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We consider an Itd stochastic differential equation and study the asymptotic behaviors of stationary
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are valid near a usual attractor (resp. repeller) instead of a strong attractor (resp. repeller) assumed
in Huang et al. (2018). Our approach in conducting the measure estimates is based on a new idea
of constructing a sequence of Lyapunov functions (anti-Lyapunov functions) in the basin of attraction
(resp. expansion) of the attractor (resp. repeller). As applications of these measure estimates, we also
derive upper bounds for the differential entropy and establish certain entropy-dimension inequalities.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

Realistic physical systems are often subject to Itd white noise
perturbations due to the existence of internal or external un-
certainties. In the case of ordinary differential equations (ODEs),
such noise perturbed systems become Itd stochastic differential
equations (SDEs). This paper aims at making quantitative un-
derstanding of the asymptotic behaviors and concentration of
stationary distributions of a SDE in the vicinity of an attractor or
a repeller of the unperturbed ODE. The theory of large deviations
has been substantially developed for studying these problems
(see e.g. [1,2]). In particular, it is shown in [1, Theorem 4.3 in
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Chapter 4] that stationary measures concentrate on a globally
attracting equilibrium of the ODE with Gaussian-like tails, resem-
bling the case of a Gibbs measure. With respect to the measure
distribution of stationary measures near a general attractor of
the ODE which is not necessary global, several natural questions
then arise: (a) Whether the measure distribution in the basin
of attraction behaves like that of Gaussian; (b) If the attractor
is global, then whether stationary measures concentrate on the
global attractor under a suitable Lyapunov condition; (¢) Whether
and under what mechanism a local attractor can be stabilized via
certain multiplicative noises. Answers to these questions are of
fundamental importance to the understanding of stochastic sta-
bility of a compact invariant set (see [3] for details) and they are
closely related to the issue of thermodynamic limit in mesoscopic
systems (see e.g. [4]).

The present paper aims at investigating these fundamental
questions. We will give an affirmative answer to question (a) and
provide quantitative results with respect to questions (b) and (c)
which improve relevant results contained in [3]. We note that
not only do results contained in [3] work with so-called strong
attractors and repellers, but also they are not quantified on the
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domain of interest. Like in [3], we also provide similar results for
the case of a repeller. In addition, as applications of these results,
we derive upper bounds for the stationary differential entropy
and establish entropy-dimension inequalities.

To be more precise, we consider a system of ordinary differ-
ential equations (ODEs)

x=V(x), xeUCR", (1.1)

where ¢/ C R" is a connected open set, and V e C%(¢/, R"). Adding
general (multiplicative) Itd white noises, the system gives rise to
the following family of It6 SDEs

dx = V(x)dt + eG(x)dW,, xeU, (1.2)

where W; is the standard m-dimensional Brownian motion for
some m > n, G € Whl)’f(u, R™™M) for some fixed p > n,
Rank(G) = n, and € > 0 is a small parameter. The density of
probability distribution of solutions of (1.2), if exists, satisfies the
Fokker-Planck equation

du = L = €*95(a"u) — (V'u), t>0, xelu,

(1.3)

u>0, udx =1,

u

where A = (a¥) = g € W P(u, GL(n, R)) s the diffusion matrix,
& = 35 = 33,-» with the usual summation convention used,
and L. is the Fokker-Planck operator.

A stationary measure associated to (1.2) or corresponding to
the adjoint Fokker-Planck operator £, = 2a’d} + V'9; is a mea-
sure valued stationary solution of (1.3), namely, a Borel probabil-
ity measure on ¢/ solving the stationary Fokker-Planck equation
in the weak sense (see Definition 2.5). The existence of station-
ary measures corresponding to L. are guaranteed by various
Lyapunov-type conditions (see e.g., [5-7]).

Our main results concerning asymptotic behaviors and quan-
titative concentration of stationary measures are as follows. We
refer to Definition 2.1 for the definition of attractors and repellers.

Theorem A. Let & be either a maximal attractor Jy or a maximal
repeller Ro of (1.1) with the basin of attraction or basin of expansion
B(&p), respectively. Then the following hold for stationary measures
{me} corresponding to {L.}:
(1) (Concentration) Let G € W, P(u, R™™) with A = g €
W,(])'Cp(u, GL(n, R)). Then for any Borel set Wy CC B(&) \ &o,
there are constants wy, €g > 0 independent of € such that

wp

ncWo) <e ¢, Ve e(0,e).

Consequently, any limit measure j of {u¢} as € — 0 satisfies
u(B(&)\ &) = 0. (14)

In particular, if (1.1) is dissipative and & is the global attractor,
then B(&y) = U and u is concentrated on the global attractor
&o.

(2) (Pointwise estimate) Let G € W,-P(u/, R™™) with A = % €
W, GL(n, R)). Then for any Borel set Wy CC B(&) \ &o,

loc
there are constants wg, €9 > 0 independent of € such that
)
U(x)<e ¢,

Vx € Wy, € €(0,¢l,

where {u.} are the densities of {jt¢}.

(3) (Stabilization) Suppose (1.1) is dissipative and let Jy be a local
attractor of (1.1). Then, there exists a G € Wll‘cp (U, R™™) such
that for any Borel set Uy CC U \ Jo, there are constants
Ug, €9 > 0 independent of € such that

u,

Ue(tlp) <e <, Ve (0, &l.

Consequently, any limit measure u of {u.} as € — 0 satisfies
wU\ Jo) =0, (1.5)

that is, u is concentrated on the local attractor J.

(4) (De-stabilization) Suppose Rg is a local repeller. Then, there
exists a G € Wl‘l,’cp (U, R™™) such that for any Borel set Vo CC
B(Ro), there are constants vy, €g > 0 independent of € such

that

me(Vo) < 67:73, Ve € (0, eo].

Consequently, any limit measure u of {jic} as € — 0 satisfies
1(B(Ro)) =0, (1.6)

that is, u is concentrated away from the local repeller Ry.

The concentration results (1.4)-(1.6) are established in [3]
with respect to so-called strong attractors (resp. strong repellers)
which are roughly the ones admitting strict Lyapunov functions
(resp. strict anti-Lyapunov functions) near the boundaries of the
basins (see Definition 2.3 for details). It is also shown in [3]
that if R in Theorem A(3) is a strongly repelling equilibrium
then (1.6) holds with respect to any G € W,},'C"(u, R™™), These
results are proven using the level-sets method and measure es-
timates established in [8] based on Lyapunov or anti-Lyapunov
functions and dynamical properties of an attractor or a repeller
of (1.1). The level-sets method introduced in [3] compensates the
classical large derivation approach which, even for SDEs on a
compact manifold with Lipschitz drift and noise terms, involves
non-explicit (and usually less regular) quasi-potential functions
that are hard to use in measure estimates if a complicated attrac-
tor is involved.

Theorem A shows that not only do the concentration results
established in [3] hold for attractors and repellers in the usual
sense but also any possible concentrations of ., as € — 0, on
an attractor (either local or global) must do so with Gaussian-
like tails. The key ingredient of our approach is to make use
of dynamical properties of an attractor or a repeller & in the
basin B(&p) to construct a sequence of nested domains {£2;} in
the basin with U;2; = B(&) and N;2; = & so that the
vicinity of the boundary of each £2; admits a strict Lyapunov or
strict anti-Lyapunov function. As a result, the usual attractors and
repellers are actually strong attractors and repellers in the sense
of Definition 2.3. Using measure estimates established in [3], the
concentration estimates in Theorem A then follow from those on
the nested domains exhausting the region of interest. In fact, with
the construction of these nested domains, we are able to provide
more concrete information on concentration rates than the ones
stated in Theorem A (see Theorems 4.1, 5.1, 5.2 and their proofs
for more details).

Our idea of constructing a sequence of Lyapunov functions
(resp. anti-Lyapunov functions) of (1.1) in the basin of an attractor
(resp. a repeller) is motivated by the converse Lyapunov theorem
(see e.g. [9, Theorem 5.7.24] and [ 10, Theorem 4.3.1]) for a system
of ODEs in the basin of an attracting equilibrium which says
that a smooth, strict, entire Lyapunov function exists in the basin
of such an equilibrium. We remark that in the presence of a
general attractor or repeller, the construction of a smooth entire
Lyapunov or anti-Lyapunov function in the basin is in general
impossible. Instead, we will show that one can in fact construct
a sequence of local Lyapunov or anti-Lyapunov functions in the
basin whose domains exhaust the entire basin. Such a result
is new and interesting in its own right even for studying the
dynamics of (1.1) alone.

