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Abstract

The present paper is devoted to the investigation of long-time behaviors of global probability
solutions of Fokker—Planck equations with rough coefficients. In particular, we prove the
convergence of probability solutions under a Lyapunov condition in terms of the Markov
semigroup associated to the stationary one. A generalization of earlier results on the existence
and uniqueness of global probability solutions is also given.

Keywords Fokker—Planck equation - Probability solutions - Convergence

Mathematics Subject Classification Primary 37C40 - 37C75 - 34F05 - 60H10; Secondary
35Q84 - 60J60

1 Introduction

Let &4 C R" be an open and connected domain which can be bounded, unbounded, or the
whole space R”. Stochastic differential equations of the form

dx =Vx)dt+Gx)dW, xel, (1.1)
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where V : U — R", G : U — R and W is a standard m-dimensional Wiener process,
are often used to model and describe the uncertainties or impurities in a dynamical system
inU.If GG is everywhere positive definite, V and G are locally Lipschitz continuous, and
solutions of (1.1) exist globally in the sense of distributions, then it is well-known that (1.1)
generates a Markov semigroup on Bj(U), the space of bounded measurable functions on
U, which is strongly Feller and irreducible. Consequently, if the Markov semigroup admits
a unique invariant measure, then it follows from classical convergence results of Markov
semigroups (see e.g. [13,18,22]) that the transition probability functions of (1.1) converge to
the invariant measure as t — 0o. We note that the existence and uniqueness of an invariant
measure for the Markov semigroup requires certain dissipative or Lyapunov conditions in ¢/
(see e.g. [1,18,22,25]).

The present paper aims at studying a similar convergence problem when the coefficients
of (1.1) are rough, which is actually the case in many applications. To do so, we consider the
following Fokker—Planck equation

du = Lu = 97(@u) — 3;(V'u), t>0, xell, (12)

where 9; = 9, 82 = 32 and the usual summation convention is used. We note that, though
the Fokker—Planck equatlon has interests in its own right in describing diffusive processes in
general, it can be generated from the stochastic differential equation (1.1) when (@) = %
and V = (V) in the sense that the probability distribution of solutions of (1.1) formally
satisfies (1.2).

We make the following standard hypothesis:

(H) The diffusion matrix A = (a%) is pointwise positive-definite, and a'/ € WIL Py,
vieL? W),i,je{l,..., n}, where p > n+ 2 is fixed.

loc

We note that as p > n the diffusion matrix A = (a'/) is in fact locally uniformly positive-
definite by Sobolev imbedding.
Under the regularity conditions in (H), we will consider weak solutions of (1.2) in the
sense of measure. Denote
L=aVd]+ V'

as the formal L? adjoint of the Fokker—Planck operator L.

Definition 1.1 Let v be a Borel probability measure on i/ and 7 > 0 be given. We say that a
family of Borel measures (= (j41)se[0,7) On U is a measure solution of (1.2) in [0, T') with
initial condition v if '/, V! € L}OC(Z/I, duidt) forany i, j € {1,...,n},

mo = v, (1.3)

and the identities
/qbdu,:/ ¢>dv+ 11m / /ﬁ(bd,u;ds ¢ € CrU),
u u

hold a.e. t € [0, T). If, in addition, u,;(U) < 1 for a.e. t € [0, T) (respectively, u;(UU) =1
fora.e.t € [0,T)), then i = (ir)refo,7) 1S called a sub-probability solution (respectively,
probability solution). In the case T = 0o, a measure solution, a sub-probability solution and
a probability solution are called a global measure solution, a global sub-probability solution
and a global probability solution, respectively.
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In literature (see e.g. [2,3,24]), the following equivalent definition has been used: A family
of Borel measures ;& = (is)sefo,7y on U is called a measure solution of (1.2) in [0, T')
satisfying the initial condition (1.3) if a'/, V' € L}OC(Z/I, dusdt) forany i, j € {1,...,n},
and

T
/ / Quu + Lu)dpdt =0, Yu € C(0,T) x U),
0 u

and for any ¢ € C§°(U), there exists a set J, C (0, T') with [(0, T)\ Jg| = 0 such that

lim /qﬁdut:/ ¢dv.
tedy.t—0 Jiy u

The existence and uniqueness of global probability solutions of Fokker—Planck equations
have been studied by many authors (see e.g. [2—4,10,24,26]) even for time-dependent coeffi-
cients. In particular, such existence and uniqueness result has been recently shown for (1.2)
in [24] under the existence of a Lyapunov-like function U € C?(2/) which is non-negative
and satisfies

Iim U(x) =0 (1.4)
x—ouU
and
LUx)<Ci+CUKx), xelU (1.5)

for some constants Cy, Cp > 0.

As opposed to the issue of global existence and uniqueness, not much results on the
convergence of global probability solutions of (1.2) are available or explicitly stated even in
the case of &/ = R". For the case of uniformly Holder continuous and bounded coefficients
of (1.2) in U = R", certain strong dissipative condition is assumed in [21] to yield the
convergence of global probability solutions of (1.2) to the stationary one (also see [14] and
references therein).

In this paper, we would like to give some results on the convergence of global probability
solutions of (1.2) in a general domain ¢ in R” which can be bounded, unbounded, or the
whole space R”. We will do so under the assumption (H) and certain Lyapunov type of
conditions imposed only near di{. It turns out that we are also able to obtain the existence
and uniqueness of global probability solutions of (1.2) by imposing conditions like (1.5) but
only near dUf.

For any non-negative continuous function U on U/ satisfying (1.4), we note that all sub-
level sets

Qy=xeld:Ux)<p}, p>0

are pre-compact. In fact, such a function is a special compact function on{ defined in [19,20].
We refer the reader to [19,20] for the meaning of x — 90U/ when ¢/ is unbounded. In particular,
when U = R”, x — 90R” simply means |x| — oo.

Making use of such compactness, we will work with Lyapunov types of functions as
follows.

Definition 1.2 Let U € C2(U/) be a non-negative function.

(1) U is said to be an unbounded Lyapunov-like function associated to L if (1.4) holds and
there are constants Cy, Cy, p,, > 0 such that

LU(x) < C1 4+ CU®K), x €U\Q,,. (1.6)
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(2) U is said to be an unbounded Lyapunov function associated to £ if (1.4) holds and there
are constants y, p, > 0 such that

LU(x) < —y, x€U\Qp,. 1.7)

(3) U issaid to be an unbounded strong Lyapunov function associated to £ if (1.4) holds and
there are constants Cy, C, p,, > 0 such that

LU(x) <Cp—CU(x), x €U\, (1.8)

The condition (1.6) is weaker than (1.5) under the assumption (H) on the drift term
V = (V7). They are of course equivalent if V is continuous on /. Due to the condition (1.4),
it is clear that a function of class (3) is stronger than that of (2) which is further stronger than
that of (1).

Our result concerning the existence and uniqueness of global probability solutions of (1.2)
states as follows.

