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Abstract

The current paper is devoted to the investigation of wave propagation phenomenon in reaction—diffusion
equations with ignition type nonlinearity in time heterogeneous and random media. It is proven that such
equations in time heterogeneous media admit transition fronts with time dependent profiles and that such
equations in time random media admit transition fronts with random profiles. Important properties of tran-
sition fronts, including the boundedness of propagation speeds and the uniform decaying estimates of the
propagation fronts, are also obtained.
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1. Introduction
Consider the one-dimensional reaction—diffusion equation
ur=uyxx + f(t,x,u), xeR, teR, (1.1)

where f(¢,x,u) is of ignition type, that is, there exists 6 € (0, 1) such that for all # € R and
x eR, f(t,x,u) =0 for u € [0,0] U {1} and f(¢,x,u) > O for u € (6, 1). Such an equation
arises in the combustion theory (see e.g. [8,10]). The number 6 is usually referred to as the
ignition temperature. The front propagation concerning this equation was first investigated by
Kanel (see [14—17]) in the space—time homogeneous media, i.e., f (¢, x,u) = f(u); he proved
that all solutions, with initial data in some subclass of continuous functions with compact support
and values in [0, 1], propagate at the same speed c, > 0, which is the speed of the unique traveling
wave solution ¥ (x — c.t), where 1 satisfies

Vax Hoe + f(P) =0, lim y(x)=1 and lim ¢ (x)=0.

Also see [3,4,11,12] and references therein for the treatment of traveling wave solutions of (1.1)
in space—time homogeneous media.

Recently, equation (1.1) in the space heterogeneous media, i.e., f (¢, x,u) = f(x, u), has at-
tracted a lot of attention. In terms of space periodic media, that is, f(x,u) is periodic in x,
Berestycki and Hamel proved in [5] the existence of pulsating fronts or periodic traveling waves
of the form v (x — c,t, x), where ¥ (s, x) is periodic in x and satisfies a degenerate elliptic equa-
tion with boundary conditions lims_, o ¥ (s, x) = 1 and lims_, o ¥ (s, x) = 0 uniformly in x.
In the work of Weinberger (see [33]), he proved from the dynamical system viewpoint that so-
lutions with general non-negative compactly supported initial data spread with the speed c,.. We
also refer to [34-36] for related works.

In the general space heterogeneous media, wavefront with a profile is no longer appropri-
ate, and we are looking for more general wavefronts such as transition fronts in the sense of
Berestycki and Hamel (see [6,7]), that is,

Definition 1.1. A global-in-time solution u (¢, x), x € R, t € R of (1.1) is called a transition front
if there is a function & : R — R, called, interface location function, such that

u(t,x) — 1 uniformly in t and x < £&(t) as x — £(t) - —oo, and

u(t,x) — 0 uniformly in ¢ and x > £(¢) as x — &£(¢) — oo.
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A transition front u(t, x) is called critical if for any transition front (¢, x) there exists a
function ¢ : R — [—o00, 00] such that

u(t,x) >u(t,x), x=¢@),

u(t,x) <u(t,x), x=¢@)

for all t € R.

Transition fronts are proper generalizations of traveling waves in homogeneous media and
periodic traveling waves (or pulsating fronts) in periodic media. It is easily seen that the interface
location function £(¢) in Definition 1.1 is unique up to addition by bounded functions. Transition
fronts in the above sense are also called generalized traveling waves in some literature, especially
in the time heterogeneous media, i.e., f(z, x,u) = f(¢,u) (see [31]). Roughly speaking, critical
transition fronts are the steepest ones among all transition fronts. It is known that the existence
of a transition front implies the existence of a critical transition front and critical transition fronts
(if exist) are unique up to phase shift (see Lemmas 6.1 and Lemma 6.2).

In the work of Nolen and Ryzhik (see [22]), and Mellet, Roquejoffre and Sire (see [19]),
transition fronts with additional properties, such as, time monotonicity, finite speed, exponential
decay ahead of the interface, etc., are proven to exist in the general space heterogeneous media
of ignition type (the work [22] also deals with transition fronts in space random media of igni-
tion type). Later, stability and uniqueness of such transition fronts are also established in [20].
These results are then generalized by Zlatos (see [38]) to the equations in space heterogeneous
cylindrical domains of ignition type.

However, there is little study of transition fronts in general time heterogeneous and random
media of ignition type. In the current paper, we first study front propagation phenomenon in the
reaction—diffusion equation (1.1) in general time heterogeneous media, that is,

ur=uxx + f(t,u), xeR, reR. (1.2)
Here are the assumptions on f(t, u):
(H1) Thereis a6 € (0, 1), called the ignition temperature, such that for all 7 € R,
f(t,u):O, ME(—OO,G]U{l},

f@u)>0, ue(@,l),

flt,u)y<0, u=>1.
The family of functions { f (¢, u), u € R} is locally uniformly Holder continuous. The fam-
ily of functions { f (¢, u), t € R} is locally uniformly Lipschitz continuous. For any ¢ € R,

f(t,u) is continuously differentiable for u > 6.
(H2) There are Lipschitz continuous functions finf, fsup satisfying

fints faup € C1 ([0, 00), R)
Fint(@) =0 = fuup(u) for u € [0,01U {1},
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0> (finf)u(D) = (fsup)u(1),
0 < fint(u) < foup(u) foru € (6, 1)

such that finf(u) < f(t,u) < fsup(u) foru € [0, 1] and ¢ € R.
We prove
Theorem 1.2. Suppose (H1) and (H2).

(1) (Existence of transition front) Equation (1.2) admits a transition front u(t,x), x € R, t e R
in the sense of Definition 1.1, where the function & : R — R is continuously differentiable
and satisfies u(t, £(t)) = 0 for all t € R. Moreover, the following properties hold:

(1) (Monotonicity of the transition front) u,(t,x) <0 forx e Randt € R;
(i1) (Uniform steepness) sup, g ux(t,£(t)) <O0;
(ili) (Finite speed) sup,cp |E'(t)| < 00;
(iv) (Uniform decaying estimates) there exists a continuous and strictly decreasing function
v:R— (0, 1) satisfying v(x) > 1 —c1e?*, x < —c3 for some c1, c2,c3 > 0and v(x) =
fe=*, x > 0 for some ¢ > 0 such that

u(t,x+&@)>v(x), x=<0;
ut,x +&@) <v(x), x=>0.

(2) (Periodicity) If f(t + T,u) = f(t,u), then (1.2) admits a periodic traveling wave u(t, x),
that is, there are a constant ¢ € R and a function ¢ : R x R — (0, 1) satisfying

Y =Yy + ¥y + f(t’ ),
limy— oo ¥ (£, x) =1, limy_ 00 ¥ (¢, x) =0 uniformly in t € R,
Y, Y=Yt +T, ) forallteR

such thatu(t,x) =y, x —ct) forx e Randt € R.

Clearly, due to the space homogeneity of (1.2), if #(¢, x) is a transition front of (1.2), then any
space translation of u(#, x) is also a transition front. All these consist of a family of transition
fronts propagating to the right. By space reflection, we obtain another family propagating to the
left. We see that the transition front constructed in Theorem 1.2 has a time-dependent profile
given by (¢, x) = u(t, x + &(¢)), which is a solution of

Vi =Yux +E OYx + fE V),

1.3
limy— o ¥ (t,x) =1, limy_, o ¥ (¢, x) = 0 uniformly in # € R. (1.3)

We then study front propagation phenomena in reaction—diffusion equations in random media,
that is,

Uy =uyy + F(oyw,u), xeR, telR, (1.4)
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where w € 2, ((2, F, P), {0:};cr) is a metric dynamical system (i.e. (€2, F, P) is a probability
space, the mapping (¢, w) — o:(®) : R x Q — R is measurable, o; o 05 = 0,4 for any s, ¢ € R,
and P(o;E) = P(E) forany t e R and E € F) and F : Q x R — R satisfies

(H3) F :Q2 x R — R is measurable, and for each w € Q, f“(¢t,u) := F(o,;w, u) satisfies (H1)
and (H2).

We look for random traveling wave solutions of (1.4) in the following sense (see [28]).

Definition 1.3. A family {u(z, x; ®)},ecq of global-in-time solutions of (1.4) is called a random
traveling wave if there are measurable functions W : R x Q — R and & : R x € — R such that

u(t, x; w) =Vx —&(1; ), 0yw),

and for each fixed w € 2, u(¢, x; w) is a transition front of (1.4), that is,
lim ¥(x,o0w)=1, Iim ¥(x,o;w) =0
X—>—00 X—00
uniformly in 7 € R.
We prove

Theorem 1.4. Assume (H3).
(1) Equation (1.4) admits a random traveling wave u(t, x; w) = V(x — £(t; ), orw), where the

function & : R x Q@ — R is continuously differentiable int € R and satisfies u(t, &(t, w); w) =

0 forallt e R and w € Q.

) If (R, F, P),{01}1cr) is an ergodic metric dynamical system, then there are ¢* € R and
U*(.) e C? (R, R) such that for a.e. v € 2,

unif

| §Eo)
1m =cC

t—00 t

’

t
1
lim —f\ll(x,asw)ds =¥*x), VxeR,
t—00 t
0

and

lim W*(x)=1, lim ¥*(x)=0.
xX——00 X— 00
3 If (2, F, P),{ot}ter) is a compact flow and F(w,u) is also continuous in o € <2, then
there is Qo C Q2 with 04(Q20) = Qo such that Qq is a residual subset of Q (i.e., Qq is the
intersection of countably many open dense subsets of Q) and the map w € QL+ V(-,w) €
anif(R, R) is continuous at w € .
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As the proof of Theorem 1.4 follows immediately from Theorem 1.2 and the relevant results
in [28], we omit it in this paper.

