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Abstract

The present paper is devoted to the investigation of the long term behavior of a class of higher-
dimensional singular diffusion processes that get absorbed by the extinction set in finite time
with probability one. Our primary focus is on the analysis of quasi-stationary distributions
(QSDs), which describe the long term behavior of the system conditioned on not being
absorbed. Under natural Lyapunov conditions, we construct a QSD and prove the sharp
exponential convergence to this QSD for compactly supported initial distributions. Under
stronger Lyapunov conditions ensuring that the diffusion process comes down from infinity,
we show the uniqueness of a QSD and the exponential convergence to the QSD for all initial
distributions. Our results can be seen as the higher-dimensional generalization of Cattiaux et al
(Ann. Prob. 2009) as well as the complement to Hening and Nguyen (Ann. Appl. Prob. 2018)
which looks at the long term behavior of higher-dimensional diffusions that can only become
extinct asymptotically. As applications, we show how our results can be applied to many
ecological models, among which cooperative, competitive, and predator-prey Lotka-Volterra
systems. The cornerstone of our approach revolves around a uniformly elliptic operator that
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we relate through a two-step transform to the Fokker-Planck operator associated with the
diffusion process. This operator only has singular coefficients in its zeroth-order terms and can
be handled more easily than the Fokker-Planck operator, which is defined on an unbounded
domain and exhibits degeneracy in the extinction set. For this operator, we establish the
discreteness of its spectrum, its principal spectral theory, the stochastic representation of the
semigroup generated by it, and the global regularity for the associated parabolic equation.
These results extend beyond the study of QSDs and are of independent interest, especially
in the context of spectral theory for degenerate elliptic operators on unbounded domains. As
direct consequences, we show that the extinction rate associated with the QSD and the sharp
exponential convergence rate are respectively given by the absolute value of the principal
eigenvalue and the spectral gap, between the principal eigenvalue and the rest of the spectrum,
of this operator. Such characterizations of the QSD and exponential convergence rate were
previously unknown in the context of irreversible singular diffusion processes.

Mathematics Subject Classification Primary 60J60 - 60J70 - 34F05; secondary 92D25 -
60H10
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1 Introduction

Absorbed diffusion processes find frequent application in the field of population biology,
serving as models for the evolution of interacting species. In such ecological systems, it is
a well-established fact that the eventual extinction of all species is an inevitable outcome,
driven by various factors such as finite resources, limited population sizes, mortality rates,
and more. However, what is crucial to recognize is that, in practical terms and when measured
against human timescales, species can persist for a significant duration [9]. This prolonged
persistence of species in ecological systems motivates the need to gain insights into the
behavior of the ecosystem before the eventual extinction occurs. As a result, there is a strong
impetus to study the dynamics of higher-dimensional diffusion processes under the condition
that they do not go extinct.
To be more specific, consider the stochastic Lotka—Volterra competition system:

d
Az} =z} {ri =) ez} | de +\/yiZidw], ie{l.....a), (1.1
j=1

where Z, = (Z;) € U := [0, 00)? are the abundances of the species at time ¢, {r;}; are per-
capita growth rates, {c;; }; are the intra-specific competition rates, {c;;};»«; are inter-specific
competition rates, {y;}; are demographic parameters describing ecological timescales (see
e.g. [8,9]), and { WiY; are independent standard one-dimensional Wiener processes on some
probability space. The system (1.1) can be obtained as a diffusion approximation of a
suitably renormalized d-type birth-and-death process in the regime of large population and
small ecological timescale. A detailed derivation in dimension d = 1 is presented in [8,
Section 8.1] (see also [1, Theorem 3.2]). The idea in [8] can be easily generalized to the
general multi-type case; see [9] for a brief discussion in the two-type case d = 2. For
reader’s convenience, we present a formal derivation of the system (1.1) in Appendix B.

It is well-known (see e.g. [9, 16]) that Z; reaches the boundary, also called the extinction
set, I" := {z =(z))elU:zi=0forsomeie{l,..., d}}, of { in finite time almost surely.
This event corresponds to the extinction of at least one species of the considered community.
It is a striking feature of (1.1) that inherits from that of the underlying birth-and-death pro-

cess (see Appendix B), attributes in particular to the demographic stochasticity / y; Z;thi,
i € {1,...,d}, and can be verified by a straightforward application of the comparison
principle together with Feller’s classification of boundaries for one-dimensional diffusion
processes (see e.g. [40]). Nonetheless, typical trajectories or sample paths of Z; will stay in
U = (0, 00)? for a long period before hitting I'. This can be interpreted as the temporary
coexistence of species, before their ultimate extinction. To understand this type of behavior,
notions such as quasi-steady states and metastable states have been put forward. These con-
cepts are often formalized in terms of the quasi-stationary distributions (QSDs), which are
initial distributions of Z; on U such that the distribution of Z; conditioned on not reaching
I" up to time ¢ is independent of ¢+ > 0. In this context, it is of fundamental mathematical
importance to analyze the existence, uniqueness, and domains of (exponential) attraction of
QSDs.

The purpose of the present paper is to investigate the existence, uniqueness and exponential
convergence to QSDs for a class of irreversible diffusion processes given by models of the
form

dZ! = bi(Z)dt +\Jai (ZHdW!, ie(l,...,d}, (1.2)
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where Z; := (Zf) €U, b : U - Randg; : [0,00) — [0, 00). We make the following
assumptions.

|a] (s)[?
a; (s)

(H1) a; € C*([0,00)), ;(0) = 0, a;(0) > 0, a; > 0 on (0, 00), lim sups_)oo[

+af (s)] < coand [ —L= = coforalli € {1.....d}.

(H2) b; € C'(U) and bil;;—0 = Oforalli € {1, ..., d}, where z; = 0 means the set
{e=@)eU:z=0}.
(H3) Lyapunov condition: there exists a positive function V € C?(¥/f) satisfying the follow-
ing.

(1) limzj 00 V(z) = 00 and lim ;| 00 (b - V;V)(2) = —00.
(2) There exists a non-negative and continuous function V : [0, co) — [0, 0o) satis-
fying

[e'e) efﬁv
/ ds <oo, VB>0andie({l,...,d}
1 a;
such that V(z) > 27:1 V(z;) forall z = (z;) € U.
. ib;
() Timp oo gty S0y (102611 + 20 4 lafa, VI + asld?, V1) = 0.
(4) There exist constants C > 0 and R > 0 such that

d 2
2 b . +
S (@il viE+=) <—Cb-V.V in u\ B,
N aij
i=1

where B} :={z=(z;) e :2z; € (0, R), Vi € {1,...,d}} for R > 0.

Assumption (H1) says that each a; (s) behaves like a;(O)s near s ~ 0, and allows each
a;i(s) to behave like sV for some y € (—o00, 2] near s ~ co. Assumption (H2) is satisfied if
bi(z) = zi fi(z)for f; € C L@). (H1) and (H2) ensure that (1.2) generates a diffusion process

d a2
Zi:l |aldz,'z,'vl — 0

Z; onl having I as an absorbing set. (H3)(1) and the condition lim||— 00 Y
contained in (H3)(3) imply the dissipativity of Z,, and hence, that it does not explode in
finite time almost surely. Other assumptions in (H3) are technical ones, but they are made
according to examples discussed in Sect. 6. We note that for a reversible system, the potential
function is a natural choice for V. For irreversible systems, polynomials are usually good
choices for V, especially when the coefficients are polynomials or rational functions — this
is often the case in applications.

We show in Proposition 2.1 that Z; reaches I in finite time almost surely under (H1)-(H3),
and hence, that Z; does not admit a stationary distribution that has positive concentration
in . It is then natural to look at Z, before reaching I" in order to understand the dynamics
of Z,. This drives us to examine quasi-stationary distributions of Z; or (1.2) conditioned on
coexistence, i.e., [t < Tr], where Tt := inf{t > 0 : Z; € I'} is the first time when Z; hits
I". Denote by P#* the law of Z, with initial distribution w, and by E* the expectation with
respect to P*.

Definition 1.1 [Quasi-stationary distribution] A Borel probability measure p on U is called
a quasi-stationary distribution (QSD) of Z; or (1.2) if for each f € C,(U), one has

IE"[f(Z,)|t<Tr]:/Z:{fdu, Vi > 0.
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The QSDs of Z; are simply stationary distributions of Z; conditioned on [¢ < Tr]. This is
why QSDs can be seen as governing the dynamics of Z; before extinction. It is known from
the general theory of QSDs (see e.g. [19, 56]) that if u is a QSD of Z;, then there exists a
unique A > 0 such that if Zg ~ p the time Tt is exponentially distributed with rate A, i.e.,
PH [Tt > t] = e~ forall t > 0. In view of this, the number A is often called the extinction
rate associated with .

Our first result concerning the existence of QSDs and the conditioned dynamics of Z; is
stated in the following theorem. Denote by P () the set of Borel probability measures on /.
For convenience, we use the notation 0 < € < 1 meaning that € is as small as we want.

Theorem A Assume (H1)-(H3). The process Z; admits a QSD w1 satisfying fu eﬂvdul < 0
for some B > 0, and there exists r; > 0 such that the following statements hold:

e forany 0 < e < 1 and u € PU) with compact support in U,

; (ri—eyt —

Jim M= [PHZ, € ofr < Tr] — 1] 1y, =0,
where || - ||Tv denotes the total variation distance.

o There is f € Cp(U) such that for a.e. x € U, there is a family of sets {Ky c}o<e«i
in (0, 0o) satisfying Kx.e;, C Ky e for 0 < €1 < €2 < 1 and lime_,ginfro [y e N
(T, T +1)| =1 such that

tely.e
—00

lim e B[ f(Z)|t < Tr] —/ fdm‘ =00, Y0<e<kl.
u

Remark 1.1 We make some comments about Theorem A.

e The two convergence results stated in Theorem A assert the sharp exponential conver-
gence with rate r| of the conditional distribution P#[Z; € e|t < Tr] to the QSD u| as
t — oo. While it is fairly easy to show that

lim 179" sup sup E"[f(Z,)|t < Tr] —/ fdui| =00, V0 <e<kl,
u

1—=o0 feCpUh) xeld
I flleo=1

the second conclusion presented in Theorem A is much stronger.

e What is behind Theorem A is the spectral theory (more precisely, the discreteness of the
spectrum and the principal spectral theory) of a uniformly elliptic operator with singular
coefficients inits zeroth-order term that we relate to the Fokker-Planck operator associated
with Z; via equivalent transforms. This allows us to address the challenges posed by the
facts that the Fokker-Planck operator associated with Z; is defined on the unbounded
domain ¢/ and exhibits degeneracy on its boundary I'. The QSD g is essentially given
by the positive eigenfunction associated with the principal eigenvalue —A; < 0, and
the associated extinction rate is just the absolute value of the principal eigenvalue —Aj.
The sharp exponential convergence rate r; is given by the spectral gap, between the
principal eigenvalue and the rest of the spectrum. Such characterizations of the QSD and
the exponential convergence rate have been obtained in [8, 9] in the reversible case. Our
result is the first of this type for the general setting when Z; is irreversible.

e In the second conclusion, the function f is essentially an arbitrary non-zero element in
the range of the spectral projection of the elliptic operator associated with eigenvalues
having real part —A; — . The set IC « more or less corresponds to the e-superlevel set
of the function ¢ ’IEx[f(X,)‘t < Tr] — fu fdvy|, where X; is related to Z; via some

@ Springer



Journal of Dynamics and Differential Equations

equivalent transform (see Subsection 2.2 for details) and v; is the QSD of X, obtained
in Theorem 5.1. For irreversible systems, eigenvalues having real part —A; — r| are
generally complex, giving rise to oscillations (see (5.8)). As a result, the zeros of this
function, if they exist, form a sparse set, and thus, Uo ekl Kx.e 1s densely distributed in
(0, 00) as described in the statement.

e The assumptions (H1)-(H3) do not guarantee the uniqueness of QSDs of Z;. In the
absence of coming down from infinity [8], Z; could admit infinitely many QSDs that can
be described as follows: there exists A, > 0 such that

— forany A € (0, A.], there is a unique QSD u; having X as the extinction rate;

— the QSDs {uy : A € (0, A, ]} are partially ordered in the sense that 0 < A1 < A < A,
implies pu;, ((x, 00)) > u;,((x, 00)) for all x € (0, oo). For this reason, u;, is often
called the minimal QSD.

Such a scenario of infinitely many QSDs is known in many situations (see e.g. [19, 50,
54, 70] for one-dimensional diffusion processes, and [10, 27, 29] for jump processes).
See Remark 6.3 for the higher-dimensional case.

e Theorem A applies to a large class of population models including stochastic Lotka-
Volterra models, models with Holling type functional responses, and Beddington-
DeAngelis models. We refer the reader to Sect. 6 for more details.

Although the QSD g1 obtained in Theorem A attracts all compactly supported initial
distributions, there is no assertion that it is the unique QSD of the process Z;. To study the
uniqueness, we make the following additional assumption.

(H4) There exist positive constants C, y and R, such that

d d
lzlliglm y-r—2 Xga,waz, VIP=0 and % Z;aiafia V4+b-V.V <—CV'*in U\ BY.
Theorem B Assume (H1)-(H4). Let 11 and ry be as in Theorem A. Then, w1 is the unique
OSD of Z;, and for any 0 < € < 1 and n € PU), there holds
lim "7 PHZ; € oft < Tr] = pi |y =0

Assumption (H4) concerns the strong dissipativity of Z; near infinity, and implies in partic-
ular that Z; comes down from infinity (see Remark 5.3), thatis, foreach A > 0, there exists R =
R()) > 0 such that SUP, g\ gt E? [e*TR] < oo, where Tk := inf {t >0:Z, ¢ U\ B}}.
This is more or less inspired by [8], showing in dimension one that coming down from infinity
is equivalent to the uniqueness of QSDs. This property plays a crucial role in the proof of
Theorem B. It says that with high probability the process Z; quickly enters a bounded region.
This happens even if the initial distribution of Z, has a heavy tail near co. As a result, it makes
no difference to the QSD p; whether the initial distribution of Z, is compactly supported
or not. Theorem B applies to a large class of biological models including in particular the
stochastic competition system (1.1) and the stochastic weak cooperation system (i.e., the
system (1.1) with {—c;;};»; being positive and small in comparison to {c;;};). See Section 6
for more details.
Comparison to existing literature Due to their popularity in describing non-stationary states
that are often observed in applications, QSDs have been attracting significant attention.
We refer the reader to [19, 56, 60] and references therein for an overview of the theory,
developments and applications of QSD. We next present the current state of the art for
diffusion processes. The investigation of QSDs for one-dimensional diffusion processes has
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been analyzed thoroughly. We refer the reader to [12—-14, 20,41, 52, 55, 65, 72] and references
therein for the analysis of the regular case. For singular diffusion processes including in
particular (1.1) and (1.2) in the one-dimensional setting, the work [8] lays the foundation
and is generalized in [14, 37, 49, 57].

Recently, there has been a lot of progress in the study of QSDs for higher-dimensional
diffusion processes. Regular diffusion processes restricted to a bounded domain and killed
on the boundary have been studied in [11, 16, 33, 44, 59] and are well-understood. The
stochastic competition system (1.1) has been studied in [9] in the reversible case, and in [15]
in the irreversible case. In both cases the authors established the exponential convergence to
the unique QSD. In [9], the authors also deal with the model in the weak cooperation and
reversible case. The model treated in [15] has a more general deterministic vector field. These
models are typical singular diffusion processes arising from ecology or population biology.
In [16, 28, 34], the authors study elliptic diffusion processes and show the existence of a QSD
and the exponential convergence to this QSD, which is the unique QSD satisfying a mild
integral condition. Similar results for hypoelliptic Hamiltonian systems are established in [5,
34, 35, 45, 61]. In [5], the authors actually work on general degenerate diffusion processes
under accessibility conditions and Hérmander’s condition.

The works [9, 15, 16, 28, 34], which investigate higher-dimensional singular diffusion
processes, are the most relevant to our work. We comment on the approaches employed in
these works. In [9], the study of QSD relies on the spectral analysis of the generator, which
is assumed to be reversible or self-adjoint in the weighted space LU, d ) with p being
the non-integrable Gibbs measure. Due to the degeneracy of the diffusion coefficients, the
authors adopt a two-step equivalent transform: firstly, a homeomorphism over I/ is introduced
to transfer the degeneracy of the diffusion coefficients to the blow-up singularity of the
drift; second, the standard Liouville transform is applied to convert the generator of the new
SDE obtained in the first step into a Schrodinger operator, for which the spectral theory
is well established. This methodology was previously developed in [8] to address the one-
dimensional case, whose generator is naturally self-adjoint. Clearly, the self-adjointness plays
a pivotal role in the generalizing these techniques to the higher-dimensional case. However,
it is important to note that most higher-dimensional diffusion processes are irreversible with
non-self-adjoint generators.

In [15, 16, 28, 34], the authors aim to establish a general probability framework, similar
to those used in the study of stationary distributions, for investigating QSDs in diffusion
processes. These frameworks typically consist of three essential ingredients: the Lyapunov
condition, Doeblin-type/minorization condition and certain regularity conditions. Check-
ing these conditions is a routine job for elliptic diffusion processes, and requires hypoelliptic
conditions and controllability for degenerate ones. In [15], the authors focus on studying gen-
eral absorbed continuous-time Markov processes, with a particular application to (1.1). The
framework introduced in [16] is applicable to both discrete- and continuous-time absorbed
Markov processes. The primary objective of [34] is to investigate QSDs of stochastic damping
Hamiltonian systems when the position variable is constrained within a bounded region. The
work [28], originally not intended for studying QSDs, examines sub-Markov semigroups and
their results can be applied to absorbed processes. It is noteworthy that studying the essential
spectral radius of the semigroup under Lyapunov conditions plays a crucial role in both [34]
and [28].

Our approach is rooted in the spectral theory of the Fokker-Planck operator associated with
Z;, which is non-self-adjoint, defined on the unbounded domain ¢/, and exhibits degeneracy
on its boundary I', causing significant challenges. Inspired by the methodology introduced in
[8, 9] treating reversible diffusion processes, we develop a two-step equivalent transform to
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render the Fokker-Planck operator more manageable. In the first step, we follow a procedure
akin to that outlined in [9] to eliminate the degeneracy of the Fokker-Planck operator and
obtain a new Fokker-Planck operator whose first-order terms have coefficients blow up at
I". It is the second step that our approach showcases its novelty. Carefully examining the
blow-up singularities in the first-order terms of the new Fokker-Planck operator, we design
a parameter-dependent Liouville-type transform. This transform effectively eliminate these
singularities, yielding a parameter-dependent uniformly elliptic operator exhibiting blow-up
coefficients only in its zeroth-order terms. The presence of the parameter expands the degree
of freedom for analysis and holds significant technical importance.

