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ABSTRACT. We consider a class of one-dimensional absorbed diffusion processes with small singular
noises that exhibit multi-scale dynamics in the sense that typical trajectories of the solution process
first quickly approach to transient states, captured by quasi-stationary distributions (QSDs), then
stay with transient states for a very long period, and finally deviate from transient states and slowly
relax to the absorbing state. The main purpose of the present paper is to give qualitative character-
izations of such multi-scale dynamics with particular interest in the intriguing transient dynamics
governed by transient states. This is achieved by the establishment of (i) noise-vanishing asymptotics
of the first eigenvalue and the gap between the first and second eigenvalues of the generator that are
respectively the rates for solutions to get absorbed by the absorbing state and attracted by QSDs;
(ii) sophisticated estimates quantifying the distance between solutions and convex combinations of
QSDs and the absorbing state. Applications to stochastic models arising in chemical reactions and
population dynamics are discussed.
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1. Introduction

Transient dynamics, roughly understood as interesting and important dynamical behaviors of real
or artificial systems that display only over finite time scales, arise naturally in chemical reactions (see
e.g. [52, 57]), population dynamics (see e.g. [25, 20, 47]) and many other scientific areas (see e.g.
[39]). In a closed chemical system, chemical oscillations could last hours and even longer, while the
whole system must eventually relax to the thermal equilibrium due to the dissipation of heat and
energy. In population dynamics, although the eventual loss of diversity or extinction is inevitable due
to limited resources, mortality, etc., species of large numbers typically coexist or persist for a very
long period in comparison to human timescales. In spite of the ubiquity of transient dynamics in
multi-scale systems, there have not been many mathematically rigorous studies.

The present paper is devoted to the investigation of transient dynamics of a class of multi-scale
diffusion processes arising in chemical reactions, population dynamics, etc. More precisely, we consider
the following family of stochastic differential equations (SDEs):

dx = b(x)dt + ev/a(x)dWy, x € [0,00), (1.1)

where 0 < € < 1 is a parameter, b : [0,00) — R, a : [0,00) — [0,00) and W; is the standard
one-dimensional Wiener process on some probability space. SDEs of the form (1.1) are often derived
as diffusion approximations of re-scaled Markov jump processes that model the evolution of chemical
substrates or species of large numbers [19, 1]. In Remark 7.1, we give some comments on the dynamics
between re-scaled Markov jump processes and their diffusion approximations. Throughout this paper,
we make the following standard assumptions on the coefficients a and b.

(H) The functions b : [0,00) — R and a : [0,00) — [0, c0) satisfy the following conditions:
(1) be C'([0,00)), b(0) =0, ¥'(0) > 0, and limsup,_,.. b(x) < 0;
(2) a € C*([0,00)), a(0) =0, a’(0) > 0, and a > 0 on (0,00);
b (z) _ max{a(x),|a’ (z)],|a" ()|,]b’ ()| }

(3) limy oo ) = %9 and limsup,_, ., 502 < o0.

Clearly, b is a generalized logistic growth rate function, and the noise coefficient e/a vanishes and
is singular at 0. This latter fact causes substantial troubles in the analysis of (1.1). The reader is
directed to Section 7 for examples satisfying these assumptions. For the time being, it is beneficial to
keep in mind the typical one: dz = (1 — x)dt + e/xdW;.

We see from (H) that the state 0, often referred to as the extinction state, is an absorbing state
of the SDE (1.1). Denote by X§ the stochastic process generated by solutions of (1.1), and by T
the first time that X¢ hits 0, namely, 7§ = inf {t > 0: Xf = 0}. Under (H), it is a routine task to
check (see e.g. [31]) that Pg [T < oo = 1 for all # € [0,00), where P, is the law of X{ with initial
distribution p and P := P§ for the Dirac measure d, at x. That is, trajectories or sample paths of
X5 reach the extinction state 0 in finite time almost surely, implying the non-existence of a stationary
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distribution with positive concentration on (0, 0c0). This is in sharp contrast to the eventual dynamics
of the unperturbed mean-field ODE:

& =0b(z), € (0,00), (1.2)

whose solutions are attracted by the global attractor .4, which is a compact interval with its left
and right endpoints being respectively the smallest positive zero and largest zero of b, and has the
compact dissipativity property in the sense that for each compact K C (0, 00), sup,, ¢ g dist(z¢, A) — 0
as t — 0o, where x4 is the solution of (1.2). On the contrary, the sample path large deviation principle
(see e.g. [21, 15]) says that X stays close to the solutions of (1.2) during a finite time period, which
is long enough to ensure that X; spends considerable amount of time with the global attractor .A.
Hence, X exhibits multi-scale dynamics. Our goal is to characterize the multi-scale dynamics of
X$, in which, the transient dynamics, living on the timescale that is longer than the large deviation
timescale and shorter than the extinction timescale, is of particular interest and importance.
Because of the almost sure extinction in finite time of X7, it is natural to examine X before it
hits the extinction state 0 in order to understand in particular the transient dynamics of X;. Quasi-
stationary distributions (see e.g. [14, 13]) have been widely used in literature to achieve this goal.

Definition 1.1 (Quasi-stationary distribution). A Borel probability measure p. on (0,00) is called a
quasi-stationary distribution (QSD) of X§ if

Pl [Xi € Bt <Tg] = pe(B), Vt=0, B e B((0,00)),
where B((0,00)) is the Borel o-algebra of (0, 00).

General theory of QSDs (see e.g. [14, 13]) tells that each QSD p. of X7 is associated with a unique
positive number A, often called the extinction rate, such that if X§ is distributed according to .,
then Tj is exponentially distributed with rate Ac, namely, P, [T > t] = e Mt for all t > 0.

It is shown in [5] (also see Proposition 2.3) that X; admits a unique QSD p. with the associ-
ated extinction rate A.; being the first eigenvalue of —L., where L. is essentially the generator of
Xf. Moreover, X conditioned on non-absorption, i.e., the event [t < T§], converges to the QSD p,
exponentially fast with rate Ao — A¢ 1, where Ao is the second eigenvalue of —L.. Thus, X is
simultaneously exponentially attracted by the extinction state 0 and the QSD g with rates A¢; and
Ae,2 — Ae,1, Tespectively, suggesting the importance of comparing A1 with A2 — A¢1. By doing so,
we roughly conclude:

(1) if Ae1 < Ae2 — Ae,1, then X[ first approaches to and then spend considerable amount of time
with the QSD p. before eventually relaxing to the extinction state; in this case, X; exhibits
multi-scale dynamics, and p. is a true physical state governing the transient dynamics;

(ii) if Aeq1 > Ae2 — A1, then most trajectories of Xy have already reached the extinction state
before the conditioned process approaches to ., saying that X; exhibits simple extinction
dynamics, and the QSD pu. does not play an interesting role.

The scenario described in situation (i) is expected. To obtain this piece of information, we study the
asymptotics of Ac; and Ac2 as e = 0.
To put our study in a rigorous framework, we consider for each 0 < € < 1 the symmetric form
E 1 C§((0,00)) x C§°((0,00)) — R defined by
2

e =5 [ advulde. Vo€ CF((0.50))

0
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where u& = %ee% I3 2 s is the non-integrable Gibbs density. More precisely, u&
to constant multiplication) solution of the stationary Fokker-Planck equation %(au)” —(bu) =01in
(0,00), and satisfies fooo udr = oo due to its singularity near 0, that is, u& behaves like % near
x = 0. It is known (see e.g. [23]) that &, is Markovian and closable. Its smallest closed extension, still
denoted by &, is a Dirichlet form with domain D(&.) being the closure of C§°((0, 00)) under the norm
Hu||2D(5€) = ”“”%2@5) + & (u,u). Denote by L, the non-positive self-adjoint operator in the weighted

space L?(uf) := L%((0,00),u’ (x)dz) associated to & such that

55(¢,1/)) = <_L6¢a qﬁ>L2(u§)7 ¢7¢ € D([’e)7 (13)

is the unique (up

where
D(‘CE) = {U € D(ge) : Elf € LQ(US) s.t. 66(“7 ¢) + <u7 ¢>L2(u§) = <fa ¢>L2(u§)7v¢ € D(EE)}

is the domain of L.. It is informative to mention
2
Loh— %aqb” +b4, Vo e C((0,00)),

that is, L is a self-adjoint extension in L?(u&) of the generator of Xf or (1.1). In particular, £, is
degenerate at the extinction state 0.

We show in Proposition 2.1 that the spectrum of —L. consists of simple eigenvalues A, ;, i € N :=
{1,2,3,...} listed as follows: 0 < A1 < Ae2 < Acg < -+ — oo. To study their asymptotics, in
particular, that of A1 and A2, as € — 0, we follow [13] to define valleys revealing the geometry of
the potential function

Viz)=-2 /Ow Z((z))ds, x € (0, 00). (1.4)

Some basic properties of V' are collected in Lemma 2.1. For I C (0,00), set v(I) :=sup; V —inf; V.

Definition 1.2. An open interval I C (0,00) is called a valley if it is one of the connected components
of the sub-level set {x € (0,00) : V() < p} and satisfies V(OI) = p for some p € R. We say I C (0, 0)
a r-valley if it is a valley and has depth r, namely, v(I) = r.

As V(0+) = 0, it is possible that a connected component of {x € (0,00) : V(z) < p} for p > 0 takes
the form (0,¢) with V(¢) = p > 0 = V(0+). The condition V(9I) = p in the definition of a valley is
to exclude such possibilities. Hence, (0, £) is a valley if and only if ¢ is the smallest positive zero of V.

For r > 0, let N(r) be the number of r-valleys. Clearly, r — N(r) is a non-negative, non-increasing,
left-continuous and bounded step function on (0, 00). For each i € N, we define

ri:=inf{r >0: N(r) <i}. (1.5)

Since V(0+) = 0 and V'(z) > 0 for « >> 1, the deepest valley must have finite depth. As a result, for
each i € N, there always exists r € (0, 00) such that N(r) < i, and hence, r; is well-defined. Intuitively,
r;, i € N are the points where N(r) has jump discontinuities.

Remark 1.1. Using the properties that V(04) = 0 and V'(z) > 0 for x > 1, we make some remarks
about r;, © € N.

(1) There is at least one ry-valley, but not a single r-valley with r > r1 exists. For r € (0,r]
satisfying N(r) > i, there holds r; = sup {r > 0: N(r) > i}. Otherwise, r; = 0.
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(2) Obuiously, 11 > 1y >1r3 > --->0 and r1 > 0. Moreover, r1 has the representation:

r1= sup | inf sup V(&(t) —V(z)|,
z€(0,00) |€€Cx te(0,1]

where for each x € (0, 00),
Cp ={£:]0,1] = [0,00) : & is continuous and satisfies £(0) = x and (1) = 0}.

(3) Note that vy > 7o if and only if there is a unique r1-valley, and ro = 0 if and only if b changes
its sign once in (0,00) (or equivalently, V' has a single well).

(4) There is iy € N such that r;, >0 =1r; 1. This i. is nothing but the number of wells that V
has. Hence, if i. € N\ {1}, the ODE (1.2) has multiple stable equilibria separated by unstable
ones, and thus, X§ exhibits metastability (see e.g. [24, 48]).

For readers’ convenience, we illustrate the definition of valleys and r;, i = 1,2,... by means of
Figure 1, where two typical double-well potential functions V are given. It is easy to check that for
the potential function in Figure 1(a):

o if 0 < r < V(x3)— V(xy), there are exactly two r-valleys; one is contained in (x;,z3), and
the other is contained in (z3, z5);
o if V(z3)—V(xg) <r < —V(xs2), there is a unique r-valley; more precisely, if V(z3) — V(x4) <
r < V(z3) — V(x2), the unique r-valley is contained in (x1, z3), and if V(z3) — V(x2) < r <
—V(x2), it contains (x1,z5) and is contained in (0, z¢);
o if r > —V(232), no r-valley exists.
Then, according to (1.5), we find r; = —V(x2) and (0, z6) is the unique ri-valley, ro = V(z3) — V(x4)
and r3 = r4 = --- = 0. Similarly, for the potential function V in Figure 1(b), we find ry = V(x3) —
V(x4) and (z3,25) is the unique r1-valley, ro = =V (x2) and r3 =r4 = --- = 0.
Our first result studies exponential asymptotics of the eigenvalues A ;, i € N as € — 0.

