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Abstract

The present paper is devoted to the investigation of the following nonlocal dispersal equation

u(t,x) = UB’” /Jg(x —u(t,y)dy —u(t,x) | + f(t,x,u(t,x)), t>0, xeQ,
Q
where @ C RY is a bounded and connected domain with smooth boundary, m € [0, 2) is the cost parameter,
D > 0 is the dispersal rate, o > 0 characterizes the dispersal range, J, = O’LN J (;) is the scaled dispersal
kernel, and f is a time-periodic nonlinear function of generalized KPP type. This paper is a continuation of
the works of Berestycki et al. [3,4], where f was assumed to be time-independent. We first study the princi-
pal spectral theory of the linear operator associated to the linearization of the equation at u = 0. We establish
an easily verifiable, general and sharp sufficient condition for the existence of the principal eigenvalue as
well as important sup-inf characterizations of the principal eigenvalue. Next, we study the influences of
the principal spectrum point on the global dynamics and confirm that the principal spectrum point being
zero is critical. It is followed by the investigation of the effects of the dispersal rate D and the dispersal
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range characterized by o on the principal spectrum point and the positive time-periodic solution. In par-
ticular, we prove various limiting properties of the principal spectrum point and the positive time-periodic
solution as D, o — 07 or co. To achieve these, we develop new techniques to overcome fundamental dif-
ficulties caused by the lack of the usual L? variational formula for the principal eigenvalue, the lack of
the regularizing effects of the semigroup generated by the nonlocal dispersal operator, and the presence of
the time-dependence of the nonlinearity f. Finally, we establish the maximum principle for time-periodic
nonlocal dispersal operators.

© 2019 Elsevier Inc. All rights reserved.
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1. Introduction and main results

The present paper is devoted to the investigation of the following nonlocal dispersal equation
(or, integro-differential equation) in spatio-temporally heterogeneous environments

u,<t,x)=03m /Jg<x—y)u(r,y)dy—u<r,x) b fxu(tx), 150, xe@ (D)
Q

where 2 C R¥ is a bounded, connected with smooth boundary, m € [0,2), D >0, ¢ > 0 and
Jy(x) = ULNJ (2) for x € RV The operator

D
> /ch — )y —u (12)
Q

is often called the elliptic-type nonlocal dispersal operator. The dispersal kernel J and the non-
linearity f (¢, x, u) satisfy the following assumptions.
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(H1) The dispersal kernel J € C (RN) is nonnegative and supported in B), (0) for some y > 0,
and satisfies J(0) > 0 and fRN J(x)dx =1, where B, (0) C RY is the open ball centered
at 0 with radius y.

(H2) The nonlinear function f : R x Q x R — R satisfies the following conditions.
(1) f(,x,u) e CR), f(t,-,u) e C'(Q) and f(t,x,-) € C(R).
(2) f(t,x,0)=0forall (t,x) € R x Q and there is 7 > 0 such that

f@+T,x,u)=f{t,x,u), Yt x,u)eRxQxR.

(3) Forall (1, x) € R x Q, the function u — w is decreasing on (0, o).
(4) There exists M > 0 such that

ft, x,u) <0, Y(t,x,u) e R x Q x [M, 00).

The equation (1.1) is often used to model the evolution of a species that disperses over long
distances and is subject to seasonal effects and spatial variations (see e.g. [3,4,21,22,16,18,30,
35]). In this context, whether the species can survive or not in the long run, and the eventual
distributions of the species, if it survives, are fundamental issues. In terms of the equation (1.1),
these issues are closely related to the global dynamics of the solutions of (1.1) and the effects of
the dispersal rate and the dispersal range characterized by D and o, respectively, on the global
dynamics. The number m is referred to as the cost parameter (see e.g. [3,4,16,18,35]). At this
point, we mention that the nonlocal dispersal operator (1.2) corresponds to an elliptic operator
with zero Dirichlet boundary condition. In fact, the operator (1.2) on € is derived assuming that
the habitat on RN \ € is so hostile that the individuals of the species die immediately after they
land (see e.g. [18]). As a result, the operator (1.2) is not normalized as there in general holds

/ /mx—y)u(y)dy—u(x) dx 50

Q Q

for non-negative u on . If the habitat RN \ Q is not so hostile, then the nonlocal dispersal
operator reads

D N
U — Jo (- = yu(y)dy —u | on R,
0—)11
RN
which is normalized.
It is known from [3,4,32,35] and references therein that the principal spectral theory of the

linear operator associated to the equation (1.1) linearized at zero, namely, the parabolic-type
nonlocal dispersal operator

v —u(t, x) + —Dm / Jo(x —y)v(t, y)dy —v(t, x) | + fult, x,0)v(t, x),
o
Q
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plays vital roles in the investigation of (1.1). To study the principal spectral theory of the above
operator for fixed m and o, it is more convenient to replace 0%, Jo and f,(t,x,0) by D, J and
a(t, x), respectively, and therefore, we consider the following operator

Lo[vl(t,x) =—v,(t,x)+ D / J(x —y)v(t, y)dy —v(t,x) | +a(t, x)v(t, x),

Q
(t,x) eERx Q, (1.3)
where a € C7 (R x Q) and
Cr(Rx Q)= {v eCRXxQ):v(t+T,x)=v(t,x), (t,x) eR x 5} (1.4)

For convenience, we define the spaces Xgq, XS and XS * as follows:

Xo = {v cCYORXQ) v +T,x)=v(t,x), (t,x)€R xﬁ},

X ={vedg:v(t,x)=0, (,x) eRxQ}, and (1.5
Xat={veXq:vt,x)>0, (t,x) eRx Q},

where CI’O(R x ) denotes the class of functions that are C Uin ¢ and continuous in x. Clearly,
Xér is the positive cone of Xq and Xg * is the interior of X;{ . The operator Lg, is then considered

as an unbounded linear operator on the space C7(R x Q) with domain Xg, namely,
Lo: Xo(CCr(R x Q) = Cr(R x Q).

We set

T

1 _
ar(x) :=T/.a(t,x)dt, x € Q.
0

The principal spectral theory for elliptic-type nonlocal dispersal operators and their properties
have been extensively investigated in [10,12,3,34] and references therein. In particular, Coville
et al. proved in [12,10] a sharp sufficient condition for the existence of the principal eigenvalue
using the generalized principal spectral theory developed in [5], while Shen and Xie proved in
[34] a necessary and sufficient spectral condition for the existence of the principal eigenvalue
using a dynamical system approach. Due to the non-compactness of nonlocal operators and their
resolvents, principal eigenvalues do not exist in general. The notion principal spectrum point
(see Definition 1.1 for its definition as well as the definition of principal eigenvalue), in place
of the principal eigenvalue, was used by Rawal and Shen in [32]. More precisely, they proved a
necessary and sufficient spectral condition for the principal spectrum point becoming the princi-
pal eigenvalue using the compactness criterion established in [8]. We recall the definition of the
principal spectrum point and the result of Rawal and Shen established in [32].
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Definition 1.1 (Principal spectrum point and principal eigenvalue). The principal spectrum
point of —Lg is defined by

AM(=Lg) =inf{RAr: A eo(=Lg)},

where o (—Lg) is the spectrum of —Lq. If A;(—Lg) is an isolated eigenvalue of —Lg with an
eigenfunction in Xa' , then it is called the principal eigenvalue of —Lg,.

Theorem 1.2 ([32, Theorem A]). Suppose (H1) and let a € Ct(R x Q). Then i (=Lg) is the
principal eigenvalue of —Lg if and only if

AM(—Lg) < Xty:=min[D —ar].
Q

Moreover, when A (—Lg) is the principal eigenvalue of —Lg, it is geometrically simple and has
an eigenfunction in X;Z' .

Although the condition A1(—Lg) < A4 in the above theorem is both necessary and suffi-
cient, it turns out to be rather hard to check when this condition is true, since it is related to
both A1(—Lg), a number of almost no computability, and a(¢, x). For the sake of applications,
it is expected to find an easily verifiable and general sufficient condition for Aj(—Lg) being
the principal eigenvalue of —Lg. This leads to our first main result. Besides this, we prove
sup-inf characterizations of the principal eigenvalue. These results are stated in the following
theorem.

Theorem A (Principal eigenvalue and sup-inf characterizations). Suppose (H1) and let a €
Cr(R x Q).

@ It

1 _
— ¢ L, (), (1.6)
max, g ar(y) —ar

then A (—Lg) is the principal eigenvalue of —Lg.
2) If M{(—Lg) is the principal eigenvalue of —Lg, then

M(=Lg) =rp(~Lg) =1, (~La),
where

Ap(—Lg) :=sup{reR:3p e X3 " s.t. (Lo +M[p] <0in R x Q},

_ (1.7)
M(—Lg):=inf{ieR:3p € X3 " s.t. (La+M[P]=0inR x Q}.

Note that the condition (1.6) concerns the smoothness of ar near its maximum points. More-
over, it is independent of the dispersal kernel J and the dispersal rate D, and hence, independent
of the dispersal operator u +— D [ fQ J(C—yu(y)dy — u] Such a dispersal-independent suf-
ficient condition is expected for the reason that a(z, x) more or less determines the existence
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or non-existence of the principal eigenvalue under the current assumptions on J. This can
be seen from the fact that the principal eigenvalue always exists when a = 0, which is im-
plied by our sufficient condition and also a simple consequence of the facts that the operator
J:u—D fQ J(- — y)u(y)dy on C(R) is compact and 7' is strongly positive for some positive
integer i. We further mention that the condition (1.6) becomes very useful when we study the
equation (1.1) with scaled kernels later. Indeed, it allows us to prove a result on the uniform-
in-parameters approximation of the principal spectrum point (see Theorem 3.3), which says that
A1(—Lg) is almost the principal eigenvalue and is of technical importance in the study of effects
of parameters on Aj(—Lg).

Although the condition (1.6) is only a sufficient condition, it is sharp in the sense that a
function a(z, x) unfulfilling (1.6) can be constructed so that —Lg does not admit a principal
eigenvalue. In fact, we construct in Appendix A a class of operators of the form (1.3) that admit
no eigenvalue with an eigenfunction in X;{ \{0}. Our construction is inspired by the work of
Coville [10], where operators of the form v > D [fQ J(—y)v(y)dy — v] + a(x)v admitting no
eigenvalue with a non-negative eigenfunction are constructed. It is worthwhile to point out that
the situation when (1.6) fails to be true does happen in some applications (see e.g. [15]).

The quantities A, (—Lg) and A’])(—LQ), always well-defined, are often called the generalized
principal eigenvalues of —Lg. These notions are originally introduced in the celebrated work of
Berestycki, Nirenberg and Varadhan [5] to study the principal spectral theory of elliptic operators
on general domains. Since then, they are widely used to study the principal spectral theory of var-
ious linear operators associated to reaction-diffusion equations and nonlocal dispersal equations
(see [3,6,7,10,28,37,38] and references therein). Not only does the equivalence of A;(—Lg),
Ap(—Lg) and )\.;’(—LQ) under the existence of the principal eigenvalue give sup-inf characteri-
zations of L1 (—Lg), but also it provides alternative and powerful tools to study deep qualitative
properties of A1 (—Lg) in terms of the parameters. In addition, it bridges the dynamical system
approach and the partial differential equation (PDE) approach, which are often separately used
in literature, to study the problems where one of the two approaches alone cannot give sufficient
information. We highlight that unlike elliptic-type nonlocal operators studied in [3,4,10,36,34],
the principal eigenvalue for a parabolic-type nonlocal operator as in our case does not admit the
usual L? variational formula due to the presence of the time derivative in the operator. This fact
further explains the significance of the sup-inf characterizations of A;(—Lg).