Theorem A Suppose (H) and that there exists an unbounded Lyapunov-like function associ-
ated to L. Let v be a Borel probability measure on U. Then, the following statements hold.

(1) The equation (1.2) admits a global probability solution (ii;)c[0,00) With initial condition
v satisfying the property that the function t +— fu ¢du; is continuous on [0, 00) for any
¢ € Cye).

(2) If (iL)ef0,00) is a global sub-probability solution of (1.2) with initial condition v satisfying
the functiont +— fu ¢d i being continuous on [0, 00) forany ¢ € CS°(U), then iy = i
forallt > 0.

Among probability solutions of (1.2), the stationary ones, defined as follows, are of par-
ticular importance.

Definition 1.3 Under the assumption (H), a Borel probability measure w on i/ is called a
stationary measure of the Fokker—Planck equation (1.2) if Ly = 0 in the sense that

VieL, WU, w), i=1,...,n, and /wduzo, Vo € CU).
u

We note that the above definition actually only requires p > n in (H). The existence
and uniqueness of stationary measures of (1.2) under Lyapunov type of conditions have
been extensively studied in literature (see e.g. [8,9,11,12,18,20,28]). In particular, it is shown
in [20] that stationary measures of (1.2) exist under the condition (H) with p > n 4 2
replaced by p > n and the existence of a Lyapunov function associated to £ which needs
not be unbounded. The unboundedness of the Lyapunov function however guarantees the
uniqueness of stationary measures (see also [11] for the case &/ = R").

As mentioned at the beginning of this section, if (1.1) generates a Markov semigroup
which admits a unique invariant measure, then the transition probability functions of (1.1),
i.e., the global probability solutions of (1.2), converge to the invariant measure which is
necessarily a stationary measure of (1.2).

Under the condition (H) and in the presence of an unbounded Lyapunov function associ-
ated to £, a natural question is whether one can have a similar theory for the convergence of
global probability solutions of (1.2) to the unique stationary measure. Thanks to the recent
works [12,27] which show the existence of a unique strongly continuous Markov semigroup
associated to the unique stationary measure of (1.2), we have the following convergence
results for global probability solutions of (1.2) which also indicate certain exponential mix-
ing property of the unique stationary measure.
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Theorem B Suppose (H). Then, the following statements hold.

(1) If there exists an unbounded Lyapunov function associated to L, then, as t — 009,
any global probability solution (ii;)ic[0,00) Of (1.2) strongly converges to the unique
stationary measure Ly, i.e., for any Borel set B C U, there holds

Ut (B) — ux(B) as t — oo.

(2) Ifthere exists an unbounded strong Lyapunov function U associatedto L, then, ast — 00,
any global probability solution (ji;):c[0,00) 0f (1.2) with initial condition v satisfying
U e L' (U, v) exponentially converges to the unique stationary measure iy which is
exponentially mixing, i.e., there are constants C,r > 0 such that

e — psllry < Ce™™, t>0,

where || - ||Tv denotes the total variation distance, and

‘fwnmmyi/wm@/¢m“
u U u

for any pair of measurable functions ¢ and  with ||¢*||y < oo and |||y < oo, where
(s, @) = fu ddny and

< e @ = G oD} W2, 120,

¢
1+U

- e
e,y 11 +U

lollu = H :
LU, dx)

The rest of the paper is organized as follows. In Sect. 2, we study the existence and
uniqueness of global probability solutions and prove Theorem A. In Sect. 3, we investigate
the long-time behaviors of global probability solutions and prove the results of convergence
as stated in Theorem B. In Sect. 4, some examples are given as applications of Theorems A, B.
In Appendix A, we collect some facts from [12,27] about Markov semigroups associated to
stationary measures.

Through the rest of the paper, for short, we refer a measure solution, a sub-probability
solution or a probability solution of (1.2) with initial condition v as that of the initial value
problem (1.2)—(1.3), or Cauchy problem (1.2)—(1.3), or simply, (1.2)—(1.3).

2 Existence and Uniqueness of Global Probability Solutions

In this section, we prove the existence and uniqueness of global probability solutions of the
initial value problem (1.2)—(1.3). We first construct a global sub-probability solution, which is
further shown to be a global probability solution in the presence of an unbounded Lyapunov-
like function, which also ensures the uniqueness. In particular, Theorem A is proven by
combining Propositions 2.1, 2.2 and 2.3 below.

2.1 Existence of Global Sub-probability Solutions

We first prove the existence of global sub-probability solutions of the Cauchy problem (1.2)—
(1.3).

Proposition 2.1 Assume (H). Then, the Cauchy problem (1.2)—(1.3) admits a global sub-
probability solution (fi;)c[0,00) in the sense of Definition 1.1. Moreover, the following
properties of (141)ie[0,00) hold.
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(i) w@W) <1 forallt € (0, 00);

(ii) There exists a positive and locally Holder continuous function u € Lﬁw((O, 0),

WP )) with du € L, (0, 00), Wy, P @) such that djudt = u(t, x)dxdt;

loc
(iii) Forany ¢ € Cgo(l/{), the map t +— fl/{ ¢d ;s is a continuous function on [0, 00), and

t
/d)du,:/qﬁdus—k/ /E(bd/l,fdl', O0<s<t<oo.
u u s JU

Proof This theorem is more or less proven in [2,3,24] by means of the regularity theory
established in [5]. For completeness, we recall the essential arguments below.

By [3, Theorem 3.1], [5, Section 3] and [24, Theorem 2.3], for any T > 1, there exists
a sub-probability solution (,utT )iefo,1) of (1.2)~(1.3) on [0, T') such that (i)-(iii) with [0, co)
replaced by [0, T) hold. Let uT be the function on (0, T) x U given in (ii), so dutTdt =
ul (t, x)dxdt.

We then apply the regularity theory established in [5, Section 3] to conclude that there are a
sequence {7} }x>1 with Ty — oo as k — oo and a nonnegative function u on (0, 0c0) x U such
that uk (1, x) converges to u locally uniformly as k — oo. Then, the measures (it;)¢[0,00)
defined by u, i.e., du;dt = u(t, x)dxdt, are a global measure solution of (1.2)—(1.3). Now,
(i) follows readily, (ii) follows from the regularity theory (see [5, Corollary 3.9]), Harnack’s
inequality, Sobolev imbedding (see e.g. [23, Section 7]) and the connectivity of ¢/, and (iii),
except the continuity of t fu ¢dus att = 0, is a consequence of Lebesgue dominated
convergence theorem and the locally uniform convergence of u’* to u as k — oo.

It remains to show the continuity of 7 — [, ¢d; att = 0, namely, [,, ¢dp; — [, ¢pdv
ast — 0. As in the proof of [24, Theorem 2.3], we can prove the existence of some C > 0,
o > 0and €y > O such that for any 7 > 0 there holds

/qbuT(t,x)dx—/ ¢dv
u u

which leads to the result. O

<Cr% 1e€(0,el,

Denote by C.(Uf) the space of compactly supported continuous functions on U.