Our measure estimates are also useful in studying the (station-
ary) differential entropy

Hlu] = —/ ue Inucdx, (1.7)
u
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where u, is the density of a stationary measure . corresponding
to L.. While the differential entropy #[u.] captures the global
information of u,, its properties rely heavily on local concentra-
tion of u., which is greatly affected by the dynamical structure
of (1.1). We remark that without additional assumptions on the
coefficients V and A, the differential entropy #[u.] could take any
number between —oo and oo (including —oo and oo). In fact, let
us take € = 1 for clarity and consider the following SDE

ax =L ¥ 1 Jzaw,

fx)

where —oc0 < a < b < oo, f is a positive and continuously
differentiable probability density function on (a, b) and W, is the
standard one-dimensional Brownian motion. It is straightforward
to check that f is the density of a stationary measure associated
to the above SDE. Upon the choice of f, the differential entropy
HIf]=— fabf Infdx can take any number between —oo and oo.

In particular, if f(x) = —— for x € (e, 0o), then H[f] = oo,

x €(a,b),

xIn? x
and if f(x) = ;- for x € (0, 1), then H[f] = —oo. We refer
the reader to [11,12i for more information about the differential
entropy.

In the next theorem, we state some results concerning the
differential entropy #[u.] near and away from the global attractor
of (1.1) under Lyapunov conditions. We refer to Definition 2.6 for
the definition of a uniform Lyapunov function corresponding to

{Le}

Theorem B. Suppose there is a uniform Lyapunov function in
U, with essential upper bound py, essential lower bound pn, and
Lyapunov constant y, with respect to {Lc}ce(0,¢,) for some 0 <
€9 < 1. Denote 7 as the global attractor of (1.1) and let {u}, with
densities {u.}, be the stationary measures corresponding to {L.} in
U. Then the following hold.

(1) If |7| = O, then for each o € (0, 1),

-/ u. Inu.dx
e Ji € e
lim inf g (€) >0
e—0 In |Jhg(€)|
and
— ue Inu.dx
liminfM
e—0 In |‘-7hu(€)|

for all open set N such that 7 C N CC U, where J, is the
h-neighborhood of 7 and h,(¢) > 0 is the unique number such
that pe(Jhy(e)) = 0.

(2) If |7| > 0, then

lim sup [—/ U, lnuedx] <In|J|
e—0 N

for all open set N such that 7 C N CC U.
(3) Suppose |U| < oo. Then, for any open set N such that J C
N CC U, there are constants ¢ > 0 and €, > 0 such that

<
€

C _
—/ uelnugdx§<—2+ln|U\N|)e 7. Vee(0,el
U\N €

(4) Suppose |U| = oo and py = oo. Also suppose that there are
positive constants Cq, Cy, £1 and £, such that

roq
/ ——dt > Cip" and |2,] <2, Vp € [p, o0),
o

H(b)

m

where H(p) = supo, d’U3U and 2, = {x €U :U(x)
< p} for p € [pm,00). Then, for any £ > 0 and open set
N with 7 C N CC U, there is €, > 0 such that

—/ U Inucdx < €, Ve €(0, e,].
U\N

(5) Suppose || = oo and py < oo. Also suppose that there are
positive constants Cq, C, £1 and ¢, such that
()
and |£2,| < elom—n)2 7

| C

-
om H(E) (om — p)1
Vo € [om: om).

Then, for any £ > 0 and open set N with 7 C N CC U, there
is €, > 0 such that

—/ U Inucdx < €4, Ve € (0, ).
U

Remark 1.1. We make some remarks about the quantity h,(¢)
in the statement of Theorem B(1).

(i) We argue that h,(¢) is well-defined. By Proposition 2.2(1),
u, is continuous and positive on . It follows that the func-
tion h — g, is continuous and increasing on (0, hpax),
where hp,x is the smallest number such that & C Jp,,,.
and satisfies limp_, o+ e(Jh) = 0 and lim,_ - pe(Jh) = 1.
Then, for each o € (0, 1), there exists a uni&ﬁ‘e h,(€) such
that Me(jha(e)) =o0.

Suppose there exists a uniform Lyapunov function. Then,
for each o € (0, 1), it is not hard to see that h,(¢) — 0
as € — 0 (see the proof of Theorem B(1)). However, it
is hard to acquire detailed information about the function
€ — h,(¢€). To see this, let us consider the following family
of SDEs

dx = —f'(x)dt + e~/2dW,,

—~
—
=

=

x eR,

where 0 <fe <« 1, f is C? and grows such fast as |x|] —
oo that e € is integrable on R, and W, is the standard

one-dimensional Brownian motion. For each ¢, the unique
stationary measure associated to the SDE isf given by the

Gibbs density u, = iefe%, where Z, = fR e < dx. Then, the
asymptotic behaviors of h,(¢) as € — 0 depend heavily on
the properties of f near its global minimal points. This can
be easily seen by examining simple examples f(x) = x*> and
x*. If f(x) = x?, hy(€) is proportional to €, and if f(x) = x*,
h,(€) is proportional to /€.

As an application of entropy estimates stated in Theorem B, we
obtain entropy-dimension inequalities. Note that for any bounded

set S C U, there holds liminf,_, o+ IniShl - ¢ [0, n], where S,

Inh
is the h-neighborhood of S. The number n — liminf,_, o+ “}r‘f;'

is often referred to as the upper Minkowski dimension of S. If
limy_ o+ 2B exists, then n — limy_ o+ S5t s the Minkowski
dimension of S. In this case, S is called regular. The definition can
be easily extended to unbounded S by approximation, but it is
not needed here. Regular sets form a large class including smooth

manifolds and even fractal sets such as cantor sets and Julia sets.

Theorem C. Suppose there is a uniform Lyapunov function in
u, with essential upper bound py, essential lower bound pp, and
Lyapunov constant y, with respect t0 {Lc}ce(0,¢o fOr some 0 <
€90 < 1. Let {ue}, with densities {u.}, be the stationary measures
corresponding to {L.} in U. Denote 7 as the global attractor of (1.1).
Suppose | 7| = 0 and assumptions in Theorem B(3)-(5) are satisfied.
Then for each o € (0, 1), there holds

H[ue]

liminf >o(n—d),
e—0 In hg(é) - U( )
where h,(¢€) is given in Theorem B(1) and d := n—liminfy,_, o+ lnlﬁ”l

€ [0, n] is the upper Minkowski dimension of 7.
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Measure estimates near the global attractor, and entropy-
dimension inequalities for the regular global attractor have been
studied in [13] for a class of stochastically perturbed dissipative
dynamical systems admitting a strict Lyapunov function U in
an isolated neighborhood N of the global attractor J satisfying
U(x) > Cd*(x, ) for x € N. Under such a strong Lyapunov
condition in A and additional Lyapunov conditions on an exterior
domain, it is shown in [13] that for any 0 < § <« 1 there are
€9 > 0and M > 0 such that

me(Ime) =1 =6, Ve €(0, ¢, (1.8)

which yields the entropy-dimension inequality lim inf, o %”;J >
n — d, where d is the Minkowski dimension of 7. This is then
used in [14] to study the mutual information that quantifies the
degeneracy and complexity in a biological network modeled by
SDEs. We remark that, though the measure estimate (1.8) is not
expected in general unless the strong conditions in [13] are sat-
isfied, the entropy-dimension inequalities as stated in Theorem
C remain valid under much weaker conditions assumed in the
theorem. In particular, Theorem C does not require the global
attractor J to be regular. But for regular 7, it is possible to
have the entropy-dimension equality lim._,q % =n-—das
established in [13, Theorem 4.7] under additional assumptions.

The rest of the paper is organized as follows. In Section 2,
we recall basic definitions and preliminary results. In Section 3,
we construct uniform Lyapunov functions (resp. uniform anti-
Lyapunov functions) near a maximal attractor (resp. maximal
repeller) and establish corresponding measure estimates in their
basins. In Section 4, we quantify concentrations of stationary
measures and prove Theorem A(1), (2). In Section 5, we quan-
tify noise stabilization (resp. de-stabilization) of a local attractor
(resp. local repeller) and prove Theorem A(3), (4). In Section 6,
we study entropy estimates and prove Theorems B, C.

2. Preliminaries

In the section, we recall some basic definitions and prelimi-
nary results from [3,7,8,15]. We refer the reader to [3] for exten-
sive remarks. Throughout the rest of the paper, we denote ¢’ as
the local flow generated by (1.1) and let £2 C ¢/ be a connected
open set.

2.1. Dissipative/anti-dissipative dynamical systems

Definition 2.1.

