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Abstract

The present paper is devoted to the investigation of various properties of transition fronts in one-
dimensional nonlocal equations in heterogeneous media of ignition type, whose existence has been es-
tablished by the authors of the present paper in a previous work. It is first shown that transition fronts are
continuously differentiable in space with uniformly bounded and uniformly Lipschitz continuous space par-
tial derivative. This is the first time that space regularity of transition fronts in nonlocal equations is ever
studied. It is then shown that transition fronts are uniformly steep. Finally, asymptotic stability, in the sense
of exponentially attracting front-like initial data, of transition fronts is studied.
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1. Introduction
Consider
ur=Jxu—u—+ f(t,x,u), (1.1)

where J is the dispersal kernel and [J * u](x) = [p J(x — Y)u(y)dy = [p J(y)u(x — y)dy,
and the reaction term f is of monostable type, bistable type or ignition type. Such an equation,
introduced as a substitute for the classical reaction—diffusion equation

Uy =uxx + f(t, x,u), (1.2)

has been used to model various diffusive processes with jumps (see e.g. [12] for some back-
ground). While a large amount of literature has been carried out to the understanding of (1.2),
its nonlocal version (1.1) has attracted a lot of attention recently and some results have been
established. For (1.1) in the homogeneous media, traveling waves, i.e., solutions of the form
u(t,x) = ¢(x — ct) with (c, ¢) satisfying

Jxp—bp+cope+ f(@)=0, ¢(-00)=1, ¢(00)=0,

have been obtained (see [1,6—10,21] and references therein). The study of (1.1) in the heteroge-
neous media is rather recent and results concerning front propagation are very limited. In [11,
27-29], the authors investigated (1.1) in space periodic monostable media and proved the exis-
tence of spreading speeds and periodic traveling waves. In [20], Rawal, Shen and Zhang studied
the existence of spreading speeds and traveling waves of (1.1) in space—time periodic monostable
media. For (1.1) in space heterogeneous monostable media, Berestycki, Coville and Vo studied
in [2] the principal eigenvalue, positive solution and long-time behavior of solutions, while Lim
and Zlato$ proved in [13] the existence of transition fronts in the sense of Berestycki—-Hamel (see
[3,4]). In [5], Berestycki and Rodriguez studied (1.1) with a barrier nonlinearity of monostable
type or bistable type, and proved that while propagation always occurs in the monostable case,
it may be obstructed in the bistable case. For (1.1) in time heterogeneous media of ignition type,
the authors of the present paper proved in [26] the existence of transition fronts.

In the present paper, we continue to study (1.1) in time heterogeneous media based on the
work done in [26]. Recall that, an entire solution u(¢, x) of (1.1) is called a transition front in the
sense of Berestycki—-Hamel (see [3,4]) if u(t, —oo) = 1 and u(¢, oo) = 0 for any ¢ € R, and for
any € € (0, 1) there holds

supdiam{x € Rle <u(t,x) <1 —¢€} < o0.
teR
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Equivalently, an entire solution u (¢, x) of (1.1) is called a transition front if there exists a function
X :R — R, called the interface location function, such that

lim u(t,x+ X(@#))=1and lim u(t,x + X(¢)) =0 uniformly in ¢t € R.
X—> 00

X—>—00

We remark that neither the definition of transition fronts nor the equation (1.1) itself guaran-
tees any space regularity of transition fronts beyond continuity. This is because the semigroup
generated by the nonlocal dispersal operator u +— J * u — u has no regularizing effect, and there-
fore, a solution of (1.1) does not become smoother as time elapses. Moreover, transition fronts
constructed in [13] and [26] are only uniformly Lipschitz continuous in space; it is not known
whether they are continuously differentiable in space. One of the main goals of the present paper
is to investigate the space regularity of transition fronts constructed in [26]. It should be pointed
out that space regularity is of fundamental importance in further studying various important
properties, such as uniform steepness and stability, of transition fronts.
Now, let us focus on (1.1) in time heterogeneous media of ignition type, i.e.,

ur=Jxu—u—+ f(t,u), ¢, x)eRxR, (1.3)
where the dispersal kernel J satisfies
H1) JeC'R), J(x)=J(—x)>0forallx €R, [p J(x)dx =1, [p|J (x)|dx < o0 and
/ J(x)e*dx < oo, VA >0; (1.4)
R

and the time heterogeneous nonlinearity f (¢, u) satisfies

(H2) f:R x[0,00) — R is continuously differentiable and satisfies the following conditions:
o there are 0 € (0, 1) (the ignition temperature), fuin € C*([0, 11) and a Lipschitz con-
tinuous function fmax : [0, 1] = R satisfying

Smin(@) =0 = fmax@), u € [0,0]U {1},
0 < fmin() < fmax(@), u € (6, 1),
fr/nin(l) <0

such that
Smin() < f(t,u) < fmax(@), (&, u) e R x[0,1];

e f(t,u) <0for (t,u) e R x (1, 00);

e first-order partial derivatives are uniformly bounded, i.e.,

sup |fi(t,u)] <oo and  sup | fu(t, u)| < o0;
(t,u)eRx[0,00) (t,u)eRx[0,00)

o there exists 6 € 0, 1) such that f,,(t,u) <0 forallt e Randu € [é, 1].
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We remark that, in the present paper, only solutions u(¢, x) with 0 <u(¢,x) <1 will be con-
sidered. The assumptions on f (¢, u) for u > 1 are only for certain technical convenience.

For convenience and later use, let us first summarize the main results obtained in [26]. To this
end, let us consider the following homogeneous equation

ur=Jxu—u+ fmn(w), (#,x)eRXR, (1.5)

where fmin, given in (H2), is of ignition type. Assume (H1) and (H2). It is proven in [8] that there
are a unique cj;. > 0 and a unique C! function ¢ = ¢in : R — (0, 1) satisfying

{J*¢—¢+c;m¢’+fmm(¢>=0, (1.6)

¢ <0, ¢p(0) =0, ¢p(—0o0) =1 and ¢(c0) =0.
That iS, ¢min is the normalized wave profile and ¢min(x — c;’;int) is the traveling wave of (1.5).
Moreover, using the equation in (1.6), it is not hard to see that ¢I/nin is uniformly Lipschitz con-
tinuous, that is,

Brin (X) — D1 ()
<
X =y

sup (1.7)

xF#y

The following proposition is proven in [26].
Proposition 1.1 (/26]). Suppose (H1)—(H2).

(1) For s <0, there exists a unique ys; € R with y; — —o0 as s — —o0 such that the classical
solution u(t, x; s) of (1.3) with initial data u(s, x; ) = ¢min(x — y5) satisfies the normaliza-
tion u(0, 0; s) = 6 and the following properties:

(1) u(t,—o0;s)=1,u(t,o00;s)=0and u(t,x;s) is strictly decreasing in x;

(i) let X, (t;s) be such that u(t, X, (t;s);s) = A for any A € (0, 1); there exist cyin > 0,
cmax > 0, and a twice continuously differentiable function X (-; s) : [s, 00) — R satisfy-
ing

0 < cmin < f((t;s) <Cmax <00, s <0, t>s and sup |X(t;s)| <00
s<0,t>s

such that

Vie (0,1), sup | X(t;8) — Xn(t;5)| <00

s<0,t>s

and there exist exponents ¢+ > 0 and shifts hy > 0 such that

u(t,x;s) > 1—~FXEIH) e v < X(175) — h_,

u(t,x;s) < e HEXEO=hD e v > X (1:5) 4+ hy

foralls <0,t>s;
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(iii) u(t, x; s) is uniformly Lipschitz continuous in space, that is,

u(t,y;s) —u(t,x;s)
y—Xx

< 00. (1.8)

xF£y

5s<0,t>s

(2) There is a transition front u(t, x) that is strictly decreasing in space and uniformly Lipschitz
continuous in space, that is,

u(t,y) —u(t,x)
sup | ———| <
y—Xx

s

xXF£y
teR

and a continuously differentiable function X : R — R satisfying the following properties:
(i) there hold

X(t;s)—> X(@), u(t,x;s)—>u(t,x) and u;(t,x;s)— u(t,x)
locally uniformly in (t,x) € R x R as s — —00 along some subsequence;

(i1) f((t) € [cmin, Cmax] for all t € R, where cimin and cmax are as in (1)(ii);
(iii) there hold

u(t,x) >1— X0 e v < x (1) —h_,
u(t, x) < e +O=XO=h) e v > X (1) 4+ hy
foralls <0, t > s, where cy and h are as in (1)(ii).
In the present paper, we intend to improve the uniform Lipschitz continuity in space of u(z, x)
in Proposition 1.1(2), and then, study other important properties of u (¢, x) such as uniform steep-

ness and stability. To do so, we further assume

(H3) f(¢,u) is twice continuously differentiable in u and satisfies

sup | fuu(t, u)| < 00.
(t,u)eRx[0,1]

Our first main result concerning space regularity of u (¢, x) is stated in the following theorem.
Theorem 1.2. Suppose (H1)-(H3). Let u(t, x) be the transition front in Proposition 1.1(2). Then,

foranyt € R, u(t, x) is continuously differentiable in x. Moreover, uy(t, x) is uniformly bounded
and uniformly Lipschitz continuous in x, that is,

uy(t,x) —ux(t,y)

sup |uy(t,x)| <oo and sup < 00, (1.9)
(t,x)eRxR );;ﬁ]l% xX—=Yy
€

respectively.
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We remark that since u(z, x) is strictly decreasing in x, the uniform bound of u, (¢, x) in (1.9)
is equivalent to inf(; yyerxR Ux (¢, x) > —o0. With the continuous differentiability of u(z, x) in x,
the profile function ¢ (¢, x) = u(t, x + X (1)) satisfies the following evolution equation

Gr=Jxp—¢+X(Os+ f(t, ),

which could be used to construct transition fronts if X (¢) can be first constructed (see [17] for
the work on (1.2) in time heterogeneous monostable media).
Next, we study the uniform steepness of the transition front. We prove

Theorem 1.3. Suppose (H1)-(H3). Let u(t, x) and X (t) be as in Proposition 1.1(2). Then, for
any M > 0, there holds

sup sup uy(t,x) <0.
1€R xe[X (1)~ M, X (1)+M]

A simple consequence of Theorem 1.2 and Theorem 1.3 is that the interface location at any
constant value between 0 and 1 is continuously differentiable and moves with finite speed. More
precisely, for A € (0, 1), let X, (¢) be such that u(t, X, (t)) = A for all t € R. It is well-defined by
the monotonicity of u(z, x) in x. Then,

Corollary 1.4. Suppose (H1)-(H3). For any A € (0, 1), X, : R — R is continuously differentiable
and satisfies sup,cp | X;.(t)| < oo.