In the presence of the principal spectral theory, namely, Theorem A, we move forward to study
the global dynamics of solutions of (1.1) in the non-scaled case with m =0 and o = 1, that is,

u(t,x) =D /J(x—y)u(t,y)dy—u(t,x) + f(t, x,u(,x)), t>0, xeQ. (1.8)
Q

To do so, we need to investigate Liouville-type results, namely, the existence/non-existence of
positive entire solutions of the equation

u;(t,x)=D /](x—y)u(t,y)dy—u(t,x) + f(t,x,u(t, x)), teR, xeQ. (1.9)
Q
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From now on, we let

at,x)= f,(t,x,0), (tx)eRx Q,

unless otherwise specified. Then, Lg, defined in (1.3), is the linear operator associated to the
linearization of (1.9) at u = 0. We prove the following theorem.

Theorem B ( Global_dynamics ). Assume (H1) and (H2). Let u(t, x; ug) be a solution of (1.8) with
initial data ug € C(2), which is non-negative and not identically zero. The following statements
hold.

(1) If Mi(=Lg) < 0, then the equation (1.9) admits a unique solution u* in Xg \ {0} (which
actually belongs to X;{ *), and there holds

llut, 5 uo) —u*(t, Hloo—>0 as t— o0,

where || - ||oo is the sup norm on C();
(i1) If A1(—Lg) > O, then the equation (1.9) admits no solution in XS_ \ {0}, and there holds

lu(t, - uo)lloo— 0 as t— oo.

@iii) If 1 (—=Lg) = 0 is the principle eigenvalue, then the equation (1.9) admits no solution in
X3\ {0},

In the case of Theorem B(i) (resp. (ii)), we say that u™ (resp. 0) is globally asymptotically sta-
ble. Theorem B(i) was proven [32, Theorem E]. Our contribution to the results are Theorem B(ii)
and (iii). In particular, if 11(—Lg) is the principal eigenvalue, we give a full characterization of
the existence and non-existence of non-negative T -periodic solutions of the equation (1.9) by the
sign of A1(—Lg). It should be mentioned that in the case f (¢, x,u) = f(x,u), the global dy-
namics of (1.8) have attracted a lot of attention recently due to their significance in applications
and underlying mathematical challenges (see e.g. [3,4,10,34,36,37]). In particular, the authors in
[3,4] took a PDE approach to investigate the problem, while the authors in [34,36] dealt with
the problem from a dynamical system viewpoint. In the proof of Theorem B, we take advantage
of both PDE and dynamical system approaches to tackle those difficulties stemming from the
lack of regularizing effects of the semigroup generated by the nonlocal dispersal operator and
the presence of the time-dependence of f.

It remains an interesting open question to study the global dynamics of (1.8) in the critical case
M (—Lg) = 0. We remark that in the case f (¢, x,u) = f(x, u) treated in [3,4], the authors used a
Harnack-type inequality for nonlocal elliptic-type equations (see [11]) and bootstrap arguments
to confirm the global vanishing dynamics in the critical case. But, for nonlocal parabolic-type
equations as in our case, no Harnack-type inequality is known, and bootstrap arguments together
with the variation of constants formula are not helping due to the lack of regularizing effects of
the semigroup generated by the nonlocal dispersal operator as just mentioned. We further remark
that the energy and Fourier methods used in [1,9,20,27] do not apply in this framework because
of the time-dependence of the nonlinearity.
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We turn to the study of the effects of the dispersal rate D and the dispersal range character-
ized by o on the principal spectrum point and the positive 7T -periodic solution associated to the
equation (1.1).

We first study the effects of the dispersal rate D. For this purpose, it is more convenient to
consider the non-scaled equations (1.8) and (1.9). In the next result, we write Af) (—Lg) for
A1(—Lg) to highlight the dependence on D.

Theorem C (Effects of the dispersal rate). Suppose (H1) and (H2). The following hold.

(1) The function D +— AID (=Lg) is continuous on (0, 00) and satisfies

—maxar as D— 0t
AP (L) — Q
00 as D — oo.

(2) Suppose, in addition, J is symmetric with respect to each component. If a(t,x) = a(t) +
'pp Y 4 D
B(x), then D — AP(—LQ) is non-decreasing. If, in addition, the operator

vi—> D /J(~—y)v(y)dy—v +B(x)v:C(Q) = C(Q)
Q

admits a principal eigenvalue, then D +— Af) (—Lg) is increasing.
3) IfmﬁaxaT > 0, then the equation (1.9) admits a unique solution uj, in XSJ{ \ {0} (which

actually belongs to Xg *) that is globally asymptotically stable for each 0 < D < 1. The
equation (1.9) admits no solution in XS \ {0} for each D > 1.
(4) If minar > 0, then there holds the limit
Q

lim uf)(t,x) =v*(t,x) wuniformlyin (t,x) eR x Q,
D—0t

where v*(t, x) is the unique positive and T -periodic solution of the equation v; = f(t, x, v)
for every x € Q.

We emphasize that due to the unboundedness of Lg and the non-self-adjointness of L re-
sulting in the lack of the usual L%($2) variational formula for the principal eigenvalue if exists,
we cannot invoke the techniques used in the papers [3,10,34] to derive estimates of the principal
spectrum point needed in the proof of Theorem C. Fortunately, the characterizations (1.7) open
a new way to derive desired limits of the principal spectrum point in Theorem C as well as in
Theorem D and Theorem E below. We see from Theorem C(1)(3) that if maxgar > 0, then the
small dispersal rates are favored, while the large dispersal rates are always unfavored. It would
be interesting to know whether AID (—Lg) is monotone with respect to D. It is referred to [16]
for the construction of a non-monotone sequence of principal eigenvalues of parabolic opera-
tors with homogeneous Neumann boundary condition, and therefore, we believe that there is no
monotonicity in general. Nevertheless, we prove in Theorem C(2) the monotonicity in a special
case.
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Now, we study the effects of the dispersal range characterized by o. To do so, we consider the
following operator

D
Lo mo[v](t, x) =—v(t,x) + o / Jo(x —y)v(t, y)dy —v(t, x) | +a(t, x)v(z, x),
Q
(t,x) eERx Q

associated to the linearization of (1.1) at u = 0. We prove the following result.
Theorem D (Scaling limits of the principal spectrum point). Assume (H1) and (H2).

(1) As 0 — o0, there holds

D —maxar, m=0,
Q
Al(_LQ,m,G) -
—maxar, m > 0.
Q

(2) Suppose, in addition, J is symmetric with respect to each component. As o — 07, there
holds

AM(=Lgm,o) — —maxar, Vm € [0, 2).
Q

(3) In the case m =0, if Q contains the origin and a(t, x) is radially symmetric and radially
non-increasing with respect to x, namely, a(t,x) = a(t,y) if |x| = |y| and a(t, x) < a(t,y)
if |x| > |y| forall t € R, then o +— A1 (—Lq,0.5) is non-decreasing.

Remark 1.3. In the case of Theorem D(3), if maxar € (0, D), then the monotonicity and con-

tinuity (see Proposition 6.1(5)) of o > Aq (—L;Z 0.0) together with Theorem D(1)(2) imply the
existence of a threshold value ¢* > 0 such that A1(—Lg 0.,) < 0 if and only if 0 < o*, and
hence, (1.9) admits a unique solution u}. € X;Z' * that is globally asymptotically stable if and
only if o < o*. This ¢* is usually referred to as the critical range for persistence. Below, we
study the asymptotic behaviors of u}. in terms of o, and it remains an interesting open problem
to study the limit of u}; as 0 — o .

Results as in Theorem D have been obtained in [3,34] in the case of elliptic-type nonlocal
operators. The lack of the usual L>(2) variational characterization for the principal eigenvalue in
our case indeed yields substantial difficulties, especially, in the study of the limit of A1 (—Lg n.0)
as o — 07, that cannot be solved by methods developed in [3,4,34,7] and references therein. To
overcome the difficulties, we take advantage of the sup-inf characterizations of the principal
eigenvalue established in Theorem A and develop new techniques involving delicate analysis of
decaying rates in terms of ¢ of various terms (see the proof of Theorem D in Section 5 for more
details). It is also generally understood (see e.g. [16]) that the time-dependence of f (¢, x, u)
largely complicates the behavior of Aj(—Lq o) in term of various parameters. We remark that
0 <o « 1 and o > 1 represent two completely different dispersal strategies. The former says
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that the dispersal is essentially localized, while the latter supports the dispersal over very long
distances. It is interesting to see that the behaviors of the principal spectrum point are intrinsically
different between the cases m = 0 and m € (0, 2). More precisely, in the case m € (0, 2), both
small and large dispersal ranges are favored provided max ar > 0. The situation in the case m =0

Q
is more complicated. If maxar € (0, D), small dispersal ranges are favored and large dispersal
Q
ranges are unfavored, while if maxar > D, both small and large dispersal ranges are favored.

From this, we see the involved glg(z)bal dynamics of (1.1) with respect to the dispersal range.

Note that in the case m € (0,2), while 0 < 0 < 1 and o > 1 represent two completely
different dispersal strategies, the limits of A{(—Lgmo) as 0 — 0t and 0 — oo turn out
to be the same. This can be intuitively understood as follows. Since the dispersal term
L[ Jo (x = y)u(t, y)dy — u(t, x)] vanishes as ¢ — 0% or & — oo, the dynamics of the equa-
tion (1.1) when 0 <o <« 1 or o > 1 is more or less governed by the dynamics of the limiting
equation

vy = f(t,x,0), (1.10)

which actually is a family of periodic ODEs indexed by x € Q. For each fixed x € Q, the
dynamics of (1.10) is determined by the sign of ar (x): if ar (x) < 0 then v = 0 is globally asymp-
totically stable, and if a7 (x) > O then there is a unique positive periodic solution that is globally
asymptotically stable (see the proof of Lemma 6.2 for more details). Note that —maxgar < 01is
equivalent to the existence of some x( € Q such that ar (xp) > 0, and — maxgar > 0 is equiv-
alent to ar(x) < 0 for all x € Q. Thus, (i) if there is xo € Q such that a7 (xo) > 0, then the
species near the location xq persists; this guarantees the persistence of the overall species when
0 <o <« 1oro > 1 for the following reasons: if 0 < o « 1, then the species disperses over very
short distances with very high rates as 0% >> 1; as a result, the species residing near the location
xo would stay there for a rather long period resulting in the persistence of the species near the
location xq as well as the overall species; if o >> 1, the species disperses over very long distances
with very low rates as 0 < (% « 1, and thus, the species grows during a rather long period when
they stay near the location xo; this again results in the persistence of the overall species; (ii) if
ar(x) < 0 for all x € , then the habitat is hostile everywhere leading to the extinction of the
species.

We further investigate the behaviors of the positive T-periodic solution of the following equa-
tion

D —
witx) = | [ date = putydy -t [+ fGxu@n), 1eR xe@
o
Q
(1.11)
in favored cases and prove the following theorem.

