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We consider the synchronization of solutions to coupled systems of the conjugate random
ordinary differential equations (RODESs) for the N-Stratronovich stochastic ordinary dif-
ferential equations (SODEs) with linear multiplicative noise (N € N). We consider the
synchronization between two solutions and among different components of solutions
under one-sided dissipative Lipschitz conditions. We first show that the random dynam-
ical system generated by the solution of the coupled RODEs has a singleton sets random
attractor which implies the synchronization of any two solutions. Moreover, the single-
ton sets random attractor determines a stationary stochastic solution of the equivalently
coupled SODEs. Then we show that any solution of the RODESs converge to a solution
of the averaged RODE within any finite time interval as the coupled coefficient tends to
infinity. Our results generalize the work of two Stratronovich SODEs in [9].
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1. Introduction

The synchronization of coupled systems is a well-known phenomenon in both biol-
ogy and physics. It is also known to occur in many other different fields. Descriptions
of its diversity of occurrence can be found in [1-4, 7, 12-15, 17, 20]. Synchronization
of deterministic coupled systems has been investigated mathematically in [5, 11, 19]
for autonomous systems and in [16] for nonautonomous systems. For coupled sys-
tems of Itd stochastic ordinary differential equations with additive noise, Caraballo
and Kloeden proved its synchronization of solutions in [8].
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Let (2, F,P) be a probability space, where
Q={we CR,R):w(0) =0} =Ch(R,R),

the Borel o-algebra F on (2 is generated by the compact open topology (see [6, 14]),
and P is the corresponding Wiener measure on (€2, F). Define (6;)tcr on 2 via

bw() =w(-+1t) —w(t), teR,

then (2, F,P, (6¢)ter) becomes an ergodic metric dynamical system.
Consider the following N-Stratonovich stochastic ordinary differential equations
(SODEs) in R? (d € N):

dX = fOxat + 3 P xP odw, j=1,...,N, (1.1)
i=1

E-j ) R, Wt(i) are independent two-sided scalar Wiener processes on (2, F,P)

for i = 1,...,m, and fU), j = 1,..., N, are regular enough to ensure the exis-
tence and uniqueness of solutions and satisfy the one-sided dissipative Lipschitz

where ¢

conditions
(w1 — 2, [ (21) = fD(22)) < —Lllas —a2]®, j=1,...,N (1.2)
on R? for some L > 0.
Set
x(j)(t,w) = efoij)(w)Xt(j)(w), teR, we, j=1,...,N,
where

. m . t .
o) = e [ erawd, 1.,
i=1 e
are N stationary Ornstein—Uhlenbeck processes which solve the following Ornstein—
Uhlenbeck stochastic differential equations, respectively,

dOY) = 0P dt + 3" Vaw”, j=1,...,N.
i=1
Then SODEs (1.1) can be transformed into the following conjugate pathwise
random ordinary differential equations (RODEs)
dz@)
dt

= PO, 07 )
1= e O @ D) (O @)y 4 0P (W), j=1,... N  (1.3)
(see [18] for the conjugate theory of SODE and RODE).

Now we consider the linear coupled RODEs of (1.3)

dz(@)

o = FD (2D 09 (w)) + v(@l=D —220) 4 20Dy =1 . N (14)



Synchronization of Coupled Stochastic Systems with Multiplicative Noise 409

with coupling coefficient v > 0, where (®) = (™) and 2+ = 2(1), Now (1.4)
can be written as the following equivalent SODEs

dx? = (FD(XD) 4 p(ert” xID —2x D) 4 eo” xTHD))ay

+3 e xPoaw?, j=1,....N, (L.5)
=1

where p{) = 0 — U=V ) — ol) _ olth o0 — o) ynq O+ = oM.

For synchronization of solutions to coupled RODEs (1.4), there are two cases:
one for any two solutions and the other for components of solutions. When N = 2,
i.e. for two Stratonovich SODEs, Caraballo et al. [9] considered both types of syn-
chronization. Under the assumption of one-sided dissipative Lipschitz conditions
(1.2), they first proved that synchronization of any two solutions occurs and the
random dynamical system generated by the solution of (1.4)y—2 has a singleton sets
random attractor; then they proved that the synchronization between any two com-
ponents of solutions occurs as the coupled coefficient v tends to infinity. Moreover,
when the driving noise is the same in each system, exact synchronization occurs no
matter how large the intensity coefficients of noise are. Based on the work of [9],
in this paper, we consider the above two types of synchronization of solutions of
(1.4) in the case of N > 3 and obtain similar results. Explicitly, we show that the
random dynamical system generated by the solution of the coupled RODEs (1.4)
has a singleton sets random attractor which implies the synchronization of any two
solutions of (1.4). Moreover, the singleton sets random attractor determines a sta-
tionary stochastic solution of the equivalently coupled SODEs (1.5). We also show
that any solutions of RODEs (1.4) converge to a solution z(t,w) of the averaged
RODE