Assume that f (¢, u) satisfies (H1) and (H2). We remark that (1.2) can be embedded into (1.4)
with Q =hull(f) :=cl{f(- + 7, -)|t € R} with open compact topology, o;g(-,-) = g(- + ¢, -)
forge Qand r € R, and F(o,g,u) = g(t,u) for g € Q. In fact, defining F(o; f, u) := f(t,u),
(1.4) withw = f € Qreduces to (1.2). If f(t+ T,u) = f(¢, u) and satisfies (H1) and (H2), then
Q={f(+r1,-)|t € R}. In this case, we have

ut+T,x; =V —§C+T; [ or ) =VYx -0 +T; f), 01 f).

In particular, u(7T, x; f) =W (x —&(T; f), f), which implies

ut+T,x; )=V —&T; f)—&@; .o f),

and then
EG+T; f)=&@ /)+&T; f) VieR.
Let
T,
C=E(Tf), §(W)=£&;01), and Y(x,1)=VW(x — &) +ct, 00 f).
Then,
Y, t+T)=V(x—-E¢+T)+ct+T),0i+7f)

=W(x—-&ET)—-&EUWt)+ct+cT;01 f)

=W(x—-&@)+ct,or f)

=v(x,1)
and

ut,x; f)=yvx—ct,t) Vt,xeR.

Therefore, Theorem 1.4 (3) implies that (1.2) admits a time-periodic traveling wave, which re-
covers Theorem 1.2 (2). If f(¢, u) satisfies (H1) and (H2) and is almost periodic in ¢ uniformly
with respect to u, whether (1.2) admits almost periodic traveling wave solutions remains open.
This issue together with the uniqueness and stability of transition fronts of (1.2) are studied in
[32].

We also remark that time-periodic traveling waves were first investigated by Alikakos, Bates
and Chen (see [1]) in time periodic bistable media. For time heterogeneous bistable equations,
transition fronts with a time-dependent profile satisfying (1.3) and their uniqueness and stability
have been investigated by Shen (see e.g. [26-29]). There are similar results for time heteroge-
neous KPP equations (see e.g. [21,30,25]). Transition fronts have also been proven to exist in
space heterogeneous Fisher-KPP type equations (see [23,37]). But it is far from being clear in
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space heterogeneous media of bistable type due to the wave blocking phenomenon (see [18])
except the one established in [22] under additional assumptions.

To this end, we comment on the differences between the analysis in the present paper and that
in [29] and [22]. In [29], transition fronts of the following equation

ur =uxx + fp(t,u), (#,x)eRxR (1.5)

in time heterogeneous bistable case were studied. In particular, u =0 and u = 1 are two stable
solutions and 6(¢), t € R is the unstable solution between 0 and 1. The method used in [29] has a
strong dynamical system favor. More precisely, instead of focusing on (1.5), the following family

up=uyx + fpt+s,u), (¢ x)eRxR, seR

were treated as a whole. Since the analysis in [29] heavily relies on the uniform instability of the
solution 6 (¢), the method can not be applied in our case.

In [22], transition fronts in space-heterogeneous ignition equations were treated by studying
the following equation

Uy =uyx + frx,u), ((,x)eRxR (1.6)

with the neutral stable solution u = 0, the stable solution # = 1 and the ignition temperature
6 € (0, 1). The proof of the existence of transition fronts is constructive via the construction
of approximating solution u”" (¢, x), where u" (¢, x) is the unique solution of (1.6) with well-
constructed initial data at initial time t = —n. An important property of u" (¢, x) is the time
monotonicity, i.e., u} (¢, x) > 0, which implies é”(t) > 0, where £"(¢) is the interface location
defined by

£"(t) =sup{x € R|u" (¢, x) =0}.

The fact that £" (¢) is increasing plays a very important role in the analysis done in [22].

In our case, we first construct approximating solutions u” (¢, x) as in [22], but our approxi-
mating solutions satisfy space monotonicity, i.e., u’; (¢, x) < 0, instead of time monotonicity. We
then look at the interface location £” () defined to be the unique point such that u” (¢, £ (t)) = 6.
However, due to the time-dependence of the nonlinearity f (¢, u), £"(¢) oscillates, and therefore,
the analysis in [22] does not apply. A major part of the present paper is devoted to the analysis
of the propagation of £" () with oscillations.

The rest of the paper is organized as follows. In Section 2, we construct a global-in-time
solution of (1.2) as the limit of approximating solution sequence. Section 3 is devoted to the
boundedness of interface width. In Section 4, we prove that the derivative of the approximating
solution sequence near the ignition temperature is uniformly negative. In Section 5, we establish
uniform estimates behind and ahead of the interface for the approximating solution sequence. In
Section 6, we prove the existence of transition fronts of (1.2) and finish the proof Theorem 1.2.

2. Construction of global-in-time solutions

In this section, we construct a global-in-time solution of (1.2). Throughout this section, we
assume (H1) and (H2).
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First, we consider the space—time homogeneous equation
ur =txx + fint(u). 2.1)

By (H2), finr is of standard ignition type. Classical results (see e.g. [3,4,11]) ensure the existence
of a unique constant cjpr > 0 and a twice continuously differentiable function ¢ satisfying

@xx + CintPx + fmf(¢) =0, (2 2)
¢y <0, limyo_cod(x)=1and limy_ o0 ¢ (x) =0 '
such that ¢ (x — cipft), x € R, r € R and its translations are traveling wave solutions of (2.1).
Thus, we may assume, without loss of generality, that ¢ (0) = 6. Since fiyr(u) =0 for u € [0, 6],
a direct computation gives

¢ (x) =0e ¥ x>0. 2.3)

Lemma 2.1. For any s < 0, there is a unique x5 € R such that the solution u(t,x;s), t > s of
(1.2) with u(s, x; s) = ¢ (x — xy) satisfies u(0, 0; s) = 0. Moreover, x; — —00 as s — —0Q.

Proof. Fix any s < 0. Let u” (¢, x; s) be the solution of (1.2) with u”(s, x;s) =¢(x — y). By
comparison principle, u” (¢, x;s) > ¢(x — y — cinf(t — 5)) for t > 5. In particular, u” (0, 0; s) >
¢ (cints — y). Note that if y > cines, then ¢ (cings — y) > ¢(0) = 6 by monotonicity. Thus,
u?(0,0;s5) > 6 if y > cings.

On the other hand, let us fix some constant M > 0 such that f (¢, u) < Mu for all u > 0 and
t € R. Such an M exists by (H1) and (H2). Now, set v? (¢, x; 5) = e~ Cinf=Y=30=¢(=9) for some
yo € R and ¢ > 0 to be chosen. By (2.3), we can easily find an yp € R such that ¢ (x — y) <
vY (s, x;s) for all y € R. We fix such an yy. We compute

W) — (W )xx — f(, ) = cin(c — cinp)v” — f (£, 7).

Thus, if we choose ¢ > 0 such that cjpr(c — cinf) > M, then v? is a sup-solution of (1.2), which
leads to u?(t,x;s) <vV(t,x;s) = e~ Cinf¥=y=yo—c(t=s)) by comparison principle. In particular,
u?(0,0; 5) < e Cint(¢5=y=30) Thus, u” (0, 0; s) < @ for y <« —1. Continuity of the solution with
respect to y then ensures the existence of some x; as in the statement of the lemma.

The uniqueness follows from comparison principle. In fact, if there are x; and x with x; # x],
then we have either u*s (0, x;s) < ux:*(O,x; s) or ux:*(O,x; s) < u*(0,x;s) for all x € R by
comparison principle, since either ¢ (x —x;) < ¢ (x —xJ) or ¢ (x —x;) < ¢ (x — x;) holds for all
x € R. Hence, for different x; and x;, we can not have both 1™ (0, 0; s) =6 and u% (0,0;5) = 0.

The “moreover” part is a simple consequence of the estimate

e (t,x;8) > ¢(x — x5 — cint(t — 5)). (2.4

In fact, if lim sup,_q xy > —00, then we can find some s < 0 such that * (0, x; s) > ¢ (0 — x5 —
cinf(0 — s)) > 6. It is a contradiction. O

From the above lemma, we can construct a global-in-time solution.
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Theorem 2.2. There exists a sequence {s,},en C (—00, 0) with s,, — —00 as n — 00 and a func-
tion u(t, x), x € R, t € R continuously differentiable in t and twice continuously differentiable
in x such that for any compact K C R x R, the following limits

lim w(t, x;s,) =u(t,x), lLm wu,(t,x;8,) =us(t, x),
n—0oo n—00

Hm wy(t,x;8,) =uy(t,x), Hm uy(t, X5 8,) = uxx (2, x)
n—oo n—oo

exist and are uniform in (t, x) € K. In particular, u(t, x), x € R, t € Ris a global-in-time solution

of (1.2).

