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Abstract

The present paper is devoted to the investigation of an important family of absorbed
singular diffusion processes exhibiting long transient dynamics, namely, interesting
and important dynamical behaviours over long but finite time scales. We explore the
multiscale dynamics by establishing the asymptotic distribution of the normalized
extinction time, the asymptotic reciprocal relationship between the mean extinction
time and the principal eigenvalue of the generator, and a sophisticated multiscale
estimate of solutions. While information about the extinction time and mean extinc-
tion time uncovers fundamental principles quantifying in particular the lifespan of
interesting dynamical behaviours combined and its natural connection with the prin-
cipal eigenvalue, the multiscale estimate characterizes the dynamics over different
time scales. These are achieved by examining quasi-stationary distributions (QSDs)
that govern the dynamics before the eventual absorption happens, and establishing
the powerful sub-exponential large deviation principle (LDP) for QSDs, which deter-
mines the quasi-potential function and prefactor in the WKB expansion, and therefore,
provides very fine asymptotic or concentration properties of QSDs. To the best of our
knowledge, this is the first time that the sub-exponential LDP for QSDs is established
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for absorbed singular diffusion processes. Our approach is analytic and elementary.
As byproducts or consequences, new results about QSDs near the absorbing state and
infinity, the sub-exponential asymptotic of the principal eigenvalue, and the asymptotic
of the principal eigenfunction are obtained. The sub-exponential LDP for QSDs is of
independent interest and expected to have more far-reaching consequences. Applica-
tions to logistic diffusion processes arising from chemical reactions and population
dynamics are discussed. In particular, Keizer’s paradox concerning the long-term
dynamical disagreement between a deterministic model and its stochastic counter-
part, and diffusion approximation of QSDs are rigorously justified.
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expansion - Viscosity solution - Eigenfunction asymptotic - Transient dynamics -
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1 Introduction

A large number of experimental and numerical evidences show that complex processes
in biology, chemistry, fluids, etc. often exhibit transient dynamics, namely, intriguing
and important dynamical behaviours over a relatively long but finite time period. For
instance, species in a community usually coexist for a long period that may span
dozens or even hundreds of generations before the extinction of at least one species
(seee.g.[37,38,67]).Inaclosed chemical reaction system, chemical oscillations could
last for a long period before the system eventually relaxes to the thermal equilibrium
due to the inevitable heat dissipation (see e.g. [69, 78]). In an open flow, transiently
chaotic advective dynamics can be generated to impact the spreading of pollutants, the
population dynamics of plankton and larvae, biological and chemical reactions and so
on (see e.g. [50, 74]). In the dynamics of decision making, the course of thinking or
discussion could be complex and last for a long period before a decision is reached
(see e.g. [26, 73, 74]). The treatment of such dynamical behaviours is out of the scope
of traditional dynamical system theories focusing on long-term dynamics. Addressing
long but finite-time dynamical behaviors, transient dynamics has demonstrated its
significance in many scientific areas and been attracting an increasing amount of
attention. Given more and more results from experiments and numerical studies (see
e.g. [38, 50, 65]), rigorous mathematical frameworks are expected to classify transient
dynamics of different mechanisms and further stimulate the investigation towards a
better understanding of transient dynamics.

In the present paper, we continue to study the transient dynamics and related prop-
erties of a family of absorbed singular diffusion processes arising from chemical
reactions and population dynamics initiated in the works [45, 70]. More precisely, we
consider the following randomly perturbed dynamical systems:

dx = b(x)dt + ev/Ja(x)dW;, x €10, 00), (1.1)

where 0 < € < 1isaparameter, b : [0, c0) = R, a : [0, c0) — [0, co) and W, is the
standard one-dimensional Wiener process on some probability space. The equation
(1.1) is often derived as the diffusion approximation [49] of re-scaled birth-and-death
processes modelling the evolution of some species in a community or some type of
molecules in a chemical reaction system (see e.g. [3, 27, 47]). The reader is referred
to Subsections 6.1 and 6.2 for a brief exposition. In this circumstance, the unperturbed
ordinary differential equation (ODE)

x =b(x), x €]0,00) (1.2)

is the classical mean-field approximation [48] and the small noise € /a(x) W; is often
interpreted as the demographic or internal noise.

We make the following standard assumptions on the coefficients a and b throughout
this paper.

(H) The functions b : [0,00) — R and a : [0, o0) — [0, co) satisfy the following
conditions:
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670 W. Qietal.

(1) b e C'([0, 00)) N C%((0, 0)), b(0) = 0, b'(0) > 0, and lim sup,_, ., b(x) <
0;
(2) a € C%([0, 00)) N C3((0, 00)), a(0) = 0, a’(0) > 0, and a > 0 on (0, 00);

) b2 ) , ’ , " ,b/
) lime oo £ = o, lim sup, o, P O LY ]

is m > 0 such that |b(x)‘ <\fy st| for x > 1.

< 00, and there

(H) (1) says that b is a logistlc—type growth rate function that plays important roles in
especially biological and ecological applications. (H)(2) assumes that a is degenerate
at 0 and behaves like a’(0)x near 0. In particular, \/a vanishes and is singular at
0, causing the non-integrability of the Gibbs density near O that leads to substantial
difficulties in the analysis of (1.1). The assumptions lim sup,._, ., b(x) < 0 in (H)(1)
b-(x

<(x>) -
in (H)(3) restricting the behaviours of a, b and the ratio Z near oo are mild technical
assumptions, and they are sufficiently general for applications (see Sect.6). For the
time being, it is beneficial to keep in mind the typical example:

and limy_ o oo in (H)(3) ensure the d1551pat1v1ty of (1.1). Other conditions

dx = x(1 — x)dt + e/xdW;, x €0, 00),

and to point out that (1.1) has two unpleasant features: (i) the vector field vanishes on
the boundary, and (ii) the noise is degenerate, that are often kept away from in the study
of randomly perturbed dynamical systems and known to cause essential difficulties in
the analysis.

1.1 Quasi-stationary distributions

Let X be the stochastic process on [0, co) generated by solutions of (1.1). For singu-
lar diffusion processes like (1.1), the strong uniqueness is ensured by the well-known
Yamada-Watanabe theory [79, 80]. Clearly, O is an absorbing state of X{, and is often
called the extinction state in especially biology and ecology. Under (H), sample paths
or trajectories of X{ reach the extinction state 0 in finite time almost surely [10, 44].
This is mainly due to the demographic noise, which drives a species to extinction when
its density becomes low. Therefore, the long-term behavior of X tells nothing inter-
esting, driving us to look at the dynamics of X7 before hitting 0. Since the ODE (1.2)
may contain multiple (local) attractors in (0, co), the sample path large deviation prin-
ciple (LDP) [31] indicates with probability almost one that trajectories of X; sojourn
around these attractors for a long period before going to extinction, demonstrating fas-
cinating transient dynamics. As in [45, 70], we adopt a distribution/observable-based
viewpoint and use quasi-stationary distributions (QSDs) (see e.g. [18, 62]), being ini-
tial distributions on (0, oo) such that X; conditioned on the non-extinction or survival
up to time ¢ is independent of ¢t > 0, to capture the transient dynamics of X;.

We mention that the theory of QSDs for absorbed Markov processes has a long
history [68] and finds numerous applications in especially population biology and
chemical reactions (see e.g. [18, 22, 62]). However, even for one-dimensional absorbed
singular diffusion processes like (1.1), the fundamental theory (i.e., the existence and
uniqueness of QSDs and the exponential convergence to QSDs) is only developed
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Large deviation principle for quasi-stationary distributions... 671

recently in the breakthrough [10] and subsequent works [40, 56, 66]. We refer the
reader to [11, 14-16, 30, 35, 41] and references therein for significant developments
in higher dimensions.

Denote by 7 the extinction time of X7, namely, the first time that X; hits 0. More
precisely,

Ts =inf {t > 0: X{ =0}.

Then, ]P’;[TOE < oo] = 1 as mentioned above (see also [44, Chapter VI, Section 3]),
where IP{; denotes the law of X7 with initial distribution x. The expectation associated
with P}, is written as Ef,. When p = §y is the Dirac measure at x, we simply write
P§ and Ef as P and ES, respectively.

Definition 1.1 (Quasi-stationary distribution) A Borel probability measure . on
(0, oo) is called a quasi-stationary distribution (QSD) of X7 if

PS [Xf € Blt < Tg] = ne(B), Vi =0, BeB((0,00)),

where B((0, 00)) is the Borel o -algebra of (0, 00).

It is known from the general theory of QSDs (see e.g. [18, 62]) that if ue is a QSD
of X7, then there is a unique positive number A¢ 1 such that 7j ~ exp(A¢,1) provided
XS ~ Ie. For this reason, A 1 is often referred to as the extinction rate.

We state in Proposition 2.1 the existence of a unique QSD ¢ of X with a positive
and continuously differentiable density u.. Moreover, the associated extinction rate

Ae,11s exactly the principal or first eigenvalue of — L, where L. denotes an appropriate
closed extension of the generator or diffusion operator ¢ %aqﬁ” + bg’ of (1.1)

(see Subsections 2.1 and 6.1 for details). In addition, the density u, is a positive
and integrable eigenfunction of the Fokker-Planck operator ¢ +—> %(aq&)/ " — (bo)
associated with the eigenvalue —\. | (see (2.3)).

In previous works [45, 70], the authors study the tightness and rough concentration
estimates of {u.}¢, as well as the exponential asymptotic of the first two eigenvalues
of —L, in order to characterize the transient dynamics of X{. The main purpose of
the present paper is to investigate the multiscale dynamics of X; by establishing the
asymptotic distribution of the normalized extinction time, the asymptotic reciprocal
relationship between the mean extinction time E¢[7(5] and the principal eigenvalue
Ae,1, and a multiscale estimate of the dynamics of X;. While information about the
extinction time and mean extinction time uncovers fundamental principles quantifying
in particular the lifespan of interesting dynamical behaviours combined and its natural
connection with the principal eigenvalue, the multiscale estimate characterizes the
dynamics over different time scales. These are achieved mainly by establishing the
powerful sub-exponential LDP for the QSD g or its density u,, which captures very
fine asymptotic or concentration properties of (. as € — 0. That is, we rigorously
justify the Wentzel-Kramers-Brillouin (WKB) expansion (see e.g. [2, 34])

1 _2
e = —e €2U[R0+62R1+~-~—|—€2an+0(62")] in (0, 00) (1.3)

@ Springer



672 W. Qietal.

in the case n = 0, so that

R _2, .
Ue = —e € and R, = Rop+o(l) in (0, 00),
€a
where v is often called the quasi-potential function or rate function, and the sub-

exponential term f—; is often referred to as the prefactor in physics literature.

Determining the quasi-potential function v via studying the limit lim¢_,¢ % Inuc is
the purpose of the LDP. We point out that the WKB expansion (1.3) in the case n = 1
could fail (see Remark 1.1 (4) below for detailed comments). The sub-exponential
LDP for . or u. is of independent interest and expected to have more far-reaching
consequences. Not only do results proven in this paper greatly improve many of those
contained in [45, 70], but also they widely broaden the scope of the study.

We state our main results in the following Subsections 1.2—1.4. In Subsection 1.5,
we briefly discuss about their applications to logistic diffusion processes.

1.2 Large deviation principle for QSDs

Consider the potential function:

Vx) = —/X éds, x € (0, 00). (1.4)
0o a

We follow [60] to define valleys of V', which reveal certain geometric properties of V.

Definition 1.2 An open interval I C (0, 00) is called a valley (of V) if it is one of
the connected components of the sublevel set {x € (0, 00) : V(x) < p} and satisfies
V(dI) = p for some p € R. Wesay I C (0, 00) a d-valley if it is a valley of depth d,
namely, sup; V —inf; V =d.

Set
di:= sup [supV—-Vx)|=>0, (1.5)
x€(0,00) | (0,x)

which is the depth of the deepest valleys of V. Since V (04) = 0 and V (c0) = oo by
(H), there exist finitely many d;-valleys and no d-valley with depth d > d.

The LDP is proven when there exists a unique d;-valley, which is a generic case.
Recall that u. is the positive and continuously differentiable density of the unique
QSD e of X5.

Theorem A Assume (H) and the existence of a unique dy-valley («, B). Then,

2

€
lirrz) — Inue = —v locally uniformly in (0, 00),
€—>

where v is a locally Lipschitz viscosity solution of the following Hamilton-Jacobi
equation
"2 b ’ .
WY +-v"=0 in (0,00), (1.6)
a
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Fig. 1 Tllustration of a potential

function V and the associated dy — o l'//“
quasi-potential function v in the \\ / \ \\
casew > 0 4 /

/ \_/ y

&} / /

and is given as follows:

o ifa =0,thenv=d;+V;
e ifa > 0, then

di+Vx)—supV, xe€(0,«a],
v(x) = (0,x)
di+V(x)— V(), x € (o, 00).

Obviously, in the case of a unique d;-valley («, 8) with « > 0, the quasi-potential
function v obtained in Theorem A is not continuously differentiable everywhere and
could be non-differentiable at many points depending on the geometry of V on (0, «).
See Fig. 1 for an illustration of V and v in the case o > O.

We point out that the Hamilton-Jacobi equation (HJE) (1.6) admits infinitely many
locally Lipschitz viscosity solutions, giving rise to major difficulties in determining
the quasi-potential function v. It is the combined effect of the dynamics of (1.2)
and the noise that allows us to uniquely select the solution of (1.6), and therefore,
determine v.

It turns out that the quasi-potential function v is a Lyapunov function for (1.2) in
the sense of the following result.

Corollary A Assume (H) and the existence of a unique di-valley. Let v be the quasi-
potential function as in Theorem A. Then, for any solution x(t) of (1.2) with x(0) €
(0, 00), the function t +— v(x(t)) is non-increasing on [0, 00).

Proof As v is locally Lipschitz by Theorem A, so is v(x(¢)). It is known that
%v(x (1)) = v/ (x())x’(¢) for a.e. t € R with the understanding that v’ (x (¢))x’(t) = 0
when x'(¢) = 0 even if v is not differentiable at x(¢). It follows from the equations
satisfied by v and x(¢) that for 0 < t; < #p < o0,

I 1%

e Od =~ [ ato) [Vaan] <o

13|

v(x(12)) —v(x(1)) = /

1

completing the proof. O

Let v be as in Theorem A. To establish the sub-exponential asymptotic of u. as
€ — 0 (or to determine the prefactor in the WKB expansion of u.), we set

20
R, = cauce (L.7)
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674 W. Qietal.

and examine the asymptotic of R, as € — 0.
Assuming (H) and the existence of a unique d;-valley (¢, 8), we see that the set

M = {x € (o, B) : V(x) = min V}
(@,B)

is closed and contained in (¢, 8). Note that M is exactly the set of global minima
of V when o = 0, and it may not be when o > 0. For fixed 0 < 89 < 1 so that
M, :={x € (0,00) : d(x, M) < 8o} C (a, B), we set

-1
1 1 _2
M, = -/ —e Vx| . (1.8)
€ JMy, @

Clearly, by Laplace’s method and the expression of v given in Theorem A, the
asymptotic of M, is determined by V|4, and hence, is independent of the choice
of 0 < §p <« 1.

Throughout this paper, for positive numbers A, and B, indexed by €, we write

Ae ~e Be, Ae ,Se B and A, Ze B

if lime g— =1, limsup, % < 1 and lim infe_ % > 1, respectively.

Theorem B Assume (H) and the existence of a unique di-valley (a, B8).

(1) Ifa =0, then Re = Mc locally uniformly in (0, c0).
2) Ifa >0, V(a) > Vin(0,a) and b'(a) > 0, then

R M -V
?E R _ZV’(5+) n(a) locally uniformly in (0, xp),
M | =V Y2y
Re(x) ~¢ —e,/&/ eV Vg, x e [xo, ),
€ T 0
M,
., X =0,
Re(x) ~e 2

M¢ locally uniformly in x € («, 00),

where xo € (0, a] is the smallest positive zero of V.

To determine the asymptotic of M, and obtain finer results about the asymptotic of
R, we impose the following stronger but generic assumption on M. Denote by N the
set of positive integers.

(Hy) There are xq, ..., xy € (0, 00) for some N € N such that M = {x1, ..., xy}
and b'(x;) < Oforeachi € {1,..., N}.
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It says that V|, gy attains its minimal value at only finitely many points and they
are non-degenerate equilibria of (1.2). Whenever (Hy) is assumed, we denote

Mo e N 1 T
0= Za(xi) V7 (x;)

i=1

-1

Under (Hy ), we readily see from Laplace’s method that lim,_,y M, = M, leading to
the next result.

Corollary B Assume (H), the existence of a unique dy-valley (o, B) and (Hy ).

(D) Ifa =0, then lim¢_.g Re = My locally uniformly in (0, 00).
2) Ifa >0, V(a) > Vin(0,a) and b'(a) > 0, then

. Re Mo —V"(a) . .
lim — = — locally uniformly in (0, xo),
e—>0 € 2V'(0+4) b4
My |=V” Y2 y-
Re(x) ~e —0‘/&/ eV o0 Vg, x e [xo, ),
€ T 0
Moy
=«

limR.(x)=1{ 2° ’
€=>0 My locally uniformly in x € («, 00),

where xo € (0, o] is the smallest positive zero of V.

Remark 1.1 We make some comments about Theorem B (2) and Corollary B (2)
regarding additional assumptions and the asymptotic of R in (0, «).

(1) As (a, B) is the unique d;-valley, there must hold that V(«) > V in (0, o) with
strict inequality in (0, §) for some § € (0, @). If there is x, € (0, @) such that
V(x) = V(x4), we need to impose additional conditions on V at such a x,. in order
to determine the asymptotic. While it is certainly doable, the statement would be
messy. That is why we assume V («) > V in (0, ).

(2) The condition »'(«) > 0 1is not a strong restriction, and can be replaced by a higher
order derivative condition at « if @ and b, so V, have enough differentiability near
o.

(3) Notethat V(o) > 0. When xo = « (if and only if V («) = 0), the asymptotic of R,
as € — 0 is explicitly characterized. When xo < « (if and only if V(o) > 0), itis
theoretically possible to establish the explicit asymptotic of R (x) for x € [xg, o)

by means of Laplace’s method. But, it is hard to state the result in a concise way

21y s
because the asymptotic of [; e V=00 V14 for x € [xo, @) depends heavily

on the geometry of V on [xp, ). As the explicit asymptotic is not of much use,
we do not pursue here.