Lemma 2.1 Assume (H). Let (111):¢[0,00) be the global sub-probability solution of (1.2)—(1.3)
given in Proposition 2.1. Then, for any ¢ € C.(U), the function t — /L{ ¢d ;s is continuous
on [0, 00). If, in addition, pu;(U) = 1 for allt > 0, then for any ¢ € C(U) that is constant
outside some compact set, the function t +— fu ¢du; is continuous on [0, 00).

Proof Fix ¢ € C.(U) and 1y € [0, 00). Let 2, be an open bounded set such that supp(¢) CC
Q2,. By smooth approximation and the continuity of ¢, we can find a sequence (¢,),>1 C
Cgo (U) with supp(¢,) C Q2 for all n such that ¢n — pasn — 00 locally uniformly on /.
In particular, ¢, — ¢ as n — oo uniformly on €.

It then follows that for any n > 1,

/d’dﬂt—/ ¢d/J«zo

u u

=< ‘/ ¢d,ut_/ ¢ndﬂt /‘Pndﬂt _/ ¢nd:uflo
u u u u

<2sup|¢p — ¢nl + l/ nd g _/ Dnd iy
Q. u u

Qs

+

+‘/ ¢nd:uto _/ ¢d/1«t0
u u

The result now follows by first setting t — o and then n — o0. O
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2.2 Existence of Global Probability Solutions

In this subsection, we prove that the global sub-probability solution (14;)e[0,00) Of (1.2)—(1.3)
constructed in Proposition 2.1 is actually a global probability solution in the presence of an
unbounded Lyapunov-like function.

The following result generalizes [3, Theorem 3.1] and [24, Theorem 2.7] in the case of
time-independent coefficients.

Proposition 2.2 Suppose (H) and that there exists an unbounded Lyapunov-like function
associated to L. Then, the global sub-probability solution (ii;)c[0,00) of (1.2)—(1.3) given
in Proposition 2.1 is a global probability solution of (1.2)—(1.3).

Proof Let U € C?(U{) be the unbounded Lyapunov-like function associated to £ as in the
statement and C1, C, > 0, p;, > Obe asin (1.6) for the present U. We may assume, without
loss of generality, that U € L' (14, v). In fact, arguing exactly the same as in the proof of [3,
Corollary 2.3], an C? function # (depending on v) satisfying

0(0) =0, O(cc)=o00, 0<6 <1, §"7<0 and HoU e L'(v). 2.1)
can be found. Then, for x € U\,
LOoU)=0'(U)LU +0"(U)a"’ 3;Ud;U

< C1+ G0 (U)U
<Ci+CHoU,

where we used @'/ 3; U d ;U > 0 due to the positive-definiteness, and 6'(¢)t < 6(z) due to the
concavity. Hence, U € L! (U, v) is assumed in the rest of the proof.
To proceed, we fix pg € (om, 00), and for p > po + 1, we define n, € CZ[O, 00) such
that it is non-decreasing and satisfies
0, t €10, pml,
np(®) = \t, t € [po, pl
p+1, tep+2, 00).
We can further fix the shape of 1, (¢) for t € [, po]l U [p, p + 2] so that

C:= sup supmax{n,(t), |n, ()} < oo,
p=po+1t=>0 (2.2)
n,(t) <Oforallt € [p, p+2]and p > po + 1.

Set n(t) = limy_ 00 1, (1).
By Proposition 2.1, there holds

t
/(bd,ut:/(bdus—i-/ /E(bd,u,dr, O<s<t<oo
u u s JU

forany ¢ € Cé’o (U). By assumptions on the coefficients of £, the above equality also holds
for any ¢ € Cy(U). In particular, since n,(U) — (o + 1) € Cg(LI), we have

t
/M[np(U)—(erl)]dut =/u[np(U)—(p+1)]dus+/ Lﬁ(np(U))thdT-
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Denote €2, as p-sub-level set of U for each p > 0. To treat the second term on the right-hand
side of the above equality, we write

t
//E(np(U))dmdf
s JU

t '
:/ /n;(U)EUd/ert—i-/ / r}Z(U)a”a,-UajUdurdt
s JU s JU

! !
=/ / B n;)(U)ﬂUdu,dT—l—/ / B ng(U)a’/BanjUdufdr
s I\ Qpy s JQp0\Qp,,

12
+f / _ nZ(U)aUaanjUqudf.
s Qﬂ+2\9p

(2.3)

For the first term on the right-hand side of the second equality in (2.3), we find from (1.6)
and the fact u; (/) < 1 that

1 t
/ / - n;(U)EUduIdr §C1(t—s)+/ / _ n;(U)Udurdr
s Qﬂ+2\9pm D Q/}+2\Qﬂm

t
< Ci(t =)+ Cpolt —5) + / f _ np(U)dpde
s JQ

p+2\Qp0

t
=C1(t—s)+f/ L, ()Udpdt
s JQ

PO \Qﬂm

t t
+/ / B Ud,u,dr+/ / _ n,()HUdpdre
s JeQ, s Jo,\8,

t t
scia-o+cne-9+ [ [ vaudrs [ [ n@duds
s Joa, s 2,0\,

t
=C1(t—S)+Cpo(t—S)+f/ _ npU)dpdr,
s JQ

0+2\8pq

where C > 0 is as in (2.2). In the above estimates, we used the facts that ¢/ 9; U d iU >0
and ny (1) < 0 fort € (p,p +2), n,(H)t < () fort € (p, p + 1), which are simple
consequences of the construction of 7.

Setting iy
C3:=Ci+Cpp+C sup a’d;Ud;U,
on\ﬁpm

we arrive at

t t

/ / L(mpU))dpurdt < C3( — ) +/ f np(U)dpdr,
s JU s JU

and hence,

t
/M 0y (U) — (o + Dldps < fu 1y (U) — (p+ Ddpy +Cs(t —5) + / fu np(U)dpuedr.
* (2.4)
Since n,(U) — (p+ 1) € C%(Z/l), Lemma 2.1 ensures that

lim / (m,(U) = (o + Dldps = / [(1,(U) = (p + Dldv.
s—>0t Jy u

@ Springer



Journal of Dynamics and Differential Equations (2019) 31:1591-1615 1599

Therefore, passing to the limit s — 07 in (2.4) yields

t
/[np(U)—(p-l-l)]dm f/[np(U)—(p+1)]dV+C3t+/ /np(U)durdt,
U u 0 Ju

which leads to

t
/Mflp(U)duz+(p+1)[1 —Mr(U)]S/unp(U)dV—i—CatvL/(; /an(U)durdt (2.5)

Since u; () < 1, Gronwall’s inequality gives

/ np(Udu, < |:/ le(U)dU+C3t:|et.
u u

Setting p — o0, we find

/ n(W)du; < [/ n(U)dv + C3t]e’. (2.6)
u u

Hence, for fixed ¢ > 0, the right-hand side of (2.5) is bounded uniformly in p > pg + 1, and
therefore, if u,(U) < 1, we set p — o0 in (2.5) to deduce a contradiction. Thus, u, () = 1
forallz > 0.

