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ABSTRACT

We present Stochastic Dynamic Mode Decomposition (SDMD), a novel data-driven framework for approximating the Koopman semi-
group in stochastic dynamical systems. Unlike existing approaches, SDMD explicitly incorporates sampling time into its formulation to
ensure numerical stability and precision in the presence of noise. By directly approximating the Koopman semigroup rather than its gener-
ator, SDMD avoids computationally expensive matrix exponential calculation, providing a more practically efficient pathway for analyzing
stochastic dynamics. The framework also leverages neural networks for automated basis selection, minimizing manual effort while preserving
computational efficiency. We establish SDMD’s theoretical foundations through rigorous convergence guarantees across three critical lim-
its in order: large data, infinitesimal sampling time, and increasing dictionary size. Numerical experiments on canonical stochastic systems
including oscillatory system, mean-reverting processes, metastable system, and a neural mass model demonstrate SDMD’s effectiveness in
capturing the spectral properties of the Koopman semigroup, even in systems with complex random behavior.
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Understanding the long-term behavior of dynamical systems
perturbed by random noise is fundamental to many scientific
fields, from neuroscience to molecular dynamics, where stochas-
tic effects often drive critical transitions and emergent behav-
iors. The Koopman operator framework provides a powerful
mathematical tool for analyzing such systems by transforming
nonlinear dynamics into linear spectral problems. Inspired by
the previous successful application such as Extended Dynamic
Mode Decomposition (EDMD) and generator EDMD (gEDMD)
methods to stochastic systems, this work introduces Stochas-
tic Dynamic Mode Decomposition (SDMD), a new data-driven
approach that directly approximates Koopman semigroups while
explicitly incorporating sampling time At with controlled trun-
cation of higher-order terms to enhance computational sta-
bility. SDMD avoids expensive matrix exponential calculations
and demonstrates superior performance in capturing spectral

properties and recovering hidden multiscale dynamics across
various canonical stochastic systems, which is a more efficient
and robust framework for analyzing complex random dynamical
behaviors.

. INTRODUCTION

Dynamical systems theory' provides a foundational framework
for modeling complex phenomena across different areas such as cli-
mate science,” molecular dynamics,” fluid mechanics,” finance,” and
neuroscience.® In these fields, stochastic dynamical systems natu-
rally arise due to the important role of random perturbation. Con-
sideration of stochasticity is essential because real-world systems
often feature incomplete data, measurement noise, high degrees of
freedom, and complex, unknown mechanisms. Random fluctuation
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can drive critical transitions like abrupt climate shifts’ or molec-
ular conformational changes® that deterministic models often fail
to capture. This is also evident in neuroscience, where stochas-
tic modeling methods are increasingly preferred over determinis-
tic approach™ due to intrinsic variability in neural activity from
synaptic release,'" ion-channel gating,'” and fluctuating inputs.”
Moreover, neural dynamics are inherently multi-scale, ranging from
millisecond ion-channel fluctuations to slow population-level oscil-
lations, and stochastic approaches remain one of the few tractable
ways to bridge these scales." In general, models accounting for
stochasticity usually offer a more realistic and mathematically robust
representation of brain dynamics.

Practically speaking, the lack of complete knowledge about
underlying first-principles makes direct modeling of complex sys-
tems extremely challenging. However, data-driven methods have
gained significant attention in recent years for their ability to directly
extract insights from observations without requiring detailed
prior knowledge or explicit mathematical formulations.'”~"? This
approach is particularly valuable for complex stochastic systems
where theoretical models are incomplete or computationally infea-
sible.

Among various data-driven approaches, operator-theoretic
methods excel as powerful tools for dynamical system analysis.
In particular, the Koopman operator theory’’’' converts nonlin-
ear dynamics into a linear, though potentially infinite-dimensional,
framework through observables. This conversion allows spectral
analysis,”~* where eigenvalues and eigenfunctions reveal crucial
details about a system’s stability and long-term behavior. In stochas-
tic systems, the operator becomes a Markov semigroup defined by
conditional expectations and captures probabilistic evolution over
time. Eigenvalues indicate decay rates and growth patterns, while
eigenfunctions help identify invariant structures and coherent fea-
tures within the dynamics. Such spectral insights are invaluable for
understanding system behavior, predicting future evolution, and
designing control strategies in both deterministic and stochastic
settings. Recent developments in data-driven methods for estimat-
ing Koopman semigroup or generator,”~"' particularly Extended
Dynamic Mode Decomposition (EDMD),” have made significant
progress in approximating the Koopman operator directly from
data. However, EDMD was originally designed for deterministic
systems and does not explicitly account for stochastic effects. To
address these limitations, various methods*****~*> have been pro-
posed over time. For example, in Colbrook et al.,”” the authors
have introduced the concept of variance-pseudospectra as a measure
of statistical coherency, which helps in understanding the stochas-
tic system’s spectral properties. In Crnjari¢-Zic et al.,” the authors
introduced stochastic Hankel-DMD (sHankel-DMD) algorithm to
approximate the spectral properties of the stochastic Koopman
operator. In Klus ef al.* the authors generalized Galerkin approxi-
mation method as an extension of EDMD (gEDMD) to approximate
the infinitesimal generator of the Koopman operator. In Kostic
et al.,”” the authors developed a statistical learning framework to
learn Koopman operators in reproducing kernel Hilbert spaces
(RKHSS). In Noé and Nuske,” the authors proposed a variational
approach based on maximizing the Rayleigh coefficient for mod-
eling slow processes in stochastic dynamical systems. In Wanner
and Mezic,” the authors introduced a new DMD algorithm that can
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accurately approximate the stochastic Koopman operator even when
both the dynamics are random and the measurements contain noise.
It also enables time-delayed observables for random systems using
data from a single trajectory.

In this paper, we introduce Stochastic Dynamic Mode Decom-
position (SDMD), a novel data-driven framework that estimates the
Koopman semigroup in the stochastic system by explicitly incorpo-
rating sampling time into the approximation process. The key inno-
vation of directly approximating the Koopman semigroup bypass
the need for matrix exponential computations. This design not only
enhances computational efficiency but also ensures numerical sta-
bility when dealing with a typically unbounded Koopman generator.
The main contributions of this work include

o Explicit consideration of sampling time (Af) for stability: The
explicit inclusion of sampling time (Af) in the SDMD frame-
work is a key innovation, which ensures numerical stability and
precision, and addresses challenges faced by other methods in
handling stochastic dynamics.

e Direct approximation of the semigroup: SDMD directly
approximates the Koopman semigroup, which avoids the com-
putationally expensive matrix exponential calculations required
by most methods that return only the generator. This approach
reduces computational cost while providing a more practical
and efficient pathway for analyzing stochastic systems.

e Computational efficiency with neural network integration:
The neural network extension enables adaptive basis selec-
tion directly from data without requiring manual intervention.
Unlike other methods which may involves resource-intensive
computations of Jacobian and Hessian matrices, our method
significantly reduces computational resource while maintaining
consistency with the stochastic evolution.

e Rigorous theoretical guarantees: The proposed framework
includes comprehensive convergence analysis, covering the
large data limit, the zero-limit of sampling time, and the large
dictionary size. These guarantees establish the reliability and
robustness of SDMD in approximating the Koopman semi-

group.

From an application perspective, our SDMD framework aims
to provide a practical and efficient tool for analyzing stochastic
dynamical systems. By explicitly incorporating sampling time and
directly approximating the Koopman semigroup, SDMD provides
more reliable spectral analysis for systems where random fluctu-
ations play a crucial role. This enhanced reliability translates to
improved identification of dominant modes, more accurate predic-
tion of system evolution, and better characterization of system sta-
bility under stochastic perturbations. The method’s computational
efficiency makes it particularly suitable for analyzing large datasets
from experimental observations, where both noise and deterministic
dynamics need to be properly accounted for. Additionally, the neu-
ral network extension of SDMD offers automated feature extraction
from complex data, reducing the need for domain-specific exper-
tise in basis function selection. These practical benefits complement
the theoretical guarantees of our approach, making SDMD a pow-
erful tool for researchers seeking to understand the fundamental
dynamical properties of stochastic systems across various scientific
disciplines.
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The rest of this paper is organized as follows: Sec. II pro-
vides the mathematical background of stochastic Koopman opera-
tors. Section III details our computational methodology. Section I'V
presents the convergence analysis. Section V extends the framework
to neural network implementations. Section VI demonstrates the
effectiveness of our approach through experiments. Finally, Sec. VII
concludes with discussions and future directions.

Il. STOCHASTIC KOOPMAN OPERATOR

In dynamical systems, the Koopman operator provides a pow-
erful mathematical framework for analyzing the evolution of observ-
ables instead of the system states themselves. For stochastic sys-
tems, the Koopman operator forms a Markov semigroup”*~** defined
through conditional expectations, capturing the probabilistic evo-
lution of observables over time by describing how their expected
values change under the influence of both deterministic dynamics
and random perturbations.

Let .# C R? be the state space equipped with the Borel
o -algebra and consider a continuous-time stochastic process (X,
on a probability space (2,[P) defined by the stochastic differential
equation

dX; =bXpdt + 0 (X)dW:, Xo=x, 6]

whereb : .# — R?isthe drift term, o : .# — R is the diffusion
term, and (W) is an d-dimensional Wiener process. We assume
that both b and o satisfy appropriate regularity condition.”