(4) Setting R% = —%,/ _V;T/(a) , we see that R, = GR% + o(¢€) in (0, xp), where
o(e) is locally uniformly in (0, xg). Therefore,

I _2, .
Ue = —e € [eRl +0(e)] in (0, xp),
€ea 2
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676 W. Qietal.

giving the “half-order" WKB expansion of u., and hence, saying in particular the
failure of the first-order WKB expansion of u. (i.e., (1.3) in the case n = 1) in

(0, x0).

It should be pointed out that establishing the sub-exponential LDP for stationary
distributions or QSDs is generally a very challenging problem as it relies heavily on
the dynamical structure of the unperturbed system, and the mathematical treatment
often needs to solve badly behaved Hamilton-Jacobi equations (HJEs) and singularly
perturbed equations. To be more specific and for clarity, let f be a smooth vector field
on an open domain 2/ C RY generating the flow ¢’ and consider

dx = f(x)dt +edW, in U. (1.9

Suppose u. is the smooth density of a stationary distribution or QSD in ¥/ of (1.9).
Then, there is A > 0 such that

2
%Aue V- (fue) = —heue in U. (1.10)

Assume further that I/ is contained in the basin of attraction of a normally hyperbolic
and attractive compact invariant manifold M of ¢’ with dimension m < d — 1. Then,

_x
Ae = o(e ¢*) for some y > 0. We look for v (the quasi-potential function) and R,

2
such that u, = ffm e <"and R, = O(1). Inserting this ansatz into (1.10), we find

that v satisfies the HJE

Vo> + f-Vv=0, (1.11)
and R solves the following singularly perturbed equation

62
?ARE—(f+2Vv)-VR€—(V-f—)\g—i—Av)Re=O. (1.12)

There are essential difficulties in solving (1.11) and (1.12).

(i) The quasi-potential function v, if exists, must be a viscosity solution of the HIE
(1.11), which however admits infinitely many viscosity solutions. Therefore, one
has to determine v from a different perspective. This often requires additional
dynamical assumptions on M, say, ¢’ being transitive and uniquely ergodic on
M.

(ii) Observe that v € C>(l{) is highly expected to studying R, but this is not the
case in general even if M is a singleton set (see [21]). The regularity in a small
neighborhood O of M is possible thanks to the dynamical structure of ¢’ in O.

(iii) Establishing R. = O(1) in O is greatly challenged by the sign-indefiniteness
of coefficients. In fact, under the additional dynamical assumption mentioned
in (i), Vv vanishes on M and Av only vanishes along M. Hence, components
of f 4+ 2Vv and the term V - f + Av are generally sign-indefinite, causing
substantial troubles in deriving uniform-in-¢ estimates for R..
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Large deviation principle for quasi-stationary distributions... 677

Given these difficulties, the sub-exponential LDP for stationary distributions or QSDs
is only known when ¢’ has very simple dynamics, saying that M is a linearly stable
equilibrium of the flow ¢’, and I/ is contained in the basin of attraction of M.

The situation is certainly much more complex if M is just a local or global attractor,
or the additive noise in (1.9) is replaced by a multiplicative noise that becomes degen-
erate and singular in part of 0. Unfortunately, we run into such issues. In fact, in our
case, M is just the global attractor of the unperturbed ODE (1.2) in (0, co) (gener-
ally consisting of equilibria and their connecting orbits) and the noise is singular and
degenerate at 0.

Now, we mention relevant works about the LDP for stationary distributions and
QSDs, and compare our approach with those contained in literature. For stationary
distributions of randomly perturbed dynamical systems of the form

dx = f(x)dt + eo(x)dW;, x € RY,

where the unperturbed ODE X = f(x) admits a non-degenerate globally asymptoti-
cally stable equilibrium and the diffusion matrix oo ' is uniformly positive definite,
the LDP as in Theorem A has been studied in [31, 72], the sub-exponential LDP as in
Theorem B has been established in [7, 21, 71], and the WKB asymptotic expansion in
a small neighbourhood of the equilibrium has been justified in [63, 64]. All of them
build on the sample path LDP due to Freidlin and Wentzell [31], except the work [7]
in which the authors tackle the problem from a control theoretic viewpoint and are
able to prove the LDP for vector fields admitting finitely many asymptotically stable
equilibria and no other w-limit sets. In [72], the author replaces the positive definite-
ness of oo | by some conditions on the controlled trajectories (see the condition (A4)
in [72, Theorem 1] for details), and therefore, are capable of treating some degenerate
cases. In [58], the authors study a family of continuous-time symmetric random walks
on the unit circle and establish the LDP for stationary distributions by means of the
Aubry-Mather theory (see e.g. [6, 29]).

As for the LDP for QSDs, there exist a few results [9, 12, 17, 60]. Consider the
following reversible diffusion processes or overdamped Langevin equation:

dx = =V f(x)dt +edW,, xeR?,

which is restricted on a smooth, open, bounded and connected domain €2 and killed

on its boundary 9€2. The density of the unique QSD is given by % in 2, where
Q PeVe
_2
Ve = ‘_;; and ¢, > 0 in Q is the principal eigenfunction of the generator
Joe € dx

and is normalized to satisfy fQ ¢>€2ygdx = 1. In [60], assuming the existence of a
unique deepest valley D contained in €2, the author shows by a functional analytic
approach that lim._,o ¢ = 1 locally uniformly in D, leading to the sub-exponential
LDP for the QSD in D. More precise asymptotic of the principal eigenfunction ¢
in a neighbourhood of a non-degenerate local minimal point of the potential function
f is obtained in [9] by a potential theoretic approach exploiting the deep connec-
tion between capacities and exit times. Our sub-exponential LDP for u. is relevant
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to the ones in [12, 17], where one-dimensional re-scaled absorbed birth-and-death
processes whose diffusion approximation has the form (1.1) are investigated. In [12],
the LDP for the QSD is established. The sub-exponential LDP is obtained in [17] only
when the mean field ODE has a unique asymptotically stable equilibrium. Both works
heavily use the recursive formula satisfied by the QSD. Therefore, not only can our
sub-exponential LDP for u. be regarded as an extension and improvement of those
contained in [12, 17] as we allow the ODE (1.2) to have multiple stable equilibria, but
also it can be seen as a global version of those contained in [60]. To the best of our
knowledge, this is the first time that the sub-exponential LDP for QSDs is established
for absorbed singular diffusion processes like (1.1).

Our two-step approach is different from those contained in literature. The first step
studying the vanishing viscosity limit of the logarithmic transform v, := — % In(au¢)
is somewhat standard. Establishing the local uniform boundedness of {v¢}¢ and {v_ ],
we find candidates for the quasi-potential function who are viscosity solutions of the
HIJE (1.6). Previous studies on the tightness and rough concentration estimates of QSDs
[70] give basic properties of the candidates (see Sect.3 for details). Due to the non-
uniqueness of viscosity solutions of (1.6) (although some properties of the candidates
have been established), an approach to the determination of the quasi-potential function
is needed. This is the purpose of the second step. In literature, methods based on the
Freidlin-Wentzell theory, control theory, Aubry-Mather theory, etc. have been used to
achieve this goal as mentioned earlier. However, none of them can be easily adapted
to treat out problem because we aim at establishing the sub-exponential LDP in the
whole half line (0, co), where the unperturbed ODE (1.2) could admit all types of
equilibria. We tackle the problem from a completely different perspective that takes
full advantage of the one-dimensional structure and avoids studying the singularly
perturbed equation (1.12). More precisely, exploring the properties of u, near O and
00, we are able to establish integral identities for u., v and v; (see Proposition 4.1
for details). Elementary analysis based on these identities and Laplace’s method then
allows us to establish the LDP as stated in Theorems A and B.

As byproducts of the proof and consequences of Theorems A and B, we obtain new
results about uniform-in-€ estimates of e or u. near 0 and oo, the sub-exponential
asymptotic of the principal eigenvalue A 1, and the asymptotic of the positive eigen-
function ¢¢ 1 of —L, corresponding to the principal eigenvalue A, | and satisfying the

2
. -2Zv. . .
normalization ||¢¢.1]| L2ub) = 1, where uf = %e <2 is the non-integrable Gibbs

density. Note from (2.2) and Proposition 2.1 that u. and ¢, | are related by

¢e,1u€G

B ||¢e,1||Ll(uEG)'

Ue

Theorem C Assume (H). The following hold.
(1) There exist L > 1, C > 0and 0 < €, < 1 such that

C Lo
ce A in (L, o0), Ve e (0,€),

a4

Ue <
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(2) Foreach0 < § < 1, thereare 0 < xs < 1 and 0 < €5 < 1 such that
24—
<uc<e 2 in (0.x5), Ve e (0.

(3) Suppose in addition the existence of a unique dy-valley («, B).

2
(i) Ifo =0, then ere e ~,

a

b\ Mc and
lirrb Pe.1ll1 Gy Pe.t = 1 locally uniformly in (0, 00).
€— €
2 "
(i) Ifa >0, V(@) > Vin (0,0) and b'(@) > 0, then he e 2"~ Me [=V(@)
and

0, wuniformly in x € (0, @) for each @ € (0, @),

9 'xza’

B[—

1m 1611 )1 () =
1, locally uniformly in x € (o, 00).

Corollary C Assume (H), the existence of a unique dy-valley (a, 8) and (Hy ).
2 /
) o =0, thentime e = K0,
2
@ Ifa > 0 V() > Vin (0,a) and b'(@) > 0, then lim_ghe e =

m _V//(a)
2V T

Conclusions like those in Theorems A, B and C (3) have fruitful and far-reaching
consequences, and have profound influences on the study of randomly perturbed
dynamical systems. For instance, in [21], the author used the sub-exponential LDP for
stationary measures to rigorously justify an important formula concerning the asymp-
totic exit distribution originally derived in [61]. In the works [23-25] (see [55] for
an exposition) studying exit events and the Eyring-Kramers formula on the basis of
QSDs for the overdamped Langevin equation, the sub-exponential asymptotic of the
principal eigenvalue plays a significant role in computing the asymptotic of transition
rates and determining the asymptotic exit distribution.

Here, we use them to establish the asymptotic distribution of the normalized extinc-
tion time, the asymptotic reciprocal relationship between the mean extinction time
E5[7;;]1 and the principal eigenvalue A 1, and the multiscale estimate of the dynamics
of X;. These results greatly benefit from the limit lime ¢ [|@e, 1| 1.1 (u?)(pé’ 1 in Theorem
C (3), which does not require (Hy ).

We introduce some notations that are frequently used in the sequel. Let P ((0, co))
be the set of Borel probability measures on (0, 00). In the case that («, ) is the unique
di-valley with « > 0, we set for u € P((0, 00)),

1
DPu = 5“({‘)‘}) + u((er, 00)).
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1.3 Asymptotic reciprocal relationship

We state results concerning the asymptotic distribution of the normalized extinction
time and the asymptotic reciprocal relationship between E¢[7;] and A¢ |, general-
izing respectively the fact that 7§ ~ exp(A 1) if X ~ ue, and its consequence
re B (T5]=1.

Theorem D Assume (H) and the existence of a unique di-valley (a, B). Let © €
P((0, 00)) have compact support in (0, 00).

M) If a = 0, then limeoP§[AenT5 > t] = e”! for all t > 0, and
lime—0 Ae 1EG[T5] = 1. In particular, lime_.o P, [JE;T[OET(;] > t] = e~ for all

t>0.
2) Ifa >0, V(a) > Vin (0,a) and b'(a) > 0, then lim_,q PZ[)\.EJTOE > t] =
pue” " forallt > 0, and lim¢_, Ae,lE;[TOE] = pyu. Inparticular, if p, > 0, then

. T§
lime—o P, | gpey > 1| = pue ! forail 1 > 0.
ime—o P | gy > pue forallt >

Theorem D shows that as ¢ — 0, the normalized extinction time ]E;T[—O;Oe] weakly
converges to an exponential random variable with parameter 1 when o = 0 and p,
when o > 0. It also uncovers a fundamental principle connecting the mean extinction
time ES[7(5] and the principal eigenvalue A¢ . One of its importance is that it allows
using information about one of them to analyze the other one. In particular, given
Theorem D and the asymptotic of A ; in Theorem C, we readily obtain the asymptotic
of E¢[T5 ] in terms of the quantity M. More precise asymptotic can be derived under

the additional assumption (Hy).

Corollary D Assume (H), the existence of a unique di-valley («, B) and (Hy ). Let
u € P((0, 00)) have compact support in (0, 00).

1) Ifa = 0, then ES[T] ~v £O) 54

(1) Ifa =0, then M[ ()]’\’E Mob/(O)es
24
7 a1

() Ifa >0, V(a) > Vin (0, ) and b'(a) > 0, then E [T§] ~ 21\% /%,(a)ee
provided p, > 0.

The mean extinction time E,[7;] is a special mean exit time, whose asymptotic
reciprocal relationship with the principal eigenvalue is widely acknowledged and
established in many situations (see e.g. [8, 9, 20, 39, 42, 53, 59, 61]). In [59, 61],
such a relationship is formally derived by means of the asymptotic expansion. The
first rigorous proof is provided in [20] dealing with randomly perturbed dynamical
systems exiting from a bounded domain containing a unique asymptotically stable
equilibrium. In the case that V has multiple wells, the mean extinction time is closely
related to the transition rate among local minima. The sub-exponential asymptotic of
the transition rate, often called the Eyring-Kramers formula (or law), and the principal
eigenvalue are proven for regular reversible diffusion processes in [8, 9, 39, 42, 53],
leading directly to their asymptotic reciprocal relationship. We refer the reader to sur-
veys [5, 55] for more details. Very recently, the Eyring-Kramers formula is justified
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in [51, 54, 57] for irreversible diffusion processes having the Gibbs measure as the
unique stationary measure, and in [52] for irreversible random walks in a potential
field.

1.4 Multiscale estimate

We introduce some notations before stating the multiscale estimate of the dynamics of
X;.Ford > 0, let N(d) be the number of d-valleys. It is easy to see that d — N(d)
is a non-negative, non-increasing and left-continuous function on (0, co). For each
i € N, we define

di :=inf{d >0: N() <i}. (1.13)

Since V(0+) = 0 and V'(x) > 0 for x > 1, for each i € N there always exists
d € (0, 0o) such that N(d) < i, and hence, d; is well-defined. Intuitively, d;, i € N
are the points where N (d) has jump discontinuities. This definition of d; coincides
with the one given in (1.5). Clearly, di > O and di > d» > d3 > --- > 0. Moreover,
if there is only one d-valley (the generic case that we focus on), then d; > d. It
is shown in Lemma 2.3 that d; is exactly the exponential asymptotic rate of the i-th
eigenvalue A ; of —L..

Our result regarding the multiscale estimate of the dynamics of X{ is stated as
follows. Denote by || - |7y the total variation distance.

Theorem E Assume (H) and the existence of a unique di-valley (a, B). If k € N is
such that dy > dy > --- > dr > diy1, then for each compact K C (0, 00), there
are positive constants y = y(k, K), C = C(k, K) and €, = €(k, K) such that the
following hold.

(D) Ifa =0, then

k k
PLIX[ € o] - [Z e (e i) e i + <1 =Y e, ae.i)) 50}

sup
neP((0,00)) i— i—
supp(n)CK i=l i=l v
L ekt
<ee TN Vt>2and 0 < € < €,
o0 .
where aci = (L, @ei)12,6)Pe,ir (s ei) = Jo oeidp satisfies supg_, .,
,G
[(, ote.i)| < C, and e is defined by djie;i = (ﬂd?+"€dx and satisfies
s Qe i Lz(ug)

SUP ¢ <, I[{ts @eidpteillTy < C. Moreover, pe.1 = e and lime (i, @ 1) =
1.

2) Ifa >0, V(a) > V in (0, a) and b'(a) > 0, then the same conclusion as in (1)
holds except lime_ (L, Qe,1) = pp-

Since di > d» under (H), we immediately have the following result that is of
particular interest.

Corollary E Assume (H) and the existence of a unique di-valley («, B). Then for each
compact K C (0, 00), there are positive constants y = y(K) and €, = €,(K) such
that the following hold.

@ Springer



682 W. Qietal.

(1) Ifa =0, then

sup [|PEIXS € o] — [e M, aei)pre + (1 — e (i, e 1)) So] 1,

neP((0,00))
supp(n)CK
%—Aewzt
< ee , YVt >2and 0 < € < €,
where a1 = |¢e,1ll1,6)Pe1 and (i, ae1) = Jo~ ae1dp satisfies lime_q
(m,ae 1) = 1.

2) Ifa >0and V(a) > V in (0, «) and b'(a) > 0, then the same conclusion as in
(1) holds except lime_o{it, 0te,1) = pp.