Proof. It is a consequence of Lemma 2.1, a priori estimates for parabolic equations (see e.g.
[13]), Arzela—Ascoli theorem and the diagonal argument. O

The global-in-time solution u (¢, x) constructed in Theorem 2.2 is a candidate for the expected
transition front. All we need is to show that this solution satisfies certain non-degenerate and
uniform decaying estimates. This, however, can be deduced from the boundedness of interface
width, the steepness estimate, and the uniform decaying estimates of the approximating solu-
tions u(t, x; s), which are the objectives of Section 3, Section 4 and Section 5, respectively. In
Section 6, we finish the construction of transition fronts.

In the rest of this section, we derive some fundamental properties of u(z, x; s).

Lemma 2.3. For any s < 0 and t > s, there hold the following properties:

Iim wu(t,x;s)=1, Iim u(t,x;8)=0 and u,(t,x;s)<0.
X—>—0Q X—> 00

Proof. The limit at +oco follows from the following two-sided estimates
¢ (x — x; — Cinf(t — ) Su(t, x;5) < e~ METHTITTI), (2.5)

where the lower bound and the upper bound are constructed in Lemma 2.1. The limit at —oo
follows from the following two-sided estimates

@ (x — x5 — cinf(t —8)) <u(t,x;5) <1,

where the lower bound is constructed in Lemma 2.1 and the upper bound is due to the fact that
u =1 1is asolution of (1.2) and u(s, x; s) < 1 for all x € R.

We now show u, (¢, x;5) < 0. Clearly, it is the case if t = s. So we assume ¢ > s. Since
¢ (x — xy) is strictly decreasing, we apply maximum principle to u(t, x + y; s) —u(t, x; s) for any
y > 0to conclude that u (¢, x +y; s) < u(t, x; s). Thatis, u(¢, x; s) is strictly decreasing. For con-
tradiction, suppose u, (fp, xo; s) = 0 for some 79 > s and xo € R. Let u°(t; fo, a) be the solution
of the ODE u; = f (¢, u) with u°(to; to, a) = a = u(to, xo; s). Note u°(t; to, a) extends naturally
for t < tg. Let v(t, x;s) = u(t, x;s5) — u®(t; tg, a). It satisfies v(ty, xg; s) = 0, v, (fg, xp;5) =0
and the linear equation

Uy = Uy +q(1, X))V, (2.6)
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where

S, ut, x;s)) — f(1,u’(t; 10, a))

q(t,x) = u(t, x;s) —u(t;to, a)

,ou(t,x;s) #u(t; to, a),

0, u(t,x;s)=u’(t;19,a)

is bounded. Applying Angenent’s result (see e.g. [2, Theorem B]) to (2.6), there exist € > 0 and
§ > O such that v(r — 6, x; s) has at least two zeros in the interval [x¢ — €, xo + €]. However, due to
the monotonicity of u(r — 8, x; s) in x, v(f — 8, x; 5) has exactly one zero. This is a contradiction.
Hence, u,(t,x;s5) <0. O

By Lemma 2.3, forany A € (0, 1), s <0 and # > s, there is a unique &, (¢; s) € R such that
u(t,§,(t;5);s) = A.

The case A =6 is of particular interest and it does play an important role in our later arguments.
Notice &y(s;s) = x5 for all s < 0. As usual, we refer to the point (&) (¢; s), A) on the solution
curve as the interface and &, (¢; s) as the interface location. The following lemma shows the
continuous differentiability of &, (¢, s) in t.

Lemma 2.4. Let 1 € (0, 1). For any s < 0, the interface location &,(t, s) is continuously differ-
entiable in t for t > s. Moreover, there holds

dét;s)  ui(t,6.(t;9); )
dt - ug(t. &9 )

Proof. Since u(t,&,(t;s); s) = A by definition and u, (¢, x;s) < 0 by Lemma 2.3, we apply
implicit function theorem to conclude the continuous differentiability of &, (¢;s) in ¢. Taking
derivative with respect to ¢ on both sides of the equality u(z, &, (¢; s); s) = A, the equality for
% follows. O

We remark that due to the time-dependence of the nonlinear term f(¢, u), the time deriva-
tive u; (¢, &,(¢; 5); s) does not have a fixed sign in general, and hence, % does not have a
fixed sign, which means &, (¢; s) oscillates and it is an unpleasant fact and does cause a lot of
troubles (we point out that in the space heterogeneous case, the interface always propagates in
one direction due to the time monotonicity, see [19,22]). But, the estimate (2.4) forces & (¢; s)
to approach +oo as time ¢ elapses. However, the estimate (2.4) does not tell much information
about how does &, (¢; s) approach +oo. Later, in Lemma 3.2 and Lemma 5.4, we characterize
the rightward propagation of &, (¢; s), which plays the crucial role in deriving the boundedness of
interface width and the exponential decay of the transition front ahead of the interface. We also
note that u, (¢, &, (¢; s); s) is uniformly bounded in ¢ > s + &g for any &g > 0, but temporarily we
are not sure if u, (¢, ), (¢; s); s) is uniformly away from 0. But it is the case, see Theorem 4.1.
Hence, % is uniformly bounded in ¢ > s 4 §p for any §p > 0, that is, the interfaces cannot
propagate faster than certain speed.
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3. Bounded interface width

In this section, we show that the distance between their interface locations of any two inter-
faces remains bounded as time elapses. Throughout this section, we consider (1.2) and assume
(H1) and (H2). The main result of this section is given by

Theorem 3.1. For any A1, A2 € (0, 1), there exists C = C (A1, A2) > 0 such that

|Ex, (t58) — &, (t;8)| < C(A1, A2)
foralls <0, t>s.
To prove the above theorem, we first prove some lemmas and propositions. First of all, we

characterize the rightward propagation of interfaces above the ignition temperature. Let fp be a
continuously differentiable function satisfying

fB(0)=0, fp(u) <0 forue(0,0),
; 3.1)
fB(W) = finr(u) for u € [0, 1] and /fg(u)du > 0.
0

Since fipr(u) > 0 for u € (0, 1), such an fp exists. Clearly, fp is of standard bistable type and
fB(w) < f(t,u) for all u € [0, 1] and t € R. Hence, there exist (see e.g. [3,4,11]) a unique con-
stant cg > 0 and a wave profile ¢p satisfying (¢pp)x <0, ¢pp(—00) =1 and ¢p(c0) = 0 such
that ¢p(x — cpt) and its translations are traveling wave solutions of

ur =uyx + fp@). (3.2)
Lemma 3.2. Let A € (0, 1). For any € > 0, there is t ; > 0 such that
En(t;s) —&.(to;s) = (cp — €)(t — 10 — Le,2)
fors <0, t>1y>s.

Proof. Letus fixa A € (6, 1). We first define

A, x <0,

Y (x) = *
max{—C*x +A,0}, x>0,

where C* > 0 is such that infso ;>s infyeg ux (7, x;5) = —C*. Such an C* exists by a priori
estimates for parabolic equations. Clearly, for any s < 0 and #y > s, we have

Y (x) <u(to, x +&.(t0;5);8), xeR. (3.3)
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Next, for ty > s, let ug(t, x; ty), t > to be the solution of (3.2) with initial data u g (g, x; tg) =
Ve (x) (S u(to, x + &.(to; s); s) by (3.3)). Thus, time homogeneity and comparison principle
ensure

up(t —1to,x;0) =up(t,x;10) <u(t,x +&.(to; 5);5), x€eR, t>1.

By the stability of traveling wave solutions of (3.2) (see [11, Theorem 3.1]) and the conditions
satisfied by v, there exist zo = zo(A) € R, K = K(A) > 0 and w = w(X) > 0 such that

sup lup (t — to, x;0) — pp(x — cp(t —19) —20)| < Ke @™t >1.
xeR

In particular, forr >ty and x € R

u(t, x +&.(t0: 9); 8) = up(t — 10, x:0) = pp(x — cp(t — to) —20) — Ke @™ (34)
Let Ty = To(A) > 0 be such that K e~©T0 = 1%)‘ and denote by & B(l%)‘) the unique point such that
op(Ep(HF2)) = 152 Setting x = cp(t — t0) + 20 + &5 (%) in (3.4), we find for any ¢ > to + Tp

14+ A 14+ A
T+ 00 ):9) = g En(—y

u(t,cp(t —to) +z0 +&p( ) — Ke @To= .

Monotonicity then yields

1+A
2

E.(155) — &ty s) = cp(t — 1) + 20 + &B( ), =1+ To. (3.5)
Finally, we consider &, (¢; s) for ¢ € [tg, to + To]. To do so, let ¢ (x) = max{@(x), 0} for x € R,
where ¢ is the unique solution of the following problem

—@ux = fint(@),  90) =21, ¢c(0)=0.
The function ¢ satisfies the following properties:

e itis even and strictly decreasing for x > 0;
e it is strictly concave down for x € (—z1, z1), where z; > 0 is such that ¢(z;) =0;
e itis linear for x > z; with a negative slope.

Then, we can easily find a shift z, < 0 such that p(x — z,) < ¥ (x) for x € R. Denote by
uy(t, x; ty) the solution of u; = uyx + finf(u) with uy(to, x; tp) = @(x — z4). Since —@yy <
finf(¢), we obtain from the maximum principle that u; (¢, x; t9) > uj(to, x; t9) = @(x — z4) for
all t > ty. In particular, uj (¢, z«; t9) > A for all t > 1y.