Let p be a probability distribution on .#. The space # of
square-integrable functions with respect to p is defined as

7o [ 1o <o),

equipped with the inner product (f,g), := [, fgdp and corre-
sponding norm |fl|, := /{(f.f),,. Notice that p is not necessarily a
stationary distribution of the underlying dynamical system.

For any observable f € .#, the stochastic Koopman operator
family (), is defined as

(AP = Ep[f(X)IXo = x1, 2

where Ep denotes the expectation with respect to the probability

measure P on ©, and X; : Q — . is the process starting from x.
Assumption IL1. We assume that {J¢"}., is a strongly

continuous semigroup of bounded linear operators on .%, that is,

e #"'isabounded linear operator on .# for each t > 0;
o HO=1,4" 0 =" forallt,s > 0;
o lim, o+ |Z'f—fll, = Oforeachfe .Z.
The connection between the stochastic process and Koop-

man operator can be further understood through its infinitesimal
generator o7, defined as

tr_

Hf:=lim m 3)
t—0 t

on the domain

Hf -

D) = {fegz;nm

t—0

f exists in ﬁ} .
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Remark II.2. Assumption IL1 ensures that the domain
(&) is dense in .# and the generator </ is a closed operator.™
This assumption is typically satisfied by a broad class of stochastic
dynamical systems when the drift b(-) and diffusion o (+) coefficients
satisfy certain regularity conditions and solutions are well-posed,
e.g., a gradient potential system where the potential grows suffi-
ciently fast at infinity. We will rely on Assumption II.1 throughout
this paper, especially in Sec. IV C 1.

From I1t6’s formula,”” we have

d d 2
= axi 2 = BxiBXj

where C2(.#) denotes the space of twice continuously differentiable
functions with bounded derivatives on ..

For spectral analysis of the Koopman generator <7, we consider
the eigenvalue problem

AP = rp,

where A € C and ¢ € Z(&/) are the eigenvalue and eigenfunc-
tion, respectively. The eigenvalue A of the Koopman generator &/
is closely connected to the eigenvalue u of the stochastic Koopman
operator "' through the following relationship:

w=e. (5)

This relationship provides a practical way to compute the genera-
tor’s spectrum from discrete-time observations.”

11l. COMPUTATION METHOD IN STOCHASTIC
DYNAMICAL SYSTEM

This section presents a computational method for analyzing
stochastic dynamical systems through the lens of the Koopman
operator theory. The core idea involves utilizing the stochastic Tay-
lor expansion” within the framework of the Galerkin method,”
which results in an approach tailored for stochastic systems. This
approach, referred to as Stochastic Dynamic Mode Decomposition
(SDMD), provides a data-driven framework for approximating the
Koopman semigroup of stochastic systems. Below, we introduce
some relevant background and the necessary notation.

Notation: Let {y,...,¥n} C Z2(&) be a set of dictionary
functions defined on the state space .#, forming the finite-

dimensional space Zy := span{y, . .., ¥y}. For these functions, we
define the following Gram matrices G, H € RNV
[G]ij = (Vi wj)p’ [H]z] = <¢’i:%1//j)p> (6)

where the dictionary functions are assumed to be linearly indepen-
dent in order to satisfy G’s invertibility.

In practice, let {x¢};L; be the ii.d. data sampled from p, i.e.,
each x; is drawn independently and identically from the probability
distribution p. Next, construct the data matrices Wy, lIJ)/( e R™N in
the following:

Yi(x) - Yn(x)
\IJX = . . s
wl (Xm) e 1ﬁN(xm)
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Yy (1) o Yy (x1)
v, = . 7)
%VII (Xm) 'Q{wN(Xm)

Remark III.1. Since we manually pick up the basis func-
tions, we can directly obtain the Jacobian and Hessian matrices as
required for computing each .7 v;(x;). However, in the Neural Net-
work based method, basis functions can be trained from a time series
by automatic differentiation.’’ More details of such method will be
discussed in Sec. V.

Thus, the Gram matrices G and H can be estimated empirically
from these data matrices. Specifically, we construct

’

~ 1 -~ 1
G=—VY;¥y, H=—VY;¥,, 8
m XX m o XX ®)

where * denotes conjugate transpose of a matrix. These empiri-
cal approximation converges to their theoretical counterparts as the
amount of data increases as discussed in Refs. 30 and 34. Specifically,
by the Strong Law of Large Numbers (SLLNs), we have
lim [Gl; =[Gl lim [Al,=(H], as. ()

Building on these definitions, Sec. III A introduces the SDMD
method, which combines the Galerkin approximation framework
with stochastic dynamics.

Remark IIL2. The construction of the matrices G and H in
Eq. (8) follows essentially the same procedure as in the gEDMD
framework, where G approximates the Gram matrix of the chosen
dictionary functions and H approximates the action of the gener-
ator on this dictionary. The main distinction lies in that SDMD
estimates the semigroup instead of generator, but the underlying
matrix assembly is consistent with gEDMD. See Klus et al.* for more
details.

A. Stochastic dynamic mode decomposition (SDMD)

The SDMD method approximates the stochastic Koopman
operator by incorporating the stochastic Taylor expansion’ into
the EDMD framework. The method explicitly includes the sam-
pling time At and truncates higher-order terms in the expansion.
Specifically, SDMD estimates the Koopman operator as follows:

'IZN,At,m = I+ At@flfl, (10)

where G and H are the Gram matrices computed from data as in
Eq. (8). This formulation omits higher-order terms for sufficiently
small At, enabling an efficient approximation of the stochastic
Koopman operator. Below, we provide the derivation that leads to
this result.

1. Derivation of SDMD method
Consider the stochastic system defined in Eq. (1). Let
Wy(x) = [Yri(x) ... Ywx)]”

be a vector of manually selected basis functions evaluated at some
data point x;. Suppose f(x;) = Wy (x;) " a for some a € RV, then for

pubs.aip.org/aip/cha

any At > 0, EDMD*’ approximates the Koopman operator . !
onto .Zy using Galerkin approximation,

Hf(x;) = Wy(x) Knmad + 7(X), (11)

where r(x;) is the residual.

While EDMD provides a framework for approximating the
Koopman operator, our SDMD method explicitly addresses the
challenges of stochastic systems by incorporating stochastic Taylor
expansion’ in Eq. (3) to account for noise. Specifically, for each basis
function V; evaluated at x;,

Atol (v — e (.
) » TN,

After rearrange, we have
%Atl//j(xi) A P(x;) + At Yi(x;) + 0i(At), (12)

where each @/ v;(x;) is computed by Eq. (4) and o;;(At) is the
asymptotic term o(At) corresponding to J# 2'y; expanded at data
point x;.

While SDMD truncates the stochastic Taylor expansion at
the first-order term At.o/ Vs the expansion can, in principle, be

extended to include the second-order term % «/*;. This would
compute a higher-order approximation of the Koopman semigroup
that potentially improves accuracy for larger sampling intervals
At. However, computing 7?; requires higher-order derivatives
of both the basis functions and the stochastic differential equation
(SDE) coefficients, which greatly increases computational cost. The
explicit form of &724; for general SDEs is provided in Appendix A.

Remark III.3. The asymptotic term o(Atf) represents the
remainder terms in the Taylor expansion that decay faster than At
as At — 0. Specifically, for each basis function v; evaluated at data
point x;, we have

0;i At
lim i(AD =0
At—0 At

This notation is used to indicate that these terms become negligible
compared to the linear term At for sufficiently small sampling time
steps, which justifies their omission in the approximation Eq. (10)
when At is small.

Next, we use Eq. (12) for each basis function ; in the
expansion of the stochastic Koopman operator to approximate the
expected value of fin the stochastic dynamical system starting at x;,
which gives

n

) =Y [Y5(x) + At/ Yi(x) + 0(AD] 4

j=1

=[Unx)" + Aty (x)" +oin(AD [a,  (13)

where oin(AL) = [0 (AY) ... "i,N(At)]-r and MI‘\’I‘ (x:)
= [FY1(x) ... FYnE)]T.
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Now, equating both Egs. (11) and (13), then evaluating over all
data points {x;}}” ,, we can have the following minimization problem:

m
min > |r(x)P
RNXN £ .
i=

Kn,atme

= min Wa(x) + Aty (x) +on(ADT
I‘(N,At,mERNXN ; | [ N ) N i iN

- 2
—Wy(x)" Kyaim|a

>

which is equivalent to

omin Wk A+ ALY+ 0,0 (AD = WxRyainlp (14)
Ky, atmeRNN
where || - ||[r denotes the matrix Frobenius norm and the higher
order matrix o0,, y(A?) is [om,N(At)]ij = 0;;(At). More specifically,

011(Ab) on(AY)

om,N(At) =

omi(AD) omn(AD)

Thus, the minimal K N.Atm 1S
Kyam = Wh (\yx F ALY, + om,N(At))
=1+ At(Wwy) (q/;;\v;) + W0, n(AD

= kN,At,m + \Ij;om,N(At)) (15)

where T denotes the pseudoinverse. When At is very small, we omit
0, nv(At) and keep fN,A[,m as in Eq. (10).

Remark II1.4. We typically compute (G + )/1)_1 instead of
G! for some small number y > 0 to avoid singularity.