Remark 1.2 We make some comments about Theorem E and Corollary E.

e Theorem E builds on the eigenfunction expansion of the semigroup associated with
X before it reaches the extinction state O (see Lemma 2.1). The primary achieve-

. . . . X t . .
ments of this theorem include the tail estimate e<? <**'* uniform-in-e¢ bounds

of the coefficients (i, oc ;) and (u, o i) L i, and the limit lime_ o (L, o, 1), mak-
ing the dynamical estimate meaningful. To obtain these results, it is necessary to
extract information from the expansion and involved eigenfunctions, which only
have natural meanings in the weighted space Lz(ug). The degeneracy and singu-
larity of the noise results in the non-integrable singularity of the weight uf near
0, complicating the situation.

e We comment on the definition of j¢ ; fori > 2 in Theorem E. If (1, ¢¢ ;) L2@uf) #*
0, then p¢; is a signed measure satisfying pe ; ((0, 00)) = 1. Otherwise, we can
set [Le,; to be any fixed measure satisfying pe i ((0, 00)) = 1 since (u, ae i) = 0.
We choose to use ¢ ; for that the conclusion then quantifies at least formally the
total variation distance between ]P’;[X ¢ € o] and the convex combination of the
measures (e, 1 € {1,..., k} and &p.

e Lemma 2.3 and conditions in Theorem E ensure that the eigenvalues A¢;, i =
1,..., k are exponentially small, and A.; is exponentially smaller than A ;4
fori = 1, ..., k. The reciprocal of these eigenvalues gives rise to multiple time
scales, which together with the estimate established in Theorem E characterize the
multiscale dynamics of X{ governed by the measures ue i, i € {1, ..., k} and 8.

e The QSD i, plays a special role in characterizing the dynamics of X§. Whenever
involved (depending on the initial distribution in the case o« > 0), X7 spends most
of the time with it before reaching the extinction. The limiting behavior of a. |
(addressed in Theorem C) allows us to describe this in a more precise way as
follows:

— if ¢ is such that 7 > %, then ]P’Z[X,E c o] ~ &p;

— if 7 is such that ﬁ &t K 7, then P§[X{ € o] ~ u under conditions in
€, €.

a1’
(1), and P [X] € o] ~ pppc + (1 — pu) 80 under conditions in (2), that is,
the probability that X; experiences transient dynamics captured by 1. during

the period [ | 1

2hen’ el

] is approximately p,,.
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Itis interesting to see that under the conditions in Corollary E (2), the QSD 1, plays
no role in describing the dynamics of X if the initial distribution p is supported
in (0, @) so that p,, = 0. The reason is that trajectories are more likely to exit

from (0, «) through 0 instead of «, that is, llmeHOIP’ [ 0.0) = 0] = 1, where

T(% @) = =inf{t > 0: X{ ¢ (0, )} is the first time that X exits from (0, ), while
the QSD ¢ is mainly concentrated in a neighborhood of the set of global minima
of V|,p) (see Theorem A). This actually is a delicate issue when V() = 0
(= V(0+)), in which case, (0, ) is a valley. Exiting from (0, ) through 0 is then

a result of the fact that V/(0+) < 0 = V/(«).

Theorem E (1) or Corollary E (1) covers a fundamentally important case in biology
and ecology that b is a standard logistic growth rate function, namely, b(x) = b1x —
byx? for some by, by > 0. In this case, V is a single-well potential function with the
unique global minimal point non-degenerate, and the second eigenvalue A, » satisfies
lime_,0 A2 = by (see [45, Theorem B]). The solution X conditioned on survival
[t < T(f] converges exponentially fast with rate Ac 2 — A¢ 1 (R A 2) to the QSD pie
ast — oo. Therefore, X stays very close to u over a time scale that the conditioned
process has been staying with the QSD and most trajectories are alive. Such dynamics
with sharp time scales is stated in the next result for a vector field that is slightly more
general than the standard logistic growth rate function.

Recall that a function w : [0, c0) — [0, o0) is called a modulus of continuity if w
is increasing and continuous at 0 with w(0) = 0. For any x¢ € (0, 0o0), we denote by
w[xo] the set of all continuous functions f : [0, c0) — R having w as the modulus of
continuity at xo, namely, | f(x) — f(x0)| < w(|x — xg]|) for all x in a neighbourhood
of xg.

Theorem F Assume (H), {x € (0,00) : b(x) = 0} = {x4} and b'(xy) < O. Let
w : [0,00) — [0, 00) be a modulus of continuity. Then, for each compact K C
(0,00), M > 0 and sequences {t.}e, {te)e in (0, 00) satisfying t, < t¢ for each e,

2 "Xk b
d
lime0t, = 00 and lime_0 % ‘e 2o @™ =0, there holds

lim  sup sup sup
>0 5upp(u)CK 1, <t<r. fewlxy]
I flloo=M

BT [ fdue
0

We highlight that time scales t, and 7, appearing in Theorem F are sharp in the fol-
lowing sense. Since the spectral gap A¢ 2 — A 1 satisfies lime_0(Ac 2 —Ac,1) = b1 > 0
(see [45, Theorem B]), a time scale ¢, satisfying lim¢_,of, = o0is required to observe
the QSD p¢. Recall that A, | is the extinction rate and its remprocal —— is essentially
the mean extinction time (see Theorem D (1)). Under conditions on the vector field
b in Theorem F, we see from Corollary C (1) that A1 =~ ge 62 0 Zdy

C = b{g; — nb;f;z). If the time scale 7. is such that lim¢_.o7cAe = O (equivalent to

_2 (% b
lime—q fe 2 Jo" ads
X are alive by 7.

where

= 0 thanks to the asymptotic of A 1), then most trajectories of
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1.5 Applications

Results in Subsections 1.2—1.4 are applied to logistic diffusion processes:

dx = (bix — byx2)dt + evayx + axx2dW,, x € [0, 00), (1.14)

where 0 < € < 1 is a parameter, b, by and a; are positive constants, and ay > 0.
Such an equation arises for instance from chemical reactions and population dynamics
and can be derived as diffusion approximations of relevant birth-and-death processes
(BDPs). See Sect. 6 for details.

On the basis of Theorems A-F, we obtain in particular the following.

e The unique QSD of (1.14) tends to concentrate on the Dirac measure at 2—; as
€ — (0inaGaussian manner under both the total variation distance and Wasserstein
distances (see Theorem 6.1 (6)—(7)).

e As aforementioned, (1.14) can be derived as diffusion approximations of BDPs,
which however are valid only over finite time intervals in general. In order for the
validity over longer time intervals, it is necessary to verify the diffusion approx-
imation for special dynamical states, especially the QSD in the current context.
This is shown to be the case in Theorem 6.2 for a class of logistic BDPs.

e Weresolve Keizer’s paradox [46] regarding the long-term dynamical disagreement
between deterministic and stochastic models modelling the same process. In terms
of (1.14) and its unperturbed ODE x = bjx — byx2, we show their dynamical
agreement from observables’ point of view over a “maximal” time horizon. Details
are given in Remark 6.1.

1.6 Organization of the rest of the paper

The rest of the paper is organized as follows. In Sect.2, we collect some prelimi-
nary results, including diffusion approximations, spectral theory of L, Liouville-type
transform of £, and the resulting semi-classical Schrédinger operators, and concen-
tration estimates for QSDs. As mentioned earlier, our approach to establishing the
sub-exponential LDP for {j.} consists of two steps. The first step addressing the
vanishing viscosity limits of v, = —% In(au¢) is contained in Sect. 3. The second
step including proving the crucial integral identities for u., ve and v, and completing
the proof (of Theorems A, B and C) is presented in Sect.4. Section5 is devoted to
the multiscale dynamics of X{. In Subsection 5.1, we establish the asymptotic distri-
bution of the normalized extinction time and the asymptotic reciprocal relationship
between IEi[TOE ] and A¢ 1. In particular, we prove Theorem D. In Subsection 5.2, we
establish the multiscale estimate of the dynamics of X; and prove Theorems E and F.
Applications to logistic diffusion processes are discussed in Sect. 6.
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2 Preliminary

In this section, we recall and establish some preliminary results for later purposes.
We assume (H) throughout this section. Subsection 2.1 is devoted to the rigorous
formalism of the generator £, of X{, the spectral theory of L. and the stochastic
representation and dynamics of the semigroup generated by L. In Subsection 2.2, we
derive the Schrodinger operator that is unitarily equivalent to L. In Subsection 2.3,
we present basic results about QSDs of X including the existence and uniqueness,
previous concentration estimates away from oo and new ones near co.

2.1 Generator, spectral theory and dynamics

In this subsection, we discuss the spectral theory of the generator of X¢, and the
dynamics of the Markov semigroup associated with X7.

Consider the symmetric quadratic form & : C3°((0, 00)) x C3°((0,00)) — R
defined by

2

Eclp, ) = % fo a¢'y'uldx, V¢, ¥ € CF((0, 00)),

_2
f = %e 2V is the non-integrable Gibbs density and the potential function

V is defined in (1.4). That is, u? is the unique (up to constant multiplication) solution

where u

to %(au)/ — bu = 01in (0, 00). In particular, it solves the stationary Fokker—Planck
equation

2
7(au)” —(u) =0 in (0, 00).

The quadratic form & is Markovian and closable [32]. Its smallest closed exten-
sion, again denoted by &, is a Dirichlet form with domain D(&.) being the

closure of C§°((0, 00)) under the norm |$3, s, = ll¢l7, wg) T Ec($.¢), where

Lz(uf) = L2((O, 00), ufdx). Denote by L. the non-positive self-adjoint operator
in the weighted space Lz(ug) associated with &, such that

Ec(p V) = (—Led W) 1206). Y € D(Le), ¥ € D(Eo),

where
D(Lo) = {u e DE):3f € L2wf) st £, ) = (f.$) 1209, ¥ € D(E]
is the domain of L, and contained in particular in Lz(ug). Note that
&2
Lep = Sag" +b¢/ for ¢ € CG°((0,00).
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that is, L is a self-adjoint extension of the generator of (1.1).
We present the following results about the spectrum of —L, and the semigroup
generated by L.

Lemma 2.1 ([10, 45]) For each 0 < € < 1, the following hold.

1. —L, has purely discrete spectrum contained in (0, co) and listed as follows:
Ael <Aea <Ae3 < ---—> 00.

2. Each A ; is associated with a unique eigenfunction ¢ ; € D(L.) N L' &) N
C3((0, 00)) subject to the normalization ||¢€,i||Lz(uec) = 1. Moreover, ¢, is
positive on (0, 00).

3. The set {¢¢.;, i € N}is an orthonormal basis of Lz(ug).

4. L. generates a positive analytic semigroup (Pf);>o of contractions on L2(uf)
having the stochastic representation Pff = E{[f (Xf)]lt<T0€] for all f €
L2u8) N Cy([0, 00)) and ¢ > 0.

5. Foreachk e N, f € L>(uS) and t > 0,

k—1

PEf = Ze—)\e,,@f’ ¢e,i)L2(u§)¢€,i + PEOS f, 2.1

i=1
where Qj is the spectral projection of L. corresponding to the eigenvalues
{—Ae,j} j=k- Moreover,
||P'tE Qi”Lz(ug)—)Lz(Mg) S e_)\e'kt, t 2 0

6. For each f € Cp([0, 00)), the stochastic representation in (4) and (2.1) hold

pointwisely.

The next result concerning L> estimates of (P );>o is proven in [45].
Lemma 2.2 ([45, Lemma 6.1]) For each k € N, the following statements hold.
(1) There exists C > 0 such that for each 0 < € < 1,

v
2

atee

LY e

|PEQS f] < e K fllpaqey in (0,00), Vf e L*uf) and t > 1.

(2) There exists y > 0 such that for each 0 < € < 1,

V+

IPEQSf| <ate @ e || flls in (0,00), Vf € Cp(l0,00)) and t > 2.

The following result regarding the exponential asymptotic of the eigenvalues A, ;,
i € Nis proven in [45]. Recall from (1.13) the definition of d;, i € N.

Lemma 2.3 ([45, Theorem A]) For eachi € N, lim._, o+ % Inie; = —d;.
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We point out that the notations r;, i € N used in [45] correspond to 2d;, i € N used
in the present paper. Since d; > 0, Lemma 2.3 says that A, ; is exponentially small in
€.

2.2 Semi-classical Schrodinger operators

We derive the semi-classical Schrodinger operator that is unitarily equivalent to the
generator L. of X;. It plays important technical roles that we comment at the end of
this subsection.

Consider the transform y = &(x) = fg \/Ladz for x € (0, co). Assumptions on
a ensure that & > 0 on (0, 00) and £(0+) = 0. Set yoo := &(c0) € (0,00]. In
particular, £ : (0, 00) — (0, yso) is invertible. This transform converts the SDE (1.1)
to the following SDE with constant noise coefficient:

dy = —qe(y)dt +edW;, y €0, yo),

where gc = —(Lc£) o £71.

u8 (x)

Let vZ(y) = Ty = Va@uf (x) and set L*(v7) = L*((0, yoo), v dy).
Define

2 52
€~ d d .
Y= ?W—qe(y)a in L29).

It is not hard to check that U.L. = LY Ue, where U, : L>(uf) — L*(09), f +
f o &1 is a unitary transform. Consider the semi-classical Schrodinger operator

€2

Ls,zidz l 6152()’)_
€T 2dyr 2

q. (y)] in L*((0, yoo0))-

It is easy to verify that l}eﬁf = [:6505, where U, : L?(ve) — L2((0, Vo)) [ —
f \/E is a unitary transform. Hence, [76 ULc = Cf(je U, that is, L, is unitarily
equivalent to £5.

We include the following commutative diagram for readers’ convenience:

128 Y5 1208) Y5 1200, yoo))

L el

L2wS) 25 1208 L5 L2((0, yoo))

We mention that the rigorous definition of £ and Ef can be done using quadratic
forms as it is done for L, in Subsection 2.1.
Denote by V. the potential of the Schrodinger operator Ef , namely, V. =

2
1(4 1
3 (6—5 _qe>'
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Lemma 2.4 The following hold.
(1) There exist C1 > 0 and y1 € (0, yoo) such that

C 2
Ve = in (O,y], Y0<e< 1 and inf inf V. >0
&~ € (0,y1]
(2) For each y; € (0, yoo) with E~1(y2) > 1, there exists Co = Ca(y2) > 0 such
that

C b2 —1

Ve Z _22 Og 1 in [y29y00)9 VO<€<< 1'
€ aok~

(3) The family {Ve}e is uniformly lower bounded, that is, infe min(g y,) Ve > —o0.

Proof The proof of this lemma is given in [45, Lemma 2.2]. The only difference is
that in (2), we fixed a y, € (0, yoo) there, while we do not fix it here. ]

Remark 2.1 The semi-classical Schrodinger operator ﬁf plays important technical
roles. Due to its unitary equivalence to L, properties of L5 can be easily passed on
to that of L. These include in particular the following.

e In [10], the authors established the spectral theory of L. as stated in Lemma 2.1
(1)-(3) appealing to the well-known spectral theory of L‘f (see e.g. [4]).

e The semigroup estimates in Lemma 2.2 is established in [45, Lemma 6.1] by
exploring solutions of u; = [Zf u.

e In Lemma 2.6 below, we prove tail estimates of u. by means of the classical
decaying properties of eigenfunctions of £2.

2.3 Concentration estimates and tightness of QSDs

Recall from Definition 1.1 the definition of QSDs of X§, and from Lemma 2.1 the
positive eigenfunction ¢, 1 of —L, associated with A, 1. Set

¢e,1uf

Ue ' = ——
lPe,1 ||L1(u§)

and due = uedx. 2.2)

Lemma 2.1 (2) ensures e € P((0, 00)), where P((0, 00)) is the set of Borel proba-
bility measures on (0, 00).

Proposition 2.1 [[10]] For each €, ¢ is the uniqgue QSD of X; with extinction rate
e 1.

We point out that 11 being a QSD of X[ follows directly from Lemma 2.1. Moreover,
it is straightforward to check that the density u, satisfies

2
%(am)”—(bue)e—xe,me in (0,00), 2.3)
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that is, u. is a positive and integrable eigenfunction of the Fokker—Planck operator
¢~ %(aqb)” — (bg)' in (0, 00) associated with the eigenvalue —X¢ .

Proving the uniqueness result in Proposition 2.1 is however much more involved. In
[10], the authors achieve this by exploring the so-called “coming down from infinity"
saying that oo is an entrance boundary for X¢, and obtain a necessary and sufficient
condition. As a result, they show that forany u € P((0, 00)) the conditioned dynamics
PLIXF € o]t < T;5 1 converges to the QSD fie as t — oo. This can be improved to
exponential convergence with rate A¢ 2 — A 1 if u is compactly supported in (0, 00).
More precisely, it is proven in [10, Proposition 5.5] that the following holds for each
€: for each u € P((0, co)) with compact support in (0, 00),

lim e®e2=%" (P¢ [Xf € Bt < Tg | — e (B))

—>00

fooo Gepdp [ (1B, e2) 26y (1Bs Pe1) 128 (L, Pe2) 12u6)
=0 _
fo Ge1dp

, VB € B((0, 00)),
Ide, 11l wo) I9e11714,0) )

where B((0, c0)) is the Borel o-algebra of (0, co). It is worthwhile to mention that
acquiring information about the dynamics of X; from the conditioned dynamics
PLIXF € oft < T is not straightforward as it is generally hard to study the sur-
vival event [t < T(5] for an arbitrarily given initial distribution.

Under the assumptions on b, the ODE (1.2) restricted on (0, co) is dissipative, and
therefore, admits the global attractor 4. By definition (see e.g. [36, 75]), A is the
largest compact invariant set of the flow ¢’ generated by solutions of (1.2) and has
bounded dissipation property in the sense that

lim disty (¢'(B), A) =0, VB CC (0, 00),
—00

where disty denotes the Hausdorff semi-distance on (0, co). In the current one-
dimensional case, it is easy to check that A is just a closed interval (being possibly a
singleton set) with its left endpoint and right endpoint being respectively the smallest
positive zero and largest zero of b. The structure of A is fairly simple. It consists of
either a single point, or equilibria, or equilibria and their connecting orbits.

We recall from [70] concentration estimates of {u} away from A and oco.

Lemma 2.5 ([70]) The following hold.
1. Foreach O cC (0, 0) \ A, there are yp > 0and 0 < € < 1 such that

_Yo
supus <e <, Ve e (0,e0).
@]
2. Foreachk € (0, 1), there are x, € (0, 1) and 0 < €, < 1 such that

1
ue(x) = —, Vx € (0,x), € €(0,€).
X
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The proof of Lemma 2.5 (1) in [70] is based on the sub-level set approach developed
in [43] and the construction of uniform-in-noise Lyapunov functions. Lemma 2.5 (2)
is the most important result in [70]. It addresses the tightness of {u.}. near 0 by
circumventing the difficulties caused by the degeneracy and singularity of the noise
at 0.

In the rest of this subsection, we establish concentration estimates of {u.}. near co
that turn out to be very useful in the sequel. Recall from Subsection 2.2 that y = £(x)
and yoo = §(00).

Lemma 2.6 Let L >> 1. The following hold for each 0 < € < 1.
(1) If Yoo = 00, then

Te—yg.L[s—aL)]eg‘zfi i (L. oo,

h _ J2.CL . o . b?ot~!
where ye | = 6—2(6—2 — Ae,1). In which, Cp = Cyinf[g(r),yo) ——p—, Where

aok—1
Cr = Ca(&(L)) is given in Lemma 2.4 (2).
2) If yoo < 00, then

in [L,00),

3
ve < un(l) a(L)]?  eYerlE—yool _ p¥erlyoo—§l ee%fz b s
€= eVe LIEM)—yool — peLlyoo—E(D)]

where ye 1 is asin (1).

