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ABSTRACT. The present paper is devoted to the study of transition fronts of
nonlocal Fisher-KPP equations in time heterogeneous media. We first con-
struct transition fronts with exact decaying rates as the space variable tends
to infinity and with prescribed interface location functions, which are natural
generalizations of front location functions in homogeneous media. Then, by
the general results on space regularity of transition fronts of nonlocal evolution
equations proven in the authors’ earlier work ([25]), these transition fronts are
continuously differentiable in space. We show that their space partial deriva-
tives have exact decaying rates as the space variable tends to infinity. Finally,
we study the asymptotic stability of transition fronts. It is shown that transi-
tion fronts attract those solutions whose initial data decays as fast as transition
fronts near infinity and essentially above zero near negative infinity.

1. Introduction. In the present paper, we study transition fronts of nonlocal dis-
persal equations of the form

u=J*xu—u+ f(t,u), (t,x)€eRxR, (1)
where the dispersal kernel J satisfies
(H1) J#0, J e C'R), J(z)=J(—x) >0 for allz € R, [, J(z)dz =1 and

/ J(z)eMdr < oo, / |J/(x)[eMdr < 0o for any A € R.
R R

We assume that f is a Fisher-KPP or monostable type nonlinearity, that is, f
satisfies
(H2) f: R x[0,1] — R is C' and C? in its first variable and second variable,
respectively, and satisfies the following conditions:
- f(t,0) = f(t,1) =0 and f(t,u) >0 for all (t,u) € R x (0,1);
— there exists 61 € (0,1) such that f,(t,u) <0 for all u € [01,1];
~ SUP(¢,u)eRx[0,1] max{lft(tv u)l’ |fu<t’ u)l’ |fuu(t7 u)‘} < 005
— there exists a C function g : [0,1] — R satisfying
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* 9(0) = g(1) =0 < g(u) forue (0,1),
* gu(0) =1, gu(1) > —1, g, is decreasing and fol %;wdu < oo
such that
a(t)g(u) < f(t,u) < a()u, (t,u) € Rx0,1],
where a(t) := fu(t,0) satisfies ains := infrer a(t) > 0.

The decaying assumptions on J are used implicitly in some places of the present
paper. For example, to ensure Proposition 1 below, we need A > r (see the proof
of [25, Theorem 1.3]). Here is a typical example of the function f, i.e., f(t,u) =
a(t)u(l — u). Equation (1) with J and f satisfying (H1) and (H2) arises in, for
example, population dynamics modeling the evolution of species. In which case, the
unknown function u(t, z) would be the normalized population density, the operator
v — J x v — v models nonlocal diffusion and f(¢,u) is the logistic-type growth
rate. For equation (1), solutions of particular interest are global-in-time front-like
solutions, more precisely, transition fronts, since they play the key role in describing
extinction and persistence of the species.

Recall that a global-in-time solution u(t,z) of (1) is called a (right-moving)
transition front (connecting 0 and 1) in the sense of Berestycki-Hamel (see [3, 4],
also see [21, 22]) if u(t,x) € (0,1) for all (¢,2) € R x R and there is a function
X : R — R, called interface location function, such that

EIP u(t,z + X(t)) =1 and lim u(t,z + X(t)) = 0 uniformly in ¢ € R.

The interface location function X (¢) tells the position of the transition front as time
t elapses, while the uniform-in-¢ limits show the bounded interface width, that is,

V0<e <e <1, supdiam{z € Rleg <u(t,z) < ea} < 0.
teR

Thus, transition fronts are proper generalizations of traveling waves in homogeneous
media and periodic (or pulsating) traveling waves in periodic media. Notice if () is
a bounded function, then X (¢)+£(¢) is also an interface location function. Therefore,
interface location functions are not unique. But, it is not hard to check that the
difference of two interface location functions is a bounded function. Hence, interface
location functions are unique up to addition by bounded functions.