(1) ¢! is said to be dissipative (resp. anti-dissipative) in §2 if
£2 is positively (resp. negatively) invariant and there is a
compact set B C §2 such that for any & € 2, there is
a to(§) > 0 such that ¢'(§) € B for all t > to(&) (resp.
t < —to(§))

(2) When §2 is positively (resp. negatively) invariant, the maxi-
mal attractor J (resp. maximal repeller R) in §2 is a compact
invariant set satisfying

lim dy (¢'(K), 7) =0 (resp. lim dy (¢'(K), R) =0)
t—o00 t——00

for any K CC 2, where dy (E,F) = sup,e d(, F) is the
Hausdorff semi-distance for any E, F C R".

(3) Suppose the maximal attractor 7 (resp. maximal attractor
R) in £2 exists. If 2 = U, then J (resp. R) is called the
global attractor (resp. global repeller). Otherwise, it is called
the local attractor (resp. local repeller).

Clearly, if a maximal attractor or a maximal repeller in £2
exists, then it is unique in £2. In particular, a global attractor or
a global repeller is unique. Moreover, a maximal attractor or a
maximal repeller is connected as 2 is connected.

For a maximal attractor J (resp. maximal repeller R), the
domain £2 can be extended to its basin of attraction B(J) (resp.
basin of expansion B(R)) defined as

B(7)={xeu:¢'(x)eu, vt >0 and

x d(¢'(x), 7) — 0 as t — oo}

(resp. B(R) = {x e U : ¢'(x) e, Vt <0 and
x d(@'(x),R) > 0ast — —oo}),

(2.1)

which is open, connected and positively (resp. negatively) invari-
ant.

Lyapunov functions (resp. anti-Lyapunov functions) are impor-
tant in the study of dissipative (resp. anti-dissipative) dynamical
systems. But they are usually defined on the entire domain of
interest. Weaker notions are introduced in [8] as follows.

Definition 2.2.

(1) A continuous and nonnegative function U defined on 2
is said to be compact in 2 if U(x) < py for all x € 2
and limy_, 3 U(x) = py, where py = supg U is called the
essential upper bound of U. A compact function U is called
unbounded if py = oo.

(2) A C! compact function U is called a Lyapunov function (resp.
anti-Lyapunov function) in £2 of (1.1) if there exist p, €
(0, pum), called the essential lower bound, and y > 0, called
the Lyapunov constant (resp. anti-Lyapunov constant), such
that

V.VU < -y (resp. >y) on £2\£2,,

where 2, = {x e Y : U(X) < pp}. The set Q\ﬁpm is called
the essential domain.

Clearly, if U is a Lyapunov function or an anti-Lyapunov func-
tion in £2 of (1.1), then VU # 0 on a neighborhood of 2 \ £2,,,.
For any compact function U in §2, we define

R,={xe:Ux)<p}, VYpel(0,pul
2, ={xeR:UKX)<p}, Vpel0,pu).

Note that £2 = £2,,,. In particular, 4 = 2, if 2 =U.

The following results giving basic relations between
dissipative (resp. anti-dissipative) dynamical systems and Lya-
punov functions (resp. anti-Lyapunov functions) are proven in
[15, Appendix].

Proposition 2.1.

(1) ¢ is dissipative (resp. anti-dissipative) in §2 if and only if 2
is positively (resp. negatively) invariant and admits a maximal
attractor (resp. maximal repeller) in £2.

(2) If (1.1) admits a Lyapunov (resp. an anti-Lyapunov) function
in £2, then ¢' is dissipative (resp. anti-dissipative) in £2.

The following notions of a strong local attractor and a strong
local repeller are introduced in [3].

Definition 2.3. A compact invariant set Jy C U (resp. Ro C U) is
called a strong local attractor (resp. strong local repeller) if there is
a connected and positively (resp. negatively) invariant neighbor-
hood W of Jy (resp. Rg) in U, called an isolating neighborhood,
with oriented C? boundary such that J, attracts W (resp. R
repels W), and V-v < 0 (resp. V-v > 0) on 9\, where v denotes
the outward unit normal vector field on 9w.

Clearly, a strong local attractor (resp. strong local repeller) is
a local attractor (resp. local repeller). We show in Corollary 3.1
that the converse is also true for C? drift fields.
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2.2. Lyapunov/anti-Lyapunov functions and stationary measures

Consider the Fokker-Planck equation

du = Lu = 0}(d"u) — &;(V'u), t>0, xeu, (2.2)

corresponding to the Itd SDE

dx = V(x)dt + G(x)dW;, xel,

where A = (d¥) = % is the diffusion matrix and V = (V) is
the drift field. The assumptions on the regularity of V and G are
given in Section 1. Denote by

£=do} +V'y
the [2-formal adjoint of the Fokker-Planck operator L.

Definition 2.4. A C? compact function U in §2 is called a Lyapunov
function (resp. anti-Lyapunov function) in £2 with respect to £ if
there are py, € (0, pu), called the essential lower bound, and y >
0, called the Lyapunov constant (resp. anti-Lyapunov constant),
such that

LU < —y (resp. >y) on £2\£2,,.

The set 2 \ £2,,, is called the essential domain.

Definition 2.5. Suppose A € W,)’(2,R™") and V € [’ (2, R")
for some fixed p > n. A Borel probability measure x on £ is
called a stationary measure of the Fokker-Planck equation (2.2) in
£2 (or a stationary measure corresponding to £ in £2) if Lu = 0

in £2 in the sense that

Viel,.(2,n), i=1,...,n, and /wduzo,
2
Vo € C5°(82).

The existence and uniqueness of stationary measures of (2.2)
under Lyapunov-type conditions have been extensively studied
(see e.g. [5,7,16-22]). We recall the following results concerning
the regularity and existence of stationary measures.

Suppose A € WS P(2,GL(n,R)) and V ¢

Proposition 2.2. or

L (£2,R"). Then the following hold.

(1) [23] Any stationary nlleasure corresponding to L in §2 has a
positive density in W,,”(£2).

(2) [7]If there is a Lyapunov function in $2 with respect to L, then
(2.2) admits a stationary measure in §2, which is unique if, in
addition, the Lyapunov function is unbounded.

We remark that the existence of an anti-Lyapunov function
does not mean the non-existence of stationary measures (see [15,
Section 5]). Using Lyapunov or anti-Lyapunov functions, station-
ary measures can be estimated on essential domains as follows.

Proposition 2.3. Suppose A € W,]'p(.Q,GL(n,R)) and V €

Lﬁ)c(.Q, R™). Let U be either a Lyapunovﬁfi%ction or an anti-Lyapunov
function in §2 with respect to £ with essential lower bound ppy,
essential upper bound py and Lyapunov constant or anti-Lyapunov
constant y, and satisfies VU # 0 on U~Y(p) for a.e. p € [om, pm)
and aUBiUBjU < H(p) on 082, for p € [pm, pm) for some measur-
able function H : [pm, pm) — [0, 00). Let u be a stationary measure
corresponding to L in 2.

(1) If U is a Lyapunov function, then

o, r 1
w2\ 2,) < e Im Vo € [om, pu)-

(2) If U is an anti-Lyapunov function, then

p o1
W2\ 25 ) = 1(82,,\ 825 ) o TOE

om Vom < po < p < pu.

Proof. See [8, Theorem A(b)] for (1) and [8, Theorem B(a)] for
(2). O

We note that above results only give estimates of stationary
measures in the essential domain of a Lyapunov function or an
anti-Lyapunov function, not in the entire domain of interest.

2.3. Uniform Lyapunov/anti-Lyapunov functions

Let 0 < ¢y K 1. For € € (0, €g], we recall that
Lo =e*d"a} + V',

is the [?-formal adjoint of the Fokker-Planck operator L. given in
(1.3).

Definition 2.6. A C?> compact function U in £2 is called a uniform
Lyapunov function (resp. uniform anti-Lyapunov function) in 2
with respect to {Lc}ee(0.¢ if it is a Lyapunov function (resp. anti-
Lyapunov function) in £2 with respect to £, for each € € (0, €],
and the essential lower bound and the Lyapunov constant (resp.
anti-Lyapunov constant) are independent of € € (0, €], that is,
there are p, € (0, py) and y > 0 such that LU < —y (resp.
>y)on 2\ 2,, forall € € (0, &].

We remark that if U is a uniform Lyapunov function (resp. an
anti-Lyapunov function) in £2 with respect to {£L¢}ec(0,¢,), then it
is easy to see that U must be a Lyapunov function (resp. anti-
Lyapunov function) in £2 of (1.1). The following result, whose
proof is trivial, gives a partial converse.