Since @(x — z4) < Yu(x) < u(tg,x + &.(to; s);s), comparison principle implies that
ur(t,x;tg) < u(t,x + &.(tp;s);s) for t > 9. Setting x = z,, we in particular have
u(t,z« + &.(to; 8); 8) > uy(t, z4; to) > A for t > to. Monotonicity then yields

E(t;s) >z +E(t0;s), t>1. (3.6)

The result then follows from (3.5) and (3.6). O
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As seen in the proof of Lemma 3.2, the bistable traveling waves ¢p(x — cpt) push the ap-
proximation solutions u (%, x; s) move rightward in some average sense. This property can also
be derived if we use ignition traveling waves of u; = uy, + finf(#). The reason for using bistable
traveling waves is that bistable traveling waves attract a larger class of initial data than ignition
traveling waves do, and therefore, it is more flexible and convenient to use bistable traveling
waves.

Next, for « > 0, set ¢ = 2./k and A, = /k. Clearly, A2 — ¥, +« =0, and hence, e~ *+*

is a solution of ¥” + cXy’ + k' = 0. It is well-known that ¢} = min; - K“z = H:‘” is the
minimal speed of a KPP traveling wave (see e.g. [24]).
Fork >0,s <0and ¢ > s, define
E(t;s) = inf{y € R‘u(t,x; s)<e MOV e R]. (3.7)

Due to the second estimate in (2.5), £(¢; s) is well-defined if A, < cjuf, that is, & € (0, Ci2nf]' Here,
we use the x-independent notation for £(¢; s), but this should not cause any trouble, since later in
Lemma 3.4, we only need one small «. The following result controls the rightward propagation

of £(t; s).

Lemma 3.3. Let k € (0, ¢, ]. Set ko = SUPye(0,1)

fs“"( and ¢, = ng + Ae. Then,

E(t;5) —&E(t0; §) < Ciy (T — 10)
foralls <0,t>1y>s.
Proof. Fors <0, t >ty > s, define

v(t, x; 1g) = g e (x=E(t035) =i (1—10))

Since ¢y, = )L + Ay, 1€, k — cpre + ko = 0, we readily check that v; = vy + kov. By
the definition of Ko, We have KoV > feup(v) for all v > 0. It then follows from v(fg, x; fp) =

e M =8(0:9) > (19, x; 5) by (3.7) and the comparison principle that v(z, x; f9) > u(t, x; s) for
t > to, which leads to the result. O

Note the definition of £(¢; s) in (3.7) and Lemma 3.3 does not guarantee any continuity of
&(t; s) in t. But, if we know &(¢; s) is increasing from &(zg; s) for ¢ > tg, then it is controlled
continuously by Lemma 3.3. This observation is important in the next technical lemma, which is
crucial in proving Theorem 3.1.

Lemma 3.4. There exists Ay € (0, 1) such that for any A € (0, L], there is C = C(A) > 0 such
that

€0 (t;58) = &(t;9)| <C

foralls <0, t>s.
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Proof. We follow [38, Lemma 2.5]. Recall that for given « > 0, ¢} = 2/, and that cg > 0 is
the unique speed of traveling wave solutions of (3.2). We fix some « € (0, Ci2nf] such that ¢} < cp,

—_c* .
and set € = % in Lemma 3.2. Let

Ay = min {u > O|fsup(u) = Ku}.

As a consequence, we have f (7, u) < fup(u) < ku for all u € [0, Ay].

Fix an X € (0, A,]. Let Co = max{&(s;s) — &,.(s; s), 1} (note Cp is independent of s) and
C1 = Co + cBte 5, where ¢ 5 is as in Lemma 3.2. Notice the estimate &, (¢; s) — &(¢; 5) < C for
some large C > 0 is trivial. We show £(¢; s) — &, (¢; s) < C1. Suppose this is not the case, then
we can find some #; > 51 such &(#1; s1) — &.(¢1; 51) > C1. Let

to=sup {t € [s1, ][5 s1) — &.(t5 51) < Co}.

We claim &(7g; s1) — &).(t0; s1) < Cop. It is trivial if there are only finitely many ¢ € [sy, #1]
such that £(¢; s1) — &,.(¢; s1) < Cp. So we assume there are infinitely many such ¢ and the claim
is false. Then, there exists a sequence {f,},en C [51, fo) such that £(%,; s1) — & (fn; 51) < Co for
neNand f, — to as n — 0o. Moreover, £(ty; s1) — &.(to; 1) = C‘l > Cy. It then follows that
foralln e N

E(fn; 1) — &.(n; 51) < Co = Co — C1 +&(t0; 51) — & (L3 51),

that is,

C1 — Co + &3 51) — Exlln; 51) < E(t0; 51) — E(F3 51) < Cp (t0 — 1),

where the second inequality is due to Lemma 3.3. Passing n — oo, we conclude from the conti-
nuity of &, (¢; s1) in ¢ (see Lemma 2.4) that C’l — Cp < 0. It is a contradiction. Hence, the claim
is true, that is, £(#g; s1) — &) (f0; s1) < Cp. It follows that 79 < #1.

Instead of &(#g; s1) — &5 (f0; s1) < Cp, there must hold

&(t0; s1) — &.(t0; 51) = Co. (3.8)

Suppose (3.8) is not true, then we can find some €y > 0 such that & (#p; s1) — & (70; 51) = Co — €p.
Since &(t; s1) — &).(t; s1) > Co for t € (ty, t1] by the definition of ¢y, we deduce from Lemma 3.3
that for ¢ € (19, t1]

Co <&(t:51) — &0(1551) <E(t0; 51) + €y (t — 10) — &5.(F0;5 s1) + & (F0; 1) — & (25 51)
= Co — €0 + cx (t — f0) + &1 (05 51) — E1(2; 51).

Since & (t; s1) is continuous in ¢, we fix some ¢ > #y but close to #y such that |c,(t — o) +
£,.(10; 51) — £1(15 51)| < 5§, which then leads to Co < Co — . It is a contradiction. Hence, (3.8)
holds.

Next, we look at the time interval [7g, 7] and set & (¢; s1) = £(10; 1) +ci(t—to) fort € [t, 11].
Note both &, (¢; s1) and g(t; s1) are continuous on [fg, #1] and &, (ty; 51) < é(to; s1) by (3.8). We
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claim that &, (¢; s )~< é(t; s1) for all ¢ € [#g, t1]. Suppose this is not the case and let #, = min{z €
[t0, 11116 (2; 51) = & (¢; s1)}. Clearly, 1, € (#o, #1]. Define

v(t, x; 1) = e EEEGSD) -y e Rt € 1o, 1]

Since A,% —cihe + 1 =0, we easily check v; = vy, + kv. Now, consider the parabolic domain

D ={(t,x) €lto, 2] x R|lx > E(t; s}
We see that for (r,x) € D, x > §(t; s1) > &,(t; 1), which leads to u = u(z, x; s1) < A € (0, A4]
by monotonicity, and then, f (¢, u) < ku as noted in the beginning of the proof. Also, at the initial
moment 79, we have u(f, x; s1) < e ~he(r=E(t0351)) = =v(lo, x; 1), and at the boundary point x =

é(t s1), we trivially have u(z, S(t s1);81) < 1 =v(t, é(t s1); to). Thus, comparison principle
yields u(z, x; s1) < v(t, x; t9) on D, which leads to

w(t, x;51) < v(t, x5 1) = e HOTEGD L e R 1 e [ng, 1],
INt follows that &(z; s1) < é(z; s1) for t € [tg, t2] by definition in (3.7). In particular, £(#;; s1) <
E(tp; s1) = &,(t2; 51). Since 1 € (19, t1], we have £(1p; s1) — &, (t2; 51) > Cp by the definition of

to. It is a contradiction. Thus, the claim follows, that is, &, (¢; s1) < £(¢; s1) for all ¢ € [tg, 1], and
repeating the above arguments, we see

E(t:51) <E(t;51) = &0y 1) + it — 1), 1 €[to, 11]. 3.9)
It follows from (3.9) and Lemma 3.2 that for any ¢ € [#, t1]
E(t;51) — &.(t: 51) < &(to: s1) + ¢ (t — to) — [Ex(t0; 51) + (cB — €)(t — 10 — te3)]
<Co+(cp— €&t — (cp —cp —€)(t —19)

< Co +cple,

=C.

Thus, we in particular have &(#1; s1) — &, (#1; s1) < C1, which is a contradiction. Consequently,
E(t;s) —&.(t;5) < Cqp forall s <0, t > s. This completes the proof. O

The following proposition is in fact Theorem 3.1 restricted to the case A1, A2 € (0, A«].
Proposition 3.5. For any A1, Ay € (0, Ay] there exists C = C(A1, A2) > 0 such that
|§)L] (t7 S) - E)\z(t; S)| < C

foralls <0andt > s, where A, € (0, 1) is as in Lemma 3.4.
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Proof. Fix some « € (0, ciznf] such that ¢} < cp as in the proof of Lemma 3.4. Let A, € (6, 1) be
as in Lemma 3.4 and A1, A2 € (0, A,]. We may assume, without loss of generality, that A1 < ;.
Thus, &, (z;5) > &, (¢;5), and

&t 8) —E,(t8) <y, (t;5) —&.,.(85 ),

where 1, (t; 5) is the unique point such that e~ =59 — 3, Since 1, (1; 5) — £(t; 5) =
C(A1) for some C(A1) > 0, we deduce from Lemma 3.4 that &, (¢;s) — &, (t;8) < C(A) +
C(ry). O

Note that in the presence of Proposition 3.5, to finish the proof of Theorem 3.1, we only need
tobound &y (#; s) —&).(¢; s) forall A € (6, 1) close to 1. To do so, we need to study the propagation

of &(t; ).
Let u®(t; to, a) be the solution of the ODE u, = f (¢, u) with initial data u°(ty; t9, a) = a. Let
§e€(0,1—-0).FortgeR,t>1tyand x € R, define

wi (1, x;:10) = (O = O)[1 —p(x —xg — C(t —10)) | +u’(t; 10, 1 + 8)p (x — xy — C(t — 19)),
w_(t,x;10) = =3[l — p(x 4+ x; + C(t — 10)) | + u’(t; 10,0 + 8)P (x + x5 + C(t — 19)),

where C > 0 is some constant. Note that u°(z; 79, 1 + 8) and u®(¢; t9, 0 + §) are decreasing and
increasing in ¢, respectively, and

lim u®(t; 29,1 +8) =1= lim u®(; 19,60 +9).
t—00 t—00

Lemma 3.6. For sufficiently large C > 0, w4 (t, x; ty) and w_(t, x; ty) are sup-solution and sub-
solution of (1.2), respectively.