dz 1 al —09 4() (09 1 & 0u) 16
g_ﬁj;e [ (e Z>+N; iz (1.6)
as the coupling coefficient v — oo. Here it is worth mentioning that this general-
ization is not trivial since some new techniques are used especially in Sec. 4.

The rest of this paper is organized as follows. In Sec. 2, we introduce two lemmas
which will be used frequently. In Sec. 3, we show synchronization of two solutions to
the coupled RODESs and obtain the stationary stochastic solution to the equivalent
SODEs. In Sec. 4, we study synchronization of components of solutions to the
coupled RODEs and obtain the exact synchronization of the equivalent SODEs
provided by same driving noise.

2. Two Lemmas

We will frequently use the following two lemmas.
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Lemma 2.1. There erists a (0;)icr invariant subset Q@ € F of Q@ = Co(R,R) of
full measure such that for w € Q,
|w(®)]

i 22 =0 1)

and for j = 1,..., N, there exist random variables 6(j) = Ogj) and T, > 0 such
that

6(j)(9tw) O(J)( lim /O (0rw)d weQ (2.2)

t—+oo t
and

"t () Ly
62]5 OoY)dr < e (t=s) for —s,;t >T,,.

Proof. The equahtles (2.1) and (2.2) can be found in [9 IOL By (2.2),
limy oo T fo 09 dr = 0, thus, there ex1sts T.,,(1) > 0 such that f oV dr < Lt for

t>T,(1). Sumlaurly7 hmsﬁ_oo 1 fs 0 dr = 0 implies that there exists T.,(2) >0
such that f oVdr < — Lsfor —s > T,,(2). Taking T, = max{7,,(1),T.,(2)}, we
have 2 f oYWdr < L Lit- s) for —s,t > T, which yields the assertion. m|

We remark that the proof of (2.1) and (2.2) requires the ergodicity of the metric
dynamical system (2, F,P, (6;):er). In the following sections, since Q is an (6;):er
invariant set with full measure, we consider (#;);cr defined on  instead of 2. This
mapping has the same properties as the original one if we choose for F the trace
o-algebra with respect to €.

Lemma 2.2. Suppose that A(t) is a p X p matriz and p(t), ¥ (t) are p-dimensional
vectors on [to,t] (t > to, t,t9 € R) which are sufficiently regqular. If the following
inequality holds in the componentwise sense

Solt)  ADe() +6(1), 1210, (23)

then
np(t)ﬁexp( t:A(T)dT>@(tO)+ /t:exp< /u tA(T)dT)w(u)du, L3t (2.4)

Proof. It follows from (2.3) that

2 (e~ t:Ade)@(t)) - (- /t:Ade) (g0 - 40000

< exp(— / A(T)df> (o),

exp (— t: A(T)dT) p(t) — p(to) < /t: exp(— /t: A(T)dT) P(u)du,

which implies inequality (2.4). O

then
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3. Synchronization of Two Solutions
Consider the coupled RODEs (1.4)
dx@)
dt

with initial data

=FD (2@ 09 (W) + v(@0D —220) 4 zGHD) j=1 .. N (3.1)

x(j)(O,w)zxgj)(w)eRd, we, j=1,...,N, (3.2)
where v > 0, and
FO (20, 09 () = e=0 (@) £0) (0 (@) ()
+ 09 (w)z®, j=1,...,N. (3.3)

Here ) are regular enough to ensure the existence and uniqueness of global
solutions on R and satisfy the one-sided dissipative Lipschitz conditions (1.2) for
j=1,...,N.

For asymptotic behavior of the difference between two solutions of RODEs
(3.1) and (3.2), we have

Lemma 3.1. For any two solutions (xgl)(t),xf) (t),...,:cgN)(t))T and (J;él)(t),
xéQ) t),... ,xéN)(t))T of RODEs (3.1) and (3.2) (omitting w for brevity),

Jim 129 ) — 2 @) =0, j=1,...,N,
that is, all solutions of the coupled RODFEs (3.1) and (3.2) converge pathwise to

each other as time t goes to infinity.