Lemma 2.1. Suppose that (1.1) admits a C> Lyapunov function
(resp. anti-Lyapunov function) U in §2 with bounded second-order
partial derivatives on $2. If A is bounded on 2, then there exists
€9 = €9(A) > 0 such that U is a uniform Lyapunov function (resp.
uniform anti-Lyapunov function) in £2 with respect to {L¢}ee(0,¢1-

2.4. Harnack inequality

Consider the differential operator
Lu = ai(a'j(x)aju +bi(x)u) on £2,

where a¥, b;, i,j = 1, ..., n, are measurable and bounded func-
tions on £2. Suppose that there are constants A > 0, A > 0 and
v > 0 such that for any x € £2,

d(wEg > Mg, VE R, Y lai(x)" < A%, and
ij

1 )
DL
i

The following result is a special case of [24, Theorem 8.20].

Proposition 2.4 (Harnack Inequality). Let u € WU'2(2) be a
nonnegative solution of Lu = 0 on £2. Then for any ball Bsx(y) C 2,

L4R) |
supu < Cé‘ R inf u,
Br(y) Br(y)

where Cy = Co(n) depends only on n.

We only use Proposition 2.4 in the case b' = 3;a’ — V' so that
Lu = ag(auu) — 9;(V'u) is in the form of a Fokker-Planck operator.
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3. Noise distribution in the basin of maximal attractors
[repellers

In this section, we first construct uniform Lyapunov functions
(resp. uniform anti-Lyapunov functions) in the basin of maxi-
mal attractors (resp. maximal repellers), and then use them to
conduct measure estimates of stationary measures.

3.1. Construction of uniform Lyapunov/anti-Lyapunov functions

The existence of a uniform Lyapunov function (resp. uniform
anti-Lyapunov functions) in the basin of a maximal attractor
(resp. maximal repeller) of (1.1) is stated in the following the-
orem.

Theorem 3.1. Let € be a maximal attractor (resp. maximal repeller)
of (1.1) with the basin of attraction (resp. basin of expansion) B(E)
given in (2.1). Let V, and V,, be any open subsets of U such that V,.
is positively (resp. negatively) invariant and € C V, C Vi CC B(E).
Then, the following hold.

(1) There is an open, connected and positively (resp. negatively)
invariant set U, satisfying V., CC U, CC B(&), and a
Lyapunov function (resp. an anti-Lyapunov function) U in U,
of (1.1) with essential lower bound py,, essential upper bound
pm and Lyapunov constant (resp. anti-Lyapunov constant)
2y. Moreover, the following properties hold:

e forany p € (0, py], the set 2, := {x € U, : U(x) < p}
is connected;

® £C 82y, CCVy

o UeC¥U,),V-VU < 0(resp. V-VU > 0) on U, \ 22,,,;
in particular, VU # 0 on U, \ £2,,,.

(2) Let €, == max{e > 0: €?|Alcq,)|Ulc2q,) < v} Then, U is
a uniform Lyapunov function (resp. uniform anti-Lyapunov
function) in U, with respect to { L }ce(o,,) With essential lower
bound p.,, essential upper bound py and Lyapunov constant
(resp. anti-Lyapunov constant) y.

Before proving Theorem 3.1, we make several remarks as
follows.

Remark 3.1.

(1) From the statement of Theorem 3.1, we see that U is
first constructed to be a Lyapunov function (resp. an anti-
Lyapunov function) in ¢4, of (1.1) with essential lower
bound pp, essential upper bound py and Lyapunov con-
stant 2y (see Lemma 3.8). As a result, U, U, pm, oy and y
are independent of ¢ and A.

(2) The condition V being C? ensures that U is a C? function. If
we only look for Lyapunov functions (resp. anti-Lyapunov
functions) of (1.1), then V being C! suffices.

(3) We see that V,, \ Vi C U, \Epm. Choosing an increasing
sequence of V,, \ V., whose union exhausting B(€) \ &,
we can construct a family of Lyapunov functions (resp.
anti-Lyapunov functions) whose essential domains exhaust
B(€) \ €. See Section 4 for more details.

Below, for the sake of simplicity, we only prove Theorem 3.1
for the case that £ = 7 is a maximal attractor of ¢'. The proof
for the case of a maximal repeller simply follows by reversing
the time. In all lemmas contained in this subsection, we always
assume conditions of Theorem 3.1.

Lemma 3.1.
connected.

Vs Is connected, and V,, is positively invariant and

Proof. Since J is compact and V,, is open, the inclusion 7 C
V. ensures that 75 C V,, for some § > 0, where J; is the
§-neighborhood of 7. As 7 is connected, so is J;.

Let X,y € V., and x # y. Since V,, C B(J), the attracting
property of 7 ensures the existence of moments t, t, > 0 such
that ¢*(x), ¢%(y) € Js. The connectedness of J; ensures the
existence of some curve ¢; C J; connecting ¢*(x) and ¢Y(y).
Let

o =cUlp'x):tel0,t]}Ulp'y):tel0,t]}.
As V,, is positively invariant, we have
')t ef0.6d}U{e' 1)t € (0,41} C Vi

Thus, ¢; C Vi Clearly, c; connects x and y. Hence, V,, is
connected.

The positive invariance of V,., follows from that of V,, and the
continuity of ¢'. The connectedness of V., follows from that of
V.4 and the above arguments. O

Lemma 3.2. There is an open, connected and positively invariant
set V satisfying V.. CC V CC B(J). Moreover, V is positively
invariant and connected, and satisfies ¢t(V) = ¢'(V) for all t > 0.

Proof. Since V,, CC B(J), there is an open set V such that
Vix CC V CC B(J). Let V := Up=o0' (V).

Clearly, V is open, positively invariant and connected. To show
the compactness of V, we let A" be an open neighborhood of 7
and satisfy A* CC B(7). Since V CC B(J), the attracting property
of 7 ensures the existence of some T > 0 such that (V) C A for
all t > T. In particular, U[Zﬂot(f)) C N. From the boundedness of
V and the continuity of the map (t, x) > ¢'(x) : [0, 00) X B(J) —
B(7), the compactness of Ui 119 (V) follows. As ¥ C B(7), we
have

U ¢ c | ¢ B

tel0,T] tel0,T]

Hence,V C N U (Ute[o,n(pf()})), which implies the compactness
of V.

The positive invariance and connectedness of V follow readily.
To show (V) = ¢'(V), we first observe that ¢!(V) C ¢'(V), as
' (V) is compact. The inclusion ¢'(V) C ¢f(V) follows from the
continuity of ¢f. O

Let V be as in Lemma 3.2. The attracting property of 7 ensures
the existence of some T > 1 such that

W= @' (V) CC V..
Lemma 3.3. The set W is open, positively invariant and connected,

and satisfies ot (W) = o'(W) = ¢"*T(V) for all t > 0. The set W is
positively invariant and connected.

Proof. It follows from Lemma 3.2 and the definition of W. O

We construct a nonnegative and smooth function vanishing
exactly on W. Since the topology of ¢/ is countably generated,
there exist countably many open balls {B:,(x;)}iey in & \ W such
that 4 \ W = ;o Br,(xi). Let us consider the following bump
functions

2
i

Gi(x) = e TP xe By, (xi), ieN,
0. X € U\ By(x),
and define
271'
= —Gi(X), u,
(W)= =al. xe

1
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where G = supy<; Sup, 0|, which controls ¢ up to its
ith order partial derivatives. The proof of the next lemma is
straightforward.

Lemma 3.4. The function ¢ : U — R is nonnegative and smooth,
and vanishes exactly on W.

As in Lemma 3.4, we can construct a nonnegative and smooth
function n : &4 — R vanishing exactly on V,,. Consider the
function

r=¢(1+n)N,
where N > 0 is to be chosen, and define

T
X) = / (@' (x)dt, x€V.
0

Since N is eventually fixed, we used N-independent notations
here and we do so in the sequel for notational simplicity. We refer
the read to Remark 3.2 for the reason why the term (1 + n)¥
introduced.

For p > 0,let 2, ={x e V: U(x) < p}.

Lemma 3.5. The following hold for any N > 0.

(1) U e C3(V);

(2) U=0o0nV,and U(x) = 0 if and only if x € W;

3) FUE@'X)|,_, = VU(RX) - V(x) = —¢(x) for x € V;in
particular, VU #0on V \ W;

(4) for each p > 0, £2, is connected;

(5) if p < infyy U, then 382, = U~1(p) is C2.

Proof. (1) It follows from the facts that { € C®(¢/) and ¢' €
C%(B(7), B(7)) for any t > 0. ~
(2) It is an immediate consequence of the properties of ¢ and
the positive invariance of W.
(3)Let x € V. Since ¢”(x) C T (V)

It follows that
1
— lim = t+h
Ty f tly

/érp(X) ]

T+h 5
Amf/ Ft ()t
T

h—0 h

/c
= E¢"(0) ~ £ = (0.