Remark 2.1 Note that we obtained the estimate (2.6) in the proof of Proposition 2.2. This
in particular implies that under the assumption of Proposition 2.2, if U is an unbounded
Lyapunov-like function associated to £ and the initial condition v satisfies U € L! U, v),
then the global probability solution (14/)se[0,00) Of (1.2)—=(1.3) given in Proposition 2.1 and
Proposition 2.2 satisfies fu Udp, < ooforallt > 0.

2.3 Uniqueness of Global Probability Solutions

In this subsection, we prove the uniqueness of global probability solutions of the Cauchy
problem (1.2)—(1.3) in the class of global sub-probability solutions.

Proposition 2.3 Suppose (H) and that there is an unbounded Lyapunov-like function asso-
ciated to L. Let (i)re0,00) be the global probability solution of (1.2)—(1.3) given in
Propositions 2.1 and 2.2. If (1)i¢[0,00) iS @ global sub-probability solution of (1.2)—(1.3),
then [i; = p; forallt > 0.

Proof We adapt the proof of [24, Theorem 3.5]. Let U be the unbounded Lyapunov-like
function associated to £ and Cq, Ca, p,, be as in (1.6) for the present U. Let u(z, x) and

i(t, x) be the densities of (1r)e0,00) and (fir)s€[0.00)» Tespectively, and set v(z, x) = 583

By the regularity theorem established in [5], v(¢, x) is continuous and positive. It is proven in
[26, Lemma 2.2] (see also [24, Lemma 3.4]) that for any ¢ € Cg (U) with ¢ > 0 and A > 0,
there holds

/ [ex(l—v(z,x)) _ ex] b ()
u
t
< —e)‘)/ d)dv—i—/ / [em—”(s’”) —e)‘] Lo () dugds, 1> 0.
u 0 Ju

Fix pg € (pm, 00). Letn € C2([0, o0)) be a non-decreasing function satisfying

nm:{o, t €0, pul,
t, t€[pg,00).

2.7)
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Let ¢ € C%([0, 00)) be a non-increasing and convex function satisfying £(0) = 1 and
¢(t) =0forr > 1.
For N > 1, an application of (2.7) with ¢ = ;'(N_1 n(U)) yields
[ [e070 - e tnw e
u

t
<(1-e / ¢(N“InU))dv + / f [* VD) ML (N p(U)))dpsds,
u 0 Ju

" (2.8)
where £(¢(N~'n(U)) is given by

LGN ) = (N""nU)N (W)U
+ (NN (U)Pa7 ;U9 U
+ ¢ (N“IU)N~ Y (U)a" ;U 3, U.

It follows from the dominated convergence theorem and the fact (N ‘ln(U x) — 1
pointwise as N — oo that

/ [ek(l,v(,,x)) _ e)‘] g(N*ln(U(x)))d,ut — / I:e)x(lfv(t,x)) - e’\] duy
9 u

and

(1— e*)/ c(NTIU)dv — 1 — e,
u

as N — oo. To treat the second term on the right hand side of (2.8), we write (/) =
(I1) 4+ (12) + (13), where

1
(I = / / [H07e) — | NN T W) U dpsds,
0 Ju
t
(12)=f / [e’\(l_”(s'x))—e’\];“”(N_lr;(U))[N_ln’(U)]ZaijaiUajUdusds,
0 Ju
t
(13)=/ / [eﬂl—v(“))—el]g’(N—ln(U))N W' (U)a 9 Ud;Udpyds.
0 Ju

As [eMI 706D _ oM e (N~Ing(U)) = 0, we find

sup 7’

(I1) < / / “1 ““”—e]cw n(U))(C1 + C2U (x))d psds
U\,

c
sup" // (Ci + Co2U (x))dds,
{n(U)<N}

IA

where

C= sup ’[ek(]_v(s‘x)) - e)‘] C/(N_]U(U))‘ .
[0,6]xU

Since

1
’NX{n(U)<N}(Cl +CUKX)| =Ci+C
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and

1
NX{H(U)EN}(CI + CoU(x)) > 0 as N — oo pointwise,
the dominated convergence theorem yields lim supy_, ., (/1) < 0.
It is clear that (12) < 0. For (13), the fact n”(t) = 0 for ¢ € [0, pp] U [po, 00) implies
that

t
(13):/ f M7 — | N )N T )a U9 Udpagds.
0 JQ

£0\2py

The dominated convergence theorem then yields limy_,»(/3) = 0. Hence, we have shown
lim supy_, o, (I) < 0, which then implies that

/ [ex(lfv(t,x)) - e/\] dus < 1— e,
u

/ A=V gy < 1 VA > 0.
u

If there is a Boreal set B in U with positive Lebesgue measure and § > 0 such that
v(t,x) <1—§forx € B, then

|| < / M dp, < 1,
B

which leads to a contradiction by setting A — oo. Therefore, v(¢, x) > 1 a.e.. But, since
Jy . x)dx <1 = [, u(, x)dx, we conclude v(t, x) = 1 a.e., and hence, v(z, x) = 1 by
continuity. O

3 Convergence to Equilibrium

In this section, we study the convergence of global probability solutions of (1.2)—(1.3) and
prove, in particular, Theorem B. We first recall the following result concerning the existence
and uniqueness of stationary measures.

Proposition 3.1 Suppose (H) with p > n + 2 replaced by p > n and that there exists
an unbounded Lyapunov function associated to L. Then, (1.2) admits a unique stationary

measure [Lsx With density function lying in W[lo’cp o).

The existence part in Proposition 3.1 is proven in [20] even without the unbounded-
ness assumption of a Lyapunov function (see [19,20] for definition of a general Lyapunov
function). The uniqueness part in Proposition 3.1 follows from [12, Example 5.1] and [20,
Theorem A] in which it is actually shown that the unique stationary measure p, € M,,q,
where M,,,4 is defined in (A.1). Hence, by Proposition A.2, the semigroup (7;);>0 given in
Proposition A.1 (1) is a Markov semigroup and the only Co-semigroup in L' (24, 1) whose
generator (£, D(L)) extending (L, Cy°U)), and moreover, (i, is the unique invariant mea-
sure of (7;);>0. If (H) is assumed, then (7});>0 is joint continuous (see Proposition A.1 (2)),
and hence,
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Tt¢(X)=/M¢>(y)p(t,x,y)dyZ/Mqﬁ(y)pt(x,y)du*(y), pel'WU ), t>0,

(3.1)
where p(¢, x, y) and p;(x, y) satisfy properties described in Remark A.1 (3).

In what follows in this section, we assume (H) and the existence of an unbounded Lyapunov
function associated to £, and let (14/);c[0,00) be the unique global probability solution of
(1.2)—(1.3) obtained in Theorem A (or, in Propositions 2.1, 2.2 and 2.3) for a given Borel
probability measure v on U. We use B(U/) to denote the Borel o-algebra of /.