B. Computing algorithm

This section presents the algorithmic implementation of our
method. To provide a clear understanding of the computational pro-
cedure, we first present a flow chart in Fig. 1 that illustrates the
key steps of our approach. Following the flow chart, we provide a
detailed pseudocode in Algorithm 1 that formalizes the computa-
tional steps. The algorithm takes as input the time series data and
system parameters, and outputs the approximated Koopman opera-
tor. Each step in the algorithm corresponds to the theoretical frame-
work developed in Sec. III A, ensuring a complete implementation
of our method.

The coefficients b(x) and o (x) of the stochastic differen-
tial equation (SDE) can either be assumed as known for pre-
defined models or estimated from sampled time-series data (see
Appendix D). Specifically, for each independently and identically
distributed (i.i.d.) initial point x;, these coefficients can be approx-
imated using discrete-time methods based on observed trajectories.
For instance, b(x) can be derived from finite differences to approxi-
mate the derivative, while o (x) can be inferred from the covariance
of the increments.

Remark IIL.5. Although in our implementation the inverse
of G+ yIin Eq. (10) is computed via Cholesky factorization for

pubs.aip.org/aip/cha

‘ i.i.d data: ’ Choose dictionary functions: SDE coefficients: ’

{xidi ¥ = {1, ..., 9n} b(-),o(-)

Construct 1st matrix: W x

( J
{
Compute gram matrices: @, ﬁ

|

Approximated Koopman operator:
== Sl
K NAtym =I+AtG H

Construct 2nd matrix: ¥y

FIG. 1. A flow chart for SDMD method.

numerical stability, the spectral computation can also be formulated
as a generalized eigenvalue problem. Specifically, we have
~ -1~ -1
Av=2"Gvy 2=t
At At
where u and v are the approximated eigenpair of %", and X corre-
sponds to the approximated eigenvalue of the generator <7.

C. Computing in deterministic continuous-time
systems

While the SDMD framework is designed with stochastic sys-
tems in mind, the core idea of approximating the Koopman semi-
group using a truncated Taylor expansion can also be applied to
deterministic continuous-time systems. In such cases, the underly-
ing dynamics are governed by an ODE,

%x(t) =b(x)

and the corresponding Koopman generator becomes a Lie derivative
along the vector field b(x)

Af(x) = b(x) - Vfx).

ALGORITHM 1. Estimation of stochastic Koopman operator.

Require: i.i.d. data {x;};_,, dictionary functions {y, ..., ¥n}, SDE
coefficients b(-), o (-), sampling time step At, regularization
parameter y.

1: Construct matrices: Wy, \II;( [See Eq. (7)].

2: Construct empirical Gram matrices:

G=(1/mWi¥y, H=(1/m)WiW, [SeeEq. (8)].

3: Compute: EN,AW, =TI+ AtG'H [See Eq. (8)].
Ensure: Approximated Koopman operator Ky am-
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Then, the Taylor expansion of the semigroup remains: # 4'f(x)
~ f(x) + Ate/f(x), which leads to a similar approximation formula
as in Eq. (10), where &/y;(x) = b(x) - Vi;(x). This can be viewed
as a continuous-time version to the standard EDMD method,”
which is formulated for discrete-time snapshot pairs, and potentially
bridges the gap between EDMD and generator-based methods like
gEDMD.*

Remark IIL.6. It should be noted that the time-difference
approach of EDMD and gEDMD may produce significantly dif-
ferent results even in the limit of high sampling rate (At — 0),
particularly when the data sampling measure does not satisfy cer-
tain regularity conditions. However, SDMD additionally truncated
the higher order term o(At) from stochastic Taylor expansion to
enhance the numerical stability. See Sec. 4.3 of Bramburger and
Fantuzzi,”” Sec. 4.2 of Mauroy" and Sec. V B for more details.

IV. CONVERGENCE ANALYSIS

This section analyzes the convergence of our stochastic Koop-
man operator approximation scheme. The analysis follows a sequen-
tial framework, where three fundamental regimes are examined in
order:

Large data convergence: We first establish the convergence of
the empirical approximation by deriving probabilistic error bounds
that explicitly quantify the convergence rate as the sample size
m — oo.

Zero-limit of sampling time: Next, we prove that time-
discretized approximation converges to the true Koopman gener-
ator as the sampling interval At — 0. This limit builds on large data
convergence and connects discrete-time computations to continu-
ous dynamics.

Large dictionary size convergence: We, finally, demonstrate
that finite-dimensional approximation of the Koopman generator
and semigroups converges to their infinite-dimensional counter-
parts as dictionary size N — oo. This step completes the conver-
gence analysis.

This structured approach limy_, o lima;—o lim,,_. highlights
the critical interplay between these limits and ensures rigorous
convergence results through appropriate function spaces.

The convergence analysis will be based on the following
assumption:

AssumptionIV.1. Let & C .# beacompact subset that con-
tains all sampled data points x;,...,X,,. We assume that for each
basis function v, both v; and </, are uniformly bounded on &,
i.e., there exist constants C = Cy, s, L = Ly¢ > 0 such that

[Yi(x)| < C, |FYi(x)| <L forallxe ,i=1,...,N.

A. Convergence in the limit of large data

Fix dictionary size N and sampling time step At. Denote Ky,a;
by the matrix that represents the large data limit of Ky, given in
Eq. (15),

Knat = r&l—{%o Knagm = ril_f)rgo (’I%N,At,m + \Ij;om,N(At))

=TI+ AtG'H + on(AD), (16)
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where on(At) = lim,,_ o \I/;om,N(At). Note that, on(At) exists
since both Ky a; exists from EDMD theory’*" and lim,,_, » fN, At
= I+ At G™'H exists due to Eq. (9).

Remark IV.2. Each element in the matrix W o,,yx(At) is
o(At). After taking the large data limit m — oo, each element in
on(Atb) is still o(At).

Now, we aim to prove that the empirical Koopman matrix
?N,At,m converges to its large-data limit Ky, as m — 0o; more
specifically, we shall prove a concentration inequality that quanti-
fies the probability of their difference exceeding any given threshold
& > 0. Such a probabilistic bound will demonstrate that the empiri-
cal approximation becomes increasingly accurate as the sample size
m grows. Specifically, we aim to bound the following probabilistic
error bound in the following theorem:

Theorem IV.3. Let ¢ > 0. Define & = (¢ — |loy(AD)||p)/AL.
Then, with same notation and conditions defined in Lemmas IV.5 and
IV.6, we have

- 112
P (IKyatm — Knaclle > &) < 2N° |:exp (—% (iﬂf,zcﬂre ) )

- 2
+exp <_% (N;/!IZLL) )] ’

where || - || denotes the matrix operator norm.

We will introduce the following lemmas in order to prove
Theorem IV.3. Note that, Lemma IV.4 is a result of McDiarmid
inequality B.2.

Lemma IV.4 (Hoeffding’s inequality”). Assume Xj,...,X,
arei.i.d. with each X; € [a;, b;] forall 1 < i < n. Then, forany e > 0,

(8

o e[a]

_ 262
>¢) <2e Thatiw?

Lemma IV.5. Suppose Assumption IV.1 holds with uniform
bounds C,L > 0. Then, for any ¢ > 0,

2
P(|G=G[, > ¢) < 2N exp <—8f,fc4>,

- 5 me?

Proof. Let G, G be defined as in Sec. I1. Define ;i (X)) == ¥;
(x0)¥j(xx). Then,

N 2

R N N R N
IG-6z=YY1G,-G =23

i=1 j=1 i=1 j=1

>

1 <.
*E 7 (Xx)
m

k=1

where  7;(x¢) = n;j(x) — E[n;(xp)] = n;j(x) — E[n;(x1)]  with
{x¢}j; being iid. and, thus, |7;(x)| < 2C* for all 1 <i,j <N.
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Next, applying Hoeffding’s inequality from Lemma IV.4, we have

N 2

N m
P(18-cl,ze) <P | D3| 3 i) 22
=1l j= =
N N L 2
<2 0P| | | =N
i=1 j=1 k=1

IA

1
NP (E kzlinagi ’n,](xk)’ > 8/N>
< 2N2 ex _m_ez

= P\ sneci )

Similarly, since |v;(x) 27 ;(x)| < CL, we have

P(I— Hls = £) < 2N° me’
- expl ———— ).
F=5= P 8N2(C2L2
Od
Lemma IV.6 (Lemma C.5*). Let G,H € R"*N be such that
Gisinvertibleand H # 0. Let G, H € RN*N be random matrices such
that G is invertible a.s. Then, for any ¢ > 0, we have

P(IG'H =G Al > ¢) <P(IH Al > £|H] )
P(IG-Gl > £16717).

where T, = 2||G7 ||| H|| + &.

Remark IV.7. We choose operator norm | - || here since it
is submultiplicative, i.e., || GH| < ||G||||H|| while Frobenious norm
Il -+ |lr is not.

Proof of Theorem IV.3. Recall that & = (¢ — |lon(AD)||F) /At
as in the statement of Theorem IV.3,

P (”?N,At,m — Knadlr > €)
=P (|AtG'H— AtG ' H+ on(Ab)||r > &)
<P (At|G'H— G 'Hlr + llox(AD)|s > )
=P(IG'H~-

H]; > )

G'H—-G'H| > E/JN)
P(MG—@ ¢ *1||*1) +1P(||H—ﬁ||> ¢ ||H||)
- VNr, VNr,

< 2N? |ex _m —§”G71”71 ’ + ex _m —§||H|| ’
= P\7 5 \ v, P\7%s \weenr) |

A
S|
=
[9)
T

O
B. Convergence in the zero-limit of sampling time
Define the matrix Ay, as
Kynar—1 - on(AD)
A =———=G H s 17
N,At At + Af (17)
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where we use Eq. (16) for Ky a; in the last equality; and let o7y a; :
Fn — Fy be the linear map defined by

(101,...,1//N)ao—> (wl’---

for any coefficient vector a € RY.

