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The present paper is devoted to the study of the existence, the uniqueness and the stability of tran-
sition fronts of non-local dispersal equations in time heterogeneous media of bistable type under
the unbalanced condition. We first study space non-increasing transition fronts and prove vari-
ous important qualitative properties, including uniform steepness, stability, uniform stability and
exponential decaying estimates. Then, we show that any transition front, after certain space shift,
coincides with a space non-increasing transition front (if it exists), which implies the uniqueness, up-
to-space shifts and monotonicity of transition fronts provided that a space non-increasing transition
front exists. Moreover, we show that a transition front must be a periodic travelling front in periodic
media and asymptotic speeds of transition fronts exist in uniquely ergodic media. Finally, we prove
the existence of space non-increasing transition fronts, whose proof does not need the unbalanced
condition.
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1 Introduction
This present paper is devoted to the investigation of transition fronts of the following non-local
dispersal equation in time heterogeneous media

ou=Jxu—u+f(t,u), (tHx)eRxR, (1.1)

where u(z, x) is an unknown density function, J is a symmetric dispersal kernel function, [J *
u](t,x) = fR J(x — y)u(t,y)dy and f is a bistable-type non-linearity. More precisely, we assume
that J and " satisfy (H1)—(H3) stated in the following.

(H1) J:R — R is continuously differentiable and satisfies J £ 0, J(x) =J(—x) >0 for
x€R, [z J(x)dx=1and [ J(x)e""dx < oo for some y > 0.
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602 W. Shen and Z. Shen
(H2) There exist C? functions f3 : R — R and f; : R — R such that

Jew) <f(t,u) <fz(u), (t,u)eR x[0,1].

Moreover, the following conditions hold:
— f:R x R— Ris continuously differentiable, and satisfies

sup (19, /(#, u)| + 19, f (1, u)]) < 00;
(tu)eRx[—1,2]

— fpis of standard bistable type, that is, f3(0) = f3(0) = fz(1) = 0 for some 9 € (0, 1),
f3(u) <0 for ue(0,0), fzp(u)>0 for ue(f,1) and satisfies the unbalanced
condition

the speed of travelling fronts of 0,u =J % u — u + fz(u) is positive; (1.2)

— f5 1s also of standard bistable type, that is, f3(0) =fg(9~) = f3(1) =0 for some e
(0, 1), f3(u) <0 forue (0, 0) and f3(u) > 0 foru (é, 1).

We remark that (H2) implies that f(¢,0) =0=f(¢, 1) for all € R; thatis,u=0and u=1 are
two constant solutions of (1.1), and the speed of travelling fronts of

ou=J xu—u-+fp(u) (1.3)

is unique, and travelling fronts of (1.3) are unique up to shifts (see [8]). Here, by travelling
fronts of (1.3), we mean global-in-time solutions of the form ¢g(x — cpf) with ¢p(—o0) =1 and
¢p(c0) = 0. Moreover, the unbalanced condition (1.2) is equivalent to the speed of travelling
fronts of (1.3) being non-zero and fol f(u)du > 0. We point out that the condition fol fe(u)du >0
alone does not ensure the positivity of the speed of travelling fronts of (1.3) (see [8] for a neces-
sary and sufficient condition). This is different from that in the classical case, where the condition
fol f(u)du > 0 is equivalent to the positivity of the speed of travelling fronts of 0,u = 0, u + fp(u)

(see, e.g., [4]).
The next assumption makes sure the uniform stability of u =0 and u = 1.

(H3) There exist 6, 6; with 0 <y <6 <0 < 6; < 1 and By > 0, B; > 0 such that
o0f(t,u)<—po, uel[-1,600] and 3f(t,u)=—p1, wuel6),2]
forallz e R.
Sometimes, we also assume that /" satisfies the following stronger bistable assumption.
(H4) The ordinary differential equation (ODE)
u=f(t,u) (1.4)

has an entire solution % : R — R satisfying
— 0 < infieg uo(t) < sup,cg uo(t) < 1;
— there exists 0 < §y < 1 such that
inf inf 0,/ (t,u) >0, (1.5)

teR uelug(t)—38,ug(t)+380]
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Existence, uniqueness and stability of transition fronts 603

— forany 1) € R, u; € (0, up(tp)) and u; € (uy(ty), 1), there holds
u(t; to, u1) > 0, u(t;ty,up)—>1 as t—ty— oo,

where u(t; ty, u;) are the solution of (1.4) with u(ty; ty, u;)) = u; i=1,2).

Equation (1.1) is used to model the evolution of the population density u(¢, x) of an invasive or
a spreading species. The quantity J(x — y), depending only on the displacement x — y, represents
the probability that an individual moves from the location y to the location x, and, therefore,
[J * u](t, x) is the rate of individuals arriving at the location x, and u(¢, x) = fR J(y — x)u(t, x)dy
is the rate of individuals leaving the location x. With the operator u +— J % u — u describing the
dispersal of the species, it is assumed that the dispersal of the species happens over long distances
and follows the distribution J. Such a species is often called a non-local disperser (see, e.g.,
[35]), which includes diseases [38, 40] and seeds [31]. The symmetry of J in (H1) indicates
that the species has no preference or is not forced to move to any particular direction, or that
the probability an individual moves from the location y to the location x is the same as that an
individual moves from x to y. In contrast, a stream-dwelling species is often forced to disperse
along the stream, and therefore, the dispersal kernel is asymmetric (see, e.g., [32]). The decaying
conditions on J in (H1) is satisfied by all compactly supported dispersal kernels, which are the
biologically realistic ones, and by all Gaussian probability density functions, which are often used
in literature. The growth rate function f(#, «) is assumed to exhibit Allee effect [20] meaning the
increase in the per capita growth rate @ at low densities. The time dependence of the growth
rate function takes into consideration the temporally varying environments, which are known to
have great influences on the invasion or spread of species [61]. A typical example of the growth
rate function is f(z, u) = u(u — 6(¢))(1 — ) for an appropriate 6(¢).

Solutions to (1.1) of particular interest are transition fronts connecting 0 and 1 due to their
importance in describing extinction and persistence of the population. In the case that f(z, u) =
f(u) is independent of ¢, transition fronts are strongly related to travelling fronts, that is, solutions
of the form u(¢, x) = ¢(x — ct) for some ¢ : R — (0, 1) and ¢ € R with ¢(—o0) = 1 and ¢(c0) = 0.
The reader is referred to [8, 17] for the study of the existence, the uniqueness and the stability of
travelling fronts of (1.1) in time-independent bistable media. Also, see [1, 6, 7, 67] and references
therein for more related works. In [16], time almost-periodic travelling fronts of (1.1) in the
present of random diffusion are studied when f (¢, u) is almost periodic in ¢. As far as general
time heterogeneity is concerned, there is little study on transition fronts of (1.1) with bistable
non-linearity.

The objective of this paper is to study the existence, the uniqueness and the stability of tran-
sition fronts of (1.1) when f" is a general time-dependent function satisfying (H2) and (H3). We
recall the definition of transition fronts.

Definition 1.1 Suppose f(¢,0) =0=f(z, 1) for all # € R. A global-in-time solution u(z, x) of (1.1)
is called a (right-moving) transition front (connecting 0 and 1) in the sense of Berestycki-Hamel
(see [11, 12], also see [48, 49]) if u(¢, x) € (0, 1) for all (¢, x) € R x R and there exists a function
X :R — R, called interface location function, such that

lim u(t,x+X(f))=1 and lim wu(t,x + X(¢)) =0 uniformly in ¢ € R.
X—>—00 X—> 00
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The notion of a transition front is a proper generalisation of a travelling front in homogeneous
media or a periodic (or pulsating) travelling front in periodic media (see, e.g., [10, 63, 62]). The
interface location function X () tells the position of the transition front u(¢, x) as time ¢ elapses.
Note that if £(¢) is a bounded function, then X (¢) + £(¢) is also an interface location function.
Thus, interface location function is not unique. But, it is easy to check that if Y(¢) is another
interface location function, then X(¢) — Y(#) is a bounded function. Hence, interface location
functions are unique up to addition by bounded functions. The uniform-in-z limits (the essential
property in the definition) show the bounded interface width, that is,

VO0<e <e<1, supdiam{xeR:e; <u(t,x)<e}<oo. (1.6)
teR
This actually gives an equivalent definition of transition fronts; that is, a global-in-time solution
u(t,x) of (1.1) is called a transition front if u(z,x) € (0, 1) for all (£,x) e R x R, u(t,x) - 1 as
x — —oo and u(t,x) > 0 as x — oo for all € R, and (1.6) holds.

In the study of the existence, the stability and the uniqueness of transition fronts of (1.1),
sub- and super-solutions and comparison principles play crucial roles. We remark that showing a
function constructed from a transition front is a sub-solution or a super-solution usually involves
the space derivative of the transition front. However, neither the definition nor equation (1.1)
guarantees any space regularity of transition fronts. In [57], we studied the space regularity of
transition fronts of non-local dispersal equations in general heterogeneous media. The following
proposition follows from [57, Theorems 1.1 and Corollary 1.6].

Proposition 1.2 Assume (H1)—(H3). Let u(t, x) be an arbitrary transition front of (1.1) and X (t)
be its interface location function. Then,

(i) there exists a continuously differentiable function X : R — R satisfying

Cmin = X(t) <Cmax, VIER,

for some 0 < cpin < Cmax < 00 such that

sup |X(t) —)?(t)| < 00;
teR

in particular, X () is also an interface location function of u(t, x);
(i1) u(t,x) is regular in space, that is, u(t,x) is continuously differentiable in x for any t € R
and satisfies

sup |ocu(t, x)| < oo.
(t.x)eRxR

We point out that Proposition 1.2 highly relies on the unbalanced condition (1.2). Replacing
(1.2) by the speed of travelling fronts of (1.3) being non-negative, Proposition 1.2 fails when (1.3)
admits discontinuous travelling fronts with zero speed (see [8] for the sufficient and necessary
condition). Whether Proposition 1.2 holds when (1.3) admits continuous travelling fronts with
zero speed leaves an interesting open question.

By Proposition 1.2, without loss of generality, we may then assume that the interface location
function X (¢) of a transition front u(¢, x) is continuously differentiable and satisfies

Cmin SX(t) <Cmax, VtER, (1.7)
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Existence, uniqueness and stability of transition fronts 605

for some 0 < cpin < cmax < 00. This shows the rightward propagation nature of transition fronts
in the sense of Definition 1.1.

By general semigroup theory (see, e.g., [43]) and comparison principles, for any u, €
Ct «(R,R) and fp€R, (1.1) has a unique global solution u(t, -; o, up) € Co (R, R) with
u(ty, -; ty, ug) = ugy, where

Cﬁnif(R, R)= {u € C(R,R) : u is uniformly continuous on R and suﬂg lu(x)| < oo}
xe
equipped with the norm ||u|| := sup,cg |u(x)|.
Throughout this paper, we assume (H1)-(H3). Among others, we prove in this paper the
following results:

(i) (Uniform steepness) Assume that u(¢, x) is a space non-increasing transition front of (1.1)
with X (7) being its interface location function. For any M > 0, there holds
sup  sup dwu(t,x) <0
1R [x—X(H)|<M
(see Theorem 2.1).

(i1) (Uniform exponential stability) Assume that u(#,x) is a space non-increasing transition
front of (1.1). Let {u,};,er be a family of uniformly continuous initial data satisfying

u(tO:x_é(;) — Mo = uto(x) = u(t0>x_‘s;:;)+l‘b05 XGR, fo GR’

for g(f € R and po € (0, min{6y, 1 — 6;}) being independent of 7, € R. Then, there exist -
independent constants C > 0 and w, > 0, and a family of shifts {&, },er C R satisfying
supy,cr 1§, | < 0o such that

sup |u(t, x; to, ugy) — u(t,x — &, )| < Ce™ (=10
xeR
for all > ¢y and #; € R (see Theorem 3.1).
(iii) (Exponential decaying estimates) Assume that u(#,x) is a space non-increasing transition
front of (1.1) with X(¢) being its interface location function. There exist two exponents
c+ > 0 and two shifts 44 > 0 such that

ut,x+X@)+hy)<e " and u(t,x+XE)—h-)>=1—€&"

for all (¢,x) € R x R (see Theorem 4.1).
(iv) (Uniqueness and monotonicity) If u(¢, x) and v(z, x) are two transition fronts of (1.1) with
u(t, x) being non-increasing in x, then there exists a shift £ € R such that

v(t,x)=u(t,x+£&), V(,x)eRxR,

and hence v(z, x) is also non-increasing in x (see Theorem 5.1).
(v) (Periodicity) If u(z, x) is a space non-increasing transition front of (1.1) and, in addition,
f(t,u) is periodic in ¢, then u(z, x) is a periodic travelling front (see Theorem 6.1(1)).
(vi) (Asymptotic speeds) If u(z,x) is a space non-increasing transition front of (1.1) and, in
addition, f'(¢, u) is uniquely ergodic, then lim,_, + )@ exists (see Theorem 6.1(ii)).
(vii) (Existence) Assume, in addition, (H4). There is a space non-increasing transition front of
(1.1) (see Theorem 7.1).
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We make some remarks about the above results.