Proof. We only prove that w4 (¢, x; fp) is a super-solution for sufficiently large C; w_(z, x; )
being a sub-solution for sufficiently large C can be proven similarly. We compute

(01)r — (@4)xx — [T, 04)

=0 —-8§—u’(t; 10, 1 +6))[C¢/(x —xs—C(t—19)+¢"(x —x3—C(t — to))]
+ [t u(t; 10,14+ 8)¢(x —xg — C(t —10)) — f(t, 04)

=(C —cinp)(0 =8 —u’(t; 10,1 4+ 8))¢'(x — xy — C(t — 1))
+ W’ (t; 10, 1+8) — 0 +9) fint(p (x — x5 — C(t — 10)))
+ [t u’tt0, 14+ 8)¢(x —xg — C(t —10)) — f(t, 04)

> (C —cinp)(0 — 8 —u’(t; 19, 1 +8))p'(x — x; — C(1 — 10))
+ [t u’(t; 10, 14 8)p(x —x; — C(t —19)) — f(t, w3),

where we used the equation in (2.2) in the second equality.

There are two cases. If wy < 6, then f(¢t,wy) = 0 and u®(;10,1 + 8P (x — x5 —
C(t — ty)) <6, which forces ¢p(x — x; — C(t — 19)) <0 and hence, x — x; — C(t —19) >0
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by monotonicity. We then conclude from (2.3) or the way (¢ (z), ¢'(z)) approaches (0, 0) as
7z — oo that ¢ (x — xy — C(¢ — fp)) and ¢’ (x — x; — C(t — 1)) are comparable, which leads to

(@)1 = (@4)xx — f(t,04) =0 (3.10)

for sufficiently large C > 0.
If w4 > 0, then by Taylor expansion,

Ful(t; 10,1 +8)p(x — x5 — C(t —19)) — f(t, 1)
=[f(t.u(t; 10,14 8)) — f(1,03) ]| (x — xg — C(t — 1))
+ ft o[l —¢(x —xs — C(t —19))]
= fut,u) (1310, 148) =0 +8)[1 — p(x —xs — C(t — 10)) |¢ (x — x; — C(t — 19))
+ ft. o[l —¢x —x; — Ct —19))].
where u, € [+, u°(t; ty, 1 + §)]. Note that the condition w > 6 forces x — x; — C(t —t9) < x,
for some universal constant x, > 0. We then conclude from the way (¢(z), ¢'(z)) approaches
(1,0) as z —> —oo that 1 — ¢ (x —x; — C(t —1p)) and ¢'(x — x; — C (¢ — 1)) are comparable,
and hence, (3.10) holds as well for sufficiently large C > 0. O
The next result concerns the propagation of &g(¢; s).
Proposition 3.7. For any Ty > 0, there exists ho = ho(Ty) > O such that
160 (1 + To; s) — Ea(155)| < ho
forall s <0, t >s. Moreover, ho(Tp) is increasing in Ty.
Proof. Let 6, = A, — 6, where A, is as in Lemma 3.4. First, since
w4 (10, %3 10) = (0 = 8.)[1 = p(x — x5) ] + (1 +8.)¢ (x — xy),
w_(t0, x: 10) = =84 [1 — p(x + x5) | + (0 + 8. (x + x5),

we can find some x, < 0 such that w4 (fp, x« + x5 t0) > 1 and w_ (tp, —xx — X; t9) <0, which
yields

w_(ty, x — &gys,(To; §) — X — X535 10) < ulty, x;5) < wy(to, x — &g—s5, (fo; §) + X4 + X5 1)

for all x € R. It then follows from Lemma 3.6 and comparison principle that

w_(t,x —&p15,(t0;8) — X5 — X535 1) Su(t, x;8) Swi(t,x —&g_5,(t0; 5) + X5 + X5 10)

(3.11)

forall x e R and ¢ > 1g.
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We now fix any Tp > 0. Since
w (to + To. x + CTo: 10) = (6 — 8:)[1 — p(x — x5) | +u(to + To: 10, 1 4+ 8:) (x — xy),
<O =891 —¢(x —x)] + (1 + 8¢ (x — xy),

w_(to + To, x — CTo: t0) = =84 [1 — ¢ (x 4+ x5) | + u(to + To: 10, 6 + 8. (x + x;),
> =8,[1 = (x +x)] + (0 4 809 (x +x5),

we can find some x4, > 0 such that

1)
w4 (t + To, Xeex + X5 + CTo; 10) <6 — 3
8.
w_(to + Ty, —Xssx — x5 — CTp; 10) > 0 + 3

This together with (3.11) gives

1)
u(to + To, Eo—s, (105 §) — Xy + X + CTp; 5) <0 — E*

1)
u(to + To, &o+5, (t0; §) + X4 — X4 — CT5 5) > 0 + E*

By monotonicity, we find

&y_s: (10 + Tos 5) < &g—s, (t0; 5) — Xs + Xss + CTo,
: (3.12)
%’H%*(to + To; 8) > &g, (f0; §) + Xs — X — CTo.

Finally, to finish the proof, we set
ho = ho(To) = —xx + X4 + CTo + C(0 + 84,0 — x),
where C (6 + 84, 0 — 6x) > 01is as in Proposition 3.5. Then,
&g (to + To; 5) — &g (103 5)
= f?g_%* (to + To; ) — &p+5,(t0; 5)

=& (t0 + Tos ) — §p—5,(t0: 5) + 95, (103 5) — Eo45, (103 8)

< =Xy + Xux + CTo + C(0 + 84,0 — 85) = ho,
where we used the first estimate in (3.12) and Proposition 3.5. Similarly, by the second estimate
in (3.12) and Proposition 3.5, we deduce &y (to + To; s) — &9 (to; s) = —ho. This completes the
proof. O

Finally, we prove Theorem 3.1.
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Proof of Theorem 3.1. Note that in the presence of Proposition 3.5, we only need to bound
Eo(t;s) — & .(t;s) for all A € (B, 1) close to 1. To do so, let §x = A, — 6 be as in the proof of
Proposition 3.7. Recall that u®(¢; tg, 0 4 §4) is increasing in ¢ and lim,_, o u°(t; t9, 6 + 8x) = 1.
From which, we can find some 7_ > 0 and x_ < O such that
w_(t,x— —x3—C(t —1tg);tg) =1 =684, t>t0+T_.
Using the first inequality in (3.11), we find
u(t,Eoys,(t0; ) + x5 +x_ —C(t —10);8) > 1—8, t>t0+T_.
By monotonicity,
E1-s,(t;8) > Epps, (s 8) + x5 +x_ — C(t —19), t>t0+T_.
Setting t =ty + T_ in the above estimate, we find
E1-s,(to+T—;5) > &Epys,(t0; ) + x5 +x_ — CT_.
Since &y (tg + T—; 5) < &g (to; s) + ho(T-) by Proposition 3.7, we find
oto+T_;5)— &5, (10 +T-;5)

<& (t0;8) — Epts,(10; 8) + ho(T-) —xx —x_ + CT_
<e€x+ho(T-) —xe —x_+CT_

by Proposition 3.5, where €, = C (0, 0 + §,). Since fy > s is arbitrary, we arrive at
Eo(t;s) —&1-s,(t;8) <€+ ho(T-) — x4 —x_+CT_, t=>s+T_.