Theorem A. Assume (H). Then, lim._,o€e*In\.; = —r; for each i € N.

We mention that exponential asymptotics of eigenvalues associated to non-degenerate, regular and
reversible diffusion processes with small noises have been studied in [21] by large deviation methods,
and in [43, 45] by variational formulas. When local minimal points of the potential function are non-
degenerate, much refined results are established in [4] by a potential-theoretic approach developed
in [3], and in [27, 28, 10] by a Witten complex approach. For the asymptotic of the first eigenvalue,
special attention has been attracted due to its connections with the first exit time or first passage time
(see e.g. [56, 22, 16, 35, 36, 17, 30, 42]). Because of the degeneracy and singularity of noises at the
extinction state 0 resulting in in particular the degeneracy of L. and the non-integrable singularity
of u% at 0, known results do not directly apply in our case. Addressing difficulties caused by these
unpleasant facts, we manage to adapt approaches in [30, 42, 43, 45] all based on variational formulas
for eigenvalues.

Since 11 > 0 as mentioned in Remark 1.1 (2), Theorem A implies that A ; is exponentially small in €.
The exponential smallness of A, 2 in € follows if 7, > 0. But, 7o = 0 takes place in typical applications.
For instance, it is the case when b is a logistic growth rate function, that is, b(x) = bjx — boa®
for by,b2 > 0. In this case, Theorem A only says that the leading asymptotic of A2 in € is non-
exponential, and does not tell any further information about A >. In Proposition 5.2, upper bounds
of the eigenvalues A ;, i € N are established to complement Theorem A.
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(a) (b)

FiGUrE 1. Two typical double-well potential functions

Our next result aims at investigating in particular the non-exponential asymptotic of Ac 2 as e = 0
when 7o = 0. Note from Remark 1.1 (3) that ro = 0 if and only if b only changes its sign once.

Theorem B. Assume (H). Suppose, in addition, that

o there is z* € (0,00) such that b >0 on (0,z*), b <0 on (z*,00) and V' (z*) < 0;
e b is twice continuously differentiable near x*.

Then, lime_,0 Ae; = b (x*)(1 —4) for each i € N.

We remark that Theorem B has been essentially proven in [14, 54, 37]. Indeed, if we consider the
Schrédinger operator —£2 that is unitarily equivalent to —L. (see Subsection 2.2), then the operator
—2€2£5 is in the form used for studying semi-classical limits of eigenvalues, except that there is an
extra term of negligible order e*, which however blows up at the extinction state 0. Fortunately, this
term can be absorbed into the main part of the operator, allowing us to apply classical results to
Schrédinger operators that are comparable in the sense of quadratic forms to the original one. See
Subsection 5.2 for more details.

Combining Theorem A and Theorem B, we obtain the following result.

Corollary A. Assume (H). Suppose, in addition, that
o there is x* € (0,00) such that b >0 on (0,x*), b <0 on (z*,00) and V' (x*) < 0;

e b is twice continuously differentiable near x*.

Then, lim_,o€2In A1 = —2 fox* Zi?) ds and lime_,0 Ae; = b (x*)(1 —7) for each i € N\ {1}.

We discuss some implications of Theorem A and Theorem B.

o The exponential smallness of A1 asserts the exponentially long lifetime of X;. On average,
it takes ﬁ long for X to get absorbed by the extinction state 0.

e Aslong as r; > ro (if and only if there is a unique ry-valley), Theorem A yields that A1 <
A2.e — A1e(® Ae2) for all small €, implying the multi-scale nature of the dynamics of X§ as
mentioned earlier. When ry > 0, the gap Ay — A1, is also exponentially small, saying that
X; needs to spend exponentially long time (ﬁ long on average) in order to get close
to the QSD .. This happens because of the metastability as mentioned in Remark 1.1 (4)
that trajectories of X are trapped in potential wells of V' for exponentially long times before
transitions can be made. Nonetheless, X begins to interact with p at a much earlier time.

o In the situation of Theorem B or Corollary A, the gap Ae2 — Ac.1 is of order O(1), and hence,
X5 quickly approaches to the QSD .
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Our last result, establishing an upper bound on the distance between X; and a convex combination
of the unique QSD p. and the extinction state, gives a qualitative characterization of the multi-scale
dynamics of Xf. Denote by Ej, the expectation with respect to Pf,, by || - [[rv the total variation
distance, by P(]0,00)) the set of Borel probability measures on [0,00), and by ¢.1 the positive
eigenfunction of —L. associated to A1 satisfying the normalization [|¢¢1]|z2(uo) = 1. We point out
that ¢ also belongs to L'(u) (see Proposition 2.3). Recall that A is the global attractor of (1.2),
and the uniqueness of ri-valleys is equivalent to 1 > rs.

Theorem C. Assume (H) and there exists a unique r1-valley.

(1) For each compact K C [0,00), there are C = C(K) > 0 and small e, = €,(K) > 0 such that

sup ||PL[XS € o] — [ae(m)e e + (1 — ac(u)e™ ") do] || 1y,
HEP([0,00))
supp(p) CK

< exp {C; — )\67215} , Vt>0andee€ (0,€),
€

where ae(p) := ||pe,1ll L1 ue) el Ly satisfies

— 7

sup  a.(p) <1+ e~ 5T Vee (0, €4).
HEP([0,00))
supp(pn)CK
(2) For each 0 < § < 1 and compact sets K1, Ky C (0,00), there are T = T(Ky,6) > 0,
C; = Cl(KQ) > 0, Cy = CQ(Kl,(S) > O, 03 = Cg(Kl,é) > O, Cy = O4(K1,5) > 0 and
€x = €x(K71) > 0 such that for each continuous function f : (0,00) — R with supp(f) C Ko,
there holds

sup ‘Eft[f(Xf)]—éée(u,é)eA"”/ fdpe

HeP([0,00)) 0
supp(p)C K1
C sup 4. V —infg, V
< p{ As LTt =T)
Cs A (t—=T
—i—C’gexp{—623 - 1(0)} 1fllcos Vt>T +2 ande € (0,€,),
4

where As is the 6-neighborhood of A and ée(p1,0) = |¢e,1llL1(us) [ 4, beadpserenT with ps =
P [ X5 € o] satisfies
sup sup @e(p,d) <1+ e_rlzzﬁw, Ve € (0, ¢€.).

peP([0,00)) 0<IK1
supp(p) C K1

If, in addition, K, is contained in the basin of attraction of a local attractor A'°¢ of (1.2),
then the same estimate holds with As replaced by AY°, the §-neighborhood of A"°.

Results in Theorem C can be interpreted as follows.
o If ¢ is such that t > ﬁ, then HIP’;[X; €l — 6OHTV < 1
o If ¢ is such that o3— <t < 51—, then

€,2

”PZ[XE € o] — [ae(p)pe + (1 — ae(ﬂ))éo}HT‘, < 1.
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More precise interpretation requires more detailed knowledge of the term . (u), which is
expected to be very close to 1, and therefore, HIP’Z [Xy € o] — /LEHTV < 1. Since p tends to
concentrate on the global attractor A and approaches to the set of invariant measures of (1.2)
as € = 0 (see [53, Theorem A and B]), transient dynamics of X{ has to have a close relation
to the structure of A, that we explore in future works.

Showing a.(u) &~ 1 amounts to proving

P11zt (ug)der — 1 locally uniformly in (0,00) as € — 0, (1.6)

which turns out to be far-reaching. In Appendix A, we justify (1.6) as well as the limits of
ae(p) and &(p, d) in the case that b changes its sign only once appealing to results established
in the forthcoming work [419].

e The estimate in (2) for the dynamics of compactly supported observables can be interpreted
in the similar way, can be made much more concise if the constants are allowed to depend
on all of K;, K and §, and has an advantage over that in (1) if sup4, V < infg, V, or
Sup gloe V < infg, V. In which case, the estimate in (2) begins to tell useful dynamical
information of Xy when ¢ > 1 (independent of 0 < ¢ < 1). In contrast, the estimate in (1)
does not tell anything until ¢ > ﬁ

We point out that when the global attractor A is a singleton set {*}, the potential function
V' has a unique local minimal point at x*, and hence, the condition sup 4, V' < infg, V is
true as long as As N Ky = (. More generally, if the local attractor A'°¢ is contained in
E :={x € (0,00) : V(z) = min V'}, then for each compact K C (0, c0) satisfying Ko N E = (),
there is 0, = 0, (K2) > 0 such that sup gi.c V < infg, V for all 6 € (0,6).

Estimates as in Theorem C (1) have been established in [11, 12] for absorbed birth-and-death
processes whose mean-field ODEs, restricted to the interior of the phase space, have simple dynamics
in the sense that the global attractor is a non-degenerate fixed point. If we further explore certain
uniform-in-e¢ “coming down from infinity” of Xf as did in [11, 12], it is possible to release Theorem
C (1) from the dependence on the compact set K. Since no additional dynamical information can be
obtained from doing so, we do not pursue here.

In Theorem C (2), supp(u) being contained in the compact set K7 plays an important role. In
fact, in the proof, we first use the compact dissipativity property of the dynamical system generated
by (1.2) to find 7', which is the smallest time such that (U, cx, Uisr @t C As (resp. AI%OC)7 where
x¢ is the solution of (1.2), and then apply the sample path large deviation principle to conclude that
the distribution of X5 mainly concentrates in Aj (resp. Af;oc). From where, better estimates can be
derived.

The rest of the paper is organized as follows. In Section 2, we collect some preliminary results for
later use. In Section 3, we prove Theorem A in the case i = 1. In Section 4, we prove Theorem A in
the case ¢ € N\ {1}. Section 5 and Section 6 are respectively devoted to the proof of Theorem B and
Theorem C. In Section 7, we discuss some applications. We justify (1.6) in Appendix A.

2. Preliminaries
This is a service section. We collect preliminary results for later purposes.

2.1. The potential function. Basic properties of the potential function V' defined in (1.4) are sum-
marized in the next lemma.
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Lemma 2.1. The following hold.
e Ve C?((0,00) NC((0,00)), V(0+) := lim,_,o+ V(x) =0 and V(c0) := lim,_,o, V() = cc.
e V(x) <0 for all0 < x < 1. In particular, the minimum of V is negative and attainable.
If, in addition, that zeros of b in (0,00) are isolated, and there is a zero z* € (0,00) of b such that
b>0on (0,2*), b<0 on (z*,00) and b/'(z*) < 0, then V has a unique local minimal point at x*, and
satisfies V" (z*) > 0.

2.2. Semi-classical Schrodinger operators. Consider the change of variable

o1
yzf:ﬂ)z/ ——=dz, xz € (0,00).
( Vel (
Assumptions on a ensure that £ > 0 on (0,00), lim,_,g+ £(z) = 0 and Yoo := lim,_, £(z) € (0, 00].
In particular, £ : (0,00) — (0, yoo) is invertible.

Let v%(y) := 75((5)) and define

Y ) ) 1S
[ 2 dy2 QE y dy . € e /)
where g = —(L£:£) 0 ¢! and L2(vY) := L2((0,ys0),vE (y)dy). Tt is straightforward to check that
UL, = LYU,, where U, : L?>(u¥) — L2(vY), f + f o &1 is a unitary transform.
Consider the following semi-classical Schrodinger operator
o € d? 1 |:q62(y) /

C=gap 3| @ qe<y>} : L2((0,900)) = L*((0,yo0)). (21)

It is easy to verify that U.LY = LU, where U, : L?(v¥) — L?((0,ys0)), f = f/vC is a unitary
transform. We include the following commutative diagram for readers’ convenience:

L2(uS) Y 12(08) —Zs 12((0, yo0))

€

|z | lﬁf

L2(u€) —Ys L2(uS) —Z 12((0,y00)

€
2
Denote by V. the potential of the Schrédinger operator —L£2, namely, V. = % (Z—z — qé)

Lemma 2.2. The following hold.

a(z) ? a’ (z a’ (z)b(x b2 (x
(1) 2‘/;(1,/)62{136[ ] _ i)}er/(x) ()()Jre%a((m))_

a(x) a(x)
(2) There exists y1 € (0,Yo0) such that

62

Yy € (0,y1], 0<e<1 and inf inf V> 0.