3 4 qeb
In particular, if L >> sup A, then ue < [“(a—L)]4 erL ads in [L, 00).

Proof The “In particular" part follows directly from (1), (2) and Lemma 2.5 (1).
We prove (1) and (2) by exploiting decaying properties of eigenfunctions of the
Schrédinger operator £3, which is unitarily equivalent to the generator L (see Sub-
section 2.2).

Note that w, := :_5 satisfies fooo wgufdx < oo and Lewe = —Ae 1We, and
e := U U w, satisfies Ji® (Ve + M)@2dy < oo and L3We = —Ae,1 e, where

M = |inf.inf V¢| < oo due to Lemma 2.4 (3). We readily check that w.(y) =
We (1)/v8 (y) = Va(x)we(x)y/u8 (x). Thus,

¥ G
% V(;‘)(x) = we (S (x) = e (x). 2.4)

Fix L > 1 and set y; := &(L). We distinguish between the cases y», = 0o and
Voo < OQ.

Case y, o =00
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Consider the following problem:

2 T 7 ind .
SW/ — S We = -1 1We in (yr,00),
We(yr) = we(yr), We(oo) =0,

where Cy is as in the statement. The unique solution is given by W.(y) =
We (yL)e_”va(y_yL) for y € [yr,00), where y. 1 is given in the statement. Since
Ve > % > Xe,1 0n [yr, 0o) ensured by Lemma 2.4 (2), we find from the comparison

principle (see e.g. [4, Chapter 2, Section 2.3]) that w, < W€ in [yr, 00). This together
with (2.4) implies that for x € [L, 00),

WeVuE @ _ eI eewn b 7 s
Va(x) [a(x)]F

ue(x) <

Case yo o <0
Consider the following problem:

2 T T T .
SW/ — S We = -2 1We in (v, yoo).
We(yr) = we(yr), We(yso) =0.

The unique solution is given by

eVeL(y=Yoo) _ pVeL(Yoo—Yy)

We(y) = we (yL)e)’e,L(.VL_)’oo) —ererOooyn) € [ye, Yoo)-
To apply the comparison principle, we verify
We (Yoo) := lim we(y) = 0. 2.5)
Y= Yo
To see this, we first claim for fixed K > 1,
Yoo
f Vedy = o0. (2.6)
§(K)
Indeed, we see from Lemma 2.4 (2) that fsyf’,‘g) Vedy > % fsyg’;) ZZOC’;:,I dy
% f,?o %dx, where Cr, = C>(&(K)). Since lim,_, o % = oo by (H)(3), there is

c1 > 0 such that

b2
/ dx > ¢y |{x € (K,00) ra(x) <1}]. 2.7
{xe(K,00):a(x)<1} aﬁ
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As lim sup,._, o, ﬂg;w
x > K (making K larger if necessary). It follows that

1
<z for all

b2
/ dx
{xe(K,00):a(x)>1} aﬁ

>

2
ﬁ(é) dx > 3 |{x € (K,00) : a(x) > 1}/,

ﬁxe(K,oo):a(x)>l} a

which together with (2.7) yields foo b dx = 00 and thus, (2.6) holds.

Now, we show (2.5). It follows from foy°°(V6 + M)u?fdy < 00, (2.6) and
the positivity of w, that lim inf s we(y) = 0. Suppose for contradiction that
lim sup,_, We(y) > 0. Then, there exists y, (which can be chosen to be arbitrary
close to yoo) such that W has a local maximum at y,. In particular, w/ (y,) < 0. This
together with %ﬁ)é/(y*) — Ve(y:)We (y4) = —Ae,1We (4) implies that Ve (yy) < A 1.
Since Ve(y) — oo as 'y — y.,, we arrive at a contradiction. Hence, (2.5) is true.

Due to (2.5) and V, > % > Ae,1 0n [yr, 0o), we apply the comparison principle
to conclude that W (y) < W, (y) forall y € [yr, 00). This together with (2.4) implies

~ 3
w. /uG x a(l)]2 eVe.L[s(x)_yoc] — eVe.L[yoo_S(X)] 1 xb
MG(X)S e()i) e( ) IME(L)[ ( )]3 : , EZfL ads
a(x) [a(x)]z eVE.L[S(L)_)’OC] J— eVe,L[,‘OO_g(L)]
for all x € [L, oo). This completes the proof. O

The following result is a direct consequence of Lemma 2.5 and Lemma 2.6.

Corollary 2.1 For any open set O containing A, there holds lim¢_,o e (O) = 1. In
particular, the family of OSDs {1¢ }c is tight.

We end this section by pointing out the difference between [70] and the present
paper in treating the tightness of {u¢} near infinity. Assuming the existence of a
uniform-in-noise Lyapunov function near oo, the authors proved in [70] the exponential
smallness in € of the tail estimate appealing to the sub-level set approach put forward
in [43]. Here, explicit assumptions on a and b allow us to use decaying properties of
eigenfunctions of the Schrodinger operator Ef (which is unitarily equivalent to L)
to establish exponential decaying estimates for the density u,. Corresponding results,
presented in Lemma 2.6, turn out to be crucial in applying the identities in Proposition
4.1 to derive sharp asymptotic of {u}.

3 Vanishing viscosity limits

To study the exponential asymptotic of u. as € — 0, we introduce the logarithmic

transform: 5

Ve =—%ln(au€) in (0, 00). 3.1)
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It is well-defined as both a and u. are positive on (0, co). Moreover, since a, ue €
C3((O, 00)), there holds v, € C3((O, 00)). Clearly, the local uniform convergence
of —% Inu. to some v € C((0,00)) as € — 0 is equivalent to the local uniform
convergence of ve to v as e — 0.

It is straightforward to check that v, satisfies the following singularly perturbed
equation:

2 b 2r/p\ A
—%vé’+(vg>2+5v;=%[<;> - ;’1} in (0, 00). (3.2)

The next result addresses the local uniform boundedness of {ve}e and {v. ). Its
proof is postponed to the end of this section. Recall from Subsection 2.3 that A is the
global attractor of X = b(x) in (0, 00).

Lemma 3.1 The following hold.

(1) For each O CC (0, 00), there exist y(lo e R, y(% > 0and 0 < epn K 1 such that

y(19 < i(%f Ve < supve < )/(29, Ve € (0, €p).
O

Moreover, if O CC (0, 00) \ A = @, then y(19 > 0.
(2) For each © cC (0,00), there exist T'o > 0 and 0 < €p < 1 such that
supp [v.| < To foralle € (0, €p).

Denote by V the set of limit points of {ve}e under the topology of locally uniform
convergence in (0, 0o) as € — 0. By Lemma 3.1, we apply the Arzel4d-Ascoli theorem
and standard diagonal argument to conclude V # @ and V C C((0, 00)). Moreover,
the well-known result on the stability of viscosity solutions (see e.g. [19]) ensures that
each element of V is a viscosity solution of the following Hamilton-Jacobi equation:

"2 b / .
)+ —-v" =0 in (0, 00). (3.3)
a

Unfortunately, (3.3) admits infinitely many viscosity solutions.
We prove some properties of functions in V.

Proposition 3.1 Each v € V is locally Lipschitz continuous and satisfies

(v’)2+év’—0 a.e. in (0, 00)
V= .e. , 00).

Moreover, v > 0 on (0, 00) \ A, v(0+) € (0, 0), v(00) = 00 and min 4 v = 0.

Proof Let v € V. By Lemma 3.1 (2), v is locally Lipschitz continuous. Since v is a
viscosity solution of (3.3), it is well-known (see e.g. [19]) that if v is differentiable at
X0 € (0, 00), then (v/)% + gv’ = 0 holds at xo. Hence, v satisfies (v')% + gv’ =0ae.
in (0, 00).
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Lemma 3.1 (1) ensures that v > 0 on (0, o0) \ A. Since b > 0 in (0, inf A), we
see from the equation that v < 0 a.e. in (0, inf A), and thus, v is non-increasing on
(0, inf A). It follows that v(0+) € (0, oo]. Since v/ > —g a.e. in (0, inf A), v(0+)
must be finite, and hence, v(0+) € (0, 00).

We see from Lemma 2.6 that v(x) > —3 szgzgds for all x > L. Since

I 28 ds — —o0 as x — 00, we conclude v(oo)

It remains to show min4 v = 0. Let I be an open mterval such that A C I CC
_2

(0, 00). Corollary 2.1 ensures thatlime ¢ [; uedx = 1,0rlime¢ [, %e 2% dx = 1.

This together with the uniform convergence of v, (up to a subsequence) to v on / as

€ — 0 implies that inf; v = 0, and hence, min4 v = 0. |

The rest of this section is devoted to the proof of Lemma 3.1.

Proofof Lemma 3.1 (1)Let O CC (0, oo) be open. It follows from the classical interior
estimates for elhptlc equations (see e.g. [33]) that there exists yp > 0 such that

supp e < e <, which together with (3.1) leads to infp ve > —VTO

To see the upper bound of ve on O, we let O be an open interval satisfying
AUO C O CC (0, 00).Fix0 < § < 1.Since Corollary 2.1 ensures |O1 | supp, e >
f(’)l uecdx > 1 — 8, we see from Harnack’s inequality that there exists yo, > 0 such

_ro,
that info, ue > e <>, which together with (3.1) yields supy ve < Supo, Ve < y%

For the “Moreover" part, we let O CC (0, o0) \ A. Then, Lemma 2.5 (1) yields
the existence of yo > 0 such that supp u, < e_iﬁz, leading to infp ve > VT‘Q > 0.
This completes the proof of (1).

(2) The proof is inspired by the Bernstein-type estimate in [28, Lemma 2.2]. The
key point here lies in the non-negativeness of the term (vé)2 in (3.2). Let I, I be open
intervals and satisfy § # I1 CC I, CC (0, 00). Let 5 : (0, co) — [0, 1] be smooth
and satisfy n = 1in I; and n = 0 in (0, 00) \ I5.

Consider the auxiliary function z, = r/4(vé)2. We claim that

sup max ze < oQ. (3.4)
€

If this is the case, then sup, sup;, [v;| < 0o, leading to the conclusion.

It remains to show (3.4). Since z, is continuous and compactly supported in I,
there exists x € I such that z.(x¢) = maxz.. We may assume, without loss of
generality, that max ze > 0. Then, n(x¢) > 0 and v, (x¢) # 0.

We calculate

Z _477377/(1) )2+2774 2 é/’ // (774)”(11 )2+16773 i //+2n (U//)2+2n4 ’ ///.

Multiplying the expression of z/ by — and setting ce 1= 22 [(9)/ - ’\fl—'] (i.e., the

a

right hand side of (3.2)), we find from (3.2) and straightforward calculations that
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2
€
— ?Zg — _?(774)”(1)2)2 _ 86271377/122112/ _ 62774(112/)2 ‘|‘27]4Uécé

b\ b
—an* 2! — 2t (5) (W))? — 2n4gv;vg. (3.5)

At the point x,, there holds z. = 0, namely, 4n°n’(v.)? + 2n*v.v! = 0. Since
n(xe) > 0and v, (x¢) # 0, we find

nvl = =2n'v. at x. (3.6)

As 7/ (x¢) < 0, we find from (3.5) and (3.6) that at the point x, there holds

2
€
627]4(1);/)2 < _?(774)//(1)2)2 _ 86217377/1);1)5 + 2}74”;02 _ 4774(1);)2”2/
b\’ b
_2 4 _ / 2_2 4_ Y/
77 (a> (UE) 77 avgvg
2
€
< = O 00 = 80 v (=20'v) + 1t (W) + ()’
3,.7\2 ’.7 4 b ' /\2 3b / i
—4n7 () (=2n'v,) — 27 P ()™ — 27 ;vg(—Zn v,)
=80’ (v))? + ¢en* W) + 1t (c))?,

where ¢, in the equality is given by

2 /
€ b b
te = —— (1201 +4nn") +16€2() + 0 — 20 (;) +dn'n=—.

Thus, setting C; := 8 max ||, C» := sup, max |¢| and C3 := sup, max [e2n*(c.)?].
we find

Ent W) < CiP P + G W) + G5 at xe.
3
Since Con?(v.)? < Sy %n3|vé|3 by Young’s inequality, we arrive at
Ent!)? < Ca’lu P+ Cs at x, 3.7)
2 G
where C4y = C; + 3 and Cs5 = 5 + Cs.

As (3.2) gives (vé)2 = cc — %vé + %vé’ and Holder’s inequality gives |§vé| <

2 2
L(2)? + L2, we deduce L (v))? < Sv/ + e + 4 (2)°. Thus,

2
b\ b\
n*h)* < gt [ézvé' + 2¢e + (;) } < 2e*7* (W) + 21" [ZCE + (;) }
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This together with (3.7) implies that n*(v.)* < 2e2Cyn?|v.|> + Cg at x., where

2
h\2
Co = sup 262C5 + max 2774 |:2ce + (—) :|
a

€€(0,€e4)

4
3

Let ¥ > 0 be such that %K = % Applying Young’s inequality, we find

262Cy 116e8¢c} 1
4, 114 3713 4 4, 114
n'D < = WP+ Co < g+ o' 0D+ G at xe,

. 4, 14 gedcs
leading to n*(v.)" < C7 = ;44 + 2C¢ at x.. It follows that maxz, =
n4(x6)(vé)2(xe) < /C7max n%. Asthe right hand side of this estimate is independent
of €, we conclude (3.4), and hence, complete the proof. O

4 Large deviation principle for QSDs
In this section, we study the LDP for QSDs {u¢}c. In Subsection 4.1, we derive

important identities for u., v, and v;. Subsections 4.2, 4.3 and 4.4 are respectively
devoted to the proof of Theorems A, B and C.

4.1 ldentities

Recall u, and v, from (2.2) and (3.1), respectively. We derive identities for u., v and
v, that play crucial roles in proving the LDP for {ic}e.

Proposition 4.1 Assume (H). For each e,

2)\' 2 ° 2 o0
e = 26,1 e eZV/ ed V() (/ Medz> dz,
€“a 0 4
2 2 2 . 0
€ 2 € € 2v ~
ve=—F g — ke 7“‘/0 et (/ ”6‘”) etV

b 2 1 _2
V=== — A e —e 2%z,
a . a

We establish several lemmas before proving Proposition 4.1. Recall from the proof
of Lemma 2.6 that w, = :—g

_Yw
Lemma 4.1 For each €, lim,_, i‘“};%))e 2 =0.

Proof 1t is a byproduct of the proof of Lemma 2.6. Indeed, since

;%ejg) = Ja(x)we(x),/ul (x) = W (E(x)) < We(E(x)), Yx > 1,
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the lemma follows immediately from limy_, W, (y) =0and y = £(x). m]
2 2 !
Lemma 4.2 Foreache, & (wée_2 ) = —Xe,1ue in (0, 00). In particular, w, > 0

in (0, 00) and we(0+) = 0.

Proof Note that w, satisfies Lcwe = —Ae | we, namely, %awé’ + bw, = —X¢, 1 We.
Multiplying this equation by uEG, we readily derive the identity as in the statement.

We show w, > 0. Suppose for contradiction that there is x,. € (0, co) such that
W, (x4) < 0. FiX X4s > Xy Integrating the identity over [x., X.] yields w, (x.) < 0.
We then integrate the identity over [X,, x] to find

V) 2V (Xas)

w(x)e e < —C1 = w.(xp)e & <0 for x > Xyx.

It follows that w, (x) < —Clee%v(x) for x > x44. Since V(x) — oo asx — oo, there
exists Co > 0 such that w/ (x) < —C; for all x > 1, which implies that w. < 0 for

all x > 1, leading to a contradiction.
It remains to show w¢(0+) = 0. Since weug = u. € L'((0, 00)), we conclude
from the behavior of uEG (x) near x = 0 and the monotonicity of w, that w.(0+) = 0.
O

v

Lemma4.3 Foreach €, limy_, oo w.(x)e € 0.

_2
Proof By Lemma 4.2, w_e ¢ Vis positive and decreasing. So, C := limy_, oo W, (x)

~ 5V

e > (. It suffices to show C = 0.
2

Suppose on the contrary that C > 0. Then, there is x, >> 1 such that w_e ¢ v >
in (x4, 00), and hence,

(N[}

* C [ 3ve
we (x) =w6(x*)+/ w, (s)ds > u)e(x*)—}—z/ ee? ds, Vx> x. (4.1

Xy Xx
Since (H) (3) ensures V/(x) < V™(x) for x > 1, we derive

2
d rx SV(s) 2
ax Jx, €€ ds _ 2eve

= >
d V@) 3Vix) T 3Vm(x)

1 1
5.2 V) 22022 V(x)

— 00 as x — 00,

C 2V

X 7

. . .. . e€
where we used lim,_, o V (x) = oo in the limit. It follows that lim,_, oo =*— o
22

ds

00, which together with (4.1) yields
C 3
Se YO x> 1. 4.2)

We (x) > we(xy) +
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2
Thanks to Lemma 2.6 and we = aucee? V, we find C; > O such that we(x) <

1
Ciate’™ for x > 1. By (H)(3), there is C» > 0 such that a¥(x) < ¢©>* and
V(x) > Cpx forall x > 1. As a result,

1 4
we(x) < Cleczxezv(x) < Cleﬁv(x), Vx > 1.

This contradicts (4.2) due to lim,_, o V(x) = 00. Hence, C = 0. O
We are ready to prove Proposition 4.1.

Proof of Proposition 4.1 Integrating the identity in Lemma 4.2 over [x, X] C (0, 00)
yields

2 2 X

€ 2V € 2

?wé(f)e 2 V(x) _ ?wé(x)e €2 V(x) = —)\,6’1 / uedZ~
X

Vv

s

Passing to the limit ¥ — o0, we deduce from Lemma 4.3 that %wé[
Ae,l f_oo ucdz, which together with w.(0+) = 0 (by Lemma 4.2) gives w, =

2
zi—;l Io eV ® (fzoo uedz)dz. As ue = weu&, we derive the formula for u.. The

formula for v, then is a direct consequence of its definition.