3.1 Strong Convergence to Equilibrium
To study the convergence of the global probability solution (14/)/¢[0,00) @St — 00, we imbed
it into the dual semigroup of (7});>0. To do so, we note that for each t > 0, ¢ — fu Tipdv

defines a bounded linear functional on Cj (i), and therefore, by Riesz representation theorem,
for any ¢ > 0, there exists a unique Borel probability measure, denoted by 7;*v, such that

(T v, ¢) = / ¢dT v = / Tipdv, Vo € Cp(U).
u u
The next two lemmas summarize some properties of 7;*v.

Lemma 3.1 T;*v strongly converges to py ast — oo, ie., for any B € BU), there holds
Tv(B) — p«(B) as t — oo.

Proof Note that
T v(B) = (T;"v, xB) 2/ Tixpdv, t>0.
u

By Remark A.1 (2), for any B € B(U), there holds
tlim Tixp(x) = n«(B), Vx elU.
— 00

It follows that
T v(B) =/ T, xpdv — s (B) as t — oo,
u

i.e., T;*v converges to ji, strongly as ¢t — oo. O

Lemma3.2 Forany ¢ € C3°(U), the function t — (T;*v, ¢) is continuous on [0, o), and

1
(T v, ¢) = (T}v, ¢) + / (TFv, Lo)dT (3.2)
s
forall0 <s <t < oo.
Proof The continuity of ¢ > (T;*v, ¢) at ¢t # O is obvious. The continuity at r = 0 follows

from Remark A.1 (4). More precisely, since T;¢(x) — ¢(x) as t — 07 locally uniformly
in x € U, the dominated convergence theorem then yields

I(T,*v,¢>)—<v,¢>|§/U|Tf¢—¢>|dv—>o as 1 0%,
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The identity (3.2) follows from Fubini’s theorem, the fact £L¢ = L¢ and the formula

1
T —Ts¢ = / TTZ(Pd‘L',
N
which is a general fact of strongly continuous semigroups. O
The following result implies Theorem B (1).

Theorem 3.1 Suppose (H) and that there exists an unbounded Lyapunov function associated
to L. Then, pu; strongly converges to jLy ast — oQ.

Proof We note from Lemma 3.2 that 7;*v is a global probability solution of (1.2)—(1.3) with
additional continuity properties. Hence, by Proposition 2.3, u; = T,;*v for all t > 0. The
theorem now follows from Lemma 3.1. O

3.2 Exponential Convergence to Equilibrium

We now study the convergence of (i4/)se[0,00) tO 4 under stronger conditions. We start
with the following result giving convergence results of the Markov semigroup (7});>0 under
appropriate assumptions.

Lemma 3.3 Suppose (H) and that there exists an unbounded Lyapunov function U associated
to L. Also, suppose that there exist constants ty, ¢, b > 0 and k € (0, 1) such that

TLUx)<c(1+Ux)), xelU (3.3)

foranyt € (0, to), and
T, U(x) <kUx)+b, xcl. 3.4

Then, there exist constants C,r > 0 such that
ITe¢p — (s, P)llv < Ce™ "l — (s, D), =10
for every measurable function ¢ : U — R with ||¢||ly < oo, where (i, §) = fu ¢d Ly and

9 - ”4’

lollv = ”

L (U,dx)

Proof We apply a version of Harris’s theorem stated in [17, Theorem 3.6] to T,(’J’ = Tpyy- To
do so, we need to verify two conditions. The first condition involved in that theorem is just
(3.4). The second condition involved is that for every R > 0, there exists 0 < « = «(R) < 1
such that

sup [| Tty (x, -) = Tip (v, )7y = 2(1 — ), (3.5)

where the supremum is taken over all x, y € U such that U(x) + U(y) < R.
To verify this condition, we fix R > 0 and set

Up={(x,y) eUxU:U)+U) <R} C Qpr x Qr,
where Qr = {x € U : U(x) < R} is the R-sub-level set of U. Note that

1T (x, ) = Ty (v, My =2 sup |Ti(x, B) — Ty, (y, B)|
BeBU)

=2 sup
BeBU)

/B[p(to, x,z) — p(to, y,2)ldz|.
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We claim that
1T (x, ) = Ty (v, )Ty <2, Vx,yel. (3.6)

Obviously, || Ty, (x, -) — Ty (y, )llrv < 2 for any x, y € U. If there are x, y € U such that
| T3 (x, ) — T3, (v, )llTv = 2, then there exists a sequence (B,), C B(lU) such that either

Ty, (x, By) — land T;,(y, B;,) — Oasn — oo, or

Ty, (x, By) — O and T}, (y, B,) — lasn — oo.
Suppose, without loss of generality, that the former is true. Let us fix some compact set
By C U such that Ty (x, By) = % Since p(to, y,z) is positive and continuous, ¢, :=
mingep, p(to, y, z) > 0. Since max,cp, p(to, X, 2) < 00, the Lebesgue measure of By N By,

denoted by | By N By, |, does not go to 0 as n — oo, for otherwise, T, (x, B,) can not converge
to 1 as n — oo. It then follows that

]}O(yv B,) > Tto()’v ByoN B,) > Cy|BO N Byl > Cy€p, n > 1,

where €y > 0 is such that |Bg N B, | > ¢g for all n > 1. This leads to a contradiction. Thus
(3.6) is true.
Denote

h(x1,x2) =2 sup /Ip(to,xl,z)—p(to,xz,z)ldz, X1, x2 €U.
BeBU) JB

Then for any x, x’, v, y' € QR,
1T Cx, ) — Ty (v, )Ty

= 2 Sup / [P(tO, X, Z) - p(t()v x/v Z)]dZ + / [P(IO, x/’ Z) - P(tO’ y/7 Z)]dZ
B B

BeBU)

+/;[p(t05y/!z)_p(t0!y7 Z)]dZ

<2 sup /Ip(to,x,z)—p(to,X’,z)Idz+2 sup /Ip(to,y’,z)—p(to,y,z)ldz
BeBU) JB BeBU) JB

+ 1T (', ) = T v D liry
< h,x) +h(y, y) + 1T () = Ty 0, DTy

By symmetry, we find that
1T (x, ) = Tiy (0, Mizv = 1Ty (') = T, Mirv| < h(x, x') + h(y, ¥, (3.7)
We note from Remark A.1 (3) that there is ¢;y, g > 0 such that
hx, x") < e rlx = x'[* and h(y,y') < e rly = Y%

This, together with (3.7) implies the continuity of the map (x, y) — ||T;,(x, ) = T3, (v, )TV
on Qg x Q. With this continuity, the condition (3.5) now follows from the claim (3.6) and
the compactness of Q.