Proof. Let A € (0,1). By Theorem 1.3 and the fact that sup,p | X3 (r) — X(¢)| < oo due to
Proposition 1.1(2)(ii), there exists some «; > 0 such that

supuy (t, X.(1)) < —ay. (1.10)
teR

Then, since u(¢, X, (t)) = X, implicit function theorem says that X, (¢) is continuously differen-
tiable. Differentiating the equation u(#, X, (¢)) = A with respect to 7, we find

ur (t, X5,(1))

NO== X0

The result then follows from (1.10) and the fact sup; yerxr [Ur (7, X)| <00. O

Finally, we study the stability of transition fronts. Note that forany ¢ e R, u(¢,x —¢) isalsoa
transition front of (1.3). Therefore, we study the stability of the family {u (¢, x —&)}¢cr instead of
a single transition front u (¢, x — ¢o) for some ¢y € R. Let Cfl’nif(R, R) be the space of bounded and
uniformly continuous functions on R. For ug € Clll’nif(R, R), denote by u(t, x; fo, ug) the unique
solution of (1.3) with initial data u (ty, -; fo, ug) = ug. To state the result, we put more restrictions

on the last assumption in (H2) and assume

(H4) There exist 6 e ©0,1) and ,3 > 0 such that f,(t,u) < —,gfor all (t,u) e R x [5, 2]. Also,
ft,u)=0for (t,u) e R x (—00,0).
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Let M; > 0 be such that for any r € R

1

] 9
ifx =X <=M and u(t,x) <5 ifx—X@) =My, (1.11)

where 6 is as in (H4). Such an M| exists by Proposition 1.1(2)(iii). For given o > 0, let ' :
R — [0, 1] be a smooth nonincreasing function satisfying

r _ 1, x<-—-M;—-1,
a(x) = e =MD s My

(1.12)
We prove

Theorem 1.5. Suppose (H1)—(H4).

(1) Thereis ag > 0 such that for any 0 < o < ag, there are €y = €p(a), w = w(a), and A = A(x)

satisfying that for any ug : R — [0, 1], ug € Cé’nif(R, R), if there exist ty € R, € € (0, €9], {5:
such that

u(to, x — ¢y ) —e€lg(x — 5 — X (10))

(1.13)
<uo(x) <ulto, x — ¢)") + el (x — ¢ — X (10))

for all x € R, then, there holds
u(t,x —¢ (@) —q@Talx — ¢~ (@) — X))
<u(t,x;t0,u0) Su(t,x — (1) +q(OTa(x — (@) — X (1))
forall x € R and t > ty, where
+ +, Ac —w(t—1g) —w(t—1p)
¢ (t):{O:I:Z(l—e ) and q(t)=c¢ce 0,

(2) Let u(t,x) and X (t) be as in Proposition 1.1(2). Let By > 0. Suppose ty € R and ug €
Ch (R, R) satisfy

uo:R—1[0,1], wup(—o0)=1;
3C > 0s.1. lug — u(ty, x)| < Ce Po=X)) for x e R.

Then, there exist w > 0 and &y > 0 such that for any € € (0, &) there are t* = ¥ (€, up) € R
such that

u(t,x —¢7) —ee U0 <y (s, x; 19, up) <ult,x — &) + e

forallx e Randt > 1.
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Based on Theorem 1.5 and the “squeezing technique” (see e.g. [7,15,22,25]), we obtain the
asymptotic stability.

Theorem 1.6. Suppose (H1)—(H4). Let u(t, x) and X (t) be as in Proposition 1.1(2). Let By > 0.
Suppose ty € R and ug € Csnif(R, R) satisfy

ug:R—1[0,1], wup(=00) =1,
3C > 0.1, lug — u(ty, x)| < Ce Poc=X)) for x e R.

Then, there exist C = C(ug) > 0, & = &« (ug) € R and r =r(Bo) > 0 such that

sup |u(, x; 10, uo) — u(t, x — &) < Ce 70710
xeR

forall t > 1.

Allowing the solution to evolve for a period of time, it will develop into the shape satisfy-
ing the condition in Theorem 1.5 at a later time due to the stability of the stationary solution
u = 1. Therefore, Theorem 1.5(2) and Theorem 1.6 are true for more general initial data (see
Corollary 4.2 and Corollary 5.3).

To this end, we point out that transition fronts for the reaction—diffusion equation (1.2) have
been studied in the monostable case (see [16,17,19,30]), the bistable case (see [23.32]) and the
ignition case (see [14,15,18,24,25,31,32]). In terms of the ignition case, the existence, stabil-
ity and uniqueness of transition fronts for (1.2) have been obtained in [14,15,18,31,32] when
f@t,x,u)= f(x,u) and in [24,25] when f(¢,x,u) = f(¢,u).

The rest of the paper is organized as follows. In Section 2, we study the space regularity of
u(t, x) and prove Theorem 1.2. In Section 3, we study the uniform steepness of u (¢, x) and prove
Theorem 1.3. In Section 4, we study the stability of u (¢, x) and prove Theorem 1.5. In Section 5,
we study the asymptotic stability of u (¢, x) and prove Theorem 1.6. We also include an appendix,
Appendix A, on comparison principles for convenience.

2. Regularity of transition fronts

In this section, we study the regularity of u(z, x) in x and prove Theorem 1.2. Throughout this
section, we assume (H1)-(H3). To prove Theorem 1.2, we first investigate the space regularity
of u(t, x; s). We have

Theorem 2.1. For any s <0 and t > s, u(t, x; s) is continuously differentiable in x. Moreover,
(1) ux(t, x;s) is uniformly bounded, that is,

sup |ux (2, x; 5)| < 00;
xeR
s<0,1>s

(1) uy(t, x; s) is uniformly Lipschitz continuous in space, that is,

Uy (t,x;8) —ux(t,y;s)
sup <
x#y X =Yy

x<0,t'zs
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Assuming Theorem 2.1, let us prove Theorem 1.2.

Proof of Theorem 1.2. It follows from Proposition 1.1(2)(i), Theorem 2.1, Arzela—Ascoli the-
orem and the diagonal argument. More precisely, besides u(¢, x; s) — u(t, x) and u, (¢, x; ) —
u;(t, x) locally uniformly as in Proposition 1.1(2)(i), we also have

uy(t,x;s) — uy(t,x) locally uniformly in (f,x) e R x R 2.1
as s — —oo along some subsequence. Then, u(#, x) inherits the properties of u (¢, x;s). O
In the rest of this section, we prove Theorem 2.1.

Proof of Theorem 2.1. (i) Set

ut,x +n;s) —u(t, x;s)
, .

VI, x;8) =

By (1.8), supcrazo |v7(2, x; 5)| < oo. Clearly, v" (¢, x; s) satisfies
5s<0,t>s

v (t, x5 5) = / J(x =), y; 5)dy —v(t, x;5) +a’ (¢, x5 5)v" (1, x5 5), (2.2
R

where

f@ ult,x+n;5)— f@, ut, x;s))
ut,x +n;8)—u(t,x;s)

al(t,x;s) =

is uniformly bounded by (H2). Setting

Bt 3 5) = f J(x — )"t y: $)dy =[ Ja Yyt =IOy oy,

n
R R

we see that sup er.nz0 |b7(t, x; 5)| < 00, since J' € L' (R) and u(z, x; 5) € (0, 1).
s<0,1>s

The solution of (2.2) is given by

'
VIt x;8) =07 (s, x;8)e” i (1=a"@.x;9)dv + / b (r, x; s)effrt(lfan(f’x;s))dtdr. (2.3)

N
Notice that as n — 0, the following pointwise limits hold:
Pmin (X + 1 — Ys) — Pmin(x — ys)

n
a(t,x;s) = fu(t,u(t,x;s)) and

V(s, x;8) = — Phin(x — y5),

b (t, x;5) — / J'(x = y)u(t,y; s)dy,
R
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where @min is as in (1.6). Then, letting n — 0 in (2.3), we conclude from the dominated con-
vergence theorem that for any s < 0, # > s and x € R, the limit u, (¢, x; s) = lim, o v (¢, x; 5)
exists and

'
1 . R ot . X
uy(t,x;s)= ¢I/nin(x — ys)e_fs A= fu(ru(r.xis)dr 4 f b(r,x:s)e” J; (1—.}‘u(T,u(f,x,S)))der’

N

(2.4)

where b(t,x;5) = [p J'(x — yu(t,y;s)dy = [p J' (»)u(t,x — y;s)dy. In particular, for any
s <0 and r > s, u(t,x;s) is continuously differentiable in x. The uniform boundedness of
uy(t,x;s),1ie., SUP, R s <0.r>5 |Ux (t, X; 8)| < 00, then follows from (1.8).