Theorem E (Scaling limits of the positive T -periodic solution). Suppose (H1) and (H2).

(1) Suppose, in addition, J is symmetric with respect to each component. For each m € [0, 2),
the following statements hold.
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(a) If maxar > O, then there exist 0 < o1 <K 1 such that for each o € (0, 01), the equa-
Q

tion (1.11) has a unique positive T -periodic solution u’; that is globally asymptotically
stable.
(b) If minar(x) > 0, there holds the limit
Q

lim+ ul(t,x) =v*(t,x) uniformlyin (t,x) eR x Q,
o—0

where v*(t, x) is the unique positive and T-periodic solution of the equation v, =
f(t,x,v) for every x € Q.
(2) For each m > 0, the following statements hold.
(a) If maxar > 0, then there exist 1 < 02 < 00 such that for each o > o2, the equation
Q

(1.11) has a unique positive T -periodic solution u}. that is globally asymptotically sta-
ble.
(b) If minar > 0, there holds the limit
Q

lim uf(t,x) =v*(t,x) uniformlyin (t,x) eR x Q,
o—>00

where v* (¢, x) is the same as the one in (1)(b).

Results as in Theorem E have been obtained by Berestycki, Coville and Vo in [4] in the case
f(t,x,u) = f(x,u). More precisely, it was shown in [4] that for f(x,u) =a(x)u — u? and
m € [0, 2), the unique positive solution of the following equation

L /Jg(x—y)u(y)dy—u(x) +a(x)u(x)—u(x)2:0, xe

Um
Q
converges, as o — 0%, to some nonnegative solution of

ux)lalx) —u(x)]=0, xeq.

Very recently, Shen and Xie studied in [35] the case with m =2 and 6 — 0T and proved that the
principal eigenvalue and the positive 7-periodic solution converge to that of the corresponding
reaction-diffusion equation

:ut(t,x):dAu(t,x)+f(t,x,u(t,x)), x €, (1.12)

u(t,x)=0, x €

for some d > 0.

In this paper, Theorem A-Theorem E are established in the case of a bounded domain €.
These results are expected to hold for a general domain 2 with appropriate assumptions on
a(t,x) := f,(t,x,0). But, we are unable to do so mainly due to the lack of a Harnack-type
inequality preventing us from successfully executing the procedure of using bounded domains
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to approximate a general domain. We refer the reader to [3,4] for the investigation of (1.1) on
a general domain 2 with f (¢, x,u) = f(x, u). In this case, a Harnack-type inequality is known
(see [11]).

Finally, we establish a maximum principle for the operator L, defined in (1.3) with a general
a € Cr(R x ), which is of fundamental importance and independent interest.

Definition 1.4 (Maximum principle). We say that Lo admits the maximum principle if for any
function u € Cl*o([O, T x ) satisfying

Lolu]l <0 in (0, 7] x ,
u=>0 on (0, 7] x 9€2, (1.13)
u(,)>u(T,-) in L,

there must hold u > 0in [0, T] x Q unless u =01in [0, T] x Q.

Theorem F (Maximum principle). Suppose (H1). If A1 (—Lg) is the principal eigenvalue, then
Lq admits the maximum principle if and only if A{(—Lg) > 0.

A similar result in the case a(z, x) = a(x) has been obtained by Coville in [10]. We point
out that the maximum principle for elliptic or parabolic operators holds if and only if the princi-
pal eigenvalue is strictly positive (see e.g. [5,25,2,31]). This interesting difference is caused by
the nonlocality of the operator. The maximum principle has many applications in the context of
reaction-diffusion equations and nonlocal dispersal equations. For instance, the maximum prin-
ciple was used to study deep qualitative properties of the principal eigenvalue in [5,7], and the
non-existence of positive solutions of nonlocal KPP-type equations in unbounded domains in
[4].

It remains an interesting problem to prove the maximum principle after dropping the assump-
tion that A1(—Lg) is the principal eigenvalue. This seems to be an extremely difficult problem
because even in the elliptic case, Berestycki and Rossi cannot completely characterize the validity
of the maximum principle by A1 without the help of A} and A/ in their recent work (see [7, Theo-
rem 1.6]). However, the equivalence of different generalized eigenvalues, namely, A} = 1| = A,
is not always the case. In the proof of [7, Theorem 1.7 and 1.9], Berestycki and Rossi need the
existence of generalized eigenfunctions associated to 1. Generalized eigenfunctions associated
to A1 were also used in the celebrated work of Berestycki, Nirenberg and Varadhan [5] to prove
the maximum principle. The existence of generalized eigenfunctions for local operators comes
from the regularity theory. For elliptic-type nonlocal operators, generalized eigenfunctions can
be obtained thanks to a weak version of Harnack’s inequality [11]. However, generalized eigen-
functions cannot be found in general in our case due to the lack of regularity and Harnack-type
inequalities. This is why we work under the assumption that A1(—Lg) is the principal eigen-
value. In this case, we give a complete characterization of the maximum principle by the principal
eigenvalue A1 (—Lg).

To this end, let us mention that the study of (1.1) serves as the first step to the understanding
of the global dynamics of the following mathematically and biologically significant competitive
system proposed in [18],
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u(t,x) = /ng(x—y)u(t,y)dy—u(t,x) +ut, x)(a, x) —u(,x)— v, x)),
L Q

vt(t,x)z% /]Jz(x—y)v(t,y)dy—v(t,x) +v(t, x)(a(t,x) —u(t,x) —v(t, x)),
LQ

(1.14)

In fact, the investigation of the global dynamics of (1.14) relies on the detailed stability analysis
of semi-trivial states that mainly comes from the analysis of (1.1). We refer the reader to [13,16,
17] for the treatment of similar parabolic competitive systems. A well-known result for parabolic
competitive systems with time-independent coefficients is that the slow disperser wipes out the
fast disperser (see e.g. [13,29]). But, this is in general not the case when the coefficients are
time-dependent (see [16]). In particular, the dynamics of (1.14) is in general complicated even
when o1 = 0.

Organization of the paper. The paper is organized as follows. In Section 2, we study the
existence of the principal eigenvalue of —Lg as well as its characterizations. In particular, we
prove Theorem A. In Section 3, we prove a result on the approximation of the principal spectrum
point. In Section 4, we study the existence and non-existence of non-negative T -periodic solu-
tions of (1.9) and the global dynamics of (1.8) in terms of the principal eigenvalue A;(—Lg). In
particular, Theorem B is proven. In Section 5, we study the effects of the dispersal rate D on the
principal spectrum point A1 (—Lg) and the positive T -periodic solution, and prove Theorem C.
In Section 6, we study the effects of the dispersal range characterized by o on the principal spec-
trum point and the positive T -periodic solution associated to the (1.1) and (1.11). In particular,
we prove Theorem D and Theorem E. The last section, Section 7, is devoted to the proof of
the maximum principle stated in Theorem F. In Appendix A, we construct examples of —Lg
admitting no principal eigenvalue.

2. Principal eigenvalue and sup-inf characterizations

In this section, we investigate the principal spectral theory of the operator L defined in (1.3)
with a general a € C7 (R x ﬁ) and prove Theorem A. Recall that the spaces Cr (R x 5), Xa,
Xa' and Xg * are defined in (1.4) and (1.5), respectively. The operator Lg, is considered as an
unbounded linear operator on C7 (R x ) with domain Xgq.

It is known (see e.g. [10,36]) that, due to the nonlocality, neither the operator (1.3) nor its
resolvent is compact, and therefore, the Krein-Rutmann theorem [24] and its generalized ver-
sions [33,26] cannot be applied to ensure the existence of the principal eigenvalue. As a matter
of fact, — L does not admit a principal eigenvalue in general (see Appendix A). It is then of vital
significance to know when A|(—Lg) is indeed the principal eigenvalue of —Lg. For nonlocal
parabolic-type operators, the first result was obtained by Rawal and Shen in [32] (see Theo-
rem 1.2). Moreover, they proved that any eigenvalue A € R of —Lg having an eigenfunction
in Xg \ {0} coincides with 11(—Lg), and therefore, must be the principal eigenvalue. Theo-
rem 1.2 gives a necessary and sufficient spectral condition to determine whether Aj(—Lg) is
the principal eigenvalue of —Lg. However, this spectral condition is hard to verify in general
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as A1(—Lg) is not computable and can be barely estimated in general. Although some suffi-
cient conditions based on this spectral condition have been derived in [32, Theorem B], they are
more or less restricted. Therefore, it is expected to find a more verifiable condition for A;(—Lg)
becoming the principal eigenvalue of —Lg. Here, we provide a sufficient condition that only
requires mild smoothness of a7 (x) near its maximum points. We recall from Theorem 1.2 that
Ax=min[D —ar].

Q

Theorem 2.1. Suppose (H1). If (1.6) holds, then A (—Lg) < As. In particular, »1(—Lg) is the
principal eigenvalue of —Lg.

We remark that (1.6) is independent of the dispersal kernel J, and hence, becomes very use-
ful later when we study the equation (1.1) with scaled kernels. Theorem 2.1 is the first part of
Theorem A.

Before proving Theorem 2.1, let us write Lo = Hg + Kq, where

Hg[v](t, x) = —v,(t,x) — Dv(t, x) +a(t, x)v(t,x), (t,x) eRxQ,
Kalvlt.0) =D [ J(= ot ndy, (1.6 eRx G
Q
They are considered as operators on Cr (R x 5). Hence, Hg is unbounded with domain Xg and
K¢ is bounded. We recall the following results from [32].
Proposition 2.2 (/32, Proposition 3.5 and Proposition 3.7]). Suppose (H1).

(1) For any o > —Ay, the inverse (o — HQ)*1 Cr(R x Q) = Cr(R x Q) exists. Moreover;
there exists M > 0 such that the estimate

((@ — Ho) 'v)(t,x) = ), (tx)eRxQ

v
o — (=D +ar(x))

holds for any a € (—Ay, —Ay + 1] and any v € Xg with v(t, x) = v(x).
(2) The inequality M (—Lg) < Ay holds if and only if there is g > — Ay such that r(Kq(og —
Ho) ™Y > 1, where r(Kq(og — HQ)’I) is the spectral radius of Kq (o — HQ)’].

We point out that the proof of Proposition 2.2(1) follows from the Floquet theory and an
elementary analysis of the resolvent (@ — Hg) ™! given by the variation of constants formula,
and the proof of Proposition 2.2(2) follows from a simple application of [8, Theorem 2.2]. It is
referred to [32, Proposition 3.5 and Proposition 3.7] for more details.

We now prove Theorem 2.1.