(1) Using (1.1) to study the invasion or spread of a species, the most important problem is to
understand how fast-propagating solutions, representing the invasive or spreading species,
could spread. The most straightforward way is to calculate or estimate the spreading speed
of propagating solutions. However, spreading speed in general does not exist in heteroge-
neous environments [56] and there exists no good approach to estimate it. An alternative
and powerful way is to find special solutions such as travelling fronts in homogeneous
environments and transition fronts in heterogeneous environments and study their stability.
In the present paper, we take the latter way to study the invasion or spread of species mod-
elled by (1.1). Our results on the existence, stability and uniqueness of transition fronts
indicate that the dynamics of propagating solutions are slaved by the (unique) transition
front u(t, x), and therefore, how fast they could spread are described by the interface loca-
tion function X (), more precisely, by the speed X (¢) or the average speed @ In the almost
periodic case, we show the existence of the asymptotic spreading speed ¢* := lim,_, o, @,
which says that propagating solutions eventually spread (to the right) with speed ¢*. More
precisely, if u(t, x; up) is a solution of (1.1) with appropriate initial data u( representing the
initial distribution of the species, then

lim inf u(z,x;up) =1, Vce(0,c"),

t— 00 x<ct

lim sup u(t,x; up) =0, Vce(c,o0).

=00 x>t
Similar conclusions can be drawn for appropriate compactly supported initial data. The
periodic dependence of f(#, u) on ¢ takes the seasonal effects on the invasion or spread
of species into consideration. In this case, transition fronts admit special profiles and the
asymptotic spreading speed c¢* can be calculated in terms of the profiles (see Theorem 6.1
for more details).

(2) From (i)—(iv), we see that if (1.1) admit a space non-increasing transition front under
assumptions (H1)—(H3), then transition fronts of (1.1) are non-increasing in space, expo-
nentially stable, exponentially decaying and unique up to space shifts. We point out that
it can be shown that any transition front of corresponding reaction—diffusion equations in
time heterogeneous media is non-increasing in space (see, e.g., [48, 53]), while it is not an
easy job for non-local dispersal equations partly due to the lack of Harnack’s inequality.

(3) Note that the non-linearity f(¢, u) satisfying (H2) and (H3) are bistable only in the gen-
eral sense. For each t € R, f(¢, -) may not be of bistable type. In particular, multiple zeros
between 0 and 1 are allowed. It is not known (even in the reaction—diffusion equation
case) whether the assumptions (H2) and (H3) on f(¢, u) are sufficient for the existence of
space non-increasing transition fronts, which is guaranteed under the additional assump-
tion (H4). This is given in (vii). We further point out that (H4) implies the non-existence of
stable periodic solutions between 0 and 1, which in light of the theory developed in [28] is
expected to be a sharp sufficient condition for the existence of space non-increasing transi-
tion fronts. In fact, the authors considered in [28] time-periodic travelling fronts for abstract
monotone systems of bistable type, and proved that the non-existence of stable periodic
solutions between two stable periodic solutions is a sharp sufficient condition for the exis-
tence of time-periodic travelling fronts connecting two stable ones. Moreover, examples
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of time-periodic reaction—diffusion equations of bistable type admitting no transition front
connecting two stable equilibria were constructed in [72].

(4) The establishment of the uniform exponential stability in (ii) in this general form is the
most important result of the present paper, and the applicability of the uniform exponential
stability to arbitrary transition fronts and other families of initial data is the key to the proof
of (iii) and (iv), and then to that of (v) and (vi). We remark that for reaction—diffusion equa-
tions, the usual exponential stability instead of the uniform exponential stability, together
with standard arguments using parabolic regularity, comparison principles and Harnack’s
inequality, is sufficient for various qualitative properties such as exponential decaying
estimate and uniqueness (see, e.g., [39, 53]). But for non-local equations, the standard
arguments do not work very well, since we lack enough space regularity, the use of com-
parison principles are not as flexible as that for reaction—diffusion equations and Harnack’s
inequality is not known in the non-local case.

(5) The proof of (vii) actually does not need the unbalanced condition (1.2). This is because
we take a perturbation approach, that is, we consider the perturbed equation

u=Jxu—u+edgu+f(t,u), (tx)eRxR, (1.8)

and take advantage of the fact that the existence of transition fronts of (1.8) does not need
(1.2). Of course, without (1.2), constructed transition fronts of (1.1) may not be continuous
in space as mentioned after Proposition 1.2. It would be interesting to study qualitative
properties of transition fronts in the absence of (1.2).

(6) We point out that travelling fronts for equation (1.3) were studied in [8]. In [8], the authors
assumed the continuous differentiability and the symmetry of J as in (H1). Besides, they
only need J to satisfy fR |x|J(x)dx < o0 and J' to be integrable rather than the much
stronger exponential tail assumption on J as in (H1). We would expect to assume the
weaker assumptions on J as in [8], but we are unable to do so due to some technical reasons
including the following: (i) we need the exponential tail of J to ensure the finiteness of JV
in the proof of Lemma 2.4; (ii) we need the exponential tail of J in the proof of Lemma 4.4
to ensure the finiteness of [, J(y)e?dy for all small ¢ > 0.

(7) 1t should be pointed out that (H2) can also be applied to a general bistable non-linearity
f(t, u) with the speed of travelling fronts of d,u = J * u — u + f3(u) being negative. In fact,
let v(t,x) = 1 — u(t, x). Then, v(¢, x) satisfies

dv=Jxv—v+/f(tv), (x)eRxR,
where f(1,v) = —f(t, 1 — v). Hence
Fs) <ft,v)<f3v), (t,v)eRxRx[0,1],

where fB(v) =—fz(1 —v) andfg(v) = —fp(1 — v). Clearly, f3(~) and fg(-) are two stan-
dard bistable non-linearities and the speed of travelling fronts of d,u =J *u — u + f5(u) is
positive.

We remark that transition fronts can be defined in the same way for more general equations,

say,

ou=Jxu—u+f(t x,u). (1.9)
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Equation (1.9) in various homogeneous media, that is, (¢, x, u) =f(u) with various types of
non-linearity f(-), is well studied. We refer to [8, 15, 17, 21, 22, 47] and references therein for
results concerning travelling fronts. There are also some results concerning periodic travelling
fronts in periodic media of monostable type (see, e.g., [23, 26, 46, 58, 59, 60]). The study of
(1.9) in general heterogeneous media is very recent and results concerning front propagation are
very limited. In [9], Berestycki, Coville and Vo studied principal eigenvalue, positive solution
and long-time behaviour of solutions of (1.9) in the space heterogencous monostable media.
In [36], Lim and Zlato$ also studied (1.9) in the space heterogencous monostable media, but
with different settings, and proved the existence of transition fronts. In [13], Berestycki and
Rodriguez studied propagation and blocking phenomenon of (1.9) with barrier non-linearities
in space heterogeneous media of bistable type. In [54, 55], the authors of the present paper
studied (1.9) in time heterogeneous media of ignition type and proved the existence, regularity
and stability of transition fronts.

We end the introduction by mentioning some relevant results about reaction—diffusion
equations and discrete equations in bistable media, that is,

ou=0nu+f(t,x,u), (x)eRxR, (1.10)
and
l/"i:ui-ﬁ-] _2ui+ui—1 +f(t9 ia Ll), (ta i)Esza (111)

where /" in both cases is of bistable type. As a classical model, (1.10) has been attracting extensive
studies and results concerning front propagation are quite complete except in the most general
case; that is, f(#,x, u) depends generally on both ¢ and x. See [4, 29, 5, 33, 64] for travelling
fronts, [3] for time-periodic travelling fronts, [48, 49, 51] for time-almost-periodic travelling
fronts, [10, 62, 25] for pulsating fronts, [52, 30, 42, 24, 72] for transition fronts, [34, 72] for the
wave-blocking phenomenon and [70, 27, 44, 41, 45] for the sharp transition phenomenon. We
also refer the reader to surveys [65, 66] for related works and extensive remarks. As (1.9) in the
bistable case, not a lot is known about (1.11). We refer the readers to [14, 19, 37, 69, 68] and
references therein for works in homogeneous media, and to [18, 50] for works in periodic media.

The main difference between (1.9) and (1.10) lies in the dispersal, which however results in
fundamental difference between them, that is, solutions of (1.10) gain space regularity right after
the initial moment, while solutions of (1.9) are lack of space regularity in the sense that they do
not become smoother in space as time elapses and are only as smooth in space as their initial
data. The lack of space regularity causes one of the main difficulties in studying (1.9). Equation
(1.11) is often considered as a space discrete version of (1.10). It can also be considered as a
non-local equation but with a singular dispersal kernel, and therefore, the ideas and methods for
(1.9) cannot be simply adapted to treat (1.11).

The rest of the paper is organised as follows. In Section 2, we focus our study on uniform
steepness of space non-increasing transition fronts of (1.1). We investigate uniform exponential
stability and exponential decaying estimates of space non-increasing transition fronts of (1.1) in
Sections 3 and 4, respectively. In Section 5, we show that any transition front of equation (1.1),
after certain space shift, coincides with a space non-increasing transition front (if it exists). In
Section 6, under the additional time-periodic assumption on the non-linearity, we show that any
transition front must be a periodic travelling front. Under the assumption that the non-linearity
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Existence, uniqueness and stability of transition fronts 609

f(t, u) is uniquely ergodic, we show that asymptotic speeds of transition fronts exist. In Section 7,
we prove the existence of space non-increasing transition fronts of (1.1). In Section 8, we
conclude the paper with some discussions. In Appendix A, we state some comparison principles.

2 Uniform steepness of space non-increasing transition fronts

In this section, we study the uniform steepness of space non-increasing transition fronts of (1.1).
Throughout this section, we assume (H1)—(H3).

Suppose that u(t, x) is a transition front. For A € (0, 1), let X, (¢) and X' (¢) be the leftmost and
rightmost interface locations at A, that is,

X ()=inf{reR:u(t,x) <A} and X} (5)=sup{reR:utx)> A} @.1)

Trivially, X, (f) <X, (¢) and X;t(t) are non-increasing in A. We see that it may happen that
u(t, X; (1)) > A or u(t,X; (1)) < A due to possible jumps. But, it is clear that u(t,x) > A for
x <X, (1) and u(t, x) < A for x > X; (7).

In what follows in this section, u(z, x) will be an arbitrary transition front of (1.1) that is non-
increasing in space, that is, d,u(f,x) <0 for (¢,x) € R x R (recall that by Proposition 1.2 any
transition front is continuously differentiable in space). By the strong maximum principle, u(?, x)
is decreasing in x for any ¢ € R. As a result, for any A € (0, 1), the leftmost and rightmost inter-
face locations coincide, that is, X, (f) = X, (), which will be denoted by X;(?). In particular,
u(t, X, (t)) = A. Let X(¢) be the interface location function corresponding to u(z, x). Without loss
of generality, we assume that X (¢) satisfies (1.7).

The main result in this section is given in the following.

Theorem 2.1 For any M > 0, there holds

sup sup  du(t,x) <O.
teR |x—X(1)|<M

To prove Theorem 2.1, we first prove two lemmas. The first lemma follows directly from the
definition of transition fronts.

Lemma 2.2 For any A € (0, 1), there holds

sup |X (1) — X ()] < oo.
teR

Proof By the uniform-in-f limits lim,_, o u(t,x +X(¢)) =1 and lim,_,  u(t,x + X(¢)) =0,
there exist x; and x; such that u(z,x + X (¢)) > A for all x <x; and ¢t € R, and u(t,x + X (¢)) < 1
for all x > x; and ¢ € R. It then follows from the definition of X/\i(t) that x; + X(f) <X, (f) and
x2 + X(t) > X, (¢) for all € R. In particular,

N +XO <X, (<X, () <x2+X(1), teR.
This completes the proof. O

We remark that the monotonicity of u(¢, x) in x is not required in the above lemma, which is
true for an arbitrary transition front. That is why we used Xf(t) instead of X, (7).
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610 W. Shen and Z. Shen
As a simple consequence of implicit function theorem, the equation u(z, X, (¢)) = A, Lemma 2.2
and Theorem 2.1, we find the following.

Corollary 2.3 For any A € (0, 1), X;(¢) is continuously differentiable and satisfies

du(t, X, (¢ (
ﬂ/l( 5 )\( )) VieR and sup |Xk(t)| < <.

K== X)) Sup

Since d,u(t, x) changes signs in general due to the time dependence of £(z, u), X, (f) changes its
signs. Thus, in general, transition fronts in the present case move to the right with oscillations.

The next lemma inspired by [17, Theorem 5.1] and [48, Lemma 3.2] is crucial to uniform
steepness. We refer the reader to Appendix A for comparison principles.