Through a careful analysis of the blow-up properties of these coefficients, we introduce
a weighted Sobolev space and successfully establish a priori estimates for this uniformly
elliptic operator (with a specified parameter) in the weighted Sobolev space. These a priori
estimates ascertain the discreteness of its spectrum, unravel the principal spectral theory, and
uncover the Cp-semigroup generated by it. Leveraging the stochastic representation of this
semigroup as a bridge, we are able to obtain fine dynamical properties of Z; conditioned
on non-extinction. As direct consequences of our approach, we demonstrate the following:
(1) The principal eigenpair of this operator gives rise to the QSD 1 in Theorem A, along
with its associated extinction rate. (ii) The sharp exponential convergence rate r; stated in
Theorem A is given by the spectral gap, between the principal eigenvalue and the rest of
the spectrum, of this operator. Such explicit characterizations of the QSD and the sharp
exponential convergence rate to the QSD were hitherto unknown for irreversible singular
diffusion processes. Moreover, given the significance of Liouville-type transforms, spectral
theory, and the stochastic representation of semigroups, our results extend beyond the study
of QSDs and are of independent interest, especially in the context of spectral theory for
degenerate elliptic operators on unbounded domains.

To this end, we would like to emphasize that applied to specific systems that do not

assume reversibility, such as stochastic Lotka-Volterra models, both the results from [15, 16,
28, 34] (even though these applications are not explicitly demonstrated in [28, 34]) and our
own findings can establish the (unique) existence of the QSD and its exponential attractivity.
Additionally, our results provide the precise exponential rate, which is determined by the
spectral gap of the Fokker-Planck operator in a specific function space.
Demographic and environmental stochasticity Consider an isolated ecosystem of interact-
ing species. Due to finite population effects and demographic stochasticity, extinction of all
species is certain to occur in finite time for all populations. However, the time to extinction
can be large and the species densities can fluctuate before extinction occurs.

One way of capturing this behaviour is ignoring the effects of demographic stochasticity
(i.e. finite population effects) and focusing on models with environmental stochasticity where
extinction can only be asymptotic as t — oo. This approach led to the development of the
field of modern coexistence theory (MCT), started by Lotka [51] and Volterra [67], and later
developed by Chesson [17, 18] and other authors [6, 31, 64, 66]. Recently, there have been
powerful results that have led to a general theory of coexistence and extinction [4, 38, 39].

A second way of analyzing the long term dynamics of the species is by including demo-
graphic stochasticity and studying the QSDs of the system - this is the approach we took
in this paper. Our work can be seen as complementary to the work done for systems with
environmental stochasticity.

Overview of proofs The proofs of Theorem A and Theorem B use techniques from PDE,
spectral theory, semigroup theory and probability theory. For the reader’s convenience, we
outline the strategy of the proofs with the help of Figure 1.
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QSD for Z, £=1 QSD for X | ———————— | L¥X 0= —Xv

transform

H Liouville-type

e spectrum of Lg, and Lj

e semigroup (7}):>o generated by L} Lo \i
. - . / — | Lg,v = —

e stochastic representation for (7)o fo

e global regularity of dyu = L3 u

Fig. 1 Overview of proofs

e (Equivalent formalism) Theoretically, the study of QSDs of Z; can be accomplished by

investigating the (principal) spectral theory of E%P, the Fokker-Planck operator associated
with Z;. However, the degeneracy of L%P on I would cause significant drawbacks. To
circumvent this, we first follow [9] to introduce a homeomorphism & : &/ — U and
define a new process X; = &(Z;) whose Fokker-Planck operator L‘%(P has %A as its
second-order term.
Although L%(P has the best possible second-order term, the coefficients of its first-order
terms unfortunately have blow-up singularities on I'. Introducing a parameter-dependent
Liouville-type transform, we convert [Z%(P into a parameter-dependent uniformly elliptic
operator Lg := e$+h Uﬁifpe_%)_ﬁ U, whose blow-up singularities on I" only appear in
the coefficients of the zeroth-order terms. Here, § > 0 is the parameter, U = V o & -1
and Q, given in (2.6), has singularities near I" (see Remark A.1). The details are presented
in Subsection 2.2. The parameter § is fixed to be fo in Lemma 3.2 (3) so that a priori
estimates can be established for Lg,.

o (Spectral analysis) Our spectral analysis focuses on the operator Lg, in L>U; C) as well
as its adjoint LEO. According to the behavior of the coefficients of Lg, near I' and infinity,
we design a weight function and define a weighted first-order Sobolev space ! (U/; C)
that is compactly embedded into L2(/; C). Establishing a priori estimates for Lg,, we
are able to solve the elliptic problem for £z, — M for some M > 1in H!(U; C). The
discreteness of the spectrum and principal spectral theory of Lg, and ﬁzo then follow.
The details are given in Subsection 3.3 and Subsection 3.4.

e (Semigroup and stochastic representation) The operator Ligo generates an analytic and

eventually compact semigroup (7;*);>o on L2(U; C) that can be “block-diagonalized"
according to spectral projections. We establish the stochastic representation of (7;*);>¢ in
terms of X, before reaching I', and therefore, connect the dynamics of (7}*);>o with that
of X; conditioned on [ < Sr], where Sr is the first time that X; hits . More precisely,
we show that for each f € C,(U; C) satisfying f = fe’%’ﬁou e L2(U; C), there
holds T,*f~ = e_%_ﬁOUE' [f(Xt)]l{Ksr}] for all + > 0. The semigroups are given in
Subsection 3.3 and Subsection 3.4. The stochastic representation of (7;*);>0 is established
in Subsection 4.3.

e (Global regularity and conclusions) The spectral theory and stochastic representation
allow us to prove the results stated in Theorem A and Theorem B for the process X;.
While proving the existence of QSDs is pretty straightforward, we run into significant
technical difficulties in establishing the convergence even for compactly supported initial
distributions. This is due to: (i) the limitations of the stochastic representation because
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of the unboundedness of the Liouville-type transform and its inverse (i.e., e2 +hU and

e FhoU plow up near oo and at I', respectively); (ii) the requirement of L°° properties
of (T;*);>0. These issues are overcome by establishing the global regularity of solutions
of dyu = L‘,zou leading in particular to the global regularity of (7;*);>¢. The details are
given in Sect. 5.

The rest of the paper is organized as follows. In Sect. 2, we provide some preliminaries
including the proof of Z; being absorbed by I' in finite time almost surely, the derivation
of the operator Lg,, and results related to the approximation of Sr. In Sect. 3, we study the
spectral theory of Lg, and its adjoint operator EZU, and establish the associated semigroups
(Tt)1>0 and (T;*);>0. Sect. 4 is devoted to the stochastic representation of (7;*);>0. In Sect.
5, we investigate the existence and uniqueness of QSDs and the exponential convergence to
QSDs of X, conditioned on the coexistence. Theorem A and Theorem B are proven in this
section. In the last section, Sect. 6, we discuss applications of Theorem A and Theorem B to a
wider variety of ecological models including stochastic Lotka-Volterra systems, and models
with Holling type or Beddington-DeAngelis functional responses. Appendix A is included
to provide the proof of some technical lemmas.

2 Preliminaries

In Subsection 2.1, we show that Z; hits I" in finite time almost surely. In Subsection 2.2, we
present equivalent formulations for studying the existence of QSDs, and derive the operator
we shall focus on in later sections. In Subsection 2.3, we fix a family of first exit times and
present an approximation result.

2.1 Hitting the absorbing boundary

We prove that Z, reaches I' in finite time almost surely. Denote by £Z the diffusion operator
associated with Z;, namely,

ZiZi

d
1
LZZEZaiBZ +b-V,. 2.1
i=1

Proposition 2.1 Assume (H1)-(H3). Then, P*[Tr < oo] = 1 for each z € U.

Proof The idea of the proof is more or less classical; our arguments are closer to that of [16,
Proposition 4.10]. By (H1)-(H2), b; € CI(H) and ,/a; is locally Lipchitz in ¢/ and locally
%—H(jlder continuous near I". The classical theorem of Yamada—Watanabe [68, 69] ensures
the pathwise uniqueness as well as the strong Markov property of solutions of (1.2).

Recall that for R > 0, B;{ ={z=(z)elU:z;€(0,R), Vi e{l,...,d}}. Theresultis
proven in four steps.
Step 1 We claim that for each z € U, Z; does not explode in finite time P*-a.e., and moreover,
there exists R > 0 such that P*[Tg < oo] = 1 for all z € U, where Tg := f“R A Tr and
fr=inf 1= 0: 2 e BE|.

By the assumptions (H3)(1)(3), there is R > 0 such that L2V < —1inl \ B;{. This
together with the 1t6-Dynkin’s formula implies that E? [V(Z . Aﬂe)] < V(z) — E* [z A f"R]
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for all + > 0. Passing to the limit 1 — oo yields E? [fR] < V(z) < oo and thus, P*[Tg <

oo] = 1. The claim follows immediately.
Step 2 We prove P*[top < oo] = 1 foreachz € B;R,where Tyr = inf {t >0:27; ¢ B;R}.

bi(z)
Zi

For each i € {1,...,d}, we set b; := SUp, ¢ gt . The assumption (H2) ensures

b; < o00. Denote by ¥/ the solution of the SDE d¥! = b; ¥/ dt + \/a; (¥/)dW! in [0, 3R]
with an initial condition ;" = y; € (0, 2R), and let 7" be the first time that ¥, hits 0 or
3R, namely, riy" =infit>0: Y,i'y "=0or 3R]. The assumptions on @; and [40, Theorem
VI-3.1] guarantee that

P[r" <oc]=1 and P[Y,”R € [0,3R), V1 € [0, r,?R]] >0
forall y; € (0,2R) andi € {1, ..., d}. Since
IP[Y,i’yi < YR vi e o, r,:"f]] =1, Vy € (0,2R)

due to the comparison theorem for one-dimensional SDEs (see e.g. [40, Theorem VI-1.1]),
we deduce

pi= inf P[Yf’yi €[0,3R). Vi € [0, rg'f]] > P[Y,i'ZR €[0,3R), Vi € [0, rﬁR]] > 0.
Yi€(0,2R)

That is, starting at y; € (0, 2R), the probability that Y,i’y " exits (0,3R) through O has a

uniform lower bound. By the comparison theorem, we find Zf <Y, ,”Zi fort € [0, riZi ] and

thus,

P [Z; reaches O or 2R before ‘L'iZi] >pi >0, Viell,...,d}andz = (z;) € B;R.

As a result, infzeB;R P*[1ogp < max; riZf] > max; p; > 0. Since Z; is time-homogeneous
and strongly Markovian, in the case where tog > max; tfi =: 7/, we treat Z, as the new
initial position and repeat the procedure outlined above. By iterating this process countably
many times, we obtain P?[1pr < oo] = 1, forall z € B;R.

Step 3 We show that infzeﬁ P:[Z.,, €] > 0.

T2R

Fixi € {1,...,d}. We restrict ¥, on [0, 3 R] and let £ be the first time that ¥; " hits
0 or %R. As in Step 2, we derive from [40, Theorem VI-3.1] and the comparison theorem
for one-dimensional SDEs that

inf IP[Y,’*” € [0,3R/2), V1 € [0, fl.y"]] > lP’[Yf’R € [0,3R/2), Vi € [0, f,.R]] =~ 0.
yi€(0,R)

Letz = (z;) € B;. Since the comparison theorem ensures Zf < Y,”Zi fort € [0, ffi 1, we
find

P3[Zy,, €[] > }P’[Y,i’z" €[0,3R/2), V1 €[0,%7], i € {1,...,d}]

d
> inf P I:Yi,y[ 07 3R/2 , Vi 0’ 2 Vi ] 07
=TT, ot P[5 € 0.3872), i < 0.71] >

where we used the independence of Y,i “i i e{l,...,d}in the second inequality. The claim
follows.

@ Springer



Journal of Dynamics and Differential Equations

Step 4 We finish the proof of the proposition. By Step 3, p := infzeaB;\r P*[Z.,, € '] > 0.
Set
T\ i=inf{r [0, Tr]: Z, € B} and SY =inf {1 = 74" : Z, ¢ By
R = » A0 L R 2R T N 2R |
and recursively define for eachn > 1,

T = int e 180101 Ze e BE) and ST i=int [z 70 20 ¢ B

Fix z € Y. Since Step 1, Step 2 and the strong Markov property ensure [P* [Tlg”) < oo] =1

and P* [ 3}) < 00| = 1 forall n € N, we find P* [ Z ) € 9B \T'| = (1 = p)" for all
2R
n € N. As aresult

P2 [T = oo] = P? [sg;g < 00,Vn € N] < lim (1 - p)" =0.
n—oo
This completes the proof. O

Remark 2.1 The assumptions (H3)(2)(4) are not needed in the proof of Proposition 2.1.

2.2 Equivalent formulation

Denote by £§P the Fokker-Planck operator associated with Z; or (1.2), namely,
1 d
Lifpu = 5 ) 02, (@) = Vo (bu) in U, Vu e C2Q). (2.2)
i=1

Proposition 2.2 Assume (H1)-(H2). Let ;1 be a QSD of Z;. Then, (. admits a positive density
u e leo’f U) for any p > d that satisfies —£§Pu = Mu a.e. inU, where A1 is the extinction
rate associated with L.

Proof Following the arguments leading to [56, Proposition 4], we see that

| et @an = [ au viecga.

Since %E‘[ F(Z)] = LZ@E*[f(Z)]), we differentiate the above equation and evaluate at
t = 0 to find fu(—ﬁz + A1) fdu = 0 forall f e C§°U). It follows from (H1)-(H2) and
the classical regularity result in [7, Corollaries 2.10 and 2.11] that u has a positive density
u e WZL’f (U) for any p > d. Then, we apply [32, Theorem 8.8] and [32, Theorem 9.19] to

show that u € leo’cp U) forany p > d. |

Proposition 2.2 suggests studying the principal spectral theory of the operator —£% in
order to find a QSD for Z,. Direct analysis of the operator —£Z is however difficult due
to the degeneracy of the diffusion matrix diag{ai, ..., as} on the boundary I" of Y. To
resolve this issue, we follow [8] to define a new process that is equivalent to Z, and whose
Fokker-Planck operator or diffusion operator is uniformly non-degenerate in /. We proceed
as follow.

Foreachi € {1,...,d}, we define & : [0, c0) — [0, co) by setting

ds, z; €[0, 00).

Zi 1
L) = fo —

@ Springer



Journal of Dynamics and Differential Equations

By (H1), each &; is increasing and onto, and thus, Si_l is well-defined. Set
=) :U—U and £ =) :U—U.

Clearly, & : U/ — U is a homeomorphism with inverse & —1 and satisfies £(I") = I' and
EU) =U. |
Define a new process X; = (X}) by setting

Xi=&(Zh, ie(l,...,d), orsimply, X,=£&(Z), t=>0.

It is clear that I" is also an absorbing set for the process X;, and X, reaches I' in finite time
almost surely. Moreover, QSDs of Z; and X; are in an one-to-one correspondence as shown
in the next result whose proof is straightforward.

Proposition 2.3 Let w be a Borel probability measure on U. Then, i is a QSD of Z; if and
only if Exu is a QSD of Xy, where &, is the pushforward operator induced by &. Moreover, |
and &, have the same extinction rates.

Since & € C%(U), we apply Ito’s formula to find
dx’ = [p,»(x,) - q,-(xg')] dt +dW!, ie(l,....d} in U, 2.3)
where p; : U — Rand ¢g; : (0, 00) — R are given by
bie () 4 (€ ()

pi(x) = ———=—" and  qi(x) = ,
Vai & (x) 4yfai (7 ()

Denote by E{T‘P the Fokker-Planck operator associated with (2.3), namely,

x=(x;)elU.

1
£§PU = EAU —V-((p—qv) in U, Yve CZ(Z/I),
where p = (p;) and g = (g;). Then, Proposition 2.2 has a counterpart for QSDs of X;.

Proposition 2.4 Assume (H1)-(H2). Let v be a QSD of X, with extinction rate \y. Then, v
admits a positive density v € Wi}’f (U) for any p > d that satisfies —C%‘Pv = Avae inlU.

Remark 2.2 Note that the process X; and the process generated by solutions of (2.3) are not
really the same, as (2.3) is only defined in &/. However, the two processes agree as long as
X, stays in Y. More precisely, if we denote by St the first time that X, reaches I', that is,
Sr =inf {r > 0 : X; € I'}, then X, satisfies (2.3) on the event [ < Sr].

As indicated by Proposition 2.4, QSDs of X, are closely related to positive eigenfunctions
of —L%(P, and therefore, it is natural to investigate the associated eigenvalue problem, namely,

— Lfpv =Av in U. (2.4)
Note that the operator Eifp is uniformly elliptic in ¢, but the functions ¢;, i € {1,...,d}
appearing in its first-order terms satisfy g; (x;) — oo as x; — 07 foreachi € {1,...,d}.

Such blow-up singularities make the investigation of the above eigenvalue problem very hard.
In the following, we generalize the idea in [8] to transform (2.4) into the eigenvalue problem
of another elliptic operator that has blow-up singularities only in the zeroth-order term and
thus is easier to deal with.
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Set
U:==Voé& ! in U, (2.5)
where V is given in (H3), and
d

d .
i 1
00 =Y /1 2i()ds = 5 3 [nai g ) —nai )], veu @6
i=1

i=1

For each B > 0, we use the Liouville-type transform to define Lg := e%"'ﬂ Uﬁﬁpe_%_ﬁ v,
It is straightforward to check that

1
Lg = 5A—(p+,3VU).V—e,3 in U, (2.7)
where
1 1
ep =5 (BAU = B IVUP) = pp-VU + 33 @7 —4) ~p-q+V -p.  (28)

i=1
Note that the coefficient of the first-order term —(p 4 8V U) is continuous up to the boundary
I', and the term % Z;"le (qi2 —g]) — p - q blows up at the boundary T', but it appears in the
zeroth-order term.
The following proposition establishes the “equivalence” between the eigenvalue problem
(2.4) and the eigenvalue problem associated with the operator Lg.

Proposition 2.5 Suppose v € leo’cl U) and A € R. Set v := ve%+’3U. Then, (v, 1) solves
(2.4) if and only if —LgV = AV in U.

According to Proposition 2.5, the investigation of QSDs of X, is reduced to the exploration
of the principal spectral theory of —Lg (with a fixed 8), something which we will do by
choosing an appropriate function space.

2.3 Approximation by first exit times

Let {U4, },eN be a sequence of arbitrarily fixed bounded, connected and open sets in ¢ with
C? boundaries that satisfy U, CC Uy4+1 CC U foralln € Nand U = |J, .y Un- For each
n € N, denote by 1, the first time that X, exits U,, namely,

T, =inf{t >0: X, ¢ Uy,}.
Recall that St is the first time that X/, hits I". The following result turns out to be useful.