Let oy := Py Py be the finite dimensional approximation
of Koopman generator o/ where we denote &y by the orthog-
onal projection from % to %y and %y = span{y,...,¥n} as
mentioned in Sec. I11.

In Theorem IV.8, we will show that this time-discretized
approximant .oy o, converges to .27y in operator norm as At — 0.

Theorem IV.8. Let o/ya, and oy be defined as above. For
each dictionary size N > 0, we have

lim |0, — il = 0.

s UN) Anaca,

Proof of Theorem IV.8. Define Ay:= G 'H where matrices
G, H are given in Eq. (9). Applying Galerkin approximation for the
Koopman generator .27, we have that Ay is the matrix representation
of .27y on Fy as shown in Proposition 3.5 of Klus et al.,” i.e.,

N (Y15 YD) = (Y, Yn)Ana,
for any coefficient vector a € RY. From Eq. (17), we know that
Anar = An + on(AD /AL

Since each element in oy(At) is 0(At) as pointed out in Remark
IV.2, we have limaso [Anar — ANl = limas [lon(AD) ]/ At = 0.
The conclusion of the theorem follows. |

Remark IV.9. In finite dimensional space, the uniform oper-
ator topology is equivalent to strong operator topology.

C. Convergence in the limit of large dictionary size

This section establishes the following two convergence results
of our approximation scheme for stochastic Koopman operator as
the dictionary size N — oo.

Generator convergence: Under Assumption IV.10, the finite
dimensional generator 2y = Py.a/ Py strongly converges to the
true generator & strongly as N — oo.

Semigroup convergence: Under Assumption IV.13, the
approximated semigroups (e*“N),., strongly converge to the true
Koopman semigroup (e ) ., uniformly over compact time interval
as N — oo.

The proof builds upon the established framework in Sec. 4 of
Llamazares-Elias ef al."” and utilizes the Trotter-Kato approxima-
tion theorem,”” which will be introduced systematically in Subsec-
tions [V C1land IV C2.

1. Convergence of finite dimensional Koopman
generator

By Assumption IL.1 in Sec. II, we define the inner product

(8 or =18 +(Ff,AQ),, Vige D()

and the corresponding graph norm

Mler ==V {ff)er
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Clearly, the generator satisfies ||| 9 (w)— 2 = SUpya -1 IZAl,»
<1

Recall that £y is projection of .# onto .#y equipped with
Il - Il ,- Denote by &y the projection of Z(<7) onto Fy. We now
introduce the following assumptions:

Assumption IV.10. We assume that the dictionary W satis-
fies the following conditions:

o limyo [I(Ly — Dfll, = 0,¥f € 7.
o limy o [[(Py — Dflly = 0,Yf € D),

Remark IV.11. The second part of Assumption IV.10 is
moderately more restrictive than first part as it requires convergence
in the graph norm of the generator. This assumption is standard
in the Galerkin approximation of unbounded operators (e.g., see
Assumption 4 of Llamazares-Elias et al."”) but may not be satisfied
for arbitrary dictionaries. However, in practice, data are typically
collected in a compact subset & C ., so the restriction to & makes
this assumption much less limiting. On such compact domain, this
condition can often be approximated by selecting a sufficiently
smooth dictionary.

The next result shows the strong convergence of <y to &7 as
N — oo.

Theorem IV.12. Suppose Assumption IV.10 holds. Then, for
allf e (),

lim [lof — /fl, =o.
Proof of Theorem IV.12. For any fe (&), let ﬁq = ﬁNf
Then,
ot — A, = | Pt Prf — 1,
= | Pud Pu(f— ) + Pudd Prfu — Al
< 1Pt Pu(f— )l + 1| Pnd Prfic — A,

first term second term

The first term ||WNMWNU—EV)||p — 0 as N — oo follows
immediately from the second part of Assumption IV.10. The con-
vergence of the second term is given by the following:

| Pt Pfic = AN,
= | Pxst Prf - A,
= Py =1+ Dt Pnf - 5
< WPy = DI Poflp + 1 | 9ot 5| Pof = fllox
—- 0 asN — oo,
where we use Assumption IV.10 and ||/ || »(wr)—.# <1 in the last

limit. O

2. Convergence of finite dimensional Koopman
semigroups

Semigroups generated by 4 and &/ are denoted by .7}
= e"Nand ¥ = "7, respectively. To establish the convergence of
i to 1 as N — oo, we first introduce the following assumptions:

pubs.aip.org/aip/cha

Assumption IV.13. There exists a core Z* for <7, that is
a linear subspace 7 C (&) and dense in Z(4/) with respect to
Il - || & such that

e 9 C P(y), forallN € N,
o Vfe 9, f — Ffin F as N — oo.

Now, we establish the strong convergence of JZ;} to J¢" uni-
formly over compact time interval as N — oo based on Theorem
IV.12 and Assumption IV.13 in the following result:

Theorem 1V.14. There exists some constants D > 1 and
€ R such that the semigroups satisfy

|48 127 || < De” forallt > 0,N € N.
Furthermore, for every f € F and every T > 0, we have

lim sup |Znf— %A, =0.
N—oo 1€[0,T]

Proof of Theorem IV.14. Since J#;} are generated by a finite
dimensional operator .27y for each N € N, they are strongly contin-
uous; and also J¢" is strongly continuous by Assumption II.1. Thus,
the exponential boundedness in the first part is proved according to
Theorem 2.2 of Pazy.” The second part of the theorem is an imme-
diate consequence of Trotter-Kato approximation theorem.” [

Remark IV.15. The Trotter-Kato approximation theorem®
ensures uniform semigroup convergence on compact time intervals
once strong resolvent convergence of the approximate generators is
established, ie, (A — 2A)'f—> (A — o) fforall fe F, A > o,
together with other properties and assumptions. From our genera-
tor convergence result in the first part of the theorem, the required
resolvent convergence follows directly, hence the semigroup conver-
gence in the second part. See Ref. 39(Sec. 4) for details.

Remark IV.16. In our setting, £ *' approximates the one-
step Koopman operator ¢**”. Tterating this operator computes a
discrete-time semigroup (#2")", which converges to the contin-
uous semigroup e as At — 0. This convergence can be formally
justified by the Trotter-Kato theorem under standard assumptions
on the generator approximation.

V. SDMD WITH DICTIONARY LEARNING (SDMD-DL)

Manual selection of basis functions often requires domain
expertise and prior knowledge of the system’s dynamics, which can
be challenging for complex stochastic systems. Additionally, hand-
crafted dictionaries may not optimally capture the underlying state
space geometry and lead to suboptimal approximation of the Koop-
man operator. To address these limitation, SDMD can be integrated
with dictionary learning technique*®* that automatically extracts
optimal basis functions directly from data.’’»*=>

A. Methodology and discussion

Overall framework and design: In SDMD-DL framework, the
matrix Wy + At\I/;( + 0,,n(At) in Eq. (14) is replaced by the data
matrix Wy and have the following minimization problem:

_ min_[|Wy — WxKyagmll (18)
KN, atm€RNXN
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where the matrix Wy is defined as

Yily) - Un(y)
‘I’Y = . : .

and y; represents the evolved state At time after x; under stochas-
tic dynamics for each 1 <i <m, in other words, we can say
that the state y; is the realization of this stochastic evolution as
given in Eq. (1) starting from the initial state x; over At time.
In SDMD-DL, a neural network is integrated to parameterize dic-
tionary functions W¥(x;0) for data-driven learning. This approach
alternates between optimizing the approximated Koopman operator
?N, atm(6) by Eq. (10) and updating the neural network parameters
0 using stochastic gradient descent for Eq. (18), ensuring that both
the dictionary functions and the operator approximation improve
iteratively.

Parameterization: We now show more details of how to
parameterize the basis functions and the training scheme. Denote
U (x;0) = [Y1(x50),. .., Unx0)]" by a dictionary parameterized
by a neural network, where 0 represents the trainable parameters.
Both Wy = Wy(0) and Wy = Wy(0) are computed directly from
the neural network and the Koopman operator ?N,At,m (0) is then
computed by Eq. (10) as following:

Ryam(®) = I+ AtG(©O) H®).

The training process involves minimizing a loss function that
balances the approximation quality of Ky ar,» with regularization.
Here, the loss function is defined as

JO, Rnaim) = Wy (0) — Wx(O)Rnatm(@) 12 + ¥ R(Kyam),

where y > 0 is some small positive number and R(?N,At,m) is
the regularization term. In this work, we use Tikhonov regular-
ization R(K\;,At,m) = IIK\J,A;m(G)IIf:. We show the pseudocode in
Algorithm 2.

Remark V.1. For the estimation of SDE coefficients, see
Appendix D.