Proof of Theorem 2.1. By contradiction, we assume A1(—Lg) > A. Proposition 2.2(2) yields
r(Ko(e — Ho)™ ) <1, Vo> —i,. 2.1

It is known from the variation of constants formula that for any o > —A, and v € Xq,
(¢ — Ho) v is given by
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'
((a - Hg)flv) (t,x) = / efst(fDJr”(r’x)*"‘)dfv(s, x)ds.
—0o0
In particular, there holds the monotonicity of the operator (o — Hg) ™! in the sense that
V1, v2 € Xg with v > vy implies (@ — Ho) " 'vi > (@ — Ho) " 'vy.
Now, Proposition 2.2(1) implies that for each o« € (—A,, —Ay + 1],
(( — Ho)™'1)(t,x) = M >0, (t,x)eRx K.
o — (=D +arx))
Applying K¢ to both sides of the above estimate, we find
(Kata ~ to) 1)) =D [ 160 )@~ ta)y 1)t y)dy
¢ 2.2)
DM —
> [ J(x—y) dy, (t,x)eRxQ.
o — (=D +ar(y)

Q

By the monotonicity of (o« — HQ)_1 , (2.2) and Proposition 2.2(1), we find for each (¢, x) € R x Q

DM
((@ — Ho) 'Ka(a — Ho) '1)(t,x) > ((a — Hg)™! / JC—y)

o (—D+aT(y>)dy>(t’x)

> M J(x —y) bm d
S (Dtart) ) Ve~ CDraron™

Applying K¢ to both sides of the above estimate, we find

((Ka(a — Ho)™H21)(t, x)

>/J( — DM /J( _ 2 DM J
=) T e T Epraron ) YT .
Q Q

dz
a—(—D+ar(z))

Repeating the above arguments, we find for each (7, xo) € R x  the following estimate

(Ka(a — Ho)™'Y'1)(t. x0) = / ..
Q

z DM
/ 1_[ |:J(xm_1 — Xm) ]dxnnodxl.

L o« — (=D +ar (xn))
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As a result,

I(Ka(a@— Ho)™H"> max _((Ka(a — Ho)™H)"1)(t, xo)
(t,x0)ERXQ

n
DM
>max [ --- JXm—1 — Xm) i|dx --dxy,
Xoéﬁsv[ Q/mI:I][ ) D+ aran |

which implies that for any xo € Q and § > 0,

I(Ka(e — Ho)™")"|

> - J b1 d d
> / / 1_[|: (xml_xm)a—(—D—i-aT(xm))} Xp - dxy

QNBs(xo)  QNBs(xg) M=

>[ inf / J(x—y) DM d T
mn X — 9
| xeQnNBs(xg) Y a— (=D +ar(y)) Y
QNBs(xp)

where Bs(xo) is the open ball in RV centered at x( with radius 8. We then use (2.1) and Gelfand’s
formula for the spectral radius of a bounded linear operator to find

DM

1> inf J(x — dy =:1(x0,6,a 2.3

~ xeQNBs(x0) f ( y)a—(—D+aT(y)) Y (xo ) @)
QN Bs(x0)

forall xo € Q,8 >0and « € (—Ay, —Ay + 1].
Since J is continuous and J (0) > 0, there exists 8, > 0 and ¢, > 0 such that J > ¢, on Bs,(0),
the open ball in R¥ centered at 0 with radius 8. Hence,

DM
I(x0,8,a) > inf / J(x — d
(%o ) x€QN B3 (x0) ( y)a — (=D +ar(y)) Y
QN Bs(x0)NBs, (x)
) DM

>c, inf dy

xeQNBs(xo) a—(=D+ar(y))

QN Bs (x0)N B, (x)
/ DM J
= C yv
* @ — (=D +ar(y)
QNBs(xp)

provided 28 < 6, so that Bs(xg) C Bs,(x) whenever x € Bs(xp). In particular, for any xo € Q
and o € (—Ay, —As + 1],

DM
dy.
a— (=D +ar(y))

1(x0.84/2.0) > ¢ /

QNBs, 2 (x0)
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1

Since ———
max . ar (y)—ar

such that

¢ L }UC (), or equivalently m ¢L lla . (), there exists x, € Q

1

=
—Ax— (=D +ar) gL (2N B(S*/Z(x*)),

which implies the existence of some €, € (0, 1) such that

DM
Cy / dy>?2
—Asxt+ e — (=D +ar(y))
QN B, /2 (xx)

for all € € (0, €,]. In particular, I (x, 8+/2, —As + €4) > 2, which contradicts to (2.3). O

To further investigate the properties of A1(—Lg), we prove the equivalence of the notions
introduced in (1.7), which is restated in the following theorem.

Theorem 2.3. Suppose (H1). If .1 (—Lg) is the principal eigenvalue, then
Ap(=L@) =i\, (=Lg) = i (~Lg).

Proof. For simplicity, we write 1, = A ,(—Lg), )Jp = )\,/p(—LQ) and Ay = A1 (—Lg).
First, we prove A1 = A,. By Theorem 1.2, there exists ¢ € Xg T such that

Loléil+A¢1 =0 in RxQ. (2.4)

Since inf ¢; > 0, one has A| < A,. We suppose by contradiction that A; < A,. From the defini-
Rx

tion of A, there are A € (A1, 1)) and ¢ € X;{+ such that

Lalpl+19 <0 in RxQ. (2.5)

Clearly, w := S X$+.
Rewriting (2.5) as

—¢i +alt,x)p<—-rp—D /J(x—y)¢(t,y)dy—¢(t,X) )

Q

we deduce

Lo[¢1]=—-wi¢ + D /J(x—y)¢(t,y)w(t,y)dy—w(l,X)qﬁ(t,X)

Q
+ ¢ +at, x)p(x)|w
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<-w;¢+D / J(x =)o@, yyw(t, y)dy — w(t, x)p(z, x)
Q

+|—2—-D /J(x—y)¢(t,y)dy—¢(f,x) w

Q
=—w;¢ + D/ J(x =)o@, Yw(t, y) —wt, x)]ldy — Ady.
Q
Using (2.4), we find
—(A1 =M1 < —wp + D/ J(x = y)p@, yw(t, y) —w(t, x)ldy. (2.6)
Q

Asw e XSTF, there exists (79, x0) € R x Q such that w(fo, x¢) = max w. Then, w; (#o, xo) = 0.
RxQ
Hence, setting (¢, x) = (tp, xo) in (2.6) yields —(A1 — X)¢1 (fo, x0) < 0, which leads to A; > A.
This contradiction confirms A; = A .
Next, we prove A; = )L;,. Obviously, 1| > A;,. Assume that | > )L;j. There are » € (A, A1)

and ¢ € X$+ such that L[@] + A > 0. Set i := % Arguing as above, we derive

0> —(hi — W)t =~ + D f Jx =Yg, @, y) =, )ldy. (27
Q
Let (¢, x1) € R x © be such that W (¢, x1) = min w. Substituting (#1, x1) into the right-hand side
RxQ
of (2.7), we derive a contradiction. 0O
We remark that the parabolic-type operator —Lg is not self-adjoint, and thus, we lack the
usual L2($2) variational formula for the principal eigenvalue A{(—Lg). The sup-inf character-

izations of A1(—Lg) given in Theorem 2.3 remedy the situation and play crucial roles in the
sequel.

3. Approximating the principal spectrum point

In this section, we prove a result on the approximation of the principal spectrum point
A1 (—Lg). We define the following spaces:
Xo=C(Q),
X,={veXq:v(x)>0, xeQ}, and 3.1)
Xg"’: {v eXq:v(x)>0, x eﬁ}.

Denote by || - ||oo the max norm on Xgq. Clearly, Xg; is the positive cone of X and X§+ is the
interior of X 5 .
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Consider the following equation

ui(t,x)=D /J(x—y)u(t,y)dy—u(t,x) +at,u,x), t>0, xe€Q, (B2
Q

where a € C7 (R x Q). Denote by {®(t; )} >s>0 the evolution family of bounded linear opera-
tors on X generated by the solutions of (3.2), that is, if u(¢, x; s, ug) is the unique solution of
(3.2) with initial data u(s, -; s, ug) = ug € Xgq, then

u(t,;s,u0) =®;9)up € Xq, t=s.

Ifupe X 5, the comparison principle implies that ®(¢; s)ug € X 5 for all ¢+ > s. Moreover, if
ug € Xg\{O}, then ®(¢; s)ug € X$+ for all t > 5. Also, the time-periodicity ensures that

St +T,s+T)=>(t,s), t>s5s=>0.

The operator norm of ®(¢, s) is denoted by || D(z, s)]|.
The next result connects ® (¢, s) with A;(—Lg).

Lemma 3.1. Suppose (H1) and let a € C7 (R x Q). There hold

—M(—=Lg) = w = limsup M

T t—5—00 r—s ’

where r(®(T, 0)) is the spectral radius of (T, 0).
Proof. See [32, Proposition 3.3 and Proposition 3.10]. O
We recall the following result from [32].

Lemma 3.2 ([3_2, Lemma 4.1]). Suppose (H1) and let a € C1 (R x Q). For any € > 0, there exists
a € Ct(R x Q), independent of D and J, such that the following hold:

(1) the function a€T = %fOT a‘(t,-)dt belongs to CN(Q), attains its maximum value at some
xo € Q, and has zero partial derivatives up to order N — 1 at xo;
€
(2) there holds max |a® —a| < =;
RxQ 2 . .
(3) for any integers p,q >0, ifa € CP1(R x Q), then a® € CP1(R x Q).

Proof. The statements (1) and (2) are included in the statement of [32, Lemma 4.1]. The inde-
pendence of a€ from D and J, and the statement (3) can be easily obtained from the proof of
[32, Lemma4.1]. O

As an application of Theorem A(1), we prove the following approximation result. To highlight
the dependence on a(t, x), we write Lg as Lg(a), and ®(z, s) as O(z, s; a).
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Theorem 3.3. Suppose (H1) and let a € C1(R x Q). For any € > 0 and any integers p,q > 0,
there exists a® € Ct (R x Q) N CP9(R x Q), independent of D and J, such that the following
hold:

(1) the function af. belongs to C N(Q), attains its maximum value at some xo € 2, and has zero
partial derivatives up to order N — 1 at xq,

(2) there holds max |a® —a| <e€;

RxQ
(3) A (=L(a%)) is the principal eigenvalue of —L(a®);
(4) there holds |A1(—Lg(a®)) — A (—Lg(a))| <e.

Proof. Fix € > 0 and integers p, ¢ > 0. There exists a¢ € Cr (R x Q) N CP4(R x Q) such that

max |a€ —al < % Clearly, a¢ can be taken to be independent of D and J. Applying Lemma 3.2
RxQ

to a¢, we find some a¢ € C7 (R x Q) N CP9(R x Q) satisfying (1) and max [a€ —a| < % The
RxQ

statement (2) follows.
By (1) and the N-th order Taylor expansion with remainder, we readily verify that

1

— € €
max, ¢ ap(y) —ay

¢L).(Q).

It follows from Theorem A(1) that Aj(—L(a)) is the principal eigenvalue of —L(a€). This
proves (3).
It remains to show (4). By (2) and the comparison principle, we find for any ug € X g

D(t,5;a° — ug < P(t,s;a)ug < O(t,s;a +€)ug, Vt>s.
As &(1, 5: a€ + €)ug = eI D(1, 57 a®)uo, we find

In||®(t,s; a¢ In||®(t,s; In||®(,s; a¢
[|D( sa)”—ef [|D( Sa)||< [|D( Sa)||+€

< , VYt=>s.
r—s t—s t—s

The result then follows from Lemma 3.1. O

Remark 3.4. We point out that the functions {a€}¢~¢ in Theorem 3.3 are independent of D and
J. As a result, if we consider the operator

D
Lo o], x) :=—v(t,x) + e /Jo(x — v, y)dy —v(t,x) | +a(t, x)v(t, x),
Q

(t,x)eRxﬁ,

and want to study the dependence of the principal spectrum point A1(—Lg m.o) on D, o and m,
we could use an approximating argument, which allows us to assume, without loss of generality,
that 1 (—Lgq m o) is the principal eigenvalue of —Lg .o
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4. Global dynamics

In this section, we study the long-time dynamics of solutions of (1.8), namely,

Mt(t,X)ZD /J(x_)’)”(tvy)dy_”(tsx) +f(t7xvu(tvx))v t>07 XGQ,
Q

and prove Theorem B. Recall the spaces Xq, X 5 and X g+ from (3.1).