It now follows from Harris’s theorem that (7},,),>1 admits a unique invariant measure,
which must be u, and there are C1 > 0 and r; € (0, 1) such that

1Targ® — (s $Mllu < Crrfllp — (ps P)llu, m= 1 (3.8)

@ Springer



Journal of Dynamics and Differential Equations (2019) 31:1591-1615 1605

holds for every measurable function ¢ : &/ — R with ||¢|ly < oo. For any ¢t > 1y, write
t = [t]+r;, where [¢] is the largest number of the form n#y not greater than ¢, and ¢, € [0, 7).
Then by (3.8) and (3.3),

1T:¢ — (s, PMlu = T3 (d — (s, PV llU
. ’ Ty, Tt (@ — (ps, @)
B 1+U

<|

L

T,(1+U
LA DN 5@ = (s oDl

1+U

L
lr]

<+ DCir° ¢ — (s $)l1u-

This completes the proof. O
Next, we provide sufficient conditions for the assumptions in Lemma 3.3.

Lemma 3.4 Suppose (H) and that there exists an unbounded strong Lyapunov function U
associated to L. Then, the following statements hold.

(1) U e L'U, ).
(2) Ifv satisfies U € LYW, v), then conditions of Lemma 3.3 hold.

Proof Let Cy, Ca, py > 0 be as in (1.8) for the unbounded strong Lyapunov function U as
in the statement.
(1) Let D be an Borel probability measure on ¢ such that U € LU, D). Let (1)1 €[0,00)
be the global probability solution of (1.2)—(1.3) with v = V.
We claim that
sup/ Udp; < oo. 3.9
t>0JU
Let us assume (3.9) for the moment and show that U € L (U, ). Clearly, we can find
a sequence of non-negative functions {U,}, C Cp(U) satistying U, < U,41 and U, (x) —

U (x) locally uniformly in x € U/ as n — oo. By the monotone convergence theorem,

/Udu*: lim / Undis.
u n—o0 u

The strong convergence of fi; to (4 as t — oo given in Theorem 3.1 implies that

lim / Und,tlt:/ Upydis, Vn.
—00 u u

It then follows from (3.9) and the monotonicity of the sequence {U, }, that sup,, fu Upds <
00, which leads to the result.

To finish the proof, it remains to show (3.9). To do so, we fix pg € (o, 00).Forp > pp+1,
we define 1, € C2[0, co) such that it is non-decreasing and satisfies

0, t € [0, pm]l,
ne(t) = 1t, t € [po, pl
p+1, telp+2,00).
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Moreover, the shape of 1, (t) for t € [p, pol U [p, p + 2] can be fixed so that

Cy:= sup supmax({n), (1), I} < oo,
p=po+11>0 (3.10)

n,(t) < Oforallt € [p, p+2]and p > po + 1.

We set n(t) := lim,_. o0 7, (2).
We estimate fu n,(U)d ;. By Proposition 2.1(iii), the equalities

t
/d)dﬂ,:/qbd/ls—i—/ /Ed)dﬂ,d‘c, O<s<t<oo
u u s JU

hold for any ¢ € Cgo (U), which, by the assumption (H), actually hold for any ¢ € Cg o).
Since i, U) = 1 = iy (U), they are also true for any ¢ +c, where ¢ € Cg(Z/I) and c € R. That
is, they are true for any C2 function that is constant outside some compact set. In particular,
they can be applied to the function 1, (U) for any p > po + 1. Hence, we find

d ~ ~ ~ " ij ~
*f n,(U)d i 2/ E(np(U))szZ/ U;(U)EUsz-i-/ n,(U)a" 9;Ud;Udi;.
dr Jy u u u

(3.11)
For the first term on the right-hand side of (3.11), we have

/n;(U)ﬁUdﬁt:/ _ n,(U)LUdpy
u QﬂJrl\Qﬂm

< Cl/ _ n,(U)d _CZ/ _ (U,
Q/J+2\Qﬂm Qﬂ+2\9ﬂnt

<CiC;3 —C2/ _ Udjy
2\

— 10— G / np(U)dfis + C / 1y (U)dfis + C2
u

/ np(U)dis
u\Q,

@
<G G [ 1)+ Cap + DD,
u
where Cy = C1C3 + C2 9.

For the second term on the right-hand side of (3.11), we deduce from the positive-
definiteness of (a'/) and the negativity of 7, (t) on [p, p + 2] that

/n;;(U)affaiuajUdﬂ,=/ _ W)’ Ud;Udi,
u QP()\QPm
+/ _ 0 U)a"8;Ud;Udfi
Qp+2\9p
<[ _ wWd%UdUdp
QP()\Qﬂm
<C; sup a’dUd;U.

Q/’() \ﬁﬂm
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With Cs := Cy + C3supg \g, al’d;Ud; U, the equality (3.11) gives

d - - -
E/ ne(U)dji; < —C2/ n,(U)dji; + Cs + Ca(p + D)1, U\,),
u u

which implies that for any t > f

t
/ np(U)djiy < e 070 / np(U)djisy + / e~ Csds
u U o
t
+/ e U (p + Dty UN\Qp)ds 3.12)
0]

. Cs b ot .
Ef np(U)dmOJrC—Jr/ e Um0 (p + 1)jis UNRp)ds.
u 2 10

Since [, np(U)djiyy, — [y, np(U)dV as g — 0T by Lemma 2.1, we pass to the limit
to — 07 in (3.12) to obtain

C ! ' -
f np(U)dji; < f np<U>dﬁ+C—Z+ /0 e~y (p 4+ DA, U\Rp)ds. (3.13)
u u

By Remark 2.1, we have [, Udfis; < oo. Since

[ mintv. oz = [ vaic+ i,
u

0

and as p — oo, both f;, min{U, p}dji, and fQ/) Udjfis converge to f,, Udjis due to the

monotone convergence theorem, we find pfi; (U\2,) — 0 as p — oo, which together with
the dominated convergence theorem imply that for any fixed ¢ > 0,

t
e Gt ‘Y)Cz( + DpsU\R,)ds — 0 as — Q.
P s U\ o P
0

Hence, for any fixed # > 0, we pass to the limit p — oo in (3.13) to find

N . Cs
/ n(U) s 5/ nW)dv + —,
u u 16))
which leads to (3.9).