Proof. By the one-sided dissipative Lipschitz conditions (1.2), we obtain for
j=1,...,N,

d . , . d . d
o) =21 =2 (a0~ 2 0, 2P0 - ZoP0))

= 200 (1) =2 1), O 1)
= FOE (1)
+2087 — )|z () — 25 (1)
+ 20 (1) — 2§ (1), 20V (1)
—af V() + 27TV () — 2F TV (1)
< 20 — 2L — 2v) |2 (t) — 2§ (1))

)@ = 2TV O12 + vV (1) — 25T ()12
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Define
x(t) = (125 (1) — 257 )12, |2 (8)
—aP @IV - 21T, teRr
and
a,(,l)(t) v 0 e 0 v
v al? (t) v 0 e 0
A(f) = 0 v al’) (t) .  teRr
. . . ) ;
0 e 0 v a(VN_l)(t) v
v 0 e 0 v aly) (t)

where diagonal entries a(j)(t) = 20§j) — 2L —2v, j=1,...,N. Thus the above
differential inequalities can be written as a simple form

x(t) < A, (H)x(t), (3.4)
componentwisely. By Lemma 2.2 and (3.4) we obtain

xt) < oo | t Aulr)ir )x(0)

componentwisely.
The proof of this lemma will be completed in the following Lemma 3.2. O

Lemma 3.2. Fort>T, and v > 0,

t

exp(/ Ay(r)dr>x(0)H < e M x(0)]),
0

where T, is defined as in Lemma 2.1.

Proof. Matrix fot A, (7)dr is real symmetric, which implies that there exists an

orthonormal basis consisting of eigenvectors 77,(,12 , 771(/22 yeen ,nl(,f\t[) of RY with eigen-
values )\f,lt) , )\’(/22 R Ag% and therefore there exist cf{l()o) bt cf()o) P ,ci%)) -
such that

N

x(0) = - el

Jj=1
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Since 771(,12 , 771(,22 e 771(,{\[) are orthogonal and exp( fot Al,(T)dT)nﬁfg

j=1,...,N, we have

G) (G
= eAvvtnl(,{t) for

2
t 2 t .
exp(/ AV(T)dT)X(O) = ZCS()O ytexp</ Av(T)d7'>7I£j,2
0 0
N 2
€]
_ Ze’\vtc(]) Jlut)
maxi A 2@ )
< 2NN x(0)]2 (35)

Next, let us estimate the upper bound of eigenvalues of matrix fot A, (7)dr. The
quadratic form satisfies

o En) =€ (/0 Ayde)f

N t N
=Y (2/ OV dr — 2Lt — 2z/t> E+2wt) &
i=1 > 70

Jj=1

N + N
<y (2/ oYW dr — Lt)gf — Lty &,
J=1 0 J=1

where € = (£1,&,...,&n)"T € RY and & = &y. Hence, it follows from Lemma 2.1
that
N
F(&1,&, o bn) < Lt Y &3, (3.6)
j=1

for t > T, and for all v > 0. Inequality (3.6) implies that the quadratic form is
negative definite and eigenvalues of fot A, (7)dr satisty

maX{A(jt,Aft), N .,A(Ufi)} < Lt (3.7)
Combining (3.5) and (3.7) yields the assertion. m|

Now we use the theory of random dynamical systems to find what the solutions
of (3.1) and (3.2) will converge to. It is easy to see from [6] that the solution

o(t,w) = (zW (t,w), 2P (t,w),...., 2™ (tw)T, we

of (3.1) and (3.2) generates a random dynamical system over (Q, F, P, (6;)¢cr) with
state space RV, For this random dynamical system ¢(¢,w), we have

Theorem 3.3. ¢(t,w), t € R, w € Q, has a singleton sets random attractor
{A,(w)} where

Ayw) = @M (W), 2P ),z (W) T,
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which implies the synchronization of any two solutions of (3.1) and (3.2). Moreover,
@D (0,0)e0” @) 5D (0,0)e07 @) 7z (9,0)e0 @) T

is the stationary stochastic solution of the equivalently coupled SODEs (1.5).