Ve(y) 2 )
(y) 2 £1(y) 0<ek1(0,y1]

(3) There exists ya € (0,Yo0) such that

102 ()
e a(§(y)) "

(4) The family {V}o<exr is uniformly lower bounded, that is, info<cey ming ) Ve > —o0.

Ve(y) 2 Yy € [Y2,Yo0), 0 < e 1.
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Proof. (1) Note that g.(y) = —L&(x) and ¢.(y) = (ng()xgz Straightforward calculations give

1

€ 16 a(x 2
(L@ &, WP, b
&) 4 ()+8 a(x) V(=) 2 a(x)

The formula for V. follows.
(2) Let 21 € (0,1) and 0 < § < 1 be such that the following hold for = € (0, z1]:

0<a(z) < (a'(0)+ )z, d'(x)€[d(0) =0,a'(0) +4], a(z) <a”(0)+5,
b(x) € [(b'(0) = 0) z, ('(0) + )], b'(x) > ¥'(0) — 0.

Then, for each x € (0,z1] and 0 < e < 1,

/ 52 a

_ (@O +8) V'(0) +8)x 1 (1(0) - 6)’a” (2.2)
(a'(0) +0)« 62 (a'(0 )+5)

2

where ¢; = %% and ¢y = % The estimate (2.2) gives Ve({(x)) 2 < for all z € (0, 21]

and 0 < € < 1. Moreover,

1 ey Cox 30
inf inf V, — inf i L35+ =/ - —>0.
0<He1<<1((1)g1] o8z 20<I€1<<1xen(10g1]( T €2 ) cre2 2 -
The results follow by setting y; = £(x1).
(3) It is a simple consequence of (H)(3).
(4) Let y; and yo2 be as in (2) and (3), respectively. We may assume, without loss of generality,
that y; < y2. Then,

1 2 1 /b
inf min V. > = inf min (—6 a4 +v - a) > —00.
0<e<1 [y1,ys] 2 0<exc1 (€71 (51),¢ 7 (y2)] 4 a
This together with (2) and (3) yields the result. O

Remark 2.1. As £71(y) — 0 as y — 0%, Lemma 2.2 (2) implies that for each 0 < € < 1, there holds
Vo(y) — oo as y — 0. But, it is an unpleasant fact that this blowup is not uniform in 0 < ¢ < 1. In
fact, for x = 0, there holds

2} 3 @(0)* a’(0) iy (@0) +a" () (0)x 1 (5(0)a?
2Ve(8(@)) ~ € { 16 o'(0)x 4 } +5(0) a'(0)x e a(0)x

_ 2 {3 a’(0) a”(O)} _a”(0p'(0)  (¥'(0))?

16 = 4 T =

a’(0) a'(0) €2’
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leading to

2y, . 30/(0) €2a”(0)  a”(0)0'(0) | (¥'(0))* _3a’(0)  (¥'(0))?
S T a'(0) + a(0) © 16 + a'(0)

2.3. Spectrum and semigroup. We present the following result on the spectrum of —L, and the
semigroup generated by L..

Proposition 2.1. For each 0 < € < 1, the following hold.

(1) —Lc has purely discrete spectrum contained in (0,00) and listed as follows:
/\5,1 < /\6,2 < /\673 < 0= 00.

(2) Each A ; is associated with a unique eigenfunction ¢.; € L?(uE)N LY (uF)NC?((0, 00)) subject
to the normalization | ¢c il p2(uey = 1. Moreover, ¢ 1 is positive on (0, 00).

(3) The set {¢c;,i € N} is an orthonormal basis of L*(uS).

(4) L. generates a positive analytic semigroup (Pf);>o of contractions on L*(uf) satisfying

Pif =E[f(X))Lecrg],  Vf € L*(ud) N Cy([0,00)), = 0.

(5) For each k € N,
k—1
Ptef = Z 67)\€’it<fa ¢e,i>L2(uf)¢e,i + P;Q;f7 vt > 0 and f € LQ(ueG)7 (23)
i=1

where Qf, is the spectral projection of L. corresponding to the eigenvalues {\¢ j}j>k. Moreover,

||Pt€Q2fHL2(u§) < e_)\ﬁ’kt”le?(u(G)a Vf € L2(ueG)
(6) For each f € Cy([0,00)), (2.3) holds pointwise.

Proof. Fix 0 < € < 1. By Lemma 2.2, V, is lower bounded and satisfies V.(y) — oo as y — 07 and
y — y=. As a result (see e.g. [2]), the spectrum of —LZ is purely discrete and consists of simple
eigenvalues. The associated normalized eigenfunctions {®. ;}ien are twice continuously differentiable
and form an orthonormal basis of L?((0, yo)). The eigenfunction @ ; associated to A1 can be chosen
to be positive on (0,ys). Moreover, {®.;}ien C L2((0,yoo), (Ve + M)dy) for some M > 0 satisfying
infVe + M > 0.

As L. and LZ are unitarily equivalent, all conclusions in (1)-(3) except A1 > 0 and ¢, ; € L' (u%)
follow, where ¢ ; := UE_1(~]6_1<I>€,Z». Obviously, Ac1 > 0. Suppose A1 = 0 for contradiction. Then,
—Lepe1 = 0. It follows from (1.3) that % Iy~ algl, [PuSdx = 0, which implies that ¢ is a positive
constant function on (0,00). As uS is non-integrable on (0,00), we find [~ ¢? ;ufdx = oo, which is
contradictory to ¢e1 € L?(uf). Hence, Ac1 > 0. The decay of u& near oo ensures floo beiuldr < oo,
and the combination of ®.; € L?((0,ys), (Ve + M)dy) and the behavior of V. near 0 guarantee
fol peiuldr < oo (see [5, Proposition 4.3]). Thus, ¢.; € L'(u%).

Due to the self-adjointness of L.,

1 1

1 .

Therefore (see e.g. [50, Theorem 2.5.2]), L, generates an analytic semigroup (Pf);>o of contractions
on L?(uf). The positivity of (Pf);>o follows from the maximum principle. The theory of symmetric
Dirichlet forms (see e.g. [5]) gives the following stochastic representation of Pf:

Pi f(x) = ES[f(X{)Li<rg], Vo € (0,00) and f € Cy([0, 00)) N L2 (ug).
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This proves (4). The statements in (5) follow from general theory concerning the asymptotic behaviors

of analytic semigroups (see e.g. [18, Theorem V. 3 1]) and the simplicity of eigenvalues A ;, ¢ € N.
Since {¢c i }tien C L' (u€) and Qk =id — Z ( s @e,i) L2 (uG)Pe,is €ach term on the right-hand side

of (2.3) is well-defined. Standard approxmlatlons then ensure that (2.3) holds in the pointwise sense

for each f € Cy(]0,00)). This proves (6), and finishes the proof of the proposition. O
As a result of Proposition 2.1, the following variational formulas for A ;, ¢ € N hold:
e 2 G
| (~Le, ) prias) j P [ ot ica

1= inf ——y——— = inf (2.4)

0eCsE (0,000} (1811720 €05 ((0,00))\{0} / 62uC

(L) ey

Aei = inf —r 1 €N\ {1}, (2.5)

seci (oo Tl
¢’J—¢e],j€{1, Li—1 €

where the orthogonality | is taken in L?(uS )

2.4. Uniform estimate of the first eigenfunctions. We prove the following result asserting that
the normalized eigenfunction ¢, ; given in Proposition 2.1, as an element of L? (u¥), has uniform-in-e
positive concentration away from 0 and oco.

Proposition 2.2. There are k € (0,1) and K > 1 such that f(o SO\ (LK) 2 uCdx < K for all
B K ’
0<ex 1.

Set ¢ ;1 := UEUeng’h where U, and U, are the unitary transforms defined in Subsection 2.2. The
next result is a simple consequence of the definitions and Proposition 2.1.

Lemma 2.3. The following hold:
(1) @e1 € L2((0,900)) N C?((0,900)), [Pellzz(oym) = 1
(2) _»qu)e,l = )\e,lq)e,l;
(3) for each I C (0,00), there holds [, ¢? uSdx = fg([) P2 \dy.

Lemma 2.4. There holds lim._,0 Ac,1 = 0.

Proof. Clearly, E := {x € (0,00) : V(2) = minV'} is compact in (0,00). Let I be an open interval
satisfying E C I CC (0,00). Let ¢ € C§°((0,00)) satisty ¢(z) =z for = € I.

_ V()
J e ¢ dx
(O,w)\lv(z) 0 as

J;e € dx

As min V' < 0 and inf (g o)\; V' > min; V', we find fl e 4

e — 0. It follows from (2.4) that

, [alof qux+/ ol g

)\e,l S %
/ngqu.T
z/e‘gzm}dan( sup |¢/|2>/ eive(;)dm
. 2 Jr supp(¢) (0,000\1 —0 as e—0

2 . x? / _ V(=)
inf —— e <2
wel a(x) ) J;

This proves the lemma. O
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Proof of Proposition 2.2. Let y; and y» be as in Lemma 2.2 (2) and (3), respectively. We may
assume, without loss of generality, that y; < y2. Then,
Ving := inf minV, > —oco and V,:= inf inf Ve > 0.
0<exl 0<e<1 (0,91]U[y2,yo0)
Denote by D(L?) the domain of £Z. By (1.3) and the unitary equivalence between £, and L2,

€2 Yoo

Yoo
S| evan /0 Vigwdy = —(£56,0) 10y Y00 € DILS),

which together with Lemma 2.3 (1)(2) ensures % Uz DL [Pdy + [)7 Ve®2,dy = Acq, leading to

y
f(o’yl]u[y%ym) Ve®? 1 dy < Xy — fyf Ve®? dy. Therefore,

Y2
VO/ 2 jdy < Aep — min{O,Vinf}/ D2 | dy.
(0,y1]U[y2,y00)

Y1

Ae,1 —min{0,Vins }

2 —
P2 1dY < Ke '= Tt Vi)

. 2 Y 2 —
Since f(07y1]u[y27yoc) Ceady + fyf 0Cidy = 1, we deduce f(O,yl]U[ymyoo)
which together with Lemma 2.3 (3) yields f(o =1 (y1)]UE~ (42),00) ¢? julde < ke.

Lemma 2.4 guarantees k := SUPg..«; ke € (0,1). Setting K := max{g,%(yl),g_l(yg)} gives
f(o s\ (&, K) #? juCdr < k for all 0 < ¢ < 1. This completes the proof. O
El K> ’

2.5. QSD: existence, uniqueness and convergence. Recall that X is the stochastic process gen-
erated by solutions of (1.1), and T is the first time that X hits 0, namely, 7§ = inf {t > 0: X} = 0}.
The next result is proven in [5]. We refer the reader to [6, 11, 16, &, 29, 9, 10] and references therein
for further developments of QSDs for singular diffusion processes.

Proposition 2.3 ([5]). For each 0 < e < 1, the following hold.

‘be,l“f

= Toeilli o The extinction rate associated to
etllp1 gy

(1) X§ admits a unique QSD p. with density u.
e 18 given by Ac 1.
(2) For each Borel probability measure p on (0,00) with compact support,

lim e(e2= 20t (P [XF € Bt < Tg] — pe(B))

t—o0

e.2d

_ /0 ¢ 204 <]]-B7¢6,2>L2(u§) _ <ILB7¢6,1>L2(u§)<]]-7¢e,2>L2(u§)
/OO ¢€ 1d,u ||¢E,1HL1(u€G) H(,be,l

0 )

where B((0,00)) is the Borel o-algebra of (0, 00).