2 / . 2 . 2
Note v, = —%% Integrating & (aue)” — (bue)' = —Ae 1ue gives 5 (aue) —
bue = re;1 [2° ucdz, leading to v, = —g + 22: ° uedz. The conclusion follows
2
1 _——73V

readily from u = - e « O

The formula for u, in Proposition 4.1 leads to refined estimates of {u}. near O in
comparison to those given in Lemma 2.5 (2).

Lemma 4.4 Assume (H). For each0 < § < 1, thereare 0 < x5 < 1and0 < €5 K 1
such that

_2 2 _
TN () <e TNV vx € (0, x5), € € (0, €).

Proof We only establish the lower bound; the upper bound follows in a similar manner.
Consider the formula for u, in Proposition 4.1. Note that for each 0 < § < 1, there
is 0 < x5 < 1 such that |V(x) — V(y)| < % for all x, y € (0, x5). By Corollary 2.1,
there exists 0 < €5 < 1 such that fxzo uesdz > 1—4forall € € (0, €5). Then, for each
x € (0, x5) and € € (0, €5),

2(1 = 6)A X o2 _ 2(1 = 6)A 2 _
we(x) > ﬁf cavval, 20 =Drer Fve-ver
€2a(x) 0 €2a(x)

where we used the mean value theorem in the equality and & € (0, x). The desired
inequality then follows from Lemma 2.3 and the facts that a(0) = 0 and a’(0) > 0. O
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The next result, improving Corollary 2.1, is a simple consequence of Lemma 2.5
(1), Lemma 2.6 and Lemma 4.4.

Corollary 4.1 Assume (H). For each open set O satisfying A C O CC (0, 00), there
_ro
exist yo > 0and 0 < e < 1 such that 1 ((0,00)\ O) <e ¢ foralle € (0, €p).

4.2 Proof of Theorem A

Let («, B) C (0, 0o) be the unique d;-valley. We focus on the case o > 0; the case
a = 0 can be treated in the same way and is easier.

Up to a subsequence, we may assume without loss of generality that lim¢_,o ve = v
locally uniformly in (0, co). We determine v within three steps.

Step 1 Let x¢ be the smallest zero of v. By Proposition 3.1, xq exists and belongs to
[inf A, sup A]. We show

o) =dy + V) — sup v = | BTV =supog Ve e Ol )
(0,%) d+Vix)—V(a), x € (a, xo],
and
X( = min {x € (a, B) : V(x) = min V} . “4.4)
(e, 8)

Fix x € (0,xp). Note that Proposition 3.1 and the definition of x(o ensure
ming x) v > 0. The locally uniform convergence of v, to v as € — 0 and Lemma 4.4
then imply lime o inf e (.x) J; uedZ = 1, and hence,

2 X 00
€ 2
lim —ln/ eV (/ ued2> dz=sup V.
e—0 2 0 z 0,x)

This together with the formula for ve in Proposition 4.1 and Lemma 2.3 yields
limesgve(x) =di + V(x) — sup(o.x) V- From which and the continuity of v, the
first equality in (4.3) follows readily.

Since v(xp) = 0 by the definition of xg, we see from the first equality in (4.3)
that SUP(o.xy) V — V(x0) = di. As (a, B) is the unique dj-valley, there must hold
XxQ € {x € (a, B) : V(x) = min(y,g) V} and (4.4), otherwise v attains 0 in (0, xg).

Observing that V (o) = maxg,g) V, we deduce the second equality in (4.3).

Step 2 We prove that for any x1, x € (0, 0c0) with x; < x3, there holds

. €2 X2 2 0e(2) 1 2,
lim —ln/ dejee? (/ —e & edz> dz =—d +y(x1,x2), (4.5
2 x . a

e—0 ]
where
y(xi,x2) = sup  sup [v(z) —v(2)] (4.6)

z€[x1,x2] Z€(z,00)
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To see this, we fix x1, xo € (0, 00) with x; < x, and split the integral

/‘xz)L = Ue(Z) </°O le_ézzvedz) dz
X1 z a
X2 2 ] _2 © 1 2
:/ )"6,1852US(Z) </ —e €2U6d2+/ —e Ezvfdz) dZy
x1 z a 1 4

where z; > xp is such that infeinf(;; o) ve > sup, SUP(y, xy) Ve- Such an z;

exists due to Lemma 2.6 and the locally uniform convergence of v, to v as

e — 0.1Itis then easy to see from the dominated convergence theorem that
_2

lime_0 fx de1€€ a0 (fzolo %e 2%dz ) dz = 0.

Since z1 > 1 and lim;_, o v(z) = 0o by Proposition 3.1, we may assume without
loss of generality that y (x1, x2) = SUP, e[y, . x0] supZE(Ml)[v(z) — v(2)]. Thanks to the
locally uniform convergence of v, to v as € — 0, we find for any 8’ > 0, there exists
0 < € « 1 such that

le 2
Ae 1€ eZ/ f eéz[v(z) U(Z)d dz
21 1 _2
Sf Ae,1€¢ ZUE(Z) </ —e UEdZ)dz
a
z

x1
21 1 2
<Aglee / / @)= U(Z)d zdz, Y0 <e < €.

l _ ~
Note that Laplace’s method yields lime_ g % In f;lz s lea =@z,
= y(x1, x2), which together with the above two-sided inequalities, Lemma 2.3 and
the arbitrariness of §’ > 0 leads to (4.5).

Step 3 We finish the proof by showing
v=d +V —-V(a) in (x9,00). “@.7
Integrating the formula for v/ in Proposition 4.1 over (x1, x2) CC («, 00) yields

2 Ve (Z) *1 -2y
Ve (X2) — ve(x1) = V(x2) — V(x1) —f Ae,1€¢ ave </ —e ¢ ‘dz> dz.
X ;7 a

1 4.8)
Since the above inequality holds for any x1, x» € («, 00) with x; < x3, the definition
of y in Definition (4.6) ensures that y (x1, x2) < d;. As aresult, we lete — 01in (4.8)
and apply (4.5) to conclude that v(x3) = v(x1) + V(x2) — V(x1). Letting x; — o™
and setting x» = x € (xp, 00), we conclude (4.7) from (4.3) and the continuity of v.

4.3 Proof of Theorem B

Recall M, from (1.8) as well as the set M, appearing in the definition of M.
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(1) The formula for u. in Proposition 4.1 and the definition of R, (see (1.7)) give

242 [° 2 R
R, :eke,leezdl—zf e2V@ </ ued2> dz. 4.9)
€~ Jo z
We claim
2 2y ([T 1 : .
lim - ee ucdz | dz = ———— locally uniformly in (0, 00),
e—~>0€“ Jo 2 V/(0+)
(4.10)
and ,
241 _ b (0)

A.11)

€Ae, e &,

TN
These together with (4.9) lead to the conclusion.

We prove (4.10). Let [£1, £2] C (0, c0) and fix x, € (0, min{inf M, £1}). For
x € [£1, £2], there holds

2 [ 2 2 [F 2 o
cl(e)e—zf eezvdzge—zf eV @ </ ued2>dz
0 0 z
2 (% 2 2 (B 2 %
=3 efzvder—z/ e / uedz | dz,
€ Jo €7 Jux, z

where Ci(e) := inf;c(o,x,) fzoo ucdz — 1 as € — 0 thanks to Corollary 4.1 and

Theorem A. Since Vo, ,] has the maximum value O attained only at x = 0 and
/ 2

V(0+) = —% < 0, we apply Laplace’s method to find lim¢_, ¢ e% f(f* ee? de =

Therefore, (4.10) follows immediately if we show

2 1% 00
lim —2/ eV (/ ued2> dz = 0. (4.12)
e—~>0 € z

Since the integral is increasing in ¢, we assume without loss of generality that
£ > B. Take x* € (sup Ms,, B). Then,

2 [t 2 o 2 X 2 7 b 2 0o
7[ e V() (/ MgdZ) dz < 7/ el V(z)dZ + 7/ el V() (/ u5d2> dz.
€ X z € X € X* z

(4.13)
2
Since Suppy, v V(¥) < 0, we find lim¢_, ¢ % ]x eeZV(Z)dz 0. Note that Lemma

1
TVOH-

2.6 ensures the existence of some z, >> £5 such that 11m€~>0 2 f V(Z) (f Zx ued z)

dz = 0. Moreover, Theorem A and the fact that V(z) — minj; ,,;V — d; < 0 for
z € [x*, z,] (otherwise, there are more than one d;-valleys) yield

7 2 2 Zx ~ %) 2
lim —2/ eV </ uedz) z = lim —2/ / ZV (@~ @] dzdz = 0.
e—0€ z e—0¢€
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Then, (4.12) follows from (4.13). This proves (4.10).
Now, we show (4.11). Corollary 4.1 and Theorem A ensure the existence of y > 0

_7
such that f M, ucdx =1—o(e ). Itfollows from the formula for u, in Proposition
0
4.1 and (4.10) that

_Y 2 1 _2 * o2 0
1—o0(e )= ;’1 / —e & V(x)/ ee? V(Z)/ uedzdzdx
€ Mgo a(x) 0 Z

244’ (0 1 _2
~ereer @ EO [ L G,
b ©0) Sy, @

resulting in (4.11).

(2) The proof follows from similar arguments, but the mechanism is slightly dif-
ferent. We break the proof into three steps. Set C,, := /% for convenience.

Step 1 We prove

1 [* 2 _ ©
lim — [ eatV@-V@l </ uEdZ) dz = Cy locally uniformly in (e, 00).
0 z

e—>0 €
(4.14)
Let [£1, £2] C («, oo) satisty Mg, C (£1, £2) and £ > B. Fix x4 € («, £1). Then,
for each x € [£y, £»],

1™ 2=
C4(6)—/ eaVV@ly,
€ Jo

1 [ 2 _ o0
< -/ eaV@=V@I (/ mz) dz
0 z

[ 2= 1 (2 21yp- o
< —/ ezlV V(a)]dz—l——/ eatV@-Vl (/ u6d2> dz, (4.15)
€ Jo € Jx, z

m

where Cy4(€) = inf ¢ x,) fzoo ued?z — 1 as € — 0 thanks to Theorem A and
Corollary 4.1.
We claim
L vy
lim — ee? dz = C,. (4.16)

e—~0¢€ Jo

Recall the assumption V() > V in (0, ). In particular, V (o) > 0.If V() > 0, then
the function z > V(z) — V() on [0, x,] has the maximum value O attained only at

z = a. Moreover, V" (a) = — IZ /((3)) < 0 by assumption. Laplace’s method then yields
(4.16). If V (a) = 0, then the function z — V (z) — V(«) on [0, x,] has the maximum

value 0 attained only at z = 0 and z = «. Since V'(0) < 0, we find from Laplace’s

21y 21y
method that the integral [~ e<? V=Vl 42 is dominated by f;f; eV Vg for
any fixed 0 < § < 1. Hence, (4.16) holds.

Arguing as in (1), we deduce that the second integral in the last line of (4.15) tends

to 0 as € — 0. Then, (4.14) follows readily.
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Step 2 We show

2
2he1€2 R

M- 4.17)
c )

By Corollary 4.1 and Theorem A, there exists ¥ > 0 such that [ M Uedx =
0

_x
1 —o(e <). Given the formula for u, in Proposition 4.1, we derive

_x 21 1 _2 _ * o2 _ o0
1= o™ &) = 2! / L Evw-ven / BVO-V@] f ue(B)didzdx
€ Mgo a(x) 0 4

2Ca)»e,1/‘ 1 7f[v vl
, meltal
€ M

%

50

1 1 _2 _
=2CyAc 1€¢ d]f/‘ P V(a)de,
M

s ¢
where we used (4.14) in the approximating equality. (4.17) follows readily.

Step 3 We prove the limit for R.. By the formula for u. in Proposition 4.1 and the
definition of R,

2A 2 X o2 s o0 5
€1 eezdI/ o2 [V(z) SUP(0,x) V] </ Ugdz) dZ, = (0’ a)’
€ 0 z

2\ 2 * o2 _ o
_Eieezdlf e V@V @] (/ ued2>dz, x € [a, 00).
€ 0 z
(4.18)

By (4.14) and (4.17), we find R, =, M, locally uniformly in (¢, 0o). Obvi-
ously, lim¢_,¢ f *ued? = 1 uniformly in z € (0, «]. Arguing as in Step I yields
lime_q 1 c fo 67[V(Z) vl (f uedz)dz = 2“. This together with (4.17) leads to
RE (O{) ~e §M .

For x € (0, @), we see from (4.17) and lim._¢ fzoo ucdz = 1 uniformly in z €
(0, @) that

Re(x) =

Me [ 2 -
Re(x) ~e —— / e V00 Vg,
€Cq Jo

Let xo be as in the statement. Clearly, xo € (0, ). It remains to show that

R M. locally uniformly in (0, xp)
—_— N, —— oca unirorm mn , X0)-
€ 2C,V/'(0+) Y Y °

Indeed, given (4.17) and the fact that lim¢_,¢ foo uE dz = 1 uniformly in z € (0, ), it

S[V— SUp(o,) V]

suffices to study the asymptotic of the integral f ee? ldzase — 0. Clearly,

sup(.y V = 0. Since V(0+) > V(z) for all z € (0,x] and V'(0+) = Zggg <0,

Laplace’s method yields lime_,o 3 s fo ee dz W,whichislocally uniformly
in x € (0, xg). The limit follows
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4.4 Proof of Theorem C

(1) It follows from Lemma 2.6. (2) It follows from Lemma 4.4.
(3) The limits concerning A¢ 1 in (i) and (ii) follow from (4.11) and (4.17), respec-

G
tively. It remains to show the limit of || e 1111(,6)®,1. Recall that ue = M%I%
e p (ue")
2

2y

and uf = %e e,
: — Ue — 2 —
@) As @1 = NdeillLiug),é and llge1ll2wg) = 1. we see llgellyi 0y =

2 —1
(fooo %dx) , and thus,

-1

o uz Ue e -1
= —dx — = Rcucdx R,
||¢e,1 ”Ll(ueG)(]be,l </O MEG ) ueG </(; elle ) €

2
= 2d
where we used the fact u, = f;e a2v Rg 24 G ensured by the definition of R,

and Theorem A. Since R, ~ M, locally unlformly in (0, co) by Theorem B (1), the
result follows if we can show

o0
/ Reuedx ~¢ M. (4.19)
0

Fix K > 1. Corollary 4.1 ensures the existence of ¥y > 0 such that
_Z
J10.1)u(k o0y Uedx < € 2 .Hence, Theorem B (1) yields ff Reuedx ~c M, f{< Uedx
K

e Me It is obvious from (4.9) that R, is increasing, leading to fok Reucdx <
_r
M, fo uedx <S¢ Mee €.

~€

We claim that there is ¥’ > 0 such that fI?o Reuedx < Mee_e%. Then, (4.19)
follows.

It remains to prove the claim. Fix 1 <« L < K. We distinguish between y,, = 00
and yso < 00.

Re(L) ,~ v(L)

e If yoo = 00, then Lemma 2.6 and u.(L) = D)

give

o Re) Fv) e pl5—Ew, 5 J7 b

€ = 3 i L7 ’
e[a(L)]4aZ m e

1

where y. 1 = 1/E%(f e,1). In which, Cp, := Cyinfg(p), ¥oo) g ; -, where

Cr = C2(&(L)) is given in Lemma 2.4 (2). It follows that
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2 X
K k eva(L)ya(x)
2
_R@DF 4w, 3w /°° L per-ewng,
eva(L) K a
_ R —%vmfm 26 Lly—£(L)]
— e € e ’ dy
ea(L) £(K)

<
¢ eJall) 2Ye.L

2
Me _~Fv 1 opemo-ewn,

_2
e If yoo < 00, then Lemma 2.6 and u.(L) = %e av@ give

R.(L _2 eVeLlE—yool _ pVeLlyo—E] 1 eb
L) & e It in (L, 00),

= alial Vel B =yl _ gretlyoe—E(L)]

where Y. 1 is as above. It follows that

2

o R.(IV2 _2 Yoo eVeLly=yool _ pVe.Llyoo—)]
Rgugdx < 4[ 6(7)] e & Vi) dy
. ea(ll) gk \eretlEL=yol _ e¥erlio—E(L)]

— M[}zv(m Yoo @2erlyomyl /o Q2rerlymyol 2d
NI (k) €Dt D1 \ 2rele@yl —1 ) @
2 o0
R 2w / " Dl —E Dl gy
eva(l) §(K)

<
~ eaD) 2VeL

2
Me ~Fvw 1 oy edo—sw
Y
By the definition of M., it is clear that M, <. e<® for any y > 0. Hence,
_
[x Reuedx Se Mee™ @ for some y’ > 0, proving the claim.

(i1) As in the proof of (i), we calculate

1

*© uz U * Re 2 (—v+V) ! Re Z(—vtv)
— — 2 )
fe.1llL1 ) Pe1 = (/0 uG dx) G = (/0 . e Medx) . e )
(4.20)

2
where we used the fact u, = f—;e_:zv ensured by the definition of R, and Theorem
A. Fix K > 1. We claim that

®© R 2 K R 2.
/ —Eesz( U+V)u5dx %G/ —Eeez( v+v)u6dx. 4.21)
0 o

€ 1 €
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Suppose (4.21) for the moment. Theorem A and Corollary 4.1 ensure

Dt-‘r% 2y K
/ uedx <e ¢ forsome y >0 and lim ue =1, (4.22)
0

e—>0 aJr%

and
_dl + Sup(o’x) V, X € (O, (X],

(4.23)
—di; + V(a), x € [a, 00),

—v(x)+Vx) = {

It follows from (4.21) and Theorem B (2) that

© R, 2. M. 2_ K M, 2_
/ Re Zvin, gon Me 3 d1+V<a)]/ wodx ~, Me Flarvel
0 € L €

€
K

which together with (4.20) leads to

Re 24—y 27 v
||¢e,l||Ll(ug)¢e,1(x) R, ﬁeeez[ 1=V(@)] , S =v0)+V ]

€

IR‘;E 9 '( G [[E’ ::)’
e C 2 [=V()+sup ) V]

R a)+supg,

—”ieez 00" x € (0, ).