Proof. First,
d . . d .
- (])t 2_9 (J)t _(J)t
IO =2 (s00), Z2)

_ 2<x(j)(t), e*OE”f(j)(BOE” e t))) + 2@(]’) (1), Ogj)x(j)(t»
+ 20z (t), 297D () — 2200 (¢) + 20+ (1))

< 267208 (0 ) (1) — 0, FD (O ) (1)) — £ (0))
2¢O @0 (8), £9(0)) + (20" — 40) 29 (1)
+2u(z0 (1), 29V (8) + 20D (1))

< (200 — 2L — 20) 2@ (B)|2 + v[ 20D (1) ]2 + v (1)
+2[|D ()] £ (0) e

< 20 — L= 20)[l2D ()2 + v 2T~ (1) |2 + w20+ (1))

—209)

¢ () ()12
t—7 L2015

for j =1,...,N. Analogous to (3.4), we obtain
x(t) < A, (O)X(t) + £(t)
with
x(t) = (leM O, 2@ @), . e @7, teR,
£(1) = 7 (2 OO, OO, e V)T, rer

and
ale) v 0o - 0 v
v d,(,Q)(t) v 0 e 0
~ 0 v ooaPw :
A (t) = , teR,
. . . . v 0
0 0 v aN ) v
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where diagonal entries a(j)(t) = 20§j) — L —2v for j =1,...,N. Then by
Lemma 2.2,

x(t) <exp< t: AV(T)dT>$<(t0)+ /tt exp( /u t AV(T)dT>f(u)du, t > to.

Analogous to Lemma 3.2, we have

exp ( /t t AU(T)dT)fc(to)

Colw) = /OOO eXp(/uo Amm) £(t)du, 58
R (w) = 1+ |0 (w)[I?

and let B, (w) be a random ball in RV? centered at the origin with radius R, (w).
Note that the infinite integral on the right-hand side of (3.8) is well defined by
Lemma 2.1.

Note that if lim;_, o e‘ktHi(tg)H =0 for all k¥ > 0, then

<e 700 |1%(t)||, —to,t > T, v>0.

Define

ZHx“ > < R2(w) as to — —oo,

which implies that the closed random ball B, (w) is a pullback absorbing set at ¢t = 0
of ¢(t,w), that is, for any w € Q and any D € D (D is a collection of tempered
random bounded sets, i.e. lim; o, e~ ** SUPyep(g_,w) [[ull = 0), there exists tp, (w)
such that

o(t,0_1w)D(0_tw) C B, (w) forallt>tp, (w

)-
Hence by Theorem 4.1 in [14], the random dynamical system (t,w) generated by
the coupled RODEs (3.1) and (3.2) has a random attractor A, (w) in B, (w) for each
w with the properties that A, (w) is compact, ¢-invariant (¢(t, w)A, (w) = A, (Orw)
for all t > 0 and w € Q) and attracting in D, i.e. for all D € D,

. ligrn Hj(¢(t,0_4w)D(0_4w), Ap(w)) =0, weQ,
where H is the Hausdorff semi-distance on R¥?. By Lemma 3.1, all solutions

of (3.1) and (3.2) converge pathwise to each other, therefore, A, (w) consists of
singleton sets, i.e.

Ayw) = @M (W), 27 W),z (W) .

When we transfer the coupled RODEs (3.1) back to the coupled SODEs (1.5),
the corresponding pathwise singleton sets attractor is then

@D (0,0)e% @) 7D (0,0)e0” @) T (B,w)e0t " @NT

which is exactly a stationary stochastic solution of the coupled SODEs (1.5) because
the Ornstein—Uhlenbeck process is stationary. |
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4. Synchronization of Components of Solutions

It is known in Sec. 2 that all solutions of the coupled RODEs (3.1) and (3.2)
converge pathwise to each other in the future for a fixed v(> 0). Here, we consider
what will happen to solutions of the coupled RODEs (3.1) and (3.2) as the coupling
coefficient v goes to infinity. First, we prove a lemma which plays an important role

in this section.

Lemma 4.1. For fized p € N and any o € (0,2), there exist a ap(p) € (0,2) such

that the p x p real symmetric triple diagonal matriz

— 1
1 —«
0 1
0

is negative definite for all o > ap(p).