Lemma 2.4 Let ui(t,x; v) and uy(t, x; t) be sub-solution and super-solution of (1.1), respec-
tively, and satisfy

“1<utx;t)<w(t,x;1) <2, xeR, t>7.
Then, for anyt >ty > t, h > 0 and z € R, there holds

z+h

u(t,x;t) —up(t,x;7) < C/ [u1(t9, y; T) — ua(to, v; T)ldy, x€R,
h

where C = C(t — ty, |x — z|, h) > 0 satisfies

(i) C— 0 polynomially as t — ty — 0 and C — 0 exponentially as t — ty — 00,
(i) C:(0,00) x [0, 00) x (0, 00) = (0, 00) is locally uniformly positive in the sense that for
any 0 <t) <ty <00, My >0 and hy > 0, there holds

inf C(t, M, h) > 0.
telty,t],M €[0,M1],he(0,h1]

Proof Let 1>t >rt. Set vi(t,x):=u(t,x;t) and vy(¢,x) :=uy(t, x; v). By assumptions,
v(t, x) ;= v1(t,x) — v2(¢, x) < 0 and satisfies

v <Jxv—v+f(tv)—f(t ).
By (H2), we can find K > 0 such that f(¢, v;) — f (¢, v2) < —K(v; — v;), which implies that
0v<Jx*xv—v—Kv.
Setting §(t, x) := eI TK—0)y(¢, x) < 0, we see
90 <J*v <0. (2.2)
In particular, v(¢, x) < v(¢y, x). It then follows that
3 0(t,x) < [J * 0(t, )] (¥) < [J * 0(10, )] (%)
Integrating over [#, t] with respect to the time variable, we find from v(#, x) < 0 that

(t, x) < (1 = to) [J * (10, )] () + 0(to, X) < (£ = fo) [J * (10, )] (x).
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Existence, uniqueness and stability of transition fronts 611

In particular, for any 7' > 0, we have
V(ty+ T,x) < T[J x v(ty, )] (x). (2.3)
Then, considering (2.2) with initial time at #y + 7" and repeating the above arguments, we find
D(to+T+T,x) < T[J*0(ty+ T, )] (x) < T? [J *J % d(to, -)] (x),

where we used (2.3) in the second inequality. Repeating this, we conclude that for any 7" > 0 and
any N=1,2,3,..., there holds

Uty + NT,x) < T [JV % (to, )] (), (2.4)

where J¥ =J xJ - - - xJ. Note that JV is non-negative, and if J is compactly supported, then
——————

N times
JV is not everywhere positive no matter how large N is. But, since J is non-negative and positive

on some open interval, JV can be positive on any fixed bounded interval if N is large. Moreover,
since J is symmetric, so is JV.
Now, letx e R,ze R and % > 0, and let N := N(|x — z|, h) be large enough so that
C=C(x—z|, h):= inf  JV(y)>0.
y€[x—z—hx—z+h]

Note that the dependence of N on x — z through |x — z| is due to the symmetry of J". Moreover,
the positivity of C: [0, c0) x (0, 00) — (0, 0o0) is uniform on compacts sets, which is because N
can be chosen to be non-decreasing in |x — z| and in 4.

Then, for ¢ > £, we see from (2.4) with T = % that

t—1t

N
5(t,x)§( N ) /RJN(x—y)ﬁ(to,y)dy

t—to N pz+th v ~
— f Y= )i(to, y)dy
z—h

é t—to N z+h~ J
‘
( ~ ) /Z_h v(to, y)dy,

sincex —y€[x—z—h,x—z+ h]wheny € [z — h,z+ h]. Going back to v(¢, x), we find

IA

IA

N pz+h
~ _ t—1
UI(t, X5 T) - uz(t9 X5 T) = Ce (1+K)e—~to) (T) / [ul(tOSy; T) - u2(f0,y; T)] dy
z—h

The result then follows with C = Ce=(+K—0) (=), m

As a simple consequence of Lemma 2.4, we have the following.

Corollary 2.5 Foranyt>ty>1t, h > 0andz€R, there holds
z+h
ou(t, x) < C/ ou(ty, y)dy, xeR,
z—h

where C > 0 is as in Lemma 2.4.
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612 W. Shen and Z. Shen

Proof Applying Lemma 2.4 with u; = u(¢, x + €) and u; = u(t, x), dividing the result by € and
passing to the limit € — 0", we conclude the lemma. O

Now, we prove Theorem 2.1.

Proof of Theorem 2.1 Recall X (¥) :=Xf(t) for A €(0,1). By Lemma 2.2, sup,.p |X(¢) —
X.(t)| < oo.
Fix any A¢ € (0, 1) and set

hy,, := max {sup IX(#) — X5y (D], sup [X(1) — X112, (2)] }
teR 2 teR 2

Then, h;,, < co and

X(O) 4 hyy =2 Xog (1), X(0) = Iy < X112 (D), (2.5)

2 2
for all € R. Now, fix 7 > 0. For € R, we apply Lemma 2.4 with z=X(¢) and & = h,,, to see
that if |x — X(#)] <M, then
X(t)+h;L0

d(t +1,x) < C(v, M, hy,) dxult, y)dy
X(I)—h)LO

= C(r, M, hyy) [ult, X(2) + hy,) — u(t, X(2) — hy,)]
< C(t, M, hy,) [u(t,XLO (1) — u(t, X115 (t))]

G M, hyy)
=S

(2.6)

where we used (2.5) and the monotonicity in the second inequality, and C(r, M, h o) =
infxeponn C(t, K, hy,). To apply (2.6), we see that if [x — X (¢4 1)| <M, then

x—XO|<|x—XE+ D+ 1XE+1)—X©®| <M + cimax,

where we used (1.7). We then apply (2.6) with M replaced by M + cpnax and t replaced by 1 to
conclude that

1
dat+ 1) <=5 inf  C(1LK )

Ke[0,M+cmax

Since ¢ € R is arbitrary, we arrive at the result. O

3 Uniform exponential stability of space non-increasing transition fronts

In this section, we study the stability of space non-increasing transition fronts of (1.1).
Throughout this section, we assume (H1)—(H3) and assume that u(z, x) is a transition front of
(1.1) with interface location function X(f) and d,u(z, x) < 0.

The main results in this section are stated in the following theorem.

Theorem 3.1 (i) Let uy: R — [0, 1] be uniformly continuous and satisfy
liminfuy(x) > 6, and lim sup uy(x) < 6y,
X—>—0Q0

X—> 00
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Existence, uniqueness and stability of transition fronts 613

where 6y and 0 are as in (H3). Then, for any ty € R, there exist £ =&(ty,up) R, C=
C(ug) > 0 (independent of ty) and w, > 0 (independent of ty and uy) such that

sup |u(t, x; to, ug) — u(t, x — §)| < Ce™ (=0
xeR

forall t > .
(i) Let {uy}iyer be a family of uniformly continuous initial data satisfying
U(t(),x - 'i:(;) — Mo = uto(x) = Z't(ZLOax - ‘5;:0+) + Mo, Xx€ Ra fo € Ra

for Eoi e R and 1y € (0,min{6y, 1 — 0,}) being independent of ty € R. Then, there exist
ty-independent constants C > 0 and w, > 0, and a family of shifts {&,)};,er C R satisfying
Supy, e 161, < 00 such that

sup |u(t9 X; to, ul‘o) - u(ta-x - $t0)| = Ce_w*(t_tO)
xeR

forall t >ty and ty € R.

To prove Theorem 3.1, we first show two lemmas. Let

o =min {B, f1} > 0,
where By and B; are as in (H3).

Lemma 3.2 Let ug be as in Theorem 3.1. Let 4 = max {,ua, /JLg} where ,u(j)t = uoi(uo) are such
that

01 <1—py <liminfug(x) and limsup ug(x) < ,ug < 6.
X—>—00

X—> 00

Then, for any ty € R, there exist éoi = Egt(to, uy) € R such that
u(t,x — £ (1)) — e~ U7 < u(t, x; to, ug) < u(t,x — ET(1)) + pe @, xeR, 3.1
fort>t), where
X =8+ % (1—e@=0)), t>1
for some universal constant A > 0. In particular, there holds

u(t,x — &) — pe 70 <u(t, x; tg, up) < u(t,x — 1)+ pe 0, xeR,

for t > ty, where £F :égt + ’%.

Proof Let ug be as in the statement of Theorem 3.1(i). Let /Loi = u(jf(uo) be as in the statement.
Then, for any ¢y, € R, we can find sgﬁ = Eoi(to, up) such that

u(to,x — &) — g < uo() Sullo,x — &)+ g, xeR. (32)

To show the lemma, we then construct appropriate sub- and super-solutions and apply com-
parison principle. We here only prove the first inequality in (3.1); the second one can be proved
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614 W. Shen and Z. Shen
along the same line. To do so, we fix 4 > 0 (to be chosen) and set
W (6,0 = u(tx — E(1) — g €0,
where £(f) =&, — @ (1 — e@=)). We then compute
ou” —[Jxu" —u ]—f(t,u")
=f(t,ut,x — £(1)) — f(t,u” (t,x)) + Apg e "V du(t, x — £(1)) + wpg e ™).

Now, we let M > 0 be so large that

ut,x)<6y if x—X@HO>M,
VteR,
ut,x) >0, +u, if x—X()<-M.

Notice such an M exists due to Lemma 2.2. Then, we see
o ifx—E&(t)—X(t) > M, then u™ (t,x) <u(t,x — £(t)) < 6y, and then by (H3),
S u(t,x — E@0)) —f(t, 0™ (£,x)) < —Bo [u(t,x — £(1) —u™ (1, %)]

= —Popg e 0.
Since Ay e~ =09 u(t, x — £(1)) < 0, we find
i —[Jxu” —u 1= f(t,u") < —Bopge T + wpge 0 <0

ifw < Bo;
o ifx— £(f)— X(f) < —M, then

u(t, x —E@O) = u (t,x) =u(t,x —E(1) — pg eV = 01 + g — py =61,
and then by (H3),
S u(t,x — &) —f(t,u™(1,) < —Pruge ™0

Hence, 0™ — [J*u™ —u" | —f(t,u") <0ifw < By;
o if|x —&(¢#) — X(¢)| <M, then by Theorem 2.1,

Cy :=sup sup ou(t,x —&({)=sup sup du(t,x)<0.
1R [x—E()—X(D|<M 1€R =X (0)|<M

Since
| /(6 u(t,x = §@)) = f(t,u” (1, x)| < Cupg e
for some C, > 0, we find
= —[Jxu” —u ] —f(t,u") < (Cong +Apy Cy + wpg Je 0 <0
if 4> S22 > 0.

Hence, if we choose 4 =

28:4 (note w =min{fy, B1} < C,), we find

du- <Jxu —u +f(t,u"), xeR, t>1,
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Existence, uniqueness and stability of transition fronts 615
that is, u~ (¢, x) is a sub-solution on (¢, 00). Since
u”(to, x) = ulto, x — &, ) — oy =< uo(x)
due to (3.2), we conclude from comparison principle that
u(t,x — &(1)) — ug e 0 = u(t,x) <u(t,x; to, up), x€R, >ty
This completes the proof. O

The proof of Lemma 3.2 gives the following result.

Corollary 3.3 Suppose that uy : R — [0, 1] is uniformly continuous and satisfies
u(t05x_§(;)_llaSao(x)fu(t05x_§(j)+llg9 XGR,

for th e R, ‘;;3[ eR and [ﬁ > 0 satisfying 6, <1 — i, and /18_ < 6Oy, where 6y and 6, are as in
(H3). Then, there exists [i := max{fi, , ,113“} > 0 such that

u(t,x — € () — fre” ") <u(t,x; to, g) < u(t,x — EX (1)) + fie” ™), x€eR,
fort>t), where
~ - Al
Ef(n=E& £ ?M (1 —e@=0)),  t>1p,
for some universal constant A > 0. In particular, we have
u(t9x - 57) - ﬁeiw(tit()) S l/l(t, X5 t()a 5’0) S u(t,x - §+) + [’Leiw(tit())a X € Ra

for t > ty, where £+ :é(f + ’%.

The next lemma is the key to the proof of Theorem 3.1. We will let u(¢, x; ty), t >ty be a
solution with initial data uq at time 7, € R.

Lemma 3.4 There exists €* € (0, 1) such that if there holds

u(r,x—E) =8 <u(r,x;to) <u(r,x—E —h)+45, xeR, (3.3)
for some T > 1o, £ €R, h>0 and § € (0, min{6y, | — 6,}), then there exist £(t), h(t) and §()
satisfying

. L 246 . .

HOXS |:§ — —, &+ " min{l, A :|,

®

oG L) 448

0 <h() <h - e min 1,5} + =2,
a)
0<8(r) < [Se—‘“ + C*¢* min{1, i,}] e =T=1),
such that

u(t,x — (1)) — 8(2) < u(t,x; t9) < u(t,x — E(t) — h()) +8(1), x€R,

Jort>1t+1, where A > 0 is some universal constant and C* = sup, e |9xu(Z, X)|.
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Proof Applying Corollary 3.3 to (3.3), we find
u(t,x — E()) — 8™ < u(t, x; o) <ult,x — ET(1) — h)+ 8 "D, xeR, (3.4)

for t > 7, where @ = min{By, A1} and £*(r) =& + AEg (1 — e”"(”t)).
We now modify (3.4) at t=1 + | to get a new estimate for u(t + 1, x; #y), and then apply
Corollary 3.3 to this new estimate to conclude the result. To this end, we set

n 1
h = min {h, 1] and  Cgeep == sup sup  dxu(t,x).
teR |x—X(f)|<2

By Theorem 2.1, Cyieep < 0. Taylor expansion then yields
X(0)+3
/ [u(t,x — h) —u(t,x)] dx > —2Ceeph, VteR.
X(0-1

In particular, at t = 7, either

X(o)+) )
/ [u(r,x —h)—u(t,x+ &, to)] dx > —Cieeph (3.5
X(m)—%
or
X(0)+1 .
| et B — (e de = Cugh (.6)
X(o)-1

must be the case.
Suppose first that (3.6) holds. We estimate the following term:

u(t + Lx; tg) —u(t + 1, x — E-(r+1) —€*h)

from below, where €* > 0 is to be chosen. To do so, let M > 0 and consider two cases: (i) |x —
§ —X(0) = M; (ii) Ik — § = X(1)| = M.
@) |x— £ — X(7)| < M In this case, we write

u(t 4+ 1,x;60) —u(t + 1, x —E(r + 1) — €*h)
- [u(r FLxt) —u(t+1,x—E(r+ 1))]
+ [u(r Flx—E (4 —ut+Lx—E(t+1)— e*h)]
= (1) + (II).