We see that transition fronts can be defined in the same way for more general
equations, say,

up=Jxu—u+ f(t,x,u). (2)

Many results have been obtained for (2) when f(¢,z,u) is of monostable or Fisher-
KPP type in various special cases. For example, when f(¢,z,u) = f(u), traveling
waves and minimal speeds have been studied in [5, 9, 10, 20]. When f(¢,z,u) =
f(z,u) is periodic in  or f(t,x,u) is periodic in both ¢ and z, spreading proper-
ties and periodic traveling waves have been studied in [11, 19, 27, 28, 29]. When
f(t,x,u) = f(x,u), while principal eigenvalue, positive solution and long-time be-
havior of solutions were studied in [2], transition fronts were shown to exist in [16].

In the present paper, we study transition fronts of (2) when f(¢,z,u) = f(t, u),
that is, (1). To state our results, we define for x > 0

J(y)esvdy — 1
Cﬁ(t) — f]R (y)e y t 1
K

t
+ f/ a(s)ds, teR.
KJo
We see that if a(t) = a > 0 is a constant function, then ¢”(t) is nothing but the front
e™dy—1+a
K

location function of traveling waves with speed Je I of a homogeneous



TRANSITION FRONTS IN NONLOCAL FISHER-KPP EQUATIONS 1195

nonlocal Fisher-KPP equation (see e.g. [5, 10, 20]). Note that since inficgr a(t) > 0,
c®(t) is increasing, and since sup( ,)erxjo,1) |ft(t, u)| < oo, ¢*(¢) is at most linear.
Indeed, if ain¢ = inficr a(t) and agup = sup,cp a(t), then

J "Udy — 1 ; .
cr(t) € Je J@)erdy t+ [amft, Gsup ], teR.
K K

This function will serve as the interface location function as in the definition of
transition fronts.

Our first result concerning the existence, regularity and decaying properties of
transition fronts of (1) is stated in the following theorem.

Theorem 1.1. Assume (H1) and (H2). There exists ko > 0 such that for any
k € (0, ko], there is a transition front u"(t,z) of (1) with interface location function
X"5(t) = c®(t) and satisfying the following properties
(i) u”(t,x) is decreasing in x for anyt € R;
(ii) there holds limg o w =1 uniformly in t € R;
(iil) u”(t,x) is continuously differentiable in = for any t € R and satisfies
|uj (¢, )|

sup ——— < o0
(t,0)eRxR U (t,T)

(iv) there holds limy—, oo ul(t,x + X" (t)) = 0 uniformly in t € R;

ugp (tz+X"(t) _

(v) there holds lim_, oo T = uniformly in t € R.

Note that the continuity of a transition front u(t, ) in the space variable x is not
assumed in the definition of transition fronts. But the space regularity of transition
fronts plays an important role in the study of other important properties such as
stability and uniqueness of transition fronts. In the random dispersal case, the space
regularity of transition fronts follows from parabolic Schauder estimates, while,
thanks to the lack of space regularity for the nonlocal dispersal equations (that
is, the semigroup generated by the nonlocal dispersal operator has no regularizing
effect), a transition front of a nonlocal dispersal equation may not be regular in
space. We refer the reader to [1] for the existence of discontinuous traveling waves
of uy = J xu—u+ fg(u), where fp is a balanced bistable nonlinearity. In [25],
we established some very general results on the space regularity of transition fronts
of nonlocal dispersal equations. Among others, we proved in [25] the following
proposition.

Proposition 1 ([25]). Assume (H1) and (H2). Let w(t,x) be an arbitrary transition
front of (1) satisfying

w(t,z) < Ce™Vlu(t,y), (t,z,y) ERXRxR (3)

for some C >0 and r > 0. Then, w(t,x) is continuously differentiable in x for any
lwe (t,2)]

t € R and satisfies sup(; zyerxr St < 00

At this point, we mention that the regularity of pulsating fronts for nonlocal
KPP equations in the space periodic case was treated in [11] (see also [29]). We
remark that Theorem 1.1(iii) follows directly from Proposition 1. We point out
that the existence of transition fronts in Theorem 1.1 is proven constructively via
the construction of appropriate sub- and super-solutions. The k¢ in Theorem 1.1 is
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obtained in the construction of sub-solutions (see Proposition 3) and satisfies that
ko < infer Kko(t) (see (17)), where xo(t) > 0 is such that