Proof. Let A = —A. We assert that there exists an ag(p) € (0,2) such that A is
positive definite for o > ag(p), then A is negative definite for a > ag(p). In fact,

let a+b=X—«aand ab =1, we have

|AE - A

If a # b, then |A\E — fl| = 0 implies that (%)P*" = 1 and thus ¢
;0 (k # 0 since § # 1). It follows from ab = 1 that

km km
+isin—— |, b ==+ cos
+1 p+1) 4§ (

k=1,...

ap =+ <cos
p

A—a«

0

1

0

0
1

-
0 1

a+b
1

O =

ab
a+b

p+1

abtl — pptl

a—2b

b

km
p+1

—isin

- 2k
e'r+1 for

).
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kE=1,...,p. Then A = a+(a+b) = a+2cos 2 k =1,...,p. Note that cos A=

p+1’ p+1 -
— cos %7 thus the p different eigenvalues of A are A\, = « + 2cos p’fl,
k=1,....,p

Otherwise, a = bimpliessa=b=1ora=b=—1,then A\=a+2o0r A =a—2.
But |)\E — A| # 0 for these two A. Hence, all eigenvalues of A are

k
A = a+ 2cos — il k=1,...,p.

p+1’
It follows that for any ag(p) € (—2cos p’fl, 2) C (0,2), for example, ag(p) = 1 —
cos 24, A is positive definite for o > ag(p). m|
We also need the following estimations. Suppose that ¢(t) = (x,(,l)(t),

z? (t),... ,x,(,N)(t))T is a solution of the coupled RODEs (3.1) and (3.2). For any

two different components P (1), (l)( t) of the solution,

yel(t) = 2(2®) (1) — 20 (1), F® (@5 (1), 0 — FO 2D (1), 0))
=2@9Mw—aﬂww =0 fI (O 2B (1)) — =0 1O (07 50 (1))

+2P(t) — 20 (1), 0P ® (1) — 0Pz (1))
< 2l|2®) (t) — <»maquwNOWxW@»w+w9Nwﬂ“wm
+ 2P (1) — 2D @)= [ FP O 2D @) + [0 - 2D )],

thus, for fixed 3 > 0, we have

— Bl () — =0 ()12 + (1)
% % 2007 10 (08 1 (t))2+%|0§k)l2x(’“)(t)2)
+% (; —20" Hf(l oM (l)(t))||2 + %|O§l)|2x(l)(t)2> :

Let

kil 4 _,om (k) 4

T, T, \VHhW) = 2 21V

MELE (w) = sup ( =e 200 [|FB) (0 2™ ())]|2 + = |0 2™ (1) |2
te[Ty,Tx) B &

4 55D (1) 4.
+ sup (—e20tf”MeOtxﬂkw>24-—ﬂﬁ>ﬁﬁ”unﬁ)
te[Ty,Ts) ﬂ 5

for any bounded interval [T, T3]. Note that C,(w) in (3.8) satisfies

d , d
LCl? =2 (Cute) Cule ) <0
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and consequently, R, (w) < Rj(w) for v > 1. Hence, M%l”:ﬁz(mw) is uniformly
bounded in v and

1
—Bu]aP(6) = a1 +yS' () < - Mp'7 () (4.1)
uniformly for ¢ € [T1, Tz with
k,l,
Mn,:ﬁz( ) = sup MT1 Tz(V w).

v>1

Now let us estimate the difference between any two components of a solution to
the coupled RODEs (3.1) and (3.2) as v — oo.

Lemma 4.2. The difference between any two components of a solution (xl(,l)(t),

a?) t),... LoV (t)) " of the coupled RODEs (3.1) and (3.2) vanishes uniformly in
any bounded time interval as the coupled coefficient v goes to infinity, namely, for
any bounded interval [T1,T5] and any t € [T1,Ts],

lim |z () — 2 ()] = 0

for all j, k€ {1,2,...,N}.

Proof. Equivalently, we can estimate the difference between any two adjacent com-
ponents only, where the first and the last components of the solution are considered
to be adjacent. From now on, we call the difference between two components of the
solution a term. In the following process of estimations, we note that only one new
term will be involved in each step which continues the process, except the last step
that ends the process.

Let us begin our estimations with x(l)( 1), z? (t).

DafD(t) ~ a0 = 2a0(0) — 2 (1), FO (@) 1), 08 ~ FO @ (1), 0))

+2(i) (1) — 2 (1), =3w(alM (8) — 2P (1))
+2(P (1) - 2 (@), v () — 2P (1))
< —5v)|aV(t) — 2@ 1)) + vl|=P () — 2N O] + yL2 (1)
< —av|laD () — 2P )| + v]|zP @) — 2 1)|2
M%fé *(w)

uniformly for ¢ € [T1,T5] by (4.1). Here, we take

N
1 — cos N—_|7_T27 N is even,

W = Dr N is odd.