For (I), we argue
. . Ab _ .
D+ =ur+1,xt0)— |u(t+1,x—&+ —(1—e )-8
)
£ Ag —w S —w
—u(r +1y+E10) = |u(r+ Ly+ (1 =)~ e

(by y:x—é EX(I)+[—M,M]>
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=u(t 4+ 1,y +&; 1) — ii(t 4+ 1,)

46 A
(where it y)=u(t,y + —(1 —e ")) — 88—w(t—r)>
®

X(o)+)

oo | [uey+ ) — i) dy
X(t)—5
X(r)+1 )

zcoy | [ue v+ &) - ue )] dy
X(r)-1

== C(M)Csteephy

where the first inequality follows from Lemma 2.4. In fact, we know u(¢, y + ff—'; to) is a solution
of 9,v =J x v — v+ f(¢, v), while (¢, ) is a sub-solution by the proof of Lemma 3.2. Moreover,
u(t,y + &; 10) > ii(t, y) by (3.4). Then, we apply Lemma 2.4 with u; = ii(r,y) and u» = u(t, y +
E: t) to conclude the inequality. Hence, (I) > —Se — CM)Cyieeph.
For (1), Taylor expansion yields for some x, € (0, €*/)
() =du(t + Lx—E-(t+ 1) —x)e*h > —e*h  sup  |dau(t, x)| > C(M)Cseeph
(tx)eERxR

—C(M)Csteep

if we choose €* =min {1, —————
SUP(zx)eRxR |0xt(1.%)]

}. It then follows that

wt+1,x00) —u(t+1,x—E (t+ 1) — €*h) = —be™°. (3.7)
(i) |x — & — X(7)| > M. In this case, we have
ut+1,x00) —u(t + 1,x—E (r+ 1) — €*h)
=[u(t +1,x60) —u(r + 1,x —E(t + 1))]
+ur+1L,x—E T+ D) —ur+ L, x—E (1 +1)—€e*h)]

—8e ® —¢€*h sup |0.u(t,x),
(t.x)eRxR

(3.8)

v

where we used the first inequality in (3.4) and Taylor expansion.

Hence, by (3.7), (3.8) and the second inequality in (3.4), we find
urt+1,x—E(t+1)—€e*h)—de ® — C*e*h 39)
<ut+Lxi) Sut+1x—EX@+ 1) —h)+de, '

where C* = sup, y)cr«r |0:u(t, x)|. Taking €* smaller, if necessary, so that S + Cre*h<1—
01, and applying Corollary 3.3 to (3.9), we conclude

u(t,x —E7(1)) — 8"V < u(t, x; to) < u(t,x — E¥ (1)) + S~V (3.10)

for ¢t > v + 1, where w = min {8, 81}, § = max {Se"" + C*e*h, Se"”} =38e~? + C*e*h and

é_(t) = é_(f + 1) + e*h — % (1 _ e—w(t—r—l))

L 248 A8
:%. _ = +€*h 4+ = [e—w +e—w(t—t—1)]’
w w
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z 2 . A
="+ ) +h+ = (1—e D)
w
. 248 . Ab
=f+—+h—— [e—w _{_e—w(t—r—l)]'
w w
Setting
2 - . 248 A8
E=E (=2 hent D [e0 e,
w 0]
7 z z - 445 245
=8t —E ()=h—eh+ — - Z=[e7 e 7],
@ w
() =de " = [Se*w + C*e*h] et
the estimate (3.10) can be written as

u(t, x — E(1)) — 8(1) < u(t,x; to) < u(t,x —E(1) — h(t)) + (1), xeR, t=1+1.  (3.11)

Note that (3.11) is obtained under the assumption (3.6).
Now, we assume (3.5) and estimate the following term:

u(t+ Lxtg) —u(t + 1,x—EX (T 4+ 1) — h+ €*h)
from above. Arguing as before and replacing h by 4 at appropriate steps lead to
u(t +1,x10) —u(t + 1,x —EX (T + 1) —h+€*h) <5e™® + C*e*h,
where C* = sup, yyerxr |U:(7, X)|. This, together with the first inequality in (3.4), yields

urt+1L,x—E (t+1)—de®

R N R (3.12)
<u(t+1L,xt)<u@+1,x—ET(t+1)—h+e*h)+8e™® + C*e*h.
Then, applying Corollary 3.3 to (3.12), we find (3.10) again with
A ao 245 48
En=t——+—[e+e ],
o) a)
R 448 248
hty=h—eh+— —"—[e+e D],
1) 1)
3ty = [ée—w n C*e*h] emet=T=D),
This completes the proof. O

Now, we use the ‘squeezing technique’ (see, e.g., [17, 48, 53]) to prove Theorem 3.1.

Proof of Theorem 3.1 (i) Let 1 be the initial data as in the statement of the theorem. For
any #, € R, Lemma 3.2 ensures the existence of £* = £%(#, up) € R and u = u(up) (independent
of #y) such that

u(t,x — ) — pe U0 <t x; 1y, ug) < u(t,x — ET) + pe @10
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Existence, uniqueness and stability of transition fronts 619

for t > t, where w = min{By, B1}. Let €* and C* be as in the statement of Lemma 3.4. Choosing
= To(up) > 0 such that

80 :=pe T < §, :=min {6, 1 — 6, — co <1
2 b 8A b

we find
u(to + To, x — &) — 8o < u(to + To, x; to, uo) < u(to + To,x — & — ho) + o, (3.13)

where & = &~ and hy = &1 — £~ . Notice, we may assume, without loss of generality, that £+ >
&7, s0 hy > 0. But &y depends on uy, so we may assume, without loss of generality, that /5 > 1.
Let T > 1 be such that

—w C* * —w(T—-1) <8* = : He , 9 , € (1)]
[e7“+C*e*]e < min {6, Ve

We are going to reduce 4.
Applying Lemma 3.4 to (3.13), we find

ulto+To+ T, x—&)— 6

(3.14)
Su(l‘o+T0+T,x;to,Llo)§u(to+To+T,x—& —h1)+81,
where
245 248 € .
§1 € 50——504‘6 min{l, ho} | = So——$0+€ C 50—7,504-6 ,
448 448 *
0 <h; < hy — €" min{1, h0}+—0_h0— +_0§h0_6_,
w 10} 2
0<é6 =< [30€7w + C*e¢* min{l, ho}] e T = [8053*‘“ + C*e*] eI <5
If hy <1, we stop. Otherwise, we apply Lemma 3.4 to (3.14) to find
u(to+To+2T,x—&)—6
o+ To 2= (3.15)

<u(to+ To+ 2T, x; to, up) <u(to+ To +2T,x — & —hg)—{-(Sz,

where
2468 1 246 1 €*
&e [51 — ——, & + € min{l, hl}:| [51 ——& +e :| C [51 - Z:Sl +6*],

4A81 4A5 6*
0<hy <h —e*min{l, h1}+—=h _|__ <hy—2 5 )
0<é < [516_ + C*e¢* min{l, hl}] e T = [515_ + C*e*] e T-D <5

If hy < 1, we stop. Otherwise, we apply Lemma 3.4 to (3.15), and repeat this. Suppose 4; > 1 for
alli=0,1,2,...n— 1, we then have

u(to+ To+nT,x—§&,) — 6,

3.16
<u(to+ To +nT,x;tg, ug) <u(to + To +nT,x — &, — h,)+ 0, (3.16)
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620 W. Shen and Z. Shen

where

248,

gn € |:€n1 - 5 gnfl + € min{lahnl}] C |}5—n1 - Z:gnfl +E*i|y

445, 445, .

0 <hy < hpy — € min{l, b, 1} + L=y — € 4 1 Sho—”(e_)’
w w

0<8, < [8ym1e7 + C*e* min{l, h,_1}] e TV =[8,_1e7” + C*e*] eV <6,

Note that since Ay > 1 and % € (0, 1), there must exist some N = N(up) > 0 such that 4; > 1 for
i=0,1,2,...,N—1and 0 < A —N(%) < 1. In particular, Ay < 1. Then, we stop and obtain
from (3.16) that

u(o, x — &) — 80 < u(fo, x; to, ) < u(fo, x — &y — ho) + 30, (3.17)

where ;()Zl‘o + Ty + NT, é():EN, So =y <6, andizo =hy<1.
Now, we treat (3.17) as the new initial estimate and run the iteration argument again. Let 7 > 1
be such that

[e7 + C*e*] e T-D < min 15,1 — E—, @ (1<)
2744 2 2
Applying Lemma 3.4 to (3.17), we find
u(to+ T, x — &) — 8 <ullo+ T, x; to, u) <u(fo+ T,x — & — hy) + 8, (3.18)
where
s e 2480 - | -
&€ 50—7,50—1-6 ho |,

S 445 .
0<hy <ho—e*ho +—°_1—%,

£e

0<38, <|8pe®+ C*G*il()] e~@@=D < min {8*, 1-— %,

(-3}

u(fo+2T,x—§2)—52 Su(fo—i-ZT,x;to,uo)Su(fo+2T,x—§2 —ilz)—f‘gz,

Applying Lemma 3.4 to (3.18), we find

where
= | o248 . -
& e 51—73514'6 hy |,

_ - 445 * * 1\ 2
0<hy<h —e'hy 1—6— (1-e*)+ - =(1-%),
w 2 2
E*

. * *
0<8 < [Slef“’ + C*e*hl] e eI=b < <1 - %) X min {8*,1 5 :{;E; (1 - %)}

Applying Lemma 3.4 repeatedly, we find for n >3

u(;() +nT7-x_§n) _Sn 5”(;0 +nT>X; IO: uo) = u(;() +nT:x_ g}’l - iln)"'gn, (319)
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Existence, uniqueness and stability of transition fronts 621

_r 248, - »
Sne ‘i:n—l_ o ,Sn—1+€ hn—l B

7 = 4468, e\ €4 e\ e \"
0<hy<hy_1 —€hy_ <(1-—= l—e)+=(1—-=) =(1—-=),
=n = | —€ 1+ > < 2) ( 6)+2( 2) 3

~ ~ o - (T €* n—1 ) ef w €e* €*
0<$,< [(Sn_le + C*e*hn_l] e~ eI=D < (1 - ?) X min {6*, 1— > AT (1 — —>}

The result then follows readily. In fact, applying Corollary 3.3 to (3.19) for n > 0, we find, in
particular,

~ A~ - - - - A - N .
u(t, x — & + —8,) — 8,0 <u(t, x; 1o, u0) < ult,x — &y — hy — =8,) + S, 707D
w w

for all # > 7y + nT. Therefore, setting 5(f) = §,e~ (=D E(r)=E, — 45, and h(t)y=h, + s,
forte[fo+nT, 7o+ (n+1)T)andn=1,2,3 ..., we arrive at

u(t,x — E(1)) — 8(t) < u(t, x; to, ug) < u(t, x — E(t) — h(2)) + 5(2).
Hence, we find
u(t,x — E()) — 8(2) < u(t, x; to, up) < u(t, x — E(t) — h(2)) + 8(t),  t>To.

To finish the proof, it suffices to show that &(r) — &(c0), 8(f) — 0 and /(r) — 0 exponentially
as h — oo for some £(c0) € R. We see from (3.20) and the definitions of 5(f) and iz(t) that

~ e\ ! € w €* €* .
055@)5(1—7) xmin{&ﬁ,l—?,a?(l—?)}xe"’T,

. < e*)" 24 ( e*>"1 , { €* a)e*< e)}
O<hh<|l—-—=) +—x|1——= xminid,l ——, —— (11— —
2 ) 2 27442 2
for t € [to +nT, 7y + (n+ 1)T) and n=1,2,3 . ... Therefore, 5(f)— 0 and h(f) — 0 exponen-
tially as 1 — co. For £(f), we first see from (3.20) that the sequence {&,}, is Cauchy, and &, — &
exponentially as n — oo for some &, € R. Then, £(f) — £(c0) := &4, exponentially as f — 0.
This completes the result.
We remark that the dependence of C on uy in the statement of the theorem is due to the
dependence of T on uy.
(i1) By Corollary 3.3, we see

u(t,x — &) — poe 70 <u(t,x; to, uyy) < ult,x —E) + poe 0, xeR,

for all ¢ > ¢y and ¢, € R, where @ = min{fy, 8} and £* = E;[ + A‘%. Then, by the arguments as
in (i), there exist #p-independent constants C > 0 and w,. > 0, and a family of shifts {§, },,er CR
satisfying sup, cp |&,| < 0o such that

sup |M(t, X; to, uto) - M(t, X — §t0)| =< Ce_w*(t_t())
xeR

forall >ty and #; € R. U
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622 W. Shen and Z. Shen
4 Exponential decaying estimates of space non-increasing transition fronts

In this section, we prove exponential decaying estimates of space non-increasing transition fronts
of (1.1). Throughout this section, we assume (H1)—(H3) and assume that u(¢, x) is a transition
front of (1.1) with interface location functions X (¢) and X, (f) and u,(¢,x) < 0.