B. Comparison with other methods

First, we compare SDMD-DL with EDMD-DL," which extends
traditional EDMD by replacing manually selected dictionaries with
ones learned from data using a simple feedforward neural network.
While SDMD-DL shares similarities with EDMD-DL in the loss
function computing formula, a key distinction lies in how fN, Atm 1S
updated. SDMD-DL employs Eq. (10), leveraging the stochastic Tay-
lor expansion and incorporating the sampling time At. In contrast,
EDMD-DL uses Ky asm = (Wi Wy) (W} Wy), which is better suited
for deterministic systems without consideration of stochasticity.

Next, we can also compare our method to gEDMD with dic-
tionary learning setting, i.e., gEDMD-DL, which is almost the same
as the EDMD-DL’s framework except that the loss function in
gEDMD-DL is defined to minimize the linear regression error
associated with the generator & instead of semigroup ¢! as in
EDMD-DL. This contains the computation of WiWy and WiW¥;,
where W} involves evaluating Jacobian and Hessian matrices as

ARTICLE pubs.aip.org/aip/cha

ALGORITHM 2. Estimation of stochastic Koopman operator with dictionary learning.

Require: i.i.d. initial data points {x;};_, and their n-step time series
N h m

trajectories {{y,(c’) . }k_l, dictionary size N, sampling time step At,

regularization parameter y > 0, learning rate n > 0, number of

epochs T > 0.
1: Estimate SDE coefficients b(-) and o (-) from the time series data
(see Appendix D).
2: Initialize neural network parameters 6.
3: Initialize Koopman operator ?N,A,,m.
4: for epoch=1to T do

5. Compute: Wy(6), Wy(0), Wy(0) using {(x ¥, )}, _,» b(),
and o (+).
6: Compute Gram matrices:

G0) = w0 wy(0),
m

H) = %q/x(e)*w;(e).
7: Compute loss:
J(0, Kyaem) = 19v(0) = Wx(@)Knarmllz + ¥ [Kniarnl7-
8: Update neural network parameters:
0 < 0 — nVeJ (0, Knatm)-
9: Update approximated Koopman operator:

Ryaim =1+ At(GO) +yI) " H®).

10: end for
Ensure: Approximated Koopman operator Ky arm (0).

given in Eq. (7). However, calculation of W can be extremely com-
putationally expensive, especially for large datasets, as they require
repeatedly computing higher-order derivatives during the automatic
differentiation process and cross validation process. In contrast,
SDMD-DL defines its loss function directly using Wy, the param-
eterized dictionary applied to the evolved data, instead of W. By
directly utilizing Wy, SDMD-DL avoids the heavy evaluation of W},
thus significantly reducing computational overhead. Furthermore,
the use of Wy ensures consistency with the stochastic Koopman
operator’s evolution, which can enable the approximation of the
Koopman operator in stochastic systems more accurately.

Table I gives a comparison of each method’s distinction in the
aspects of both loss function and updating formula,

VI. APPLICATION

This section evaluates the proposed Stochastic Dynamic Mode
Decomposition (SDMD) framework through four representative
experiments, each selected to highlight unique features of stochas-
tic dynamical systems and demonstrate SDMD’s effectiveness. We
first provide a brief overview of these examples and explain our
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TABLE I. Comparison test between EDMD-DL, gEDMD-DL, and SDMD-DL.

EDMD-DL

Loss function:
J0, Rum) = 1Wy(8) — Wx(8) K@% + y RKiym)

Updating formula:
Ry (@) = (Wx(0)* Wx(0) + yI) " (Wx(6)* Wy (6))

gEDMD-DL

Loss function:
JO, Rm) = 19 (0) — Ux(0) Ayw(@) |2 + Y R(An,n)
Updating formula:
An(®) = (0" Ux(®) + 71) " (¥x0) W)

SDMD-DL

Loss function:
J(0, Ruatm) = [1Wy(8) — Wx(8) Knarm @) 12 + yRRnatm)

Updating formula:

Ruaun(®) = I+ At (W0 0x(0) +71) " (¥x0) W)

objectives and accomplishments in applying SDMD. These exper-
iments showcase the method’s ability to approximate the Koopman
semigroup and their spectral properties which offers insights into
system behaviors such as oscillatory dynamics, decay rates, and
metastable transitions, while also comparing SDMD’s performance
to established methods like EDMD and gEDMD.

The 2D Stuart-Landau system™ is a well-known model in non-
linear dynamics, often used to study oscillatory behaviors perturbed
by stochastic noise. It behaves as a limit cycle under some condi-
tions whose radius and phase evolve under both deterministic and
random influences, which makes it an excellent testbed for analyzing
spectral properties in the presence of noise. In this experiment, we
apply SDMD to capture the eigenvalues of the Koopman semigroup,
aiming to accurately reflect the system’s oscillatory patterns and
phase diffusion. Our results demonstrate SDMD’s superior ability
to handle stochastic perturbation compared to traditional method
like EDMD.

The 1D Ornstein-Uhlenbeck (OU) process™ is a time-
reversible system characterized by mean reversion driven by a linear
drift and Gaussian noise, with closed-form solution for its spectral
properties. Here, we use SDMD to estimate the leading eigenpairs of
the Koopman semigroup and achieve high precision that aligns with
theoretical expectation.

The 2D triple-well system’” models a metastable stochastic pro-
cess with a potential landscape and is commonly studied in chemical

pubs.aip.org/aip/cha

physics and molecular dynamics. Its dynamics exhibit slow tran-
sitions between basins alongside rapid fluctuation within them,
which arised a challenge for capturing long-term behaviors. With
SDMD, we identify the slow timescales of basin transitions through
the Koopman semigroup’s eigenvalues and eigenfunctions, which
successfully reveals the system’s metastable structure. This experi-
ment shows SDMD’s strength in analyzing complex, time-reversible
metastable systems and its advantage over methods like gEDMD in
computational efficiency and accuracy.

The final example involves a minimal two-dimensional neural-
mass model™ that exhibits multiscale dynamics, including a slow-
modulating latent input, an intermediate transient decay, and
fast oscillations. Using only the observable state variables, SDMD
accurately recovers eigenfunctions corresponding to these latent
timescales, even in the presence of stochastic perturbation. In partic-
ular, SDMD reveals one eigenfunction that reflects the slow switch-
ing of input-modulated regimes, and another that captures transient
dynamics during transitions. In contrast, EDMD with dictionary
learning fails to isolate these features, which produces eigenfunc-
tions corrupted by fast oscillations and noise. This example high-
lights SDMD’s capability to infer hidden multiscale structures from
limited, noisy measurements, which can demonstrate its robustness
and interpretability in realistic settings.

The four experiments use the Euler-Maruyama (EM) method
for numerical integration. In the two examples of the OU process
and triple-well system, we observe that the approximated eigenval-
ues are purely real, consistent with their time-reversible property.
We also note that the drift and diffusion coefficients used in the
2D Stuart-Landau system are analytical values in polar coordinates,
whereas those in the 1D OU process and 2D triple-well system are
estimated from collected data using a simple neural network (NN)
instead of manually selecting basis functions. The error bound anal-
ysis of this coefficient estimation method is provided in Ref. 57. Sub-
sections detail the setups and results. All experiments are available
on our GitHub repository.

A. 2D Stuart-Landau equation

The 2D stochastic Stuart-Landau (SL) equation™ serves as a
canonical example to study nonlinear oscillatory dynamics under
stochastic perturbation. It is frequently used to validate numeri-
cal methods for estimating the stochastic Koopman operator since
it has analytical Koopman eigenpairs expression. The equation in
standard Cartesian coordinates is the following:

dx=[(6 — k(@ + D)) x— (v — B + D) y] dt + e dW,,
dy=[(y — B+ ) x+ (8 — k(@ + ) y] dt + £ dW,,

where R := /§/« is the radius of the limit cycle, y > 0 is the rota-
tion frequency parameter that controls the linear rotational motion
of the system and B > 0 is the nonlinear frequency parameter that
controls amplitude-related frequency changes. The noise terms d W,
and dW, are independent Wiener processes with intensity . Note
that, a positive parameter § > 0 indicates that the system exhibit
a stable limit cycle behavior. When § < 0, the system experiences
negative radial growth, with trajectories spiraling inward toward the
origin and the origin becomes a stable focus.

Chaos 35, 103123 (2025); doi: 10.1063/5.0283640
Published under an exclusive license by AIP Publishing

35,103123-10

¥1:5%'02 920T Ud1e G0


https://pubs.aip.org/aip/cha
https://github.com/TalkingDoll/SDMD/tree/main

Chaos

To simplify the analysis, the system is often transformed into
polar coordinates

2
dr = (8r—/c1”‘+ ;—) dt+ e dw,,
r

do = (y = pr) de+ = aw,,

where r and 6 represent the radius and angular position, respec-
tively, and dW, and dW, are derived Wiener processes. The
analytical eigenvalues of the stochastic Stuart-Landau system’s Kol-
mogorov operator, i.e., the Koopman generator, are given as

2.2

n-e
T i —8) + 0@, 1=0,neZ,
hy = 12z T =)+ 0E " (19)

=218 + in(1 — 8) + O(e), leZt, nel.

Here, [ and n are indices that label the radial and angular modes
of the system’s dynamics, respectively. We will now talk about the
two separate cases of the eigenvalues.