For ug € Xq, we denote by u(t, ; ug) € Xg for all + > 0 the unique solution of (1.8) with
initial data u(0, -; ug) = uo. If up € Xg, the comparison principle (see e.g. [19,32]) yields that
u(t,-;up) € Xg for all t > 0. Moreover, if ug € Xg\{O}, then u(t, -; ug) € X5+ for all ¢t > 0.

Note that the linearization of (1.8) at # = 0 is just the equation (3.2) with a(¢, x) = f, (¢, x, 0).
Let {®(#; 5)}s>s>0 be the evolution family as defined after (3.2).

Before proving Theorem B, we prove the following comparison principle.

Proposition 4.1. Let u € X;{Jr be a sub-solution of (1.9) and v € X$+ be a super-solution of
(1.9). Then, u <vinR x Q.

Proof. Let o, :=sup {oz >0:au<vinR x 5} By assumptions on u and v, the number o, is
well-defined and positive. If o, > 1, then we are done. So, we assume o, < 1.

Set w := v — asu. Then, w > 0 and there exists (79, xo) € R x € such that w(zg, xo) = 0.
Obviously, w satisfies

wy(t,x) > D /J(x—y)w(t,y)dy—w(t,x) + ft,x,v(t,x)) —a f(t, x,u(t, x))
L&

> D /J(x —yw(t, y)dy —w(t,x) | + f(,x,v(t, x)) — f(t, x, oeu(t, x)),
LQ _

(t,x) eRx Q,

where we used (H2)-(3) and a4 < 1 in the second inequality. Considering the above inequality
at (fo, xo), we immediately deduce a contradiction. O

We are now in the position to prove Theorem B.

Proof of Theorem B. We point out that case (i) is taken from [32, Theorem E]. Our contribution
to the results are (ii) and (iii). Let A1 = A1(—Lg) for simplicity.

(1) If A1 < 0, results in [32, Theorem E] using a contraction argument confirms the existence,
uniqueness and global asymptotic stability of a solution u* € Xg * of (1.9). For the sake of
completeness, we outline the arguments.

On one hand, it is easy to see from (H2)-(4) that for any M > 1, u(t,x) = M is a super-
solution of (1.9), and then, the time-periodicity implies that {u#(nT, -; M)}, is a non-increasing
sequence. Therefore, the function
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ut(x):= lim u(nT,x; M), xeQ
n— 00

is well-defined and upper semi-continuous. On the other hand, for any 0 < € < 1, it can be shown
using the assumption A; < O that e@; is a sub-solution of (1.9), where ¢; is a fixed principal
eigenfunction of —Lg, and then, {u(nT, -; €¢1(0, )}, is a non-decreasing sequence. Therefore,
the function

u”(x):= lim u(nT,x;€¢1(0,-), x eQ

is well-defined and lower semi-continuous. Clearly, u™~ < ut.
To show u™ = u—, we define

1
Pn ::inf{lna c—umT, ;M) <u(nT,-; €p1(0,-) <au(nT, M)} .
o

As {u(nT,-; M)}, is a non-increasing sequence and {u(nT, -; €¢1(0,-))}, is a non-decreasing
sequence, u(nT,-; M) and u(nT, -; e1(0, -)) are getting closer to each other as n increases.
As a result, the sequence {p,}, is non-increasing, and thus, py := lim,_, 0 o, is well-defined.
If px > 0, then arguments using the comparison principle would allow us to construct some
ax>1 and 0 < § < 1 such that Lu(nT, i M) < u(nT,-; €¢1(0,) < asunT,; M) and
Inay < p, — § for all large n. This contradlcts the definition of p,, and hence, p, = 0, which
implies u™ =u~.

Hence, v* :=u™

is continuous and satisfies inf, g v* > 0. Clearly, u(T, -; v*) = v*. Then,
v™* can be easily extended to be a solution u* € XSTF of (1.9) such that u*(z, -) = u(t, -; v*) for
te[0,T].

By the above contraction argument, the uniqueness of solutions of (1.9) in the space Xg +
follows. The uniqueness also follows directly from Proposition 4.1. The global stability of u*
follows again from the contraction argument.

(i1) Suppose A1 > 0. Since f (¢, x, u(t, x; uo)) < a(t, x)u(t, x; up), there holds

ui(t,x;u0) <D /J(x—y)u(t,y;uo)dy—u(t,x;uo) +a(t, x)u(t, x; up).
Q

The comparison principle yields u(z, -; ug) < ®(¢, 0)uop.
We claim ||®(t, 0)up|lco — 0 as t — oco. Write ¢t = [¢] + r;, where [¢] is the largest number of
the form nT not great than ¢ and r; € [0, T). By the time-periodicity, we find

D, Quo =0, (IDOe], (] =T) - S(T,0)upg = o(t,,0)D(T, 0)%uo.

Obviously, there is C = C(T) > 0 such that ||® (¢, 0)|| < C. It is well-known that

F(@(T,0) = lim [|&(T,0)" " (Gelfand’s formula).
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Inr(P(T,0)) T _
T ’ -

Moreover, by Lemma 3.1, there holds —Xi; =
s
lim,_  ||D(T, 0)"| 7. In particular, we find ||® (T, 0)"| < e~ 3T forn > 1. Hence,

which implies e

[z] A
192, 0)uolloo < Clluolloo|P(T,0) T || < Cllugllowe™ 21 >0 as 1 — oo.

This proves the claim and confirms the statement.

(iii) We show that if A1 = 0, then the equation (1.9) admits no solution in Xg *. For con-
tradiction, suppose that v* € X;{ * is a solution of (1.9). Let ¢; be the principal eigenfunction
associated to A| with the normalization ¢| < v* in R x Q. We see from (H2)-(3) that

0=A1¢1(2,x)
— 91 (t,x) — D /Ju—wmmw@—¢mw)—ammwmm

LQ .

<361t x)— D /J@—ﬁ%&WW—¢NJ)—f@L@@ﬂL (1.x) R x &,

LQ .

that is, ¢; is a super-solution of (1.9). By Proposition 4.1, there holds v* < ¢ in R x Q, which
contradicts the normalization. O

5. Effects of the dispersal rate

In this section, we study the effects of the dispersal rate D on A1(D) := A1(—Lg) and the
positive T -periodic solution associated to the equations (1.8) and (1.9). In particular, we prove
Theorem C.

We first prove Theorem C(1) concerning the effects of D on A1 (D).

Proof of Theorem C(1). The proof is done within two steps.

Step 1. We prove the results under the additional assumption that A{(D) is the principal
eigenvalue for all D > 0.

As A1(D) is an isolated eigenvalue, the continuous differentiability of D +— A1(D) follows
from the classical perturbation theory (see e.g. [23]).

For the limits, we first claim that for each € > 0, there exists D, > 0 such that

—maxar —€ <A1 (D) <—minar +€, VD e (0, D). 5.1
Q Q

Indeed, it is easy to check that the function ¢ (¢, x) := efot[“(s"‘)_”(x)]ds, (t,x) eRx Qisa
positive T -periodic solution of ¢; = a(¢t, x)¢ — ar (x)¢. In particular, ¢ € X;{ *. For each € > 0,

we set A" = —maxar — € and A™" = —minar + €. It is easy to see that
Q Q
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(Lo + A™) [$](r.x) = D / J(x — )b, y)dy — (1, x)

LQ

+ |ar(x) —maxar — e] o(t, x),
Q

(La+arm)o1ex =D | [ 1636wy - 9.0

LQ

+ |ar(x) —minar —i—e] ¢(t, x).
Q

Since min_¢ > 0and max_¢ < oo, it is straightforward to check that for each € > 0, there
[0,T]x < [0,T]xS
exists D, > 0 such that for each D € (0, D), there hold

(Lo + ™) [$] <0 and (LQ + x;“i“) [¢] > 0. (5.2)
It then follows from (5.2), the definitions of A,(—Lg) and A:,, (—Lg), and Theorem 2.3 that for
each € > 0, there holds A < X(D) < )Jeni“ for all D € (0, D). This is exactly (5.1).

Next, we prove

A1 (D) — —maxar as D— 0%, (5.3)
Q

By Theorem 2.1 and (5.1), for each € > 0 there exists D¢ > 0 such that

—maxar —€ <A1 (D) <min[D —ar], VD e (0, D).
Q Q

Setting D — 07, we find

—maxar — € <liminfA; (D) <limsupi;(D) < —maxar, Ve >0,
Q D—0* Q

Q D—0t
which leads to (5.3).
Finally, to show
AM(D)—o00 as D — oo, 5.4

we consider the following operator

Low1i= [ JC= )y - ). v eXa,
Q
where Xq is defined in (3.1). It is known from [34, Theorem 2.1 and Proposition 3.4] that the

principal eigenvalue of —L% exists and is positive. Let 1% > 0 be the principal eigenvalue of
—L%, and ¥ e X§+ be an associated eigenfunction.
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Let Ap = DA% — max a. We see that
[0,T1xQ

(Lo +20) W= DLYI 1 +ay° +2py° = [-D2" +a+3p|y° <0.

That is, (Ap, ¥°) is a test pair for Ap(—=Lg). It follows that A1(D) = A,(—Lg) > Ap. Setting
D — o0, we arrive at (5.4).

Step 2. If 11 (D) is not the principal eigenvalue for some D > 0, we can use an approximating
argument as already pointed out in Remark 3.4. More precisely, applying Theorem 3.3, we find
that for each € > 0, there exists a€ € Cr (R x ) such that

(i) 1} = A1(=Lq(a®)) is the principal eigenvalue for all D > 0, where Lg(a®) is Lg with a
replaced by a€;
(i) |A, —Ap| < e forall D > 0.

We then apply Step 1 to conclude that for each € > 0, the function D > A9, is continuously
differentiable on (0, co) and satisfies the limits

—maxaj; as D— 0%,
rp — Q
fole] as D — oo,

where a‘T = % fOT a®(t,-)dt. The results for the function D +— Ap now is a consequence

of (i). O

Next, we prove the monotonicity of the function D + A1(D) for a special class of a(t, x) as
in Theorem C(2).

Proof of Theorem C(2). We first prove the result under the assumption that the operator

vi> D / J(—=yv(y)dy —v | +Bx)v: C(Q) = C(Q) (5.5)
Q

admits a principal eigenvalue for all D > 0. We write Lg = Lg + LT, where the superscripts S
and T stand for space and time, respectively, and

LSl(x)=D /J(x—y)v(y)dy—v(x) + B)v(x),
Q

LL 10 = —v (1) + a(v ().