) , VB e B((0,0)),

2
L (ud)

Proof. Given Proposition 2.1, it is easy to see that p. is a QSD with extinction rate Ac;. The
uniqueness and convergence follow respectively from [5, Theorem 7.3] and [5, Proposition 5.5]. O

3. Exponential asymptotic of the first eigenvalue

In this section, we study the asymptotic of the first eigenvalue A1 as € = 0 and prove Theorem A
in the case i = 1, which is restated in the following theorem.

Theorem 3.1. Assume (H). Then, lim._,0€*In .1 = —71.

We first establish the upper bound.
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Proof of Theorem 3.1: Upper Bound. Let I C (0,00) be an r1-valley. Then, Definition 1.2 gives

V(OI) —inf V =11, (3.1)

For 0 < § < 1, let 0 < n < 1 be such that |V (z)—V (y)| < § whenever z,y € I and |z—y| < 3n. Let
P € C§°((0,00)) satisfy ¢» = 1 on [inf I + 3n,supI — 3n] and ¥ = 0 on (0,00) \ [inf I + n,sup I — 7).
According to Laplace’s method for integrals or the large deviation principle, we find

lim sup €2 ln/ |1//|2 e dr < limsup €2 In [max|1//2/ e_e‘gdx] <—minV +46 < -V (9I) + 26,
0 e—0 Ji J1 J1

e—0

where Jy = [inf I 4+ n,inf I + 3n] U [sup I — 3n,sup I — n]. Moreover,

N 2 o 77[}2 -Y P 2 1 -5 —mi _
lim inf €* In —e Zdzr > liminfe“ln | ——— e Zdxr| > —minV — 4,
0 a maxyj, a Jj, Ja

e—0 e—0

where Jo = [inf I + 3n,supI — 3n]. Without loss of generality, we assume that § is so small that
infy, V =inf; V. It then follows from (2.4) and (3.1) that

limsup €2 In Ae1 < =V (OI)+ 26 + irIlfV 4+ =—-r; + 36

e—0

Since 0 < § < 1 is arbitrary, we conclude the upper bound limsup,_,;e?InAc 1 < —71. O

We proceed to prove the lower bound. In the next lemma, we construct special minimizing sequences
that help to overcome the difficulties caused by the non-integrability of u& near 0.

Lemma 3.1. There are sequences {9 n tnen0<e<1 C C§°((0,00)) satisfying the following properties:
o [[Yenllz2uoy =1 for eachn €N and 0 < e < 1;
oo
o A1 =lim, o %/ a |¢;_n|2 uCdx for each 0 < € < 1;
o :

® SUPgceg1 1%en — ¢€71||L2(u§) — 0 as n — oo.

In particular, there are k € (0,1) and K > 1 such that f(o o\ (LK) Y2 uldr < K for all0 <e< 1
’ K> ?
and n > 1.

Proof. For each 0 < € < 1, let {the n Jnen C C5°((0,00)) satisfy ||@Z~)57n||L2(u§) =1 for each n € N and
@Em — ¢ in D(E) as n — oo, where D(&,) is the domain of & given in Section 1. The expected
sequences {¥e n fnen,0<e<1 can be obtained by extracting subsequences from {ie,n}neN,o<s<<1- Indeed,
for each m € N, let n(e,m) > 1 be such that ||77[~1€7n(5,m) —de1llpe) < % We then only need to define
Yem 1= &e,n(e,m) for each m € N and 0 < e < 1. The “In particular” part is a simple consequence of
Proposition 2.2 and the construction. O

Proof of Theorem 3.1: Lower Bound. As V € ((]0,00)), it can be extended to be a func-
tion in C(R), still denoted by V (note we do not need any specific property of V on (—o0,0)).
Let {%en}neno<e<1, & and K be as in Lemma 3.1. By zero extension on (—o0,0], we consider
{%en tnen,0<e< as functions on R.

Fix 0 < 6 < 1. Let n : R — (0,00) be continuously differentiable and satisfy |V (y) — V(z)| <
whenever z,y, z € R satisty |y — z| < n(z) and |z — z| < n(z).
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Let {z;}, C (%,K) be such that I, := (z; — n(z;), z; + n(z;)) C (K+1’K+ 1) for all i €
{1,...,N}and [, K] C UY, I,. By Lemma 3.1, for 0 < ¢ < 1 and n > 1,
2 2

€n K e.n )% V(x )+8
1:/ Zemn Wzdx+/ e el I — Ze = /wend:c. (3.2)
(0,0C)\(%,K) a = a mln[ 1

Fixie {1,...,N}. Let & € Cy, be C'. For z € I;, we define

(1 =)@ = 33) + t 550 (2 — @5 — ()
(L= t)n(xi) + tn(0)
It is straightforward to check that the family {/; , },cy, satisfies the following properties:

él’x(t) = &(t) + 77(52’@))7 te [07 1]7

e Ui is C' for each x € I;;, and sup,¢p, sup,epo 1 14 . (t)| is finite;
o /;»(0)=xand ¢ (1) = 2222) (x —z; —n(z;)) € (—n(0),0) for all z € I;;
o |4 (1) — &(t)] < n(&(t)) for all t € [0,1] and z € I;; thus, [V (¢; 5(t)) — V(&(t))] < 0 for all

te[0,1] and z € I;;
e for each ¢ € [0,1], there holds -L¢; .(t) = %%n(f (t)) for x € I,.

As ¢; w( ) =z and ¢e n( i.2(1)) = 0, we integrate Ezbe’n( ia(t)) = én(ﬁw(t))fgx(t) over [0, 1] to
find =) n( fo (t))¢; ,(t)dt for = € I;. Tt follows that

/Ii Y2, dw = /I [/01 ¢2,n(£i*z(t))4w(t)dt} ’ da

1
< sup max M )|2/ / ‘wé’n(&’m(t))fdxdt
o Ji,

xzel; t€[0,1]

L v n+s V(i (1)
< sup max |6 () [ ¢4 / L (b ()2 e 5 dat
0

zel,; t€[0,1]
ma. V(&(t)+0 V(i (1)
< sup e 1,07 exp { “SRU TOOV I [ g o e o
zel; tE[O 1] €
Note that for each ¢ € [0,1], the function  — -L¢; ,(t) is a constant function on I;, leading to
Vi n (1) Vi e ()
: li ot e = = / za: B = —VL; 1 (t)d
] Wettistn]e o = s [ Wattao) e ()
< | P S
- en e«
Setting D; := sup,e, maxieqo,1) |65 , ()] fo N T (t) dt, we arrive at
: Ty,
max V() +6 > _v
/ 2, dr < D exp{ reio VIE(D) }/ [0 [F e da,
L € 0 ’

which together with (3.2) yields

Zi]il D; exp { maxieo,1] V(Ei(t))*v(xi)Jr%}

€2

[e%S)
].—K)S / |7pé,n‘267€%d1’
0

mln[ K] a
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Since &; € C,, being C! is arbitrary and the set of such curves are dense in C,,, we find

€2

N D; exp { infeco,, maxieio,1) V(E(1)—V(2i)+26
§:¢:1 i
1—-x<

b pes
[l et
0

min[%K]a
N .
Y D, SUD,e(0.00) |ifecc, max V() —Vix)| +26 o0
< 2121 exp{ Pze(0,00) [ gec t€[0,1] (f( ) ( )} }/ |1/);n|26_e12d:1:
0

> . 2
mll’l[%’K] a

N 00

E oD, ri+2s 2 v

= == i=1 e 2 |wé,n’ e <2dx.
mln[%’K] a 0

€

Thus,

oo min; 1 K1 4268
/ ]zﬂéﬁnlze*e%dwz %ei T (1-k), V0<e<1 and n>1.
0 >im1 Di
neq

mi a
Note that the term % is independent of the functions {e ,, }en. Letting n — oo yields
i=1 i

2ming1 ;1@ rpg2s
)\61217[1(’[(] 6_1572(1_,4), V0 < e 1,
7 2 Zfil D;

which gives liminf._,¢ €2 In Ae,1 > —r1 —26. Since 0 < § < 1 is arbitrary, we arrive at the lower bound
liminf._,o€21n Al > —T1. O

We make a remark about the proof of the lower bound in Theorem 3.1.

Remark 3.1. While the arguments used in the proof of the lower bound in Theorem 3.1 have the
potential to be generalized to treat reversible diffusions in higher dimensions, the proof of the lower
bound can be achieved in a much more concise way as r1 has a much simpler representation:

r1:= sup sup V(y) —V(x)
z€(0,00) |y€(0,z)

Let k € (0,1) and K > 0 be as in Proposition 2.2. Then, fOK QﬁZ,l’UJEGCZLE >1—k forall)<e<x 1.
Noting that ¢c1(0+) = 0, which is a simple result of Soblev embedding theorem and the integrability
of qbil with respect to u& near 0, we deduce

K K 1 v T 2
1—%§/ ¢§1u§d$=/ —e 2 [/ </’>21(y)dy] dx
0 ’ 0o a o
K Ve x
< [ 2 [ ot aPdyds
0 0
K
<)
0
K
</
0

< sup = 6%&,17 VO <e<k 1,
z€(0,K) a(x)

o

S

V(=) V(y)

T
€™ e SUPye(0.2) V(y)/ |¢’6’1(y)|267 <2 dydx
0

QI8 2lr

o
efz[supye(o,x) V(y)—V(I)]dx > / |¢/€ 1|26_el2dy
0 ,

26_e%dy in the last step. From which, the lower bound

where we used the fact Ay = [;° o
liminf. .o €?In Ae,1 > —11 follows readily.
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4. Exponential asymptotics of other eigenvalues
In this section, we prove Theorem A in the case ¢ € N\ {1}, which is restated as follows.
Theorem 4.1. Assume (H). Then, lim._€*In\.; = —r; for each i € N\ {1}.

The upper and lower bounds are respectively established in Subsection 4.1 and Subsection 4.3. In
Subsection 4.2, we state results on asymptotics of the first eigenvalues of some auxiliary operators.

4.1. Upper bound. For an open interval I CC (0,00), let £ be the generator of the diffusion
process X¢ or (1.1) restricted to I and killed on I, which is non-degenerate, regular and reversible.
Moreover, —L!, considered as an operator in L?(I,u%dx), has purely discrete spectrum consisting of
simple eigenvalues. Let A! > 0 be the first eigenvalue of —£!. Then,

al¢') uldz £ |<z>|e
M= / () / . (4.1)

€
¢ec (1 /¢2qux ¢>ec 76 ~% a0
I a

For xz € I and y € 91, let
C’;U = {€:[0,1] — I : £ is continuous and satisfies £(0) = z and £(1) =y} .

Define
I
r':=sup | inf inf sup V Vix
mEII) LEO[ gecy , te[Opl] (€)= Viz)
Proposition 4.1 ([13]). There holds lim._,o €2 In \l = —r1.

Recall from Section 1 that for > 0, N(r) is the number of r-valleys.

Proof of Theorem 4.1: Upper Bound. Fix i, > 2. We show
(4.2)

lim sup 2 1ln Aei, < —Ti,.
e—0

We distinguish the following two cases:
Case 1. There is r > 0 such that N(r) > i..
Case 2. N(r) < i, for all » > 0.

Case 1. In this case, sup {r > 0: N(r) > i.} is well-defined, and hence, by Remark 1.1 (1),
ri, =sup{r>0:N(r) > i.}.

*

Let 0 < 0, < 1. For r € (r;, — dx,7:,), let I, k =1,..., N(r) be the r-valleys. They are ordered
in the nature way: sup I, <inf Iy4q for all k € {1,...,N(r) — 1}.
We claim that
limsup €2 In A, Ny S =1 Y€ (g, — 0,74, )- (4.3)

e—0
Note that N(r) > i, for all r € (r;, — 0x, 73, ), implying Ac n(ry) > Acq, for all € (r;, — 04,73, ). Thus,
if the claim (4.3) is true, then limsup, ,o€?InX.;, < —r for all r € (r;, — d,,7;.). Letting r — 7
yields (4.2).
It suffices to show (4.3). Making ¢, smaller if necessary, we claim that

Iy cC (0,00), Vke{l,...,N()}, re (i —080ri) (4.4)
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Indeed, the only possible exception takes place if inf I; = 0 for some r € (r;, — 04, 7;, ). If this is the
case, then Iy = (0, ), where § = min{z € (0,00) : V(z) = 0}. Thus, y(I1) depends only on V. Note
that there always holds v(I1) & (r;, — s, 7;,) if 0, is sufficiently small, which contradicts the fact
V() =7 € (ri. = bu,mi).