For the time interval [s, s + T_], we consider space—time homogeneous equations

U =uxyx + finf(U), U =uttxx + foupW). (3.13)

Let uine(z, x; s) and ugyp (¢, x; 5) be solutions of the first and the second equation in (3.13), respec-
tively, with uinf(s, x; §) = ¢ (x — x;5) = usup(s, x; 5). By comparison principle and homogeneity,
we find

ulﬂf(t _S9x; 0) S u(tv-x; S) S uSLlp(t _Sa-x; 0)7 X € Ra t ZS-
Denote by Ein_fa* (t — s) be the unique point such that uin(t — s, S{“_fa* (t —s);0) =1— 64 and by
é;uP(t — ) be the unique point such that ug, (f — s, S;up(t —5);0)=06.Then, fort e [s,s +T_]

we have

—oco< inf_ &M (1 —5) <& _5,(15) <E(t;s) < sup £ —s) < 0.
tels,s+7T-1 * tels,s+7T-1
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Setting

Sup : inf
€= Sup & (t—s)— inf &7 (1 —5),
- tels,s+7T-] o tels,s+7T-1 1=,

we find &g (t;5) — &1-5,(t; 5) < €4 fort € [s, s + T_]. Thus, setting
€ = MaX {€xx, € + ho(T=) — x5 —x_ + CT_},
we have
Eo(t;s) —&1-5,(155) < €sn, <0, 1 >5. (3.14)
The theorem then follows from Proposition 3.5 and (3.14). O
4. Uniform steepness estimate

This section is devoted to the uniform steepness of u(z, x; s) near & (¢; s). Through this sec-
tion, we assume (H1) and (H2). The main result is the following

Theorem 4.1. There exist a constant Tp > 0 and a continuous nonincreasing function o :
[0, 00) — (0, 00) such that for any M > O there holds

ux(t,x;8) < —a(M), xelgo(t;s) =M, & s)+ M]
forall s <0, t > s+ Tp. In particular, the following statements hold.
(i) Forany A € (0, 1), there is a;, > 0O such that
ux(t,60(135);8) < —ay,

foralls <0andt > s+ Tp. Moreover, the function A — «;, : (0, 1) — (0, 00) is continuous
and bounded.
(i) Forany A € (0, 1), there exists C, > 0 such that

d&(t; s)

sup ar

s<0,t>s+Tp

<G,

The notation Tp stands for the time delay. We understand it as the time that the approximation
solutions take to adjust their shapes. The proof of Theorem 4.1 depends on the boundedness of
interface width as in Theorem 3.1 and the propagation of the interface location &y (t; s) as in
Proposition 3.7. To prove Theorem 4.1, we first prove a lemma.

Lemma 4.2 (/26]). For any h > 0, t > ty > s, there holds

z+h
uy(t,x;8) < J({t —to,|x —z|+h) / ux(to, y; s)dy,
z—h
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where

- (x—zl+h)?
J@ =10, |x —z| +h)=e M0 N

VATt — 1)

for some M > 0.

Proof. Let € > 0. Set v (¢, x;5) = u(t,x + €;5) and va(z, x; 5) = u(t, x; s). By monotonicity,
vi(t, x;8) < va(t, x; ). Clearly, v(t, x; s) = v1 (¢, x; 5) — v2(t, x; 5) satisfies

v = + f(E,v1) — f(2,02).

By (H1), there exists M > 0 such that f,v)— f(t,vm) < —M(m — v7), and hence

UV < Uyy — Mv.

By comparison principle, we obtain for t > fy > s

u(t,x+e;s)—u(t,x;s)
=v(t,x;s)
x—y)?

~ 1 _ =y~
—M(t—to) Ar—19) . _ .
<e e 0 [u(to,y +e€;s u(ty, v; s)ld
< / T [u(to, y + € 5) — ulto, y; $)1dy
R

z+h 2
5e‘M(’_’°) / \/ﬁe‘&—%) [u(to, y +e€:5) —ulto, y; s)ldy
w(l — 1o
z—h
+h
A7[(t 0 1 7(\azz|;rh))2 Z/[ ( ) ( )]d
<o Me-—)_ -, = u(to,y +e€;s) —ul(ty,y;s)ldy,
4 (t — ¢
VATt —10) K

which leads to the result. O

Observe that J (t — 19, |x —z| +h) — O as t — 1y — O, that is, the estimate given in Lemma 4.2
is degenerate when ¢ approaches fy. This is the technical reason why we introduce the time delay
Tp in the statement of Theorem 4.1.

We now prove Theorem 4.1.

Proof of Theorem 4.1. Set hy = max{C (6, #), c@, %)}, where C (6, #) and C (0, %) are
as in Theorem 3.1. Theorem 3.1 then ensures that for all 79 > s

& (t0;5) + hg > ég(to;S), Eo(to;s) —hg < S#(fo; s). 4.1

Now, for any 7 > 0 and 79 > s, applying Lemma 4.2 with z = &g (#o; s) and h = hg, we obtain
that if |[x — &y (tg; s)| < M, then
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&9 (t035)+hg
ux(t +19,x58) < J(r, M + hg) / ux(to, y; s)dy
&g (t055)—hg
= J(z. M + ho)[u(to. & (t0: 5) + hg: 5) — u(to, &a(to; ) — he:s)|  (4.2)
< J(t. M +ho)[uto. & (t0: 5): 8) — u(to, 140 (103 $): 5)]

1
= _E‘](T9 M +h9)’

where we used (4.1) and monotonicity of u(zp, x; s) in x in the second inequality.
Finally, fix some Ty, where T is as in Proposition 3.7. Setting t = T in (4.2), we find that if
|x — &g (10 + To; s)| < M, then

|x — & (to; $)| < |x — &g (to + To; $)| + &0 (t0 + To; 8) — &a(t0; $)| < M + ho(To, 6+)

by Proposition 3.7, and hence,

1
uy(to+ To, x;5) < _EJ(TO» M + ho(Tp, 84) + he).

This completes the proof of the main result. For the “in particular” part, we argue as follows.

() It is a simple consequence of the just-proven result and Theorem 3.1.

(i) It follows from Lemma 2.4, the uniform boundedness of u, (¢, & (¢; s); s) in t > s + &g for
any 6o > O and (i). O
5. Uniform decaying estimates

In this section, we investigate the uniform-in-time estimates of u (¢, x + &y (¢; s), s) for x <0
(referred to as behind the interface) and x > O (referred to as ahead of the interface). Throughout
this section, we assume (H1) and (H2).

5.1. Uniform decaying estimates behind interface

In this subsection, we control u (¢, x; s) behind the interface. The main results of this subsec-
tion are stated in the following theorem.

Theorem 5.1.

(1) There is a strictly decreasing function v : (—00,0] — [0, 1) satisfying v(—o0) = 1 and
v(0) = 6 such that

u(t,x +&(;5);s) >v(x), x=<0

foralls <0, t>s+ Tp, where Tp is given in Theorem 4.1.
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(i) There exist Ag € (0, 1), r > 0 and Bo > 0 such that
u(t,x +E (5 5);8)=1—(1— Ao>[e*ﬂ°(’ﬂ> + e’<x+c<9’*°>>], x < —C(6, r)
foralls <0, t > s+ Tp, where C(0, Ao) is as in Theorem 3.1.

The first part of the theorem gives an uniform control of u (¢, x; s) behind the interface. The
second part gives an exponential property of 1 — u(#, x; s) behind the interface, which leads to
the exponential decay behind the interface of the limiting function 1 — u(¢, x; s) as s — —oo0.

To prove Theorem 5.1, we first prove a lemma giving the exponential property of u(z, x; s)

behind some special interface.
Lemma 5.2. There exists Ao € (0, 1), r > 0 and By > O such that
Wt X+ 6 15)59) 2 1= (1 =) [ e 0 o], 2 <0
foralls <0,t>s+Tp
Proof. By (H2), there exist A9 € (6, 1) and By > 0 such that
f@u) = po(l —u), uelro, 1] (5.1
Let v(t, x;58) =u(t, x + &, (; 5); 5). It solves
Uy = Uy —I—E/{va + f(t,v), x<0,t>s+Tp

U(t, _oo;s)z 11 U(t,O;S):)L(), tZS+TD

v(s+Tp,x;8) =u(s+Tp,x +&,(s +Tp;s);s), x <0

where E)/\O = %Eko(ﬁ s). Since v(t, x; s) € [Ag, 1) for x <0 and ¢t > s + Tp, we conclude from
(5.1) that

v(t, x;8) > 0(t,x;5), x=<0, t>s+Tp, (5.2)
where (¢, x; 5) is the solution of
O = Opx + &, 0x +Po(1 =0), x <0, t =5+ Tp

0(t, —o0;8) =1, v(t,0;8)=Ao, t >s+Tp

O(s +Tp,x;8) =u(s + Tp,x +&,(s + Tp; s);s), x <0.

Let Cj, be as in Theorem 4.1 (ii) and v(x), x < 0 be the solution of

Uyy + C}Loﬁx +po(1-0)=0, x <0
v(—00) =1, v(0) = Ag.
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The above problem is explicitly solvable, and we readily compute

x)=1—(1—=2x9e™", x<0, (5.3)
—Ciy+,/C3 +4P
where r = xofoo > 0. Setting
v(t,x;8) =0, x;8) —0(x), x <0, t>s+Tp (5.4)

we easily check that v(z, x; s) satisfies

ﬁtzﬁxx"'é)/\oﬁx_ﬂm_), x=<0,t=>s+1Tp
v(t,0;5) =0, v(t,—00;5)=0, t >s+Tp

V(s +Tp,x;8) =u(s +Tp,x +&,(s +Tp;s);s) —v(x), x <0.

Since clearly v(s, x; s) > X9 — 1, we obtain that
01, x;8) > (o — De P09 x <0, 1>5+Tp (5.5)

where (Ao — l)e’ﬂO(t’S) is a space-independent solution of v; = vy, + S){O vy — Pov. The result
then follows from (5.2), (5.3), (5.4) and (5.5). O

We now prove Theorem 5.1.
Proof of Theorem 5.1. (i) For A € [0, 1), we define

My= sup [&(t:5) =& s)].

s<0,t>s+Tp

Clearly, M, < C(6, 1) by Theorem 3.1 with the understanding C(6,60) =0, M) — coas A — 1
by just looking at u (g, x; so) for some so < 0 and ty > s9 + Tp, and the map A — M, : [0, 1) —
[0, 00) is nondecreasing. We show that A — M, : [0, 1) — [0, oo) is strictly increasing and con-
tinuous.