Let (A‘IS(D), ¢g) be the principal eigen-pair of —Lg. It is known from [34, Theorem 2.2
(D] that D — k‘?(D) is non-decreasing, and increasing if § is not a constant function. Let us
show that the function D +— A‘f (D) is increasing even if 8 is a constant function. From the
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classical perturbation theory (see e.g. [23]), we know that D — (A‘f(D), ¢g) is continuously

differentiable, and therefore, we can differentiate the equation Lg[qﬁg] = Af(D)(bg with respect
to D to find

f J(x — 05 dy — ¢5(x) + LE[0pd51(x) + dpiT (D)5 (x) + AT (D)dpe 3 (x) = 0.
Q

Multiplying the above equation by qbg and integrating the resulting equation over €2, we find
[ = peswosoxay - [s5wiar+ o) [e5erar=o. 6
QxQ Q Q
where we used the fact that

/ LE[0p$31(x)5 (x)dx + / 25 (D)apd ()P (x)dx

Q Q

= [ avs5 28165100 + 35 D195 | ax =0,

Q

It then follows from (5.6), the symmetry of J and fQ J(-—y)dy < 1on Q that

Joro & = 0GP I$F(dxdy — [ ¢ (x)*dx

aprS(D) =

DAY (D) A ¢g(x)2dx

125 830)%dx =2 5, o T (x = )P ()95 ()dxdy

2 Jo ¢‘g(x)2dx

. 12fg,070 - )P 2dxdy =2 [, o J(x = V)¢5 ()¢S (v)dxdy

2 Jo qﬁg(x)zdx

_ lfoQ J(x — )¢5 (N2dxdy + [, o J(x — o5 () 2dxdy =2 [, o J (x — V)$S(xX)d5 (v)dxdy
2 Jq &5 (0)2dx

_ lfoQ J(x—y) [¢§(y) - ¢g(X)]2dxdy 0

2 Jo qbg(x)zdx =7

Hence, D — kf (D) is increasing.

Now, let us define ¢>Z(t) — elole@)—arlds o1 4 ¢ R where ay = % fOT a(t)dt. Clearly, qbg is
continuously differentiable, positive and T -periodic, and satisfies

LL16)1+are) =0.

It follows that A1 (D) = A}S(D) + a7 is the principal eigenvalue of — Lg with the principal eigen-
function ¢p(z, x) = ¢>g(x)¢g(t). As D — kf(D) is increasing, so is D +— Af(D).
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If the operator defined in (5.5) does not admit a principal eigenvalue for some D > 0, then
we can use an approximating argument as in Step 2 in the proof of Theorem C(1) to deduce the
result. This completes the proof. O

Finally, we study the effects of the dispersal rate D on the positive T-periodic solutions of
(1.9) by proving Theorem C(3)(4).

Proof of Theorem C(3)(4). (3) By Theorem C(1), A1(D) <O forall0 < D < 1and A;(D) >0
for all D > 1. The result then follows from Theorem B.

(4) We refer the reader to the proof of Lemma 6.2 and Theorem 6.3, where similar problems
are treated. In fact, we can follow the lines as in the proof of Theorem 6.3(2) except that we need
to set o = 1 and replace the limit

D(1 —§)

— /Jg(x—y)v*(t,y)dy—v*(t,x) -0 as o—0F
o

Q

uniformly in  (¢,x) € R x Q

in the proof of Theorem 6.3(2) by the following limit

D(1 - ) /J(x—y)v*(t,y)dy—v*(t,x) -0 as D—0"
Q

uniformlyin  (£,x) eRx Q. O
6. Effects of the dispersal range and scaling limits

In this section, we study the effects of the dispersal range characterized by o on the principal
spectrum point and the positive T -periodic solution associated to (1.1) and (1.11). In particular,
we prove Theorem D and Theorem E.

Note that for each fixed o > 0 and m > 0, introducing the new dispersal rate D:= % and

the new dispersal kernel J := J,, we are completely in the situation of the operator (1.3). There-
fore, studies and results in previous sections apply here. In particular, we have the following
proposition collecting some basic facts about A1(—Lg m,6), Ap(—Lgm) and A;(—Lg,m,g).
For convenience, we define

Mo .oV, x) :=—v, (2, x) + 02'" /]a(x -y, y)dy —v(t,x) |, (& x)eRx Q.
Q

Therefore,

Lo m oVt x) = Mo molvlt,x)+at, x)v(t,x), (,x)eRx Q.

Proposition 6.1. Suppose (H1). Let m > 0 and o > 0.
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(1) The principal spectrum point A1(—Lgq m o) is the principal eigenvalue if and only if
D
AM(=Lome) < —,, — maxar.
o Q

Moreover, when A (—Lgq o) is the principal eigenvalue of —Lq .o, it is geometrically
simple and has an eigenfunction in Xg .

(2) If (1.6) holds, then A\ (—Lq m o) is the principal eigenvalue of —Lq m.o. If M (—Lq m,o) IS
the principal eigenvalue of —Lq .o, then

)Vp(_LSZ,m,J) = )\/p(_LQ,m,o) =A (_LQ,m,a)'
3) rM(=Mgq m.oc —a) is Lipschitz continuous with respect to a € Ct (R x Q). More precisely,

|)"1(_MQ,M,U - a) - )\l(_MQ,m,o - b)| =< sup ”a(ta ) - b(l‘, )”009
te[0,T]

VYa,beCrR x Q).

4) If Q1 C Q, then Ap(—Lgmo) = Ap(—Layme). If. in addition, i(—Lq, m.c) and
M (=L, m,o) are principal eigenvalues of —L o, m,o and —Lq, .o, respectively, then

[Ap(=Lgymo) = Ap(—=Laymo)l < Col2\ 1],

where Co > 0 depends on a, o, D, m, J, and ;.
(5) The function 0 — A1 (—Lgq m, o) is continuous.

Proof. (1) It is a direct consequence of Theorem 1.2.

(2) It follows from Theorem 1.2 and Theorem A.

(3) By Theorem 3.3, Remark 3.4 and an approximating argument as in Step 2 in the proof
of Theorem C(1), we may assume, without loss of generality, that both A;(—Mgq ;s —a) and
A (—Mgq m.oc — b) are principal eigenvalues. Let us fix A < Aj(—= Mg m.s — a). By (2), there
exists ¢ € X;{J“ such that

Ma o [91t, x) + (a(t,x) + 1)1, x) <0, V(t,x) eR x Q.
Clearly,

0> Mo moldl+@+1)p=Monmsldl+ b+ r+a—b)p

= Mamolpl+ (b +A— sup |la(, ) —b(r, ‘)”oo) ¢.

tel0,T]

Again, by (2),

A= sup fla(t,) = b(t, oo <A1 (=Mgm,o —b).
1€[0,T]
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As this holds for any A < A1 (—Mgq m o — a), we arrive at

Aﬂ](_MQ,m,a - a) - Al(_MQ,m,(r - b) =< sup ||a(t, ) - b(ta )”oo
tel0,T]

Switching the role of a and b, we find

Xl(_MQ‘m,a —-b) — )\l(_MQ,m,U —a)=< sup |la(t, ) —b(, ).
te[0,T]

The result follows.
(4) Let (A, ) be a test pair for A, (—Lg, m,o), thatis, (A, ) € R x Xg; satisfies (Lo, m.c +
MY]<0inR x Q5. Define

Vg, (t,x) =y (t,x), (t,x)eRx Q) CR x Q.

Then, ¢§] € Xg}"'. Moreover, for any (¢, x) € R x Q

D
(Layma + Mg, 1(0.2) = =0, (1) + — / Jo(x = y)¥g, (t. y)dy — g, (1. x)

2

+a(t, X)wﬁl (t,x)+ )\.Iﬂﬁl (t, x)

D
=—vt.x)+ 2 /Ja(x =Y. y)dy — ¥ (1, x)

Q2
+a(t,x)P(t, x)+ 1p(t, x)
= (Lﬂz,m,a + V) [, x) <0.

That is, (A, w§l) is a test pair for A,(—Lgq, m.0), and hence, A < A,(—Lg, m,). Taking the
supremum over all such A, we arrive at

)"p(_Lﬂz,m,O') = )Lp(_Lﬂl,m,U)~ (6'1)
To prove the other statement, let (A, (—Lgq, m,0), V) be the eigen-pair of —Lgq, ;, » With the

normalization sup ¢ = l. Direct calculations yield
[0,T1x 2

D
Mﬂl,m,a[w] +(a+ )&p(_LQZ,m,U))w = _U_ / Jo (- =Y, y)dy

m
2\
DI, |
Z—a—;m|92\91|
D J _
> Dol 10\ Qily in RxG.
o™ min ¥

Q)
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That is,
LQ],m,o[I//] + [)"p(_LQZ,m,U) + Col€22\ 2 |] ¥ >0 in Rx 517

where Co = % By (2),
Q

)\p(_Lﬂl,m,G) = )"/p(_LQ],m,U) =< )\p(_Lﬂz,m,a) + C0|QZ \ Q1 |

This together with (6.1) lead to the result.

(5) By Theorem 3.3, Remark 3.4 and an approximating arguments as in Step 2 in the proof
of Theorem C(1), we may assume, without loss of generality, that A1(—Lq ;.o ) is the principal
eigenvalue of Lg ,, » for all o > 0. The result then follows from the classical perturbation theory
of isolated eigenvalues (see e.g. [23]). In fact, for each fixed op > 0, we can write Lg ;.o as
Lo mo =L moy+ Us,op where

D
mmmmw=p;/hu—waMwwmm
Q

D

—7-/%u—W&w@—wm
%

The result then follows from the facts that U, o, is bounded and linear, and Uy, 4, — O in norm
aso —op. O

Next, we prove Theorem D concerning the scaling limits of the principal spectrum point.

Proof of Theorem D. By Theorem 3.3, Remark 3.4 and an approximating argument as in Step 2
in the proof of Theorem C(1), we may assume, without loss of generality, that a € CH*(R x Q)
and A1 (—Lq m.o) is the principal eigenvalue of —Lg ,, » for all o > 0.

(1) We first prove the result in the case m > 0. By Proposition 6.1(1), we find Aj (=L g m.o) <

{7% — maxar, which implies limsupAj(—Lgq m o) < —maxar. It remains to show that
Q o—>00 Q

liminfA;(—Lq m o) > —maxar. (6.2)
o —>00 5

To do so, let us fix some constant ¢y > 0. It is straightforward to check that for each x € Q, the
function

¢([,x) :efor[a(s’x)_aT(x)]de)O’ treR (63)
is a positive T -periodic solution of the ODE v; = a(z, x)v — ar (x)v. Clearly, ¢ € X;{ * and we

may choose ¢ such that sup ¢ = 1. For any € > 0, we see that for each (¢, x) € R x Q,
RxQ
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(LQ,m,U —maxar — 6) [](z, x)
Q

D
=—¢z(t,x)+0—m /Jo(x—y)qb(t,y)dy—wt,x) + [a(t,x)—mgxar—e]aﬁ(tm

Q

D
< o /Jo(x — V)P, y)dy — ¢ (t,x) | —ep(t, x). (6.4)

Q

As min ¢ > 0 and ||0% [fQ Jo (- =)o (t, y)dy — ¢ (¢, -)]”Oo — 0 as 0 — o0, there is o > 0
RxQ
such that (Lg m o — maxar — €)[¢] <0 for all ¢ > o, which implies that
Q

)\l(_LQ,m,J) = Ap(_LQ,m,a) > —maxar —€, O = 0O¢.
Q

The arbitrariness of € then yields (6.2). Hence, lim A{(—Lg u.s) = —maxar.
o —>0Q re)

Q
Now, we prove the result in the case m = 0. Proposition 6.1 ensures A(—Lgos) < D —

max ar. To finish the proof, it suffices to show that
Q

liminfA;(—Lg0,0) > D —maxar. (6.5)
o—>00 5
Let ¢ be defined as in (6.3). For any € > 0, we see that for each (¢, x) e R x Q,
(LQ,O,G —maxar — 6) [@1(z, x)
Q

=—¢:(t,x)+ D /Ja(x—y)¢(t,y)dy—¢(t,X) +[a(t,X)—m_axaT—€]¢(t,X)
Q

Q

<D / Jo (x = (. y)dy — d(t.x) | — €t x).