Fix 0<d< 1 Forke{l,...,N(r)} and 0 < ¢ < 1, let ¢, € C3°(I)) be such that

& = de
’z/}ek’ e «

5 k _SL l
Iy a

where Al* is given in (4.1). Moreover, let a,, k € {1,...,N(r)} and 0 < € < 1 be such that

w Ydr =1 and < Akt
¢ kUe dx an e,

N(r) N(r)
Z aik =1 and Z Qe s ’ Verbeulde =0, VLe{l,...,N(r)—1},
k=1 k=1 k

where we recall from Proposition 2.1 that ¢, is the normalized eigenfunction of L. associated to the
eigenvalue A p.
Set 1. = Zg:(q) Oe ke ;- Since Iy, k € {17 ..., N(r)} are pairwise disjoint, we find:

N(r)

/ wQqux—Z ek/ wekquac—Za
Moreover,
0o s
/ Gepepuldr =" ek | Vepdeuldr =0, VLe{l,...,N(r)—1}.
0 k=1 Tk

In addition, the pairwise disjointness of Iy, k € {1,..., N(r)} implies that

2 N(r)

P A%
7/ W)| € Sde_i ek/ ”@[Jek’ e <d
(0 k%
< —ee « )\I’“ e dx
Z e
2 N(r) 2
< —ee? ( max /\ik) Z afk/ Yer e Zda
ke{1,...N(r)} =

The variational formula for A () given in (2.5) then yields A¢ n¢y < %ee% (mane{L.__,N(r)} )\g’c)
As In (maxke{l ,,,,, N(r)} )\gk) = maXpe(1,...,N(r)} I Ak we deduce from Proposition 4.1 that

limsup €’ In A vy <0 — min "
ﬁop N (r) ke{l,...N(r)}

Since 0 < § < 1 is arbitrary, we conclude lim sup,_,, € In Ae,N(ry < —Milgeqi . N(r)} rx . As each I,
is a r-valley, the definition of 7/* ensures that 7/ = r. This proves (4.3), and thus, finishes the proof
in this case.
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Case 2. In this case, r;, =0 (see Remark 1.1 (1)) so that (4.2) reads

lim sup €2 In Aei, <0. (4.5)
e—0
Let I, CC (0,00), k € {1,...,i,} be pairwise disjoint, and on at least one of them, V is monotone.
As a result, at least one of ri* k € {1,...,i,} is zero, that is, minge(r,. i,y rie = 0.

Fix 0<d< 1. Forke{l,...,i.} and 0 < e < 1, let 9 € C§°(I)) be such that

& - % de
’wek’ €

E _V
L le’

1/)6 kqux =1 and )\gke}z.

I, @
Moreover, let a€7k, ke{l,...,i.} and 0 < e < 1 be such that

Zaﬁ =1 and Zae,k/ VYerpeouldr=0. VO {l,... i, —1}.
k=1 T

Set ¢, = Z;::l o ke - Arguing as in Case 1, we find

/ YiuCde =1, / Yebequldr =0, VL€ {l,... i, —1},
0 0

2 oo 2

< 112 —e%d < < = Ak

2 /0 wel“emFdr < Fet || max, AL )
Hence, A, < %ee% (maxke{l i) )\gk)’ implying lim sup,_,, € In Aesin, 0 —mingeq,.
As 0 < § < 1 is arbitrary, the upper bound (4.5) follows. O

.....

4.2. Auxiliary eigenvalue asymptotics. In this subsection, we consider the first eigenvalue asymp-
totics of three types of operators who are generators of the diffusion process X§ or (1.1) restricted to
different types of intervals with reflection on boundaries. More precisely, let I C (0,00) be a proper
open interval. There are only three types:

Type 1: I=(0,b) for0<b< oo,
Type2: I=(a,b) for0<a<b< oo,
Type 3: I = (a,00) for0<a< oco.

Let L7 be the generator of the diffusion process X or (1.1) restricted to I and reflected on the right
boundary (Type 1), both boundaries (Type 2) and the left boundary (Type 3). The superscript “R”
stands for reflection. This operator extends to a self-adjoint operator in L2(I,u%dx), still denoted
by £, The rigorous formulation can be done using Dirichlet forms as done in Section 1 for the

operator L. Proposition 2.1 has a version for —£%.

G
Note that for a Type 2 or Type 3 interval I, u is integrable on I, and hence, uG“’bS = e g

J;uEda
the Gibbs density, namely, the density of the unique stationary distribution of the restricted diffusion
process. In particular, the first eigenvalue of — L% is zero.

Let

\LR the first eigenvalue of —L£I-f, if I is of Type 1,
the first non-zero eigenvalue of — L%, if I is of Type 2 or Type 3.
Recall that
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5 [ el ulda

e if [ is of Type 1, then

MR — pec ngf Lo (4.6)
o
inf supp(¢) >0 /¢2 de
e if I is of Type 2, then
2
< / 16/ uC da
A= peC i][(lﬁ)\{o} I ? ’ @7
€C= .
/ (d) — /gzﬁu?wbsdx) uSdx
I I
e if [ is of Type 3, then
2
< / ¢/ uCdx
A, S I 2. (48)
ec> .
sup supp(¢)<oo / <¢ — /d)uglbbsd[ﬁ) UEGdLE
I I
We define the following quantity:
sup l 1n§R sup V(£@#) —V(z)|, if T is of Type 1,
SR xel [£eCy ™ tel0,1] (4.9)
sup | inf = sup V() — V()= V(y)| +inf V, if I is of Type 2 or Type 3,
zyel |eechFieo,1) I
where for z,y € I,
chLR — {€:[0,1] = I : € is continuous and satisfies £(0) = z and £(1) =0},
CI R _ {f ] = 1 : € is continuous and satisfies £(0) = x and £(1) = y} .
Proposition 4.2. There holds lim._,o €2 In \[-E = —p D7,
Proof. If I is of Type 2, the result is proven in [30, 42]. As V(00) = 00, the role played by a reflection

boundary at a finite right endpoint is similar to that of co. In consideration of this, when I is of Type
1, the proof is similar to that of Theorem A in the case ¢ = 1. If I is of Type 3, the proof is similar
to that when I is of Type 2. d

4.3. Lower bound. We prove the lower bound in this subsection.

Proof of Theorem 4.1: Lower Bound. Fix i, > 2. We prove
liminf € In A ;, > —7;, . (4.10)

e—0

Let 0 < 0, < 1 be fixed. For r € (r;,,r;, + dx), let I(r), k € {1,..., N(r)} be the r-valleys. They
are ordered in the natural way: sup I (r) < inf I4i(r) for all k € {1,...,N(r) — 1}.
We claim that

limiglf e?1n AeN(ry+1 = =1, V7€ (ri,, i, 4 04). (4.11)
€eE—
Note that making d, smaller if necessary, there exists ng € N such that

N(r)+mno =i, Yre(ri,r, +d). (4.12)
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Thus, if the claim (4.11) is true, then

lim sup €2 In Ae,i, = limsup e21n Ae,N(r)+no = lim inf e21n Ae,N(ry+1 = =T, Vre (ri,,7i, +0x).
e—0 e—0 e—0

Letting r — r;* yields (4.10). Hence, it suffices to prove (4.11), which is done in three steps.

Step 1. Note that making d, smaller if necessary, there hold for each r € (r;,,r;, + ds),
I(r) cC (0,00), Vke{l,...,N(r)},
sup Iy (r) <inf Iyyq1(r), VE=1,...,N(r)—1.

The first conclusion follows from arguments leading to (4.4). The second one follows from (4.12)
saying that the number of r-valleys remains constant for r € (r;,,7;, + d.). Otherwise, two or more
of them merge as r increases so that the number of r-valleys drops.

The purpose of this step is to find for each r € (r;, ,r;, + 0.) some special points in the following
disjoint intervals:

(0,inf I1(r)), (sup Ix(r),inf Ix1(r)), Vke{l,...,N(r)—1}

in order to re-partition (0, c0).
We first treat the intervals (sup Iy (r),inf I11(r)) for k € {1,...,N(r) — 1} and r € (r;,,7i, + dx).
Note that
sup V > max {V(sup I(r)), V(inf I41(r))}, VE € {1,...,N(r)=1}, 7 € (rs,, 7, +05).

(sup I (r),inf I 1(7))
(4.13)

In fact, if (4.13) fails for some 79 € (r;,,r;, + 6.) and ko € {1,...,N(ro) — 1}, then for all r €
(ro,7i, + 9x), I, (r) and Iy,41(r) merge, and therefore, N(r) < N(rg) for all r € (rg, r;, + d.), which
contradicts (4.12).
According to (4.13), for each r € (ry,, 7, +0.) and k € {1,...,N(r) — 1} there exists zx(r) €
(sup Ix(r),inf I41(r)) such that
V(zk(r)) = sup V.
(sup I (r),inf I 41 (7))
Now, we treat the intervals (0,inf I1(r)) for r € (r;,,7;, + 0). Note that
sup  V >V(infI1(r)), VYre (ri,ri + 0. (4.14)
(0,inf I1 (7))
Indeed, if (4.14) fails for some rg € (r;,,r;, + 0.), then I;(r) is no longer a r-valley for all r €
(ro, i, + d+), leading to a contradiction.
For r € (ry,,7i, + 0x), set E(r) = {m € (0,inf I1(r)) : V(2) = Sup(ginf 1, (r)) V}. We claim that
there holds either
E(r)#0, Vre(ri,ri, +0), (4.15)
or
E(r)=10, Vre(ri,ri, +0d.). (4.16)
Suppose on the contrary that there are ri,rs € (r;,,7;, + 0x) such that E(r;) # 0 and E(ry) = 0. If
r1 > ra, then I1(r1) D I1(r2). It follows that E(re) = E(r1), leading to a contradiction. If r; < rg,
then I (r1) C I1(r2). By (4.14) and the assumptions, there holds

V(nfI1(r2)) < V(0+) < sup V,
(0,inf I1 (1))
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which implies inf I1(r2) > max E(r1). It follows that E(re) = E(r1), leading to a contradiction.
Hence, either (4.15) or (4.16) holds.
If (4.15) is true, we fix any

xo(r) € E(r), Vr e (ri,,ri, + ).
If (4.16) is the case, we see from (4.14) that V(0+) > V(z) for all € (0,inf I, (r)) and r € (ry,,7i, +
0). For each r € (r; ,r;, + 04), let

min {z € (0,inf I;(r)) : V(0+) — V(z) = r}, it V(0+) > 01 ifnlf( ) V+r,
inf Iy (r
inf I (1), it V(0+) < inf V4o
(0,inf I (7))

Hence, we have defined the points: zx(r), k € {0,1,...,N(r) — 1}, 7 € (ry,,7i, + 0x).

xo(r) =

Step 2. We re-partition (0, 00) by defining the following intervals: for each r € (r;_, 7, + d4),
Io(r) = (0,z0(r)),
Ii(r) = (@e—1(r), 2e(r), ke{l,....N(r)—1},
) =

Ingy(r) = (@n(-1(7), 00).

Note that Io(r) is of Type 1, I,(r) is of Type 2 for each k € {1,...,N(r) —1}, and fN(T) (r) is of Type
3. Recall from (4.9) the definition of r*("): We claim that

PR < p k€ {01, N(r)Y, 1€ (ri,ri. +65). (4.17)

The rest of this step is devoted to the proof of (4.17). Note that Ij(r) is the only r-valley contained
in Iy, (r). Otherwise, the number of r-valleys changes as r varies.