(4) Let x,y € £2,. Note that (3) says that the function U is
decreasing along trajectories of ¢' as long as the trajectories have
not reached W. This in particular implies that ¢'(x), ¢'(y) € £2,
for all t > 0. By the attracting property of 7, there are t, t, > 0
such that ¢*(x), ¢¥(y) € W. Since W is connected, there is a
curve in W connecting ¢*(x) and ¢%(y). Catenating this curve
with {¢'(x) : t € [0, t,]} and {¢' : t € [0, t,]}, we find a curve in
£2, connecting x and y. This proves the connectedness of £2,,.

(5) It follows from (1), (3) and the implicit function
theorem. O

= W, we have Z (¢ (x)) = 0.

VU(x) - V(x) = —U(¢'(x))

dt

In the next two lemmas, we consider some special level sets
of U in order to determine the essential lower bound and the
essential upper bound in the definition of a Lyapunov function.

Lemma 3.6. For any N > O, there exists p, > 0 such that
W CC $2,,, CC Vs Moreover, $2,, is connected and its boundary
82, = U™ (pm) is C%

Proof. Since W CC V, CC V, we have 3V, C V \ W.
Thus, U is positive on dV,. The compactness of dV, yields pp :=
1mingy, U > 0. The inclusion W C £, then follows. By
Lemma 3.5(4), (5), 382, = U~ (op) is C%.

It remains to show that £2,,, CC V.. Suppose £2,,, C V; fails.
Letx, € §pm \ V4. Then, we can find t, > 0 and y, € 9V, such that
Vs = @™ (x4). It follows from Lemma 3.5(3) that U(x,) > U(y,) >
om. However, U(x,) < pm, which leads to a contradiction. O

Remark 3.2. Note that if N = 0, then the inequality

supU < me (3.1)
Viex

needs NOT be true. As a result, we would not be able to define the
essential upper bound. In order for the validity of (3.1) (at least
for sufficient large N), we introduced the term (14 7)" to modify
the function ¢ near 9V.

Lemma 3.7. If N is sufficiently large, then there exists pyy > 0
such that V., CC £2,, C V. Moreover, §2,,, is connected and its
boundary 352, = U~ "(pm) is C2.

Proof. We point out that the inclusion V,, CC V yields the
existence of some t* > 0 such that

Ve CC o (V) C V. (3.2)

In fact, if V,, does not belong to ¢'(V) for any t > 0, then the
continuity yields that V,, does not belong to V. The inclusion
@ (V) C Vs trivial as V is positively invariant.

Due to_the positive invariance of V.s by Lemma 3.1 and the
fact that ¢ = ¢ on V,, for all N > 0, the value supy,,, U is
independent of N. But, the value inf;,, U increases greatly with
the increase of N. In fact, for any x € 9V, we have ¢'(x) C

Y\ ¢ (V) for all t € [0, t*]. For otherwise, ¢%(x) e @t (V) for

some to € (0, t*]. Then ¢ (x) = ¢ ~0(ph(x)) € ( ) due to
the positive invariance of ¢!"(V), and hence, x € (p Pl (V) =
V, which leads to a contradiction. Since ¢*(x) € W, we have

Z(@'(x)) = 0 for all t > T. It follows that
1nf >t

U(x
) / C V\pt* (V)

N
x[ mf ;:| [l—i- mf n:| .
Vo™ (V) V\et* (V)

Due to (3.2) and the construction of ¢ and 7, both lan\zp[*(V) e
and mfv\ t*(yy 7] are positive. As a result, the estimate
N
mf 77} >1+supU

t*[ inf ;i|[
Viet™ (V) Ve (V) Vi

holds for all N > 1. As the above is independent of x € 3V, we
conclude that U(x) > 1+ supy, U for any x € V. In particular,
(3.1) holds for N > 1.

Set py = 1 (supy,, U+ infyy, U) for N > 1. The result then
follows from (3.1) and Lemma 3.5. O

x))dt > t*

In what follows, we fix some N > 1 so that Lemma 3.7 holds.
Lemmas 3.6 and 3.7 together give a C? Lyapunov function in 244
of (1.1).

Lemma 3.8. U is a C?> Lyapunov function in U, := 2,, of
(1.1) with essential lower bound py, essential upper bound py and
Lyapunov constant r := ianDM \Zpy & >0

Proof. Recall that U is C? and £2,,,,
Ux) < py forx € 2,

is a connected open set. Since

and U = py on 0£2,,, U is a compact
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function. By Lemmas 3.5(3) and 3.6, we have that VU -V < —r
on £2,,, \ 2,,, that is, U is a Lyapunov function in £2,,, of (1.1)
with essential lower bound p.,, essential upper bound py and
Lyapunov constant r. O

Remark 3.3. If we assume V is C!, then U is C', and therefore,
U is a Lyapunov function in £2,,, of (1.1).

Proof of Theorem 3.1. (1) Lemma 3.8 gives the existence part of
(1) with r = 2y. Additional properties of U and §2,,, stated in (1)
follow from Lemmas 3.5 and 3.6.

(2) We see that on U, \ 2,,,,

LU = €e*d"d;U + V'oU < €|Alca) Ul ea,) — 2v-

With €, being as in the statement, we have £ .U < —y on U, \§pm
foralle € (0,¢,]. O

We see from Lemma 3.8 and the proof of Theorem 3.1 that

y = 1 inf ¢.

2 2o\ 21
By the definitions of 7 and pp, (see the proof of Lemma 3.6), if V,
is a small neighborhood of .7, so is £2,,,. Then, pn,, and hence, y
is small. Otherwise, £2,,, is not necessarily a small neighborhood,
and thus, both pp, and y could be large.

Corollary 3.1. A local attractor (resp. local repeller) is a strong local
attractor (resp. strong local repeller).

Proof. We prove the result for a local attractor 7; the result for a
local repeller follows similarly. Let V,, be an open and positively
invariant neighborhood of 7 such that V,, CC B(J). Such a
set does exist, as we can first choose an open set A satisfying
J C N CC B(7), and then define V,, to be U;=op"(N).

Choosing an open neighborhood V, of 7 satisfying V, C V..
Then assumptions in Theorem 3.1 are satisfied. It follows that
U, is an isolating neighborhood (see Definition 2.3) satisfying all
desired properties. O

3.2. Measure estimates

We derive measure estimates for stationary measures {u.}
corresponding to {£.} in the basin of a maximal attractors or
maximal repeller &.

Theorem 3.2. Let V,, Vi, Uy, U, pm, pu, ¥ and €, be as in
Theorem 3.1. Then the following hold for any stationary measures
{ie} corresponding to {L.} in U.

(1) If € is a maximal attractor, then

u _ z(p—pm)
n (U \ 2,) < e Hemo) . Yp € [pm, pu)
Uy . Peluy
forall € € (0, €,], where u* == RO and

H(p1, p2) = |A|C(§P2\9P1)WUlg(ﬁoz\Qﬂl)’ Vom < p1 < p2 < Pm-

(2) If € is a maximal repeller, then

v(p—pg)

pe(2,\82) ) = ul(2p,\ 825 e Hoor) | Npn < po < p < py
forall € € (0, €,].

Proof. (1) By Theorem 3.1, U is a uniform Lyapunov function
in U, with respect to {Lc}ee(0,c,) With essential lower bound pp,
essential upper bound pp and Lyapunov constant y, and satisfies
VU # 0 on U, \ £2,,, and d’,UU < H(p) on 32, for any

0 € [pm, pm), where H(p) := |A|C(mp)|VU|g(mp). Therefore, con-
ditions of Proposition 2.3(1) are satisfied. As u* is a stationary
measure corresponding to L. in U, we apply Proposition 2.3(1)
to obtain

v(p—pm)
———dt 2

p 1 ___ vlp=pm)
-V
p U\ 2,) <e Tom 25" < ¢ Fstectom O p € [Pm, om)

for all € € (0, €,]. The result then follows from the fact that

SUPte(pm,p) H(E) = H(pm, p) for all p € [pm, pum).
(2) It follows from Proposition 2.3(2). O

4. Quantitative concentration of stationary measures

Let £ be a maximal attractor (resp. maximal repeller). To apply

Theorem 3.2, we need to construct the open sets V, and V.
satisfying conditions of Theorem 3.1. We first construct a family
of such sets in the basin of attraction (resp. basin of expansion)
B(&) of £.
Lemma 4.1. There is a family of open sets V2 and V3, indexed
by § € (0, é,] for some 5, > O, such that for each § € (0, §,], the
sets Vo and V2, satisfy conditions of Theorem 3.1. Moreover, the
following properties hold.

(1) €V CVZif0 <8 <8 <8 and Ny, V) = &

(2) V2 C VL CCB)if0 < 81 < 8 < 8, and Useps,, V2 =
B(&).