(i1) Since u, (¢, x; 5) i un?formly bounded by (i), we trivially have

uy(t,x;8) —uy(t,y;s
Vé >0, sup X x(t, y5 5) < 00
\xfoywzs X =y
s<0,t=s

Thus, to show the uniform Lipschitz continuity of u, (¢, x; s) in x, it suffices to show the local
uniform Lipschitz continuity, i.e.,

tv 5 - tv 5
V6=0, sup |XH U (2.5)
b i<t xX=)

To this end, we fix § > 0. Let X (; s) and X, (¢; s) for A € (0, 1) be as in Proposition 1.1(1)(ii)
and define
Li=6+ sup |X9(t; s) — X(t; s)| and Lp=686+ sup |X9~(t;s) — X(t;9)],

s<0,1>s5 5s<0,t>s

where 6 € (0, 1) is given in (H2). Notice that L1 < 0o and Ly < 0o by the estimates in Proposi-
tion 1.1(1)(ii). Then, for any x € R and |n| < § we have

o if x> X(t;5)+ Ly, then x +71n>x — 8§ > Xy(¢; 5), which implies that u(z, x + 1; 5) <6 by
monotonicity, and hence

fu,ut,x +n;5)=0; (2.6)

o ifx <X(t;5)— Ly, thenx+n<x+4 =< X;(t;s), which implies that u (¢, x + n; s) > ] by
monotonicity, and hence by (H2),

Ju(t,u(t,x +1n:5)) <0. 2.7
According to (2.6) and (2.7), we consider time-dependent and disjoint decompositions of R into
R=R;(t;5) URy(t; s) UR,(t;5),

where
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Ri(t;5) = (—00, X(t;5) — L),
Ry (t;s)=[X(t;s) — La, X(t;5) + L1] and
Ry (t;5) = (X(t;5) + Ly, 00).

For s < 0 and xg € R, let tg5(xo; s) be the first time that xg is in R, (t; s), that is,
tirst(x0; §) = min {¢ > s|xo € Ry (1 5)},
and f1,5 (x0; §) be the last time that xg is in R, (¢; s), that is,

fast(X0; §) = max {to € R|x0 € R, (tg; s) and xo ¢ Ry, (¢, s) fort > to}.

(2.8)

Since X(#;5) > ¢min > 0 by Proposition 1.1(1)(ii), if xo € R;(s; s), then xo € R;(¢; s) for all
t > 5. In this case, tg5(x0; 5) and A5 (x0; s) are not well-defined, but it will not cause any trou-
ble. We see that g5 (x0; s) and fu5(x0; ) are well-defined only if xo ¢ R;(s;s). As a simple
consequence of X (t; 8) € [Cmin, Cmax] in Proposition 1.1(1)(ii) and the fact that the length of

Ry, (t;s)1s L1 + Lo, we have

T=T@):= sup [fast(x0; ) — tirse(x0; 8)] < 00.
s<0,x0¢ R; (s55)

Moreover, we see that for any |n| <4,
SJut,u(t, xo+n;5) =0 if 1 €[s, thirst(x0; 5)],
Sfult,u(t,xo+n:5)) <0 if 1> fa5e(x0; 5).

We now show that

ux(t, xo +n;s) — ux(t, xo; 5)
sup < o0
x0€R,0<(n|<8 n
§<0,1>s5

Using (2.4), we have

ux(t,xo+n;s) —ux(t, xo; 5)
n

_ Prnin X0 + 1 = Ys) — Ppin (0 — ¥s) o= JL (= fu(ru@xo+ms))de
n

@

o~ [L A= futu@xotms)de _ o= [{ (1= fu(tu(r.x0:9)dr

+ Pnin (X0 — V) "

an

(2.9)

(2.10)

@2.11)
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t

+/ b(r, xo +n;s) — b(r, x0;s)e*frt(lffu(Tv“(f’x0§5)))dfdr
n

N

(II1)
; o= [N A= fu@u@xotn:s))dr _ p— [ (1= fu(tu(z,x0:9)de
+/b(r,xo;s) dr.

n

N

av)

Hence, it suffice to bound terms (I)—(IV). To do so, we need to consider three cases: xg € R;(s; s),
X0 € Ry (s;s) and xg € R, (s; s). We here focus on the last case, i.e., xg € R,(s;s), which is
the most involved one. The other two cases are simpler and can be treated similarly. Also,
for fixed s < 0 and xg € R,(s;s), we will focus on the case t > fi,5(x0; 5); the case with
t € [thrst(X0; 8), Hast(x0; 8)] or t < tgrst(x0; s) will be clear. Thus, we assume xg € R, (s; s) and
t > fast(X0; §).

We will frequently use the following estimates: for any |77 < 4§ there hold

o= SO (1 £ (x0T _ =t (x035) =)

r € [s, tirst (x0; 5)]

- frrlm(xo;s)(l—fu(r,u(r,x0+ﬁ;s)))dr < eT SUP(¢ u)eRx [0, 1] |1—fu(t,u)|’ r € [thrst (X0 8), Hast (X0 )]

o ST A= fu(z,u(t,xo+i;s)))de < ef(tfr)7 7 € [Hast (X0 ), t].

2.12)

They are simple consequences of (2.9) and (2.10). Set

¢l () — @ ()
Cp:= sup [1— fu(t,u)], Ci:=sup |22 min , Cai=sup |, (x)]
(t,u)eRx[0,1] x#y X =Yy xeR
u(t,x;s) —u(t,y;s)
C3 = sup |fuu([su)| X sup |ux(t,x;s)], Cs= sup .
0.1 i A

Note that all these constants are finite. In fact, Co < oo by (H2), C| < oo by (1.7), C3 < oo by
(H3) and Theorem 2.1(i), and C4 < oo by Proposition 1.1(1)(iii).
We are ready to bound (I)—(IV). For the term (I), using (1.7) and (2.12), we see that
(D] < Cpe— fs A= fultu(@xotmis))d

T [Mirst(x03s) ~Nast (X035) ot . )
—Cye [ [t +f’ﬁ::t()‘0;s)+f’lasl(x();5)](l Su(Tu(t,x0+n;5)))dT (2.13)

< Cle*(lﬁrst(xow)*x)eCOTef(lfllasl(xogs)) < ClecoT,

For the term (IT), we have from Taylor expansion of the function n o= [A=fulru(@xotmis))de
at n =0 that
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o= JL0=fu@u(xornsN)dr _ = [ (1= fu(r,u(z,x0:5)d

|ID| < C2

n
t

< Cye [ (1= fulzu(@xotnais))de /

N

Suu (T, u(T, X0 + n4; $))ux (T, X0 + 04 8) |dT,

where 1, is between 0 and 7, and hence, |n,| < §. We see

t

/

N

Suu (T, u(T, x0 + 155 8))ux (T, X0 + 055 5) |[dT < C3(t —5).

It then follows from (2.12) that

|[(ID)| < C2C3e_(tﬁrst(X(J;S)—S)e—(t—tlasl(xo;s))(t -9
— C2C3e_(tﬁ“[(xo;S)_s)e_(t_tlas[(/\’O;S))

X [(t — fast(x05 8)) + (flast (%05 §) — First(X0; 8)) + (First(X0; ) — S)]

(2.14)
< CrC3[e™ Um0 (¢ — 11, (x03 8)) + T + e~ 0079 (15 (xg; 8) — )]
2
<CC3| —+T).
e
For the term (II), we first see that
b(r,xo +n;s) — b(r, x0; 5) ;o u(r,xg+n—y;s) —u(r,xo—y;s)
=] JO» dy
n n
R
= C4||J/||L1(R)~
Thus,
t
[ A A / e 0= futmute s e g,
N
tirst (X038) Hast(X0:5)
_ C4”J/||L1(R)|: f e_frl(l—fu(r,u(r,xo;s)))drdr + / e fr[(l—/},(r,u(r,xo;s)))drdr
K Iirst (X035)
(II-1) (I11-2)

t
n / o= J0=fuuxo)de g, ]

Hast (X035)

(I1I-3)

We estimate (III-1), (III-2) and (I1I-3). For (III-1), we obtain from (2.12) that
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tfirst (X0 )

X0i8 ast (X03S)
(1) = / e,[frrﬁrm(o ) 4 st +j,§asl(xw)](kﬁ,(r,u(r,xo;s)))drdr

first (¥03S)

Hirst (X035)

< CoT o~ st (¥038) =) = (1 —T1ast (X035)) 7
N

— eCOTe_(t_tlast(x();S))(l _ e_(tﬁrst(xois)_s)) < eCOT‘

Similarly,
Tast (X035) (ois)
fast (XS t _ .
(11-2) = e_[f’l (X0 +ftlast("0?s>](l fu(r,u(r,xo,s)))drdr

tfirst (X053 5)
Hast (X055)

< CoT e~ (=t (0:8)) 7y < pCOT T o= —tast(039)) < o CoT

tfirst (X0;5)

and (II1-3) < [;' . e™07dr =1 — ¢~ (=09 < 1. Hence,

(I < CallJ" [l 1 gy (€T + TS +1). (2.15)
For the term (IV), using |b(r, xo; )| < |||, 1(r) and Taylor expansion as in the treatment of
the term (II), we have

t
[(IV)] < ”J/”LI(R)/e—fr’(1—.fﬁ(f,u(f»xo-i-fl*:s)))df

N

t

(/

r

Juu (T, u(T, x0 + 1s; 8))ux (T, X0 + 043 s)‘dt>dr

t
t “ o
<Gl i / (t = r)e” b A fulrueotnioNdt g,
s

first (X0 5)

. )
=Cs| J/”LI(R) (t — r)e_/r (l—fu(T,u(r,xo+n*,S)))drdr

av-1)

Tast (x05)

+ / (t — rye~ b 0= fuu@sotns)dr g,

tfirst (X0 5)

(IV-2)
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t
i / (t_r)ef,’(lﬁ4(r,u(r,xo+n*:S)))drdr:|’

Hast (X0;5)

av-3)
where |n,| < |n| <§. Similar to (ITI-1), (III-2) and (III-3), we have

tirst (X0 5) ( ) e G0:5)
_ T [Mirst(XQ:S last X0 1 _f .
aV-1) = / (t = e U™+ oo + i tsgin 1A= fulruexotnaisde

Tirst (X0 5)

<7 [ = thase(x0: ) + T + (tira (01 5) — ) Je™ (0039070 =0 s G020 g
s
Ifirst (X055)
< eCoT |:(t — Hast (X0; S))e*(l*tlast(XO:S)) e~ st (X038)=7) 7.
s
tfirst (X035 8) irst (X038)
+T / e~ st (X039)=r) e / (fhirst (x0; 8) — r))e—(tﬁrst(xo;s)—r)dri|
s s
- CoT |:1 — o~ (tirst (x038)—9) T e*(lﬁrs[(xo;S)*S))
e