The main results in this section are stated in the following theorem.

Theorem 4.1 There exist c* > 0 and h* > 0 such that
u(t,x) < e CXOID) pug 1y, x) < e CXOFH)
for all (t,x) e R x R. In particular, for any A € (0, 1), there exist hf > 0 such that
u(t,x) < e EHRORD) g — u(t,x) < e GO+
forall (t,x) e R x R.
To prove Theorem 4.1, we first prove several lemmas. Let 6, € (0, min{}—‘,Qo, 1—6,}) be

small and / > 0, and define u(f :R — [0, 1] to be continuously differentiable and non-increasing
functions satisfying

1—-6, x<-—h 1 x<0
ut(x)= ’ and wy(x)=1" -7 4.1
0 ® 0, x>0, 0 () 0, x>h “-D

Moreover, we can make u; decreasing on (—A,0) and u, decreasing on (0, 4). For #) € R, we
define

ut(t,x; to) 1= u(t, x; to, ug (- — X6, (0)))s
u” (t,x; o) == ult, x; to, uy (- — Xy, (t0)))

for t > 1.

Lemma 4.2 u*(1, x; ty) satisfy the following properties:

(i) u™(t,x;ty) are decreasing in x for any t > ty;
(ii) for any t > ty, we have

lim ut(t,x;t0)>1—6,, lim u™(t,x;2)=0,
X——00 X—>00

lim u (t,x;t0)=1 and lim u (t,x;1) <0,.
X—>—0Q0 X—> 00

Proof (i) It follows from the fact that u(:)t are non-increasing and the ‘Moreover’ part in
Proposition A.1(iii) or Proposition A.3(ii), which is applicable here due to the assumption (H2)
and the continuous differentiability of u*.

(ii) By (i), the limits lim,_, 4o u7 (2, X; ty) are well defined. We show lim,_, o, ™ (2, x; 1) = 0.
Let ¢z(x — czt) be a travelling front of du=J *u —u -+ fz(u) such that ¢z(—o00)=1 and
¢3(00) = 0. By the definition of u, we can find a shift x; > 1 such that

ug (- — X1 o, (10)) < (- — x1 — cjt0).
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Existence, uniqueness and stability of transition fronts 623

It then follows from comparison principle that u™ (2, -; f9) < ¢3(- — x| — ct) for any ¢ > 0. From
which, we conclude lim,_, o, ™ (¢, x; 1)) = 0.
We show lim,_, _, ut (2, x; )) > 1 — 6,. Note that u™ (¢, x; to) satisfies

dut (1, x;19) = / Jx =yt (t,y; to)dy — ut (8, x; 10) +f(t, ut (1, x5 10)), 1> 1o, (4.2)
R
and

duu™ (1, x5 1) = / J(x =)ot (t, y; to)dy — duut (1, x; 10)
R
+ 3 (1, ut (8, x; 10)) + 3,/ (1, u™t (8, x; 10)) ™ (8, %3 10), 1> 1.

Pick an arbitrary sequence {x,} with x, — —oco0 as n — co. We see that there is an M > 0 such
that

max {9t (t, x5 t0)| , [9uu™ (£, 305 10)|} <M forall >ty and n> 1.

Since u™ (¢, x,; ty) € [0, 1] for all £ > ¢y and n > 1, we conclude from the Arzela—Ascoli theorem
that there exists a continuous function w : [y, 0c0) — [0, 1], differentiable on (#y, c0) such that

ut(t, x,; ty) = w(f) locally uniformly in ¢ € [ty, 00) as n — oo, and

dut (1, X3 ) = wi(¢) locally uniformly in ¢ € (fy, 00) as n — 0.

As a consequence, letting x — —oo along the sequence {x,} in (4.2), we find that w(¢) is the
unique solution of

W) =f({t, WD), > 1,
w(ty) =1—6,.

Now, comparing f (¢, u) with fz(u), we conclude from the comparison principle for ODEs that
w(t) > 1 — 6, for all ¢ > 5. But the monotonicity of u™ (¢, x; o) in x from (i) yields

lim ut(t,x;00) = lim ut(t,x,500) =w(@t) >1—06,, > 1.
X——00 n—00

The limits lim,_, o u~ (¢, x;%) =1 and lim,_, o u™ (¢, x; 1)) < 8, follow from similar argu-
ments, and therefore, we omit the proof. O
By Lemma 4.2, for any A € (65, 1 — 6,), the interface locations Xf(r; to) € R such that

uE(, XE( 10); t0) = A

are well defined for all ¢ > £,.
The first lemma gives the uniform boundedness of the gap between the interface locations of
wt (1, x; to) and u(t, x).

Lemma 4.3 For any A € (65,1 — 6,), there hold

sup sup |X;"(t; o) — X(#)| < oo.

toeR 21y
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624 W. Shen and Z. Shen

Proof Let A € (65,1 —6,). By the definition of u], we see that ug (x — Xi_g,(ty)) < u(to, x) for
x € R. Comparison principle then yields u™*(z, x; ) < u(t, x) for x € R and ¢ > #;. In particular,
X;F (85 t0) < X (2) for all £ > 1.

Moreover, we readily check that

ua_(x - X@z(to) - h) + 92 > u(t07 x))
which is equivalent to
u(to, x + Xo, (o) + h — Xi_4,(f0)) — 62 < ug (x — X1-0,(t0)) = u™ (f0, x; to).

Setting L := sup, g |Xp,(f0) +h — Xi-4,(f0)| < 00, we see from the monotonicity of u(#, x) in x
that

u(ty,x —(—L)) — 6, < u+(t0,x; 1) for all #) € R.

We apply the ‘In particular’ part in Corollary 3.3 to conclude that
u(t,x — (=L — /%)) — 6, <u(t,x — (=L — %)) — 6T <yt (1,x; 1), x€R,

for all # > ¢y and 7y € R. Setting x = —L — /% + X)40,(1), we find

r<ut(t,—L— % + Xi40,(0); 10),
which implies by monotonicity that

X;(t; to)>—L— 1% +Xyq6,(t) forall > 1.
Hence, we have shown that
Xt 10) <X (1) and X[ (1;10) > —L — % + X106, (2)

for all ¢ > 79 and 7y € R. Since sup,cg | Xy () — Xjp49,(f)| < 00 and L, 6, and 4 are #p-independent,
we arrive at

sup sup | X;F (4 to) — X,.(1)] < oo,

toeR =1

which is clearly equivalent to sup, g sup,-, 1X,F(2; 1) — X (£)] < o0.
The another result sup, g sup-,, |X; (% 7) — X (¢)| < oo follows along the same line. O

Next, we prove the uniform exponential decaying estimates of u= (¢, x; #y).

Lemma 4.4 There exist ¢t > 0 and h* > 0 such that

—ct(x—=X()—hT) ¢~ (x=X()+h7)

ut(t,x;t)<e and u (t,x;t0)>1—e

forallxeR, t>tyand ty e R.
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Existence, uniqueness and stability of transition fronts 625
Proof We prove the first estimate; the second one can be proved in a similar way. Note first

that (¢, u) < —Bou for u € [0, 6]. Let

h :=max {sup |X0Jg(t; to) — X(D)l, Suﬂ[g |Xi—6,(1) —X(t)|} <00
te

>t
by Lemma 4.3, since 6, € (65, 1 — 6,). We consider
Nlu] = o — [J *xu — u] + Bou.
Since ut(t, x; ty) < 6y for x > X(;g(t; to), we find
N[ut]=Bou" +f(t,u") <0 for x>X\(t;10).

In particular, N[u"] < 0 for x > X(¢) + h.

Now, let ¢ > 0. We see

N[e™ X0 = [c)'((z) - / J(y)e“dy+1+ ﬂo] e XO=h)
R

Since X(f) > ¢min > 0 by (1.7) and [z J(3)e?dy — 1 as ¢ — 0, we can find some ¢ > 0 such
that N[e~¢ <=X®0-M] > 0. Thus, we have

o N[ut(t,x;19)] <0 <N[e < &—XO-M] for x > X(f) + h and t > t,,
o ut(t,x;ty) <1 <e < XD for x < X(f)+ h and t > t,
o ut(t0,x; 1) = U (x — Xi_g,(t)) < e X @M for x ¢ R,

We then conclude from Proposition A.1(i) that u™(z, x; £9) < e~ &=XO=M forall x e R, t > 1, and
tp € R. This completes the proof. O

We also need the uniform-in-f, exponential convergence of u™(t, x; t) to u(t, x).

Lemma 4.5 There exist ty-independent constants C > 0 and w, > 0, and two families of shifts
{é,ﬁ},oeﬂg C R satisfying SUPy ek |§,f)[| < 00 such that

sup |u=(t, x; to) — u(t, x — Etf) < Ce~+i=10)
xeR

forallt>tyandty e R

Proof Let C; = sup;p |1Xp, (f) — Xi—9,(1)| < 00. Then, it is easy to see that for any 7 € R,
u(to,x +C+ h) — b6, < u(‘)"(x —Xl_gz(t())) < u(to,x) +e€, xeR,
u(ty,x) — €9 < ua(x —ng(to)) <u(ty,x —Cy —h)+6,, xeR,
for arbitrary fixed € € (0, min{}—v 6y, 1 — 61}), that is,
u(to,x + Ca + h) — po < u' (to,x; 1) < u(to,x) + pr0, x€R,
u(t()nx) — Mo S u_(thx; tO) S l/l(t(),x - C2 - h) + Mo, X e R)

where o = max{6,, €} and % is as in (4.1). Since C;, & and u( are independent of 7y € R, we
apply Theorem 3.1 to conclude the result. O

Finally, we prove Theorem 4.1.
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Proof of Theorem 4.1 By Lemmas 4.4 and 4.5, we have
u(t x — gtJr) < qu(t X tO) + Cefw*(tfto) < efc"'(fo(t)fh'*') + Ce*w*(f*fo)
b O —_— 2 2 —_—

for all xeR and 7>1#y. Since sup, . |ég| < 00, there exists £ € R such that 5,:; — &1 as
to — —oo along some subsequence. Thus, for any (¢, x) € R x R, letting #{;, — —oo along this sub-
sequence, we find u(t,x — &+) < e~ @=X(O=/") The lower bound for u(t, x) follows similarly.
The ‘in particular’ part then is a simple consequence of the fact that sup,. | X, (f) — X(¢)] < o0

for any A € (0, 1). O

5 Uniqueness and monotonicity of transition fronts

In this section, we study the uniqueness and monotonicity of transition fronts of (1.1) under the
assumptions Hypotheses (H1)—(H3) and the assumption that (1.1) has a space non-increasing
transition front u(z, x).

Let v(¢, x) be an arbitrary transition front (not necessarily non-increasing in space), and u(?, x)
be an arbitrary space non-increasing transition front of (1.1). Let Y(?), Y;t(t) be the interface
location functions of v(¢, x), and X (?), X,.(t) = X, Ai(t) be the interface location functions of u(z, x).
By Proposition 1.2, we may assume that both X(7) and Y (¢) are continuously differentiable and
satisfy (1.7). By Corollary 2.3, X; (¢) is continuously differentiable. But, Y,\i(t) may have a jump.

We prove the following theorem.

Theorem 5.1 There exists some & € R such that v(t,x) =u(t,x + &) for all (t,x) eR xR. In
particular, v(t, x) is non-increasing in x.

To show Theorem 5.1, we first prove the following lemma.
Lemma 5.2 There holds sup, g | X(¢) — Y(f)| < o0.

Proof Since sup,.p |X% () = X(?)| < 0o, it suffices to show: (i) sup,.q Y (?) —X% ()] < o0;
(ii) sup,< | Y (2) —X% ()] < o0.
(i) Let p € (0, min{3, 6p, 1 — 6 }) be small. We first see that

u(0,x =Y~ (0) +X,(0)) — u < v(0,x) <u(0,x — Y:(O) +Xi-,0)+un, xeR (5.1
In fact, if x > ¥, (0), then by the monotonicity of u(#, x) in x, we have
u(0,x — Y_,(0) + X,(0)) — u < u(0, X,,(0)) — =0 < v(0,x).
Ifx < Y,_,(0), then
v(0,x) > 1 — > u(0,x—Y_ (0)+X,(0)) — p.

This proves the first inequality. The second one is checked similarly.
Setting &, =Y,_,(0) — X,(0) and INES Y:(O) —X1-,(0) in (5.1), and then, applying
Corollary 3.3 to (5.1), we find

ut,x —E)—p<vt,x) <u(t,x—&N)+pu, xeR, (5.2)
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Existence, uniqueness and stability of transition fronts 627
for all >0, where £* =§0i + %. It then follows from the first inequality in (5.2) and the
monotonicity of u(¢, x) in x that

1
3 —M:u(t,X%(t))—/L<u(t,x—5_)—,u,§ v(t,x) forall x<§_+X%(t),

which implies that £~ + X 1 OH=<Y; u(t) for t > 0. Similarly, the second inequality in (5.2) and
1

the monotonicity of u(z, x) in x implies that
1
v(t,x)<u(t,x —EN)+u < u(t,X%(t)) +u= 3 +pn forall x>¢&7" +X%(t),

which leads to YJr (t) <&t +X1 () for t>0. Since sup,.p |Y_ (t) — Y(t)] <oo and
sup,g 1Y () — Y + (t)| < oo by Lemma 2.2, we conclude that sup,.., |X 1 (t) — Y(#)| < o0.