We show that A — M, : [0, 1) — [0, c0) is strictly increasing. Fix any A9 € [0, 1) and let
{sw + Tp =< tuluen be such that lim, o0& (t;sn) — EAO (tn; sn) = MAO- Since
infs < r>5 xeR Ux (t, x;8) = —C* for some C* > 0 by a priori estimates parabolic equations,
we find

u(tn, x + & (tn; sn); sn) < mln{ - C*[x — 5o (tns su) — &g (tns Sn))] + Ao, 1} (5.6)

for all x € (—00, &, (tn; Sn) — &9 (tn; sp)] and all n € N.

Now, let A1 € (Ao, 1). Using (5.6) and limy,— o0 &9 (5} Sn) — &xy (tns Sn) = M, we can find an
N sufficiently large such that &, (ty; sn) — §a(fy; sn) < xy, where xy < —Mj, is such that
—(C* + 1)(xy + My,) + Ao = 1. It then follows

M, > & (tn:sN) — & (IN: SN) = —XN > M)y,
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We show that A — M, : [0, 1) — [0, 0o) is continuous. Fix any Ao € [0, 1) and let €p > 0 be
small. By Theorem 4.1, there is ag > 0 such that

sup ux(t,x +&(1;5);s) < —ao.
5s<0,t=5+Tp
xe{E;LU (t;5)—&p (t:A')fe(),E;LO(t;x%Eg (t;5)+€p]

It follows that for all s <0, >s+ Tp

u(t, x +E&(1:8);8) = —ao[x — (5o (1:5) — &9 (1:5)) ] + o (5.7)
for x €[5, (15 5) — &o (15 5) — €0, 63, (15 5) — & (15 5)], and

u(t, x +&(1;8);8) < —ao[x — (510 (1:5) — &9 (1:5)) ] + Ao (5.8)
for x € [£2,(1;5) — &0 (t; 5), &2 (15 5) — Eo (25 5) + €0l

Then, comparing (5.7) with the segment —oo(x + My,) + Ag for x € [-M),, — €9, —M}, ], we
obtain for any A € (Ao, apeg + Aol, §x(t;8) — &a(t;8) = — My, — 2220 foralls < 0,1 > s+ Tp,

[210]

which together with the fact that A — M, : [0, 1) — [0, 00) is strictly increasing implies

A—Xo

My, < M < M), + —>M,\0as)\—>)»g.

This show the right continuity at Ag.
For the left continuity, for any A € [Ag — %oeoeo, Ao), we pick a sequence {s,, + Tp < ty}neN
such that

lim &g (t,; s0) — %-)uo(tn; Sp) = M)»(y
n—00

Then, comparing (5.8) with the segment —%ao(x + M,,) + Ag for x € [-M,,,, — M, + €ol, we
can find an N sufficiently large such that

2(A = 20)

Ex(tn;sy) —&o(tn; sn) < —My, — 0

which implies M; > M, + 20‘(1—_0)‘0), and then the left continuity at Ag.

So far, we have shown that A — M, : [0, 1) — [0, co) is strictly increasing, continuous, and
satisfies My = 0 and M; — +o00 as A — 1. We now define v : (—o0, 0] — [, 1) as the inverse
function of A > —M,. It is easily verified that this v satisfies all required properties as in the
statement.

(i) By Lemma 5.2(ii), we have

u(t, x + & (t:8);5) > 1 — (1 — AO)[e—ﬂo(z—w n er[x—(%(t;s)—éa(t;s))]]

for x < &,(t;5) — & (t; 5). Since &, (t; ) — &p(t;5) = —C (8, Ag) by Theorem 3.1, we arrive at
the result. O
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5.2. Uniform decaying estimates ahead of interface

In this subsection, we control u (¢, x; s) ahead of the interface. The main result of this subsec-
tion is stated in the following theorem.

Theorem 5.3. There exist fD > 0 and ¢ > 0 such that
ut,x +&(t:s);s) <fe” ", x>0
foralls <OQandt> s+ 7A”D.

This theorem says that u (¢, x; s) decays from the interface with a uniform decaying rate. It ac-
tually contains much more information than it looks like. For example, since u(¢, &(¢; s); s) =0,
Theorem 5.3 then implies uy (¢, §p(¢; 5); 5) < —cB, although we have obtained this information
in Theorem 4.1.

To prove Theorem 5.3, we first prove several lemmas. The first one concerns the rightward
propagation of &y (%; s).

Lemma 5.4. There exist T, > 0 and hy > 0 such that
§o(t + Tiss) —&o(t55) = hye
foralls <0,t>s+ Tp.
Proof. The lemma follows from Theorem 3.1 and Lemma 3.2. O
The next lemma is the driving force for the so-called sliding method (see [9]).

Lemma 5.5. Let ¢ € (0, min{cjuf, }}—:}) and s < 0, where T, and hy are as in Lemma 5.4. Suppose

there is ty > s + Tp such that u(ty, x + &g (ts; 5); 5) < Oe™* for x > 0. Then, there exists T (t,) €
(14, 00) such that

u(T (ts), x + & (T (t,);5);5) <Be™ ", x>0.
Moreover, there are constants 0 < co < Co (independent of s and t,) such that
co <T(t,) —t. < Cop.

Proof. Fix some 6, € (0, 1). For t > t,, define

o(t, x; 1) = Q*E—C(X—EG(T*;S)—C(T—l*)). (5.9)
Clearly, u(ty, x;5) < v(ts, x; ty) for x > &y (t4; s) by assumption. By comparison principle, we
have u(t, x;s) < v(t, x; t,) for x > &9(t; s) for all t > 1, with r — ¢, sufficiently small. In fact,
since u(ty, Eg (t4; 5); 8) < v(t4, g (t4; 5); L), continuity ensures the existence of some #; > ¢, with
t; —t, small such that u(z, &g (¢; 5); s) < v(t, &9 (t; 5); t,) forall t € [t,, t1]. Since v(z, x; t,) solves

vy = vy and f(¢, u(t, x;s)) =0forx > & (t; s), we conclude from the comparison principle that
u(t,x;s) <v(t,x;ty) forx > & (z;s) forall r € [1,, 11].
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Now, we define
T (tx) = sup {t > t*’u(r,x; s) <v(t,x;ty), x >E&p(t;s) holds for all 7 € [z,, t)}.

Clearly, T'(#,) > t,. Since ¢(x — x5 — cinf(t — 5)) < u(t,x;s) and ¢ < cjnf, we conclude that
T () < o0.

Again, since v(t, x; t,) solves vy = vyx and f (¢, u(t,x;s)) =0 for x > &y(¢; s), we conclude
from the comparison principle that, at time 7 (z,), we must have

u(T(te), x;8) Sv(T(ty),x;5), x =& (T (ty);5),
u(T (t4), &9 (T ()5 8)58) =0 = v(T (1), Ea (T (14); 5); t).

Using (5.9), we readily check u(T (¢,), x; s) < Ge— =80 (T(t):5) for x > &4 (T (1,); 5).

For the “moreover” part, let g (¢; #,) be the unique point such that v(¢, ng(¢; t.); t.) = 6. Then,
T (1) is the first time that &y (¢; s) hits ng (¢; t,.). Note that g (¢; ) moves rightward at a constant
speed c, that is,

1.6
Mo (15 15) = ng (1 1) + c(t — 1) = &p (15 5) + Elng* +o(t —1y).

By Lemma 5.4, for any n € N, & (¢, + nTy; s) > &p(t4; s) + nhy. Since ¢ < }}—*, we can find
some ng such that & (t, + noTx; s) > ng (tx + noTy; ty), which leads to T (t,) — ti < noT. This
establishes the upper bound.

For the lower bound, we use Theorem 4.1(ii), saying that &y (¢; s) propagates not faster than the

speed Cy := Cy > cinf. Therefore, it takes, at least, "9(’*;'5)_59(’*”) =—L1 In %*, for & (t; ) to

«—C c(Cy—c)
hit ng (¢; t,). Thus, T (¢,) — t, >

1 Ox
—C(C*—C) In 0 - O

We remark that the constant cg in the statement of Lemma 5.5 does depend on the choice of
c as in the statement of the lemma and 6, as in the proof. But this will not cause any trouble,
because we only need some ¢ € (0, min{cjpr, /}—*}) and some 6, € (6, 1).

Lemma 5.5 lays the foundation for an iteration argument. To run such an argument, we need
the exponential decay condition as in the lemma to hold at some initial time greater than s + Tp.
This is given by

Lemma 5.6. Let ¢ € (0, min{cjyf, }}—i}) be small. For any s < 0 there exists Ty > 0 such that
u(s + Ty, x + & (s + Ty 5);8) <0e”F,  x>0.
Moreover, Tp < Ty, < éofor some éo > 0.
Proof. Fix some 6, € (0, 1). By Proposition 3.7 and (2.4), there exists 4 p > 0 such that
Eo(t;s) €xs,xs +hp]fortels,s+ Tpl. (5.10)
Now, for ¢t > s, we define

u(t, x; 5) = fpe TR, (5.11)
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Note that for small ¢, we can guarantee that the unique solution of the algebraic equation
Ope %) — g ig greater than x; 4+ hp. Let us denote this solution by x; + Ap + xp for some
xp > 0. As in Lemma 5.5, let ng(¢; s) be the unique point such that v(z, ne(¢; s); s) = 6 and
s + Ty be the first time that &y (¢; s) hits ng (¢; ).