Proof. For each § > 0, define

Vo= {x € B(E) N By = d(x, (B(E) N B1)) > 5} :

sk

5 Um0 @' (V2,), € maximal attractor,
U< @' (V2,). &€ maximal repeller,

where B, is an open ball with radius r and center 0 € R". We
fix a 8, > O sufficiently small such that &, ccC V3, where
&s, is the §,-neighborhood of &s«. Then, arguing as in the proof
of Lemma 3.2, it is not hard to see that V?, satisfies desired
properties.

We can simply take Vf to be the §-neighborhood of £. O

For each § € (0,4,], let u2, U%, pl, pp,, ¥° and € be as in
Theorem 3.1 associated to the sets V° and V2, constructed in
Lemma 4.1. Let

20 ={xeul:
() :={xeu:
Recall that

U(x) < p}. Vo €(oh, oyl
U(x) < p}, Vo elp oy

EcC 925 ccVicV, ccul = 925 cc B(E).
m M
The next lemma follows directly from Theorem 3.2.
Lemma 4.2. Let {u.} be the stationary measures corresponding to
{Lc} in U. Then the following hold for each § € (0, é,].

(1) If € is a maximal attractor, then

_ V’S(pfg,‘sn)
U\ 22) < ¢ Tk

Vp € ol piy)
for all € € (0, €], where

2
H(p1. p2) = |Al, VUl

8 8 8
25,\2,) 25,\25,)

for all pb, < p1 < p2 < pjy.
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(2) If € is a maximal repeller, then

_ ¥®(p=po)

e(§2,\ (820, )) < e <o),

Voo < po<p<py
(4.1)
for all € € (0, €°].

We now establish concentration estimates in B(&) \ & for
stationary measures {u.} corresponding to {£.} in &. Part (1) in
Theorem A follows from the following result.

Theorem 4.1. Let {u.} be the family of stationary measures
corresponding to {L.} in U. Then, for each § € (0, §*], there exists a
constant ¢® > 0 independent of € such that

55
nWV2 A\ V) <e 2, Vee(0,€] (4.2)

In particular, the following hold.

(1) For any Borel set W C C B(£)\&, there are constants w, €y, >
0 independent of € such that

neW)<e &, Ve e (0,epnl].

(2) Any limit measure p of {u.} as € — 0 satisfies w(B(E)\ &) =
0. In particular, if (1.1) is dissipative and £ is the global
attractor, then B(€) = U and p is concentrated on &.

Proof. Fix § € (0, §,]. First suppose £ is a maximal attractor.
Since £2°;, cC V?, we can find some py € (pS, pf;) such that

m
925 CC ), CC V2, which together with Lemma 4.2(1) lead to
m

P loo—ri)

2H3(ofy.po) |

(VoA VD) < pe(Ul) \9;30) <e - Ve € (0, €2].

Y (po— ,on})
Thus, (4.2) holds by setting c® = Ha(p o)

Now, suppose & is a maximal repeller. Since V), cc u! =

.(225 , we can find pj € (p5, pp) such that V¢, ccC (2‘3 cc u5
M

Setting po = Po and p = p°+pM in (4.1), we have

HVE AV < s, \(9% ') < ne 2%\ (23,))

Yo (o8~ po)

2623, oo+ M)

<e Ve e(O,ei].

Thus, (4.2) also holds in this case by setting ¢? = Mg"gﬁ.
29, S0
(1) Lemma 4.1 gives Vﬁfi \V* - V** \ V if0 <81 <8 <6,
and Useo,s,) (V2, \ V2) = B(€) \ €. Therefore, for each W cC
B(£)\ &, there is a 8y € (0, 8,] such that W C V¥ \ VW The
result follows.
(2) It is a simple consequence of (1). O

We end this section by establishing pointwise estimates. Part
(2) in Theorem A follows from the following result.

Theorem 4.2. Suppose da¥ is locally bounded. Let {u.}, with
densities {u.}, be the family of stationary measures corresponding
to {Lc} in U. Then, for any W CC B(E) \ &, there are constants
w, €y > 0 independent of € such that

u.(x) < efe%, Vxew, € € (0, epn]. (4.3)
Proof. Letr, > 0 be such that 2 := W, C B(€)\ &, where W, is
the r,-neighborhood of W. By Theorem 4.1(1), there are constants
Co, €o > 0 such that

)

ue(2)<e &, Vee(0eql (4.4)

Suppose (4.3) is not true. Then there are sequences {¢;} and
{xx} € W with ¢, — 0 as k — oo, and x, — X, as k — oo for
some X, € W such that

_2
Ue, (x¢) > € 2 Vk.
Applying Proposition 2.4 in £2, we have

Q C1(e.2)R
supu, < G, HETT @)y
BR(x) Bg(x)
where Cp = Cp(£2) > 1 and Cy(e, £2) = 2n [62 supg, |0A| + supg,
|[V]]. Setting x = x, R = e,f and € = ¢, in the above inequality,
we have

r
Vx e w, R<Z*, € €(0, €],

A(£2) | Cqleg.2)

< COA 2) T M)

sup e, k> 1.

BEZ(Xk)
k

inf u,,
B 2(Xk)

Since 9a’ is locally bounded, there is a constant C > 0 indepen-
dent of k, such that

sup u,, <C inf u,, k> 1
B z(xk) B z(Xk
It follows that
1B (%)l
ey (B () = / g (X)x > Sup 1,
B 5 () SR TN
_2
> Cref'e 2 Wk>» 1,

where C; is independent of k.
Since Be,z(xk) C £2 for all k > 1, we have

_t2

2
Mek(Beﬁ(xk)) <ue(2)<e %, Vkx>1.

_Q CQ

As C1ez"e 2 > e % fork > 1, we deduce a contradiction. This
completes the proof. O

5. Quantitative stabilization/de-stabilization of local attrac-
tors/repellers

Let Jo (resp. Rg) be a local attractor (resp. local repeller) of
(1.1). The purpose of this section is to quantify the stochastic
stabilization of 7y (resp. stochastic de-stabilization of Ry). More
prec1se Ty we characterize multiplicative noise coefficients G or
A= 2 so that stationary measures {u.} corresponding to {£.}
in ¢/ tend to concentrate on Jy (resp. off B(Rg)) as € — 0.

We prove the following two theorems from which parts (3),
(4) of Theorem A follow.

Theorem 5.1. Suppose (1.1) is dissipative and let J, be a local
attractor of (1.1). Then, there exists a G € W,};Cp(u, R™™) such that
the following holds for the corresponding stationary measures {jt¢}:
For any Borel set Uy CC U \ Jo, there are constants up, g > 0
independent of € such that

U

pe(llg) < e €,

Consequently, any limit measure u of {u.} as € — 0 satisfies
wU\ Jo) = 0, that is, u is concentrated on the local attractor Jy.

Ve € (0, €].

Theorem 5.2. Let Rg be a local repeller. Then, there exists a G €
W,l’cp (U, R™™) such that the following holds for the corresponding
stationary measures {u.}: For any given Borel set Uy CC B(Ro),
there are constants ug, €g > 0 independent of € such that

U

pe(llg) <e &, Ve €(0, &].
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Consequently, any limit measure u of {u.} as € — 0 satisfies
W(B(Rp)) = 0, that is, u is concentrated away from the local repeller

Ro.
= [ laix)P.
i

For any bounded open set £2 C U, we let A(£2) = inf, A and
A($2) = sup, A

For each x € U/, denote

_ £TAE
gerM\(0)  |£|2

Proof of Theorem 5.1. The proof consists of four steps. In Step
1, Step 2 and Step 3 below, we establish estimates for {u.} on
U\ J for any given Gor A = = € W,OC”(U, GL(n, R)). Based on
these estimates, we are able to characterlze a special G or A in
Step 4 to satisfy desired properties stated in the theorem. Let 7
be the global attractor.