+ (1= (1 + tie 03 9) — s)e—“ﬁm(xw)—“)]

1
feC°T<—+T+1>,
e

flast (X038)
(IV-2) = / (t— r)e,[frqasl(xo;m +ft;m(x0;s) ](17fu(r,u(r,xo+77*§s)))drdr
first (X038)
Tlast (X0:5)

CoT [(f — flast (X03 ) + (fast (x0; ) — 1) ]e ™ T Nas&0:) g

<e
ffirst (X038)

Hast (X0;5)

<7 [T(r — fasy (x0; 5))e (T (0390 / (tast (x03 ) = r)dr}

tirst (X035)
2
< eCoT(Z + T_)
e 2



W. Shen, Z. Shen / J. Differential Equations 262 (2017) 3390-3430 3405

and
t
(IV-3) < [ (t —r)e Tdr =1 — (1 41 — tiage (x0; 5))e a0 <
Hast (X035)
Hence,
l CoT 1 CoT r T2
[V = Gl Nl 1wy | €7° ;+T+1 + 0 St +1. (2.16)

Consequently, (2.11) follows from (2.13), (2.14), (2.15) and (2.16). O
3. Uniform steepness

In this section, we study the steepness of transition fronts and prove Theorem 1.3. Through-
out this section, we assume (H1)—-(H3). Theorem 1.3 will be a simple result of the following
theorem.

Theorem 3.1. For any M > 0, there exists ap > 0 such that

sup uy(t,x;8) < —ay
Xe[X(t;8)—M, X (t;5)+M]

foralls <0, t>s.
Assuming Theorem 3.1, we prove Theorem 1.3.
Proof of Theorem 1.3. It follows from Proposition 1.1(2)(i), (2.1) and Theorem 3.1. O

To finish the proof of Theorem 1.3, we prove Theorem 3.1, which is based on the following
Lemma, whose proof is inspired by the proof of [7, Theorem 5.1] and [22, Lemma 3.2].

Lemma 3.2. Forany t > tg > s, h > 0 and z € R, there holds

z+h
ux(t,x;S)SC/ux(to,y;S)dy, Vx eR,
z—h

where C = C(t — 19, |x — 2|, h) > 0 satisfies

(1) C — 0 polynomially as t — to — 0 and C — 0 exponentially as t — t) — 00,
(i) C:(0,00) x [0,00) x (0,00) = (0, 00) is locally uniformly positive in the sense that for
any 0 <t) <t) <00, M1 > 0and hy > 0, there holds

inf C(t,M,h)>0.
telty,to],Me[0,M1],he(0,h]
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Proof. Let ¢ > 0. Let vi(¢,x;s) = u(t,x + €;5) and vy (¢,x;s) = u(t,x;s). We see that
v(t, x;s) :=v1(t, x;5) — va(t, x; 5) <0 by monotonicity and satisfies

v=Jxv—v+ f(t,v)) — f(t,v2).
By (H2), we can find K > 0 such that f (¢, v1) — f (¢, v2) < —K (v] — v2), which implies that
v <Jxv—v—Kv.
Setting ¥(¢, x; 5) = eI K00y (1, x: 5), we see
vy < J x0. 3.1

Since v < 0, we have v < 0, which implies J * v < 0 by the nonnegativity of J by (H1), and
therefore, v, < 0 by (3.1). In particular, v(z, x; 5) < v(fg, x; 5). It then follows from the nonneg-
ativity of J and (3.1) that

U (t, x;8) < [J 02, 5 8)](x) <[J *0(t0, -; $)](x). (3.2)

For each x € R, (3.2) is an ordinary differential inequality. Integrating (3.1) over [ty, t] with
respect to the time variable, we find from v(#g, x; s) < O that

v(t, x58) < (t — 10)[J % v(to, -5 $)1(x) + 0(10, X3 8) < (1 — 10)[J * V(10, -5 $)](x).
In particular, for any 7 > 0, we have
v(ito+T,x;5) <T[J x0(tg, -5 5)](x). 3.3)
Then, considering (3.1) with initial time at fy + 7" and repeating the above arguments, we find
Vto+T+T,x;8)<T[Jxv(@g+T,-;5)](x) < T2[J % J * 0(tg, -; $)](x),

where we used (3.3) in the second inequality. Repeating this, we conclude that for any 7 > 0 and
any N =1,2,3, ..., there holds

Do+ NT,x;5) < TN[IN % 0(10, -2 $)](x), (3.4)

where JV = J % J x--.x J. Since J is nonnegative and positive on some open interval, JV can
—_—

.. N tlmes . . . . . . .
be positive on any fixed bounded interval if N is large. Moreover, since J is symmetric, so is
JN.

Now, let x e R, z€ Rand 2 > 0, and let N := N(|x — z|, h) be large enough so that

C=C(x—z|,h):= ]JN(y)>0.

mn
ye€[lx—z—h,x—z+h

Note that the dependence of N on x — z through |x — z| is due to the symmetry of J N Moreover,
the positivity of C : [0, 00) X (0, 00) — (0, 00) is uniform on compacts sets, which is because N
can be chosen to be nondecreasing in |x — z| and in A.
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Then, for t > 1y, we see from (3.4) with T = % that

3 t—10\" [ v 3
v(t,x;8) < ( N > /J (x —y)v(to, y; s)dy
R

z+h

r—1\V N 3
5( ) fJ (x = Y)i(to, y: )dy

z—h
z+h

N
<C~'(t_to> / v(ty, y; s)dy
f— N b 9 b

sincex —y€[x —z—h,x —z+ h] wheny €[z —h, z+ h]. Going back to u(z, x; s), we find

N
|
=

N z+h
~ t— 1
u,x+e;s)—ut,x;s) < Ce~ 1HK)t=10) (TO) f [u(tg, y +€;5) —ulto, y; s)ldy.
z—h

Dividing the above estimate by €, we conclude the result from dominated convergence theorem
with C = Ce~ K0 _’0)(%)1\,. From which, we obtain the properties of C and finish the
proof. 0O

Now, we prove Theorem 3.1.

Proof of Theorem 3.1. Set

he:zmax{ sup |X(t;s)—X%(t;s)|, sup |X(t;s)—X1+a(t;s)|}.
2

s<0,1>s s<0,1>s
By Proposition 1.1(1)(ii), kg < co. Then,

X (to;s) +ho > X%(to; 5), X(to;s)—hg < X#(to; s) (3.5)

for all 9 > 5. Now, for any t > 0 and 7y > s, we apply Lemma 3.2 with z = X (¢p; s) and & = hg
to see that if |[x — X (¢p; s)| < M, then

X (to;s)+hg
(00 SCE M) [ st yisdy
X(t0;8)—hg
=C(z, M, ho)[u(to, X (t0; 5) + hg; s) — u(to, X (to; s) — he; s)] (3.6)
= C(z, M, ho)lu(to, X (t0; 5); 5) — u(to, X 110 (to3 5); 5)]

(1, M, hy)
- ——,
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where we used (3.5) and the monotonicity in the second inequality. Notice C(t, M, hg) — 0 as
T — 0.
To apply (3.6), we see that if |x — X (fp + 1; s)| < M, then

Ix — X(t0; ) < [x = X (1o + 1)+ | X (10 + 15 5) — X (t0; $)| = M + cmax,

where we used Proposition 1.1(1)(ii). We then apply (3.6) with M replaced by M + cmax and ©
replaced by 1 to conclude that

C(1, M + cmax, o)

u(to+1,x;5) < — 7

Since ty > s is arbitrary, we have shown

sup sup uy(t,x;s) <0.
s<0,t—s>1xe[X(t;5)—M, X (t;5)+M]

To finish the proof, we only need to show

sup sup uy(t,x;s) <0. 3.7
§<0,0<t—s<1xe[X(t;5)—M,X(t;s)+M]

To this end, we recall

t
(2, X5 8) = Pl (x — yy e s A fulmutmrondr o / b(r, x; s)e™ Ir A= fumu@xs)dT g, (3 8)

N

where b(, x;5) = [p J'(x — yu(t, y; $)dy = [ J(x — y)ux(t, y; s)dy. It is just the solution of
the initial-value problem

(ux)e =J *uy —ux + fu(t, Wy, ux(s,x;8) = ¢ (X — ys).
Set a :=inf(; yyerx[0,1] fu(?, u) < 0. Since qbl’nm < 0and b(t, x;s) <0, (3.8) implies
t
01, 5) = B = 30”00 [ by 1700

N

In particular,
ux(t,x;s)§¢>;nin(x—ys)ef(17“) if 0<t—s<1 (3.9
For 0 <t —s <1, we have from X(t; $) € [Cmin> Cmax] by Proposition 1.1(1)(ii) that
X(t;5) — X(s35) € [Cmin(r — 8), Cmax (t — )] C [0, cmax]. (3.10)

Recall that for any A € (0, 1), X, (¢; s) is such that u(z, X, (¢; s); s) = A. In particular, X, (s; s) is
such that ¢min (X, (s; s) — ys) = A. Thus, X, (s; 5) — ys is independent of s. From the construction
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of X (¢; s5) in Theorem [26, Theorem 4.1], we know X (s; s) = X, (s; 5)+Cj forsome A, € (0, 1)
and C > 0. Hence, there exists C; € R such that X (s; s) = y; 4+ C5 for all s < 0, which, together
with (3.10), implies

X(t;5) —ys = X(155) — X(s35) + X (555) — ys € [C2, C2 + Cmax]-
Now, if x € [X(¢;5) — M, X (t;s) + M], then

Xx—ys=x—X(;5)+X(1;5) —ys € [-M, M]+[C2, C2+ cmax] C[C2 = M, C2+ cmax + M].