Since ng(s;s) = x5 + hp + xp and ny(¢; s) moves rightward at a constant speed c, (5.10)
ensures Ty > Tp. On the other hand, by (2.3) and (2.4), we have &y (t;s) > x5 + cinf(t — ),
which implies that it will take, at most, 2252 for £ (z; ) to hit ng(#; 5). Thus, 7y < “2H2.

inf—C ’ Cinf—C

Finally, at the first hitting time s 4 7, we have the estimate
u(s + Ts, x + & (s + Ty; 8);8) <Be™ <, x>0,
as in the proof of Lemma 5.5. O
Finally, we prove Theorem 5.3.

Proof of Theorem 5.3. Let ¢ € (0, min{cjyf, %}) be small such that both Lemma 5.5 and

Lemma 5.6 hold. By Lemma 5.6, we have u(s + T, x + & (s + Ts; 5); 5) < 0e™* for x > 0.
Since Ty > Tp by Lemma 5.6, we can apply Lemma 5.5 to obtain that at each moment
T"(s+Ts)=ToTo---oT(s +Ty), there holds

[N ———

n times
u(T"(s +Ty), x +Eg(T" (s + Ty); 5);8) <0, x>0

for all n € N. Again, by Lemma 5.5, co < T"(s + Ty) — T" (s + Ty) < Cp for all n € N. In
particular, 7" (s + T;) — oo as n— 00, and [s + Ty, 00) = Upen[T" (s + T), T" (s + T)].
Next, we claim that there is & > 0 such that

u(t,x + & (t;5);8) <0e ™, x>0 (5.12)
forall s <0, ¢ > s+ Ty. Fix any n € N and consider the interval [T"~ (s + T}), T" (s + T;)]. By

the proof of Lemma 5.5, we have for any t € [T" ! (s + Ty), T"(s + Ty)] and x > £y(t; 5),

u(t, x;5) <v(t,x; T" (s + Ty))
— g, e (T (+Ty)i) —c(t=T" " (s+T5)))
— g 08 (1:9) pc(Eo (1:9) =50 (T"~ (s+T3):9)) (2 (=T" " (s+T5)
< 0,eCCHU=T" 1)) (P (=T" " (5 +T)) p=e(x—E4 (139))
< G*ecC*COeCZCoe*C(x*EH (t;s))‘
The claim follows with § = G*eCC*C"eczc(’, where C, = Cy is given in Theorem 4.1(ii).
To finish the proof, we fix some My > 0 and set ap, = minpsefo, m,) @ (M), where the func-

tion «(-) is given by Theorem 4.1. It then follows from the fact that u(z, & (¢; s);s) = 6 and
Theorem 4.1 that

ut,x +&(t;5);8) < —apmx +6, xe[0, My]
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fors <0, > s+ T,. By monotonicity, we obtain u(z, x +&g(; 5); 5) < —apm,Mo+0 for x > M.
Note that by enlarging 6 if necessary, we may assume without loss of generality that fe=cMo > g,
which implies —ap, Mo + 60 < 6e™* for all x € [0, Mp]. Now, let x, > My be the unique point
such that fe—% = —q My Mo + 6. All these together, we obtain for x > 0

—apx +6, xel0, Mpl,
u(t,x +&(t;5);8) <Pu(x) =13 —amyMo+0, xe[Mo,xs],

~

—CX
Be ", x> xy.

_ 1 0
Set ¢, = i In T=any

o> that is, fe™ " = —a gy Mo + 6. By further enlarging 6 if necessary, we
can make x, sufficiently large so that c, < orpy,, which ensures 1, (x) < 6e~“" for x > 0. Hence,

u(t,x +&(t;s);s) <0e " for x > 0. The theorem then follows with Tp = sup,_oTs. O
6. Transition fronts in time heterogeneous media

In this section, we investigate front propagation phenomena in (1.2) and prove Theorem 1.2.
Throughout this section, we assume (H1) and (H2). We first present two lemmas about critical
transition fronts (see Definition 1.1).

Lemma 6.1 (Uniqueness of critical transition fronts). If u(t, x) and u(t, x) are critical transition
fronts of (1.2), then there is a space shift {o € R such that u(t, x + o) = u(t, x) for all x € R and
teR.

Proof. It follows from the arguments of [28, Theorem A]. O

Lemma 6.2 (Existence of critical transition fronts). If (1.2) admits a transition front u(t, x), then
it admits a critical transition front u(t, x).

Proof. It follows from the arguments of [28, Theorem A]. O
We now prove Theorem 1.2.

Proof of Theorem 1.2. (1) Letu(t, x), x € R, ¢t € R be the global-in-time solution of (1.2) given
in Theorem 2.2.

We first show that there is a continuously differentiable function £ : R — R such that
u(t,&(t)) =0 for all t € R. Since

sup <Cy

t<s,t>s+Tp

d .
E&) (t;s)

by Theorem 4.1, we conclude from Arzela—Ascoli theorem and the diagonal argument that
&p(t; s) converges to £(f) uniformly on any compact set as s — —oo along some subsequence.
Since u(t,&y(t;s);s) =0 forall s <0, t > s, we find u(t,£(¢)) =6 for all + € R. By Theo-
rem 3.1, u(t, x) is a transition front of (1.2).
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(D) Since limy_ oo u(t,x) = 1 and limy,_ o u(t, x) =0, u(t, x) is strictly decreasing on
some open set. We now fix some 7y as an initial moment and consider the solution u(¢, x) for
t >ty. Let y > 0. Since u(ty, x + y) — u(tg, x) <0 for all x and u(ty, x + y) — u(t9,x) <0 on
some open set, we apply maximum principle to u (¢, x +y) —u(t, x) to conclude that u (¢, x +y) —
u(t,x) <0 forall x e R and ¢ > fy. Since u(t, x) is a global-in-time solution, u(¢, x) is strictly
decreasing in x for all # € R. We then conclude u, (¢, x) < 0 from Angenent’s result (see [2,
Theorem B]) as in the proof of Lemma 2.3.

(1)(i1)—(1)(iii) For continuous differentiability, we first use the limit u, (¢, & (¢; 5);s) —
uy(t,&()) as s — oo along some subsequence and Theorem 4.1 to conclude that
Sup;cg Ux (¢, §(¢)) < 0. The result then follows from the arguments as in the proof of Lemma 2.4,
In particular, we have

R 0))
ux(t,§(1))
As a byproduct, we also have sup, . |§'(r)| < c0.
(DH(@v) Since u(t, x +&(t;5); s) > v(x) forallx <0,s <Oand ¢t > s+ Tp by Theorem 5.1(i),
we have u(t,x + £(t)) > v(x) for x <0 and ¢t € R. Moreover, setting s — —oo along some
subsequence in the estimate

u(t, x +&(t:5);8) = 1—(1— Ao>[e—ﬁ0<’—” +e’<x+c<9»*°>>], x<—=C(0. 1)
for s <0, > s+ Tp given by Theorem 5.1(ii), we conclude that

u(t, x + (1)) > 1 — (1 — rg)e" ¥ TCE@20) -y < (6, ho).

That is, 1 — u(t, x 4+ &(t)) decays exponentially as x — —oo and the decay is uniform in ¢ € R.
By Theorem 5.3, we clearly have u(t, £(t)) <6e™“" for x > 0 and ¢ € R. Thus, by setting

) max {v(x), 1—(1- Xo)e’(x+c(9’)‘°))}, x <0,
V(x) =

Ge ™, x>0,

we find the function satisfying all required properties.

(2) By (1) and Lemma 6.2, (1.2) has a critical transition front u€(¢, x). We prove that it must
be a periodic traveling wave. Clearly, u“(- + T, -) is also a transition front. We show its criticality.
Let u be an arbitrary transition front. Then u(- — T, -) is a transition front as well. Thus, for any
t € R, thereis a ¢(¢) € R such that u(¢,x) > u(t — T, x) if x <¢(¢) and u(¢t,x) <u(t —T,x)
if x > ¢(¢). Replacing t by t + T, we find forany r e R, u“(t + T, x) > u(t,x) if x < ¢t +7T)
and u(t+T,x) <u(t,x)if x >¢(t + T). Hence, u“(- + T, -) is critical.

By Lemma 6.1, there exists some ¢y € R such that

u’t,x +e0)=u‘(t+7T,x), xeR, teR. 6.1)



484 W. Shen, Z. Shen / J. Differential Equations 262 (2017) 454—485

For t € R, let &.(¢t) be the unique point such that u“(¢, &.(t)) = 6. Assume, without loss of
generality, that £.(0) = 0. Setting t =0 and x = &.(T) in (6.1), we find u°(0, &.(T) + ¢o) =
u(T,&(T)) =0. It follows &.(T) + ¢o = &.(0) = 0, and hence, o = —&.(T'). Thus,

u(t,x —&E(T)=u@t+7T,x), xR, reR. (6.2)
Letcr = # Define
Y, x)=u(t,x+crt), x€R, reR.

We check i satisfies the properties required by a profile of a periodic traveling wave. Using
(6.2), we have for x € R,

Ye+T,x)=ut+T,x+cr@+T))
=u‘@t+T,x+crt+&(T))
=u(t,x +c7t)

=9, x),

thatis, ¥ (-+ T, -) = ¥. The uniform-in-time limit at o0 then follows. Since u¢ solves (1.2), we
readily check ¥, = ¥yx + c7¥ + f (¢, ¥). In conclusion, u is a periodic traveling wave. O
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