An application of Theorem B (2) then yields the desired result.
It remains to prove (4.21). Since lim¢_, ¢ foﬁ 1 Uedx = 1, we see from Theorem B
K
and (4.23) that

K

R 2 M, 2

/ TepZVV)y dx n, D2V @I (4.24)
1l € €

atx

2 (_ 2
Note that f;;o %eez( v+v)uedx = éeez[ q+Vi@)] flgo Reucdx. Arguing as in (i)
yields

© _y
/ Reuedx S¢ Mce & for some y' > 0. (4.25)
K

Given (4.17), we deduce from (4.18) and the fact Sup.x) V = V(x)forx € [a, a—l—%]
that for any fixed 0 < y1 < vy,

Eoal
2

e

2\ 2 x 2 _ M
Re(x) < el ad / e2V@O=suPo.y V]dz <c < uniformly in x € [0, « + §],
€ 0

a
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which together with (4.23) and (4.22) leads to

1 1

9TE Re 2 M, . (%FTx 2,_

/ _6662( U+V)M€dx SE €, / eez[ di+supg V]dZ
0 € €2C, 0

Me Zpp—aisven [©FF
< 2T f Uedx
~ 2

€ Ca 0

< M Giatven ,-Fe-v
~ €2C,

This together with (4.24) and (4.25) leads to (4.21).

5 Multiscale dynamics

This section is devoted to the investigation of the multiscale dynamics of X . We prove
Theorem D in Subsection 5.1, and Theorems E and F in Subsection 5.2.

5.1 Asymptotic reciprocal relationship

In this subsection, we establish the asymptotic distribution of the normalized extinction
time and the asymptotic reciprocal relationship between the mean extinction time
E{[7;;] and the principal eigenvalue A, 1. That is, we prove Theorem D.

Proof of Theorem D By Lemma 2.1 (6),
, o0
Pl < T5] = e (1 e ) +/ P5051dpu, Vt' >0,
0
where e 1 1= [lde, 1l 11,0y Pe,1 and (1, e 1) = lI@e1llL1,6) Jo~ be.1d . In partic-

ular, setting ¢’ = tkg% for r > 0 yields

o0

IP’;[I)L;} <Tsl=e"(u, e 1) +/ PIE)\,IQSJIdu. (5.1)
0 €1

Thanks to Lemma 2.2 (2), we find y > 0 (independent of €),

re2 1 V+y ) 1
€,

—_ 2= o — €,
<e / ate d du < Cue er et P VAT
0

o
| psrosian
(5.2)
where Ci = SUPgpp(0) al. The uniqueness of d;-vallys and Lemma 2.3 guarantee

lime_0In i‘—f = dy — dy > 0, resulting in lim_ fooo P:r‘ Q51du = 0. Letting
€, el

€ — 01in (5.1), we derive the limit lim¢_, ¢ ]P’;[t)»gi < Ty from Theorem C.
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Now, we study lim¢_, ¢ Aé,l]E;[TOG]. Note that for 7y > 0,

f0h; | o
Ae,lE;[Tof] = Ae.1 / IP’;[t < Ty ldt + Ae,1 / 1]Pﬁ[t < Ty ldr. (5.3)
0 0]

€1

)\,_1
Obviously, lim;—.o sup, Ae,1 foto el Polr < T51dt = 0. Integrating (5.1) over (9, 00)
yields

o0 0
Ae,lf DA T(f]dt:/ P<[tA] | < Tgldt
o

)»; 1 to

o0 oo
o+ [ [P 0sduar,
t0 €,

which together with (5.2) leads to

o0
)"6,1/ . PZ[I < Toe]dl —e_tO(M,Ole’l)
fo

Ae,1 —kéf‘zto L (su 14
<Cu——e "I e S0 VI 0 a5 € 0.

Letting ¢ — 0 and then 75 — 0 in (5.3), we conclude lim¢_,¢ Ae’lE;[Toe] =
lime— 0, te.1). The results follow readily from Theorem C. O

5.2 Multiscale estimate

In this subsection, we establish the multiscale estimate of the dynamics of X{. In
particular, we prove Theorems E and F.

The proof of Theorem E is in need of the following lemma regarding the bounded-
ness of coefficients appearing in the expansion of semigroup Py given in (2.1).

Lemma5.1 Ifk € Nis such thatdy > dy > --- > dy > di41, then for each compact
K C (0, 00), there exist C = C(k, K) > 0 and €, = €.(k, K) > 0 such that

oo
sup sup |(f, beid 2o / ¢e.idt| < Cll fllo
HEP((0,00)) O<e<ey 0
supp(u)CK

forall f € Cp([0,00)) andi € {1, ..., k}.

Proof Set Ac;(f, 1) = (f, qbe,,-)Lz(ch) fooo @e,idp. Let k and K be as in the state-
ment, u € P((0, 00)) satisfy supp(n) C K, and f € Cp([0, 00)). By Lemma 2.1 (6),
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we have for £ € {1, ..., k},
¢ [e'e)
E;[f(Xf)ll,<Toe] = Ze"\fvf‘AE,,-(f, w) +/(; Pf Q§+1fdu, Vi>0. (5.4

i=1

We first estimate A¢ 1(f, n). Setting £ = 1 in (5.4) gives

A1 (f, )| = ete!

mwwmxm—f $%M4
0

o
< ! <||f||oo +/O IPfQEfIdM) . Vi >0.
An application of Lemma 2.2 (2) yields the existence of y, > 0 such that
rn

* et 1 L (viy)) —hert+ 53
A |PFO5 fldu<e ™| flloo A ate Wdp<e 7 @ flleo, VE>2,

(e 7n
where y» := maxg V+y,+1.Thus, |[Ac1(f, w)| < [ekf’lf +e (he2 Afvl)ftz] I £ lloo

. 1 . he i (a1
for all + > 2. Setting t = ﬁ yields |Ae1(f, w)| < [exp {ﬁ
_1
+e 2} Il flloo. Note that Lemma 2.3 and d; > d» ensure lim¢_, ¢ % =0.

We then see the existence of €; = €1(K) > 0 such that |A¢ 1(f, u)| < 2| flloo for
all0 < € < €.

Next, we treat Ac2(f, n) if k& > 2. It follows from (5.4) with £ = 2 and
[Ae1(f, )] < 2| flloo that

o
|Aea(f, w)] < e (3IIfIIoo +/0 IPfQEfIdM), Vi > 2.

Since dy > d3 implies that A¢ > is exponentially smaller than A, 3 (by Lemma 2.3),
we can argue as above to conclude the existence of €2 = €(K) € (0, €1) such that
Neo(fo ) 4| flloo forall 0 < € < €.

Following the above arguments, we see that for each i € {2, ..., k}, establishing
the upper bound for | A¢ ; (f, i)| requires the condition d; > d; 41 and the upper bound
for |Aci—1(f, n)|. Hence, we conclude the lemma by repeating the above procedure.

O

Now, we prove Theorem E.
Proof of Theorem E (1) Let k and K be as in the statement, u© € P((0, 00)) satisfy

supp(u) C K, and f € Cp([0, 00)). We pretend (1, ¢>e,l~)Lz(u€c) # 0 so that pe; is
well-defined. By Lemma 2.1 (6),
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k o0 0
B LA X)L ope] = 3 e (0, e 1) /0 fdpei + /O PEOLL fd, Vi >0,
i=1

5.5)
where a¢ ;, (i, ote ;) and pie ; are as in the statement. In particular, @ 1 = pe. Noting
that ae,1 = ||pe.1 ||L|(u§)¢e,1, we apply Theorem C (1) to find lime o, ae,1) = 1.

The bound for (i, ce ;) is proven in Lemma 5.1, which also yields the existence of
C=C(k,K)>0ande; = €;(k, K) > 0such that supy_. _, | (i, oe.i) Jo° fedpe,i|
< Cll flloo, leading to [[{1, ae,i) e illTv < C foralli € {1,... k}.

Lemma 2.2 (2) yields the existence of y; 41 > O such that

o
’/0 PtteechlfdM

o0
1L /
< e ekt fl oo / ate2 ey v s 2,
0

Set yk+1 := maxg V + Vk/+1 + 1. Clearly, there is €3 = €3(k, K) > 0 such that for
0<e<e,

_ Y41
< e M fllo, VI > 2. (5.6)

o
’/0 PtGQIiJr]de

Setting f = 1in (5.5) yields ]P’;[t <T5l= Zle ereil (, ae i) + fooo PO,
1d ., which together with (5.5) gives for ¢ > 0,

ELLfF (X1 = ELLf (XD Li<re] 4+ fO)(A =Pl < T

ZM*(f)+/() Pf Qi Lf — f(O]dp,

where i, (/)= 4y €74 (1, o) fi° felpe (1= X4y et o, ae,») £(0).

Y
It then follows from (5.6) that |E;[f(Xf)] — ()| = Ze_k"k“w% |  lloo for all
t >2and 0 < € < €, := min{ey, €2}. The conclusion follows.
(2) We only need to show lime_o{u,ac1) = pu. Recall that ac =
lpe, 1] Ll(ueG)(ﬁe’]. Since u is compactly supported in (0, oo0), Theorem C (2) implies
that forany 0 < § < 1,

1
lim Qe 1dp =0, limae (o) =-, lim e 1dp = p([a + 68, 00)).
€0 J0,0—5) e—0 2 €=0 J[a+8,00)
5.7)

Thus, liminfe_o(u, ote,1) > yu({a}) + (e + 8, 00)) for 0 < § < 1, leading to

liminfeso{2, de,1) = py-
To show the reverse inequality, we fix 0 < §, < 1 and set for each 0 < § < &,

py o [T 0 (@ = b a9\ () £0,
0, otherwise.
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Obviously, either supp(is) C (o — 84, o + 84) or supp(is) = W foreach 0 < § < 6.
Hence, an application of Lemma 5.1 yields the existence of M = M (8,) > 0 such
that sup, supg_ss, (48, @ 1) < M. Therefore,

€

Sup/ ac1dp < Mu((a —68,a +8) \{a}), VY0 <3 <,
(a—68,a+0)\{a}

which together with (5.7) results in

lim sup(u, ae,1) = lim sup [(/ +/ +/ >ae,|du+u({a})a€,1(a)j|
e—0 e—0 0,a—4] (—8,a+8)\{ar} [a+68,00)

<Mpu((a =38, a+8)\{a}) +u(la+4§,0)) + %M({a}), V0 < § < 8.

Letting § — 0T yields lim sup, _, o {14, @ 1) < py. This completes the proof. O

We prove Theorem F in the rest of this section. The following result, confirming
Theorem F over a shorter time scale, is needed.

Proposition 5.1 Assume (H), {x € (0,00) : b(x) = 0} = {x,} and b’ (xy) < O. Let
w : [0,00) — [0, 00) be a modulus of continuity. Then, for each compact K C
(0,00), M > 0 and sequences {t_}¢, {tc}e in (0, 00) satisfying t, < te for each e,

_
limeot, = 00 andlimegtee < =0 for each y > 0, there holds

o0
lim  sup sup  sup EZ[f(Xf)]—/ fdue| =0.
€=0 upp(U)CK te<t<te few[x,] 0
| flloo=M

Proof Let K, t, t. and w be as in the statement. Let u € P((0, 00)) have compact
support in K. Fix 0 < § <« 1. Let f € Cp([0, 00)) have modulus of continuity w at
X4. We write

B Lf (XD =E5[f (X)) Li<qe]l + £O) (1 =Pyl < T 1) = Ef (1) + ES(1), Vi > 0.

We first treat Ef(¢). Obviously, x, is the global asymptotic stable equilibrium of
X = b(x) in (0, 00), generating the flow ¢’. Hence, @' (K) C As = (x4 — %, Xy + %)
forallz > t_. Anapplication of the sample path LDP (seee.g. [3 12]) yields the existence
of y1 > 0 such that

_n
xlg{ P;[X; cAs]>1—e . (5.8)
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Denote by uf the distribution of X ; with X{j ~ . Then, the strong Markov property
and time- homogenelty of X; ensure that

E§ (1) = B [B5 17 (X015 1XC 1

_ / RS £ (X, )Ly, x s / BELS (X, )y <751
As (0,00)\As

=: E{, (1) + E{5(1), Vt>1

It follows from (5.8) that

_n
IEL, (Ol <e @ flloo <8l flloo, V=1, (5.9

n
Applying [31 Theorem 4.4.2], we find y2, y3 > Osuchthatlime_.o sup,c 4, Pile< <

TJ42 < eez] = 1, where TA 1nf{t > 0: X; ¢ Aps) is the first exit time from
Aps. As te grows sub- exponentlally in €2 to oo as € — 0, we find

sup sup sup P[r > TA 1<8. (5.10)

€ 1 <t<lc xeAs

Note that for any > 1,

0 = F) = [ ESPOC)L r aKS
As e 28 Le
+/ EJLf(X;, )ILTj\ 51714<T05]dlif — f(x)
As e 28 Le
= [ Es[oa ) - et Jdig
As e 28 Le
S L U

= pe [Pl — 1= T8 M~ FGnE (000 \ A,
As B B

We find from (5.8) and (5.10) that

A

|ES (1) — f(x)] < w28) + (I flloo + If(x*)l)/A Pl = T, ldu; + fCenle”
§

w(28) + 3 fllood, Vi, <1 =te. (5.11)

IA
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Thanks to Corollary 4.1,

‘f(x*)— fo fdpe| < fA () — ) ldpe + f( () — £ OO ldpe
5

0,00)\ A5
< w(é) + 2| flleod,

which together with (5.9) and (5.11) leads to

‘Ef(t) - /0 Fdue +IEGO

< [Efi(0) = fOe)| + 'f(x*) _/0 fdpe

<2w(28) + 6| fllowd, VI, <t =<te.

(5.12)
Now, we treat E>(¢). The proof of Theorem E implies the existence of y4 > 0 such
that

4 _
PE < Tl — e (e )| < e 7%, Ve > 2, (5.13)
Since lime o S InAc; = —d) < 0 (see Lemma 2.3), lime g hcp = —b/(x,) >

0 (see [45, Theorem B]) and lim¢_,o(u, ae;1) = 1 (see Theorem E), we deduce
2

IP’Z[t < T5] = 1 — 26 for all elz Lt K e ™ 1t follows from the monotonicity

of 1 > Pi[r < Ts] that PLlr < Ts] > 1 =25 forall 0 <t < tc. As a result,

|ES(D)] < 1£0)] (1 =P, [t < Tg1) < 25| flloo forall 0 < ¢ < zc. This together with

(5.12) yields

=2w(20) + 8[| fllowd, VI, <t <.

BN [ fde
0

The desired result then follows from the arbitrariness of 0 < § < 1. O

Now, Theorem F is almost a direct consequence of Corollary E (1) and Proposition
5.1

Proof of Theorem F Let K, ¢, fe and w be as in the statement. Let f. satisfy

_x
lime—0 ezte = oo and lim¢_,gtce < = 0 for each y > 0. We may assume without
loss of generality that f, < fc < fe.

A direct application of Proposition 5.1 yields the conclusion over the time scale

X% b

_2 [xxb
[t., t]. It follows from Corollary C (1) that A¢ | = %e 270 “d‘v, where C =

Z:Eg;‘/—ﬂbcf’(‘;j), and from [45, Theorem B] that lime_gAc2 = —b'(xx) > 0. We
then apply Corollary E (1) to arrive at the conclusion over the time scale [, 7¢]. The
theorem follows. O

6 Applications

This section is devoted to some applications of our main results. In Subsection 6.1, we
roughly discuss about diffusion approximations leading to SDEs of the form (1.1).
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In Subsection 6.2, we study logistic diffusion processes arising particularly from
chemical reactions and population dynamics. Subsection 6.3 is devoted the diffusion
approximation of QSDs.

6.1 Diffusion approximation and SDE

In this subsection, we briefly review the diffusion approximation giving rise to SDEs
of the form (1.1), and present the associated Fokker—Planck equation (or Kolmogorov
forward equation) as well as the Kolmogorov backward equation.

Denote by Ny the set of non-negative integers and consider a continuous-time
Markov jump process Z; on % = {% in e No} with transition rates gy (-, -), where
V > 1is a scaling parameter. Note that the notation V has been used for the potential
function defined in (1.4), but this should not cause any confusion. The main reason
for using V as the parameter here is to follow the convention or tradition, as V is often
interpreted as the generalized volume.

We assume for simplicity that for each m € Z\ {0}, there is b, : [0, 00) — [0, c0)

such that

n n+m n
qv (V’T):Vb’”<7>’ Vi eNy, n+meN. 6.1)

In treating chemical reaction systems, the condition (6.1) needs to be replaced by a
limiting condition:

1
—qv<%,n+7m>—bm(%)—>0 as V — oo

%
with certain uniformity with respect to n € Ny and n + m € Ny. Under appropriate
assumptions on b,,, m € Z\ {0}, the central limit theorem (see e.g. [27, 49]) ensures that
as 'V — oo, ZtV converges to solutions X; of (1.1) with e = LV, b= Zm#o mbyy,
and a = Zm#o m2b,,. More precisely, if limy_, Z(‘)/ = x9 = Xf), then for any
T > 0, sup,ci0.711Z — X§| — 0in probability as V — oco.

A convenient way to see that the process ZtV approaches a diffusion process of the
form (1.1) as V — oo is to examine the closeness between their generators. Note that
the generator Ly of Z reads

oo (5)= o (1) () ()] e

m#0

We expand Ly ¢ () up to the second order and use (6.1) to find

cus (5) <0 ()9 (3) 5 ()¢ ()
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which corresponds to the generator of the diffusion process (1.1) with € = f’ that
is, the second-order differential operator ¢ > %aqﬁ’ " + b¢'. Its formal L>-adjoint,
namely, ¢ — %(a¢>)” — (bg)', is called the Fokker—Planck operator.

The Kolmogorov backward equation and Fokker—Planck equation (or Kolmogorov
forward equation) associated with (1.1) are respectively given by u; = %au xx +buy
and u;, = %(au)xx — (bu)x. They respectively govern the dynamics of observables
and the evolution of distributions of X;.

6.2 Logistic diffusion processes

Consider the following family of SDEs:

dx = (bix — byx2)dt + ey aix + axx2dW,, x € [0, 00), 6.2)

where 0 < € < 11is a parameter, b1, by and a; are positive constants, and ap > 0. We
roughly describe two typical situations giving rise to (6.2) via diffusion approximations
(see Subsection 6.1).

