t u

Since ¢, when restricted on U x [t,t + T, is compactly supported, and (a*) is locally
uniform positive definite, there exists A > 0 such that

("0, Bwc) (5, 7) > N Vwe(w, )2, ¥(z,7) € supp(6) N (U x [t,+T)),
which together with the positiveness of f” and ¢ gives

A

t+T 1 T
—/ / ¢f”(w)|Vw5\2p1 cdodr < 7/ gbf"(w)aklakwealwepl cdadr.
2 t Rd ’ 2 t ]Rd ’

Setting § = % in (SM2.8), we use the above inequality to find

1

4T
= / of" (w)a™ Opw Oywep daxdr
2), e

o kl k A
< [ [ @@+ aous) + fw) (Vo). onsidedr + 96, 3)
t R4

for all ¢ € R. The result follows from letting ¢ — 0. O
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