1—
cos N1
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In fact, we can take any a € (—2cos NN—&,Z) when N is even and any a €

(—2cos U™ 2) when NV s odd.
3)

Note that the above estimations generate z, " (t) — 2N (t).

d

e @) =2tV O = 2 (8) = 2N (1), FO (1), OF).

v

— FM (@M (1), 0{M))

+2(z(V (1) — 2™ (), —20(2P) (1) — 25V (1))
+2(2() (1) — 2 (), v(@l? (1) — 2D (1))
+2(2) () — 2 (8), v(af) (

< 20|z (t) — M @) + vl (t) — @
+ullaf () = 2SO +yi N (2)

< —av|al) () — M @O + vlzfD () - 2 (1))

~—

N

1 —a
o]l () = 2l DO + MR W)

uniformly for ¢ € [11,T3].
Note that 2" (t)—:):(f) (t) has been estimated and 2 (t)—xf,N_l) (t) is generated.
Similarly, we have

d
(@) = 2NV < —awl|afD (1) — NV @) + vl (1) — 2 0]

v

1 - —
e (1) = VDO + S M W)

uniformly for ¢ € [T1,T3].
Continue such estimations, we obtain
d. . » . i
E\\x(yﬁ?’)(t) VDO < —av|aF T (1) — N (1)
+ofaf T () — 2N (1))

: , Lo
+ulzF () — 2NV ID ()12 4 —MEENTI2e )
1% ’

uniformly for ¢ € [T1,Ty], for j =2,3,....
Now there exists a question: when and where does this process end? There are
two cases: N is even and N is odd.
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Case 1. N is even

Go on the above process with j increasing. When j = % — 3, we have
d

) (F+3) (3) (F+3)
o™ @) =2 O < —avflan (1) -2 @)

+ el ) — 2T )2

1 NN o
MEEF

N (ﬂ+2)
+vlant V@) - a1 + S MA

uniformly for ¢t € [T1, Ts].
As j increases to % — 2, we have

a4

(F+1) (5+2)
lzw® " (E) = 20
dt

E+1 ﬂ+2
22 )2 < |l TV () — 202 T (1)

v

N N
+ulab?) () — a2 ()2

1 NyjNios—a
¥ +1,5 42,
+ ;MTI,TQ (w)

uniformly for ¢ € [T}, Tz], which ends this process.
For ease of notation, we rewrite the above inequalities in the matrix form,

. 1
y(t) < Avy(t) + -M (4.2)
uniformly for ¢ € [Ty, Tb] with two &-dimensional vectors

y(t) = (i (1) — P O, a5 (1)

— MO e =TT, teR,
M = (ME230 (@), MENE W), M2 P77 W), Mg 2 7270 ()T
and an % X % matrix
1% v 0 e 0
14 —QV 12

A, = 0 v 0
—Qv 14

0 cee 0 1% 1%

By Lemma 2.2, it follows from (4.2) that

1 t
y(t) < ettt Avy (o) + —/ (=AY Mdu. (4.3)

Vto
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By Lemma 4.1, %Al, is negative definite, then similar to Lemma 3.2,

le” 10 Ry (to)|| < et w1y (t0)

N7

where Amax = —a — 2cos 375 )

follows from (4.3) that

< 0 is the maximal eigenvalue of %Ay. Thus, it

y(t)—0 asv— o0

. L. . (1) C) 9 J+1) _
uniformly for ¢ € [T7, T3], which implies that ||z (¢) — a7 (¢)||? and ||z (t)
N
PR (t)||? tend to 0 uniformly for t € [T}, T3] as v — oo.

Case 2. N is odd
N

Similarly, when j = T’l — 3, we have

d N-1 Nilyg N-1
a0 =27 PO < —arvlel T 1) -2l P )

N—-1

N—-1_ N+1
+wﬂx§2 Yy —al = )2
N+t
Fofal T <> A2+Wmﬁ
N-—1

1
+;MT1?T2 (W)

uniformly for ¢ € [T, T3].