In particular, there exists c¢ps > O such that

Sup ¢[/n1n (x - yS) S Sup ¢r/n1n (x) S —CM,
xXe[X(t;8)—M,X(t;5)+M] x€[Cr—M,Cr+cmax+M]
since ¢/ . is continuous and negative everywhere. It then follows from (3.9) that

sup sup ue(t, x;8) < —cpe” 179,

§<0,0<t—s<lxe[X(t;5)—M,X(t;5)+M]
In particular, (3.7) follows. This completes the proof. O
4. Stability of transition fronts

In this section, we study the stability of transition fronts and prove Theorem 1.5. Throughout
this section, we assume (H1)—-(H4).

We first prove a Lemma. Let cpin, cmax be as in (1.6), M be asin (1.11), and I' =Ty, be as
in (1.12).

Lemma 4.1.

(i) Let I(r) = [p J(x)e ""dx for r € R. Then,

I(r):l—l—@rz

for some ¥ =¥ (r) satisfying |r| < |r|.
(1) There exists ap > 0 satisfying that for any 0 < a < «, there exists M» = My () > M1 + 1
such that

12 MDJ K T)(x) — 1] < % Vx> M.

In particular,

|7 % D](x) — e~ @G—M)| < %e—““—’”l), Vx > M. 4.1
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Proof. (i) By (H2), I(r) is well-defined for any r € R and it is smooth in . We see I(0) = 1.
Since

I'(r)= —/J(y)ye_’ydy—> Oasr—0
R

due to the symmetry of J, we have I'(0) = 0. The result then follows from second-order Taylor

expansion at » = 0.
(ii) Since I'(x) = e~ *O=MD for x > M, + 1, we deduce

CTMD T % T)(x) — 1

Mi+1 00 (4 2)
= ey / J(x = )T (y)dy + / J(x = y)er™ Vdy —1
—00 Mi+1

For the first term on the right hand side of (4.2), we see that since J(x) decays faster than expo-
nential functions by (H2) at —oo, it is not hard to check that e** =M1 _/1/1010+1 J(x —y)T(y)dy -
0 as x — oo. Notice this limit is locally uniform in @ € [0, 00). Thus, there exists Mz = 1\;[2(05) >

0 such that

Mi+1
ety / Ja = )Tdy| < 500 x> i,
—00
For the last two terms on the right hand side of (4.2), we have
0 00
‘ f J(x — y)e* S dy — 1‘ = ‘ / J(y)e dy — 1'
Mi+1 Mi+1-x
Mi+1—x
<| [seeay - 1‘ " ' / J(y)e—“ydy‘
R —00

By (i), we conclude that there is ¢g > 0 such that for any 0 < o < «g, \fR J(y)e “dy — 1| <
“%‘". Since_ inolgﬂ_x J(y)e""ydy| — 0 locally uniformly in « € [0, c0) as x — 00, we can
find some M = M () > 0 such that

Mi+1—x
‘ / J(y)e *dy

—00

QCmin -

, >
16 -

=<
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Hence,

)
O Cmin -

‘/J(x—y)e“(x_y)dy—l < e Vx > M>.
Mi+1

The result follows with M» = max{Mz, Mz}. O
Now, we prove Theorem 1.5.
Proof of Theorem 1.5. (1) Let ¢g be as in Lemma 4.1. For given 0 < o < g, set

Csteep = Csteep() := —sup sup uy(t,x) >0
teR xe[X (1) =M, X (t)+M>]

by Theorem 1.3. Set

2C 1
Cy, = sup |fu(t,u)] and A= A(x):= f"—+ “4.3)
' (t,u)eRx[0,00) Csteep
Finally, set

1—-6 6 1 cmin
2 27 4A° 4A

~ OCmin
} and w:w(u)::min{ﬂ, 2 }, 4.4)

€y = €p(@) := min {

where B > ( is as in (H4). Clearly, B <Cy,.
We are going to prove (1) by constructing appropriate sub-solution and super-solution. We
first construct a sub-solution. Let

ut,x;to) =u(t,x —¢ (1)) —qOr'x—¢ @) — X)), 1=1, xR,

where
- ~ _ Ae —o(t—fp) —w(t—1p)
(M= ——U—e 0y and q(t) =ee 0),
w

Clearly, = (t) = —Aq(r) and ¢(t) = —wq(t). We claim that u = u(t, x; fp) is a sub-solution,
thatis, u, < J *xu —u+ f(t,u). To show this, we consider three cases.
Casel.x — ¢ (t)— X(@t) < —M,.Forsuchx,u =u(t,x — ¢ (t)) — q(t). We see
u— [ xu—ul = ft,uw
=uy(t.x = (1) = {(Oux(t.x = £7(0) = (1)
— [ *ult,- =g )Ix) —u(t,x =& (1))]
HJ*TC =8 (@) = X)](x) — g @) — f(t, )
= fltu(t,x =) = f(t,w) = Ou(t,x — ¢~ (1) + wq(0)
I *T( =& (1) — X@)](x) — 1g(@).
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Notice é_(t)ux (t,x —¢ (1)) > 0. We see that u(t,x — ¢ (t)) > 1%5 by the choice of M7 in

(1.11) and M>. Since € < ¢y < 1%5, there holds u > 6 because of the restriction on x in this case.
Thus, by (H4), we find

fut,x =g~ ) — ft,u) <—Pq(1).
Trivially, [J « (- — ¢~ () — X (#))](x) < 1, since T" € [0, 1]. Hence,
u, —[Jxu—ul— f(t,u) < —Bqt) +wq(t) <O0.

Case2.x — ¢ (1) — X(t) = M>.Forsuch x, u = u(t,x — (1)) — g (t)e ¢C—¢ O=XO=M),
We see

u, — [Jxu—ul— f(t,u)

=u(t,x — ¢~ (1) = (Oux(t,x — ¢~ (1))
— 14 +aqg()E (1) + X(1)le ¢ O=XO=H)
— [ *u(t,- — £~ ()X —ult,x =~ (@)]
I TG =) = XO)](x) — e @0 O=XO Mg (1) — £(1,u)

= f(tult,x =) = f(t,w) = Oux(t,x — (1))
—[§(1) +ag()(E (1) + X (1)) ]e @t (=X O=M)
HIL * T =7 (1) = X ()))(x) — e O=XO=M g r)

Again, {~(Ouy(t,x — (1)) = 0. We see that u(f,x — £~ (1)) < § by the choice of M

and M, and therefore, u < u(t,x — ¢ (1)) < g. Thus, f(t,u(t,x — ¢~ (@) =0= f(t,u™).
Moreover,

G@) +ag()(C (1) + X (1) = (—w — Aaq(t) + aX (1))q(t) > (—w — Aae + acmin)q(1).

Also, by (4.1), we have

‘[J « (= (1) — X(1))](x) — e—a(x—t‘(r)—X(z)—Mu‘

= ' / J(x = £7(0) = X (1) = )T ()dy — e~ O7HO=)
R

< Ylmin |, —a(x—¢= (=X (1)—M))_
- 4

It then follows that

O Cmj _
w— [ xu—ul = ft.u) < (w + Aaeg — &Cmin + f“)qme—““‘f O=xO=M) <o,

where we used (4.4).
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Case3. |x — ¢~ (1) — X ()| <[—M3, M>]. We compute

u, —[Jxu—ul— f@t,u

=uy(t,x =7 (1) = {7 Durt,x = (1))
—gOT =71 = X)) +qOT (x — ¢ () — XO)E™ (1) + X ()]
— [ *u(t,- =& @)HIx) —ult,x =& ()]
F+II*TC=¢7 @)= XENIx) =Tx =& @) = X@)]g@) — f(t,u)

=f@ult,x—=¢ (1) — ft,uw)+Aq@ux(t,x — ¢ (1))
+ogOFx = @) — X®) +qOI (x — ¢~ @) — X)X (1) — Ag(®)]
HIUJ*#TC=¢7 (@)= XENIx) —Tx = @) — X@E)1g@).

‘We see that
[f(tut,x—¢" @) — [, w)| <Cyrq@),
Agq(uy(t,x — ¢~ (1)) < _ACsteePCI(t),
wg()l(x — ¢ (@) — X (@) S wq (1),
g (x = £~ () = X)X (1) — Ag()] < q(OT' (x — ¢~ (1) — X () [cmin — A€o] <0,
[[J*TC—=¢7@) —XENIx) —Tlx =& @) — X(@0)]q @) <q@),
where we used (4.4) in the fourth estimate. It then follows that
u, —[Jxu—ul— f(t,u) <(Cp, — ACsteep + @ + 1)q (1) <0,
where we used (4.4).

Hence, we have shown u, — [J xu —u] — f(t,u) <0, that is, u is a sub-solution. By the first
inequality in (1.13) and comparison principle, we conclude that

u(t,x =57 (0) —gOT (x — (1) — X (@) = u(t, x; 10) < u(t, x; fo, up). 4.5)
For the super-solution, we set
At xi 1) =u(t,x — (1)) +qOT(x —cF@) — X)), 1>19, x €R,
where
¢ =¢ + %(1 —e @70y and  g(t) =ee @),

The proof of u = u(¢, x; tp) being a super-solution, thatis, u; > J xu —u + f (¢, u), follows from
arguments for the sub-solution. We outline the proof for completeness.
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Casel.x — ¢V (t) — X(¢) < —M,. We compute

i — [J *a— ] — f(t, )

= f(t,ult,x =t @0) — £, @) — T Oue(t,x — T (1) — wq (1)
—[[J * (- — ¢ (6) — X(0)1(x) — 11q(2)
> Bq(t) — wq(t) > 0.