Jo T Wy — 14 a(t) [y T(y)evdy — 1 +a(t)
Ro(t) = iy . -

The k¢ in Theorem 1.1 may be small and hence the set of transition fronts obtained
in Theorem 1.1 may only contain those which move sufficiently fast to the right. In
[19], the authors proved the existence of periodic traveling waves in the time periodic
case f(t+T,u) = f(t,u) also constructively via the construction of appropriate sub-
and super-solutions. The k¢ obtained in [19] is given by

JeIy)errdy—1+a _ . JpJ(y)erdy —1+a
Ko ®>0 K

: (4)

where & = fOT a(t)dt. The kg in (4) for the time periodic case is optimal and
the value in (4) is nothing but the minimal speed of periodic traveling waves. But
the method to construct sub-solutions in the time periodic case adopted in [19] is
difficult to be applied to the general time dependent case. We adopt in the present
paper a method based on an idea from [33] (also see [16, 30]), which is different
from that in [19] and allows us to apply it to the general time dependent case, but
does not enable us to obtain the optimal value of kg. It would be interesting to
determine the optimal value for ko (see Subsection 2.3 for some remarks).

We also remark that if a(t) = f,(t,0) is uniquely ergodic, that is, the hull of a(t)
is compact and the dynamical system generated by the shift operators on the hull

of a(t) is uniquely ergodic, then the limit lim o 1 fot a(s)ds exists, and hence, the

asymptotic speed
X"(t m(t J(y)eVdy —1 1 I
lim X' — lim & ®) = Je JW)erdy +— lim — [ a(s)ds

t—00 t t—oo t K K t—oo t 0

exists. Since interface location functions are unique up to addition by bounded
functions as mentioned before, asymptotic speed (if exists) is independent of the
choice of interface location functions. Note that asymptotic speed hardly exists in
general.

In the presence of space regularity, i.e., Theorem 1.1(iii), we then move to the
study of the asymptotic stability of u"(t,xz). To do so, we further assume the
uniform exponential stability of the constant solution 1, that is,

(H3) There exists 61 € (0,1) and 1 > 0 such that f,(t,u) < =B for all (t,u) €
R x [91, 1]

Note that (H3) improves the corresponding assumption in (H2). From classical
semigroup theory and comparison principle, we know that for any uy € Ct . (R),
the space of real-valued, bounded and uniformly continuous functions on R, the
solution wu(t,x;to, ug) of (1) with initial data u(to, -;to,uo) = up exists globally in
the space C?_..(R) and is unique. We then show

unif
Theorem 1.2. Assume (H1)-(H3). Let ko be as in Theorem 1.1. For k € (0, k),

let u"(t,x) be the transition front in Theorem 1.1. Let ug : R — [0,1] be uniformly
continuous and satisfy

liminfug(z) >0 and lim _uo@)
T——00 T—00 uﬁ(t(), :Ij)

=1
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for some ty € R. Then, there holds the limit

t,x;t
lim sup ult, z5to, uo) 1| = 0. (5)
=00 2R uﬁ(tvx)

A generalization of Theorem 1.2 is given in Corollary 1, where we show that if ug

is as in Theorem 1.2, but with lim,_, .o u}jg}fl) = 1 replaced by lim,_, o uj;‘gt(f)z) =)

for some A > 0, then there holds lim;_,  SUp,cp Mﬂ“‘))) — 1| =0.

In X
um(thf%

More generally, if lim,_, oo Z“,(fz) = X > 0, then, using Theorem 1.1(ii) and the
facts that X" (¢) is continuous, increasing and satisfies lim;_, 1 o, X*(t) = %00, there
uo ()
B u” (to,x) N
the asymptotic dynamics of u(t, x; tg, ug) as in (5) with tg replaced by tg. See Corol-
lary 2 for more details. In particular, if a(¢) is uniquely ergodic, then u(¢, x; to, ug)
X"(t)
7

exists a unique o € R such that the limit lim,_, o = 1 exists, which leads to

has asymptotic spreading properties in the following sense: if lim; .
then for any € > 0 there holds