(ii) Suppose on the contrary that sup,, [Y(£) —X 1 ()] = o00. Since both Y(¢) and X 1 () are
continuous, there exists a sequence #, — —oo as n — 00 such that either Y(t,)—X 1 (tn) 2 ooor
Y(,) —X%(t,,)—> —00 as n — o0.

Suppose first that Y(z,) —Xl (t,) — oo as n— oo. Since sup,cp |Y (1) — Y_(t)| <00, we in
particular have Y (t,) — X1 (t,) = oo as n — oo. Then, for any u > 0 and 50 € R, we can find

an N =N(u, &) > 0 such that ty <0 and u(ty,x — &) — u < v(ty, x) for x € R. We then apply
Corollary 3.3 to conclude that

A
u(tax_50+_ﬂ)_ﬂfv(tax)a XGR, r>1y.
1)
Then, setting t = 0 in the above estimate, we find from the monotonicity of u(z, x) in x that

1 Ap Aup
5 —//LZM(O,X%(O)) - KM <u(0’x_§0+ _)_/“L = U(Oix)i VX<§0 - +X%(0)’
w w

which implies that & — == +X 1(0) < Y (0). Letting & — oo, we arrive at a contradiction.

Now, suppose Y(t,) — X1 (t )—> oo as n — 0o, which implies Y*(t )— X1 (t,) —> —o0 as

n — o0o. Then, for any pu > 0 and & € R, we can find some N = N(/L, &)>0 such that ty <0
and v(ty, x) < u(ty,x — &) + p for x € R. Applying Corollary 3.3, we find

A
v(t,x) S u(t,x — & — —M)+u, xeR, t>ty.
1)
Setting 7 = 0 in the above estimate, we find
Ap 1 Ap
v(0,x) <u(0,x — & — ?) T <u(0,X1(0) +pn = 7 i Vx> &+ — +X1(0),

which implies that Y + (0) <&+ =B A" +X 1(0). This leads to a contradiction if we let &, — —o0.
Hence, we have supt<0 |Y H—-X 1 (t)| < 00. ThlS completes the proof. O

Now, we prove Theorem 5.1.
Proof of Theorem 5.1 Let 05 € (0, min{6y, 1 — 6,}). For #) € R, we define

u” (to, x) = ulto, x — Y\_y,(f0) + Xo;(10)) — 03,
u* (to, X) = ulto, x — Y5 (o) + X165 (t0)) + 65.
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628 W. Shen and Z. Shen
We claim
u” (to,x) < v(to,x) <u'(fo,x), xeR.
In fact, if x > Y, o (%), then by monotonicity,
u” (fo, x) < u(ty, Xp, (%)) — 03 = 0 < v(to, x).
Ifx<VY 1193 (%), then by the definition of Yljes (%),
v(tg, x) > 1 — 63 > u (¢, x).

Hence, u~ (1, x) < v(ty, x). The inequality v(fy, x) < u™ (¢, x) is checked similarly.
By Lemmas 2.2 and 5.2, we have

L :=max { sup |Y1_7(,3 (to) — Xo,(t0)1,
R

e

sup | Y (t0) —Xl_@3(to>|} < 0.
theR

Then, shifting u~(fy, x) to the left and u™ (¢, x) to the right, we conclude from the monotonicity
of u(t, x) in x that for all £y € R, there holds

uto,x + L) — 63 < u (to, x) < v(to,x) < u™ (to, x) < u(to,x — L)+ 63. (5.3)

That is, we are in the position to apply Theorem 3.1. So, we apply Theorem 3.1 to (5.3) to
conclude that there exist #-independent constants C > 0 and w, > 0, and a family of shifts
{61 }rer C R satisfying sup, g 1§, | < 0o such that

sup [v(t,x) — u(t,x — &,)| < Ce™*(710)

xeR
for all > #p. We now pass to the limit #y — —oo along some subsequence to conclude &, — &
for some & € R, and then conclude that v(¢, x) = u(t, x — &) for all (¢, x) € R x R. This completes
the proof. O

6 Periodicity and asymptotic speeds of transition fronts

In this section, we study the periodicity of transition fronts of (1.1) under the additional time
periodic assumption on f; that is, there exists 7 > 0 such that /(¢ + T, u) =f(¢,u) for all te R
and u € [0, 1]. We also study asymptotic speeds of transition fronts of (1.1) under the additional
uniquely ergodic assumption on £, that is, the dynamical system {o;},cr defined by

o H(f) = H(), [frf(+1) (6.1)

is compact (i.e. H(f) is compact and metrisable) and uniquely ergodic, that is, {0;};cr admits
one and only one invariant measure, where

H()={f(+1):1eR}

with the closure taken under the open-compact topology (which is equivalent to locally uniform
convergence in our case). Throughout this section, we assume (H1)—-(H3).

Let u(#,x) be a space non-increasing transition front of (1.1) with interface X(#). The main
results of this section are stated in the following theorem.
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Existence, uniqueness and stability of transition fronts 629

Theorem 6.1 (i) Assume that f(t,u) is T-periodic in t. Then, u(t, x) is a T-periodic travelling
front; that is, there are a constant ¢ > 0 and a function ¥ : R x R — (0, 1) satisfying

WY =J %Y — ¢+ o+, ¥),
lim,—, oo W(t» .X) =1, lim, I//(t, .X) =0 uniformly intelR, (62)
v, )=y +T,) forall te R,

such that u(t,x) = (t,x — cf) for all (1, x) € R x R. In particular,
o S S 000 (1 x)dxdt
S o 0P dedr

(i) Assume that f(t, u) is uniquely ergodic in t, and, in addition, twice continuously differen-
tiable with

sup [0/ (2, w)] + |00/ (2, u)| + |0 f (2, w)|] < 00.
(tu)eRx[—1,2]

Then, the asymptotic speeds lim;_, 1, )@ exist.

To prove Theorem 6.1, let us first do some preparation. Note that if f/ is periodic in ¢, then it
is uniquely ergodic. In the rest of this section, we assume that f(¢, u) satisfies the assumptions in
Theorem 6.1(ii).

Observe that any g € H( f) satisfies (H2)—(H3) due to the regularity assumptions on f'(¢, u). For
any g € H(f), there is a sequence {¢#,} such that /(¢ + ¢,, u) — g(t, u) as n — oo in open-compact
topology. By the regularity, without loss of generality, we may assume that there is u3(%, x) such
that u(t + t,, x + X(t,)) = u8(t, x) as n — oo in open-compact topology. It is not difficult to see
that u8(¢, x) is a space non-increasing transition front of

ou=J xu—u-+ g(t,u). (6.3)

Then, u4(¢, x) is the unique transition front of (6.3) satisfying the normalisation X% (0) = 0, where
2
X{ (1) is the interface location function of u#(z, x) at 3, that is, u%(t, X} (1)) = 3 forall £ € R.
2 2
Let

Yt x) = ué(t,x —i—Xf(t)), V(t,x) eR x R, (6.4)

be the profile function of u2(#, x). Then, ¥8(z, 0) = % forall e R.
We prove the following.

Lemma 6.2 There hold the following statements:

(1) for any g € H(f), there holds
YE(t+T,x) =987 (t,x), VY, T,x)eRXxRxXR,

whereg-t=g(-+1,");
(ii) there holds sup, ;e xr |Xfl'r(t)| < o00;
2
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(iii) if; in addition, f is twice continuously differentiable and satisfies

sup (104 (1, )| + 10 (1, w)] + |8, (1, w)]) < 00,
(tu)eRx[—1,2]

then there hold

sup [/ (8, %) + 10 (8, )] + 9" (8, )] + |9as T (8, %)
(t,1.x)eRXRXxR

+|atxuf'r(tax)| + |axxuf'r(ta x)'] <00,
and

sup (W60 199 T X+ 10T (8 )] 4 199 T (8, %)
(t,tx)eRxRxR

H oy (6 2]+ 18y (1, 2)]] < 0o
(iv) the limits
lim ¥%(¢t,x)=1 and lim ¥4(t,x)=0
x——00 X500
are uniformly int € R and g € H(f),

(V) there holds Sup,y( ) SUp;cg X g% ()| < oo;

We remark that (ii) is a special case of (v), but it plays an important role in proving the lemma,
so we state it explicitly.

Proof of Lemma 6.2 For simplicity, we write X4(r) = X¥(¢). Therefore, u8(t, X2(t)) = % and
2

X8(0)=0.
(1) Fix any T € R. We see that both

w(t,x) =987 (t,x — X7 () and wuy(t,x)=vE(t+1,x— X8(t+ 1))

are transition fronts of d,u =J *u — u + g(¢t + v, x). Then, by uniqueness, that is, Theorem 5.1,
there exists & € R such that u (¢, x) = u, (¢, x + &). Moreover, since

w6, X7 (@) =y (,0)= % and w(t, X5(t+1)=vE(t+17,0)= %
we find

i, XE( 4 7)) = 1alt, X¥( 4 T) =,

and hence,
X8t =X8(t+1)—& (6.5)
by monotonicity. It then follows that

YET(t, x) =u1(t,x + X7 () = ua(t, x + X8 (1) + &)
=u(t,x+ X8+ 1)) =V + 1,x%).
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Existence, uniqueness and stability of transition fronts 631
(i) For each v € R, we obtain from (6.5) that
X=X (t+1)—&, ViteR,
for some & = &(7). The result then follows from Corollary 2.3.
(iii) By (6.4), (ii) and Proposition 1.2 (ii), there hold

sup  [u! (t,x) + 19! (1, 0) + |8/ (2,%)]] < o0,
(tx)eRxR

sup [/ (1) + 8,97 (¢, %) + 1997 (2, x)]] < o0,
(tx)eRxR

which together with (i) give

sup [/ (t,x) + 18T (1, )] + |8/ (2, x)|] < o0,
(t,t.x)eRxR

sup  [Y (@ x) + 139t x)] + 199 T (8, x)]] < oo
(t,tx)eRxR

(6.6)

Since
dul T =T xulT —u T4 f(t 4T, U,
we can take the partial derivatives to conclude from (6.4), (6.6) and the assumptions on /" that

sup  [18,u’ (8, %)| + |35t/ " (£,x)]] <00 and sup  |0x¥ /T (2, x)| < 0.
(t,T.x)eRxR (t,rx)eRxR

It remains to show

sup |0’ 7 (1,x)] <00 and sup 10/ (2, %) < 00 (6.7)
(1,1 x)eRxRxR (t,tx)eERxRxRR
and
sup |0,y T (2, x)| < o0 (6.8)
(t,tx)ERXxRxR

Due to (6.4) and (i), (6.7) follows if we can prove

sup |9’ (1,x)] < 00. (6.9)
(t.x)eRxRxR

Note that 9,1/ (¢, x) satisfies the equation
30’y =J % du’ — ol + 8,1 (1, u" Yo’ .

The uniform bound (6.9) can be proved by directly adapting the arguments leading to
Proposition 1.2 (ii) from the equation 8,u/ =J % u/ — u+ f(t,u’). We refer the reader to [57,
Section 3] for detailed arguments, which require the propagating properties of #/ and the uniform

bound on d,,f and 9,,f.
By Corollary 2.3, we find X/'*(f) = _%ﬁz((?))) Taking the time derivative and using (ii),
(6.6) and (6.7) lead to '

sup X7 (#)| < o0.
(t,r)eRxR
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632 W. Shen and Z. Shen

Taking the second time derivative of ¥/ 7 (¢, x) = u/ " (t, x + X7 (1)), we deduce (6.8)
(iv) By (i), we in particular have

vt x) =y (t+1,%), Yt T,x)eRxR xR.

Since the limits v/ (¢,x) — 1 as x — —oo and ¥/ (¢, x) — 0 as x — oo are uniform in ¢ € R, we
find

lim v/ 7(t,x)=1 and lim ¥/ 7(/,x)=0 uniformlyin (t,7)eRxR.  (6.10)
X—>—00 X— 00

For any g € H(f), there is a sequence {f,} such that g, :=f-t, — g in H(f). By (iii) and
Arzela—Ascoli theorem, there exists a continuous function (-, -;g) : R x R — [0, 1] such that
lim,,—, o Y8 (¢, x) = ¥ (¢, x; g) locally uniformly in (¢, x) € R x R. We then conclude from (6.10)
that

lim ¢(,x;2)=1 and lim ¢¥(f,x;2)=0 uniformlyin reR and g€ H(f). (6.11)
X—>—00 X—> 00

It remains to show ¥8(¢, x) = ¥ (¢, x; g). Fix any g € H(f). By (ii), there exists a continuous
function X(-; g) : R — R such that, up to a subsequence,

X&) > X(,g) and Y (t,x — X*(0) > ¥ (1, x — X(; €); &) (6.12)

as n — oo locally uniformly in (¢, x) € R x R. By (iii), we also have

%Iﬂg“(f,x—Xg”(t))% %Vf(t,x—X(t;g);g) (6.13)

as n — oo locally uniformly in (¢, x) € R x R. Thus, ¥ (¢, x — X(¢; ); ) is a global-in-time solu-
tion of (6.3), and hence, it is a transition front due to (6.11). Uniqueness of transition fronts and
the normalisation X47(0) = 0 then imply that ¥8(¢, x) = ¥ (¢, x; g).