N+1

As j increases to — 3, we have

d Nt1 Ni1yo N1 Nt1
() — WWs—me>w—m2 (Ol

) N 43)
ol () - )7
Nil NAL 42 5—a
+ ;JWle,T2 (w)

uniformly for ¢ € [17, T3], which ends this process.
We can also rewrite the above inequalities in the matrix form

§(1) < Ay (0) + M (44)

uniformly for ¢ € [T, T»] with two £-t-dimensional vectors

y(t) = (259 (1) — &P O, 25 (1)

N1 N1
MO, N2l ) — 2l P I)T, teR,

v 1,2,5—a 3,N,2—a Nl NHli32-q

M = (MT17T2 ( ) MTl,Tz ( ) MTI?T2 (w)’

Nl N+liog o T
Mry'r, * (w))
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and a % X % matrix

—av v 0 e 0
v —av Vv
A= o 0
—av v
0 e 0 v —av

By Lemma 2.2, it follows from (4.4) that

1 [t i -
F(t) < elt—to)A ﬂ)+;/eWMMMm. (4.5)

to

Similar to the case that N is even, it follows from (4.5) that fo,l)(t) — P )|
tends to 0 uniformly for ¢ € [T1, T3] as v — oo.

For other adjacent components, the above process can be duplicated. Hence,
after we have dealt with any adjacent components, we can conclude that the differ-
ence between any two components of a solution of the coupled RODEs (3.1) goes to
0 uniformly for ¢t € [T1,T5] as v — oo. In fact, if N is even, another adjacent compo-
nent will be involved while we focus on current adjacent components. For example,
xl(,%ﬂ)(t) - x,(,%w)( t) is involved while we duplicate with x(l)( t) — 2P (t). So the
above process can be done for only g times if NV is even. O

Remark 4.3. In the case of N = 3, the proof of Lemma 4.2 can be simplified since
each term is only related to itself.

Lemma 4.2 implies that all components of a solution of (3.1) and (3.2) tend
to the same limit uniformly for ¢ € [Th,T3] as v — oo. Now, we find what they

converge to.
Consider the averaged RODE (1.6)

N
<a> (J) 1 ;
— = — § —O: €9t )+ ¥ § O,Ej)z. (4.6)
=1

Lemma 4.4. The random dynamical system @(t,w) generated by the solution of
RODE (4.6) has a singleton sets random attractor denoted by {Z(w)}. Furthermore,

N
Z(Oyw) exp Z
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1s the stationary stochastic solution of equivalently averaged SODE

N
1 () (s )
dZ, = NE S F) (e 7)) dt+ 2 Iz, 0 aw (4.7)

j:l 1=1 =

'MS

where

N
_12 @ _ ok =
k=1

Proof. Assume that z1(¢), z2(¢) are two solutions of (4.6). We have

N
d 2 )
gl ® =@ < | 20+ L3700 | a) - 20

j=1

It follows from Gronwall’s lemma that
11 [t
) = 22O < exp | ~2t (L= 307 [ Oldr | ) 120) ~ =0
ot

Hence, by Lemma 2.1, we have
Jim [22(t) — 22(0)]]* = 0.

which means all solutions of (4.6) converge pathwise to each other.
Now we use the theory of random dynamical systems to see what they converge
to. Suppose z(t) is a solution of (4.6), we have

d N 720(”

=0 < | - Zow e+

Jj=1

LF2 ()12,

It follows from Gronwall’s lemma that
2 < e PR o Sy O 112
N i 2yt )
1 Z 159 0)]] / o209 ~L(t—u)+% 4L, [y oM dr g
; L to
Thus, by Lemma 2.1, we obtain

—L(¢—
l2)]* < em 207 |1z(t0) |

N .
i Z Hf(J)(O)HQ /t 6—2053')6—L(t—u)+% S Oﬁ“drdu

to

for —tg,t > T,,.
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By pathwise pullback convergence with ¢ty — —oo, the random closed ball cen-
tered at the origin with random radius R(w) is a pullback absorbing set of ¢(t,w)
in D for t > T,,, where

2 )
R =1+ L Z”f“ I / (208 & T, [20War g,
— 00

Note that the integrals on the right-hand side are well defined by Lemma 2.1.

By Theorem 4.1 in [9], there exists a random attractor {Z(w)} for ¢(¢,w). Since
all solutions of (4.6) converge pathwise to each other, the random attractor {Z(w)}
are composed of singleton sets.