By the definition of zo(r), it is not hard to see that V(0+4) — inf(g z(y) V' < 7. This is trivial if
(4.16) is the case. If (4.15) is the case, there must hold V(0+) — inf(g 4,()) V' < r as there exists no
r-valley contained in (0, zo(r)). The claim (4.17) in the case k = 0 follows.

Let r € (r;,,ri, +9.) and k € {1,..., N(r)}. Note that

rle R = gup inf  sup V(&) —V(z)—V(y)| + inf V.
z,y€ly(r) .feCi’f;T)’R t€[0,1] Ik (r)
<y

Let Ej(r) be the set of local maximal points of V|, ., with connected components attached to oI (r)

(if there is any) removed. If E(r) = 0, then it is easy to check that r{’“(r)’R = 0. Suppose Ey(r) # 0.
Then, for each x,y € I (r) with x < y, there holds

f Ve = 4"V EVEL, - () Bl =0,
in sup t)) = ]

T (), V. f NE

¢ecli el Ve (@) 0 B(r) £ 0
leading to

inf - sup V(§()) = V() — V(y)

560;@7 B elo,1]

—min{V(z),V(y)}, if (z,y) N Ek(r) =0,
0

max -V =V(z)=V(y), i (ey)NEx(r
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Thus,
sup inf  sup V(£(t)—V(z)—V(y)| =— inf V.
wyeln(r)  |eecte T t€(0,1] T (r)
(z,y)NE(r)=0
We claim that
PR sup inf  sup V(@) —V(z)—V(y)| <r— inf V. (4.18)
x,yefk(r) EGCéIfy(T)YR tE[O,l] I’C(T)

(z,y)NE (1) #0

Let [a1, 1), ..., [ag, By] for some N = N(k,r) € N be the connected components of Ej(r). They
are ordered in the natural way: B¢ < a4 for all £ € {1,...,N —1}. Set By := inf I;(r) and
Ay = supfk(r). Clearly, Sy < a1 and B < ag, ;-

Note that if zo € [, fe,] for some £y € {1,..., N} and y € (zq,sup Ix(r)), then

inf  sup V(&(t) —V(zo) —V(y) < inf  sup V() —V(z) — V(y)
geCas ) te(0.]] geoik I te(0.1]

for all x < g, with ay, — 2« < 1. Similarly, if yo € [, Be,] for some £y € {1,...,N} and z €
(inf It (1), yo), then

inf  sup V(£(t) —V(z) = V(y) < inf  sup V() —V(z) - V(y)
geak\Felo.] cecIk (M T tel0,1]

for all y > B, with y — s, < 1. Therefore,

Flr(),R sup sup inf sup V(&(t) — Vi(x) —V(y)
01,82€{1,..., N} 2€(Bey —1,00, ) [geCrk T t€[0,1]
£1<Lo YE(Beys0ten+1)
= sup  sup max V=V(z)=V(y) (4.19)
01,62€{1,...,N} TE(Bey —1,00e,) _{%y}U(Ufzel[aevBe])
£1<Lo YE(Bey,0teg+1)
= sup max V- min V- min V]|,
ety [V o] Gaovan) (Brans)
£1<ls
where the minimals are attained due to the definition of Ej(r).
We show that for each ¢1, 4y € {1,..., N} with ¢; < {5 there holds
min max V- min V, max V- min V,;<r (4.20)
Uiitzl [eve, Be] (Bey—1,0,) Uﬁizl [cve,Be] (Beg ey +1)
To see this, we recall that Ij,(r) is the only r-valley contained in Iy (r), and the following hold:
V(inf I (r)) = sup V, V(supli(r)) = sup V,
(inf I (r),sup I (r)) (inf Iy (r),sup fk(r))
(4.21)

maX{V(inffk(r)),V(sup fk(T))} =sup V > sup V.
Te(r) I (r)
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Suppose for contradiction that (4.20) fails for some ¢1,462 € {1,..., N} with ¢ < #5, that is,

min{ max V — min V, max V — min V}>r.
U

22:“ [ace,Be] (Bey—1,aey) Uﬁiel [ae,Be] (Begaeq+1)

Let z, € Ugiel [, Be] be such that V(z.) = max, ¢

Ue:zl [ae,Be

]V. Then, the third identity in (4.21)
ensures that there must hold

either I(r) C (inf Iy (r),z,) or Ii(r) C (z.,sup In(r)). (4.22)
If the first inclusion in (4.22) is the case, we deduce from the second identity in (4.21) that

V(sup I,(r)) = sup V> sup V>V(r,)> min V4+r
(inf It (r),sup fk(r)) (zx,sup I () (Beg e 41)

As a result, there exists a r-valley contained in (z,, sup I (r)), which contradicts the fact that Iy (r) is
the only r-valley contained in I k(). Similarly, a contradiction can be deduced if the second inclusion
in (4.22) is the case. Hence, (4.20) is true.

Obviously, (4.20) implies that for each ¢1,¢5 € {1,... ,N} with £; < ¢5 there holds

max V— min V- min V <r— inf V.
Uﬁiel[alﬁl] (Bey—1,2e7) (Beg>cteg+1) I ()

This together with (4.19) implies (4.18). The claim (4.17) follows.
Step 3. By the min-max principle, there holds for each 0 < e < 1 and r € (r;,, 7, + dx)
%/ ald)? uCdx
Aoy > inf § —L0 0 € CF((0,00)), [ oulde =0, V€ {1,.... N()}
/ qbzufdx ()
0

Fix 0 < e < 1 and r € (ry,,7, + 0.). Let ¢ € C§°((0,00)) satisfy fjk(T) ouldr = 0 for all
k=1,...,N(r). According to (4.6),

1 €
2, G "2, G
/ ¢ ug dr < TR |- ald' |“ug dx.
Io(r) Ae Io(r)

According to (4.7), (4.8) and the choice of ¢, we find
N(r) N(r)

1 €
- ¢*uldr < ——— [ a|¢'Pulda.
; L(r) ,;1 AEOVR 2 ()
N(r)

Note that [~ ¢*ulde = Jivim P*uldr + 3, Jim) p?uldz. Tt follows that

2 e 2
G
g [ al¢Pulds ~
o > min )\g’“(r)’R,

/°° 62uC di ~ ke{0,1,...N(r)}
0

implying Ae y(ry4+1 > Mitgeo1,.. N ()} /\fk(”’R for all 0 < € <« 1, which together with (4.17) yields

LIRS ——

.. 2
fiminf e nAe vy 41 2 = he{0m N )}

This proves (4.11), and hence, finishes the proof. O
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5. Non-exponential asymptotics of eigenvalues

In Subsection 5.1, we state an auxiliary result on the asymptotics of eigenvalues of a family of
Schrodinger operators. This is used in Subsection 5.2 to prove Theorem B. In Subsection 5.3, we
establish auxiliary upper bounds of the eigenvalues A ;, ¢ € N.

5.1. Asymptotics of Schrédinger eigenvalues. Recall that y., is defined in Subsection 2.2. Con-
sider the following family of one-dimensional Schrodinger operators

= —hzf + f(y) +hg(y) : L*((0,9s0)) = L*((0,ys0)), (5.1)

where 0 < h < 1, f:(0,y00) — [0, o0) and g : (0,yo) — R are continuous functions and satisfy:
° limy . fly) = oo; f admits a unique zero y*, and is twice continuously differentiable near
y* with f"(y*) > 0;
e ¢ is lower bounded, and satisfies g < Cy f + Cs on (0, yso) for some Cq,Cs > 0.
For each 0 < h < 1, the spectrum of Hp, as a self-adjoint realization with core C5°((0,00)), is
purely discrete and is denoted by: Ep 1 < Ep 2 < Ejp3--- — 0o. The following result concerning the
asymptotics of Ep; as h — 0 is well-known (see e.g. [14, 54, 37]).

Proposition 5.1. For each i € N, there holds limj, o+ E# = (20 —1)y/ % + g(y*).

5.2. Proof of Theorem B. Let the assumptions in Theorem B be satisfied. Recall £5 from (2.1)
and consider the Schrodinger operator

2 / N2 "
H. e —2e205 — —¢t dd - [b e <b’ - b) e (136” - 4)} G GE)

Denote by E¢1 < Ec2 < Ec3 < --- the eigenvalues of H,, and recall that the eigenvalues of —L{ are
Ae,l < A2 < Agz < ---. Obviously,
E.; =2\, VieN and 0<e< 1. (5.3)

Note that with €2 = h, the operator H. is almost in the form of Hj, given in (5.1). A careful analysis

( )2 a’
16 o 4

5.1 to prove the following result.

of the extra term e ( o ¢!, which is unbounded near 0, allows us to apply Proposition

Bei — ob/ (z*)(1 —d).

Proof. In order to apply Proposition 5.1, we construct operators that are in the form of (5.1) and
comparable in the sense of quadratic forms to H. .
Let ¢: (0,00) — [0, 00) be continuous and satisfy the following conditions:
o c(x)=1forze(0,%), cla) = a(x ) for 2> a*
e ¢ is twice continuously differentiable near x* and satisfies c(z*) = ¢/ (z*) = ' (z*) = 0.
a

ok —%) < ¢+ €28 on (0,00)

By (H), for each 0 < § < 1, there exists 0 < ¢5 < 1 such that €* (%(

for all € € (0, €5), and thus, in the sense of quadratic forms,

a

-5 R _
H <H, = —64@ +f(y) + €7 (), (5.4)

a

where f = (% +c) ot land g° = (b’ — ab +6) o€ L
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Obviously, f is continuously differentiable, satisfies f(y) — oo as y — y, has y* := £(z*) as the
unique zero, and is twice continuously differentiable near y* with ?H(y*) = 2(V'(x*))%. By (H) and
the construction of the function ¢, it is easy to see that §° is lower bounded, and there are Cy,Cy > 0
such that §5 <Cif+Cyforall 0<d < 1.

Denote by Ejl < Ejg < --- the eigenvalues of ﬁi. We apply Proposition 5.1 to conclude that

E{S
lim —* = (20 — 1)

e—0 €

—/!
¥+§6( =20/ (2*)(1— i)+ 6, Y0<3&<1andicN.

It follows from (5.4) that E.; < B

— 617

leading to limsup,_,, 6‘; <20 (z*)(1 — i) for all 4 € N.
It remains to establish the lower bound. Fix z¢ > #* and let 7 : (0,00) — [0, 1] be smooth and
satisfy n(z) = 0 for < z¢ and n(z) = % for z > 22. Then, for each 0 < § < 1, there exists

1"

0 < €5 < 1 such that 77 ® +e ( 3 (/) _ %) > —¢2§ on (0,00) for all € € (0,¢5), which gives

a

d2
He > He = —¢'gq + 1) + €9°(v), (5:5)
where f = ((1 - n)%) o land g° = (b/ - “T/b - 5) o0& L.
Denote by Ef’l < ES,Q < .- the eigenvalues of H?. We apply Proposition 5.1 to conclude that

5 "%
Eez_(%_l) i(;/)

It follows from (5.5) that liminf. o = Esi > 9b/(2*)(1 — i) for all i € N. This completes the proof. [

lim
e—0 62

+ (") =2/ (2*)(1—i) =5, Y0<§< landicN.

Theorem B now is a simple consequence of Lemma 5.1.
Proof of Theorem B. By Lemma 5.1 and (5.3), lim._,g Ac; = &' (2*)(1 — ) for all i € N. O

5.3. Upper bounds of eigenvalues. In this subsection, we use Proposition 5.1 to establish non-
exponential upper bounds of the eigenvalues A ;, 7 € N that complement Theorem A, which provides
almost no information about A.; when r; = 0.

Proposition 5.2. Assume (H). There are A1, Ay > 0 such that Ae; < A1i + Ay for all i € N and
O<exk 1.