Case2.x — V(1) — X(t) > M. We compute
W — [J #it — ] — f(t, 1)
= ftult,x =T ®) — £, u) — T (Out, x — £+ @)

Fa@T () + X (1)) — wlg(t)e @G O=XO=My

—[[J*T (=) = X(1)](x) — e~ @0~ O=XO=MD 14 ),

We see u(t,x — V(1)) < %, and therefore, u < 6 since €y < %. In particular, f(¢t,u(t,x —
¢t (@) — f(t.u) = 0. Since —¢F (Duy(t,x — (1) =0,

a@H () + X)) — 0= aAq() + acmin — 0 20
and
[J#T(— () = X(1)](x) — e 96T O=X =M o ZMin —a(x—¢= =X O-M)

we have

W —[J * 0 — ] — f(t.7) > <aAq(t) + &Cin — @ — @)ﬂne“@f*(”"(”’”l) > 0.
Case 3. |x — (1) — X (t)| < M>. We compute

U — [J 0 —u) — f(t,70)
= ft,ult,x =) — f@,0) — T Ou(t, x — (@)

—wq(OT(x —L7@) = X (1) —qg(OT'(x — £+ (1) = X (1)) (Ag (1) + X (1))
—[[J* T =T (@0 = X)) =T(x =) = X(1)g ().

‘We see that
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fout,x = @) — ft.u) = =Cpq(t),
= (Ouy(t,x = (1) = 0,
—wg(OT (x — 7 (1) — X (1) = —wq (1),
—qOT(x = £+ (1) = X (1)) (Aq(t) + X (1)) = 0,
—[[J %« T(-= &% @) = X(O)x) = Tx — ¢+ (@) — X(0)]g (1) = —q(0).

It then follows that
ur — [Jxu—ul— f(t,u) > (ACsteep - Cfu —w—1)q()=0.

Hence, u is a super-solution. By the second inequality in (1.13) and comparison principle, we
conclude that

u(t, x; to, u0) STt x;t0) =u(t,x — (1) + O (x —¢H (@) — X(@)). (4.6)
The result then follows from (4.5) and (4.6).

(2) Note first that there is 0 < o = a(Bp) < «p satisfying that for any € € (0, €g(«)], there
exists 55‘[ = Q?E(e, up) € R with §; < g“(;r such that

ulto, x — 5) — €l (x — &5 — X (10)) <uo(x) < ulto, x — &)+ €lax — 55 — X (1)) (4.7)
We then conclude (2) by applying (1) and noticing that lim, o, (¥ (¢) existand "' € [0, 1]. O

Note that the proof of Theorem 1.5(2) does not depend explicitly on the condition on u¢ as in

the statement of Theorem 1.5(2); instead, it only needs (4.7). This observation allows us to prove

the following corollary, which generalizes Theorem 1.5(2) to more general initial data.

Corollary 4.2. Let u(t, x) and X (t) be as in Proposition 1.1(2). Let By > 0. Suppose to € R and
g € C? (R, R) satisfy

unif

ug:R—[0,1], liminf,_, oo itg(x) > 0;
3C > 0 s.1. |iig — u(to, x)| < CePox=X)) for x e R.

Then, there exist w > 0 and €y > 0 such that for any € € (0, €y}, there are {4 = {4 (€,up) € R
and t| = t1 (€, ug) such that

u(t,x — ) —ee U <yt x; 10, lg) <u(t,x — 4) + e U=
forallx eRandt > 1.
Proof. The idea is that we allow the solution u(t, x; tg, iig) to evolve for some time. Due to

the asymptotical stability of 1, it will develop into some shape satisfying (4.7). Then, we apply
Theorem 1.5(2) at that time to conclude the result.
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Modifying iip near —oo, we can find ug € anif(R’ R) satisfying ug > i and

uo:R—1[0,1], wup(—o00)=1;
3C > 0 s.t. lug — u(to, x)| < CePox=X()) for x ¢ R.

In particular, we can apply Theorem 1.5(2) to ug to conclude that
u(t, x; 19, u0) <ut,x =) +q(Ola(x = ¢* = X)), 4.8)

where ¢ (t) = e~ =) and Ty, is the same as in the proof of Theorem 1.5(2). Notice (4.8) holds
for some 0 < @ < «g. Since ug > itg, we have from comparison and (4.8) that

u(t, x310,d0) Su(t,x — &) +qOTa(x — ¢ = X(0). “.9)

Thus, for a fixed small € > 0, we can find some #; = 1 (€) > o such that g(¢) < €, and then,
u(ty, x; 10, g) <u(ty,x — &) +elalx =& = X (1)) (4.10)
Next, we construct an appropriate lower bound for u(z1, x; fg, ig). This actually follows from

the asymptotic stability of the equilibrium 1. More precisely, since liminfy_, _ ug(x) > 6, there

exist Ag € (0, liminf,_, _o #g(x)) and a function i1y € Cfl’nif(R, R) satisfying

) if x<x,

dx; <xp st uplx)= .
0 if x>x

such that g < i1g. Now, we consider the solution u g (t, x; itg) with initial data u g (0, -; iug) = itg
of the following homogeneous equation

ur=Jxu—u-+ fpu) “4.11)

where fp : [0, 1] = R is a bistable nonlinearity satisfying the following conditions

[z €C*([0,1]), f3(0)=0, f(®) =0, fp(1)=0,

fp0) <0, fp(l) <0,

f) <0forue (0,0), 0< fz) < fumin(u) foru e 6, 1),
i fB@)du > 0and 1+ f}(u) > 0 for u € [0, 1.

Let cp > 0 be the unique speed of the traveling waves of (4.11), and we fix some profile ¢p.
Since fp < fmin < f(t,u) on [0, 1], we conclude from the comparison principle that

upg(t —to, x;up) <u(t,x;to, ug).

It is known (see [1, Theorem 4.2]) that there exist g‘éﬁ € R, ep > 0 and wp > 0 such that

dp(x —cpt —¢g) —ege” BT <y p(t — 1o, x; i1g) < pp(x — cpt — &) +ege BT,
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In particular, u g (t — t9, —00; ug), and hence, u(t, x; to, ug), approaches to 1 exponentially fast.
Thus, making o > 0 so small that w is small and choosing #; larger if necessary, we can guarantee
that

€

Thus, choosing « > 0 further small if necessary, we can find ¢~ € R such that
u(ty,x —¢7) —elg(x — ¢~ — X(11)) < ul(t, x; to, Uo)- 4.12)

Finally, in the presence of (4.9) and (4.12), we can apply Theorem 1.5(2) to u(t1, x; o, tig) to
conclude the result. O

5. Asymptotic stability of transition fronts

In this section, we study the asymptotic stability of transition fronts and prove Theorem 1.6.
We assume (H1)—(H4) throughout this section.

We first prove two lemmas. The first one concerns the exponential decay of u, (¢, x + X (¢))

at +o0.

Lemma 5.1. There exist ¢+ > 0, C‘i > 0 and ﬁi > 0 such that

0> uy(t,x) = —Cpe O XOTD v > X (1) 4y,
0> u,(t,x) > —C_e~C—XOH-) vy < x(1)—h_

forallt e R.

Proof. We prove the first estimate for u, (¢, x). By monotonicity, u, (¢, x) < 0. Since X (¢; s) and
uy(t, x; s) converge locally uniformly to X (¢) and u, (¢, x), respectively, it suffices to show

U (t, x:8) > —CeCE=X@O=h vy > x(1:5) 4 (5.1)
forall s <0, # > 5. To this end, we set

C= sup |ux(t,x;s)| and h> sup | X(t;5) — Xo(t; 5)|.

5<0,1>s §<0,t>s
xeR

By the choice of ﬁ, we have f(¢,u(t,x;s)) =0 for x > X(¢;5) + h. Since uy(t, x; s) satisfies
(ux)r=J xuy —uy + fu,(t,u(t,x;s))uy, we see that u (¢, x; s) satisfies

(uy)e=J *uy —uy, x>X(@t;5)+h. (5.2)
Define

Nlvl=v —[J *v —v].
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We compute

N[—=Ce—c@=XO=h] = _Fp=ct=XN-h) [c)'((t; 5) — / J(y)e“dy + 1}
R

< —C‘e_c(x_x(t)_ﬁ) [ccmin — / J()e“dy + 1].

Setting g(c) = ccmin — [ J (y)e“dy + 1, we see g(0) =0 and g'(c) = cmin — [z yJ (y)e“dy.
Since cpip > 0 and fR yJ(y)edy — 0 as ¢ — 0 by the symmetry of J, we are able to find some

¢ > 0 such that g(¢) > 0. It then follows that N[—C’e‘ax—x(t)_ﬁ)] < 0. In particular, by (5.2),
we have

Nl =0> N[—Ce C0—XO=1 v > X(t:6)+h, t>s. (5.3)
Moreover, we trivially have

Ug(t,x:5) > —C > —Ce P XOh v < x(1i5)+h, t>s. (5.4)
Also, at the initial moment s, choosing ¢ smaller and h larger (if necessary), we have
Uy (s, x;8) =i (x — y5) > —Cemtx=X()=h), (5.5)
We then conclude from (5.3), (5.4), (5.5) and the comparison principle (see Pl:oposition A.1) that
(5.1) holds. We point out that the above arguments work due to the fact that X (¢; s) > cmin > 0.

For the second estimate for u, (¢, x), we notice that if we choose h be such that

h> sup |X(t;5) — X5(t; 5],

5s<0,t>s

where 6 is as in (H4). Then, f,(t,u(t,x;s)) < —ﬁ for x < X(t;s5) — h. Tt then follows that
u,(t, x; s) satisfies

() = J suy —uy — Buy, x<X(t;5)—h.
The rest of the proof then follows from similar arguments as above if we consider
Nvl=v, — [J xv —v] + Bu.
This completes the proof. O
The second lemma, improving Theorem 1.5(1), is the key to Theorem 1.6. Shall not cause
any confusion with u(z, x; s), we will use u(t, x; fy) to denote a solution of (1.3) with initial

condition at time #y. Recall « > O is small,and ' =Ty, A = A(«), €9 = €o(@) and w = w(«) are
asin (1.12), (4.3) and (4.4).