Chemical reactions Consider the following chemical reactions:

ki ko
A+X =2X. X>C, (6.3)
-1

where k1, k_; and k, are reaction rates. The concentration of A molecules, denoted
by x4, is assumed to remain constant. We assume k1x4 > kj.
Let V >> 1 be the generalized volume of the system and X, be the continuous-

Vv
time Markov jump process counting the number of X molecules. Then, XT’ is the

concentration process on No

' and its transition rates are given by

n klen, m = 17

nn-my |k _inn-1) _

qv <V’ v ) =\ —5y— +kon, m_—.l,
0, otherwise,

whenever n € Ny and n + m € Ny. The law of large numbers [1, 27] ensures that as
\4

the volume V grows to infinity, the re-scaled process Xv converges to the solutions
of the following mean field ODE for the concentration of X molecules:

k
%= —71x +kixax — kax, x € [0, 00). (6.4)
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\4
The fluctuation of XT’ around solutions of (6.4) is captured by the central limit theorem
)4
[1, 27], leading to the diffusion approximation of XT’:

k_ k_
dx = (—71)(2 + kyxax — kzx) dt + e\/Tlxz +kixax + koxdW,, x €0, 00),

(6.5)
where € = LV and W; is a standard one-dimensional Wiener process.
It is not hard to check that solutions of (6.5) almost surely reach the extinction state
0 in finite time, while solutions of (6.4) with positive initial data converge exponen-
tially fast to the unique positive equilibrium. Such a dynamical disagreement between
deterministic and stochastic models is often referred to as Keizer’s paradox [46], which
is often formulated in terms of the chemical master equation satisfied by the distribu-
tions of XtV or % (see e.g. [13, 47, 76]). Examining the QSD of (6.5) bridges the
dynamics of (6.4) and (6.5) (or more generally, (6.2) and the associated unperturbed
ODE i = bjx — byx?), and successfully resolve Keizer’s paradox. See Remark 6.1
for details.

Logistic BDPs Let A > u > 0. Consider a continuous-time birth-and-death process
(BDP) YK on the state space Ny with birth rates AX = An, n € Ny, and death rates
pc,’f =n (,u + %), n € N, where K > 1 is the scaling parameter, often called the

. . " vk . .
carrying capacity. The transition rates of - is given by

K
, m=1,
n n+m 'u;é
qK Er K = )\'n , m= _15
0, otherwise,

whenever n € Ng and n +m € Ny. By the law of large numbers and central limit the-

K
orem, for sufficiently large K, the process % stays close to solutions of the following
SDE:
dx = (Ax — ux — x2)dt + €v/Ax + pux + x2dW,, x € [0, 00), (6.6)

where € =
form of (6.2

K
. The SDE (6.6) is the diffusion approximation of %, and is in the

e

Going back to (6.2), we let a(x) = ajx + apx? and b(x) = byx — byx?. Clearly,
(H) is satisfied. Let V be as in (1.4). Denote by X; the solution processes of (6.2)
and by T(f the associated extinction time. Set x, := Z—‘ Note that we have used the
notation V for both the generalized volume and the potential function. Its meaning
should be clear in the context, and thus, no confusion shall be caused.

Theorem 6.1 Consider (6.2).
(1) For each €, (6.2) admits a unique QSD e with a density ue € C*°((0, 00)).

2 rxx b
Re —5 /" ods . b (x
(2) ue = cte €2 a™" where lim¢_,g Re = a(xy) —M((;*))

(0, 00).

locally uniformly in
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(3) Foreach K CC (0, 00), there are positive constants y = y(K) and €, = €,(K)
such that

sup  [|PSIXS € o] — [ M (w, @ 1)pe + (1 — e 74, e 1) 0] |

neP((0,00))
supp(u)CK
Lz—blt
< ee , Vt>2and0 <€ < e,
where ae1 = |Pe1 ||L1(MEG)¢€’] and (L, ae1) = fooo ae1dp satisfies lime_,q
<M7 aé,l) = 1

(4) Let w be a modulus of continuity. For each compact K C (0,00), M > 0 and
sequences {t _}e, {te}e in (0, 00) satisfying t, < te foreache, lime_ot, = 0o and

: I _% (f* st
limeo e ¢ «™" =0, there holds

o
lim  sup sup  sup E;[f(Xf)]—/ fdue| =0.
€0 supp(u)CK 1, <1<t fewlr] 0
I flloo=M

(5) For any u € P((0, 00)) with compact support, E;[TOE] R % /—m

_2 [x by . Ty —t
e 2Jo a andllme—)OPZ[ﬁj>t]=e forallt > 0.
ntso

(6) lime—q llte — Gellrv = O, where G, is a probability measure on (0, 00) whose
b () (,,X*)Z}
a(xy) €2 '
(7) For any p € [1,00), lime—o Wy (e, Ge) = 0, where W), is the p-Wasserstein
distance.

density is proportional to exp {

Proof (1) See [10]. (2) It follows directly from Theorem A and Corollary B (1). (3)
It follows from Corollary E (1) and the fact lim._,¢ A 2 = b; (see [45, Theorem B]).
(4) It follows from Theorem F. (5) It is a direct consequence of Corollary D (1) and
Theorem D (1).

_ V') (x—x,)?

(6) Denote the density of Ge by G¢(x) = Zlee 2

normalization constant. Fix 0 < 8y <« 1 and k € (%, 1). Set I := (x4 — €, x4 + €°)
and I, := (x« — 8o, X« + 8p). Split

2diStTV(Me,ge)=/ +/ +/ e — Geldx.
00N, I\ I

It remains to treat the integrals.
By Corollary 4.1 and the tail of G, there exists y; > 0 (independent of €) such
that

, Where Z. is the

7
/ lue — Geldx <e <. (6.7)
(0.00)\ I3
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Clearly, there is 0 < n < 1 such that V(x) — V (x,) > [% — r/] (x — x4)? for
all x € Is,. It follows from (2) that

2
f lue — Geldx < / Re j~3v-veo, +/ Gedx
150\16 180\15 €a 150\16

1 _2[VVew 2
< C]/ —e 62[ 2 n](x ) dx —I—/ Gedx,
160\16 € 150\15

. Note that there is y» > 0 (independent of x and

where C| = 1+SUP150 a(x) V/;(Tx*)

a
€) such that

1 _l[v”(m_ ]X_x 2 )
max / e a2l nfamx) dx, Gedx } <e &1-6,
130\16 € 150\16

Hence,
__n
/ lue — Geldx <2Cre E0-9 (6.8)
Isy\ e

Since V € C3((0, 00)), there holds

V// X V/// x
V(x) = V(x) + (xs) (x —x)? + %(x —x)P Fo(x —x?). Vx ey,
Then,
1 _ V' \2 2
/ lue — Geldx =/ Cr(x,€)—e ) g = 7 sup Ca(x, €),
I, I € V7 (x4) xel,

where

Cotr. ) = | B € B[Py rotn)] | = 5[ F52 tmm ol

a(x) Ze

2
Note that k > 3 gives sup,.; e

%(X_x*)zﬂ(lx_x*m‘ — 1 as € — 0. This

together with (2) and the fact that Zie =.,/- :;((X;:)

= 0. Hence, lim¢_, ¢ fle lue — G¢ldx = 0, which together with (6.7) and (6.8) yields
lim¢_ ||te — GellTv = 0. This completes the proof.
1
(7) Let p € [1, 00). By [77, Theorem 6.15], W, (jte, Ge) < 27 (fooo [x — x4|P

1
le (x) — Ge(x)| dx)?, where p’ is the dual exponent of p. It follows from (6) and
the tails of u. (see Lemma 2.6) and G, that lim¢_.o W, (e, Ge) = 0. O

implies thatlim¢_, ¢ sup,e;, Ca(x, €)
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Remark 6.1 We comment on Keizer’s paradox and its resolution by QSDs. Keizer’s
paradox, in terms of the diffusion process (6.2) and the associated unperturbed ODE

% = bix —byx?, x €[0,0), (6.9)

refers to the long-term dynamical disagreement of (6.2) and (6.9) when they are used to
model the same system. More precisely, for any xp € (0, 00), solutions X¢§ and ¢’ (x)
of (6.2) and (6.9), respectively, with X§ = xo = ¢ (xo) satisfy lim,_ o0 Xi =0
almost surely and

tl;n;() @' (x0) = x4 exponentially fast. (6.10)

However, from an observable’s viewpoint, (6.2) and (6.9) are well-matched because
the same phenomenon is observed over any reasonable periods when either of them is
used. This is clearly seen from Theorem 6.1 (4) (6) and (6.10) (being locally uniformly
in xo € (0, 00)), which imply that

lim sup sup  sup |ES [F(XD]— f(@ (x0)| =0,
6_)0X0€K[4§[§f€ fewlxy]
[ flloo<M

where K, t_, fc, w[x,] and M are as in Theorem 6.1 (4). Intuitively, for the time
scale t, <t < f., X{ is governed by the QSD p., which is almost Gaussian and
concentrated at x..

Remark 6.2 1t is worth noting that the metastability in the chemical system (6.3) shares
some similarities in phenomena with that in equilibrium statistical mechanics, meaning
that there exists a state in which the process remains trapped over macroscopic time
scales before moving to the state with the lowest energy. But, they differ in mechanism.

For a closed chemical system whose mean-field model exhibits multiple stable equi-
libria, the concept of metastability in its stochastic counterpart bears a resemblance to
that in equilibrium statistical mechanics. These systems exhibit noise-induced tran-
sitions among stable equilibria. In this scenario, stationary distributions represent
equilibrium steady states in which there is no reaction flux (more precisely, reactions
do not stop, but are balanced), and the equilibrium associated with their zero-noise
limit (if exists) can be regarded as “the state with the lowest energy".

Howeyver, due to the fact that the reaction A — C is assumed to be irreversible,
the chemical system (6.3) can be realized in an open system in which C molecules
are constantly removed from the system while A molecules are constantly supplied
to the system. Noise-induced transitions occur from the sole stable equilibrium to the
extinction state 0, but there are no transitions back. The QSDs can be seen as nonequi-
librium steady states with fluxes in reactions, resulting in the eventual extinction of X
molecules.

These were more or less discussed in [76, Section 4], and pertain to the fundamental
distinctions between open and closed chemical systems.
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6.3 Diffusion approximation of QSDs

We further examine logistic BDPs with the focus on the distance between QSDs of

X tK = % and that of (6.6). This concerns the compatibility of the birth-death process
X IK and the diffusion process (6.6) as models for the evolution of the same species, as
well as the diffusion approximation of QSDs.

It is well-established (see e.g. [18, 62]) that for each K > 1, X tK admits a unique
QSD X on %. In [17], the authors proved the following asymptotic of X as K — oo.

Proposition 6.1 ([17]) The following hold.
(1) There is Co > O such that |u% — GK|7y < 5—% for all K > 1, where

gk = {GK (%)}%N is a probability measure on % given by GX (%) =
. _ﬁ(l_mwm)z ok o
.84 nAK K with Z* being the normalization constant.

(2) For any p € [1, 00), there exists C, > 0 such that Wp(uK, 6Ky < 5—%]‘0}" all
K> 1

Proposition 6.1 (2) isnot stated in [17]. But, itis a simple consequence of Proposition
6.1 (1), the tails of pLK given in the proof of [17, Theorem 3.7], and the control of
Wasserstein distance by weighted total variation distance (see [77, Theorem 6.15]).

We identify X and GX with their natural extensions to probability measures on
(0, 00). In particular, they are singular with respect to the Lebesgue measure on (0, 00).

Recall that € = \/L? Denote by ug := ue the unique QSD of (6.6). As the total

variation distance between pLK and pg is 1, we use somewhat weaker distances.

Theorem 6.2 The following hold.

1. Forany p € [1,00), limg_0 W, (X, ug) = 0.
2. limg oo distg ot (X, ) = 0, where distx o denotes the Kolmogorov metric.

We need some elementary results. Let G be a probability measure on (0, oo) with
density

Gr() = — Ko—o-wy? (6.11)
= — e s - - b .
K=z *
where Zg is the normalization constant.
Lemma 6.1 The following hold.
. K
(1) limg— oo KZ—ZK =1.
(2) Foreach p € [1,00), iMg 00 Y pen |2 — 0 — w)|” GK (%) — 0.
Proof (1) Write

m—mm)z _K(n_lo-wk]\?
K + Z e 2\K K

neNg neN%

= 1K + 1k,
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whereNKz{neN:i— T
K3

L(A_Il(L)KJ‘ = L} and N% = N\ Ng. Since I¥ > 1

and
1 2e‘§ 1 _JK
K< Y e nf P <= <8Kie %, K> 1,
3 l—e_ﬁK7Z
n>K#4#
neN

where we used the fact that 1 — e™* > % for 0 < x < In2 in the last inequality, we
find
X =od%) as K > (6.12)

and ZK = 1X +0(e_§) as K — oo.
Now, we treat Zg . Split

n+| n+1

Zx = Z/ e — K (x—(—p))? dx + Z/ e — K (x—(—p))? dx =: I + llg.

neNg neNg

Noting that for x € [%, %) and n € NY, there holds

A —wk A — K
|x—(k—u)|z% %Hx—(x—m—(%—“ Ku) J>‘
1 2 1
z— == -
ki K 7 oks

for all K > 1, we deduce

IIK </ . e ZA(X (A— U«))de
{lx—(—w)|= K74}

8A 1
=2\/— /1 e dy <2,/ — / exp dy =_%e—ﬁK2.
22k Ki

Then, it follows from

2
fZK—«F/ e~ 2 (=0 “))dx—f/ e Zdx - V27x) as K — o0

K(x )

that limg 0o vK1g = /27X and
g =o0(g) as K — oo. (6.13)
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Notethatifn € Ng andx € [% %),then)(x —(A—p) - (% — LW)) <

%, and thus, for all K > 1,

K A —wK]\?
exp{a (x—()»—u))z—(%_%) }
1 A— K 1 2 2
Sexp{x x_()h_li)‘i‘%—%'}Sexp{x(—l-l—?)}

it
< exp e
AK3

As a consequence, we find from the mean value theorem that

_1 10K \2 1
k= ) e Hf—omw? o L ik > CEGEE) J L
K - K K ’
I’LENK HENK
1
= L Y ke -omwr o L —txix
HGN](
i K :
where xX € [£. %) for each n € Ng. Therefore, limg_ oo Ig—lk = 1, which

together with (6.12) and (6.13) leads to limg - o0 = = limg o0 7= = 1.
(2) Since ZX > 1, we derive

n 4 n n p _K(n_lo=pKl)?
——-w| GE(=) < Z = e u(K X )
>l Fet () =Xl |
— P _ 4 " A 2
5217%([’;_ L KM)KJ +‘L(k KM)KJ G )e_g(r%>
52”2((%)”%) L

nez

Note that for each n € N and K > 0, there hold

1 ) ntl K 1\2 1 5 ntl K 1\2

_K(n K 77():77) nN\P _K(n K 7—()(77)

Ee 2/1(1() </ e 2 k) dx, (—) e ZA(K) < xPe 2+ ) dx,
n n

K

It follows that
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00 K( 1)2 00
1,2 — 5 (x— % _Kk 2
E eZ»\K”<K/ e P\ K dx:K/ e 2% dx,
1
= 0
X

neN

00 1\2

E (%)pe_b\lk”z < K/ x”e_ﬂ(x_f) dx
|
X

o0 P o0
= K/ <x + i) e 5% dx < 2”K/ (xp + L) e 5% dx.
0 K 0 Kr

Therefore,

P oo
3 ‘% (- M)‘ GK (%) <2r(1 4 2P)K1—P/ e 57 dx
neN 0

o0
+2%PK / xPe 5 dx
0

1 R x2 2 p+l P 0 x2
:2P(1+2P)vzxKi‘P/ e Tdx+2 P(2/\)TKT7/ xPe" T dx

0 0
— 0 as K — oo.

This completes the proof. O
Now, we prove Theorem 6.2.

Proof of Theorem 6.2 Recall that Gk is a probability measure on (0, co) with density
Gk givenin (6.11). Theorem 6.1 says that

lim |lux —Gkllrv =0 and lim Wp(uk.Gk) =0, Vpe€[l,00). (6.14)
K—o00 K—o00

(1) Let p € [1, 00). Note that W, (u*, ug) < WX, G%) + w,(G¥, Gx) +
Wy (Gk, uk).Itfollows from Proposition 6.1 (2) and (6.14) thatlimg , .o W), WX, ng)
= 0 holds if we show

lim W,(GX, gx) =0. (6.15)
K—oo

To show (6.15), we note that

W,(GK, Gx) < W,(GK, 81—) + Wy (81—p» Gi)

1

(Sl 0wl o ()

+ (/ x— (- M)|pGK(x)dx>p .
0

By Laplace’s method, limg _, » fooo |lx — (A — w)|PGg (x)dx = 0. This together with
Lemma 6.1 (2) gives (6.15).
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(2) Due to Proposition 6.1 (1), (6.14) and
distgor (u", ux) < Iu” = G% liry +distxor (G, Gx) + |Gk — nk v,
the limit lim g _, o0 distxo1 (%, i) = 0 follows if we show
Khinoo distgo1(GX, Gk) = 0. (6.16)
Denote by Fgk and Fg, distribution functions of G K and G, respectively. Clearly,
0, t e, %)
Fgr (1) = in(%» r=[%,51) ) peN,
m=1
By the definition,

distkor (GX, Gk) = sup |Fgx — Fg,|
(0.00)

< sup su%) |Fg1<—FgK , sup |Fg’<_ng » neN

©.4) (%2

Obviously, limg _, Sup, 1) |Fg1< — FQK| = 0. Recall Ng and N% from the proof
of Lemma 6.1. Note that

> 6% (%) [ Gras

m=1

sup sup |Fg1< - ng‘ = sull\)I sup
ne

neN[n n+ti n o+l
K K K

(zz)

C
neNg  neNg

>

n+l

Gk (%) - fnT Grdx

K

+sup/ : Ggdx.

n
neNJ ¢

n+l
K

It is easy to see that limg _, oo SUp,cry [~ Grdx = 0. The exponential tails of Gk
K

and G g ensure that the sum over N% vanishes as K — oo. To treat the sum over N,

LA=—wWK]
K

we set xg = and estimate for n € N,

Chk _K(n_, \2
< Z”K e~ (k—xK)” (6.17)

GK (%) - /;K Grdx

@ Springer



Large deviation principle for quasi-stationary distributions... 725

ARy S [ GmmP = ()]

where C, x = ‘1 D . Note that
K
K 5 n 2
sup  sup | = (v — (k=) = (% — k)
neNg xe(%,%)

K n
< — sup sup ‘x—E—i—xK—()L—M)"

2A 1
et xe(, )

‘x———i-——xl(-i-xl(—()» M)-i-——xK”

K K

K2 /2 2
< —— +—]—>0 as K — oo.
2AK \K Ki

This together with Lemma 6.1 implies limg _, oo sup, ey, Cn.k = 0. Hence, we see
from (6.17) that

n+l

. n K
i 3|07 () [ o

< lim sup Cp g X 11m Z —e ~ 5 (=)’ =
K—00 peNg neNK

This proves (6.16), and completes the proof of the theorem. O

Acknowledgements We are grateful to the referee for carefully reading the manuscript and providing many
constructive critiques and helpful suggestions, which have led to a significant improvement of the paper.