(2) Note that £ = £ on C3(U) and the constant function 1 belongs to D(£) with £1 = 0.
Hence, £¢ = L¢ for any C? function that is constant outside some compact set. Let 1) o be as
in the proof of (1). Then n,(U)isa C 2 function that equals p + 1 on i/ \§p+2, and therefore,
L(n,(U)) = L(n,(U)). It follows that

d _
ETIU,O(U) = Tt['n,o(U)

=TiLny(U)
= Ty[n,(U)LU + ny(U)a" 3;U;U1.
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Clearly, n;(U)a8iU3;U < C3supg, \g,, a/8;Ud;U, where C3 > 0 s as in (3.10).
Since
—Can, (YU + Canp(U) = —Czn/p(U)U[Xon\ﬁpm +xung,l — C2Uxe, g,
+CnpWlxg,0\a,, T Xng, |+ C2Uxe, g,
< Cznp(U)[XQpO\ﬁpm + Xu\ﬁp]
< Cpo+ Calp + Dxypg,

we have , , ,
n,(U)LU < Cy1,(U) — Can,(U)U

< C1C = Con, (U)U + Cany(U) = Canp(U)
= CiC+ Copo + Cop + Dixgpng, — C21p(U).
Thus, setting

Cg:=C3 sup aijaiU3jU + C1C3 + Capo,
on\ﬁﬂm

we find

d
ETtnp(U) = Co + COoTil(p + Dxypg, 1 — C2Tinp (U),

which leads to

t t
Tin,(U) < e ', (U) + / e~ U Ceds + Cy / eI + Dxgpyg, Mds
0 0

. Cs L gmCati-
<e CZ’np<U)+c7+cz/0 HTILIR + Do, s
(3.14)

Multiplying the above inequality by a function ¢ € C3°(U) with ¢ > 0, and then integrating
the resulting one over ¢ with respect to 1, yields

C
/ Ty (U)pdiuy < C / 1o (Ui + / pdpe.
u u 2 Ju (3.15)

t
+C2/ e*cZ(H)(/ Til(p + Dxng ]d)du*)ds.
0 u ’

Since U € L'(U, uy) by (1), we have (p + l)u*(U\ﬁp) < 00, ie., (p + l)Xu\ﬁp IS

L'(WU, py), and hence (p + l)u*(u\ﬁp) — 0 as p — oo. Using the invariance of p, with
respect to (7;);>0, we have

0=< ]Z:[Ts[(p + I)Xu\ﬁp]¢d,u* = <Sgp¢> /Z/{ Ts[(p + 1)X1,{\§p]dllv*

- (sup¢) [ @+ Vg, dns
u u

(Supfi)) (p + D U\Q2p).

u

It follows that

/ Ts[(p + 1)Xu\§p]¢dﬂ* — 0 as p — oo uniform for s > 0.
u
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Setting p — o0 in (3.15), with n(¢) = lim,_, o0 7, (¢), we find

C
/ Tin(U)gd s Se_CZ’/ n(U)¢dM*+F6/ pd s,
u u 2 Ju

which then implies

C
T(U) < e CinU) + 2.
C
Since n(U) is also an unbounded strong Lyapunov function, we can simply take a 7o > 0 so
that e=€2%0 < 1, for which conditions of Lemma 3.3 are satisfied. ]

Remark 3.1 If we would use (3.1) to treat the term T[(p + I)Xu\ﬁ,,] on the last line of the
inequality (3.14), some singularity would occur because p(s, x, y) is singular at s = 0. This
is why we put the inequality (3.14) into the space L' (2, jt,) in the proof of the lemma.

Finally, we prove the following theorem which implies Theorem B (2).

Theorem 3.2 Suppose (H) and that there exists an unbounded strong Lyapunov function U
associated to L. If v satisfies U € LU, v), then there exist ty > 0 and constants C,r > 0
such that the followings hold for all t > ty:

e = mallry = 1T — paliry < Ce™™, (3.16)

V thdnlu*—/ wdu*/ od s
u u u

for any pair of measurable functions ¢ and r with lp%lly < oo and W2 |ly < oc.

< Ce™ (@ — (e SN IV 2, (B.1T)

Proof By Lemma 3.4 (2), we can apply Lemma 3.3 to deduce that

1T v — psellry = sup KT7v, @) — (1, D)
$ilpl<1

= sup |[(v, T;p — (Us, @)

¢:lp|<1
T — (1,
o / 16— G B |\
#:lol<1 Ju 1+U
s/(1+U>dv sup T3¢ — (s Sl
u ¢:|p|<1

scet [ (A viy sup 16~ G Bl
u #:lpl=1
This proves (3.16).
Since p(t, x, y)dy is a probability measure and a — +/a is a concave function, Jensen’s
inequality yields

T,VU (x) =/M~FU(y)p(t,x,y)dy < \//u U)p(t, x, y)dy = T,U (x).

By Lemma 3.4 (2), conditions of Lemma 3.3 hold. It follows that there are constants ¢ > 0,
k € (0,1) and b > 0 such that

T,WU(x) <é1+VU ), xel
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for any ¢ € (0, #p), and ~
ToNU(x) <iVUX) +b, x el

Applying Lemma 3.3 concludes that there exist constants C, 7 > 0 such that
1Ti¢ — (s D)l 7 < Ce™ ™ Nl — (s $)l y7n £ = 10 (3.18)

holds for every measurable function ¢ : U — R with ||| JO < 00, or equivalently,
o2y < oo. Clearly, (3.18) implies that

T p(x) = (s 9| < Ce™ " (1 + VU = (s D)l s x €U 1 = 10,

It then follows that

f VT — / o f m
u U u

- /u WIITid — (o Bl

< Ce ¢ — (s ¢>||ﬁ\/ /u |w|2du*\/ /u (1 +VU)2dp.

< V2Ce g — <u*,¢>||w||w2||32L(1+U>du*.

This proves (3.17). O

4 Examples

In this section, we apply Theorems A and B to some examples.

Example 4.1 Consider the following It6 stochastic differential equation

dx = bxdt + /20 (2 4+ 1)dW, xeR,
where 0 > b > 0. The corresponding Fokker—Planck equation reads
du = Lu =93> (0(x* + Du) — 8, (bxu), >0, x€R, (4.1)

and the adjoint Fokker—Planck operator is simply £ = o (x? + 1)8)%)( + bx0y.
Consider U (x) = In(x2 + 1). Since

LU((x) < —(o — b) for |x] > 1, ie., U is an unbounded Lyapunov function. Hence,
Proposition 3.1 ensures the existence of a unique stationary measure (. of the Fokker—Planck
equation (4.1). It follows from Theorem A that for any initial Borel probability measure, (4.1)
has a unique global probability solution (1t;);c[0,00)- Moreover, Theorem B (1) asserts the
strong convergence of (i; to Ly ast — 0o.

Example 4.2 Consider the It6 stochastic differential equation

dx = b(x)dt +V2dW, x €R,

@ Springer



Journal of Dynamics and Differential Equations (2019) 31:1591-1615 1611

whose corresponding Fokker—Planck equation is given by
du = Lu =98> u—d(b(x)u), 1>0, xeR, (4.2)

where b : R — R is continuous and satisfies b(x) = ——5 for |x| > 1. The adjoint
x| 2
Fokker—Planck operator is simply £ = 8)%)( ~+ b(x)0x.
Consider a C? function U : R — [0, co) such that

1
Ux) =™, x> 1.

Simple calculation yields that
UGy = | Lt gt - 2d ] s
x)=e —x[72 = —x|7%F — —|x . lx ,
16 16 4

which implies that LU (x) — —oo as |x| — oo. Hence, U is an unbounded Lyapunov
function.

It follows from Proposition 3.1 that (4.2) admits a unique stationary measure jty, and
from Theorem A that for any initial Borel probability measure, (4.2) admits a unique global
probability solution (f4)s[0,00)- Theorem B (1) then guarantees that u; converges strongly
to iy ast — oo.