Lemma 2.1 Assume (H1)-(H3). For each x € U, one has P* [lim,,—~ t, = Sr] = 1 and
nlijgo]Ex [fXDL<oy] =B [f(XD)Ly<sry]. VS € Coh).

Proof Fix x € U. Obviously, t, < 1,41 for each n € N. Set t := lim;,—  7,. The first
conclusion follows if we show P*[t = Sr] = 1.

Clearly, 7, < Sr for each n € N, leading to T < Sr. Since X; = &£(Z;) fort > 0,
we find from Proposition 2.1 that P*[Sp < oo] = P¥ @[Ty < oo] = 1. Therefore,
Pt < 0] = 1.

Noting that arguments in the proof of Proposition 2.1 ensure that Z; and X, do not
explode in finite time, we derive | X;| = lim,— « |X,| < 00. Moreover, since X;, € ol
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and U = UpenUy, it follows that X, € T'. As St is the first hitting time of the boundary I'
and T < Sr, one has T = Sr.

Since 7, increases to Sr P-a.s., we find lim,, s o0 1{s<7,} = 1{z<sp) for each t > 0. The
second conclusion then follows from the dominated convergence theorem. This completes
the proof. O

3 Spectral Theory and Semigroup

This section is devoted to the spectral theory of —Lg in an appropriate function space for
some appropriately fixed 8, as well as the semigroup generated by £g. In Subsection 3.1 we
define a weighted Hilbert space. In Subsection 3.2 we derive some important estimates and
meanwhile fix a special 8, denoted by Sy. In Subsection 3.3 we study the (principal) spectral
theory of —Lg, and the semigroup generated by Lg,. In Subsection 3.4 the spectral theory
9f —E;O, where EZO is the adjoint operator of Lg,, and the semigroup generated by L;‘}O are
investigated.

3.1 A weighted Hilbert space

For§ € (0, 1), let
Is:={x=)eU:x; <sforsomeic{l,...,d}}.

Itis easy to see from (H3)(1) that there exists Ry > 0 such that SUpy\ gt b-V,V)o€ -1 <
0

0, where we recall B; ={x=0)elU:x; €(,R), Vi e{l,...,d}}for R > 0.Fix some
80 € (0, 1). Letw : U — R be defined by

d
! +
;max{x%,l}, xngoﬂBRO,
4 1
a(x) = Zmax {2, 1} —(b-V.V)ET (), xeTs DU\ B,to), (3.1
i=1 X
—(b-V:V)E (X)), X € U\Ts) N U\ BE).
1, otherwise.

See Figure 2 for an illustration of the subdomains used in (3.1). Obviously, inf;; o > 0,
lim,_r a(x) = oo and lim|,|— o0 @(x) = 00. This « is defined according to the behavior of
the coefficients of —Lg near I' and oo. Its significance is partially reflected in Lemma 3.2
below. See Remark 3.1 after Lemma 3.2 for more comments.

Denote by H!(U; C) the space of all weakly differentiable complex-valued functions

1
¢ : U — Csatisfying |¢l 41 == (f,, @l¢|*dx + [, IVp|*dx)? < co.Itis not hard to verify
that 7! (4; C) is a Hilbert space with the inner product:

(D, )1 = / apydx +/ V¢ - Vidx, Vo, v € H'(U;C),
u u

where ¥ denotes the complex conjugate of /.

Lemma 3.1 Assume (H3). Then, H' (U; C) is compactly embedded into L%(U; C).
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le?n :nslijoenci)“rfg)osition of U in T A
1I
III
RO I=Ts,NBE,
11 =T, U\ B,)
Il = U\ Ts,) U\ BE,)
IV IV =Y\ (IUITUII)
do [T
; II
. >
50 Ry T1

Proof Let {¢,}neny C H' (U; C) satisty sup,en 9l < 1. Fix R > 0. Since the Rellich-
Kondrachov compactness theorem ensures the compact embedding of H'(B}; C) into
L? (BI}L; C), there is a subsequence, still denoted by {¢,, },<N, and a measurable function ¢ €
L23(B}; ©), such that ¢, (x) — ¢r(x) forae. x € B;g and lim,,—, o0 fB+ |pn — ¢R|2dx =0.

Let {Ru}m C (0, 00) satisfy R,, — oo as m — oo. Then, the agove results hold for
each R, in place of R. We apply the standard diagonal argument to find a subsequence, still
denoted by {¢, },eN, and a measurable function ¢ : &« — C such that ¢, — ¢ a.e. inUf as
n — 0o, and

lim |pn — ¢?dx =0, VR > 0. (3.2)
n—oo Blt

Applying Fatou’s lemma, we find fu a¢?dx < liminf,_ oo fu ag2dx < 1.1t follows
from (3.2) that

lim sup/ |pn — ¢|*dx < lim supf |pn — ¢|%dx, VR > 0.
u U\BY

n—oo n—oo

Note that

2 2
[ e—epars = [ @R d)ars
U\Bj, infy gt @ Ju\B infy\ g

which together with the fact a(x) — oo as x| — oo yields limsup,_, o, fM\Bj; | —
#|*>dx = 0, and hence, lim,,_, oo fu |¢n — ¢|2dx = 0. This completes the proof. m]

3.2 Some estimates
We recall from (2.8) the definition of eg and define for N > 1,
N-—-1
egN =ep— T(V’P-FﬁAU)

d
11 B2 1 V.
:<N_§>'BAU_7|VU|2_517'VU+EE (qiz_ql{)_p'q—"_Tp'
i=1

(3.3)
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Obviously, eg 1 = eg for all § > 0. The main reason for introducing eg y is that they
arise naturally in deriving a priori estimates for both sesquilinear forms and partial differential
equations related to Lg or its adjoint (see Lemma 3.3 and Lemma 4.1).

Lemma 3.2 Assume (H1)-(H3). Then, the following hold.

(1) There exists C > 0 such that |VU|? + |p|2 < Ca inU, where « is defined in (3.1).

(2) Foreach B > 0, there is C(B) > 0 such that leg y| < C(B)a inU forall N > 1.

(3) There are positive constants Bo, M and Cy such that egy y + M > Cia in U for all
N > 1.

Since the proof of this lemma is long and relatively independent, we postpone it to
Appendix A.1 for the sake of readability.

Remark 3.1 Note that eg | = eg is the zeroth-order term of the operator Lg (see (2.7)) that
has blow-up singularities at I" as mentioned earlier. Lemma 3.2 (3) says in particular that eg
is well-controlled by the weight function «, laying the foundation for our analysis.

In what follows, the positive constants 89, M and C, are fixed such that the conclusion in
Lemma 3.2 (3) holds.

3.3 Spectrum and semigroup

We investigate the spectral theory of —Lg, and the semigroup generated by Lg,. Correspond-
ing results are stated in Theorem 3.1 and Theorem 3.2.

Denote by &g, : H! U; C)x H'U; C) > Cthe sesquilinear form associated with —Lg,,
namely,

1 _ _ _
Epy (@, V) = 5/Mws.w/dx+/M(p+;30vu>.wn//dxJr/ueﬁ(,qwdx, Yo, v € H'U; C).

The following lemma addresses the boundedness and “coercivity" of £g,, playing crucial
roles in analyzing the spectrum of —Lg,.

Lemma 3.3 Assume (H1)-(H3).

(1) There exists C > 0 such that ‘Eﬁo(qb, 1#)’ < Cligllpgt IV llgqr forall ¢, € HY(U; C).
(2) Foreach ¢ = ¢1 + iy € H(U; C), we have

1
E50 (0. ) = E/M|V¢|2dx+/u€ﬁ0,2|¢|2dx+i/M(P-i-ﬁoVU%(¢1V¢2—¢2V¢1)dx,

where eg, > is defined in (3.3). In particular,
(1
REpy (¢, ¢) + M| ¢, > min {5, C*} Ipll5,. Vo € H'U: C).

Proof (1) Let ¢, ¥ € H'(U; C). Applying Holder’s inequality, we derive

1 , \? L\
|Sﬂo<¢,w>|s§</u|w| dx) (/uww dx)
+</ |V¢|2dx)7</ |P+/30VU|2|1/f|2dX)§
u u
+</ |e,so||¢|2dx>2 (/ |€ﬂ0||1/f|2dx>2-
u u
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By Lemma 3.2 (1), there is C > 0 such that [;,|p + BoVU*|y|?dx < C(I +
ﬂg) fu |y |?dx. The conclusion then follows readily from Lemma 3.2 (2) and the definition
of the norm || - |[31.

(2) Let {nx}n>1 be a sequence of smooth functions on ¢/ taking values in [0, 1] and
satisfying

“ 1, xe(u\rg)mB; o Voo 2n, xeTa\Ti,
P n 2 n < n n
"=V, xer U@ By, LA V! xe(u\r;)m(B;\B%*).

Obviously, 1, has compact support and lim,_, » 7, = 1 locally uniform in /.
Fix ¢ € H'(U; R). We find from standard derivation that

1 _ _
Epo (D, i) = 3 /u 2V dx + /u M@V - Viudx + /u (p + BoVU) - Vo (n2$)dx

[ epnRioPax = 1w + 0 + b + L6,
. 3.4
We find limy—oo 11(n) = 3 [, IVo|*dx from [, |[V$|?dx < oo and the dominated
convergence theorem. Clearly, |/>(n)| < (fu 775|V¢|2dx)% (fu |Vnn|2|¢|2dx)%. From the
construction of n,, we see
4n%|$)>  in P2\l
IVn.2191> < {16192 in (u \ r%) n (Bn+ \ B;) :
0 otherwise.
Since n? < Z;’z | max {% 1 } inI" 2 \I" 1 for n > 1, the definition of « yields the existence

of C; > 0 such that |V, |2|¢|?> < Cia|p|? in U for all n >> 1. Since limy_o0 |V11n| = 0
locally uniform in ¢/, we apply the dominated convergence theorem to conclude

tim [ 19,160 = (35)
n—oo Z/{
which leads to lim,,_, o Io(n) = 0. B
Denote ¢ = ¢1 + i¢y. Clearly, (3;¢)¢p = l81-|¢|2 + i(¢10j¢2 — ¢20;¢1) for each
j €{l,...,d}. This together with integration by parts yield
1
L = > / (p+ BoVU) - my VI dx +i / (p+ BoVU) - 1 (@1 V2 — 2 Vpr)dx
u u
1
=5 [0+ BoaUIIPdx ~ [ -+ BaVU) - Vi 1aloPan
u u
+i / (p + BoVU) - n2(@1 V2 — 2 V1 )dx.
u
It follows that

L) + Lan) = — /u (0 + BoVU) - Vi (alD)dlx + /M epo2n ¢ Pdx

+i /;I(P + BoVU) - (91 Yy — $aVh1)dx =: Ji(n) + Ja(n) + J3(n).
(3.6)

@ Springer



Journal of Dynamics and Differential Equations

We apply Hélder’s inequality and the fact n,, € [0, 1] to find

1 1
s(/ |p+ﬂoVU|2|¢|2dX)2</ |Vﬂn|2|¢|2dx>2.
u u

Note that Lemma 3.2 (1) gives [, |p + BoVU |?|¢|%dx < C; Ju o|¢|?dx for some Cy > 0,
which together with (3.5) yields lim, .~ J1(n) = 0. It follows from Lemma 3.2 (2) that
legy2In21¢1> < Csa|p|? for some C3 > 0. Together with the fact ¢ € H!(U; R) and the
dominated convergence theorem this yields lim,_, o J2(n) = fu egy.2 |¢|2dx. Since Young’s
inequality and the fact n,, € [0, 1] give

‘ fu (0 + BoVU) - Vi (Pl

1 1
(P + BoVU) - mp (@1 V2 — 2 V)| < SIVP + S1p + BoVUPIeI’,

the dominated convergence theorem leads to lim,—, o, J3(n) =i fu (p+BoVU) - (01Vr —
$2Vpr)dx.

Letting n — oo in (3.6), we conclude that

g, Us () + La(m)] = /u epy.2¢?dx +i fu (P +BoVU) - ($1V2 — $2V1)dx.

Passing to the limit n — oo in (3.4), we derive the expected identity from the limits of
I1(n), Iy(n), I3(n) and I4(n) as n — oo. The inequality in (2) is an immediate consequence
of Lemma 3.2 (3). ]

Remark 3.2 1t can be seen from the proof of Lemma 3.3 that lim,,—, oo 7,¢0 = ¢ in H L R)
for any ¢ € HY(U; R). Therefore, C5° (M) is dense in HYU; R).

For f € L>(U; C), we consider the following problem:
(—=Lgy+M)u=f in U, 3.7
and look for solutions in H!(U/; C).
Definition 3.1 A function u € H'U; C) is called a weak solution of (3.7) if
Epo (. @) + Mu, ¢) 12 = ([, $) 2. Y € H' U O),

where (-, -) 2 is the usual inner product on L%(U; C).

Lemma 3.4 Assume (H1)-(H3). Then, for any f € L2U; C), (3.7) admits a unique weak

solution u y in H'U; C). Moreover, the following hold.

(1) There is a constant C > 0 such that |uy|l1 < C| fllp2 forall f € L*U; C).

(2) uy € HZZOC(I/I; C) satisfies (—Lp, + Muy = f ae in U, and Eg(uy,d) =
(—=Lpou s, $) 12 forall p € H'(U; C).

(3) If f € L*>U; C) satisfies f > 0 a.e. inU, then uyr > 0a.e. inU. Ifin addition f > 0 on
a set of positive Lebesgue measure, thenuy > 0 a.e. inU.

Proof Fix f € L?(U; C). Holder’s inequality gives

1 1
1 2 2 1
|<f,¢>>Lz|f(/ flflzdx> (/ a|¢|2dx) < ——Ifl2lils, Vo € H'WU; C).
u o u (inf

infy; )2
(3.8)
Hence, ¢ — (f.¢);2: H!(U; C) — C is a continuous linear functional.
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By Lemma 3.3 and the fact ||¢||;2 < (infz, oz)_% lpll441 for ¢ € H!(U; C) one has
60 (D, )+ M@, V) 2] < Cilldllggt ¥ llp, V.9 € H'U: C)

for some Cy > 0, and
1
REpy (¢, ¢) + M|¢p]7, > min {5, c*} 15,0, Vo e H'U; ©). (3.9)

We apply the Lax-Milgram theorem (see e.g. [32]) to find aunique u y € H (U C) such that

gy, @)+ Muy, )2 = (f, )12, Vo € H'U; C). (3.10)

This shows that u s is the unique weak solution of (3.7).
(1) Setting ¢ = u s in (3.10), we derive from (3.8) and (3.9) that

|1 1
e {5, C*} g W < Ry Gupoup) + Mlluglzs < ——— I li2lluslg.
(infzs )2

(2) The classical regularity theory of elliptic equations ensures u y € leo .U; C). Hence,

u r is a strong solution and obeys (—Lg, + M)u s = f a.e. in Y. Multiplying this equation
by ¢ € C;°(U; C) and integrating by parts result in

Epy(uy, @) = (—Lpyuyr, d)p2. (3.11)

Note that C5° (/) is dense in HY(U; R) (see Remark 3.2) and both sides of (3.11) are still
well-defined even if ¢ merely belongs to H!(U/; C). As a result, standard approximation
arguments yield that (3.11) holds for any ¢ € HYU; C).

(3) Suppose f > 0 a.e. in /. In this case, u y must be real-valued. It is easy to verify that
the negative part u; = —min{uys,0} € H'(WU; C). Thanks to (2), we obtain

Epoluy,up) +Mup,uy)p2=(f uz)>0.

It follows from Lemma 3.3 (2), £,go(uf,u;) = —£,go(u},u;) and (uf,u;)Lz =
—(u;, u;)Lz that

|1 -2 - - -2
mln{E,C*} luplizg < Ep(uyp,uy)+ Miuyllz, <0.

This implies u; = 0, and hence that uy > 0. If in addition f > 0 on a set of positive
Lebesgue measure, then u ¢ > 0 at least on some set of positive Lebesgue measure. Noting
that (—Lg, + M)uy > 0, we apply the weak Harnack’s inequality of weak solutions of
elliptic equations (see e.g. [32, Theorem 8.18]) to find |luy|lLr(k) < C(K, K')infg uy
for some C(K, K’) > 0 where p > 1, and K and K’ are any compact sets satisfying
K' CcC K° ccC U. Since uy > 0 on a set of positive Lebesgue measure, and K’, K are
arbitrary, we conclude that u y > 0 a.e. in .

This completes the proof. O

By Lemma 3.4 and Lemma 3.1, the operator
(—Lpy + M) L2WU;C) — L2WU;C), fr>uy
is linear, positive and compact. In light of Lemma 3.4, we define the domain of Lg, as follows:
D:i=(—Lp+ M 'L*U;C) = {¢p e H'U:; C) : Lpy¢p € L*U; O)} .

The next result collects basic spectral properties of —Lg,.
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Theorem 3.1 Assume (H1)-(H3). Then, the following hold.

(1) The operator —Lg, has a discrete spectrum and is contained in {A € C : WA > —M}.

(2) The number )| := inf {57'{)» A E U(—ﬁﬁo)} is a simple eigenvalue of —Lg,, and is
dominating, in the sense that inf {SM A€o (=Lg) \ {M}} > Al

(3) The eigenspace of 1y is spanned over C by 0| for some v € D a.e. positive in U.

Proof Since (—Lg, + M )~ ! is a compact operator on L?(Uf), we apply the Fredholm alter-
native (see e.g. [71]) to find that

(i) the spectrum of (—=Lg, + M )~! except O consists of at most countable eigenvalues
with each having finite multiplicity and being a finite pole of the resolvent operator of
(—Lpgy + M)~

(ii) O is the only possible accumulation point.

Denote Li(u) = {u e L2U) :u >0 a.e.}. Then, L2(U) becomes a Hilbert lattice
with the order induced by the positive cone Li(L{). Thanks to [2, Proposition 10.15] and
Lemma 3.4 (3), the only possible closed lattice ideals, that are invariant under the positive
operator (—Lg, + M)~ are L2(U/) and {0}. Hence, (—Lg, + M)~ is irreducible (see e.g.
[2, Definition 10.26]). Then, we can apply [23, Theorem 3] to find the spectral radius r; > 0.
Since [53, Theorem 2.1] ensures r| € o ((—Lg, + M)~1), it follows from (i)-(ii) that r1 is an
eigenvalue of (—Lg, + M )~! and also a finite pole of the corresponding resolvent operator.

Thanks to Lemma 3.4 (3), we see that ((—Lg, + M)l f, g2 # Oforall f,g €
L2+(LI) \ {0}. That s, (—Lg, + M)~ is nonsupporting (in the language of I. Sawashima [53,
62]). As a result, we are able to apply the results in [62] (also see [53, Theeorem 2.3]) to
conclude

e ry is a simple eigenvalue of (—Lg, + My
e the eigenspace of rq is spanned over C by v; which is quasi-interior in Li(U);
e 1y is dominating in the sense that sup {|A| A €eo0((—Lg + M)~ {rl}} <ri.