Proof. Recall that \;, i € N are also the eigenvalues of the Schrodinger operator —£2. The operator
H, is given in (5.2). Its eigenvalues E. ;, i € N satisfy E,; = 262)\6’1‘ for all 7 € N.
Arguing as in the proof of Lemma 5.1, it is not hard to find smooth functions f : (0, yso) — [0, 00)

and g : (0,Ys) — R satisfying

. f(y) —oocasy — 0T and y — y3; f admits a unique zero at §, and satisfies f"(gj*) >0,

e ¢ is lower bounded and there are constants C7,C5 > 0 such that g < C1f—|— Cs,
such that H, < H, := —¢* dy2 + f( ) + €23(y) in the sense of quadratic forms. Denote by EGJ <
EE’Q < Ee’g -+« — 00 the eigenvalues of fIE. We apply Proposition 5.1 with h = €2 to ﬁe to conclude

Bai _ 71y, 10

e—0 € 2

+§(), VieN

It follows that limsup,_,o A¢,; < 251 (. . This completes the proof. O

— 2
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6. Qualitative characterizations of multi-scale dynamics

In this section, we study qualitative characterization of the multi-scale dynamics of X, and prove
Theorem C.

We need the following result. Recall from Proposition 2.1 that (Pf)¢>o is the positive analytic
semigroup generated by L., and Qf, is the spectral projection of £, corresponding to {Ac ;}j>-

Lemma 6.1. For each k € N, there hold the following statements.
(1) There exists C > 0 such that for each 0 < € < 1,

\%

C
PQifI < Zalesme | fllaggy in (0,00), VS € 2(u€) and t > 1

(2) There exist C > 0 such that for each 0 < e < 1,
IPEQSf| < afes® e k| fllo in (0,00), Vf € Cy([0,00)) and t > 2.

Proof. Fix k € Nand let 0 < € < 1. For t > 0, we define Pt = UEUEPnglﬁe’l, where U, and UE are
unitary transforms specified in Subsection 2.2. Then, (Pf)tzo is an analytic semigroup of contractions
on L?((0,ys0)) with generator L. The spectrum of £ is the same as that of L. consisting of simple
eigenvalues {—Ac i }ken-

(1) Set M := 1+ |infoccer min V|, which is finite thanks to Lemma 2.2 (4). We claim that for
each p € (2, 00], there is C; = C(p) > 0 such that

o é i i
15 fllee < =™ 1 fllz2, ¥F € L*((0,y0)) and t > 0. (6.1)
Since [|[(A — L)Y |p2spe = m for all A € p(£?) and o(LZ) C (—00,0), we find
1
[N = (L5 = M) Y22 < o VA € C with R\ > 0. (6.2)

As £3 — M generates the analytic semigroup (e=™*Pf);>o of contractions on L?((0,9s)), and the
right-hand side of (6.2) is independent of €, we apply [50, Theorem 2.5.2] to find C; > 0 such that

. Cy - _

(22 = M)e By flle < I fllze, VT € L2((0,y0)) and ¢ > 0. (6.3)

Let D(L?) be the domain of £Z. Note that
2 Yoo Yoo
(—(L5 — M)u,u) = %/ |u'|dy+/ (Ve + M) |ul?dy, Yu e D(L),
0 0
which together with (6.3) and the fact infocceq(min V. + M) > 1 leads to

62 Yoo <= Yoo ~ =
S| pi iy [V aniPe Ry

<LE = M)PE fllz2 ) P fl e

1
C eMt B -z C 6Mt ~ 62 Yoo - Yoo - - 2
< ——\fleal P fllze < ——IIfllz= | = |0, P f1?dy + (Ve+ M)|P; fPdy )
t t 2 Jo 0
yielding
62 Yoo <= Yoo <o 012€2Mt <10 - 9
D) ; |0y P f|*dy + ) (Ve + M)| P fI°dy < 2 Ifllz2, Yf €L ((0,y)), t > 0.
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By Sobolev’s embedding theorem, we find for each p € (2, 00| the existence of Cy(p) > 0 such that

20102 (p)
te

12 e < Cow) (10,5 Flle + 1P Flls2 ) < M| fllza, ¥F € L2((0,5)), ¢ > 0.

This gives (6.1) with C := 20, Cy(p).

Now, let f € L2( &) and set f6 = U U f. Note that | PfQS fellL> < e 2#t||fe|| L2 for all t > 0 and
0 < € < 1, where Qk = UeUEQ6 U1 is the spectral projection of L2 corresponding to {=Ae,j}izk-
Applying (6.1) with p = oo, we deduce

. CreM Cie™ L\ nn:
1PEGE i < DB Qe < D ek D, s, (6.4)
€

leading to
|PEQif = U U PEQi T

DeEAE § \/? DeEAE § 1V CNvle]\/l-i_AE’1 1 Vv
= |(PFQpfe) o él—~= < | PfQifellL=ater® < ————aiez

Since A1 — 0 as € = 0 by Theorem A, the conclusion of (1) follows.

€_>\E'kt||fHL2(u§;), vt > 1.

(2) Fix f € Cp([0,0) and set fe = UEUEf. We claim that there exist Cs, C5 > 0 such that

1P fe (6.5)

To do so, we fix p > 2. By (6.1), Ps - L2((0, yoo)) — LP((0, Yoo )) is linear and bounded and satisfies
I Pf |l L2 e < %eM. This together with the symmetry of Pf : L2((0,ys0)) — L?((0,ys0)) yields

1P Flie < el VF € L2((0.02)) 0 27 ((0.00)) (6.6

where p’ = p% € (1,2) is the dual exponent of p. As a consequence, 1516 uniquely extends to be a

1
bounded linear operator from L? (0, ys0)) to L2((0, yse)), and satisfies || Pl 2 < GreM,

Straightforward calculations give
o f -1

Yoo _ , Yoo
P g P
/0 Il dy /0 fos P B2

o0 , p/ p . p /V
= [T e = [ e
0 0

»
2

dy

D

Since [;° o 3-% e 5% da < C’p ¢ for some 03,04 > 0, we find ||fe||» < 0366 | flloo, Which

together with (6.6) gives || Pffe|lL> < ClCSe €< ||fHOO The claim then follows readily by setting
éz = 01036 and 03 = 04

For ¢ > 2, we deduce from (6.4) and (6.5) that
DENE £ éleM DE e
1P Qi fell e < 1P Qi fell 2

CreM e w Cy CoeM+22ck
< O resod Py e < DL
€ €

_ <]
e e | e,
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and hence,
\/57 61026M+2)\"k
G = &

By Proposition 5.2, it is easy to see the existence of C~'4 > 0 (depending on k) such that |PfQ5 f| <

c
ef)“**’“teeingHoo X aiea?.

\PEQLf| = U U PEQS fe| = [(PEQSfe) o

V+C,
ate 2 e ekt f||oo for all t > 2 and 0 < € < 1. This completes the proof. O

Proof of Theorem C. (1) Let K C [0,00) be a fixed compact set, and p € P(]0,00)) satisty
supp(p) C K. Fix f € Cy([0,00)) and 0 < € < 1. Then, Proposition 2.1 (5) gives

ELIf (X)) Licrs] = (f, e1) 12 o) |e,1 | 1 () ‘1t+/0 PLQ5 fdu

— a0t [ o+ [ PG w0,
0 0

) and g is the unique QSD of Xf (see Proposition 2.3). In

where ae(p) = [lgeallr(
particular, setting f = 1 yields

PLlt < Tg] = e (p)e et —I—/ PfQsldu, vt > 0. (6.7)
0

It follows that
ELLf (X)) = EL[f (X)) Lierg] + EJ[f(0) Le>Te]

=ade [ fane+ [ PQasau 100) (1—ae<u>e*e’lt— / PEQEMM)
= acwe ™ [ fduc+ (1= a1 £0)
+ [ p@stan=10) [ PQstan vi>o

Lemma 6.1 (2) (with & = 2) yields the existence of Cy > 0 such that

B0 ~ [ate ot [ e+ (1= actue) 100) \

< >~ PEOS PO 0ONdu <2 = % V+§1d —Xe,at % 2
< (I1PFQSfI + | PE QL[| f(0)]) dp < | ate x dpe [flloos V> 2.

0

Ca

Clearly, there is Co = C3(K) > 0 such that 2f0 aie et dp < e’ | leading to

It remains to estimate a(u). Note from (6.7) that

C.
P;[Xte c .] . [ae(M)B_AF'ltMe +(1- ae(u)e—kg,lt)(so] HTV < exp {622 — /\672t} , Vit > 2.

() = et (Pf < T / h PEQSMM)

o0
< erent <1 +/ a‘lle 22 d,ue )‘fv2t> < erett (1 + ei"‘_k‘ Qt) , Vt>D0.
0
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. . G2 _ . R A
Since the function t — et (1 +ee ’\S*Qt) is minimized at ¢t = (% —1In —=% ) ﬁ, we find

02 As,l )\571 Ae,l
() < exp { (62 —In >\2—)\1) )\6,2} (1 * M—M> '

By the asymptotics of A. 1 and A, 2 (see Theorem A), we find the existence of some small €, = €,(C) =
€.(K) > 0 such that a(p) <1+e” 52 for all e € (0, €.). This proves (1).

(2) We prove the result in the global attractor case; the local attractor case can be treated in the
same manner. Let 0 < 0 < 1 and Kj, K> be compact sets in (0,00). Let p € P(]0,00)) satisfy
supp(u) C K1, and f be a continuous function on (0, co) with supp(f) C Kb.

Recall that A is the global attractor of (1.2). Let T'= T'(K4,0) > 0 be the smallest time such that
sup,, e i dist(z¢, A) < g for all t > T, where x; denotes the solution of (1.2). By the sample path
large deviation principle, there are D1 = D1 (K3,6) > 0 and Dy = Do (K3,0) > 0 such that

) D
sup Pg | sup |X; — | > 2 SDle_TZZ, V0 <e<k 1,
zo€Ky t€[0,7] 2

resulting in

) D
P [XT € A5] <P, [|X§« —zr| > 2] <Die &, W<e<], (6.8)
where As := {x > 0 : dist(z, A) < §} and A§ := (0,00) \ As.
Setting pg := P{[XF € o], we use the Markov property of Xf to write

B [F(X0)] = ES [BSLF (X1 X51]
(6.9)
- /A ES [ (X )i + / CELU(XE gl = B+ By, i>T,

We estimate E{. Since Proposition 2.1 gives

ES[f(Xi_7)] = 1fe1llp1 ueyde,ie 2o D) / fdpe = PS_pQ5f, Vt>T,
0

we apply Lemma 6.1 (1) (with & = 2) to find D3 > 0 such that

o0
— | (%) / pepdpe e (=T / fdue
As 0

S &efke,Q(th) (/ aieQ‘;duT> </ |f‘2 Sdm>2
€ As
) 1
_ &e_mu—m ( g dW) < |f‘ —zdgC) ’ (6.10)
€
D- 1 inf
<= (supa4> </ dx) exp{supA5 -2 K;V = Aea2(t —T)} [[flloo
€ As 26
T+1
= P At f e VT4

< mexp{suPA“V B infr, V
€

where Dy = Dy(K3) := D3 (SUPA1 a%) (f}@ 1d$)
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To estimate ES, we see from (6.8) that

D3

By <P[X5 € Ao < Dre™ #||floe, VE>T.

Since Lemma 6.1 (2) (with k = 1) gives D5 > 0 such that
o1 vips A T
E5 < ES[f(X])] g/ ate < due D flloo, VE>ST 42,
0

there exists Dg = Dg(K1) > 0 such that
Dy
By <o {2 - Aat=D) ISl WS T42

Clearly, there exist p = p(K1,d) > 1 and Dy = D7(K7,d) > 0 such that —% + % < —Dy, where

/

p = ﬁ is the dual exponent of p. Then,

1

€ ey L €\ =7 % D2 D6 Aﬁ’l(t_T)
ES = (E5)* (B5)¥ < D} exp{—2 D DDy
pes  ple P (6.11)
1 D; M.(t—-T ’
§Dfexp{—627—’1(ﬂ)}||f||oo, Vt>T +2.