For I =0, the focus is on angular dynamics along the limit
cycle, with no radial nodes in the eigenfunctions. Here, n € Z
indexes the angular frequency, representing the azimuthal mode
number, e.g., e", where 0 is the phase angle. The real part — ”225 of
the eigenvalues describes the phase diffusion rate induced by noise
(controlled by ¢). This negative term, proportional to #?, indicates
that higher angular modes (larger |n|) decay faster due to stochastic
dynamics. The imaginary part in(1 — §) corresponds to the angu-
lar oscillation frequency around the limit cycle, where 1 — § reflects
the deterministic rotational frequency controlled by the damping
parameter §. For n = 0, there is no oscillation, only slow noise-
driven decay; for n = +£1, it is the fundamental frequency, and
higher |n| gives faster oscillations, which are multiples (harmonics)
of the basic rotation frequency 1 — §.

For | € Z%, it represents the radial mode number, often asso-
ciated with the degree of Hermite polynomials in the eigenfunction
expression (see Appendix C). Each I corresponds to a distinct radial
mode with [ nodes, describing perturbations away from the limit
cycle radius. The real part —2I§ reflects the decay rate of radial per-
turbations. Assuming § > 0 (i.e., stable limit cycle case), this term
—2I8 is negative, and the decay rate increases linearly with [, indi-
cating that higher radial modes relax more quickly back to the limit
cycle due to deterministic damping. The imaginary part in(1 — §),
which is identical to the I = 0 case, captures the oscillatory behavior
tied to angular harmonics.

Experiment design and result: In our experiments, we aim to
evaluate the accuracy of SDMD and EDMD in estimating eigen-
values of the Koopman generator of the stochastic Stuart-Landau
system. The Fourier basis is selected as it aligns well with the peri-
odic nature of the system. We specifically compare eigenvalues
corresponding to the I = 0 case in Eq. (19) from the system with
parameter settings: § = 0.25, k =1, e =0.05, y =1, and g = 1.
The system’s state space is discretized over 20 points in both r and
0 which forms a uniform grid. The radii are uniformly sampled in
the range r € [0.4, 0.8], and the angles are uniformly sampled from
0 € [—m,m]. These points serve as initial conditions for the simula-
tions. For the numerical integration, we let the internal integration
step size of h = 1 x 107> and ngeps = 10 000 steps; so that the data is
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FIG. 2. Comparison of eigenvalues of Koopman generator estimated by EDMD
and SDMD of the stochastic Stuart-Landau equation using Fourier basis.
Figure 2(a) shows the eigenvalues obtained from EDMD. Figure 2(b) shows those
obtained from SDMD.

collected with At = 0.1. The true eigenvalues of the Koopman gen-
erator are computed for the case of [ = 0. For this mode, we focus
on eigenvalues corresponding to azimuthal harmonics, represented
by n € {—10,—-9,...,10} excluding n = 0, as this eigenvalue corre-
sponds to a trivial mode. These analytical eigenvalues serve as the
benchmark to evaluate the accuracy of SDMD and EDMD. In Fig. 2,
we show comparison of eigenvalues obtained from both methods.
More discussion and comparison tests on eigenfunctions will be left
in the Appendix C.

B. 1D Ornstein-Uhlenbeck process

The Ornstein—-Uhlenbeck (OU) process is one of the few
stochastic processes for which closed-form expressions can be
derived for its transition probability density and the spectral prop-
erties of its Koopman generator. The one-dimensional OU process
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FIG. 3. OU process: Two tests on computing eigenvalues of Koopman generator <7 obtained from SDMD-DL, gEDMD-DL, and EDMD-DL. (a) Test 1: SDMD-DL. (b) Test 1:

EDMD-DL. (c) Test 1: EDMD-DL. (d) Test 2: SDMD-DL. (e) Test 2: gEDMD-DL. (f) Test 2: EDMD-DL.

is described by the following SDE:
dX, = 0(ue — Xy)dt + odW,,

where 6 > 0 is the mean reversion rate, (i, is the long-term mean,
o > 0 is the volatility parameter, and W, is a standard Wiener pro-
cess. The generator of this system acting on twice differentiable
functions fis’>**

2
() = 0o = 0f () + 21 (0.

The eigenvalues and eigenfunctions of this generator have
explicit forms, that is, for any non-negative integer n, the nth
eigenpair is

A, = —nb), ¢n(x)=Hn< — Mo ) (20)

X
Vo?/(26)

where H, (x) is the n-th order Hermite polynomial. The transition
density solves the Fokker-Planck equation and has a Gaussian sta-
tionary distribution p.,(x) with mean w, and variance o2/(26),
specifically,

poo() = (2107/(20)) " exp (—(x — 110)*/(02/0)) .

These analytical solutions provide rigorous benchmarks for testing
numerical approximation methods like SDMD and gEDMD with
neural network settings.

Experiment design: The parameters are set as 6 =1,
o =0, and o = 0.1. The EM method approximates the solution
using discrete time steps # = 107, with the update rule

Xeon = Xi + 010 — X)h + oVhE,

where & ~ .#°(0,1). In our setup, m = 10 initial points are cho-
sen uniformly from the domain [—2, 2], and for each initial point,
the process is simulated over #.y, = 200 evaluations. We select
sampling time interval A = 0.1. These simulations generate the
time series data required for learning the Koopman generator. To
approximate the Koopman generator, we apply SDMD and gEDMD
methods with a simple NN with dictionary size N = 20.
Experiment result: Fig. 3, we show the comparison of eigen-
pairs of Koopman generator <7 obtained from SDMD-DL, gEDMD-
DL, and EDMD-DL, respectively. Notice that our SDMD-DL
method computes the approximated eigenvalues of the Koopman
semigroup # 2!, not of the Koopman generator <7, so the eigen-
values plotted are by Remark IIL.5. In Table II, we show the leading
four approximated eigenvalues of the Koopman generator, which is
first obtained by SDMD-DL and then computed by Eq. (5). Table II
exhibits two different test results and shows that SDMD-DL can suc-
cessfully approximate the leading four eigenvalues of the generator
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TABLE Il. OU process: First four eigenvalues of the Koopman generator estimated
using SDMD.

Index Test 1 Eigenvalues Test 2 Eigenvalues
Al —5.75892737 x 107° —4.93801632 x 107>
A2 —1.03753149 —1.158 516 52

A3 —2.23424145 —2.61595495

Ay —3.88774292 —3.59187336

since they are close to 0, —1, —2, —3, as discussed in Eq. (20). How-
ever, for eigenvalues corresponding to faster-decaying modes, the
accuracy also diminishes. This limitation is likely due to insufficient
data and an inadequate number of basis functions, constrained by
the local computing resource. In Fig. 4, we show that the eigen-
functions computed by SDMD-DL exhibit a polynomial structure in

1st eigenfunction 2nd eigenfunction 1st eigenfunction

ARTICLE pubs.aip.org/aip/cha

correct order, which also highlights the method’s consistency with
theoretical expectation as in Eq. (5). To provide a clearer, baseline
comparison of the core algorithms, we conducted another set of
experiments under more idealized conditions. In this case, we used
a fixed dictionary of monomial basis functions up to degree 5 and
the analytical values for the SDE coefficients. The results are shown
in Fig. 5. As expected, with a well-suited basis and perfect model
knowledge, both SDMD and gEDMD achieve nearly perfect results,
accurately capturing the theoretical spectrum. In contrast, standard
EDMD still performs less accurate, as it does not correctly account
for the stochastic term in its formulation.aware methods (SDMD
and gEDMD) for stochastic systems.

C. 2D triple-well system

The 2D triple-well potential system™ provides a rich setting for
studying stochastic dynamics due to its intricate energy landscape,
2nd eigenfunction
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FIG. 4. OU process: Two tests on computing eigenfunctions obtained from SDMD-DL, gEDMD-DL, and EDMD-DL. (a) Test 1: SDMD-DL. (b) Test 1: gEDMD-DL. (c) Test 1:
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which features three distinct basins of attraction separated by
potential barriers. This system is inherently metastable, meaning
that it tends to remain in one basin for long period, while ran-
dom fluctuation will also cause slow transitions between basins.
Meanwhile, within each basin the system experiences much quicker,
small-scale fluctuation. Studying such metastable systems is valu-
able because it helps us understand long-term behavior, the occur-
rence of rare events, and the mechanism driving state changes. The
dynamics of the system are governed by the following stochastic
differential equation:

dX, = —VV(X)dt + ¢dW,,

where X; = (x;, y;) represents the system’s state, V(x, y) is the poten-
tial function defining the energy landscape, o is the diffusion coeffi-
cient that characterizes the intensity of the stochastic noise, and W,
is a standard Wiener process.

Experiment design: In this experiment, the potential landscape
V(x,y) is defined by

Vix,y) = 3e—x2_(y_%)2 — 3e_x2_(7—%)2 _ 58—(:6—1)2—},2

1\ 4
_ Se*(x+1)27y2 + 0.2x4 +02 (}’ _ 5) ,

which is depicted in Fig. 6. For this system, the noise coefficient
matrix o is defined as a diagonal matrix, where each diagonal
element is set to 1.09, that reflects the noise intensity in each spa-
tial direction. The spatial domain is defined by x € [—2,2] and
y € [—=1,2], with m = 35 points uniformly sampled along each
dimension to create a grid of m? initial conditions. The trajectories

2D Triple Well Potential Landscape

2.0 5
4
1.5
3
1.0 1 2
13
> 0.5 3
° 2
0.0 1 -1
-2
-0.51
-3
-1 . . — . v . { -4
—20 -15 -1.0 =05 00 05 1.0 15 2.0

X

FIG. 6. 2D triple-well potential landscape.