Note that a function f € L%_(Z/{) is called quasi-interior if and only if (f, g);2 # O for any
g€ L2+(Z/{) \ {0}. Then, it is easy to see that v; is a.e. positive in U.
By the spectral mapping theorem (see e.g. [25, Theorem IV.1.13]), there holds

1
o(—Lpy) = {X —M:hea((—Lgy+ M)\ {0}} : (3.12)

Hence, the spectrum of —Lpg, is discrete. To see o (—Lg,) C {L € C: RA > —M}, we first
claim the existence of 6 € (0, %) such that

S = {((—Ll,go +Mu,u)2:ueD, |lullpz= 1} c{reC:largh| <6}. (3.13)

Suppose for the moment that (3.13) is true. Since o (—Lg, + M) consists of eigenvalues,
applying [58, Theorem 1.3.9] yields o (—Lg, + M) C S. Noting that {» € C : [arg A| < 6} N
{A: 9L =0} ={0}and 0 € p(—Lp, + M), we derive from (3.13) that o (=Lg, + M) C
{A e C:Mr > 0}. Asaresult, 0(—Lg,) C {A € C: ML > —M}, and (1) holds.

Now, we prove (3.13) for some 6 € (0, %). Fix u € D. Clearly, Lemma 3.4 (2) gives

(—(Lgy — Myu,u) 2 = Epy(u, u) + Ml|ul|3 .

It follows from Lemma 3.3 (2) that

(1
N(=(Lpy — Mu,u);2 = REp, (u, u) + M||14||2L2 > mln{i, C*} ||u||§{1.
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Applying Young’s inequality, we derive from Lemma 3.3 (2) and Lemma 3.2 that

A

2

1 c
f/ |Vu|2dx+—2/ alul?dx,
2 Ju 2 Ju

where C> > 0 is independent of u € D. Therefore,

1 1
3Ly — Mu, u) 2| = 138y (. w)| < 5 /u |Vul*dx + 5 /M P+ BoVU *lul’dx

IA

&)
2

LG}

_ |S(—(Lpy — M)u, u) 2| -
= R(—(Lgy — M)u,u);2 T mi

=2 ST
_.l_

(ST

{
yiedling (3.13).

Finally, we prove (2)-(3). Let 5»1 = % — M. Then, (3.12) implies that ):1 is a simple
eigenvalue of —Lg, with eigenspace spanned over C by v;. Suppose —Lg, has an eigenvalue
A with an eigenfunction ¥ € D \ {0}. We claim that 1 > )A\].

If A is real, we see from (3.12) that A = %em — M withsomer < rpand & = O or 7.
Since 0(—=Lg,) C{A€C: N1 > —-M},wefindé =0and A = % - M > il.

Now, suppose X is complex, namely, IJA # 0. Following arguments in [24], we consider
the product domain U=UxU= {(x,y) : x, y € U}. Denote by — L, the action of —Lg,
in the x variable and by — L, the action of —Lg, in the y variable. Set L:=L,+ Ly and
D1(x, y) := 1 (x)¥1(y) for (x, y) € U. Straightforward calculations yield —£0; = 2, 9;. It
is not hard to see that similar results as in Lemma 3.3 hold for the sesquilinear form associated
with —£ and hence, conclusions in Lemma 3.4 apply to —£+2M in place of —Lg, + M.
As a result,

e 2} isa simple eigenvalue of —£ with eigenspace spanned over C by 0y,
e o(—L) C {(LeC:RA > —-2M]},
° ’71 = (2x +2M)~ Lis the dominating eigenvalue of (—L + 2M)~ L.

Setting ¥ := ¥ (x)¥ (y) + ¥ (x)¥ (), we find ¥ is real-valued and satisfies — Ly = 2R\
Following similar arguments as in the case where A is real, we find 9%z > ;.

This shows the claim. Hence, ):1 = A1. Since 0 (—Lg,) is discrete and contained in a cone
(by (3.13)), it is easy to see that inf {RA : 1 € o (—Lpy) \ {A1}} > A1

This proves (2)-(3) and finishes the proof. ]

Remark 3.3 We point out that the positive cone Lﬁ_ (U) has empty interior so that the celebrated
Krein-Rutman theorem [42] for compact and strongly positive operators, often used to treat
elliptic operators on bounded domains, does not apply here. Restricting —Lg, to a smaller
space does not help as ¢/ is unbounded.

The number A; is often called the principal eigenvalue of —Lg,. So far, it is not clear
whether X is positive. The positivity of A1 is shown later by means of the absorbing properties
of the process X;.

The following result concerns the semigroup generated by Lg, .

Theorem 3.2 Assume (H1)-(H3). Then, (Lg,, D) generates a Co-semigroup (1;);>0 on
L2(U; C). Moreover, (T;):i=0 is positive (i.e., T,Li(l/{) - Li(U) for allt > 0), extends
to an analytic semigroup and is immediately compact.

Proof Note that it is equivalent to studying the operator Lg, — M with domain D. First, we
show Lg, — M is densely defined and closed. In fact, the density of D in L2(Z/{ ; C) follows
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readily from the fact C5°(U; C) C D. Since the resolvent set of L£g, — M is non-empty thanks
to Theorem 3.1, the closedness of (Lg, — M, D) follows.
Next, we see from Theorem 3.1 that (0, 00) C p(Lg, — M). For fixed A > 0, we prove

1
IO M = Lg) 22 < - VA >0,

Let f € L?U; C) and u € D be such that (A + M — Lpy)u = f.Itfollows from Lemma 3.4
(2) that Egy(u, @) + (A +M){u, ¢);2 = (f, ¢) 2 forall ¢ € H!(U; C). As a result, Lemma
3.3 (2) ensures

|1 N
min {5, c*} lelZ,s + 2llullZ < REg s 1) + O+ MNlZs < 11 £ 112 el 2,

yielding the expected upper bound.

As aresult, we apply the Hille-Yosida theorem (see e.g. [25, 58]) to find that (Lg, — M, D)
generates a Co-semigroup of contractions {7;};>¢0 in L%(U; C). By Lemma 3.4 (3), this
semigroup must be positive. Thanks to the compactness of (Lg, — M )~! by Lemma 3.1, it
follows from [25, Theorem I1.4.29] that (7;);>¢ is immediately compact.

It remains to show that (7;);>¢ extends to an analytic semigroup. Let S be defined as in
(3.13) in the proof of Theorem 3.1 and 6 € (0, %) be suchthat S C {, € C: |arg)| < 6}.
Then, 6(=Lg, + M) C {1 € C : |argA| < 6} \ {0}. Fixing 6, € (0, %) and setting
o, = {r € C: |argA| > 6,} C C\ S, we find Zg, U {0} C p(—Lg, + M) and there is
C1 > Osuch that d(A, S) > Cy|A| forall A € 2, \ {0}. An application of [58, Theorem
1.3.9] yields

1
A= (=Lpy + M) 22 < — < ——, Vie Xy \ ({0}
(2 — (=Lg, N 22 0.3 = Gl 6. \ {0}

As aresult, an application of [58, Theorem 2.5.2 (¢)] (with A = Lgy—M and £ = {1 € C:
|argA| < m — 6,}) enables us to extend (7;);>0 to an analytic semigroup. This completes
the proof. O

3.4 Adjoint operator and semigroup
Let (L‘*O, D*) be the adjoint operator of (Lg,, D) in L2(U; C). Then, D* is given by
D*:={w e L?U; C) : 3f € L*U; C) s.t. (w, Lgyd) 2 = (f. $)2. Yo € D}.

For each w € D*, LZ;‘;Ow is the unique element in L?U; C) such that (w, L2 =
(E;;Ow, ¢) ;2 for all ¢ € D. Integration by parts yields

1
Lgw = EAw + V.- ((p+ B VU)w) —egw, w e CTWU;C). (3.14)

The following lemma summarizes some properties of the operator —EZO.
Lemma 3.5 Assume (H1)-(H3). Then, the following hold.
(1) a(—ﬁ}o) =o0(—Lg) C{reC: N1 > —-M}.
) D* = [w e H'U: C) : L w e LU C)].
(3) For each ¢ € H'(U; C) and w € D* one has (¢, _£§0w>L2 = Epy (¢, w).
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(4) Ay isasimple and dominating eigenvalue of —ﬁzo with the associated eigenspace spanned
over C by v{ for some v} € D* a.e. positive in U.

Proof (1) Note that U(—Ezo) = o (—Lp,). Since the spectrum of —Lg, consists of eigen-
values due to Lemma 3.1 (1) and the coefficients of —Lpg, are real-valued, o (—Lg,)
is symmetric with respect to the real axis. Namely, A € o(—Lg,) if and only if
Ae o(—Lg,). Hence, o (—Lg,) = o(—Lg,), which leads to U(—EZO) =0 (=Lgy).

(2) Since —1 — M € p(—L}) by (1), we see that D* = (=Lj + 1+ M)~'L2(U; C).
Following similar arguments as in the proof of Lemma 3.4, we deduce

(—Lhy + M+ D720 = fw e W @ O : Lfw € L2t O]

leading to the desired result.

(3) Note that (¢, _£20w>L2 = (=Lgy¢, w);2 for all € D and w € D*. It follows from
Lemma 3.4 (2) that (¢, —E;’;Ow)Lz = Egy(¢, w) for all ¢ € D and w € D*. Since
C3°U; C) C D and is dense in H(U; C) (see Remark 3.2), the conclusion follows from
standard approximation arguments.

(4) This follows from (1) and arguments as in the proof of Theorem 3.1.

[m}

Denote by (7;*);>0 the dual semigroup of (7;);>0. It is well-known (see e.g. [58, Corollary
1.10.6]) that (7;*);>0 is a Co-semigroup with infinitesimal generator (E;;O, D*).

Theorem 3.3 Assume (H1)-(H3). Then, (T;");>0 is an analytic semigroup. Moreover, it is
positive, i.e., Tt*Lf_(L{) - L%_(Z/{) forallt > 0, and immediately compact.

Proof Note that ,0([120 — M) = p(Lg, — M). Thanks to [58, Theorem 2.5.2], the
conclusion is a straightforwardiconsequence of the analyticity of (77);>0 and the fact
N+ M — L;O)*l 222 = A+ M — Lg,) "l 2, 2 for each A € C with %A > 0. The
positivity and immediate compactness follow from arguments as in the proof of Theorem
3.2. O

4 Stochastic Representation of Semigroups

In this section, we study the stochastic representation of the semigroup (7;*);>0. Subsection
4.1 and Subsection 4.2 are respectively devoted to the stochastic representation and estimates
of semigroups generated by E;‘;O restricted to bounded domains with zero Dirichlet boundary
condition. In Subsection 4.3, we establish the stochastic representation for (7;*);>0.

4.1 Stochastic Representation in Bounded Domains

Let @ CC U be a connected subdomain with C? boundary. Denote by £X the diffusion
operator associated with X; or (2.3), namely,

cX—1A+( -q)-V
=3 P—q)-V.

For each N > 1, let £§|Q be £X considered as an operator in LN (; C) with domain
wN(Q; C)n WOI’N(Q; C). It is well-known (see e.g. [25, 32, 58]) that the spectrum of
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—E%m is discrete and contained in {A € C : %1 > 0} and ﬁf\ilg generates an analytic
semigroup (S,(Q’N)),Zo of contractions on LN (Q; C) that satisfies S,(Q’N)LQJ(Q) - Lﬁ(Q)
forallr > 0. Moreover, the following stochastic representation holds: foreach f € C(£2; C),
SEN F) = B [f (XD Ly<rey] . V(x,1) € Q x [0, 00), A.1)

where tq = inf{r > 0: X; ¢ Q} is the first time that X, exits .

For N > 1, let E};;)N o be L’:go considered as an operator in LY (Q2; C) with domain
w2 (Q; C) N Wy (2 ©).
Proposition 4.1 The following statements hold.
(1) The spectrum of—[,ZbNm is discrete and is contained in {A € C : R > 0}.
2) [,E)Nm generates an analytic semigroup of contractions (T,(*’Q’N))tzo on LN(Q; C)

that is positive, namely, T,(*’Q’N)Lﬁ(ﬂ) C Lﬁ () forallt = 0.

(3) Foreach f € LN(; C) and f = e*%*ﬂon,

~ Q
TN f o o= T-hUGRN ¢ gy >,

(4) Foreach f € C($;C) and f := e*%*ﬂon’

~ Qx
TN ) = 5 TPVORT [ £(X) 1 jrg)]. V(x.1) € Q x [0, 00).

(5) Forany N1, Ny > 1, T,(*’Q’Nl) and Tt(*’Q’NZ) coincide on LN (Q2; C) N LN2(Q; C) for
allt > 0.

Proof For f e W2N(Q;C) N W&’N (2; C), direct calculations give EE)N lQ f =
e_%_ﬁ"Uﬁﬁ | f, where f = e_%_ﬂou f, the conclusions (1)-(4) follow immediately from
the corresponding properties of Ef, | and (St(Q’N)),zo.

In particular, for any Ni, N, > 1 we have T,(*’Q’Nl)f = Tt(*’Q’NZ)ffor all f € C(Q;C).
Statement (5) then follows from the density of C(£2; C) in LN (; C) for any N > 1. O

4.2 Estimates of Semigroups in Bounded Domains

We prove two useful lemmas concerning some estimates of the semigroup (T,(*’Q’N)),zo.

Lemma4.1 Let N > 2 and f e LN(Q). Then, & := T.(*’Q’N)f satisfies the following
inequalities:

1 N—1 (! !
7/ |w|N(-,t)dx+—/ / IIDIN_2|V1I)|2dxds+C*/ fa|ﬁ)|Ndxds
N Q 2 f Q 51 Q

1+eNM(t—t1)
<
N

1 N—1 ! !
7/ |@|N(-,t)dx+7/ / |1I)|N’2|V1I)|2dxds+C*/ /alﬁ)INdxds
N Q 2 nh JQ n JQ

2 E
< 7f / |w|Ndxds, V&>t >t >0.
N —1n) Jy Ja

f [, t)Ndx, V>t >0,
Q

and
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Proof Fix N > 2 and f € LY (). Then, & := TN 7 satisfies

o = L5V i in 2 x (0, 00).

Recall EZO from (3.14) and E;;)N from Subsection 4.1. Multiplying the above equation by

|@|Y 2% and integrating by parts, we find, after straightforward calculations, for t > 0

N -1
/ [N 2w, wdx =_T/ |1D|N_2|Vﬁ)|2dx—/ epy. N 10|V dx, 4.2)
Q Q Q

where we recall the definition of eg, y from (3.3).
Since |0V 2wo, w0 = %B,Ii)IN, we integrate the above equality on [#1, ] C [0, 00) to

derive
1 N—1 (!
7/ |uv|N(-,t)dx+—/ / |w|N 2|V |>dxds
N Jo 2 Jy Ja

! 1
+/ /eﬁo,mzm”dxds = 7/ ||V (-, 11)dx.
n Ja N Ja

As Lemma 3.2 (3) gives egy. y + M > Cya forall N > 2, we find

1 N—1 ! !
7/ IIDIN(~,t)dx+7/ / |1Z)|N’2|V1b|2dxds+C*/ /alzblNdxds
N Q 2 H JIQ t JQ

; 4.3)
~ N 1 ~ N
<M |w|"dxds + — lw|™ (-, t1)dx, Vt>1t >0.
n Ja N Ja

Setting g() := fztl Jo 1w|Ndxds for > 11, we arrive at %g’ < Mg+ %Ild)(-, t1)||g,\, for

all t > t1. Gronwall’s inequality gives g(¢) < “NIX,“A;I) [lw(-, tl)||]LVN for all ¢ > ¢;. Inserting

this into (4.3) yields the first inequality.

Now, we prove the second inequality. Fix #1,7» € [0,00) with ;1 < . Let n €
C°°((0, 00)) be non-negative and non-decreasing such that n = 0 on [0,#], » = 1 on
[12, o] and maxp, 1,11’ < tzle . Multiplying (4.2) by n and integrating by parts, we find for
t> 1,

1 / ~ N 1 ! N
o (-,r)dx——/ /nlwl dxds
N Ja N Jo Ja

N-1 [ !
:_T/ /;7|17;|N’2|Vzb|2dxds—/ / negy. v |w|N dxds.
0 JQ 0 JQ

The definition of n then gives
1 _ N N—1 ([ _No2o-0n ! =N
— f o]V, t)dx + —— |w] [Vw|“dxds + ego,N|w|" dxds
N Q 2 n JQ th JQ

1 [~ 2 5]
< —/ / 71V dxds < 7/ / |V dxds. Vi > b,
N Jy Je N@w—1)Jy, Ja

This completes the proof. O

Lemma4.2 Foreacht > 0, there exists C = C(t), independent of the domain <2, such that

Q2,24) 7 r r "
IT,%%%) fll 20y < Cllif ey, Y € L*(),

where 2, == 2%:5) € (1, 2) is the dual exponent of 2 + %.
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Proof Take N € (1,2]. Then, N’ := % > 2. Denote by (T,(Q’N/)),zo the semigroup on
LN/(Q) that is dual to (Tl(*’Q’N)),zo. Let llg’o/ | be Lg, considered as an operator in LN/(Q)
with domain W2V’ )N Wé N (R2). It is not hard to check that [lgo/ |, being Lg, considered
as an operator in LN/(Q) with domain WZ’N/(Q; C)n WOI’N/(Q; C), is the generator of

(2,N)
(T, )zzo- ,

Take g € LV () and denote 7 := T8N )g. Then, v is the solution of

b =LY |ab in 2 x (0,00).