Note that the averaged RODE (4.6) is transformed from the averaged SODE
(4.7) by the transformation

1 .
2(t,w) = exp —N;@”(w) Zy(w),
=
so the pathwise singleton sets attractor z(6yw) exp(+ Zj\;l 0§j ) (w)) is a station-

ary solution of the averaged SODE (4.7) since the Ornstein—Uhlenbeck process is
stationary. O

We now show another main result of this paper.
Theorem 4.5. Let
@) (tw), 22 (8, w), ., B0 (8,0)) T = (@0 (0i0), 20 (Bsw), -, Z0N) (Bs0)) T

be the singleton sets random attractor of the random dynamical system ¢(t,w) gen-
erated by the solution of RODEs (3.1) and (3.2), then

@D (t,w), 23 (tw), ...,z (tw) T — (2(t,w), 2(t,w), ..., Z(t,w)) T
pathwise uniformly fort € [Ty, Ts] for any sequence v, — 0o, where Z(t,w) = Z(6zw)
solves the averaged RODE (4.6) and zZ(w) is the singleton sets random attractor

of the random dynamical system (t,w) generated by the solution of the averaged

RODE (4.6).

Proof. Define
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where {(il(,l) (w), 7 (w),... ,QE,(,N)(w))} is the singleton sets random attractor of the
random dynamical system generated by RODEs (3.1) and (3.2). Thus, z,(t,w) =
Z,(0w) satisfies

N
d ~08 (@) ) (0 @)z ) G/ \a()
%zy (t,w) Z fY9(e ) (t,w)) + O (w)T,) (t,w)).  (4.8)
Note that

2 N

H_ZV t w

+|0£”<w>|2uazsf><t,w>u2>,

by continuity and the fact that these solutions belong to the compact ball By (w),
it follows that

sup

N
2 p M® ﬂ
S| = — o < 0.
tE[Th . Ts) N 2; 4 T1 T2

By Ascoli-Arzela theorem, there exists a subsequence vy, — oo such that z,, (¢, w)

converges to zZ(t,w) as ny — oo.
Since difference between any two components of a solution of the coupled

RODESs (3.1) tends to 0 uniformly for ¢ € [17,T3] as v — oo, we have

7(7) - 70U
T, (t,w) = Nz, (t,w)— Z ), (t,w)

J'#3
= Zy,, (t,w) —|—Z Zu,, tw)—x( )(t w))
J'#J
= Zy,, (t,w +—Z Z x(J)tw —zU )(tw))
J'#3 3" #5
— Z(t,w)
uniformly for ¢ € [T1,T5] as v, — oo for j =1,...,N.

Furthermore, it follows from (4.8) that

N et
1 j . j )
Z,(t,w) = 2,(T1,w) + = Z/ o 0% >(w)f(a)(eoi )(w)j(uj)(s,w))ds
j=17T

+ = Z (w)z) (s, w)ds.
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Thus,

N

1 t . ) .
2(tw) = 2(T1,0) + & Y /T e 0P (@) ) (O @) 5(5, ) ds
j=17T

uniformly for ¢ € [T1, T3] as vy, — 00, which means that Z(¢,w) solves RODE (4.6).
Note that any possible subsequences converge to the same limit, so every
sequence Z,, (t,w) converges to Z(t,w) uniformly for ¢ € [T1,Ts] as v, — oo by
Lemma 2.2 in [8].
Finally, since the random dynamical system generated by the solution of RODE
(4.6) has a singleton sets random attractor {Z(w)}, the stationary stochastic process
Z(6;w) must be equal to z(¢,w), namely z(t,w) = z(6w). O

As a straightforward consequence of Theorem 4.5, we have
Corollary 4.6.
@0 (t,w), 2P (8 w),. . 8V (W) T = (Bt w), 2(tw), . 2 w) T

v

pathwise uniformly for t € [Ty, Tz as v — oo.
In terms of the coupled SODEs (1.5), its stationary stochastic solution
(@D (0)e® @) 3D (0,0)e%” @) 7N (9,0)e0F @ T
tends pathwisely to

(Z(Gtw)60§1>(w)7 Z(Gtw)eoi2)(“), . ,g(etw)eoiN)(w))T

uniformly for ¢t € [Th,T>] as v — oco. Obviously, if 021) = 052) =... = CEN)
fori=1,...,min (1.5), i.e. the driving noise is the same, exact synchronization of

solutions of the coupled SODEs

:Ci

dxX” = (fOX7) 4+ w(x ™ —2X 7+ X7 )de

+Y axPoaw”, j=1,...,N
=1

occurs.

Remark 4.7. The results in this paper hold just in the almost everywhere sense
because w € Q here (see Lemma 2.1 and some interpretations below the lemma).
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