(v) It is a simple consequence of (ii), (iii) and the proof of (iv). O

Now, we prove Theorem 6.1.

Proof of Theorem 6.1 (i) By periodicity, u(t+ T,x) is also a transition front of (1.1).
Theorem 5.1 then yields the existence of some & € R such that

u(t+T,x)=ut,x+§), V(,x)eRxR (6.14)
Fix some 0, € (0, 1). Setting t =0 and x = Xy, (7T) in (6.14), we find
0, = u(T, X, (T)) = u(0, X, (T) + &),
which leads to Xy, (0) = Xy, (T) + & by monotonicity. It then follows from (6.14) that
w(t+T,x)=u(t,x + Xp,(0) — X, (T)), V(t,x)eRxR.

Setting ¢ = w and ¥ (t,x) =u(t,x + ct) for (t,x) € R x R, we readily verify that

(c, ¥) satisfies (6.2). The fact that ¢ > 0 follows from the fact u(#, x) moves to the right.
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Existence, uniqueness and stability of transition fronts 633

To find the formula for ¢, we multiply the equation in (6.2) by 0¥ (¢, x), and then take the
integral over R with respect to dx to find

/ OO = f U  P)dwrd — f podc+ ¢ / (@) + / £t Yo,
R R R R R
Clearly, [, Yo Wdx =1 [, 0.(¥?)dx = —1. We find from integration by parts that
f U # ¥)hpde=— lim [ f " U= i, x)} - f U % )
R RO VRN R
— - / ),
R

where we used the symmetry of J. Thus, fR(J * U)o Wrdx = —%. Hence,

[ avawar=c [@ract [ ru v
R R R

Now, integrating the above equality over [0, ] with respect to df, we conclude from the 7T-
periodicity of v(z, x) that fOT Jg 0¥ 0 prdxdt = 0, which leads to

T T
— 2
0=c /0 /R (05 )dxdt + /0 /R 1(t, )3 Wdxdt.

The formula for ¢ follows.
(ii) Write X&(f) = X§ (¢). Since sup,g | X7 (1) — X(¢)| < oo, it suffices to show the existence of
2
the limits lim, . +o, 2. Since

f () — X/ r,
lim )ﬂz lim MZ lim l/ Xf(s)ds,
0

t—>+o0 t t—+00 t t—+00 f

we only need to show the dynamical system (i.e. the shift operators) generated by X7 (¢) is
compact and uniquely ergodic.
To this end, we first derive a formula for X2(r). We claim

e JOWEE =)y — L+ gt )
o Pe(t, 0) ’

In fact, differentiating u8 (¢, X4(¢)) = %, we find

X8(t) =

VieR. (6.15)

0, XE(@) [ x B, )] (XE(D) — uB (5, X2(0) + g (1, uB (1, X2(9)))

A== e xw) ~ (6 X0

The equality (6.15) then follows from u8(¢, x + X8(¢)) = ¥8(¢, x) and u8(¢, X8(t)) = % Note that
due to (i) in Lemma 6.2 and (6.15), there holds X¢7(f) = X%(t + t) for all £, T € R.
Next, we define

e the phase space H = {(¥%, X%): g € H(f)}, equipped with the topology of locally uniform
convergence in € R and uniform convergence in x € R;
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634 W. Shen and Z. Shen
o the shift operators {6 };cr, that is, the dynamical system on H,
GiiH— H, (Y&, X8> (Y, X8 = (Y( +1,), X5+ 0));
e an operator 2: H(f) — H, g+ (V& X?).
Clearly,
6,0Q=Qoo0, VteR, (6.16)

where {o,},cr is given in (6.1).

We show that 2 is a homeomorphism. We first claim that €2 is continuous. To do so, let
{gn} C{f -t:71eR}(since {f-7:7eR}isdensein H(f))and g, € H(f), and assume g, — g
in H(f) as n — o0o. We show Qg, — Qg in H(f) as n — 00. By (6.15), this is the case if we can

show
Y (t,x) = Y& (¢, x) locally uniform in # € R and uniformly in x € R 6.17)
and
oY (t, 0) — 0, (¢, 0) locally uniform in t € R (6.18)
as n— 00.

As in the proof of (iv) in Lemma 6.2, there exist continuous functions X*: R — R and ¢* :
R x R — [0, 1] such that

X&(t) = X*(t) and Y2 (t,x — X% (£)) = ¥*(t,x — X*(¢)) locally uniformly in (f,x) e R x R

as n — 00. As in (6.13), we also have
d d . . . .
Etl/fg” (t,x — X5 (1)) —> EI/J (t,x — X*(¢)) locally uniformly in (¢,x) e R x R

as n — oo. In particular, ¥*(¢, x — X*(¢)) is global-in-time solution of (6.3) with g replaced by
g*. Moreover, (iv) in Lemma 6.2 forces *(¢,x — X*(¢)) to be a transition front, and hence,
¥ (t, x) = ¥&*(t, x) by uniqueness and normalisation. It then follows that yr8(z, x) — ¥r8*(t, x)
locally uniform in (¢, x) € R x R as n — oo. But, this actually leads to (6.17) due to the uniform
limits as x — 400 as in (iv) in Lemma 6.2.

The convergence (6.18) follows from Lemma 6.2 (iii). This proves the convergence of g, to
Qg in H(f) as n — oo. Hence, €2 is continuous.

Clearly, from the continuity of Q and the compactness of H(f), H = Q(H(f)) is compact, and
hence, H = {(y/*, X/**) : t € R}. Thus, if we can show that € is one-to-one, then its inverse !
exists and must be continuous, and hence, 2 is a homeomorphism.

We show €2 is one-to-one. Assume Qg = g, that is, (8! ,Xgl) = (wgz,ng). In particular,
X8 = X% which together with the normalisation X! (0) = 0 = X2(0) gives X% = X<2_ It then
follows from (6.4) that

uBl(t,x) = uf2(t,x), (t,x)eR xR,

which leads to g (¢, u(t, x)) = g2(¢, u(t, x)), where u = u! = u82. Since u(t, x) is continuous and
connects 0 and 1 for any 7 € R, we conclude that g; = g, on R x [0, 1]. Hence, €2 is one-to-one,
and therefore, €2 is a homeomorphism.
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Existence, uniqueness and stability of transition fronts 635

Since Q is a homeomorphism, invariant measures on H( /) and H are related by . We then
conclude from (6.16) and the fact {o;};cr is compact and uniquely ergodic that {;};cg is com-
pact and uniquely ergodic. Now, define ® : H — R by setting ®(/¢, X€) = X2(0). Clearly, ® is
continuous. We then conclude from the unique ergodicity of {6;};cr that there exist constants
¢t =c*(®) e R such that

lim © f t O(6,(Y, X8))ds = ¢t
0

t—+too f
uniformly in g € H(f). In particular, lim,_, 1o, % fot O(6,(y/, X ))ds = c*. But
@GP, X)) = DY/ (- +5,), X (- +9)=X(s).

This completes the proof. O

7 Existence of space non-increasing transition fronts

In this section, we investigate the existence of space non-increasing transition fronts of equation
(1.1). Throughout this section, we assume (H1)—(H4).
The main result of this section is stated in the following theorem.

Theorem 7.1 Equation (1.1) admits a transition front u(t, x) that is non-increasing in space.

Proof We use the perturbation method. Fix 0 <¢y; < 1. For € € (0, ¢p], we consider the
following perturbation of (1.1):

ou=Jxu—u—+ednu+f(tu), (tx)eRxR. (7.1)

The advantage of considering the above perturbed equation is that we are able to apply the
methods in [49] (also see [16, 17, 51]) to construct transition fronts of (7.1). Here, we are not
going to repeat the construction since it is lengthy. We just point out that the construction highly
relies on the regularity of solutions of (7.1) coming from the regular perturbation €u,,, and the
instability of the solution u(#) of the ODE (1.4), which forces approximating solutions to stay
steep in the course of propagation so that any limiting point of approximating solutions is a
transition front.

Thus, for each € € (0, €], equation (7.1) admits space decreasing transition fronts. Moreover,
direct adaption of the proof of Theorem 5.1 yields the uniqueness, up to space shifts, of transition
fronts of (7.1). For each € € (0, ], let u°(¢, x) be the unique transition front of (7.1) satisfying
the normalisation u¢(0, 0) = % Also, from the construction, there also holds the uniform bounded
interface width for {1 (2, X)}ce(0,¢,], that is,

YVO<A <l <l, sup supdiam {x e R: A; <u(z,x) < Ay} < 00. (7.2)
€e(0,e0] teR
Note that if the sequence {u€(¢, x)} converges to some solution of (1.1), then this solution must
be a transition front of (1.1) due to (7.2). However, the convergence of {u(, x)}ce(0,¢,) to SOme
solution of (1.1) is far from being clear, since we have no idea whether d,u¢(¢, x) and 0y, u¢(t, x)
are locally bounded in (7, x) and uniformly in €, that means, we cannot simply pass to the limit
€ — 01in (7.1). To circumvent this difficulty, we first consider solutions in some weak sense.
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We see that for any ¢ € C5°(R), there holds

/ue(t,x)qﬁ(x)dx:/ Lf(O,x)(;S()c)cz’)c—i—/‘t/[J>x<u6 — u)p(x)dxdt
R R 0 Jr (73)

+e/0 /l;u (t,x)p (x)dxdr—l—/o /Rf(r,u (1, x))p(x)dxd.

To pass to the limit € — 0 in (7.3), we derive some convergence properties of u¢(¢, x).
Since {u(t,x)} is pre-compact in L}OC(R x R) (see Lemma 7.2), we can use the diagonal
argument to find some u € L}

1R x R) and a sequence {e,} such that
u(t,x) — u(t,x) for a.e. (1,x) e R x R as n — oo. (7.4)
Let 2 C R x R be a measurable set with Lebesgue measure zero such that

u" (¢, x) — u(t, x) pointwise in (¢, x) € (R x R)\Q as n — oo.

Since the functions {#"(0, x)} are decreasing in x and uniformly bounded, Helly’s selection the-
orem implies that there exists a subsequence, still denoted by {¢,}, and a non-increasing function
v(0, -) such that

u (0, x) — v(0, x) pointwise in x € R as n — oo. (7.5)

Fix t € R\{0}. Again, by Helly’s selection theorem, there exists a subsequence {e, J C {en} and a
non-increasing function v(#, -) such that

t . . .
uk (¢, x) — v(t, x) pointwise in x € R as k — oo.

Clearly, u(t, x) = v(t, x) for (¢, x) € (R x R)\ 2. We then redefine u(¢, x) on €2 to be v(z, x). Hence,
(7.4) is still true, and, moreover, for any ¢ € R, we have

Uk (1, ) — u(t, x) pointwise in x € R as k — oo, (7.6)

where {egk} = {e,}. Also, u(t, x) is non-increasing in x.
Now, for fixed ¢ € R, using (7.4), (7.5) and (7.6), we pass to the limit ¢ — 0 along the
subsequence {e,’,k} as k — oo in (7.3) to obtain

/ u(t, x)p(x)dx
R

= /R u(0, x)(x)dx + /Ot A[J *u— ulp(x)dxdt + /: Af(r, u(t, x))p(x)dxdr

=/ {u(O,x) +/ [J *u—uldt +/ f(z, u(r,x))dr} P (x)dx

R 0 0
for any ¢ € C3°(R). In particular, for any fixed t € R,
u(t,x) = u(0,x) + /t [Jxu—u+f(r,u(t,x))]dt for ae xeR. 7.7
0

For t e R, let 2, C R be the measurable set with measure zero such that (7.7) is true for any
x € R\2,. Note that R\, is dense in R, otherwise €2, contains an open interval, which is
impossible.
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Existence, uniqueness and stability of transition fronts 637

For (t,x) € R x R, define

u(t,x)= lim  u(t,y).
(&) YER\Qpylx (t.7)

This is well defined, since u(¢, x) is non-increasing in x and R\, is dense in R. By (7.7), we
have that for any 7 € R,

t
u*(t,x) = u*(0,x) +/ [Jxu* —u* +f(z,u"(r,x))]dt forall xeR.
0

This implies that u*(¢, x) is continuous in ¢ uniformly with respect to x € R and then
o =Jxu* —u* +f(t,u*) forall (t,x)eR x R.

We then conclude from (7.2) that u*(¢, x) is a transition front. Moreover, u*(¢, x) is non-increasing
in x, since u(t, x) is non-increasing in x. O

To finish the proof of Theorem 7.1 under assumption (H4), we prove the following lemma.

Lemma 7.2 {u“(-, *)}ec(0p] is pre-compact in L, (R x R).

loc

Proof We first show that
{2, )} ee(o.c0],rer 1S pre-compact in L}OC(R). (7.8)

Since u*(t, -) is a decreasing function for any € € (0, €9] and 7 € R and {u*(#, -)}ee(0,¢].rer 1S uni-
formly bounded, Helly’s selection theorem yields that for any sequence (€,,t,) there exists a
subsequence (€, , t,,) C (€4, t,) and a non-increasing function v : R — [0, 1] such that

Uk (t,,, x) = v(x) pointwise in x € R as k — oo,
which, together with dominated convergence theorem and boundedness, imply that
Uk (ty,, ) — v in L}, (R) as k — oc.