— K
_C*7

lim  inf w(t,2;f0,up) =1 and lim  inf  wu(t,;tp,ug) = 0.
t—00 z<(ch—e)t t—=00 x> (ch+e)t

We remark that results as in Theorem 1.1 and Theorem 1.2 can also be estab-
lished for the following reaction-diffusion equation

Ut = Ugy + f(t7u)v (tam) eRxR. (6)
In particular, we have
Theorem 1.3. Assume (H2) and (H3). There exists kg > 0 such that for any
k € (0, ko|, there is a transition front u"(t,x) of (6) with interface location function

1 t
X“(t):nt—&—f/ a(s)ds, teR
0

K
and satisfying the following properties
(i) ufi(t,z) <0 for all (t,x) € R x R;

w =1 and lim,_ % = —k hold and

(i) the limits limg o0
are uniform int € R;
(iil) let up : R — [0,1] be uniformly continuous and satisfy liminf,_, o ug(x) > 0

and lim,_, o, 2202 — ) for some X > 0; then, there exists to € R such that

e— KT

u(t, z3t0, uo)

lim sup -1} =0.

=00 zcR u"‘(t,m)

It should be pointed out that transition fronts of (6) were established in [17],
while no result concerning the stability exists in the literature. In the case f(t,u)
being uniquely ergodic in ¢, the existence, stability and uniqueness of transition
fronts of (6) were studied in [22].

Finally, we remark that while transition fronts of reaction-diffusion equations
and nonlocal equations of Fisher-KPP type in general time or space heterogeneous
media have been studied (see e.g. [16, 17, 18, 30, 33]), there exists no result in the
literature concerning the corresponding discrete equations in general time or space
heterogeneous media, i.e.,

Wi = Ujq1 — 2U; + Uj—1 + f(t,ui), teR, i eZ, (7)

or
Wi = Ujp1 — 2U; + Ui—1 + f(’L, ui), teR, i €Z, (8)
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where f(t,u) and f(i,u) are of Fisher-KPP type. Such discrete equations also arises
naturally in applications (see e.g. [26]), and hence, it is of great importance to study
them. We refer the reader to [6, 7, 8, 12, 15, 32, 34] and references therein for works
of (7) or (8) in homogeneous media, i.e., f(t,u) = f(u) or f(i,u) = f(u), and to
[13, 14] for works of (8) in periodic media, i.e., f(i,u) = f(i+ L,u) for some L € Z.

The rest of the paper is organized as follows. In Section 2, we construct ap-
propriate global-in-time sub- and super-solutions of (1) for the use to construct
transition fronts. In Section 3, we construct transition fronts and prove Theorem
1.1. In Section 4, we study the stability of transition fronts constructed in Theorem
1.1 and prove Theorem 1.2.

2. Construction of sub- and super-solutions. In this section, we construct
appropriate global-in-time sub- and super-solutions of the equation (1). Throughout
this section, we assume (H1) and (H2).

2.1. Construction of the super-solution. For x > 0, let

J(y)edy — 1 1t
c(t) = Jp ) dy t+ 7/ a(s)ds, teR. (9)
K K Jo
For k > 0, define
Pt (t,x) = e @) (¢ 2) e R x R. (10)

Proposition 2. For any k > 0, ¢"(t, ) is a super-solution of (1).

Proof. We check that ¢"(t,z) solves ¢, = J * ¢ — ¢ + a(t)¢. The proposition then
follows from f(t,u) < a(t)u for v > 0 by (H2) (note it is safe to extend f(¢,u) to
u € (1,00) in this way). O

2.2. Construction of the sub-solution. To construct the sub-solution, we bor-
row an idea from [33] (also see [16, 30]). Let us consider the homogeneous reaction-
diffusion equation

Up = Ugy + g(u), (11)
where ¢, given in (H2), is of Fisher-KPP type with ¢,(0) = 1. It is known (see
e.g. [31]) that for any a € (0,1), traveling wave of the form ¢o(x — cot) with
Pa(—00) = 1 and ¢,(0c0) = 0 exists and is unique up to space translation, where
Ca = a + é We assume, without loss of generality, that lim,_ o, e**¢q(z) = 1.
Moreover, for any « € (0,1), the exponential function e~ (@=cat) ig g traveling wave
of the linearization of (11) at 0, that is,

Up = Ugy + U. (12)
For a € (0,1), we define a function h, : [0,00) — [0,1) by setting
0 =0
ha(s) =14 S
Po(—a tIns), s> 0.