Multiplying this equation by |5|¥' =24 and integrating by parts, we find, after straightforward
calculations, for ¢ > 0,

N N -1/ Ny |V
151V 259, 0dx = ——— [ 15V "4 ViPde — | e o5V dx,
5 Bo.N
Q g @

where e;;o N =€y — %(V - p + BoAU). We can follow the proof of Lemma 3.2 (3) to
show e;§0! y +M = Cya inlU for all N > 1. Then, arguing as in the proof of Lemma 4.1

yields

1 ! N/ _1 t ! t !
— | BN, Hdx + 151V ~2|V|?dxds + Cs a9V dxds
N’ 2

Q 0 JQ 0 JQ

Y / (4.4)
< 7f 151V dx, Vt>0,
N’ o
and
1 ! N/_l t ! t !
—,f 151V (-, n)dx + / / |5|N_2|Vﬁ|2dxds+C*/ /a|5|N dxds
N’ Jg 2 n Jo n Jo @5)

2 7 ,
5/7/ /|6|Ndxds, Vi >t >t >0.
N'(—1t) J, Ja

The Sobolev embedding theorem gives

N N N
197 1l L2¢ (@0, < Ci ( sup [0 (-, )l p2() + VU2 ||L2(QX[0,;])) )
s€[0,¢]

where k = ddiz and Cy > 0 depends only on d. This together with (4.4) gives rise to

t , X , N/ 2 t ,
(/ / |5V dxds) <2C?| sup f 1o(x, )|V dx + N / / 151V 72| V5|*dxds
0 Ja sef0,1] /e 4 Jo Ja

§c2(1+eN’M’)/ 121V dx, Vr>o0,
Q

where C; 1= 2C12 (1 + %) We then deduce from (4.5) (with « N’ instead of N') that

1 ~ kN’ KN/—I ! ~kN'=2 ~2 ! ~ kN’
0] (-, )dx + |v] |Vo|“dxds + Cy alo*" dxds
/
kN’ Jo 2 n Ja n JQ

2 2 / 2 , )
< —: 5N dxds < ————C¥(1 N'Mtr\k || = KN/
T kN'(n2 —tl)/zl /lel =N G — 1) 20 e TE N )
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Fig.3 Illustration of the
stochastic representation

—— E® [f(X¢)L<sy]

xe_%_ﬁoU xe*%*B()U

N

forall t > 1 > t; > 0, where we used (4.4) in the second inequality.
As a consequence, for each ¢ > 0, there exists C3 = C3(d, N', t) > 0 such that

QN
NN 8l e gy = I5C, Dl e gy < C3llEN v g

Since TN and Tt(*’Q‘N) are adjoint to each other, it follows that
,Q, r F F .
||T,(* M fllvgy < Call Fllv gy, YF € LY@ n LY ().

where Ny := - N/ 7- Thanks to Proposition 4.1 (5), the above inequality holds for all fe

LN+(Q). Setting N = 2 yields 2, = 25;1;22) € (1, 2). This completes the proof. O

4.3 Stochastic Representation
We prove the following theorem concerning the stochastic representation of (7;*)>o.

Theorem 4.1 Assume (H1)-(H3). For each f € CyU: C) satisfying f = fe~3—PU ¢
L*U; C),

T*f(x) = e G BUMR [f(XDLp<spy]. Y(x,1) €U x [0, 00).

For the reader’s convenience, we include Figure 3 to clarify the stochastic representation.
Consider the following initial value problem associated with the operator ﬁ;goz

hw =
w(-,0

Definition 4.1 A function 0 € C(L{ x [0, 00)) N Lloc([(), 00), HY(U)) is called a weak
solution of (4.6) if for each ¢ € Co (Z/I x [0, 00)) and ¢ € [0, 00) one has

'
/ﬁ)(-,t)¢(~,t)dx—/ f¢(~,0)dx—/ / wo;pdxds
u u 0 Ju
' ! t
:—l/ /V1D~V¢dxds—/ /(p—i—ﬂoVU)-tDV(Z)dxds—/ /e,goﬁ)gbdxds.
2 Jo Ju 0 Ju 0 Ju

Lemma 4.3 Assume (H1)-(H3). For each f e C(U) N L2WU), (4.6) admits at most one weak
solution.

AW+ V- ((p+ BoVU)D) —eg,w in U x [0, 00),
f in U.

” N\

(4.6)

The proof of the above lemma follows from energy methods and approximation arguments.
Since it is somewhat standard we present its proof in Appendix A.2.
Now, we prove Theorem 4.1.
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Proof of Theorem 4.1 Treating the real and imaginary parts separately, we only need to prove

the theorem for Jf € Cp(U) such that f = fe_%_ﬁ‘)U S LZ(L{). Fix such an f.
We show T, f is a weak solution of (4.6). Due to the analyticity of (7,*);>0 (see Theorem
3.3) and Lemma 3.5, we find

(1) T3 f € C(10, 00), L*W)) N C'((0, 00), L*U));
(2) T} f € D* ¢ H'WU) N HE (U) forall t > 0;

loc

Q) $17f = [,;goTt*f forall r > 0.

Since f € C(U), the classical regularity theory of parabolic equations yields that T* f €
C(U % [0, 00)). Applying Lemma 3.3 (2) and Lemma 3.5, we find for each ¢ > 0,

(1 . : o .
min {5, c*} IT FliZ,) < g (T FL T ) + MIT £
= —(T}f. L3 T flr2 + MIT F117
-~ d - -
=T f, LT Pl + MITFfI2,
1d

= —mu'n*fuiz + M|T}F113 .

It follows that
1 " 2 L " 2
min 2’C* A 17 flizds < 2IIfIILerM A 175 fll72ds, Vi > 0.

This yields T f IS L,zoc([O, 00), HLW)). By (3), it is easy to check that the integral identity
in Definition 4.1 holds with w replaced by T.* f . As a consequence, T.* f is a weak solution
of (4.6).

Define

(e, 1) = e F AU [F(X) L5 ], (1) €U x [0, 00).

We claim that i is also a weak solution of (4.6). Then, Lemma 4.3 yields 7. f = 1, leading
to the conclusion of the theorem.

The continuity of w in U x [0, co) follows from the definition and continuity properties
of X,. We show @ € L? ([0, 00), H'(U)). Let {4, } e be as in Subsection 2.3. It follows

loc
from Lemma 2.1 and Proposition 4.1 (4) that w = lim,_, T.(*’u"’z)ﬂun inU x [0, 00),
where we recall from Subsection 4.1 that (T,(*’M"’z)) ¢>0 1s the positive analytic semigroup of
contractions on L2(U,; C) generated by Ezflun with domain W22(Y,; C) N WOI’Z(Z/{,,; ©).
For convenience, we define w, := T.(*‘u"’z)flun for n € N. Then, lim,,_,oo W, = W.
Lemma 4.1 (with #; = 0) gives for each ¢ € [0, c0) and n € N,

1 s 1 t _ t 5 1+e2Mt -
5 oG Hdx + 5 [IVw,|“dxds + Cs aw;dxds < — fedx.
0 n 0 n

w
Z’{n M"

Letting n — oo yields w € L} ([0, 00), H! (U)). Since 3,1, = z:j;fmn W, in L*U,) for
allz > 0 and n € N, standard approximation arguments ensure that w is a weak solution of

(4.6). This finishes the proof. ]
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5 QSD: Existence, Uniqueness and Convergence

In this section, we study the existence and uniqueness of QSDs of X;, as well as the exponen-
tial convergence of the process X; conditioned on the event [t < Sr] to QSDs. In Subsection
5.1, we show the existence of QSDs of X,. In Subsection 5.2, we study the sharp expo-
nential convergence of X; with compactly supported initial distributions. In Subsection 5.3,
we investigate the uniqueness of QSDs of X; and the exponential convergence of X; with
arbitrary initial distribution. The proofs of Theorems A and B are outlined in Subsection 5.4.

5.1 Existence

We construct QSDs for X;. Recall that A1 and vy are given in Theorem 3.1.
Theorem 5.1 Assume (H1)-(H3). Then, the following statements hold.

U
e~ 2 Pl

(1) A1 > Oand fu f)le_%_ﬁde < oo for any B > 0. Hence, dvy := dx €

fZ/I ﬁlefgfﬂoudx
P(U) and satisfies [,,ePVdv < oo for any B € [0, Bo).
(2) Foreach f € Cp(U),

E" [f(X)1y<spy] = ef’\”/ fdvy, Vr=>0.
u

(3) vy isa OSD of X; with extinction rate A.
We need the following lemma. Recall that the weight function « is defined in (3.1).

Lemma 5.1 Assume (H1)-(H3). Then, § € L?*U, adx; C) implies fu |17|e_%_ﬁde < 0
forany B > 0.

1
Proof Let 8 > 0. As [, |f)|e_%_ﬁydx < (fuoz|f)|2dx)7 (fy ée_Q_zﬁde)z,it suffices to
verify
1
/ Ze 272Uy < 0. (5.1)
u o
Let a(t) := max{tlz, 1} for t > 0. According to the definition of « given in (3.1) and
the fact that inf;; @ > 0, there exists C; > 0 such that a(x) > C; 2?21 a(x;) forx € U.
Since U(x) = V(E'(x) > Y, V(& (x)) for x € U due to (H3)(2) and e~ @ =

1
[Ny an]? ,
- wederive

(ML & ein]?

dx.

/ lg—Q—Zﬁde < [l_[id=1 ai(%‘fl(l))]% / [T exp [—ZﬂV(gi’l(x,-))]
ua a < . (Zl'd=l &(xi)) X [Hfl:] ai(giil(x"))]%

For each k € {1,...,d}, let X; be the collection of all subsets of {1,...,d} with k
elements, and set

[ieo oxp {-267(7 )
A = sup

/ ‘ l
o€Xy J{xg=(xi)ics:xi>0, Vieo} (Zie(, &(xi)) % [Hie(, a; (Eiil(xi))] 2

dx,.
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Clearly, (5.1) holds if A; < co. We show this by induction.

First, we show A; < oo. Following the arguments leading to (A.2), we can find C2 > 0
such that a; (&lfl(xi)) > C%xl.2 for x; € [0,1]and i € {1,...,d}. It follows that for each
iefl,...,d},

o ,2BVE ) 1128V @) o ,m2BVE )
[ R a
0 - 1 2 C2 Jo a(x;)x; [ _1 2
a(x) [ )| &) [ar (g )]
1! . 00 ,~2BV(E (i)

— | xje2BVE gy, 4
G2 Jo 1

1 00 e*ZﬁV(Zi)
L e
26 Jgy  ai(zi) '

where we used the definition of & in the second inequality, and the non-negativity of V a
2PV 4 < 0o by (HI)2),

Tai)

IA

dx,-

[t o]

simple change of variables in the third inequality. Since | ;f’l o
we find A; < oo. l
Suppose Ay < oo for some k € {1,...,d — 1}, we show Ay41 < co. We only prove

T2 exp {-287( ')}
Ak+1 .—/ / ldxl"'dkarl < 00;
it ) x [T ag o |
integrals corresponding to other o € X4 can be treated in exactly the same way. Note that
[T exp {2877 0|
By —/ / dx
Si atn) x [l‘[f-‘if ai )]’

1 dxgg

i=1 37 i=1%i

dxp - dxgg
CkH / / ( k+1 1 ) « l'lk“

——dx 1~-dxk+1 < OoQ.
(k + 1)c’<+1 / / [T =g

For j € {1, ...,k + 1}, we see that
[T exp {2676 @)}
/ / / ld-xl"'d-xj"'dxk+l
S @) x [ e o]’

o ,2BVE (x,~>) o 27
1 — 2 Pl j\<j
[aj(é'j 1(Xj)):| g 4ji&j

where we used (H3)(2) in the last inequality. It follows that Al 1l = ZkH B; < oo. This
completes the proof. m}
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Proof of Theorem 5.1 (1) Since ¥, € H'U) < L?*WU,«adx), Lemma 5.1 yields
~ 92 gy
Jy D1e” T 7P%dx < oo forany g > 0.

To see A1 > 0, we fix f € C3°(U) and set f = fe’%’ﬁ"u. Clearly, f e L*U).
Theorem 4.1 gives

e EI VOB [f(X)Lyesn] = T f0). V(1) €U x 10, 00).

—1
Set vy 1= Cﬁw’g’ﬁw, where C := (fu ﬁle’%’ﬁOde> . Obviously,

/ viefUdx = C/ e~ 5 B-PUdy < 0o, VB € [0, Bo).
u u

Moreover, we calculate
/ VB [ (X0 sy dx = Clon, T oo = CUT 1, f)an Vi 0,
u
which together with T; 71 = e~/ ¥; yields

f VIE® [f(X)Tj<sy]dx = Ce™ /
u

1 fdx =e—W/ vifdx, Vi>0. (52)
u u

For each x € U, the fact P* [Sp < o0o] = 1 implies lim; o0 E* [ f(X/)11<sr}] = 0. This
together with the fact sup, o, ‘]Ex [f(X,)]l{KSF} | < || flleo for all t > 0 and the dominated
convergence theorem implies lim;_, o fu nE®|f (Xt)]l{,<5r}] dx = 0. From which, we
conclude 1| > 0, otherwise a contradiction can be easily derived from (5.2).

(2) Fix f € Cp(U) and take a sequence of functions {f,},en C C3°@U) that locally
uniformly converges to f as n — oo and satisfies || f;;|loco < || f|loo for all n € N. It follows
from (5.2) that for each t > O and n € N, [, E*[ fi(X)Lj<spy]dvr = e [, fudvy,
where dv; := vidx. Lettingn — 00, we conclude the result from the dominated convergence
theorem.

(3) Applying (2) with f = 1y, we find P" [ < Sp] = E"! [Lj<sy] = e for all

t > 0. Applying (2) again, we conclude W = [, fdv; forall f € Cy(@). That

is, v1 is a QSD of X, and A is the associated extinction rate. O

5.2 Sharp Exponential Convergence

We study the long-time dynamics of X, before reaching the boundary I". Ahead of stating
the result, we recall and introduce some terminologies and notations.

Recall that the spectra of —E;‘;O and —Lg, coincide, are discrete and contained in {A € C :
M1 > 0 and arg < 0} for some @ € (0, 7). The number A1 is the principal eigenvalue of
both —LIEO and —Lpg,. Let v} be as in Lemma 3.5 (4) and suppose it satisfies the normalization

(1, 77,2 = / S8 P dy, (5.3)
1z

where v; is given in Theorem 3.1. The last integral converges thanks to Lemma 5.1.

Set A := min {m Lh€o(—Lh,) and A > M]. Then, 4> > Aj and {A € o (—L},) :
RA = A2} consists of finitely many elements. For k = 1, 2, let P} and P be respectively the
spectral projections of —E*O and —Lg, corresponding to {A € a(—El’go) : ML = At} Clearly,
P} and Py are adjoint to each other and ranP; and ranP} of —Lg, and —[I’EO corresponding

@ Springer



Journal of Dynamics and Differential Equations

to A1 are respectively spanned over R by v and 9. Since the coefficients of —E*O and —Lg,
are real-valued resulting in the symmetry of the set {A € a(—[lgo) : MA = Ay} with respect
to the real axis, 735‘ and P, are also adjoint to each other.

Suppose the set {A € a(—ﬂ}}o) : HA = Ay} consists of N, elements and is enumerated as

hai, i €{0,...,N,—1}.

Denote by P5 ; and P,,; the spectral projections of —L% and —Lpg, corresponding to A2,
and A ;, respectively. Note that P;‘ ; and P> ; are adjoint to each other. Obviously, P} =

S Py and Py = YN Py
Fori € {0,..., N, — 1}, we let

e N; be the order of the pole A, ; of the resolvent of —E;O,
e d; = dim(ranP; ),

° {v(* 2) :je{l,...,d;}} and {~(2) Jj € {1,...,d;}} be generalized eigenfunctions

of —L% fo and E,go that form bases of ranP2 ; and ranP; ;, respectively, and satisfy the
normalization

(@7, 057 2 = 8. Vikefl.....di}. (5.4)

Recall that vy is the QSD of X, obtained in Theorem 5.1, and {7;};,>0 and {7;*};>0 are
positive and analytic semigroups of contractions on L?(U/; C) generated by Lg, and L’ZO,
respectively.

The main result in this subsection is stated in the next theorem.

Theorem 5.2 Assume (H1)-(H3). For each v € P(U) with compact support in U, there holds
foreach f € Cp(U),

E'[f(X)|t < Sr] _/ufdvl

At

= e—/ e%+ﬁoUTI*77§ (f— flu/ fd\)])dv—l—o(e*()%*)»l)f)
u u

o]
5 +PoU ~*
Jye? vFdv
e~ (Ra—Ant

= 0
5 +PoU 5*
Jye? vFdv

Ny—1 Nj—1 k

« / o S+BU Z it Z
u j=0 k=0

+0(€7()\27M)t) as t— 00,

(£ﬂ0+)‘21) P2] (f—iu[/{fdv1>dv

where f = efgfﬁouf and 1y = efgfﬂOU]lu. In particular, the following hold:
e Foreach( < e <« 1,

lim e®2~ M~ PV[X, € o|t < Sp]—vi]7v = 0.
—00
o If f € Cp(U) is such that P53 (f— Ty fu fdvl) # 0, then for a.e. x € U, there is a

Jamily of sets {Kx e}o<e«1 in (0, 00) satisfying Ky e, C Ky ¢ for0 <€ < e K 1and
limeoinfr=o |[Kx.e N (T, T + 1)| = 1 such that

lim eW2—r1+eor

tely e
11— 00

=00, V0<exkl.

E*[f(X)|t < Sr]— /fdvl
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Remark 5.1 We make some remarks about Theorem 5.2.

(1) Theorem 5.2 appears to be a direct consequence of the decomposition of (7,*);>¢ accord-
ing to spectral projections ensured by Theorem 3.3 and the stochastic representation
given in Theorem 4.1. This is however deceptive due to the following two reasons: (i)
the stochastic representation given in Theorem 4.1 is only true for f € C,(U) such that
e’%’ﬁouf € L%(U); this is indeed a restriction as e’%’ﬁoy and e%ﬂg"u are respec-
tively unbounded near I" and oo; (ii) the semigroup (7;*);>0 is naturally defined on L2U),
but we need its L properties.

. 5 Q .

(2) For f € Cp), the function f := e~ 7PV £ does not necessarily belong to L2U).
Neither does f — 1y fu fdvy. Its projections under P; and 73; jare justified in Lemma
5.2 (2).

(3) Theorem 5.2 actually holds for all initial distributions v € P (i) satisfying the condition
fu e%+’3°Udv < 00. See Remark 5.2 for more details.

We need two lemmas before proving Theorem 5.2. The first one concerns some important
properties of 7, P{ and P5.

Lemma 5.2 Assume (H1)-(H3). The following hold.

(1) Prf =0} fy, fe2tPVdvy forall e L2W).

(2) Both P} and Pj are well-defined on { fe™ §-poU . 1 f e Cp(U)} with values in L2U).

3) Tt*fP; — ZN* lT 732, _ e*)nzt ZN*—l —iJAp, jt 2]1:’](;1 ;Tk'([/zo + A'z,_i)kpij fOV all
t > 0.