References

1. Anderson, D.F,, Kurtz, T.G.: Stochastic analysis of biochemical systems. In: Mathematical Biosciences
Institute Lecture Series. Stochastics in Biological Systems, 1.2. Springer, Cham, MBI Mathematical
Biosciences Institute, Ohio State University, Columbus, OH (2015)

2. Assaf, M., Meerson, B.: WKB theory of large deviations in stochastic populations. J. Phys. A 50(26),
263001 (2017)

3. Bansaye, V., Méléard, S.: Stochastic models for structured populations. Scaling limits and long time
behavior. In: Mathematical Biosciences Institute Lecture Series. Stochastics in Biological Systems,
1.4. Springer, Cham, MBI Mathematical Biosciences Institute, Ohio State University, Columbus, OH
(2015)

4. Berezin, F.A., Shubin, M.A.: The Schrodinger equation. Translated from the 1983 Russian edition
by Rajabov, Y., Leites, D.A., Sakharova, N.A. and revised by Shubin. With contributions by Litvinov,
G.L., Leites. Mathematics and its Applications (Soviet Series), 66. Kluwer Academic Publishers Group,
Dordrecht (1991)

5. Berglund, N.: Kramers’ law: validity, derivations and generalisations. Markov Process Relat. Fields
(English summary) 19(3), 459—490 (2013)

6. Biryuk, A., Gomes, D.A.: An introduction to the Aubry—Mather theory. Sao Paulo J. Math. Sci. 4(1),
17-63 (2010)

7. Biswas, A., Borkar, V.S.: Small noise asymptotics for invariant densities for a class of diffusions: a
control theoretic view. J. Math. Anal. Appl. 360(2), 476-484 (2009)

@ Springer



726

W.Qietal.

8.

9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Bovier, A., Eckhoff, M., Gayrard, V., Klein, M.: Metastability in reversible diffusion processes. I.
Sharp asymptotics for capacities and exit times. J. Eur. Math. Soc. JEMS) 6(4), 399-424 (2004)
Bovier, A., Gayrard, V., Klein, M.: Metastability in reversible diffusion processes. II. Precise asymp-
totics for small eigenvalues. J. Eur. Math. Soc. JEMS) 7(1), 69-99 (2005)

Cattiaux, P., Collet, P., Lambert, A., Martinez, S., Méléard, S., San Martin, J.: Quasi-stationary distri-
butions and diffusion models in population dynamics. Ann. Probab. 37(5), 1926-1969 (2009)
Cattiaux, P., Méléard, S.: Competitive or weak cooperative stochastic Lotka—Volterra systems condi-
tioned on non-extinction. J. Math. Biol. 60(6), 797-829 (2010)

Chan, T.: Large deviations and quasi-stationarity for density-dependent birth—processes. J. Austral.
Math. Soc. Ser. B 40(2), 238-256 (1998)

Childs, P., Keener, J.P.: Slow manifold reduction of a stochastic chemical reaction: exploring Keizer’s
paradox. Discrete Contin. Dyn. Syst. Ser. B 17(6), 1775-1794 (2012)

Champagnat, N., Villemonais, D.: Exponential convergence to quasi-stationary distribution and Q-
process. Probab. Theory Relat. Fields 164(1-2), 243-283 (2016)

Champagnat, N., Villemonais, D.: General criteria for the study of quasi-stationarity. Electron. J.
Probab. 28, 84 (2023)

Champagnat, N., Villemonais, D.: Lyapunov criteria for uniform convergence of conditional distribu-
tions of absorbed Markov processes. Stoch. Process. Appl. 135, 51-74 (2021)

Chazottes, J.-R., Collet, P., Méléard, S.: Sharp asymptotics for the quasi-stationary distribution of
birth-and-death processes. Probab. Theory Relat. Fields 164(1-2), 285-332 (2016)

Collet, P.: S. Martinez and J. San Martin, Quasi-stationary distributions. Markov chains, diffusions and
dynamical systems. In: Probability and its Applications (New York). Springer, Heidelberg (2013)
Crandall, M.G., Lions, P.-L.: Viscosity solutions of Hamilton—-Jacobi equations. Trans. Am. Math. Soc.
277(1), 1-42 (1983)

Day, M.: On the exponential exit law in the small parameter exit problem. Stochastics 8(4), 297-323
(1983)

Day, M.V.: Recent progress on the small parameter exit problem. Stochastics 20(2), 121-150 (1987)
van Doorn, E.A., Pollett, PK.: Quasi-stationary distributions for discrete-state models. Eur. J. Oper.
Res. 230(1), 1-14 (2013)

Di Gesu, G., Lelievre, T., Le Peutrec, D., Nectoux, B.: Sharp asymptotics of the first exit point density.
Ann. PDE 5(1), 174 (2019)

Di Gesu, G, Lelievre, T., Le Peutrec, D., Nectoux, B.: The exit from a metastable state: concentration
of the exit point distribution on the low energy saddle points, part 1. J. Math. Pures Appl. 138, 242-306
(2020)

Di Gesu, G., Lelievre, T., Le Peutrec, D., Nectoux, B.: The exit from a metastable state: concentration
of the exit point distribution on the low energy saddle points, part 2. Stoch. Partial Differ. Equ. Anal.
Comput. 10(1), 317-357 (2022)

Ercsey-Ravasz, M., Toroczkai, Z.: Optimization hardness as transient chaos in an analog approach to
constraint satisfaction. Nat. Phys. 7, 966-970 (2011)

Ethier, S.N., Kurtz, T.G.: Markov Processes. Characterization and Convergence. Wiley Series in Prob-
ability and Mathematical Statistics: Probability and Mathematical Statistics. Wiley, New York (1986)
Evans, L.C., Ishii, H.: A PDE approach to some asymptotic problems concerning random differential
equations with small noise intensities. Ann. Inst. H. Poincaré Anal. Non Linéaire 2(1), 1-20 (1985)
Fathi, A.: Weak KAM Theorem in Lagrangian Dynamics. https://www.math.u-bordeaux.fr/~pthieull/
Recherche/KamFaible/Publications/Fathi2008_01.pdf

Ferré, G., Rousset, M., Stoltz, G.: More on the long time stability of Feynman—Kac semigroups. Stoch.
Part. Differ. Equ. Anal. Comput. 9(3), 630-673 (2021)

Freidlin, M.I., Wentzell, A.D.: Random perturbations of dynamical systems. Translated from the 1979
Russian original by Joseph Sziics, 3rd edn. Grundlehren der Mathematischen Wissenschaften [Funda-
mental Principles of Mathematical Sciences], 260. Springer, Heidelberg (2012)

Fukushima, M.: Dirichlet Forms and Markov Processes. North-Holland Mathematical Library, 23.
North-Holland Publishing Co., Amsterdam-New York, Kodansha, Ltd., Tokyo (1980)

Gilbarg, D., Trudinger, N.S.: Elliptic Partial Differential Equations of Second Order. Reprint of the
1998 edition. Classics in Mathematics. Springer-Verlag, Berlin (2001)

Graham, R.: Macroscopic potentials, bifurcations and noise in dissipative systems. In: Garrido, L.
(ed.) Fluctuations and Stochastic Phenomena in Condensed Matter. Lecture Notes in Physics, vol. 268.
Springer, Berlin, Heidelberg (1987)

@ Springer


https://www.math.u-bordeaux.fr/~pthieull/Recherche/KamFaible/Publications/Fathi2008_01.pdf
https://www.math.u-bordeaux.fr/~pthieull/Recherche/KamFaible/Publications/Fathi2008_01.pdf

Large deviation principle for quasi-stationary distributions... 727

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

Guillin, A., Nectoux, B., Wu, L. Quasi-stationary distribution for strongly Feller Markov processes
by Lyapunov functions and applications to hypoelliptic Hamiltonian systems. https://hal.archives-
ouvertes.fr/hal-03068461

Hale, J.K.: Asymptotic Behavior of Dissipative Systems. Mathematical Surveys and Monographs, vol.
25. American Mathematical Society, Providence, RI (1988)

Hastings, A.: Transients: the key to long-term ecological understanding? Trends Ecol. Evol. 19(1),
29-45 (2004)

Hastings, A., Abbott, K.C., Cuddington, K., et al.: Transient phenomena in ecology. Science 361(6046),
eaat6412 (2018)

Helffer, B., Klein, M., Nier, F.: Quantitative analysis of metastability in reversible diffusion processes
via a Witten complex approach. Mat. Contemp. 26, 41-85 (2004)

Hening, A., Kolb, M.: Martin Quasistationary distributions for one-dimensional diffusions with singular
boundary points. Stoch. Process. Appl. 129(5), 1659-1696 (2019)

Hening, A., Qi, W., Shen, Z., Yi, Y.: Quasi-stationary distributions of multi-dimensional diffusion
processes. https://sites.ualberta.ca/~zhongwei/manuscript-Hening- Qi- Shen- Yi-QSD.pdf

Helffer, B., Nier, F.: Quantitative analysis of metastability in reversible diffusion processes via a Witten
complex approach: the case with boundary. Mém. Soc. Math. Fr. (N.S.) No. 105, vi+89 (2006)
Huang, W., Ji, M., Liu, Z., Yi, Y.: Integral identity and measure estimates for stationary Fokker—Planck
equations. Ann. Probab. 43(4), 1712-1730 (2015)

Ikeda, N., Watanabe, S.: Stochastic Differential Equations and Diffusion Processes, 2nd edn. North-
Holland Mathematical Library, 24. North-Holland Publishing Co., Amsterdam, Kodansha, Ltd., Tokyo
(1989)

Ji, M., Qi, W,, Shen, Z., Yi, Y.: Transient dynamics of absorbed singular diffusions. J. Dynam. Differ.
Equ. to appear

Keizer, J.: Master equations, Langevin equations, and the effect of diffusion on concentration fluctua-
tions. J. Chem. Phys. 67(4), 1473-1476 (1977)

Keizer, J.: Statistical Thermodynamics of Nonequilibrium Processes. Springer-Verlag, New York
(1987)

Kurtz, T.G.: Solutions of ordinary differential equations as limits of pure jump Markov processes. J.
Appl. Probab. 7, 49-58 (1970)

Kurtz, T.G.: Limit theorems for sequences of jump Markov processes approximating ordinary differ-
ential processes. J. Appl. Probab. 8, 344-356 (1971)

Lai, Y.-C., Tél, T.: Transient Chaos Complex. Dynamics on Finite-time Scales. Applied Mathematical
Sciences, vol. 173. Springer, New York (2011)

Landim, C., Mariani, M., Seo, L.: Dirichlet’s and Thomson’s principles for non-selfadjoint elliptic
operators with application to non-reversible metastable diffusion processes. Arch. Ration. Mech. Anal.
231(2), 887-938 (2019)

Landim, C., Seo, I.: Metastability of nonreversible random walks in a potential field and the Eyring—
Kramers transition rate formula. Commun. Pure Appl. Math. 71(2), 203-266 (2018)

Le Peutrec, D.: Small eigenvalues of the Neumann realization of the semiclassical Witten Laplacian.
Ann. Fac. Sci. Toulouse Math. (English, French Summary) 19(3—4), 735-809 (2010)

Lee, J., Seo, I.: Non-reversible metastable diffusions with Gibbs invariant measure I: Eyring—Kramers
formula. Probab. Theory Relat. Fields 182(3—4), 849-903 (2022)

Lelievre, T., Le Peutrec, D., Nectoux, B.: Exit event from a metastable state and Eyring—Kramers law
for the overdamped Langevin dynamics. (English summary) Stochastic dynamics out of equilibrium,
331-363, Springer Proc. Math. Stat., 282. Springer, Cham (2019)

Littin, J.: Uniqueness of quasistationary distributions and discrete spectra when oo is an entrance
boundary and 0 is singular. J. Appl. Probab. 49(3), 719-730 (2012)

Le Peutrec, D., Michel, L.: Sharp spectral asymptotics for nonreversible metastable diffusion processes.
Probab. Math. Phys. 1(1), 3-53 (2020)

Lopes, A.O., Neumann, A.: Large deviations for stationary probabilities of a family of continuous time
Markov chains via Aubry—Mather theory. J. Stat. Phys. 159(4), 797-822 (2015)

Ludwig, D.: Persistence of dynamical systems under random perturbations. SIAM Rev. 17(4), 605-640
(1975)

Mathieu, P.: Spectra, exit times and long time asymptotics in the zero-white-noise limit. Stoch. Stoch.
Rep. 55(1-2), 1-20 (1995)

@ Springer


https://hal.archives-ouvertes.fr/hal-03068461
https://hal.archives-ouvertes.fr/hal-03068461
https://sites.ualberta.ca/~zhongwei/manuscript-Hening-Qi-Shen-Yi-QSD.pdf

728

W.Qietal.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.
75.

76.

7.

78.

79.

80.

Matkowsky, B.J., Schuss, Z.: The exit problem for randomly perturbed dynamical systems. SIAM J.
Appl. Math. 33(2), 365-382 (1977)

Méléard, S., Villemonais, D.: Quasi-stationary distributions and population processes. Probab. Surv.
9, 340410 (2012)

Mikami, T.: Asymptotic expansions of the invariant density of a Markov process with a small parameter.
Ann. Inst. H. Poincaré Probab. Stat. 24(3), 403-424 (1988)

Mikami, T.: Asymptotic analysis of invariant density of randomly perturbed dynamical systems. Ann.
Probab. 18(2), 524-536 (1990)

Rabinovich, MLL., Varona, P.: Robust transient dynamics and brain functions. Front. Comput. Neurosci.
5,24 (2011)

Miura, Y.: Ultracontractivity for Markov semigroups and quasi-stationary distributions. Stoch. Anal.
Appl. 32(4), 591-601 (2014)

Morozov, A., Abbott, K., Cuddington, K., et al.: Long transients in ecology: theory and applications.
Phys. Life Rev. 32, 1-40 (2020)

Pollett, P.K.: Quasi-stationary distributions: a bibliography. https://people.smp.uq.edu.au/
PhilipPollett/papers/qsds/qsds.html

Scott, S.K., Peng, B., Tomlin, A.S., Showalter, K.: Transient chaos in a closed chemical system. J.
Chem. Phys. 94, 1134 (1991)

Shen, Z., Wang, S., Yi, Y.: Concentration of quasi-stationary distributions for one-dimensional diffu-
sions with applications. Ann. Inst. Henri Poincaré Probab. Stat., to appear

Sheu, S.-J.: Asymptotic behavior of the invariant density of a diffusion Markov process with small
diffusion. SIAM J. Math. Anal. 17(2), 451460 (1986)

Stettner, L.: Large deviations of invariant measures for degenerate diffusions. Probab. Math. Stat. 10(1),
93-105 (1989)

Sumi, R., Molndr, B., Ercsey-Ravasz, M.: Robust optimization with transiently chaotic dynamical
systems. EPL Europhys. Lett. 106(4), 40002 (2014)

Tél, T.: The joy of transient chaos. Chaos 25(9), 11 (2015)

Temam, R.: Infinite-dimensional dynamical systems in mechanics and physics, 2nd edn. Applied
Mathematical Sciences, 68. Springer-Verlag, New York (1997)

Vellela, M., Qian, H.: A quasistationary analysis of a stochastic chemical reaction: Keizer’s paradox.
Bull. Math. Biol. 69(5), 1727-1746 (2007)

Villani, C.: Optimal transport. Old and new. Grundlehren der Mathematischen Wissenschaften [Fun-
damental Principles of Mathematical Sciences], 338. Springer-Verlag, Berlin (2009)

Wang, J., Soerensen, P.G., Hynne, F.: Transient period doublings, torus oscillations, and chaos in a
closed chemical system. J. Phys. Chem. 98(3), 725-727 (1994)

Watanabe, S., Yamada, T.: On the uniqueness of solutions of stochastic differential equations. II. J.
Math. Kyoto Univ. 11, 553-563 (1971)

Yamada, T., Watanabe, S.: On the uniqueness of solutions of stochastic differential equations. J. Math.
Kyoto Univ. 11, 155-167 (1971)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable

law.

@ Springer


https://people.smp.uq.edu.au/PhilipPollett/papers/qsds/qsds.html
https://people.smp.uq.edu.au/PhilipPollett/papers/qsds/qsds.html

	Large deviation principle for quasi-stationary distributions and multiscale dynamics of absorbed singular diffusions
	Abstract
	1 Introduction
	1.1 Quasi-stationary distributions
	1.2 Large deviation principle for QSDs
	1.3 Asymptotic reciprocal relationship
	1.4 Multiscale estimate
	1.5 Applications
	1.6 Organization of the rest of the paper

	2 Preliminary
	2.1 Generator, spectral theory and dynamics
	2.2 Semi-classical Schrödinger operators
	2.3 Concentration estimates and tightness of QSDs

	3  Vanishing viscosity limits
	4  Large deviation principle for QSDs
	4.1 Identities
	4.2 Proof of Theorem A
	4.3 Proof of Theorem B
	4.4 Proof of Theorem C

	5  Multiscale dynamics
	5.1 Asymptotic reciprocal relationship
	5.2 Multiscale estimate

	6  Applications
	6.1  Diffusion approximation and SDE
	6.2 Logistic diffusion processes
	6.3 Diffusion approximation of QSDs

	Acknowledgements
	References