Step 1 Applying Theorem 4.1 to 7, we find that for any Borel set
W CC B(J)\ J, there are constants w, €y, > 0 independent of
€ such that

ne(Ww) <e “a2 , Ve e(0,en]. (5.1)

Similarly, applying Theorem 4.1 to Jp, we find that for any
Borel set Wy CC B(J) \ Jo, there are constants wyg, €y, > 0
independent of € such that
ME(WO) < e_?,

Ve € (0, ey, . (5.2)

Step 2 We derive appropriate estimates for {u.} on a neighbor-
hood of 7 \ B(J). Firstly, for some fixed § € (0, §.], we apply
Lemmas 4.1 and 4.2(1) to Jp to obtain the sets

Jo C 2y, CC Vi C Vi CC Uy = 2, CC B(p),

and the estimates

_ ¥(p—pm)
Me(Us \ 2,) <& Hlpm.p)

Vo € [om, om)

_ _ 2
for all € € (0, €,], where H(p1, foz) = |A|C(992\-0p1)|VU|C(§,,2\9,,1)
for all p, < p1 < p2 < pu. Fix some py € (om, pm) such that
£2,, CC 2, CC V4 and

_ _v(pg—pm)
Me(u* \ ‘Qﬂo) <e <*Hlpm.p0) B

Ve € (0, €,]. (5.3)

Next, we fix an open, bounded and connected neighborhood
N of 7, and set N := N U V,,, which is open, bounded and
connected. The connectedness follows from the facts that both A/
and V,, are connected and their intersection is nonempty. Clearly,
T\ B(Jo) C N\ V. We derive estimates for {ie} on A\ Vs,. As
£2,, CC Vi, there is a neighborhood £2 of N\ Vs, such that

2, N2 =0. (5.4)
Due to the compactness of ﬁ \ Vi, We can find N small balls
{Br(x)}}_, with radius R > 0 such that

N N
X € N\ Viw C N\ i | Brl) € | Bar(xe) € 2.

k=1 k=1
Denoted by, D;, j = 1,2,...,], where J is an integer between 1
and N, the components of UszlBR(xk). Since £2,; CC Vyy CC Uy,
we see Dj N (U \ 2,,,) # ¥, and hence, [D; N (U \ £2,) =
[D; N (U \ £2,,)] > 0, for each j. In fact, if there is jo such that
Dj, N (U, \5,,0) = {, then Dj, stays away from the boundary of
Vi, and hence, the set (M '\ V,..)ND;, contains no portion of dV..
Now, let x € (N'\ V)N Dj,. Since N is connected, there are point
Yy € 0V, and curve ¢y C N\ V,, connecting x and y. Note that

there must be a point z € ¢y, N dDj,. However, z ¢ U;D;, which
implies z ¢ N \ V.. This leads to a contradiction.

Let u. € Wloc (U) be the probability density of w.. Applying
Proposition 2.4 with b' = €23a’ — V' in each component of £
containing some D;, we have

A(R2) , C1(e,2)R
2 T2

sup u. < G, inf u.,
Br(xy) Br(xi)

where Co = Co(£2) > 1 and Cy(e, 2) = 2n [€? sup, [dA| + supy,
|V|]. It follows that for each j,

k=1,2,...,N,

A(R) | C1(e.2)R
N[MA’Z)Jr 20(R) }
supue < C,

by

infu,.
D;

For each j, using (5.3), we have

_ v(pg—pm)

2H(pm,po)
. . Halth\ 25,) e omso
infuc. < inf allhe \ 25,

Dj Djﬁ(b{*\ﬂpo) - |D] m (u* \ on)l - |D] m (u* \ on)' '
Ve € (0, €].
Hence, for any € € (0, €],
J J
N\ Vi) < Z )< ) IDjlsupu
j=1 j=1 D;
A2) C1(€'9)R] _ vlpg—pm)
< CZCO |:/\(Q 21(8) e eZH(pm,po), (5'5)

D
where G, = ijl m.

Step 3 For any Borel set Uy CC U \ Jy, we can find connected
open sets W CC © \ J and Wy CC B(J) \ Jo such that
Uy C WU Wy U (N \ Vi) Applying (5.1), (5.2) and (5.5), we
have

Ly w2 e
Reto) <e 2 +e & + GG, e <“Hlemro),
Ve € (0, €], (5.6)
where € = minfeyy, €y, €, 1}.

N[A 2) Cl(e,Q)R]
Step 4 We note that the term C,
_ v(pg—pm)

while the term e <*Hm-0) depends on A in 2, \ £2,,,. Moreover,
2 and 2, \ £2,,, are disjoint due to (5.4).

We now specify particular A’s to finish the proof. We take
A:U — R™" to be C! and pointwise positive definite. To control
Ci(e, £2), we require A to satisfy

depends on A in §2,

sup |0A| < 1 (5.7)
2

so that Cy(e, £2) < 2n(1+ supg, |[V])forall 0 < € < 1.
It remains to control the term

NC1(€ 2)R v(pg—pm) NC1(e,2)RInCy _ ¥(pg—pm)
CO 2x2) e " 2H(pm, ) = e 20(R2) e sz(Pmﬁo)'

The equivalence of matrix norms ensures the existence of a
constant C3 > 0 such that

_ _ 2
H(pm» /00) - |A|C(QPO\9/Jm)|VU|C(§pO\me)

< GA(R2), \me)wuﬁ(ﬁm\:zpm)'

Setting C4, = NCi(¢,2)RInCy < NRInCy and G =
71’(’2’0 £m) we have

GIv |c (29 \2pm)

NG(&2R  y(pg—pm)
C, ENRD) 5~ 2Hlom o) < exp” Cs B Gs

1
M2) AR, \%)] ez}
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Now, we further require A to satisfy

Gt Cs SR S
ML) AR\ 2,,) ~  AMR)

A($2) - Ci+1
A(ﬁpo \‘Qﬂm) -G .
Note that conditions (5.7) and (5.8) can be satisfied simultane-

NG (e 2R y(pg—pm)
i) e €2H(pm.pg)

(5.8)

ously as £2 and 2, \ £2,,, are disjoint. Thus, C,
1

< e_ ez}»(.Q) .
NA 2

To finish the proof, we set Cs := G,C,

. Then (5.6) reads

w _ o 1
Ue(Uo) <e & +e &

+ e <&@, Ve € (0, €,

This completes the proof. O

Proof of Theorem 5.2. The proof also consists of four steps
similar to that of Theorem 5.1.

Step 1 Applying Theorem 4.1 to Ry, we find that for any Borel set
W CC B(Ro) \ Ro, there are constants w > 0 and €y, > 0 such
that

ne(W) < e, Vee (0, ew]. (5.9)

Step 2 To estimates {u.} in a neighborhood of R, we first apply
Lemmas 4.1 and 4.2(2) to Ry with respect to some fixed § €
(0, 8,] to obtain the estimates

_ vlp=po)

(200 \ 825, ) < € FHO00) | Vpu < po < p < py

— _ 2
for all € € (0, €,], where H(p1, p.z) = |A|C(Q/)2\Qm)|VU|C(§/)2\QM)
for all p, < p1 < p2 < pum. Fix some py € (pm, pm) and set
p = 222 Then £2,, CC £2,, and

v(oM—ro)
Pot+PM )

1e(2p9 \ 25) < € 2005

Ve € (0, €]. (5.10)

Note that §2,, is open, bounded and connected, and Ry C
£2,,. Let 2 C £2,, be an open and connected neighborhood of

£2,,,- Then

LNUN\R2,)=0. (5.11)

Let {BR(xk)}f:1 be N small balls with radius R > 0 such that

N N

X € 20 C 2, € | Brlx) € | Barlxe) € 2.
k=1 k=1
Clearly, D := UﬁleR(xk) is connected and |D N (£2,, \ £2; )| > 0.
Let u. € W,l’f (U) be the probability density of .. Arguing as
in Step 2 in the proof of Theorem 5.1 and using (5.11), we arrive

at
N[ (m+cl<e,mR} ~ vlem—ro)
M) T e2ne) e ZGZH(I)OleOJ;ﬂM)’

Me(gpm) = ME(D) = CZCO
Ve € (0, €],

(5.12)

where Cp = Co(£2) > 1, Cy(e, 2) = 2n [€? supg, |9A| + supy, [V|]
—___ b

and G, = DA\ T .

Step 3 For any Borel set 4y CC B(Rg), we can find connected

open sets W CC B(Ryp) \ Ro such that iy C WU £2,,,. Applying

(5.9) and (5.12), we have

NI:A((Q)) q(@R] _ ylom—ro)
_w A($2 20 2 rotPm
(o) < e 2 +CC, HD I 20T Ve € (0, €],

where €y = min{ey, €, 1}.

N|:A(9)+ Cl(e)R:|

M)

Step 4 Note that C,
v(pM—ro)

) Po+oM .=
2¢?H(po. =57) depends on A in £2 py+oy \ £2,,- Moreover, 2 and
2

depends on A in £2, while

e

Q2 notou \ £2,, are disjoint due to (5.11). We can now characterize

spec12a1 A’s as in Step 4 of the proof of Theorem 5.1 to satisfy the
desired properties stated in the theorem. O

6. Entropy estimates and entropy-dimension inequalities

Throughout this section, we assume that there is a uniform
Lyapunov function in ¢/, with essential upper bound py, essen-
tial lower bound p;, and Lyapunov constant y, with respect to
{Le}ee(o,¢) for some 0 < €9 <« 1. Let 7 be the global attractor
of (1.1), and {u.}, with densities {u.}, be the stationary measures
corresponding to {£.} in U.