Chaos 35, 103123 (2025); doi: 10.1063/5.0283640
Published under an exclusive license by AIP Publishing

35,103123-14

¥1:5%'02 920T Ud1e G0


https://pubs.aip.org/aip/cha

Chaos

0.75 4

0.50 1

Imaginary Part

—0.50 4

-0.75 4

—1.00 4

Imaginary Part

—0.50 4

—0.75

—1.00 A

0.25 4

—0.25 A

Pr o =< ® Eigenvalues
s” \\--- Unit Circle

™ T T 4 T
-15 -1.0 -0.5 0.0 0.5 1.0 15
Real Part

(a) Test 1: SDMD-DL

0.25 4

0.00

—0.25 1

,,,,,, =< ® Eigenvalues
-~ ~.~=- UnitCircle

@
°
H
8
°
Lo g

=15 -1.0 -0.5 0.0 0.5 1.0 15
Real Part

(c) Test 2: SDMD-DL

Imaginary Part

Imaginary Part

pubs.aip.org/aip/cha

1.00 A

0.75 4

0.50 4

0.25

0.00

—=0.25 1

—0.50 4

-0.75 1

—1.00 +

gEDMD
P i R = ® FEigenvalues
,/ \\ —==Unit Circle
. ~
. \
/ \
/ \
7 A
7 \
/ \
I A
1] \
1
1
i .*
)
\ I
A\ 1
\ ’
\ /
\ ’
\ 7
\, /
\ /
s -t
T T ™ T T ™ T
=15 -1.0 -0.5 0.0 0.5 1.0 15
Real Part

(b) Test 1: gEDMD-DL

1.00 A

0.75

0.50 1

0.25

0.00

—0.25 1

—0.50 4

-0.75 1

—1.00 1

gEDMD
POl B ~o ® Eigenvalues
el TS._ === Unit Circle
- ~
, \
/ \
/ \
/ \
/ \
I \
1 A
! 1
)
[} *
|
1
A 1
\ +
\ r
\ ’
A y 4
\ /
\ /
N /
o ="
Ny e
-1.5 =10 —0.5 0.0 0.5 1.0 15
Real Part

(d) Test 2: gEDMD-DL

FIG. 7. Triple-well: Two tests on computing eigenvalues of Koopman operator . ! obtained from SDMD-DL and gEDMD-DL. () Test 1: SDMD-DL. (b) Test 1: gEDMD-DL.
(c) Test 2: SDMD-DL. (d) Test 2: gEDMD-DL.

are generated using the Euler-Maruyama (EM) method for numer-
ical integration, with an integration step size of h =1 x 107> and
Ngeps = 100 steps simulated for each trajectory. In this case, the col-
lected data snapshots have time interval At = 0.1. We apply SDMD
and gEDMD methods with dictionary size N = 10.

Experiment result: Fig. 7 displays the approximated eigenval-
ues of the Koopman semigroup .#2 computed by SDMD. These
eigenvalues quantify the rates of transitions between basins, with
smaller eigenvalues corresponding to slower transitions that reflect
the metastable behavior of the system. Here is a more detailed anal-

ysis for Figs. 7 and 8: The eigenvalue A =1 corresponds to the
system’s steady state. The associated eigenfunction in this case is
simply the constant function, which does not provide additional
information about the system. It encodes features linked to the
long-term behavior of the system. The eigenvalues close to 1 corre-
spond to the slowest timescales in the system, indicating transitions
between metastable states. In this triple-well potential system, it
represents transitions between the two deeper wells, as their sim-
ilar depths create slow dynamics governed by the energy barrier
between them. The slightly smaller eigenvalue reflects faster dynam-
ics, particularly involving transitions with the shallower well. Since
the shallower well is less stable, transitions involving this well occur
more rapidly, resulting in a larger separation from 1. The smaller
eigenvalues capture other transient behaviors that decay quickly.

Table I1I shows the eigenvalues of Koopman generator obtained by
Eq. (5). These eigenvalues highlight the system’s faster timescales
and play a lesser role in describing long-term dynamics. This inter-
pretation aligns with the expected behavior of metastable systems:
the spectrum reflects both the number of basins and the hierarchy
of transition rates among them.

D. Recovering latent timescales in a neural mass

model

Our previous examples (Stuart-Landau oscillator, Ornstein-
Uhlenbeck process, triple-well potential system) demonstrated
SDMD’s accuracy in recovering known spectral structures. How-
ever, practical scenarios often involve latent dynamics, such as slow
modulations or transient intermediate states that are not directly
observable in measured variables. To illustrate SDMD’s capacity
to efficiently uncover these latent timescales with minimal observ-
ables and a compact dictionary, we present here a minimal neural-
mass model.”® This example emphasizes SDMD’s effectiveness in
extracting hidden multiscale structures from limited measurements,

further underscoring the method’s general applicability.

Specifically, we consider the following neural-mass model,
a minimal two-dimensional reduction of a large population of
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FIG. 8. Triple-well: two tests on computing eigenfunctions obtained from SDMD-DL and gEDMD-DL. (a) Test 1: SDMD-DL. (b) Test 1: gEDMD-DL. (c) Test 2: SDMD-DL.

(d) Test 2: gEDMD-DL.

quadratic integrate-and-fire neurons derived by Montbrio et al.,”

A
dr = (; + 2rv> dt+ o dW,(t),
dv = (v2 + Jr+ I(t) — nz,z) dt + UVZ dw,(t),

where oy and o, are the standard deviation of addictive Gaussian
noise. This system intrinsically possesses two distinct dynamical
regimes: a low-activity fixed-point regime and a damped-oscillatory
(spiral) regime [see Fig. 9(a)]. The external input I(f) can be set to
two different values, each stabilizing one of these regimes [Fig. 9(b),
top]. Thus, the input acts as a latent slow-modulating state. Switch-
ing between input values induces a transient intermediate timescale
associated with decay towards the spiral attractor. This provides a
clear scenario to test the capability of SDMD to efficiently recover

multiple latent timescales, including the slow modulation, transient
decay, and fast oscillation from only the two observables (r, v).
Experiment design: We numerically integrated the above
equations using the standard Euler method with a fixed time
step (At =0.01s). The parameters were set as A =1, J=15,

TABLE Ill. Triple-well system: First three eigenvalues of the Koopman generator
estimated using SDMD.

Index Test 1 Eigenvalues Test 2 Eigenvalues
Al 0.999999 135 1.000 000 83
As 0.993172638 0.993 59029
A3 0.892 089 359 0.867 72991
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FIG.9. SDMD recovers latent states and transient dynamics from a stochastic neural-mass model. (a) Phase-space trajectory of the neural-mass model illustrating two distinct
dynamical regimes: a low-activity fixed-point (brown) and a spiral oscillatory state (green), modulated by a slowly alternating latent input (not included as an observable or
feature in either method). (b, top) Ground truth of the slowly modulating input /(t), switching between two values (—2 and —10), where the color code of the two states
matches (a). This latent input state was not directly observable during analysis. (b, middle and bottom) Dominant eigenfunctions estimated by SDMD (red) and EDMD-DL
(black). SDMD clearly isolates the latent slow input modulation (¢,) and the transient dynamics during regime switches (¢3). By contrast, EDMD-DL fails to effectively recover
either latent variable, with its eigenfunctions significantly influenced by high-frequency oscillations and stochastic noise.

oy = o, = 0.01 and the input I(¢) alternated between two constant
values (I = —2 and I = —10) driven by a Markov switching pro-
cess. At each time step, the probability of maintaining the same
input state was set to 0.9999. Additionally, independent Gaussian
noise with zero mean and standard deviation 0.01 was added to both
state variables. The total simulation duration was 6000s (600 000
data points), providing ample data to clearly identify latent slow
modulations, intermediate transient dynamics, and fast oscillatory
modes using SDMD. Both methods are trained with 300 outer
epochs and two inner epochs, where the procedures are elaborated
in Algorithm 2 and in Ref. 49.

Experiment results: To examine the efficacy of SDMD relative
to classical dictionary-learning approaches, we compared SDMD to
Extended Dynamic Mode Decomposition with Dictionary Learn-
ing (EDMD-DL). Both methods used identical observable variables
(r and v) from the full 6000 s simulated dataset. Crucially, no direct
information about the latent input I(f) was provided during the
training process. To ensure a fair and consistent comparison, both
SDMD and EDMD-DL employed dictionaries constructed via an
identical three-layer neural network (50 neurons per hidden layer).
The final dictionary consisted of 25 neural-network-trained basis
functions, supplemented by 2 first-order polynomial observables
(r,v) and a constant term, yielding a total of 28 dictionary elements.
This setup allowed for an objective evaluation of SDMD’s capability
in recovering latent dynamical timescales and hidden states rela-
tive to standard EDMD-DL approaches. It is worth mentioning that
while EDMD-DL converges after 300 epochs, SDMD-DL does not
converge. However, we measured the similarity between the normal-
ized second Koopman eigenfunction (see following) and the ground
truth latent input I(f) with the Pearson correlation coefficient and
picked the training result from the outer epoch with the highest
similarity.