(4) Foreach( < € <K 1, there exists C = C(€) > 0 such that

” Tt* - e_}\ltlpik - Tl*lpék H L2512 S Ce_()tz-‘ré)f’ Vt Z 0

(5) Let f € ranP5 \ {0}. Then, for a.e. x € U, there is a family of sets {Kx ¢}o<e«1 in (0, 00)
satisfying Ky ¢, C Ky ¢, for0 < €1 < €2 L landlime_ginfr-o Ky (T, T+1)| =1
such that

lim 2T fl(x) =00, VO <e < 1.
PN

Proof (1) Note that ran(P{|,2¢)) is spanned over R by 97. By the Riesz representation
theorem, there exists & € L2({) such that

Pif = (f h)20F, VfeL*U). (5.5)

As Py and Pj are adjoint to each other it must be true that P10 = (v, 7) 2k forall v € L2(U).
Since ran(P; lL2@0)) is spanned over R by vy, there exists C; € R such that 4 = C;v;. Thus,
the normalization (5.3) gives

. U . . _9_
=P1U1=C1(vlvUT)L2U1=C1U1/Ule 7 AUy,
u

leading to C1 = é, and hence, h =
- L pou g
Jyte” 2 dx Sy Bre
and noting the definition of v give rise to the formula for P} f.
(2) Thanks to (1), it is obvious that the statement holds for P}. Note that ran?; and ranP,

Ul . Inserting this into (5.5
Q ﬁOUdX £ (5-5)

. . . _9o_
are finite dimensional and Lemma 5.1 ensures fu e~ 2PV y|dx < oo for each v € ranPs.
Following the same proof as in (1), we arrive at the conclusion for P5 as well.
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(3) and (4) are special cases of [25, Corollary V. 3.2] due to Theorem 3.3, the fact ity ; =
Apforalli e {1,..., N,}, and the simplicity of the principle eigenvalue A; of —EZO.
It remains to show (5). Fix f € ranP; \ {0}. We consider three cases.

Case 1 N, = 1. In this case, {\ € o(—ll;;()) : MA = A2} = {Az}. Then, f is a generalized
eigenfunction of —K’EO associated with A,, and thus, there exists N € N such that (L',;O +
AN+ f = 0and (L;‘;O + 2)N f # 0 in U. It follows from the strong unique continuation
principle for elliptic equations (see e.g. [46]) that (E;;O + 2)N f £ 0ae. in Y. Since

N N
_ t _ t N N
T f=e) E(% + )k f = e <1§n(£7§0 +a)Vr +0(tN)> as 1 — 00,
k=0 :
we derive lim;_, e(}‘2+€)t|Tl*f|(x) = oo for ae. x € U and each 0 < € « 1. The

conclusion follows.
Case2 N, = 2K + 1 for some K € N. Considering the symmetry of the set {\ € U(—L;;O) :

RA = Ay} with respect to the real axis, we can re-enumerate it as {Ap, j}f:_ x such that
A2,0 = Az and Ay =X2,_j for j e {l,...,K}.
Note that f = Zf__ x fj»where f; is the projection of f onto the generalized eigenspace

of A7, ;. Since f is real-valued we must have f; = f cforall j € {1,..., K}. We may
assume, without loss of generality, that f; # 0 for all j e {(-K,...,K}.

Since A, j is a pole of the resolvent of — C* with finite order, there exists N ;i € Nsuch that

(L, +22, ])Nf“f] = 0and (L}, +A2, ])NJ f; # 0. Applying the strong unique continuation
prmc1ple for elliptic equations (see e.g. [46]), we find

(L + a2 )V fj £0 aein U. (5.6)
Clearly, N = N_ jforall j € {l,..., K}. Straightforward calculations then give forz > 1,

K N/
e)‘th,*f — Z e, jt Z (‘Cﬂo + Az, /) f/

j=—K P

K i
N 2 o o
= E eIt |:1§“([,:§0 +r2, )N i+ o(tN/):|
J=—K 7t (5.7)

o N N
T Go 320" fo 0™

N; 5 _
n Z |:2t ( —i;‘s}\z'jl(ﬁzo + A-Z,])le[) + O(th)] .

Since the asymptotics of ¢*? T} f as t — oo is determined by the terms with the highest
degree, we may assume, without loss of generality, that No=N; = = Ng.
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Set Fy := NLU!(L;O +22)M fy and F; := A%.;(‘Zo + xo, )Ni fj for j e {1,...,K}. We

rewrite (5.7) as

)Lzz‘T* K N
ﬂ =Fy+ Z Sﬁ(e"“)‘zJ’Fj) +o(1)

tNo =

X (5.8)
= Fo+ Y _|Fjlsin(3ka,t +¢;) +o(l), Vi1,
j=l1
. NF; .
where ¢; € [0, 27) satisfies tang; = _TF; for j e {1,...,K}.

Note that (5.6) ensures the set N := {x e & : 3j € {0, 1,..., K} s.t. |F;|(x) = 0} has
zero Lebesgue measure. Fix x € U \ A and set
K
Fo(t) := Fo(x) + Y |FjI(x) sin(¥a, jt + ¢)), Vi €R.
j=1

If inf,sq |Fy(t)] > 0, (5.8) implies lim,_, oo e*2+| T* f|(x) = oo for each 0 < € < 1.
Otherwise, for each 0 < € < 1, we set Ky ¢ 1= {t € (0,00) : |Fy(t)| > €}. Then, (5.8)

ensures lim;eic, e()‘2+e)t|Tt*f|(x) = 0. It remains to show
—00

lim inf [y N (T, T+ 1)|=1. 5.9)
e—>0T>0

If {IA2, }le are rationally dependent, then F, is periodic and (5.9) follows immediately.
Otherwise, F) is quasi-periodic, or more generally, almost-periodic. Following the definition
of almost-periodic functions (see e.g. [47]), it is not hard to prove (5.9).

Case 3 N, = 2K for some K € N. The proof is exactly the same as that in Case 2 except
that fo does not appear due to the fact A, ¢ {A € o(—ﬁzo) A = Aol

This completes the proof. O

Lemma 5.3 Assume (H1)-(H3). For each 0 < € < 1, there exists C = C(€) > 0 such that
foreach f € Cp(U) and f = e_%_ﬂ"Uf andt > 2,

1T P5 flloo < Ce™ 27| £, (5.10)

< CeF U021 ) (510

. Q ot~
E* [f(X)1j<sp)] —e2 tPUe M’u;*/ fdv;
u

and

Q ~ Q
]E.[f(Xf)]l{t<Sr}] _67+/30U <67Altﬁ>]k/z‘/{ Fdvy + E*Pikf)' < Cej"’ﬂOUe*()LZ‘FE)t”f”OO.
(5.12)

The idea of the proof is sketched in Figure 4.
Proof Fix 0 < € <« 1 and f € Cp(U). By the Markov property and homogeneity of X/,

E*[f(X)1pes)] = E [¢(Xi-DLp1esp]. Y0 €U x[1,00),  (5.13)
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feC, —— g:=E°* [f(X1)l{<s}] E® [f(Xe)Lit<spy]

legﬂoU JXegﬂoU JxegﬁOU

fel ———— e P ———— §=T7 ,ge L — T} g L™

Fig.4 Idea of the proof of Lemma 5.3

where g := E°*[f(X1)1{1<sr}] € Cp(U). For convenience, we set g := e_%_ﬁoUg and
f = e—%—ﬂon.

The proof is broken into three steps.
Step 1 We claim that g € L2(U) and there exists D > 0 (independent of f) such that

lgllz2 = Dill flloo- (5.14)

B—

Recall that 2, := a4 € (1,2) (see Lemma 4.2). Since e~ 2 = T
(ML a6 @]

s

we find

72 2 20 5 80U 2 d -1 ! ey
[ 17eax = [ g 2w < i | [Tag an | [ 7
u u i=1 u 4 a (%“f](xi))] !

e~ 2:BU )

Arguments as in the proof of Lemma 5.1 yield fu 5—dx < oo. This implies

[y aie™ can] *
the existence of C; > 0 (independent of f) such that
1122 @y < Cill oo (5.15)

Recall {U,},en and {7, },en from Subsection 2.3. For each n € N, we recall from Sub-
section 4.1 that (T,(*’u”’z*)),zo is the positive and analytic semigroup of contractions on
L% (U,; C) generated by (LZE?* 24, » W22 (U,; C)N Wol’z* Uy; C)). Since f e C(U,),Propo-
sition 4.1 ensures

T2 Fly = e $PVRS [ £(X)1yery]. ¥t € [0, 00). (5.16)

It follows from Lemma 4.2 the existence of C; > 0 such that ||Tl(*’u”’2*)f||L2(un) <

CZ”.f”LZ*(u,,) for all n € N. Letting n — oo, we derive from Lemma 2.1, (5.16) and
Fatou’s lemma that

- _o_ o ~
18022 = lle™ 2 PVR [ F(XD) L <sy] 200 < C2ll fll 20 sy < C1C2l flloos

where we used (5.15) in the last inequality.
Step 2 We claim the existence of Dy > 0 such that

T hllco < D2lT (hll2, Ve>1andh € LEWU). (5.17)

Setting 7 := § — Pyg — P5g, we find from the above inequality, Lemma 5.2 (4) and the
result in Step 1 that for some D3 > 0, there holds

7718 — TP — T P38 o, < Dae™ ™% fllo, Vi =2 (5.18)
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We first prove (5.17) when h = e_%_ﬂouh € L2U) for some h € Cp(U). The general
case follows from standard approximation procedures. Note that Theorem 4.1 gives

Thx) = e 2 PUORS (X)) 1osy]. ¥(x.1) €U x [0, 00). (5.19)

Let {U,}hen and {t,},en be as in Subsection 2.3. If we show the existence of C, > 0
such that
_9Q_ .
supe” 2 PUIE[h(X)1(1<r,| < Cs
Z/{H

_9_ .
e 32 ﬂOU]E [h(thl)]l{f*1<Tn}]‘

an  (5:20)

forall > 1 and n € N, then (5.17) follows immediately from (5.19) and Lemma 2.1.

We show (5.20) by Moser iteration. Recall that foreachn € Nand N > 1, (Tt(*’u”’N)) >0
is the positive and analytic semigroup on LN U,; ©) generated by (lZE)N |24, » W2N (U,; C)N
WOl ’N(Z/l,,; ©)). Since here for each n we only consider the action of (T,(*’M’“N)),Zo on
functions in C(U,; C), we simply write (Tt(n))zzo for all [(7}(*’1’{”’/\/)),20, N > 1} in con-
sideration of Proposition 4.1 (5). Obviously, ﬁ,, = ﬁ|u,, e C(U,) for all n € N. It follows
from Proposition 4.1 (4) that

T, (x) = e~ 5 PUORS [0(X) 1y <ry]. V(x.1) €Uy x [0, 00) and n € N.
- (5.21)
Set w, = T.(n)hn. We see from Lemma 4.1 that foralln € Nand N > 2,

1 - N N-—1 (" - N-2o 12
— | W™ (-, t)dx + —— [ | 5| VW, |~dxds
N Uy 2 11 U,

. (5.22)
<= +eNM<’2‘”>)/ (., m)|Ndx, Vo >1 >0,
N U,

where we recall that M > 0 is fixed and independent of » € N and N > 2, such that the
conclusion in Lemma 3.2 (3) holds. The Sobolev embedding theorem gives

N N N
1 12 @y 11001 < C3< sup ([ (2 )24,y + VD ||L2<unx[r1,rz]>>’
s€(ty,n]

where k := % and C3 > 0 only depends on d. Therefore, (5.22) gives rise to

5] K
(/ / |fun|KNdxds) s4c§<1+eNM<f2*’”)/ 1B, 11)[Ndx, Vi >1 >0,
1 n Uy
(5.23)

foralln € Nand N > 2. We then deduce from Lemma 4.1 (with « N instead of N) and
(5.23) that

1 2 n
7/ @ [N (-, 3)dx < 7/ / |, |V dxds
kN Ju, kN —1) Jy Ju,

2(4CH* M Ko
— 57 (1 (fz—tl)) )N
= KN(lz—tl) < +€ ”w( I)HLN(L{”)

(5.24)

forallt3 >t >t >0,ne Nand N > 2.
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Fixt > 1. Foreach £ € NU{0}, weset N = Ny := 2k, 11 .=t —2"¢ 1) := 1 — %2’(’5“)
and 13 1=t — 2%+ in (5.24) to find

[
~ _ N, N -+ L _
a8 =27 v gy < Co 2V ™2 iy (8 =27 I pwe gy, (5:29)

forall £ e NU {0} and n € N, where C4 > 0 is independent of £ and n. Set

o 2
Ap = C) 2V MY e NUO).
It follows from (5.25) that for each n € N,

sup [y (x, )| = Hm |, (-, 1 =27 % D)) < Csllin (ot — D2y,
XEZ/{n k— o0
where Cs5 = ]_[(Zio Ay < oo. This, together with (5.21), gives (5.20) and hence, leads to
5.17).
Step 3 We rewrite the terms 7,* g, 7,* Py g and T,* ;P; g in (5.18) and then, finish the
proof.

It follows from Theorem 4.1 and (5.13) that

. _o_ . _o_ .
TF 8 =e 2 PUR [g(X,—1)1po1<spy] = e 2 PUR[F(X)Tpesy], V2> 1.
(5.26)
Noting that Lemma 5.2 (1) and Theorem 5.1 (2) give
Pig= 57/ E*[f (XD Lj<spyldvy = ‘779_M/ fdv,
u u
we deduce
X\ Pig=TF ife™ fufdul :e—*'fﬁ;‘/ufdvl, Vi > 1. (5.27)

Finally, we show T;* | P;¢g = T;*P; f forall r > 1. Obviously, it suffices to prove
P =TP5f, Vi=1, (5.28)

where f := P i f. Note that the stochastic representation in Theorem 4.1 ensures
g = Tl*f and hence, (5.28) if f € C3°(U). Thanks to the result in Step 1 and Lemma 5.2
(2), both sides of (5.28) are well defined even when f € Cp(U). Then, (5.28) follows from
standard approximation procedures.

Now, we finish the proof. Inserting (5.26), (5.27) and (5.28) into (5.18) yields

Q ~ ~ _
e 2 PUR [ f(X)1j<s)] — e M5} / fdm—T,*P;fH < Dze” M2 fllo, VI =2
12 (%)

Multiplying the above estimate by ¢S +hoU gives rise to (5.12). ~ _
Thanks to Lemma 5.2 (3), we see that | T;*P;hlly < e=*2797||, for any h € L?U)
and ¢ > 0. Thus, it follows from T,*P;‘f =T;* |P5g,(5.17) and (5.14) that for t > 2,

< Dye®279U"D) 51, < Dy Dye”*2 70D £l

IT,P5 flloo = 1T, P53 Elloc < D2lIT; 5 P58l

giving rise to (5.10). Finally, (5.11) is an immediate result of (5.12) and (5.10). ]

We are ready to prove Theorem 5.2.
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Proof of Theorem 5.2 Let v and f be as in the statement. For fixed 0 < € <« 1, we apply
(5.12) in Lemma 5.3 to find C; > 0 (independent of f) such that

2 - = 14 —
E°Lf (X0 Li<sp)] — 2 TV (e—“’vf /u fdvi + T,*Pff)‘ < Cre2 U= 0atar gl

for all t > 2, where f = e—%—ﬁon.
Since v is compactly supported in U, integrating the above inequality on &/ with respect
to v yields

/METf(Xt)Il[KSF}]dV—e_’\”/

u

0 - 4 ~
67+ﬂ0UUTdv/ fdvy —/ e2+ﬁ0UTI*P§‘fdv
u u
Q0
< Cre 1 £l / ertPUdy, vt >2.
u

. . ~ 0 .
In particular, setting f = 1y, and 1y := e~ 2“0V 1y, yields

‘/ P*[t < Sr]dv —e_)‘"/ e%"'ﬁoUﬁTdV—/ e%"'ﬂ"UTt*P;fludv
u u u

< Cle_(h"'é)’/ e%+ﬂoudv, vt > 2.
u

Since v is compactly supported in ¢/, we find from (5.10) in Lemma 5.3 that

Qo ~ [¢] ~
Jim eMrer / e2TPUT*PY fdy =0  and Jim eMter / e2TPUT*Pridy = 0.
— 00 u —>00 u

It follows that as t — o0,

fu E.[f(Xt)]l{t<Sr}]dU
fl/{ Pe[t < Srldv

Q Q -
e**l’fueTJ’ﬁOUﬁTdv Jyg fdvr +fue7+ﬁ0UTt*73§‘fdv + o(e™*2h)

.2 - Q -
e~M [ e2 +’9°Uvi‘dv + e +ﬂ0UTt*73§‘Iludv +o(e221)

At 0 5 N
/ fdv; +Q87/ e2 ThUxpx (f—llu/ fdul>du+o(e*“2*kl>'),
u fu‘?TﬂSOUﬁTdV u u

(5.29)

which together with Lemma 5.2 (3) leads to the result.
Thanks to (5.10) in Lemma 5.3, we derive

TP; (f — 1y / fdvl) H < C2e” B flloo, V1 22,
u 00
which together with (5.29) and the fact v is compactly supported yields

< Cye=R27=) £ .

E'[£ (X))t < Srldv — /M Fdvy

The first statement in the “In particular" part follows readily from the arbitrariness of f €
CpU). Due to Lemma 5.2 (5), it is not hard to deduce the second one. ]

Remark 5.2 Recall from Lemma 3.5 (4) that v} is positive a.e. in ¢/ and the eigenfunction
of —L% associated with A1. Then, the result in Step 2 in the proof of Lemma 5.3 implies
v} € L*U). Similarly, any other eigenfunctions of —llgo belong to L (U; C) and hence,
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TP; f € L°®U; C) where f is as in the proof of Theorem 5.2. Consequently, it is not hard
to check the proof of Theorem 5.2 to see that the conclusions apply to all initial distributions

v € PU) satisfying [, 5+ Gy < oo,

5.3 Uniqueness and Exponential Convergence

In this subsection, we study the uniqueness of QSDs of X as well as the conditioned dynamics
of X, for any initial distribution. The result is stated as follows. Recall that vy is the QSD of
X; obtained in Theorem 5.1.

Theorem 5.3 Assume (H1)-(H4). Then, X; admits a unique QSD, and for each v € PU)
and 0 < € <K 1, there holds

lim <O 21, € ol < 51— ]y =0

We need the following result asserting that X; comes down from infinity under (H1)-(H4).

Lemma 5.4 Assume (H1)-(H4). Foreach ) > 0, thereare R = R(A) > 0andC; = C1()) >
0 such that E* [e)‘SR] < C forall x € U\ B}, where Sg := inf {t >0:X,¢U\ B;{}.

Proof Recall from (2.5) that U = V o £~!. Set w := exp {— 5}, where y > 0 is assumed
to exist in (H4) and € > 0 is a parameter to be chosen. According to the assumptions on V,
we can modify V on a bounded domain to make sure inf;; V' > 0, while preserving the other
properties. We thus assume without loss of generality that inf;; V > 0. This together with
lim|;|— 00 V(z) = oo implies

0O<infw <supw < 1. (5.30)
u u

LetC, R, and y be as in (H4). Recall X =1a4 (pi —qi)0; . Straightforward calculations
give LXU = (L?V) o 7! < —CU™Y inU \ £(Bf). It follows that

X 2,,2
x _eywliU 1 2 1 ey(y+1) €7y
L‘, w—i—)»w_w—i-i(a,wlel)oé — UV+2 U27+2 w—l—)\w
ey +) | €y?