Q

Hence, for each € > 0, there holds

(Lg,o,g + D — maxar — 6) [#1(t, x) < D/ Jo(x —y)p(t, y)dy — ed (2, x),
Q
Q

Y(t,x) eR x Q.

As ||fQ Jo(-—y)o(t, y)dy”OO — 0 as o — oo, we can follow the arguments as in the case m > 0
to conclude (6.5).
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(2) Recall that m € [0,2). Let ¢ be as in (6.3). Since a € C'*(R x ), there holds ¢ €
CHR x Q). Let ¢ € CH4(R x RN) be positive and T-periodic, and satisfy ¢(z, x) = ¢ (z, x)
for (r, x) € R x Q. For any € > 0, similar arguments as in (6.4) lead to

<LS2,m,cr —maxar — 6) [1(z, x)
Q

D

S /Jo(x—y)¢>(t,y)dy—¢(t,x) —€¢(t,x)
Lo i

D ~ -
- / Jo(x = y)@(t, y)dy — ¢(t,x) | —€p(t,x)

D ~ -

pur /J(Z)¢(I,X+Uz)dz—¢(t,x) —€d(t,x)

D IS 7 —
= /J(Z) (¢>(t,x+oz)—¢(t,x))dz —€ep(t, x), (t,x) e R x Q.

By the fourth-order Taylor’s expansion with remainder, we find
~ ~ %P1, x
St x+02) = ¢t x)= Y #o'“'za +0* Y Ra(t, 1),
I<|e|<3 ’ lo|=4

where o = (a1, ..., o) is the usual multiple index, and

1
Ry(t, x) = %/(1 —$)20%(t, x + soz)ds.
0

Since J is symmetric with respect to each component, there hold fRN J(2)z%dz =0 for || =1
or3and [py J(2)zizjdz =0 for i # j. Therefore,

/ J(2) (dz(t, xX+oz)— d;(t,x)) dz

RN

Z x’d)(t /J(z)zzdz+o4 Z Ry (t, x)/J(z)z“dz

i=1 BN =4
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It follows that

% /J(z) (J)(t,x+az) —¢~5(t,x)> dz
o

RN

Dot X
z Zaf,.tﬁ(t,x)/J(z)zfdz+Da4—’" > Ra(t,x)/ J(2)z2%dz.
i=1
RN

2
|o|=4 RN

Since ¢ € C1*(R x RV) and J is compactly supported, there holds the boundedness of the
functions (¢, x) — ZINZI 83;¢(t,x)fRN J(z)zizdz and (f,x) — Z‘a|:4 R (1, %) [pn J(2)2%dz.
It follows from the assumption m € [0, 2) that

D - - _
— / J(2) (qb(t,x +oz)— qb(t,x)) dz|—>0 as o — 0 uniformlyin (¢,x) € R x Q.
o
RN
As min ¢ > 0, for any € > 0, there exists o, > 0 such that
RxQ

(Lg,m,g—maxaT—e>[¢]§O in RxQ, 0<o <o..
Q

By the definition of A ,(—Lg o) and Proposition 6.1(2), we obtain

liminf A (=Lq m,0) =liminfA,(—Lg ) > —maxar. (6.6)
o—0t+ o—0t Q

We show the reverse inequality, namely,

limsupAj(—Lg m,e) < —maxar. (6.7)
o—0t Q

For any € > 0, there exists an open ball B C 2 of radius € such that ar + € > maxar in Be. Let
Q

$e € C*(R x RM) be non-negative and T-periodic, and satisfy

pe=¢pinRxBe, ¢p=0inRx (R \By) and sup ¢ < sup ¢ =1.
RxRN RxRN

Using the fourth-order Taylor’s expansion with remainder as above, we find

D - -
= f Jo (= Y)Belt, V)dy — Ge(t. )

m
RN

Da2—m N B
= Zafiqﬁe(t,x)/J(z)zizdz+0(a4_m), (t,x) eRx RV,

i=1 BN
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where

ot,x)= Dot Z /(1 -3 %P (1, x+saz)ds/ J(2)z%dz.

jal=4 BN

Therefore, we find that for (¢, x) € R x B,

1
(LBE,m,o maxar + € + ﬁ) [](, x)
Q

D
=—¢(t.x) + — /Jo(x — V¢, y)dy — ¢(t,x)
B

+ [a(t,x) maxar + € + |11—|i| o(t, x)
Q

D 9
> — /Ja<x—y>¢(r,y>dy—¢(t,x) UAGTIN
o™ IIne|
._BE
0 g 7 ~
“om /J“““‘”"’f(“”dy—fi’e(f’x)— / TG = et iy | + 28
o |[In€|
LRY Bac\Be
2 —m

232¢e(t X)/J(z)zzdz +Il (t, x)

D x— o, x)
v | J( o )M D el
Boe\ Be

=T} (6, X) + T2, (t,x) + L2 , (8, x) + T2(t, ),

where

2mN

Z 92 e (1, x) / J(2)z3dz,
RN

IZ,(t,x)=

D X — ~
Is,g(fax)Z—m / J<Ty>¢€(t,y)dy and

B\ Be

¢t x)

[Ine| ~

T3, x) =
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Note that min ¢ (¢, x) > min ¢ > 0 for all 0 < € < 1. Choosing € = o* with k = m—‘;’zN, we

Rx B, RxQ
see that the following estimates hold: for 0 <o < 1,

C O_kN
1 4— 2 2— 3 2
sup |Z ;| < Cqo™™™,  sup |ZZ,|<Cro=™, sup |Z7,|< — TN
RxRN RxRN RxRN 4

. Cs3

inf %

>_ 2
RxRY ¢ |In(o%)]

where C; > 0 fori =1,2,3,4. As lim,_, ¢+ o#|Ino| =0 for any 8 > 0, the term I? dominates
I} ;. 12, and I , for all small o'. Thus, there holds

€,0°

1
(LB“,“,W7 —maxar + ok +

1 |1n(0k)|>[¢]20 in RxByu, 0O<o<kl.

It then follows from the definition of )L;,(—L B i, m.o) and Proposition 6.1(2) that

1
A(—L =1 (~L <- by ——— 0 1.
1(=LB y.mo) =X, (=LB y mo) = maxar +o" + 0] <oKL
By Proposition 6.1(2)(4), A1(~Lam.c) < A (~Lg  m.o). which yields
AM(—Lgme) < —maxar +ok+ N 0<oxkl.
Q [In(c*)|
Sending o — 0, we prove (6.7).
Combining (6.6) and (6.7), we conclude the expected limit lim+ AM(—Lgmeo)=—maxar.
o—0 Q

(3) Recall that a is a radially non-increasing function of x. For o1 > 02, we show
A(=Lg.0,6;) = A1 (=Lg,0,0,)- It is equivalent to show A (=L 0,6)) > Ap(—L,0,0,)-

Set Q, = %Q and a,(t,w) = a(t,ow) for t € R and w € Q,. Clearly, A,(—Lg0,0) =
Ap(=Mg, 0,1 — as). Therefore, we need to show that

Ap(=Mag, 01 —ag) = Ap(=Mg,, 0,1 — do,)-
To do so, it suffices to prove the inequality )Lp(—./\/tgnl,o,l — ag;) = A for any A <

)\p(_MQUZ,O,I - aoz)o
Fix such a A. By Proposition 6.1, there exists a positive function ¢ € X;{ * such that
2

Ma,, 0.1[8]+ (@5, + VIF] <0 in R x Qp,.

Since 2 contains the origin, there holds Q4 C Q,,. Moreover, aq, (7, x) < as(t, x) for all
(t,x) € R x Q. Direct computations yield
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Ma,, 0,18+ (a0, (1, x) + V) [@] = Mg, 0.1[¢] + (a5, (t, x) + M[P] <0, (¢, x) €R x Q0.

This implies )»p(—./\/lgzgl 01— dg) = A,
The proof is complete. O

Finally, we study the scaling limits of the positive T-periodic solution of (1.11) and we prove
Theorem E. We need the following lemma.

Lemma 6.2. Suppose (H2). If minar > 0, then for each x € Q, the equation
Q

Uy = f(t7 X, U)
has a unique positive T -periodic solution, denoted by v*(t, x), that is continuous in x.

Proof. Fix any x € Q. Clearly, v = 0 is a solution of the equation, and the linearized equation
at v =0 reads w = a(z, x)w. Then, the sign of ar(x) determines the local stability of v = 0.
In particular, if ar(x) > 0, v =0 is linearly unstable. By the assumptions on f(¢,x,s), the
comparison principle and contraction arguments as in the proof of Theorem B, we are able to
show the existence of a unique positive T-periodic solution, which is globally asymptotically
stable. This is actually also necessary, as it can be shown that a7 (x) < 0 would ensure the global
asymptotic stability of v = 0, and therefore, the non-existence of positive T -periodic solutions.

If minar > 0, then for each x € Q, there exists a unique positive 7-periodic solution v*(t, x).
Q
It is not hard to see that it is continuous in x. O

Theorem E is divided into the following two theorems.
Theorem 6.3. Suppose (H1) and (H2). Let m € [0, 2).

(1) If maxar > O, then there exists o1 > 0 such that for each o € (0, 01], equation (1.11) admits
Q

a unique positive solution u’; € Xg * that is globally asymptotically stable.
(2) If minar > 0, then the limit
Q

lim w* (¢, x) =v*(t,x) uniformlyin (t,x) €Rx Q
o—0t

holds, where v* is given in Lemma 6.2.
Theorem 6.4. Suppose (H1) and (H2). Let m > 0.

(1) If maxar > 0, then there exists o2 > 0 such that for each o € 02, 00), equation (1.11)
Q
admits a unique positive solution u}; € Xg * that is globally asymptotically stable.

(2) If minar > 0, then the limit
Q

lim uf(t,x) =v*(t,x) uniformlyin (t,x) eRx Q
o —>0Q

holds, where v* is given in Lemma 6.2.
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In the rest of this section, we prove Theorem 6.3 and Theorem 6.4.

Proof of Theorem 6.3. (1) It follows from Theorem D(2) and Theorem B.
(2) We claim that for each 0 < € < 1, there exists o > 0 such that for each o € (0, o) there
holds

v¥(t,x) —e <u(t,x) <v*(t,x)+e, (1, x) eERxQ.

Let us prove the lower bound; the upper bound follows from similar arguments. Let 0 <€ <« 1.