W. Shen, Z. Shen / J. Differential Equations 262 (2017) 3390-3430 3419

Lemma 5.2. Suppose there exist { € R, § > 0 and € € (0, €] such that
u(t,x—¢)—elx—¢—X@) <u(r,x;tp) <u(t,x—¢—38)+el'(x—¢ -8 —X(1)) (5.6)
for some T > ty. Then, there exist large 0 = o (o) > 0 and small € = € («, €g) > 0 such that
ut,x —5(1) —qOI(x —5@) — X))
=u(t,x;10) <u(t,x =) —8()) —qOI'(x — @) —8() — X(1))

forallt > 1 4 o, where

2A€ .
c@)ele — = ¢ + €min{l, §}],

- . 4A€
0<6() <6—€min{l,s}+ —,
w

0=<q@® = (% + Cé min{1, 5})e—w(t—r—a)’

where C > 0 is some constant and C& < %0.

Proof. Applying Theorem 1.5(1) to (5.6), we find

ut,x —¢; 1) —q: O (x — ¢ @) — X (@)

(5.7)
<u(t,x;t0) <u(t,x — ¢ () —8) + g (O (x —&H () — 8 — X (1))

forall > 7, where (1) = ¢ £ 2€(1 — 70 ~9) and g, (1) = ee~@( 7).

We modify (5.7) at the moment t = v 4 o for some o > 0 to be chosen to obtain a new
estimate for u(t + o, x; to), and then apply Theorem 1.5(1) to this new estimate to conclude the
result of the lemma. To this end, we set

- ~ 1
§=min{8,1} and Cieep = 5 sup {u (1, x)||lx — X ()| <2, t > 10} <O0.

Then, for t > 9, we deduce from Taylor expansion that

X0+
/ [u(t,y _S) —u(t, .Y)]dy = _Zésteepg~
X()—3

In particular, at the moment t = t, either

X(r)+%
/ [u(r,y —8) —u(r,y +¢;10)]dy = —Coteepd (5.8)

X(m)—4
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or

X(r)+%
/ [z, y + ¢ t0) —u(r, y)]dy = —Coeepd (5.9)

X(m)—4

must be the case.
We first consider the problem when (5.9) holds. We are about to establish an appropriate lower
bound for

u(t +0,x;10) —u(t +o,x — ¢, (t +0) — &),

where € > 0 and o > 0 are to be chosen. To do so, let M > 0 be a large number to be chosen, and
consider three cases: () x —¢ — X () e [-M, M]; () x—¢—X(v) < —M,; (i) x—¢ — X (1) >
—M.
Case (). x — ¢ — X (7v) € [-M, M]. We write
u(t+o,x;t0) —u(t+o,x—¢, (t+o0) — &)
:[u(t—l—a,x;to)—u(r +a,x—§;(r+0))] (5.10)
+[ut+o,x—¢7 (t40) —u(t+o.x—¢ (t+0) —65)].

For the first difference on the right hand side of (5.10), we argue

u(t+o,x;t0) —u(t+o,x—¢ (t4+0)+q:(r+o0)'x—-¢, (t+0)—X(t+0))
=u(t + 0, x; ty)
A€ _ A€ _
—[urtox—t+—1-e)) =g+ =+ —(1 =) = X(t+0))
=u(t+o,y+¢;t)
A€ _ A€ _
—[u(r+a,y+z(1—e ‘””))—qf(r+a)1“(y+;(1—e “7)—X(t+0))]
byy=x—-¢€X@)+[-M, M)
=u(t+o,y+¢t0) —u(r+o,y)
. A€ o Ae —w(i—
(where ii(t, y) =u(t,y + —(1—e ") —g:(OT (y + — (1 — e~ ") — X (1))
w (0]
X(0)+1
> C(o, M) / [u(z,y+¢:10) — (T, y)]dy
X()-1
X(r)+%

>C(o, M) / [u(z,y+¢5t0) —u(z, y)]dy (byi(z,y) <u(t,y))

X(m)—4
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> —C(0, M)Cseepd  (by (5.9)),

where the first inequality follows from the arguments as in the proof of Lemma 3.2. In fact, we
know u(t, y +¢; tp) is a solution of v; = J *v — v+ f (¢, v), while u(¢, y) is a subsolution by the
proof of Theorem 1.5. Moreover, u(t, y + ¢; to) > u(t, y) by (5.7). Based on these information,
we can repeat the arguments in the proof of Lemma 3.2 to conclude the inequality. Here, C(t —
7, M) > O satisfies C(t — 7, M) — 0 polynomially as t —t — 0 and exponentially as t — 7 — 0.
Thus, we have shown

u(t+o,x;t0) —u(t+o,x—¢, (t+0))

- (5.11)
> —C(0, M)Csteepd — g (1 +0)I'(x = ¢ (t +0) — X(t +0)).
For the second difference on the right hand side of (5.10), Taylor expansion gives
u(t+o,x = (t40)) —ut+0o,x = (t+0) — &)
Ae —wo ~Q
=u(t+o,x—¢+—(—e ) — X4)€Q,
1)
where x, € [0, €8] C [0, 1]. Setting
~CyteepC (0, M
E=&(o, M) = min{l, steepC'(, M) } >0, (5.12)
SUP(;, x)eRxR |y (2, x)|
we deduce
Ut +0o,x = (T +0) —u(t +0,x — {7 (T +0) —&8) > C(0, M)Csteepd. (5.13)

It then follows from (5.10), (5.11) and (5.13) that

u(t +0,x;,10) —u(t +0,x = (T +0) — &) > —q: (1 + )T(x — &, (T +0) — X(t +0)).

(5.14)
Case (ii). x — ¢ — X (1) < —M. We write
u(t—}—o,x;to)—u(r—i—a,x—;;(r—i—a)—ég)
=[u(t+o,x:10) —u(t +0,x = {7 (t +0))]
+ [u(t +o,x—¢ (t+0)—u(t+o,x—-¢ (t+0)— ES)] (5.15)

>—q:(t+ o) (x = ¢ (t+0)—X(t+0))
+[uGt+ox—¢ (t+0) —u@+o,x -t (t+0)—Ed]

where we used the first inequality in (5.7). For the term in the bracket, we first choose M = M ()
such that —M + % < —h_, where h_ is as in Lemma 5.1. Then, we have



3422 W. Shen, Z. Shen / J. Differential Equations 262 (2017) 3390-3430

x—=¢ (t+o)—X(T+o)<x—-¢ (t+0)—X(7)

Ae _
=x—{—X(®)+—(1—e)
w

It then follows from Lemma 5.1 that

u(t+o,x—¢ (t+0)—u(t+o,x—-¢ (t4+0) —&5)
=u(t+0,x — ¢ (T +0) —x,)E  (where x, € [0,&5] C [0, 1])
> _ (-t (o) —x—X (o) +ho) 2§
— _@7657(16—{?(T+0)—x*—X(r)+flf)e—57(X(r+tr)—X(r))g(§
> —C_¢ C-X@+o)=X(@)g§
> —C_e C-Cmino &§,

Going back to (5.15), we find

u(t —i—cr,x;to)—u(t—i—cr,x—{r_(t—l—o)—ég)
>—g:t+o)x—¢ (t+0)—X(T+0)) — C_e C-Cmin? 2§
=—[g:(t +0) + C_e =m0 (x — &7 (T +0) — X (T +0))

(5.16)

> —[g:(t+0)+ C~L€S]F(x —¢ (t4+o0)—X(T+0))
if we choose M large so that —M + % <—Mj—1,andhence, I'(x — ¢ (t+0)—X(t+0)) =
f. Case (iii). x — ¢ — X (t) > M. Choosing M = M («, o) larger, say M — cpaxo > max{M; +1,
hy + 1}, we have

x—¢ t+o)—X@+o)=x—¢ —X(r)—i—%(l —e Y- X(t+0)—X(1))
> M — cmaxo > max{M; + 1, hq + 1}.

As a result,

F(x— & (T +0) — X (7 +0)) = e @06 (THo)=X(T+a)=M)
and by Lemma 5.1

Uy(T+o,x =4, (T+0) —xy) > C~‘+e75+(x7§(H”)*x*fx(””)*i’*), Vx. €0, 1].

Together with the first inequality in (5.7), we deduce



W. Shen, Z. Shen / J. Differential Equations 262 (2017) 3390-3430 3423
u(t+o,x5t0) —u(t+o,x — ¢, (t+0) —&5)
>u(t+o,x—¢ (t+0)—u(t+o,x—-¢, (t+0) —&5)
—q:(t+o)F(x - (t+0) - X(r+0))
=ux(T+0,x = {7 (T +0) = x)& — o (v + 0)e” @i (FHO)=X(THo) =My
> _é+e—5+(x—{;(t+a)—x*—X(r+o)—ﬁ+)gg — g (T + o) ¥t (THo)=X (v+o)=M1)
> —[C1E8 + go (1 + 0) e @& (THo)=X(THo)=M)

if we choosing o smaller so that o« < ¢. Hence,

u(r+a,x;~to)ju(r+0,x—§r_(t+6)—€(§) 517
> —[Cted+q:(t+ )T (x — ¢ (t+0) — X(T+0)).
Thus, combining (5.14), (5.16), (5.17) and the second inequality in (5.7), we find
u(t+0,x = (T +0)—&) =G (1 +0, I (x — ¢ (1 +0) — X(t +0))
<u(t+0,x:1) (5.18)
<u(t+o,x—¢ (T +0)—8)+q: (T +o)T(x—¢f(t+0)—8—X(r+0)),

where

q:(t +0), x—¢—X(r) e[-M, M],
Gi(t4+0,8)=1g:(t+0)+C_&, x—¢—X(1)<-M,
Ciéd+q:(t+0), x—C—X()=M.