Example 4.3 For given constant b < 0, consider the Itd stochastic differential equation
dx = bxdt + V2(1 —x})dW, x el =(-1,1),
whose corresponding Fokker—Planck equation is given by
du = Lu =32 [(1 — xH*ul + 3, (bxu), >0, xe(=1,1). (4.3)

The adjoint Fokker—Planck operator reads £ = (1 — x%)?32_ + bxd,.
Let U(x) = —In(1 — x2), x € (—1, 1). Then U (x) — oo as |x| — 1. Since

2

2b
LUG) =2+27 + 7. xe(-1.1),

we can find constants Cy, Ca, p,;, > 0 such that
LU(x) <C1—CUx), xe(=1,D\Q,,,

where Q,, = {x € (=1,1): U(x) < pin}. Hence, U is an unbounded strong Lyapunov
function of (4.3).

Applying Proposition 3.1, Theorems A and B (1), we conclude that if v is a Borel probabil-
ity measure on (—1, 1), then the unique global probability solution (14;)se[0,00) Of (4.3) with
initial condition v converges strongly to the unique stationary measure of (4.3) as t — oo.
If, in addition, v satisfies U € L'((—1, 1), v), then Theorem B (2) ensures that (1) re[0,00)
converges exponentially fast in the total variation distance to the unique stationary measure
of (4.3)ast — oo.

Example 4.4 Consider the It6 stochastic differential equation

dx = [tan (—%x) " sign(x)] di + 11— [x||*dW, xe(=1,1)
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studied in [16], where & > 0. The corresponding Fokker—Planck equation reads

1o 2 T .
e = Lu = S92, (11— [ *u) =0, ([tan (—Ex) n 51gn(x)] u) t>0, xe(—1,1).
4.4
Hence, the adjoint Fokker—Planck operator is given by

_ l w2002 T :
L= 2(|1 [x[|7)0¢, + |tan 2x + sign(x) | Ox.
Note that the drift coefficient is discontinuous at x = 0 and the diffusion coefficient is not
Holder continuous with exponent % ifa < %

It was shown in [24, Example 3.10] that U (x) = %:iz, x € (—1,1) is a positive C?

function and satisfies U (x) — oo as |x| — 1~ and

LU (x)
U(x)

— —o00 as |x| — 1.

In particular, U is an unbounded strong Lyapunov function, and therefore, the assumptions in
Proposition 3.1, Theorems A and B are satisfied. Hence, if v is a Borel probability measure on
(—1, 1), then the unique global probability solution (i4;)e[0,00) Of (4.4) with initial condition
v converges strongly to the unique stationary measure of (4.4) as t — oo. If, in addition, v
satisfies |, iU dv < oo, then the convergence is exponentially fast in the total variation
distance.

Acknowledgements We would like to thank Professors Wen Huang and Zhenxin Liu for some preliminary
discussions.

Appendix A. Stationary Measures and Associated Markov Semigroups

In this section, we recall some results obtained in [12] (also see [6,7]) concerning Markov
semigroups associated to stationary measures.
Let P be the set of Borel probability measures on U{. Let

M :={u € P: Lu =0 in the sense of Definition 1.3}

be the set of stationary measures of (1.2).
The following results describe the existence and some properties of sub-Markov semi-
groups associated to a given stationary measure of (1.2).

Proposition A.1 Let u € M.

(1) If (H) is assumed with p > n + 2 replaced by p > n, then there exists a closed extension
(L, D(L)) of (L, Cg°U)) generating a sub-Markov contractive Co-semigroup (T;):>0
on LY(U, ) such that [ is sub-invariant for (T})i=0, Le.,

/thbdus/qbdu, t>0
u u

forall p € L®°U, ) with ¢ > 0.
(2) If (H) is assumed, then there exist unique sub-probability kernels K, (-, dy), t > 0, onU
such that
Ki(x,dy) = p(t,x, y)dy,
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where p(t, x, y) is locally Holder continuous and positive on (0, 00) x U x U, and for
each ¢ € L' (U, w), the function

x> Kip(x) = fumy)p(r,x, »dy, U R

is a p-version of Ty suchthat (t, x) — K¢ (x) is continuous on (0, 0o0) xU. In addition,
if L € P is invariant for (K;);>0, i.e.,

a=K/pldy):= / K:(x,dy)dv(x), t>0,
u

then i = [L.

Proof See [12, Theorem 2.3] or [26] for (1), and [12, Theorem 4.4] or [5, Theorem 4.1,
Corollary 4.3] for (2). O

Here are some remarks, implied by Proposition A.1(2), about the semigroup (K;);>¢ given

in Proposition A.1(2) (see [6, Remark 1.7.6]).

Remark A.1 Assume (H).

(1
(@)

3)

“

The semigroup (K;);>0 is strongly Feller and stochastically continuous.
The probability measures

B+ K;xp(x) :=/ p(t,x,y)dy, t>0, xeu
B

are equivalent. In particular, if u is invariant for (K;);>0, i.e.,

/Kf¢du=f odu, 120,
u u

forall ¢ € L' (U, ), Doob’s theorem (see e.g. [15, Theorem 4.2.1]) yields
lim K;xp(x) =u(B), VxelU
—00

for any Borel set B C U.
By the proof of [5, Theorem 4.1], the transition density function p(t, x, y) of (K;);>0 1s
given by

p(t,x,y) = pi(x, y)oy), (t,x,y) €(0,00) xU XU,

where o € W]f;cp(lf{) is the density of u, and (¢, x, y) — p;(x,y) is continuous on
(0, 00) x U x U and satisfies

|pt(x,2) — pe (¥, 2|
sup sup <
x,yeK zeld [x — yl¥

for any r > 0 and any compact set IO C U/, where o > 0 is some constant.
By [12, Theorem 2.3(iii)], or [6, Theorem 1.5.7(iii)], for any ¢ € CSO(L{), T:¢ has a
continuous modification, which must be K;¢, such that

Kipx) — ¢(x) as t— 0 locally uniformly in x € U.

In the next result, sufficient conditions for the sub-Markov semigroup (7;);>¢ in Proposi-

tion A.1 being a Markov semigroup are provided.
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Proposition A.2 Assume (H) with p > n + 2 replaced by p > n. Let uw € M. Then, the
following two assertions are equivalent:

(1) For some (and therefore all) A > 0, there holds L' U, ) = (£ — A (CEEU));
(2) There exists a unique Co-semigroup in LU, w) whose generator extending (L, C§° (U)).

If one of the above two equivalent assertions holds, then the semigroup (1;);>0 given in
Proposition A.1(1) is a Markov semigroup and  is invariant for (1;)>0.

Proof See [12, Proposition 2.6]. O

Set
Mg = {1 e M L't ) = €= D(CE@]. (A1)

The following result holds.
Proposition A.3 Assume (H) with p > n+2 replaced by p > n. If Mg # 0, then#M = 1.

Proof See [12, Theorem 4.1]. O
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