Since min v* > 0, there exists § = §(¢) > 0 such that
RxQ

v(t,x) =1 —8)v* @, x) > v, x)—e>0, (t,x)eRxQ.

Note that for each (¢, x) e R x £,

_Ul(t7x)+o_£m /JJ(X_)’)U(taY)dy_U(t’x) +f(tv-x7v(t7-x))
Q

D(1 — &)

O-m

=—(1-=8v ¢, x)+ /Jg(x—y)v*(t,y)dy—v*(t,x)

Q

+ (1 =98 f(t,x,v"(t, x))
+ [ £t x, vt 0) — (1= 8) f(t, x,v*(t, x))]

_ D(1-9)

o-m

f Jo (x — )0 (. y)dy — v (1, x)

Q

+[ft,x, v x0) — (1= 8) (£, x, v*(t, x))] .
We see that

D1 —§)

o-m

/.I(,(x—y)v*(t,y)dy—v*(t,x) -0 as o—0"
Q

uniformly in  (¢,x) € R x Q.

Since for each (¢,x) € R x €,

f(t,x,v(t, x)) B f(t, x, v*(t,x))j| -0

v(t, x) v*(t, x)

[, x, v, x))— 1 =28)f(t,x,v*(, x)) =v(t, x) |:
where we used (H2)-(3), there holds

inf _[f@t, x,v(,x) — (1 =8 f(t, x,v*(,x))]>0.

(1,x)eERxQ
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Hence, there exists o > 0 such that for each o € (0, o¢), there holds

ve(t, x) < Ggm fjg(x -y, y)dy —v(t,x) | + f(@, x,v(t,x)), (¢ x)eRx Q. (6.8)
Q

Itiemains to show that for each o € (0, o¢), there holds v(z, x) < u’ (¢, x) for all (t,x) €
R x €2. To do so, let us fix any o € (0, o) and define

ay =inf{a > 0:v(t, x) <aul(t, x) forall (1, x) e R x Q}.

Since min u#) > 0 and v(z, x) is bounded, a, is well-defined and positive. Due to the continuity
RxQ

of v(t, x) and u}: (t, x), there holds v(z, x) < asul(t,x) for all (¢, x) e R x Q. Moreover, there
exists (fp, xo) € R x € such that v(ty, x0) = auts (o, X0).
Clearly, if oy < 1, then we are done. Therefore, let us assume «, > 1. By (6.8) and the equa-

tion satisfied by u; (¢, x), we see that w(z, x) 1= v(t, x) — a.u (¢, x) satisfies

we(t,x) < 02’" f]o(x —yw(t, y)dy —w(t,x) | + f(t,x,v(, x)) —oz*f(t,x,uf;(t,x)),
Q

(t,x) eR x Q.
However, since w; (fo, x0) =0, [, Jo (xo — y)w(to, y)dy — w(to, x0) <0 and

f (t0, x0, v(to, X0)) — ats f (10, X0, Uy (10, x0)) < f (to, X0, v(t0, X0)) — f (t0, X0, ctsu; (0, X0)) =0,

where we used o, > 1 so that a,.u; (fo, x0) > u’ (19, x0), and hence,

f (o, x0, ul (10, x0)) - £ (o, x0, csut (10, X0))
u’ (to, xo) axuk (to, xo)

by (H2)-(3), we arrive at

D
wy (fo, X0) < o /Jo(xo —y)w(to, y)dy — w(to, x0) | + f(to, X0, v(to, X0))
Q

— o f (10, x0, u (10, X0)),

which leads to a contradiction. Hence, o, < 1 and the proof is completed. O

Proof of Theorem 6.4. (1) It follows from Theorem D(1) and Theorem B.
(2) It suffices to show that for each 0 < € <« 1, there exists o, > 0 such that for each o €
(0, o¢) there holds

v (t,x) —€e <ul(t,x) <v*(t,x)+e (t,x) €eRx Q.
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As the proof follows from arguments as in the proof of Theorem 6.3, we here outline the proof
of the lower bound.

Let 0 < € « 1. Since min v* > 0, there exists § = §(¢) > 0 such that
RxQ

v(t, x) =1 =8 ¢, x) > v (t,x)—e>0, (f,x)eRx Q.

Direct calculations using the equation satisfied by v*(z, x) ensure that for each (¢, x) € R x ,

D
—v,(t,x)+0—m /Jo(x—y)v(t,y)dy—v(t,X) + f@t,x,v(t,x))
Q

D)

Um

/ Jo G — )0 (1, )dy — v* (1, x)
Q

+[f@x, 0@, x)) = (1 =8 ft,x,v*(t,x)].

Obviously,

D(1—$)

— /J,,(x—y)v*(t,y)dy—v*(t,x) —-0 as o—> o0
o

Q

uniformly in  (£,x) e R x Q.

Arguing as in the proof of Theorem 6.3, we find

inf [, x,v(t, ) — (1= 8) f(1,x,v*(1,x))] > 0.

(t,x)eRx 2

Hence, there exists o > 0 such that for each o > o, there holds

v(t, x) < U% /]a(x —y(, y)dy —v(t,x) | + f(, x,v(t,x)), (t,x)eRx Q.
Q

Now, we can argue as in the proof of Theorem 6.3 to conclude that for each o > o, there holds
v(t, x) <uk(t,x) for all (¢, x) € R x Q. This completes the proof. O

Remark 6.5. The asymptotic behaviors of the positive T-periodic solution of the reaction-
diffusion equation (1.12) for small diffusion rates, i.e., as d — 0T, has been studied by Daners
and Lépez-Gomez in [14].
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7. Maximum principle

We prove the maximum principle, namely, Theorem F, for the operator Lg defined in (1.3)
with a general a € CT (R x ).

Proof of Theorem F. By Theorem 1.2, 1| := X{(—Lg) is the principal eigenvalue of —Lgq. Let
¢ e Xg * be an associated eigenfunction. Then,

Lo[¢p]l+ 119 =0. (7.1

We first prove the sufficiency, that is, A} > 0 implies the maximum principle. To do so, let
u e C9([0, T] x Q) be nonzero and satisfy (1.13). Define w := % Then, simple calculations
using (7.1) give

0= Lelu] = Lolwe] = —wt¢+D/ J(x =y, Mw, y) —wt, x)ldy — riwe.
Q

Arguing by contradiction, let us assume that there exists (7o, xg) € (0, 7] x 2 such that

u(tg, xg) = [oHTl]inszu < 0. Then, there exists (¢f1,x1) € (0,T] x € such that w(t;,x;) =
N X
min w < 0. It then follows
[0, T]xQ2

—wy (t1, x1)P(t1,x1) >0,

D/J(X1 — o, Yw(ty, y) —w(t, x1)ldy >0 and
Q

—Aw(tr, x1)e(t1, x1) > 0.

Hence, we conclude that Lg[u](#, x1) > 0, which leads to a contradiction. This proves the suf-
ficiency.

Now, we prove the necessity, that is, the maximum principle implies A1 > 0. For contradiction,
let us assume A; < 0. Let Qo CC 2. The size of €2 will be specified later.

Letn: Q — [0, 1] be continuous and satisfy

0, x € 0%2,
n(x) =
1, x € Q.

We calculate

La[ngl(t, x) = D/ Jx =, y)In(y) —n()ldy = rinx)¢(t, x).

Q

There are three cases.
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(1) If x € 0, we have

Lalndl(t,x) = D f T = )$t VNG — 11dy — 1 (1, x)
Qo

>-D|J Q\Qo| — Ay inf t,x).
> ~DIlJ locl19llool2\Q0l A1 inf $(t.)

(2) If x € Q\Qp and n(x) > 3, we find

1
Lalndlt.x) = D f T = DG D)~y = 331606, 0)

{ym(»)=<n))}

A
=D / T = vy = .

{ym()=<n()}

Al
> _—DI|J Q\Qop| — — inf t,X),
= =Dl ool llcl@\ S0l ~ 5 inf 61, 2)

where we used the fact that {y : n(y) < n(x)} C Q\Qo.
(3) If x € @\Qp and n(x) < 1, then

La[nel(t,x) > D/ J(x =)o, y)n(y) —nx)ldy

Qo

+D / Jx =y, y)n(y) —nx)ldy

Q\Q0

D D
> E/J(x—y)qb(r,y)dy—g / J(x = )t y)dy
Qo

Q\Qo

> — inf
2 | (t,x)€[0,T1x(2\Q0)

/ J(x =)o, y)dy = [ [loollPllol $2\S20]

Qo

As J(0) > 0, it is easy to choose 2, say sufficiently close to €2, such that Lo[n¢] > 0. Now,
we have the following:

Lao[-n¢] <0 in (0, T] x €,
-n¢ =0 on (0, T] x 9L,
(=n$)(0, ) = (=n)(T, -).

Then, applying the comparison principle, we conclude that —n¢ > 0 in [0, T'] x €2, which clearly
is a contradiction. 0O
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Appendix A. Counterexamples

We construct examples of J and a(z, x) so that the operator — L, defined in (1.3) admits no
eigenvalue with an eigenfunction in X;{ \{0}. In particular, — Lg admits no principal eigenvalue.
To do so, let

at,x) =a(@)+BKx), (tx)eRx Q,

where o : R — R is a continuous 7'-periodic function and 8 : Q@ — R is a continuous function.
Setar = L [ a(r)dr. Then, ar (x) = ar + B(x) for x € Q

Let us suppose that —Lg admits an eigenvalue A; with an eigenfunction ¢ € X;Z' \{0}. Then,
there must hold ¢ € X;{Jr. Let us define ¥ (r, x) = efot[“(")"”]d%(t, x) for (1,x) e R x Q. Itis
easy to see that r € X;{ *. Moreover, multiplying the equation Lg[¢]+ A1¢ = 0 by the function

t— efot["‘(s)_“ﬂds, we find

- lﬂt(t,X)+/J(x =Y, y)dy — ¥ (e, x) + [ar + )Y, x) + (1, x) =0,

Q
(t,x) eR x Q.

Setting Y7 (x) = % fOT ¥ (t, x)dx for x € Q, and integrating the above equation over [0, T'] with
respect to ¢ results in

/ TG = Ut Ody — ¥ () + ler + BT () + Agr(n) =0, x €.

Q

That is, —A; is an eigenvalue of the following (bounded) nonlocal elliptic-type operator
L.]7O(T1ﬂ Xo— Xq,

V> / J(G—=yvdy —v(x) + [ar + Blv
Q

with an eigenfunction Y1 € X 54'.

We know from [10] (also see [36]) that J and B can be explicitly constructed so that the
operator Ly «, g admits no eigenvalue with an eigenfunction in X g; \{0}. Therefore, for such J
and g, the operator — L, does not admit an eigenvalue with an eigenfunction in X;{ \{0}.

We summarize the above analysis in the following result.
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Theorem A.1. Let J satisfy J = p on Q, and set fmax = max f(x). If,on dx < 1,
xeQ

1
Bmax—B(x)

then — Lg admits no eigenvalue with an eigenfunction in Xg \{0}. In particular, —Lq admits no
principal eigenvalue.

Proof. By [10, Theorem 5.1], the operator L 4, s admits no eigenvalue with an eigenfunction
in X 5\{0}. The theorem then follows from the above analysis. O
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