Figure 9(b)(middle and bottom) shows the first two dominant
eigenfunctions identified by SDMD-DL and EDMD-DL from the
neural-mass model data. SDMD successfully recovers a latent slow

state (represented by eigenfunction ¢,) that aligns well with the
ground-truth partitions induced by the input modulation [Fig. 9(b),
top]. Moreover, SDMD reveals another eigenfunction (¢3) clearly
illustrating the transient dynamics during regime transitions. In
contrast, EDMD-DL fails to capture these two latent states despite
using the identical neural-network dictionary structure. Specifically,
EDMD-DL’s eigenfunction ¢, does exhibit baseline shifts between
different slow states, but it remains significantly corrupted by high-
frequency oscillations from the spiral regime, failing to clearly isolate
the slow modulation. Additionally, EDMD-DL’s eigenfunction ¢;
does not provide interpretable transient dynamics.

Although we selected the SDMD epoch solely by maximizing
the similarity between the normalized slow eigenfunction ¢, (f) and
the ground-truth input I(¢), this choice also quite remarkably yields
an accurate recovery of the transient switching dynamics in the
third eigenfunction ¢;(t). In the selected epoch, ¢;(¢) cleanly iso-
lates the brief regime transitions, whereas in epochs with lower ¢, (f)
— I(t) correlation it remains buried under high-frequency oscilla-
tions. This demonstrates that calibrating the Koopman operator on
a single, dominant timescale can effectively tune the full spectral
approximation, allowing both the slow modulations and the inter-
mediate transients to emerge clearly. In summary, this neural mass
model example effectively demonstrates SDMD-DL’s advantage
over EDMD-DL in extracting underlying multiscale dynamics from
a stochastic system. Under identical conditions, i.e., limited observ-
ables, parametrized dictionaries, and neural-network architectures,
SDMD accurately isolates latent slow and transient states, despite
the presence of noise. The inherent robustness of SDMD to noise
is highlighted by its capability to extract meaningful eigenfunctions
even from noisy, partially observed data, whereas EDMD-DL fails
to decouple latent structures from the stochastic fluctuation. These
results illustrate SDMD’s suitability and superior performance for
analyzing stochastic dynamical systems with hidden multiscale fea-
tures. Moreover, our findings show that by selecting the model
that best aligns the dominant slow eigenmode with the true latent
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input, one simultaneously calibrates the full Koopman operator,
which enables clean recovery of both slow modulations and rapid
switching dynamics.

VII. CONCLUSION

In this paper, we presented a novel computational framework
(SDMD) for estimating Koopman semigroups in stochastic dynam-
ical systems. Our approach addresses several challenges in the field
and provides a robust foundation for analyzing spectral properties
in stochastic dynamics. By directly approximating the semigroup, it
eliminates the need for expensive matrix exponential computations,
significantly improving computational efficiency. These features,
combined with a specially designed loss function and updating
rule, make the framework particularly suitable for neural network
implementations. Rigorous convergence analysis further supports
the method’s reliability, which provides probabilistic error bounds
and finite-dimensional approximations. Numerical experiments on
the Stuart-Landau oscillator, OU process, triple-well potential, and
neural mass model confirm that the framework not only estimates
accurate Koopman eigenvalues and eigenfunctions but also recovers
hidden slow-fast dynamics from limited noisy observations.

Future work will focus on three primary directions. First, we
plan to extend the SDMD framework to high-dimensional systems.
This extension will tackle both theoretical and computational chal-
lenges, including investigating how dimensionality influences con-
vergence rates. Second, we aim to apply SDMD to real-world data
to study multiscale phenomena, thereby bridging the gap between
theory and practice in fields such as brain dynamics. Third, we
intend to incorporate the resolvent operator into our analysis to
derive explicit error bounds for the estimated Koopman semigroup,
Koopman generator, and their spectral components. In addition,
calibrating the approximation to emphasize a specific timescale by
explicitly optimizing for a chosen eigenmode or weighting particular
spectral components could offer a powerful new strategy for improv-
ing Koopman operator estimation and targeting distinct dynamical
regimes. By analyzing the spectral characteristics of the resolvent
operator, we hope to establish the theoretical framework of stability
analysis for our SDMD method in stochastic dynamical systems.
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APPENDIX A: SECOND-ORDER STOCHASTIC TAYLOR
EXPANSION IN SDMD

For f € Ci(.#), the Koopman semigroup admits the second-
order stochastic Taylor expansion in the following:

AN f=f+ Amff+ A’f+ o(AP),

where the generator <7 acts as

Af = Zb

Applying < again yields

.
+ Z( )”8 8x]

t]l

2

o= Zbk— (1) + = Z(aaT)uax o (<),

kll

which expands into a combination of terms involving derivatives of
b and o up to second order, and derivatives of f up to fourth order.
Specifically,

b, af o)y f
o x T Z( e ax,0x;

zij
J’_...,

where the omitted terms include all mixed derivatives up to order
four of f multiplied by appropriate derivatives of b and o. In the
SDMD context, incorporating this term for each basis function v;
would modify Eq. (12) to

A 2
HO () A (0) + AP () + Tt () (),

which leads to a higher-order approximation but with significantly
greater computational cost due to the evaluation of &7%4;.

APPENDIX B: MCDIARMID’S INEQUALITY

Definition B.1 (Bounded Differences Property). A func-
tion f: 27 x &, x -+ x Z, — R satisfies the bounded differ-
ences property if substituting the value of the i-th coordinate x;
changes the value of f by at most ¢;. More formally, if there are
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constants ¢}, ¢, . .
X € %, ..

., ¢, such that for all i € [n], and all x;, € 2],
Xy € Ly

> Xie 1> Xi> Xig 15 - - - :xn)

sup ‘f(xl,...
J/ie‘%'i
—f(x1,. .. ,Xx;l,xﬁ,xiﬂ, . axn)| <.

Lemma B.2 (McDiarmid’s Inequality™). Let f: 27 x 25
X oo X 2 — R satisfy the bounded differences property with
bounds ¢y, ¢, ..., ¢, as in Definition B.1. Consider independent ran-
dom variables X,X,, ..., X, where X; € Z; for all i. Then, for any
e >0,

P (X1, X, ..., Xo) — E[f(X1, X ..., X)]| = €)
262
§2exp —W .
i=1"i

APPENDIX C: 2D STUART-LANDAU EQUATION: PHASE
DIFFUSION EQUATION

The SL equation not only has the Cartesian and polar coor-
dinates form, but also has phase coordinates form™ given in the
following:

2
dr = (6r—/<r3 + z—> dt + edw,,
r
P oy
d¢ = wpdt + - dW, — B—dW,,
r r

where p =0 — ﬁlog(r/R) with B = B/k being the twist factor.
For$§ > 0and e/k /8 < 1, the eigenfunctions are given by

e [=0,

Yo = exp (i (n (0~ Blog 7))).

o[>0,

oty (VB Yewp (1 (0~ B1oe 7))
where H; is the I-th order Hermite polynomial.

Figure 10 displays a comparison of the analytical eigenfunc-
tions with those obtained from EDMD and SDMD for various
modes. The analytical eigenfunctions are normalized by a fac-
tor of 1//2"I|n|! and combine the phase dynamics, expressed by

exp (in (9 — Blog (%))), with the radial structure given by Her-

mite polynomials H, (@) Both EDMD and SDMD utilize

Fourier basis functions; however, SDMD demonstrates superior
accuracy in capturing the phase structure. Note that our dataset cov-
ers the range r € [0.4,0.8], so there is no information available for
the region r < 0.4. Within the considered range, the eigenfunctions
computed by both methods exhibit the rotational behavior observed
in the true eigenfunctions, as shown in Fig. 10.
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FIG. 10. Comparison of eigenfunctions estimated by EDMD and SDMD for
stochastic Stuart-Landau system with Fourier basis. Figure 10(a) shows the
eigenfunctions obtained from EDMD. Figure 10(b) shows those obtained from
SDMD. (a) Eigenfunctions by EDMD. (b) Eigenfunctions by SDMD. (c) True
eigenfunctions.

Chaos 35, 103123 (2025); doi: 10.1063/5.0283640
Published under an exclusive license by AIP Publishing

35, 103123-19

¥1:5%'02 920T Ud1e G0


https://pubs.aip.org/aip/cha

Chaos

APPENDIX D: ESTIMATION OF DRIFT AND DIFFUSION
COEFFICIENTS IN SDE

We start with SDE given in Eq. (1), discretized via the
Euler-Maruyama (EM) method over a small time step At,

Xirar — Xi = bX) At + 0 X))V AL,

Here, & ~ A7(0,]) introduces noise, and this generates our
time series data pairs, X; and XA, A single neural network is
trained to predict the next state, taking X; as input and outputting
X1 ar. The loss function driving this training is the mean squared
error (SE),

1 -
MSE = Z Kepar — Xesar)

This measures the average squared difference between the
actual next state X, 5, from the data and the NN’s prediction iH. Abs
over N data pairs. By minimizing this loss, the NN learns to approx-
imate the deterministic shift, X, o; ~ X; + b(X;)At, as the noise
term’s mean is zero.

From this NN, the drift is estimated as

it+At - Xt
At

using X; from the data aEd iHAt from the NN. For diffusion,
the residual r, = X, ar — X¢1ar captures the noise, with variance

defined as variance = (Xiiar — iH_At)z ~ o (X,)?At. Thus,

X)) ~ variance
o(Xy) &~/ Ar
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