Setting Ge(p,0) := [|pe,1l L1 (us) fA5 pe1dpsern T we find from (6.9), (6.10) and (6.11) that

+ E5

< ]Ef ~ e [ s
0

Dy sup 4, V' infg, V
< Do { ML MUY - D)}l

ES [F(X5)] — ey, ) en? / fdp,

1 Dy Aa.1(t—-T
+ofep{-Dr 200Dy s
€ p
It remains to estimate &(u, d). Note that
6, < Iocallirs) | daduze
0 (6.12)

= lperllziue) / P e ndpe® T = || e | p1cue) / bendi = ae(p).
0 0

The upper bound of &(u,d) follows from that of a.(u) given in (1). This completes the proof. O

7. Applications

In this section, we discuss some applications of Corollary A and Theorem C. Two typical situations
where SDEs of the form (1.1) arise are described as follows.

Chemical reactions. Consider the chemical reactions:
k1 ko
A+ X k: 2X, X =,
-1

where the positive numbers kq, k_; and k, are reaction rates. The concentration of the substance A,
denoted by x4, is assumed to remain constant. We assume kix4 > ko.

Denote by V >> 1 the volume of the system and X} be the continuous-time Markov jump process
counting the number of molecules of the substance X. The law of large numbers [19, 1] ensures that
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Vv
as the volume V' grows to infinity, the re-scaled process X, converges to solutions of the following

classical mean-field ODE for the concentration of X: '
&= —k_ 12> + kizax — kox, € [0, 00). (7.1)
Obviously, (7.1) is a standard logistic equation, and its unique positive equilibrium is given by z. :=
%. The fluctuation of X—VX around solutions of (7.1) is captured by the central limit theorem
[19, 1], leading to the following diffusion approzimation of }i}V:
dr = (—k_12% + kywax — kox)dt + e\/kz,le + k1zaz + koxdWy, x € [0, 00), (7.2)

where € = ﬁ and W, is a standard one-dimensional Wiener process.

It is a routine task to check (see e.g. [31]) that solutions of (7.2) hit the extinction state 0 in
finite time almost surely, while positive solutions of (7.1) are attracted by the equilibrium z.. Such a
dynamical disagreement between a mean-field model and its stochastic counterpart is often referred to

as Keizer’s paradox [33]. This is originally formulated in terms of the master equation for distributions
\%4

of ‘ﬁ} (see e.g. [34, 55, 7]). In the work [7], the authors use a slow manifold reduction method to

estimate the first eigenvalue and the gap between the first and second eigenvalues of the generator of

Xy

v that respectively quantify the first passage time to the extinction state and QSD.

Logistic BDPs. Let Ny = NU {0} and A > p > 0. Consider a continuous-time birth-and-death
process (BDP) ZX on the state space Ny with birth rates AX = \n, n € Ny and death rates pX =
n (qu %), n € N, where K > 1 is the carrying capacity. By the central limit theorem (see e.g.

[38, 19]), for sufficiently large K, the process % stays close to solutions of the following SDE:
dr = Az — px — 2%)dt + e/ x4 px + 22dW;, x € [0,00), (7.3)
where € = \/% The SDE (7.3) is the diffusion approximation of %
Both situations give rise to SDEs of the form :

dr = (biz — bax?)dt + e\/arx + agz2dW;, z € [0,00), (7.4)

where 0 < € < 1, by, by and a; are positive constants, and as > 0. It is straightforward to check that
assumptions in Corollary A and Proposition A.1 are satisfied. Applying Corollary A, Theorem C and
Proposition A.1 to (7.4), we find the following result.

Theorem 7.1. The following statements hold.
(1) There hold

a1batasby a2b) _ b ;
i I 2[ = ln<1+a1b2) az}, if az >0,
€,1 — i
e—0 ! bil ) =
e if ax=0

and lim¢_,0 A2 = by.
(2) For each compact K C [0,00), there are C = C(K) > 0 and small €, = €,(K) > 0 such that
sup [Py (X7 € o] = [em e 4 (1 — e o))

HEP([0,00))
supp(p)CK

lry

c b
< exp {62 — ;t} +y(e)e et Yt >0 and € € (0,¢€,),



TRANSIENT DYNAMICS 33

where v = vk : (0,1) — (0,1) satisfies y(¢) — 0 as € — 0.

(3) For each 0 < § < 1 and compact sets K1, Ko C (0,00) with (Z—; -9, Z—; +6)N Ky =10, there
are T = T(K1,0) >0, C = C(K1,K3,0) >0 and e, = €,.(K1,K3,0) > 0 such that for each
continuous function f : (0,00) = R with supp(f) C K, there holds

B0 - e [ .

0

sup <T(e)e 1| flloo, Vt>T ande € (0,¢,),

HEP([0,00))
supp(p) C K1

where I' =Tk, k,.5:(0,1) — (0,1) satisfies I'(e) = 0 as € — 0.

Note that et ln (1+ 1) = e (1+ 52 ) n (1+ ) > oy =

We end this section by stating the following remark about the validity of diffusion approximations
of X?‘V and %
Remark 7.1. In general, diffusion approrimations of re-scaled Markov jump processes can be justified
only over finite time intervals of the form [0,T]. But, for the process X7‘V, its diffusion approrimation
holds at least over [0,T,], where T, = e forre (0,71), due to the special dynamical structure of the
mean-field ODE, that is, it has a single globally asymptotically stable equilibrium. Indeed, this can be
roughly seen from the classical result for diffusion approximations and the following facts:

e Theorem 7.4 says thal a typical solution of (7.2) quickly approaches the QSD and then is

trapped by it until T, ; the process X?‘ exhibits similar dynamics (see [11]);

e combining Lemma A.1 (1) with a similar result for the QSD of )(;}v established in [11], we show
in the forthcoming work [19] that the distance (p-Wasserstein distance for any p € [1,00) and
\%4
the Kolmogorov metric) between QSDs of ‘ﬁ} and (7.2) vanishes as € = ﬁ — 0.

Similar results hold for % and (7.3).

In the case that the mean-field ODE has multiple asymptotically stable equilibria, QSDs of the re-
scaled Markov jump process and its diffusion approxzimation may stay far away from each other (see
e.g. [51]), but they always stay close in some weak sense to the attractor of the mean-field ODE (see
e.g. [32, 20, 53]), which is traditionally used to explain the chemical oscillations in a closed chemical
reaction system or the persistence states of a species from a phenomenological point of view. Therefore,
®SDs can be used to describe the long transient chemical oscillations in a closed chemical reaction
system or the long persistence of a species in this case.
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APPENDIX A. Asymptotic of the first eigenfunctions

We justify (1.6) when b changes its sign only once appealing to results established in the forthcoming
work [19]. The formal statement is as follows. Recall a(u) and é&.(p,d) from Theorem C.

Proposition A.1. Assume (H). Suppose, in addition, that
e be C?((0,00)), b changes its sign only at x* € (0,00) and b'(z*) < 0;

e a€C3((0,00)) and [* \/;T)ds = 0.
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Then, lime—0 [|¢e,1]lL1 (we)Pe,1 = 1 locally uniformly in (0,00). In particular,
(1) for any compact K C [0,00),
lir% ae(p) =1 uniformly in p € P([0,00)) with supp(p) C K;
e—

(2) for any compact K C (0,00) and 0 < 01 < d2 < 1,
lirr(l) Ge(p,0) =1 uniformly in p € P([0,00)) with supp(p) C K and 6 € [d1, d2].
e—

We remark that the condition [ ﬁds = 0o is only to make yoo = lim, o £(x) = oo, where

¢ is defined in Subsection 2.2, so that the Schrédinger operator £ is on (0,00). Then, we can use
decaying properties of its elgenfunctions near oo.

Recall that u. = Wﬁ is the density of the unique QSD p. of Xi. We need the following
€ Lt (u
results from [19], whose proof indeed benefits from decaying properties of ﬁeUe(be,l» an eigenfunction

of Ef associated to A1, near oo, where U. and U, are unitary transforms defined in Subsection 2.2.

Lemma A.1 ([19]). Suppose the conditions in Proposition A.1 hold.

2 rzx b(s)
(1) There holds ue = %e = «@ % where

/
lim R.(z) = Ry := —w locally uniformly in x € (0, 00).
T

(2) For each 0 < § < 1, there are 0 < x5 < 1 and 0 < ¢5 < 1 such that

! _2 (e b g
5 (I3 Hgaets) <wuc(r)<e (J5" stas 5), Vo € (0,25), €€ (0,¢€5).

(3) There exist L>1,C >0, r, >0 and 0 < €, < 1 such that

ue(x) < ¢ e~ FE@—EL) H JL 56 )>d5 Vo € [L,00), €€ (0,6).

[a(z)]
Note that Lemma A.1 (1)
We prove Proposition A.1.

e

justifies the WKB approximation of u. up to the second order.

G zx b(s)
Proof of Proposition A.1. Lemma A.1 (1) gives —251% — — %e?%f' % which together

H¢e,l ”Ll (“EG)

with the expression for u& leads to

1 _2 ™ b
ber = Ee =05 G(S)dsll(bG,lHLl(uec)Rf' (A1)

It follows that

o 1 _2 = b) g o0
1= / d)e 1qu:1: = ||oe, 1||L1(uG)/ UePe 1dT = Ee 2Jy amd ||¢€71||i1(u9)/ ueRedz.  (A.2)
0 " Jo

We claim lim._.q fo ueRedr = Ry. Indeed, u R, = eau? 2,2 /3" 559 thanks to Lemma A.1 (1).
Let K > 1. It is easy to see from Lemma A.1 (2) that lim._,q fo ueRe.dr = 0. By Lemma A.1 (3),

~ 2, 256(L) 3 1 iy ds
U Redr < eC?e e 2 ee2 a(s)

) e’}
=eC? 25(“652 L al) / e_%ydy—ﬂ) as € — 0.
E(K)

_ 29

&2 E(f)dx
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Hence, lim._,q fooo U Redr = lime_ ff ucRedz. Since fooo uedr = 1 and Lemma A.1 (2)(3) gives
K

lim,_.q fg ucdr = 1, we conclude from Lemma A.1 (1) that lim,._,q fg ueRedx = Ry. This proves the

claim.
b(s)

Letting € — 0 in (A.2), the claim implies lim._,o %676% I “<S)ds||¢e,1||2L1(uc) = Rio’ which together
with (A.1) and Lemma A.1 (1) yields the local uniform convergence of |¢c 1([11(ug)@e1 to 1 as € = 0.

e,lT

(1) follows readily. To prove (2), we recall that de(p, ) := [|pe,1lL1(uo) ng berduserr T where

T = T(K, ) is the smallest time such that sup, ¢ dist(z;, A) < § forall ¢ > T, and p§ = P XT € o]
Let ns : (0,00) — [0, 1] be a smooth function satisfying ns = 1 on Aszs and 75 = 0 on AF. Then,

o
de(uvé) Z eASJT”d)e,l”Ll(uf)/ n5¢e7ldﬂ’§“
0

= g1l 1w /O Pf(nsde,1 )dp = eMT/O E [(15]10e,1 1|21 (ug)ybe,1) (X7) Lr<s ] dp,
where we used Proposition 2.1 (4) in the second equality. Note that
ES [(n5 |61l 11 (ue)Pe,1 ) (X)L e

> / (16 16e 3 () Be1)(365) L s P
[X,}GA%T(;

v

H(be,l

inf ‘Ll(uG)¢€,1 Py |:X% € Az, T < Tg}
.A3T(5 € 4

> | inf 6l ug)des {Pe[x5 € Ay | +PoIT <T5] -1}
38
4

Since the limits lim_,g e’ 7 = 1, lim_,o P [X% € A%} =1 and lim._,o PS [T < T§] = 1 are uniform

inz € K and § € [d1, 2], we conclude the lower bound:
limiélféze(,u,é) > 1 uniformly in p € P([0,00)) with supp(p) C K and 6 € [d1, d2].
e—

The upper bound follows from é&.(u,d) < ae(p) due to (6.12), and the limit proven in (1) for a.(u).
This completes the proof. O
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