This verifies (7.8).

Fix r > 0 and let B, = (—r,7) x (-7, r). It remains to show that {1 (7, X)}ce(0,¢,] restricted to B,
is pre-compact in L'(B,). Applying the classical compactness criterion in L!(B,) (see, e.g., [2,
Theorem 2.32)), it suffices to verify

(i) for any € > 0, there exists O C B, such that
[ u(t, x)dtdx < |B,\O| < €
BA\O

for all € € (0, €];
(i1) for any € > 0, there exists § > 0 such that

lu€(t + At,x + Ax) — u(t,x)| dtdx < €
B,

for all € € (0, €p] and (At, Ax) € R x R with |Af] + |Ax| < 3.
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Clearly, (i) follows from the uniform boundedness of {1(#, x)}ce(0.¢,]- It remains to prove (ii).
To this end, let € > 0. For (Af, Ax) € R x R, we have

lu€(t + At,x + Ax) — u (¢, x)|dtdx
Br (7.9)
< lu(t + At, x + Ax) — u(t + At, x)|dtdx + |u(t + At, x) — u (¢, x)|dtdx.
By By
We use (7.8) to control the first integral on the right-hand side of (7.9). In fact, by (7.8) and [2,
Theorem 2.32], for any € > 0, there exists §; > 0 such that

" €

luf(t, x + Ax) — u(t, x)|dx < —
— 4r
for all € € (0, ¢¢], € R and Ax € R with |Ax| < §;. It then follows that

[u(t 4+ At, x + Ax) — u(t + At, x)|dtdx <
By

S AR

for all € € (0, €] and (At, Ax) € R x R with |Ax| <.
For the second integral on the right-hand side of (7.9), we claim the existence of some
continuous and non-decreasing function «,.(-) satisfying «,(0) = 0 such that
[u(t + At,x) — u (¢, x)|dx < a,.(|At]) (7.10)
forall € € (0, ¢g] and ¢ € R. Assuming (7.10) for the moment, we see that there exists §, > 0 such
that

|u(t + At,x) — u(t,x)|dtdx <
B,

N ™

for all € €(0,¢9] and At e R with |At| < §,. Setting § = min{§;, 5}, we verify (ii) and then
complete the proof.
It remain to show (7.10). We follow the arguments as in the proof of [50, Lemma 2.5]. Let
v(x) = u(t + At,x) — u(t, x). Then, for any s > 0
s N
[v(x + Ax) — v(x)|dx < lu(t + At,x + Ax) — u(t + At, x)|dx

—S —S
s

+ luf (2, x + Ax) — u(t, x)|dx

—S

=< as(| Ax)),

forallt € R, At € Rand |Ax| < §;, where &,(+) is a continuous and non-decreasing function satis-
fying &;(0) = 0. The existence of such a function &,(-) follows from (7.8) and [2, Theorem 2.32].
We then apply [50, Lemma 2.1] to conclude that

f ' [lv@)] — v(x)g"(x)| dx < 2a,(h), YO <h<s, (7.11)
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Existence, uniqueness and stability of transition fronts 639

where g” =3 n( ) * sign(v) for some fixed non-negative n € Ci°(R) satisfying [, n(x)dx = 1. It
follows that forany 0 <h < 1,

r

luf(t 4+ At,x) — us(t,x)| dx = /’ [v(x)|dx </ v(x)g" (x)dx + 2,(h). (7.12)

—r

5 and ‘ g ’ h2 for some universal constant C; > 0. Then,

a twice continuously differentiable function g" : [—r — 2h, r + 2h] satisfying

g Zgh on [—I",I"]
and
&'(—r—2n)=0=3"(r+2hn), (- r—2h)_0—— h(r +2h),
. d C alz~ C
0<g"<2 g <— and |—=g"<—
e Pl I L e

can be constructed. It follows that

/‘r v(x)gh(x)dx = /r [uf(t + At x) — u(t,x)] gj'(x)dx

”

r+2h
< / [u€ (¢ 4+ At,x) — u (1, x)] " (x)dx + Coh
—r—2h

t+At r+2h
/ / du (1, x)8" (x)dxdt + Coh
r—2h

t+At r+2h
/ / [(J * u )T, x) — u(T,x) + €0t (T, x) + (¢, u (1, x))] gh(x)dxdr + Cyh
r—2h

t+At r+2h
/ / [(J * uf)(T,x) — u (T, %) + f(t, u (7, x))] §" (x)dxdt

r—2h

t+At r+2h
+E/ / ut(t, x) g h(x)dxdt + Cyh
r— 2h

<C|At|+eC = AL o,

where C, > 0 is universal and C, > 0 depends on r. This together with (7.12) implies that

€t + At, x) — u (1, )| dx < C,|At] + €C, 'h N Coht2a,h), YO<h<1.

-r

The claim (7.10) follows from setting & = |At|% in the above estimate. O

Remark 7.3 We remark that transition fronts of (7.1) can be constructed without the unbalanced
condition (1.2). Hence, Theorem 7.1 is true if we drop (1.2). But, in the absence of (1.2), the
constructed transition front may not be continuous in space. We refer the reader to [8] for a
sufficient and necessary condition for the existence of discontinuous travelling fronts of du =
J xu —u+fp(u). It would be interesting and important to study the stability and uniqueness of
transition fronts in the absence of (1.2).
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We end this paper by mentioning a variation on (H4). The point is that we allow the failure
of (1.5). But, then, we need an additional assumption, that is, uy(¢) = 6, for some 0, € [0, 6]. We
assume

(H5) There exists 6, € [0, 0] such that
ft,u)<0, ue(0,6,) and f(t,u)>0, ue(b,,1)
forall t € R.

Using different techniques, we are able to prove Theorem 7.1 under assumptions (H1)—(H3)
and (HS). But, in this case, we cannot drop the unbalanced condition (1.2).

Proof of Theorem 7.1 under assumptions. (H1)—(H3) and (H5) The proof can be done along
the same line as that in the ignition case (see [54]), so we here only outline the strategies within
the following four steps.

Step 1. Approximating front-like solutions. Let ¢p is the decreasing profile of bistable trav-
elling fronts of d,u =J * u — u + fg(u) with the normalisation ¢5(0) =0,. For s <0 and y € R,
denote by u(t, x; s, ¢p(- — »)) the classical solution of (1.1) with initial data u(s, x; s, pp(- — y)) =
¢p(x — ). Then, it can be shown that for any s <0, there exists a unique y; € R such that
u(0, 0; s, (- — y5)) = 0. Moreover, y, — —00 as s — —00.

Set u(t,x;s) :=u(t,x; s, ps(- — ys)). We see that u(z, x;s) is decreasing in x. The functions
{u(?, x; 8)}s<0,>s are the approximating front-like solutions.

Step 2. Bounded interface width-I. For s <0, t > s and A € (0, 1), let X, (¢; s) be such that
u(t, X, (t; 5); s) = A. It is well defined and continuous in ¢.

Then, there exists A, € (6, 1) such that for any 1, A, € (0, A,], there holds

sup |XM(t; 5) — X, (8 S)| < 00.

5<0,t>s

This is the difficult part in constructing transition fronts. Its proof is based on the rightward
propagation estimate of X; (¢; s) and an idea of Zlatos (see [71, Lemma 2.5]). It is important that
Ay > 0,, and it is the reason why we need f(z, 6,) =0 for all € R.

Step 3. Bounded interface width-II1. We extend the result in Step 2 to

Vi1, A2 €(0,1), sup |Xxl(t; 5) — X5, (t; S)| < 00.

5<0,t>s

It is done through the following two steps:

(i) there are cpin > 0, cmax > 0, Cmax > 0 and dpx > 0 such that for any s < 0, there exists a
continuously differentiable function X (¢; s) : [s, 00) — R satisfying

CminSX(t;S)Scmax and |X(t;s)|fémax for t>s

such that 0 < X(t; s) — X, (#; 5) < dmax for ¢t > s; moreover, {X(~, $)}s<0 and {X’(~, 8)}s<0 are
uniformly bounded and uniformly Lipschitz continuous;
(i1) using (i), we can find cx > 0 and 44 > 0 such that

u(t, x;8) > 1 — e~ O=YEIT)and  y(r, x;5) < e~ +HIXEI—hE)

forallxeR,s <0and ¢ >s.
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Existence, uniqueness and stability of transition fronts 641
Clearly, the bounded interface width follows.

Step 4. Construction of transition fronts. The approximating solutions {u(z, x; §)}s<0 s>s con-
verge to some transition front (as in Theorem 7.1) as s — —oo along some subsequence due to
the properties in Step 3 and the following: there holds

u(t,y;s) — u(t,x;s)

sup Ssup <00,
5<0,t>5 x#£y y—x

whose proofrelies on the observation that for fixed x, the term w forO<nl<no k1
can only grow for a period of time that is independent of x. O

8 Conclusion

In this paper, we study a class of non-local dispersal equations (1.1) modelling the invasion
of species in temporally heterogeneous environments. We focus on the existence and quali-
tative properties of transition fronts, which are proper generalisations of travelling fronts in
homogeneous environments and periodic (or pulsating) travelling fronts in periodic environ-
ments, and hence, are appropriate to describe the invasion or spread of species in heterogeneous
environments.

The study of transition fronts begins with the investigation of qualitative properties such as sta-
bility and decaying estimates of space non-increasing transition fronts (assuming the existence).
The most important property of space non-increasing transition fronts obtained is the uniform
exponential stability, which allows us to overcome the difficulties caused by the following facts:

1. the solutions are not regular enough to support standard regularity arguments for reaction—
diffusion equations;

2. the use of comparison principles is not as flexible as that for reaction—diffusion equations;

3. Harnack’s inequality is not known;

and show that any transition front of (1.1) must coincide with a space non-increasing transition
front, and transition fronts are unique up to space shifts. These results are established under very
general bistable assumptions. The existence of space non-increasing transition fronts are proved
under fairly standard bistable assumptions.

Besides the existence and qualitative properties of transition fronts in heterogeneous environ-
ments, we show that transition fronts must be periodic travelling fronts in periodic environments
whose front speed can be calculated in terms of the profile function and the growth rate function.
Moreover, in almost-periodic environments, we show that transition fronts admit an asymptotic
spreading speed, and therefore, all propagating solutions of (1.1) spread with this speed.

Appendix A Comparison principles

We state comparison principles used in the previous sections.

Proposition A.1 Let K:R x R— [0, 00) be continuous and satisfy sup,.p fR K(x,y)dy < oo.
Let a:R x R — R be continuous and uniformly bounded.
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(1) Suppose that X : [0, 00) — R is continuous and that u : [0, 00) x R — R satisfies the fol-
lowing: u, d,;u:[0,00) x R— R are continuous, the limit lim,_, o, u(t,x) =0 is locally
uniformly in t and

oqu(t, x) > fR K(x, y)u(t,y)dy + a(t,x)u(t,x), x>X(t), t>0,
u(t,x) >0, x=<X(), t>0,
u(0,x) =up(x) >0, xekR.

Then u(t,x) > 0 for (¢, x) € (0, 00) x R.

(i) Suppose that X : [0, 00) — R is continuous and that u : [0, 00) x R — R satisfies the fol-
lowing: u, ou :[0,00) x R — R are continuous, the limit lim,_, ., u(t,x) =0 is locally
uniformly in t and

oqu(t, x) > fR K(x, y)u(t,y)dy + a(t,x)u(t,x), x<X(t), t>0,
u(t,x) >0, x=>X(), t>0,
u(0,x) =up(x) >0, xekR.

Then u(t,x) > 0 for (t,x) € (0, 00) x R.
(i) Suppose that u:[0,00) x R— R satisfies the following: u,du:[0,00) x R— R are
continuous, infy>o ver u(t,x) > —00 and

dqu(t, x) > fR KQCe, yu(t,y)dy + a(t,x)u(t,x), xeR, t>0,

u(0,x) =up(x) >0, xek.
Then u(t,x) > 0 for (t,x) € (0, 00) x R. Moreover, if uy(x) 0, then u(t,x) > 0 for (t,x) €
(0,00) x R.

Proof See [54, Proposition A.1] for the proof. O

Definition A.2 Let fp e R and T > 0. A continuous function u : [y, tp + T) x R — R is called a
super-solution (or sub-solution) of (1.1) on [#y, #) + T) if u(¢, x) is differentiable in ¢ on (#y, t) + T')
for any x € R and satisfies

du(t, x) = (or <) / Jx = yyult, y)dy — u(t, x) +f(t,u(t,x)), (£, x) € (to, 1o+ T) X R.
R
Proposition A.1(iii) gives the following comparison principal for (1.1).

Proposition A.3 Letty € R and T > 0. Suppose u™ (t, x) and u™ (¢, x) are super- and sub-solutions
of (1.1) on [ty, ty + T), respectively.

1) Ifut(ty, ) =>u (to, ), then u*(t,x) > u (t,x) for (t,x) € (to, o + T) x R.

(1) If u™(ty, ) > u (ty,-) and ut(ty, ") Zu (to,-), then ut(t,x) > u (t,x) for (t,x) € (to, to +
T)xR.
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