< (—Cey+k)w+%(ai|8ZiV|2)o§-‘_1|: j|w in U\ E(B}),

Uv+2 U2v+2

where we used (H4) in the inequality.
2.2
Sete i= 2 As limjs o ai 0, V2 [—EVV%” + V:VVH] — 0 (by (H4)), there is R > 0
such that

wa+xw<—§w in U\ B} (5.31)
=3 py .

We recall from Remark 2.2 that X; satisfies the SDE (2.3) before hitting I'. An application
of Itd’s formula gives

deMw(X,) = (L¥w + rw) (XM dr + d;w(X,)edW! in U.

It follows from (5.31) that for each (x, ) € (U \ B;{) x [0, 00),

tAS,
E* [eMMSR)w(X,ASR)] — w(x) + E¥ U “cXw+ kw)(Xs)e’\Sds] < w),
0
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where Sg is as in the statement of the lemma. Thanks to (5.30), we pass to the limit t — oo
in the above inequality to conclude E* [e"SR ] < ﬁ forallx e U\ B;. This completes the
proof. O

Remark 5.3 Since Z, = £~'(X;) and £~! : I/ — U is a homeomorphism, we find from the
above lemma that foreach A > 0, there exists R = R()A) > Osuchthat SUP, 10\ B E?[e*R] <

0o, where Tg :=inf{r >0:Z, ¢ U\ B,Jg}.
We next prove Theorem 5.3.

Proof of Theorem 5.3 Fix v € P(U), f € Cp(U) and 0 < € K 1. Set A := A; + X2. By
Lemma 5.4, there exist Ry > 0 and C; > 0 such that

sup MP* [t < SRO] < sup E* [e)‘SRO] < C. (5.32)
(x,z)e(u\B;O)x[o,oo) xeL{\B;{O

Clearly, the above inequality holds with R > Ry replacing Ry. Choosing R large enough,
we may assume without loss of generality that v(BI"{O) > (0. We split

E’[f(X)Li<sry] = /B+ E* [f(Xz)ill{z<sr}]dl)-i-/u\B+ E* [f(X)1y<spy]dv, V1> 0.
Ry Ro

Applying (5.11) in Lemma 5.3, we find the existence of C > 0 such that

4] - 9o
E* [f(X)L<sp)] — e2 TPV Ml 5; /u fdvi| < Cre? TPV e=Ga=at £ vt > 2,

(5.33)
and thus,
’/+ E® [f(X’)ﬂ{KSr}] dv — A]eiklt/ fdv,
’ u
) (5.34)
=< Clei()»Z*é)l ”f”oo/ e%+'BOUdU, vt > 2’
By,
where A := fB; e%+ﬂoUﬁTdu. Note that v} is positive a.e. in ¢/ and v} € L*U) (see
0

Remark 5.2). Then, we see from v(B;{O) > (0that0 < A < oo.
We claim the existence of a bounded function A, : [0, c0) — [0, 00) and a C3 > 0 such
that

< C3e %27 fllos, VE> 1.

/ E* [£(X)T=sr)] dv — Az (e / Favy
M\B,t0 u
(5.35)

This together with (5.34) leads to the existence of C4 > 0 such that

< Cae P27 fllo, V> 1.

’E” [f(XDLy<sry] = (A1 + Az(0))e ™! /;{ fdvy
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In particular, setting f = 1y yields [P'[t < Sp] — (A1 4+ Ax(1)e 1| < Cae™*279) for
all # >> 1 and thus, P'[t < St] > Aje ! fort > 1. Consequently, we deduce

E' [f(Xp)|r < Sr] - /u Favy

<—|E’ X))y« — (A An(t —Alt/ d
~ PV[t < Sr] [f (XD Lpase)] = (A1 + Az(0))e uf V1
Ju|£1dv, .
oo [(Ar+ Ax)e™ ! =P[t < S
+]P)v[t<Sr‘] ‘( 1+ 2( ))e [ < 1'*]|
2C e~ 2=
< 2C4e ”f”oo’ ves 1,

- Alef)\lt

Since f is arbitrary in Cp (i), it follows that

2C
|PUIX, € olt < Sr1— iy < A—“e—(kz—*l—f)& Vi1,
1

leading to the desired result.
It remains to prove (5.35). To do so, we write for (x,) € (U \ B,J{O) x [0, 00),

E* L f (XD Lp<spyl = E* L f (XD Lp<sg )] + E*Lf (X Lisgy<i<spy] = E1(x, 1) + Ez(x, ).

It follows from (5.32) that

/ E1G.0ldv < [ flle sup P*[t < Sg,]dv

L{\B,Jg0 er\B,tO (5.36)

<lIfllce™ sup E*[e*SR0] < Cy|flloce™, ¥z >0.
xel\By,

To treat Ea, we set h(x, 1) := E* [ f(X,)1<sp}] for (x,1) € U x [0, 00). Obviously,
1hlloo < I flloo and A(x,t) = O for (x,t) € I' x [0, oo). The strong Markov property and

homogeneity of X; yield that for each (x,7) € U \ B}'O) x [0, 00),

Ea(x, 1) = B [ F(X0) sy r<sm) | = B [B* [ £ 5,0 <501 Py | Lisny =01
=B [h(Xsg, 1 = Sko)Lisig=n |
=E* [h(XSRO, r— SRO)]l{sRogrgsRoJrz}] +E* [h(XsRU, r— SRO)]l{r>sR0+2}]
= Epi(x, 1) + En(x, 1).
Note that (5.32) ensures
/u " |E21(, D)ldv < [17]loo /u\B;O P*[t < Sg, + 2]dv

< I flloce™ / E*[*St0tdy < Cy || flooe™ ™, Vi > 0.
U\Bg,

(5.37)
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0(Xsp )
Fix 0 < € « 1. Setting ® := exp ;Ro + ,BOU(XSRO)}, we see from (5.33) that on

the event {tr > Sg, + 2} there holds

‘h(XsRO, t— Sry) — Pe TSR (X g ) / fdvy| < Cade™ PSR | £l
u

(5.38)
Since Sg, < Sr and h(XSRO, t — Sg,) = 0if Sg, = Sr, we deduce
Exn(x,1) =E" [h(XsRO, t— SRO)]l{SR0<SrA(172)}:| , Yx, 1) e U\ BIJQO) x [0, 00),

which together with (5.38) yields

_ A SRy ~*
Exn(,t)dv —e }”1’/ E* [<I>e RO T (X5 VLisp <Spa(—2 }dv‘/ fdvy
/U\B% U\Bf e a7

< Cye— 2o /

B [0e®2 P R0 15, snqay|avif
M\Blto {Sry <SrA—=2)} 00

Q —
= Ce R floo | max 2OV [ sup B®[e"27R0] | < CsemP2m £l
Z/IQBBRO M\BXO

(5.39)

for all + > 0, where we used (5.32) and the fact max; B} e%J”SOU < o0 to conclude the
0

existence of Cs5 > 0 in the last inequality.
Set

Ar(t) := / E*® I:d)e)‘ISRO U] (XSRO)IL{SRO<SF/\(1‘—2)}] dv, Vr>0.
U\B,to

Thanks to (5.32), the boundedness of 7} and the fact | X Sry | = Ro when Sg, < Sr, itis clear
that A; is non-negative and bounded. Since

/ E*[f(X)Li<sy]dv = / [E1(-,t) + E21 (- t) + Exn(-, )] dv, Vi >0,
U\By, U\Bg,

we deduce from (5.36), (5.37) and (5.39) that

/ E* [ (X)) ] dv — Aa(p)e™" / Fdvy
M\B,J;O u
= [Cse™ @ 1 i+ e ™ £l

forallt > 0. Since L = A1+ 12 and 0 < € K 1, (5.35) follows. This completes the proof. O

5.4 Proof of Theorem A and Theorem B

Because of the fact X; = £(Z,) and Proposition 2.3, conclusions in Theorem A and Theorem
B follow directly from Theorem 5.1, Theorem 5.2 and Theorem 5.3.
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6 Applications

In this section, we discuss a series of important applications of Theorem A and Theorem B. We

first provide a general result that holds for most ecological models and then show how to apply

this result to specific situations, including: stochastic Lotka-Volterra systems of competitive,

predator-prey or cooperative type, systems modelled by Holling type functional responses

and predator-prey systems modelled by Beddington-DeAngelis functional responses.
Consider the following stochastic system:

dZ! = Z! fi{(Z)dt +\/yi ZIdW!, i e (l,...,d}, (6.1)

where Z;, = (Zf) € U, {f:}; belong to cl@), {yi}; are positive constants, and {W?};
are independent standard one-dimensional Wiener processes on some probability space. We
make the following assumption.

(A) Thereexistm > 0,0 <n <m, Cy,Cp, C3,Cyq > 0and R > 0 such that

d
—C (142 | = /i) < Gl m@) = C3a' Irooy @) +8 ) 2. Ve ell,
j=1 J#i
(6.2)
and
|9, fi(@)] < CalzI™™", VYzeU\ By, (6.3)

forie(l,....d}and§ =0ifd =1,6 = 0ifd = 2andn < m, or§ € [0, ) if
d>2andn =m.

Remark 6.1 Conditions (6.2) and (6.3) say that f; and 9, f; are bounded above and below by
simple polynomials. Conditions in the case n < m tells us that the intraspecific competition
dominates the interactions among species. In the case n = m, we can only treat weakly
cooperative interactions among species — this is reflected by the smallness of §. These are
natural assumptions that can be applied to many population dynamics models: competitive
Lotka-Volterra, weakly cooperative Lotka-Volterra, predator-prey Lotka-Volterra as well as
more complex systems modelled by Holling type-II/III functional responses. These assump-
tions also allow us to use a very simple Lyapunov function V(z) = |z|™*! (when |z] > 1)
which satisfies (H1)-(H3) and sometimes (H4).

Under the assumption (A), the stochastic system (6.1) generates a diffusion process Z;
that has I" as an absorbing set. Furthermore, Z; hits I in finite time almost surely.
Theorem 6.1 Assume (A).

(1) Z; admits a QSD 11, and there exists r1 > 0 such that

e forany 0 < € < 1 and p € PU) with compact support in U one has

lim "= |P[Z; € o]t < Tr] = pi 7y, =0;

—00
o there exists f € Cp(U) such that for a.e. x € U, there is a family of sets {KCx ¢ }o<e«1
in (0, 0o) satisfying Ky e, C Ky ¢, for0 < €1 < €2 K 1 andlime_ginfr.o [y e N
(T, T + 1)| =1 such that

Jim TTOET F(X)|t < Tr]—/ fdu| =00, Y0 <e< 1.
X, € Z/{

—>00
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(2) If, inaddition, (A) holds withm > 0, then Z, admits a unique QSD, andforany( < € < 1
and . € P(U), there holds

lim "1 |P*[Z; € o|t < TT]

Am _MIHTV =0.

Proof Letm, Cy, Cy, C3, C4, R,8beasin(A)andn € C*°([0, c0) be suchthatn(z) =0
ift € [0, %] andn = 1ifr > 1.Set V(2) := n(|z])|z|™ ! for z € U which obviously belongs
to C2 (U). Thanks to Theorems A and B, it suffices to verity (H1)-(H3) when m > 0 and
(H4) when m > 0.

Since 9;|z|"" ! = (m + 1)|z|"'z;, we deduce from (A) that for |z| > 1,

d
Zzifiaiv < (m+ D]z (CZRJFCSRmH)ZZ —C322m+2+322z2 n|
i=1 i=1 i=1j#i
(6.4)
If d = 1, it follows from (6.4) and § = O that there exists C5 > 0 such that
af@DVI(z) < —Cszi™ 2> L. (6.5)

In the following, we focus on d > 2. In case m = n = 0, there holds

d
Zzifiaiv <(Cr+ C)HRVA+[-C3+8(d — D]jzl < —Celzl, VIzI>1 (6.6
i=1
for some Cg > 0.
Now, we consider the case when m > 0. An application of Young’s inequality yields

2
Z(X mo “m n(m+2)
2
z,2Z< < A
m—+2 m—+2 %

’

where o > 0 is a parameter to be determined. Then, it follows from (6.4) that

d

d
ZzifiaiV < (m+1)(C2R + C3Rm+l)|z|m71 ZZi
i=1 —
Sm(m + l)oz_%(d -1 ' d w2
" ; " 6.7
" m+2 ") (6.7)

i=1

d
28a(d — 1) _1 i)
—m+1) (Cs—i) 213 2 Vg = 1
m+2 P

We consider two cases.

o Ifn <m,weseta = %&2_)%3 in (6.7) (so that C3 — M IC; > 0) to find the

existence of C, é > 0 such that

d
S uifitiV < —CelzP™ i 2> 1. 6.8)
i=1

e If n = m, setting @ = 1 in (6.7) and using the fact § € [0, C31 ), we find (6.8) holds with
a possibly larger Cy.
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Considering (6.5), (6.6) and (6.8), we no longer distinguish whetherd = 1 ornot,m = 0
or not and assume (6.8) always holds.

Now, we verify (H1)-(H3). It is easy to check that (H1) and (H2) hold. As V >
caYL, zm+1 in U for some C(d) > 0and [ L exp {—Bs" 1} ds < oo forany g > 0,
(H3) (DH(2) follow from (6.8). Since

0; (zi fi) = fi(2) + 29y, fi (2),
¥izioz., V = yitm + D(m — D]z[" 72} + yi(m + Dz|" 'z,
Vizildg VIZ = yi(m + 1|z 7223,

it is straightforward to verify (H3) (3)(4) by applying (6.2), (6.3) and (6.8). Hence, an appli-
cation of Theorem A gives the conclusions in (1).
If m > 0, (H4) holds with y := mLH The conclusion in (2) follows from Theorem B. 0O

In the following, we apply Theorem 6.1 to various important ecological models.

Example 6.1 [Lotka-Volterra systems] For eachi € {1, ..., d} let

d
i@ =ri—Y cjzj, zel

where r; € R, ¢;; > Oand ¢;; € Rfor j #i.

Corollary 6.1 Consider (6.1) with f;, i € {1,...,d} given in Example 6.1. If d > 2, we
further assume

rlri? cij < -1 miin Cii. (6.9)
Then, there exists a unique QSD of (6.1) such that the conclusions of Theorem 6.1 hold.

Proof Tt is straightforward to check that the assumption (A) with m = n = 1, C3 = min; ¢;;
and § = 0ifd = 1 or § = max;«;{—c;j, 0} if d > 2 is satisfied. The corollary then follows
from Theorem 6.1. ]

Remark 6.2 1f the system is competitive, namely, ¢;; > 0 for all i # j, then (6.9) is trivially
satisfied. If the Lotka-Volterra system has either cooperation or predation, the condition (6.9)
says that the intraspecific competition terms have to dominate in some sense the cooperative
and the predation terms. Note that cooperative systems are known to behave poorly: see [38,
Example 2.3] for details as to how a two-species stochastic cooperative system can exhibit
either blow-up in finite time or have no stationary distributions.

Example 6.2 [Holling type- II / III functional response] For eachi € {1, ..., d},

fi@) =ri zel,

where k € {1,2},r; € R, ¢;; > Oand ¢;; € Rfor j # i. In literature, k = 1 and k = 2
correspond to Holling type- II and - III functional responses, respectively.

Corollary 6.2 Consider (6.1) with fi, i € {1, ..., d} given in Example 6.2. Assume
1
cij >ri, Viell,...,d} and —minc;; < ——min(c;; —r;)ifd > 2.
i#j d—1 i
Then, the conclusions of Theorem 6.1 (1) hold.
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Proof We verify the assumption (A) with m = n = 0. The desired result then follows from
Theorem 6.1. Clearly, f; is lower bounded. Let 0 < y <« 1. Then, there exists R > 0 such

that li% e (1 —y, 1) fort > R. We compute

f=r— Xd: €%y [+ @ = 1) x maxigj{—cij, 0}, if z; € [0, R],

i i = 1 +Z§ Tl =p)cii+d—-1) x max,-;éj{—cij,O}, if z; € (R, 00).
Noting that ¢;; > r; ford > 1 and —min;+; ¢;; < ﬁ min; (¢;; — r;) for d > 2, we derive
sup,, . g fi(z) < 0for0 < y < 1 and thus, (6.2). Straightforward calculations give (6.3).
This verifies (A). O

Remark 6.3 For the stochastic Lotka-Volterra system with Holling type- II / III functional
response considered in Example 6.2 or Corollary 6.2, the existence of a unique QSD that
attracts all initial distributions supported in ¢/ is not expected. This is essentially due to the
weak dissipativity of the system. Indeed, in the case d = 1, these properties are equivalent to
showing that the process comes down from infinity, and therefore, according to [8, Theorem
7.3 and Proposition 7.5], equivalent to Assumption (HS) in [8]. However, it is easy to check
that (H5) in [8] is not satisfied for the Holling type-II/III functional responses.

The situation in higher dimensions is worse. Even in the competitive case, the dissipativity

of the system is weaker than that of the system with f;(z) = ry — ¢4 Z[]J: 1 l_:_ﬁ for all
j

i €{l,...,d}, where ry, = min;e1,... 4y ¥i and cx = max; je(1,...q) Cij. This latter system
does not come down from infinity as it is bounded from below by a decoupled system whose
individual components do not come down from infinity. In fact, we have

.....

d k k

Z: Z: . .

Ty — Cx E 1+f : Zr*—c*(d—l)—c*ﬁ, Viel{l,...,d} and z € U4.
J i

j=1
Hence, the stochastic system in Example 6.2 or Corollary 6.2 does not come down from

infinity.

We exhibit below a few more types of functional responses that can be treated by our frame-
work.

Example 6.3 Consider the functional response

Cij 11;

T
l—i—zj

fi(z):ri_ciz'Zi_Z zel,

J#
where k € {1,2},r; € R,¢;; > 0and ¢;; € Rfor j # i. This is a combination of the regular
intraspecific competition of the form —c;;z; and Holling type functional responses for the
interspecific competition/predation.

Corollary 6.3 Consider (6.1) with fi,i € {1, ..., d} givenin Example 6.3. Then, there exists
a unique QSD of (6.1) such that the conclusions of Theorem 6.1 hold.

Proof Tt is straightforward to check that Assumption (A) holds with m = 1 and n = 0. Then,
the application of Theorem 6.1 yields the conclusion. O
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Example 6.4 Consider the extensively used Beddington-DeAngelis predator-prey dynamics.
Foreachi € {1,...,d}, let

CijZj —
fi@)=ri —cijzi — 27,1’ zeU,
R D D]
where r; € R, ¢;; > 0,and ¢;; € Rfor j # i. This system was first proposed in [3, 22] in

order to better explain certain predator-prey interactions.

Corollary 6.4 Consider (6.1) with fi, i € {1, ..., d} given in Example 6.4. Then, there exists
a unique QSD of (6.1) such that the conclusions of Theorem 6.1 hold.