The purpose of this section is to apply measure estimates
established in Section 4 to study the differential entropy defined
in (1.7). In particular, we prove Theorems B and C. Before doing
so, we prove several lemmas.

Lemma 6.1. Let 2 C U be such that |2| € (0, c0). Then any
probability density function v : U — [0, co) satisfies

/vlnvdxz/vdx[lnf vdx—ln|.{2|].
fe) o) fe)

Proof. Set § = fg vdx and define the functional F(u) =
f o UInudx. Minimizing F over all probability density functions u
on U subject to fg udx = §, we find from the Lagrange multiplier
that F is minimized at any uq satisfying uy = ﬁ on £2. Hence,

fQ vinvdx > F(up) =6 1In I?TI This completes the proof. O

Lemma 6.2. For any W CC U \ J, there are constants w, €, > 0
independent of € such that

—/ uc Inu.dx < (% +1n|W|) e €, Vee(0, el
) €

Proof. Applying Lemma 6.1, we have fw ue Inu.dx > |W|%

In “I‘(TV“’) By Theorem A(1), there are constants w, €, > 0 inde-
pendent of € such that

w

ne(W) <e 2, Ve e(0,¢l.
Making €, smaller if necessary, we may assume ﬁe_g < %
Since the function x — xInx is decreasing on (0, %), we have
w w 1 _w» w
He( )ln me(W) > ¢ & (——2—1n|W|).
Wi Wi Wi €

The result follows readily. O

The following result gives measure estimates on exterior do-
mains.

Lemma 6.3. For any open set N such that 7 C N CC U, there
are constants c, €, > 0 independent of € such that

HeU\N)<e &, Vee(0,¢,].
Proof. In the presence of the uniform Lyapunov function, we
apply Proposition 2.3(1) to find in particular p.(Uf \ £2,,) =<

r 1
e~ Im 70 for some fixed oo € (om, pv) and all sufficiently
small €.

Let W CC U \ J be an open set such that / \ N C WU
(U \ £2,). The lemma then follows from a simple application of
Theorem A(1) to w. O
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We are ready to prove Theorem B.

Proof of Theorem B. (1) We first claim that for each o € (0, 1),
hy,(¢)—> 0 as € — 0.

In fact, if there is a sequence {¢,} with ¢, — 0 as n — oo such

that liminf,_,» hs(€;) > h for some h > 0, then p, (U \ Jy) >

Men(U\ Thy(eny) = 1 — o for all n > 1. However, Lemma 6.3 says

that p, (U \ Jn) — 0 as n — oo, which leads to a contradiction.
By Lemma 6.1, we have

/ U Inuedx > pe(Thy o) [In se(Thy () — I | Ty ()] ]
Th (e)
=0 [Ino —In|Jh, @] (6.1)

Since |Jn, ()l = 0 as € — 0, the first inequality in the statement
follows.

Let A/ be as in the statement. For 0 < ¢ <« 1, we have from
(6.1) and Lemma 6.1 that

/ U, lnugdx:/ uelnuedx—i-/
N Ih,

M\The (€)
>0 [Ino —1In|Th, 0)l] + W\ Thy ()
X [In (N \ Thg(e)) = IN N\ Tyl -
Since |V \ Jh, ()]l = [N] as e — 0 and
e\ Thy(e) = eNV) — e Tn(e))
=uN)—oc —>1—0 as

ue Inu.dx

o (€)

€ — 0,

we deduce the second inequality in the statement.

(2) Let V' be as in the statement. For 0 < h <« 1, we write
N = JyU(N\ Jn). By Lemmas 6.1 and 6.2, we find that for each
0 < h « 1, there are ¢, > 0 and ¢, > 0 such that

/uelnuedx:/ uelnuedx+/ ue Inu.dx
N Jh N\Th

> pe(Tn) [In pe( Tn)

h

C _a
~Inlgill = (5 + I\ gil)e
for all € € (0, €].
Due to Lemma 6.3, there holds u.(J,) — 1as e — 0, which
implies that

e—0

liminf[ uclnusdx > —In|7|, V0O<h<k1.
N

The result follows by setting h — 0.

(3) It follows from Lemmas 6.1, 6.3 and arguments as in the
proof of Lemma 6.2.

(4) We first prove the following claim: for any increasing
sequence {pn}nen, satisfying

Pn 1
liminf/ ——dt >0 and
Pn—1

Po = pm, lim p;, = py = o0,
n—oo neNg

inf |2 2, 1>1,

nEN0| Pn+1 \ ﬂn| =

there is €, € (0, &), depending on the sequence {p;}nen,, such
that

y Pn 1
u. Inu.dx > ——/ ——dt
L\Qpl Z {|: € Pn—1 H(t)

neN

_Y (pn 1
—In |~Qpn+1 \ ‘Qﬂn|:| e < fp”_l H([)dt} (6.2)

for all € € (0, €,].

Clearly, U is a Lyapunov function in ¢ of (1.1). In particular,
VU #0onU\ £2,,. Let {ps}nen, be an increasing sequence as in
the statement of the claim. It is easy to see that for each n € N,
the uniform Lyapunov function U, restricted to £2,, ,,, can be
considered as a uniform Lyapunov function in §2,, ,, with respect
t0 {Lc}ee(0,¢o) With essential domain 2, ,\§2,, _,, essential upper
bound p;,,1, essential lower bound p,_; and Lyapunov constant

. He ‘Qpn+1 . . . .
y. Since @iy is a stationary measure corresponding to £, in
€ n+ . .
£2,,,1» we apply Proposition 2.3(1) to find in particular

—L I -2 e st
e 2oy \ £2p,) <€ 2 m HOTy (2, ) <e -1 HOT

By the choice of the sequence {p;}nen,, We can ensure that

1 2 1
sup [e Z om0
nen L1921\ $25,] e

for all sufficiently small €. Applications of Lemma 6.1 and argu-
ments as in the proof of Lemma 6.2 then yield that

Pn 1
/ ue Inudx > —12/ ——dt —In[2,, ., \ £2,,]
2y 1\2on € Jpna H(t)

X eielz 5?—1 %dt
for all n € N and all sufficiently small €. Summarizing the above
inequalities over n € N leads to the claim.

Fix £ > 0. We choose a special sequence {pn}nen, as follows:
let po = pm and p1 = po + 1. Forn = 1, 2, ..., we recursively
define p,,1 to be the smallest number such that
Pn+1 1

—dt >

> 1,
Pn+1 = Pn + /p H)

n

c
:=max{21p,fl+1,n+1} and |2, \ 2, > 1.

Since the function x — —xe™* is increasing on (1, o), we have

) A P TS
€ Pn—1 H(t)

neN

O Yl
ZZ R An Wl PO
E2

neN

for all small . Since In |2, \ £2,,| < In|2, | < Czp,fﬁﬂ, we
have

,szﬂn ng)dt
0,
E —lnl.Qan\Qpnlxe €2 Pn—1

neN

A 7V°‘n2+1 )
> E _Czpn+1e € > —€

neN

for all small €. Applying (6.2), we arrive at

f U Inuedx > —et (6.3)
UN\2pm+1

for all small €.

To finish the proof, let A" be as in the statement and choose
an open set W CC U \ J such that N C WU £2,,,4+1. Applying
Lemma 6.2 to fw U Inu.dx, we conclude the result from (6.3).

(5) It follows from arguments as in the proof of (4). O

It remains to prove Theorem C.
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Proof of Theorem C. Let N be an open set such that 7 C N CC
U. For each o € (0, 1), we have

Hlul _fjha(e) Uuc Inucdx _fN\jhg(e) ue Inu.dx
Inhy(e) Inh,(€) Inhy ()
Inh,(e)

for all small € > 0.

Theorem B(1) and lim inf,_, o+ 217l

= n — d ensure that

Inh
— u. Inu.dx
: Thg(e) €€
liminf
PN In h,(€)
-/ ue Inuedx |
—liminf| e Il g
e—0 ln|:7ha(e)| Inh,(€)

By Lemma 6.1, we have
/ Ue Inucdx > (N \ Jhy(e))
N\Thg (e)

X [N (N Ty () = IN TN\ Ty o)l]
> [1eN) = te(Tny(e))]
x {10 [1e(W) = pe(Thy )] = In IV}
= [ueW) —ol{In[ue(NV) — o] = In|N]}.
As lim¢_ o ue(N) = 1 due (3) to Lemma 6.3, we conclude that
liminf _ fN\J""(‘) HeIn tede

=0.
e—0 Inh,(€)

Whenever the assumptions in Theorem B(3), (4) or (5) are
satisfied, the results of Theorem B(3), (4) or (5) yield

— fM\N ue Inudx
liminf ————— =
€e—0 In ha(E)
This completes the proof. O
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