Observe that the first I in (5.18) is not in its right form, but from the monotonicity, we see
'x—¢ (t+o0)—X(T+0) <I'x—=¢, (t+o0) — & — X(r+0)).
Since clearly g, (t 4+ 0) < g (7 + 0, €), we conclude from (5.18) that
u(t +0,x = (T +0)—&) —Go)M(x — ¢ (t40) — & — X (1 +0))

<u(t+o0,x;t) (5.19)
<u@T+ox—¢( (T+0)=8)+3@)T(x—¢(T+0)—8—X(t+0)),

where g (o, €) = g (t + 0, €) is independent of 7. To apply Theorem 1.5(1), we choose 0 = o (&)
sufficiently large and € = €(o, M, €p) = €(, €p) sufficiently small so that

1 - -
e <2 and (Co+CpEs %0

Of course, for €, we should also take (5.12) into consideration. As a result g (o, €) < €9. We then
apply Theorem 1.5(1) to (5.19) to conclude that
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u(t,x — (1)) — G0, &)e T (x — (1) — X (1))

(5.20)
<u(t,x;to) <u(t,x — (1) + G0, e T (x — ¢ (1) — X (1)

for t > 7 + o, where

~ A 2A ~ A
(O =07 (T 40)+85 — (1 — ety = - 22 fy D pmen ey,
w w w

A 2A A
ty=¢ (t+o0)+8+ f(l — Uy — 76 +8— f[e_‘”g 4 e@=To)],

LetC=C_ + C~‘+. Setting

q(r)=<§+665)e*‘“<f+">, ¢6)=¢"(t) and

. 4Ae 24
5(1) =8 — &8 + ~2€ _ € [pmwo 4 pmeli—t-0)].
w w

we can rewrite (5.20) as

ut,x —¢@) —qgOrx —¢@) — X))
Su(t,x;00) <ut,x — @) —8(1) —qOI'(x — £(@) — (1) — X(1)

(5.21)

fort>7t+o.
The estimate (5.21) is established under the assumption (5.9). If (5.8) holds, then similar
arguments lead also to (5.21) with g (¢) and é(¢) of the same form and

2A A
(t)y=¢— € + _E[e—wa _{_e—w(t—r—a)].
w w

We just remark that the choice of o in this case is still independent of 8, which follows from the
observation that replacing § by § at appropriate steps when estimating the lower bound for the
term

u(t+o,x — :(t—f—a) —84&8) —u(t +0,x;0).
The lemma then follows. O

Now, we prove Theorem 1.6.

Proof of Theorem 1.6. By Theorem 1.5(2), we have

u(t,x =) —ee TN (x — 7 — X(1))

<u(t,x;t0,u0) <u(t,x — ) +ee 00 (x — T — X (1))

for all ¢ > 1y. In particular,
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u(to + To, x — o) — qol" (x — &o — X (to + 1p))

(5.22)
<u(to + To, x; to, uo) < u(t,x — o — do) +qol'(x — o — do — X (70 + To)),
where o =¢",80=¢1 — ¢, go = €e~®T0 and Ty > 0 is chosen so that
4A 3
e < £ (5.23)
w 2

Here, we may assume, without loss of generality, that 5o > 1. We now use iteration arguments to
reduce §g.
Let T > Tp. Applying Lemma 5.2 to (5.22), we find at the moment to + Tp +o0 + T,
uto+To+o+T,x—¢)—qI'x -0 —Xto+To+0+T))
<u(to+To+0o+T,x;t,up) (5.24)
<u(to+To+o+T,x—-¢1—-6)—qul'x—01—-61—X(Wo+To+0+T7)),

where

24 2A
¢1 €80 — %, Zo + €min{1, do}] C [0 — %, Zo+ €)1,

4A 4A €
0<8) <80 —emin{l, 8o} + —20 — 5y — g 290 5, <,
w w 2

0<q < (qz_o + Cémin{1, 8o})e T < pe™T.

If 61 < 1, we stop. Otherwise, applying Lemma 5.2 to (5.24), we find at the moment ¢ty + T +
2(0+T),

u(to+To+2(0+71),x =) —q2I'(x — 8 — X (o + To +2(0 +T)))
<u(ty+To+2(c +T),x;t0, up) (5.25)
Su(o+To+2(0+T),x =80 —8) —q2I'(x =8 — 82 — X (1o + Ty +2(0 +T))),

where

2Aq1 - . 2Aql -
el — ” ,¢1+€emin{l, §;}] C g1 — 01+ €},
4A 4A €
0<8y <8 —emin{l, 81} + 2L <5y —2¢ +2 6“550—2%,
w

0<q < (q’—z1 + Gemin{l, 8, e T < epe®T .

If 8, < 1, we stop. Otherwise, applying Lemma 5.2 to (5.25). Repeating this, if 81, 82, ...0n—1
are all greater than one 1, then we will have
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uto+To+N(@ +T),x —¢n) —gnl(x — ¢y — X(to+To+ N(o +T)))
<u(to+To+ N(o+T),x;1o,up) (5.26)
Su(oy+To+N@0+T),x—itnv—0N) —gnl(x — ¢y — 08y — X (1o +To+ N(o + 1)),

where

2AgN_1 .. 2AgN—1 -
N yen—1+eémin{l,éy 1} C[Ey—1 — (ZUN ,On—1+ €},

¢N €lEN-1 —

~ . 4AqN—1
0<éy <dy—1 —€min{l,8y_1} + 530_1\/5’
w

0<gn =< (% + Cémin{1,8y_1 e T <epe T .
Observe that there must be an N such that §y < 8§y — N % < 1. We then stop here. Setting To =
To+ N(o +T), Lo =N, 8o = 8n and §o = gy in (5.26), we have

u(ty + To, x — o) — GoT'(x — Zo — X (to + Tp))
(5.27)

< u(ty + To, x; 10, uo)
<u(ty+ To, x — &o — 80) — GoT" (x — &o — 6o — X (t0 + Tp)),

where So e [0, 1].
We now apply the above iteration arguments to (5.27), as a new initial step, to conclude the
result. Recall (5.23), go < epe~®To and CE < %0 We now choose T so larger that

. ¢
(De=oTo L GeyeoT < (1 — g™,

Applying Lemma 5.2 to (5.27), we find

u(to+To+o+T,x—0) —gl(x =1 — X(to+ To+0 +T))
<u(ty+To+o + T, x; ty, uo) (5.28)
<u(to+To+o+T,x -0 —=8) -Gl (x =& =8 — X(to+To+0 +T)),

where

- . 244y -~ -
¢1 €80 — Tq,§0+650],

4Aq0

8o — €80 + <l1-é+<-1 €
—€ —€+-=1-—,
0T Ty = 2 2

0<g < (% + CeBoyeeT < (%Oe—” + el < (1 - %)Goe_wTO
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Applying Lemma 5.2 to (5.28), we find

u(to+To+2(0 +T),x =) — @l (x — & — X(to + To + 2(0 + T)))
<u(ty + To +2(0+T),x;ty, ug)
<uto+To+2(0+T),x — & —8) — Gl (x — & — 8 — X(tg+ Ty +2(0 +T))),

where

- . 2441 - -
§2€[§1—T,§1+651]7

4Aq1

~ ~ = € . 4A .1 € 5
0<d6 <8 —éd + 5(1—5)(1—€+—€0€ ")5(1—5),
w

0= =@+ Cebne <(1- ) SeT +Coe e < (1 - 5)ege M,
2 2772 2
Then, applying Lemma 5.2 repeatedly, we find for n >3

uto+To+n(o+T),x —8) — G T (x = — X(to+ To+ n(o + 1))
<u(to+To+n(o +T), x; to, ug)
<u(to+To+n +T).x — & —82) — Gul'(x — &y — 8y — X (to + To + n(o + 1)),

where
Cn € [Enmt — 2400 s Cnet1 +E8u1],
0<8y <81 — &1 + -1 _ (1— %)”,
0<Gn < (5”2‘ Ly Cesupe T < (1 g)"eoe*‘“TO.

This clearly implies that £, — Zwo, 8, — 0 and G, — 0 exponentially as n — 0o, where s € R.
The theorem then follows readily. O

Finally, as a simple consequence of Theorem 1.6 and Corollary 4.2, we have

Corollary 5.3. Let u(t, x) and X (t) be as in Proposition 1.1(2). Let By > 0. Suppose ty € R and
iip € Cb (R, R) satisfy

uni

ig:R—[0,1], liminf,_, o #o(x) > 0;
3C > 0 s.1. |iig — u(to, x)| < CePox=X)) for x e R.

Then, there exist C = C(iig) > 0, & = &4 (tp) € R and r = r(By) > 0 such that
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sup |u(t, x; 1o, iig) — u(t, x — &) < Ce™ 710
xeR

forallt > 1.
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Appendix A. Comparison principles

We state comparison principles used in the previous sections. See [26, Proposition A.1] for
the proof.

Proposition A.1. Let K : R x R — [0, 00) be continuous and satisfy sup, cg fR K(x,y)dy < oo.
Let a : R x R — R be continuous and uniformly bounded.

(1) Suppose that X : [0, 00) — R is continuous and that u : [0, 00) x R — R satisfies the fol-
lowing: u,u; : [0,00) x R — R are continuous, the limit lim,_, oo u(t,x) = 0 is locally
uniformly in t, and

u(t, x) > f]R K(x,y)u(t,y)dy +a(t,x)u(t,x), x>X(),t>0,
ut,x) =0, x=<X@), >0,
u(0,x)=ug(x) >0, xekR.

Then u(t, x) > 0 for (t,x) € (0,00) x R.

(i) Suppose that X : [0, 00) — R is continuous and that u : [0, 00) x R — R satisfies the fol-
lowing: u, u; : [0,00) x R — R are continuous, the limit lim,_, o u(t,x) = 0 is locally
uniformly in t, and

ur(t,x) > [p K(x, yyu(t, y)dy +a(t,x)u(t,x), x<X(), >0,
u(t,x)>0, x>X(@), t>0,
u(0,x)=ugp(x) >0, xekR.

Then u(t, x) > 0 for (¢, x) € (0, 00) x R.
(iii) Suppose that u : [0, 00) x R — R satisfies the following: u, u; : [0, 00) x R — R are con-
tinuous, inf;>o xer u(t, x) > —oo, and

u(t,x) > fR K, y)u(t, y)dy +a(t,x)u(t,x), xeR, t>0,
u(0,x)=ug(x) >0, xek.

Then u(t,x) > 0 for (t,x) € (0,00) x R. Moreover, if ug(x) #% 0, then u(t,x) > 0 for
(t,x) e (0,00) x R.
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