Proof 1t is straightforward to check that Assumption (A) holds with m = 1 and n = 0. Then,
the application of Theorem 6.1 yields the conclusion. O
Example 6.5 Let d = 2. Consider the Crowley-Martin dynamics. Let

21 -7
22 ,
B +az1 +axz2 +a3z122

i@ =r—cnz1 —

i el
, 2 )
B+ az1 + a2z +a3z122

@) =-rn—cnn+z

where c11, ¢22, 8 > 0 and all the other quantities are nonnegative. This system was first
proposed in [21] to study dragonflies.

Corollary 6.5 Consider (6.1) in the case d = 2 with fi and f> given in Example 6.5. Assume

o > m Then, (6.1) admits a unique QSD such that the conclusions of Theorem

6.1 hold.

Proof Note that f1(z) <r;—ci1z1and f2(z) < —rp—cpz2+ Za—' Following the arguments
as in the proof of Theorem 6.1, it is straightforward to see that V (z) := |z|> for z € U is a
Lyapunov function satisfying (H1)-(H4). From which, the conclusions of Theorem 6.1 hold.

O

Appendix A. Proof of technical lemmas

We prove technical lemmas in this appendix.

A.1. Proof of Lemma 3.2

We need the following result.

LemmaA.1 Assume (H1). Foreachi € {1, ..., d}, limy, 0 x? [¢?(x;) — ¢/(x))] = Ci > 0.

aj&”" () 1 el laj 1> ()
Proof Recall that g; (x;) = W.Then, qi(x;) = za (& (x;)— m,result—

ing in
Blaj P& @) 1,

a (&7 (). (A.1)

2 _ oY (x) = !
(q; q;)(xi) l6a,-($i_](x,')) 4
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Since &' € C([0, 00)) and &' (0) = 0, we see from (H1) that lim,, o @/, (x;)) =

. 1 2 3Jaj|*(0) 1
a/(0) > Oandlim,, oa/ (& (x;)) = a/'(0). Hence, (¢} — q}) (xi) ~ [T Tl 34/ (0)
as x; — 0. The conclusion follows if there is C > 0 such that
ai (&7 (x;) ~ Cx} as x; — 0. (A2)

O Al
We show that (A.2) holds with C = ——

give

. The assumption (H1) and Taylor’s expansion

ai(zi) ~ a(0)z; +o(z}) as x; — 0, (A.3)

~

a(0)x?
- as

as z; — 0. Thus, & ' (x;) ~

|a}(0)[?
4

. N [Ei ds 2z
leading to & (z;) = [; 051000 a7 ©
x; — 0. Inserting this into (A.3) yields (A.2) with C = . This completes the proof. O
Remark A.1 Thanks to (A.2), it is easy to see from the definition of Q given in (2.6) that

. Q . .
QO (x) behaves like Zglzl In x; as x approaches to I'. Hence, e~ 2 is as singular as ]_[51:1 \/le

near I'.

Proof of Lemma 3.2 We first prove (1). Recall that U is given in (2.5). Clearly,

0 U(x) =0, VE )& (), Vxeld.

We derive from (H3) (4) the existence of C; > 0 and R; > 0 such that
(IVUP +1pl*) (x) < =Ci(b- V.V)(E ' (x)) < Crae(x), Vx €U\ Bf.

Since supp+ (|[VU? + |p|?) < oo due to (H2) and (H3)(1) and infz o > 0, there must
BR
1

exist some Cy > O such that (VU |*+|p|?) < Caa in By . Setting C := min{C}, Cy} yields
the result.

The rest of the proof is arranged as follows. In Step 1, we analyze the asymptotic behaviors
of terms in eg y near the boundary I' and in the vicinity of infinity. Based on these, the
asymptotic behaviors of eg y are derived in Step 2. The proof of (2) and (3) are respectively
given in Step 3 and Step 4. Recall that Ry and §¢ are fixed in Subsection 3.1 when defining
o.

Step 1 We analyze the asymptotic behaviors of terms in eg .

e For p - VU, we see from (H3) (1) that

(p-VU)(x)=(b- VV)(S_I(x)) — —00 as |x| — oo. (A4)
e For % Z?zl(qiz — qlf), Lemma A.1 ensures the existence of 8, € (0, g) and C3, C4 > 0
such that
C; 1 Cy .
o= ~(q} — gD (xi) < 3 Ve EO8]andie (]} (AS)

i i

la] (s)[?

Since (H1) gives lim sup;_, ( ot alf/(s)) < 00, we find from (A.1) and (A.4)

that for any 0 < €; < 1, there exists Ry = R»(e1) > 0 such that

1
§|qi2—¢],'/|(xi) < —ed—l(p-VU)(x), Vxe{xeld:x; e (Ry,o0)}andi €{l,...,d}.
(A.6)
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e For AU, p-qand V - p, we calculate
2 2 —1 - 1 -1 J el
0y, Ux) = [3“,. V(E ()ai (& (xi)) + 535 V(E™ (x)a; §; (xl‘))} ,

bi (6~ (x))al (&7 (1))
4a; (57" (1))

pi(0)qi(xi) =
bi (£~ 1(x))a (&“(x,»
2a; (&7 (x))

By (H1)-(H3), we have U € C?(U), and p - ¢,V - p € C(U). Moreover, (H3)(3) and
(A.4) guarantee that for any 0 < €, < 1, there exists R3 = R3(e2) > 0 such that

|AUI+1p-ql+|V-pl<—ep-VU in U\ B, (A7)

Ay, pi(x) = 35, b (57 (1)) —

e For }|VU|?, we find from [VU 2 (x) = Y0 18, V(€1 (x))a; (&' (x1)), (H3)(4) and
(A.4) that there are C5 > 0 and R4 > 0 such that

1
E|VU|2 <—Cs(p-VU) in U\Bf. (A.8)

Step 2 We analyze the asymptotic behaviors of eg xy near I' and in the vicinity of infinity.

Set R, := max{Ry, Rz, R3, R4} and Cg := ; max; maxy, ¢[s,, R Iql —g}|(x;). Obviously,
R, and C¢ depend on € and €;, which are to be determined in the proof of (3). Since o
is piecewise defined, we analyze eg y in four subdomains: I's, N B;{*, s, N U\ B;g*),
U\Ts, )N B,J{* and U\ T's,) N U\ B;*) separately, where werecall I's, :={x e U : x; <
8y forsome i € {1, ..., d}}. For simplicity, we set

B B
v —*IAU|+*|VU| +Blp-VU|+Ip-ql+|V-pl.

(@) In Ts, N B . We see from U € C*@W) and p - VU, p-q,V - p € CU) that
maxr, opt U < oo. It follows from (A.5) that

|€/3N|<C4Z +dC6+mea;( v,
54

1 C
€p.N ZC3Z:maX{xz,1}—al<623 +C6>— max V.

i=1 i s, NBE,

(b) InI's, N (U \ B}' ). It follows from (A.5), (A.7) and (A.8) that

|eﬁN|<C4Z 2+dC6—</3+62(1+ﬂ)+C5/3>P VU,
i=1

1 C3
€gN = C3Zmax{xz, 1} _d<82 +C(,> (,8—62(1 + g)—Csﬁﬂ)p-VU.

i=1 i
(¢) In U\ T5,) N Bf . There hold
1 1 <
legvl < max lI1+§Z|q,-2—q,-’| . egN=—  max \II+§Z|qi2—q{| :
i=1 i=1

(M\Fa*)mB;* U\, )ﬂBng*
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@ InU\Ts)N WU\ B;*). It follows from (A.6), (A.7) and (A.8) that
legn| < dCe — </3 +e +e(l+ g) + C552> p-VU,

eg.N = —dCe — (,3 —e —e(l+ g) - C5ﬂ2> p-VU.

Step 3 We prove (2). As o > Z?:l max ix%, 1} in I's, and inf;y o« > 0, we deduce from

Step 2 (a) the existence of D1(8) > Osuchthateg y < Di(B)ainT's, N B;g* forall N > 1.
Since infz; @ > 0 and

d
1
Zmax —2,1 —p-VU in Fg*ﬂ(u\B;),
o= X; *
—p-VU in U \Ts)NU\BE),

Step 2 (b)(d) ensures the existence of D>(f) > 0 such that |eg y| < Da(B)a inlf \ B;* for
all N > 1.

Thanks to inf;;a > 0, it follows from Step 2 (c) the existence of D3(8) > 0
such that |eg n| < D3(B)a in U \ T's,) N B;{* for all N > 1. Setting C(B) :=
max{D1(B), D2(B), D3(B)} yields (2).

Step 4 We show (3). Setting Bp := ﬁ, €1 := min {1, 16175} and €7 := min {1, 2+]TC5}’ we
deduce from Step 2 (b)(d) that

d
1 C3 Bo
egy,N = C3 Zmax :xz 1} —d <5§ +C6> - (/30 —e(+ 7) - Csﬁé) p-VU

i=1 1

1 c
Zmin{C }a—d<—3+c6> in Ty, 0@\ BY)

3, ﬁ 5,%
(A9)
and
/30 2
ey, N = —dCe — | Bo — €1 —e2(1 + 7) —GCsBy |p-VU
| (A.10)
> 16C5a—dC6 in U\Ts,)N U\ BE).

Sincea < Z?:l max {x% 1}+maxF8 nB} |p-VU|inTs,NB} andsup, r, nBE o <

00, we conclude from (a) and (c) the existence of positive constants C;and M > d (% + C6)

such that egy, v + M > C7a in B;g* for all N > 1, which together with (A.9) and (A.10)

implies that eg, y + M > Cyo in U for all N > 1, where C, := min{C3, ﬁ, C7}. This
proves (3), and completes the proof.

A.2 Proof of Lemma 4.3

Suppose w € C(U x [0, 00)) N L2([0, 00), H' (1)) is a weak solution of (4.6). The proof is
broken into two steps.
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Step 1 We show

1 1t t 1 [ -
f/ ﬁ)z(-,t)dx—}—f/ / |V1I1|2dxds+/ /eﬁo_zﬁ)zdxds:ff f2dx, Vit e [0, c0).
2 Ju 2 Jo Ju o Ju 2 Ju (A1D)

The idea of proving (A.11) is based on the classical “energy method". But, we have to
deal with the fact that w lacks the differentiability in z. For each 0 < h < 1, we define

1 t+h
wp(x,t) = Z/ w(x,s)ds, (x,t) el x [0, 00).
t

Obviously, W, € CU x [0, 00)) N L2([0, 00), H'(U)) and 8,0, € L*U x [0, T]) for

each T > 0. It is easy to verify that Wy, is a weak solution of (4.6) with f replaced by

Ju = (-, 0) = L [ @y (-, 5)ds. Namely, for each 7 € [0, 00) and ¢ € Cy'' U x [0, 00)),

one has

t
/d)h(-,t)q}(-,t)dx—/ fh¢(~,0)dx—f f ), 9rpdxds
u U o Ju
1

t t t
=—7/ / Vﬁ)h~V¢dxds—/ /(p+ﬁ0VU)~lZ)hV¢dxds—/ /eﬂoﬁ)h(pdxds.
2Jo Ju 0 Ju 0o Ju
(A.12)

Let {na}nen C C§°(U) be a sequence of functions taking values in [0, 1] and satisfying

1, xe(U\F;)ﬂBI, 2n, x €l \Ty,
M (x) = !

and |V, (x)| < v
0, xerlu(u\B,TZ), " 4, xe<u\F;)ﬂ<BZr\BI>-
n n 2

By standard approximation arguments, we deduce that (A.12) holds with ¢ replaced by n,zl Wy,
Moreover, integration by parts shows that the left hand side of (A.12) with ¢ replaced by

n2wy equals % fu(nﬁlb,%)(~, t)dx — % Ty nﬁfhzdx. Thus, we find for each ¢ € [0, 00), n € N
and 0 < h K 1,

1 5 1 -
5/%%%@@—§fﬁﬁw
u 1Zi
lt t
:—i//V@,WﬁWMMyi//w+&waMWwwmmSMB)
2 Jo Ju o Ju

t
—/ /e,gon,zlll)ﬁdxds.
0 Ju

We claim that passing to the limit # — 0 in (A.13) yields that for each ¢ € [0, co) and
neN,

1 » 1 ~
f/mhﬂmoM—ffnﬁ%x
2 Ju 2 Ju

t t
= —l/ fvw-vmﬁw)dxds—/ /(p+ﬂOVU)-wV(nﬁw)dxds (A.14)
2 Jo Ju o Ju

!
—/ /eﬂon,%u?zdxds.
0 Ju

Assuming (A.14), we conclude (A.11) from letting n — oo in (A.14) and arguments as in
the proof of Lemma 3.3 (2).
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It remains to justify (A.14). For notational simplicity, we rewrite (A.13) and (A.14) as
lo(h) = I1(h) + Ly(h) + I3(h) and Iop =1 + I+ I3,

respectively, and show that limy,_,q I;(h) = [; fori =0, 1, 2, 3.
Fixt € [0, 00) and n € N. Note foreach0 < h <« 1,

1 1
wh(-,z)—uv(-,z)zfo (-1 + hs) — (-, D]ds, fh—fzfo [i(-, hs) — f1ds.

Since w € C(U x [0, 00)), we find for each compact set K C U,

sup |wp —w|—>0 as h—0 (A.15)
K x[0,t]

and supg |fh —f| — Qash — 0. Itfollows that limy,_.o Io(h) = Ip and limy,_,¢ I3(h) = I3.
We claim that

t
lim / / [V, — Vib|?dxds = 0. (A.16)
h—0 o Ju

Since Vwy (-, t) — Vw (-, t) = fol[VII)(~, t 4+ hs) — Vw(-, t)]ds, we find

t t 1
f / |Vzbh—Vﬁ;|2dxdt’§/ // IV (x, 1’ + hs) — Vi (x, t')[>dsdxdt’
0o Ju 0 JuJo

t
< sup / / IV (x, 1’ +s) — Vo (x, ') [>dxdr’,
s€l0,h] JO JU

(A.17)

where we used Fubini’s theorem before taking the supremum.

Since Vi € L2 x [0, 2¢]) and Co(U x [0, 2¢]) is dense in L2 x [0, 2¢]), for each
€ > 0, we could find some ® € CoUf x [0, 2¢]) such that | — Vﬁ)”LZ(uX[o,z:]) < €.
Obviously, @ is uniformly continuous on 2/ x [0, 2¢], resulting in sup (o fot Sy 1@, "+
s) — ®(x, #)|2dxds’ — 0 as h — 0. Therefore,

1 t
5 sup f / IV (x, 1 +5) — Vi (x, t')>dxdt’
3 sero.n1do Ju

t
< sup /f|Vuv(x,z’+s)—q>(x,ﬂ+s)|2dxdt’
s€[0,h)JO JU

t
=+ sup / / |D(x, 1" +5) — D(x, 1) >dxdr’
s€[0,h] JO JU

t
+ sup / / |D(x, 1) — Vb (x, ') [*dxdr’
sefo.n1Jo Ju

t
<2+ sup / / [®(x,t +5) — D(x, t)|>dxdr’.
s€l0,h] VO JU

Letting 7 — O in the above estimates, we find (A.16) from the arbitrariness of € > 0 and
(A.17).
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It follows readily from (A.16) that limy,_.¢ f(; Ju n2| Vi, |>dxds = fot Ju n2|V|>dxds.
Since

' t
/ / NawpVwy - Vi,dxds —/ / npwVw - Vn,dxds
0 Ju 0 Ju
t t
= / / N (Wy, — w)Vwy - Vi,dxds + f / naw(Vwy — V) - Vi,dxds,
0 Ju 0 Ju

we apply Holder’s inequality to deduce from (A.15) and (A.16) that

' '
lim f / Ny Vwy - Viudxds = f / NawVw - Vn,dxds.
h—0Jo Ju 0 Ju

Therefore,

t t
lim —27;(h) = lim (/ / n2 | Vi, [2dxds +2/ / N Wp Vby, - Vnndxds>
h—0 h—0 0 Ju 0o Ju

t t
:/ f n§|va)|2dxds+2/ / VW - Vypdxds = —21,.
0 Ju 0 Ju

Similar arguments yield limy,_,¢ I>(h) = I. Hence, letting s — 01in (A.13) yields (A.14).

S~tep 2 We show that [, W2, dx < ei’;’ Ty F2dx for all t € [0, 00). Hence, w = 0 if
f = 0. This proves the lemma.
As eg, > + M > 0 by Lemma 3.2 (3), we derive from (A.11) that

1 ' y
f/ B2(-, H)dx < M/ / ll)zdxds—i—f f2dx, Vi e [0, 00). (A.18)
2 Ju 0o Ju u

Setting g(¢) = f(; Ty w2dxds for ¢ € [0, 00), we arrive at %g/(t) < Mg(t) + [y, F2dx for
all ¢ € [0, 0o). The conclusion then follows from Gronwall’s inequality. O

Appendix B. A formal derivation of the stochastic Lotka-Volterra com-
petition system

In this section, we formally derive the stochastic Lotka-Volterra competition system (1.1) as
the diffusion approximation of a class of multi-type birth-and-death processes. Denote by
Np the set of non-negative integers and by ¢;, i € {1, ..., d} the canonical basis of RY,

For each large K € Ny, let X ,( X) be a continuous-time birth-and-death process on Ng with
birth and death rates as follows: foreachi € {1, ..., d},

)\‘.
(birth) x — x +¢; atrate rl.(’{? x) := (yi + ?L) Xi,

d
) X
(death) x —> x — ¢; atrate rl.(f) (x) := (yi + %) Xi + K—lz Zc,-.,'x.,',
j=1
where y; > 0,4; > 0, u; > 0,¢;; > 0,and ¢;; > 0. The case ¢;; < 0 (i # j)is also allowed

provided it is sufficiently small relative to ¢;;.
Consider the spatio-temporal rescaled process

(K) d

X N

z® = 2Kt on (—0> )
K
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Its generator JULORTS given as follows: for f € CLQ.([O, 00)¥) and z = %,

d d
(K) _ (K) Gy _ (K) _Gy_
0@ = K3 r) [7(z+ %) - r@]+k >k [ (:-%) - @]
Using the second-order Taylor expansion
e; 1 1 2 1
Fr2%) = F@ % 20, f @+ 3502 F@ +0( 23 ).
we arrive at

LB f(z) = L@ +o(1),

where

d d d
L@ =) vzl  f@+Y zi|hi—wi—Y cijzj| o f Q).

i=1 i=1 j=1

Clearly, the operator £ is the generator of the following stochastic Lotka-Volterra system
d .
Azl =z} [ n—wi =) cijz] | de+ \2pizidw], iefl,....d). (B.1)
j=1

The following result is more or less standard.

Theorem B.1 ([1, 26]) Let Z be a [0, 00)?-valued square-integrable random variable and
Z; be the unique solution of (B.1) with initial condition Zj. IfZ(()K) converges in law to Z,

then [z}"),z e [0, T]} converges in D([0, T1; [0, 00)?) 10 {Z,, 1 € [0, T]).
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