Note that hq (e~ ") = ¢4 (), that is, h, takes the profile of traveling waves of (12)
with speed ¢, to that of (11) with the same speed. Since ¢, solves ¢l + c, ¢!, +
g(da) = 0, we check that h, satisfies

a?s?hy(s) = shy(s) + g(ha(s)) = 0. (13)

Lemma 2.1. Let a € (0,1). Then,
(1) hq is increasing and satisfies limg_,o0 ho(s) = 1, A, (0) =1 and h)(s) <O for
s> 05
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(ii) let B =2+ L% and pa(zx) = —hl(e™®) for x € R; then there holds

0 < palz) <P Vp,(y), x,y€eR.
| for (i) and [16, Lemma 3.1] for (ii). O
(z). For

Proof. See [33

[
Set v = 2 (it is nothing special). We write h(s) := hs(s) and p(z) == p
K > 0, define

3

4
Yr(t,x) = h(¢"(t,x)), (t,z) e R xR,

where ¢"(t, z) = e~ #(==¢" (1) is given in (10). Then,

Proposition 3. There exists ko > 0 such that for any x € (0, ko], Y*(t,x) is a
sub-solution of uy = J xu — u+ a(t)g(u); in particular, it is a sub-solution of (1) .

Proof. Since ¢"(t,x) satisfies the equation ¢f = J x ¢" — ¢" + a(t)¢"”, we readily
check that N["] := o) — [J = " — "] satisfies

N[ = a0 () + 1 (@) 0" =)= [ T (b0 =3) = h(o ()N
By the second-order Taylor expansion, i.e.,

h(@"(t,x —y)) — h(¢"(t, x)) = h'(¢"(t, 2))[¢"(t,z — y) — ¢"(t, 2)]
WCest) (1,2 - ) - 01,

for some (¢ between ¢"(t,z —y) and ¢"(t,z), we see

NI = atg b (6%) = 5 [ T oy )l6 (b0 =) = " ().

For the integral in the above equality, we first see from the monotonicity of In and
the explicit expression of ¢*(¢,z) that

| ln Ca:7y7t - 1n¢ﬁ(ta JI)| S | In (bn(tvx - y) —1In ¢H(ta $)| S K|y|
It then follows from Lemma 2.1(ii) with =2 + ﬁ < 4 that
*h”(C:c,y,t) _ p(* In C:c,y,t) < €4| In C:,y,t*h’l(f)"/(t’aj)‘p(i In (bn(t, x))
< e WI-p"(¢(t, x))].

+

Hence,

1

— 5 [T Gl (8, — ) — °(t, )Py
R

< —%h"(qﬁ”(u z)) /R J()e™ "tz —y) — ¢"(t,2)]*dy

= (6 (1) (1 2] / T M [e — 1Py,

which leads to
N[ < a(t)g™(t, x)h' (" (t, x))

- SN o) ) [ Tt e — 1Py,

R
Since L [e™ — 1]? = 2(e"¥ — 1)e"Vy > 0, the function

K — / Yetelvlery — 1)2dy

(14)
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is increasing on (0, 00). Moreover, we have

0, kK — 0,

0, K — 00.

/ J(y)e“‘y‘[e”y —1]%dy — {
R

Thus, due to inf;ecg a(t) > 0 by (H2), there is a unique ¢ > 0 such that

2
1 arolyl[proy _ 124y — (2 ;
5 [ Tty 1y = () inf alo) (15)
which implies 3 [, J(y)e*VI[erv — 1]2dy < (%)2a(t) for t € R and s € (0,k0]. It
then follows from (14) that

2
NI < alt) o (0 (671 2)) — (§) (6ol 1)
= (gl (t.2))

where we used (13) with s = ¢ (¢, z) and a = 3. The proposition then follows from
a(t)g(u) < f(t,u) for u € [0,1] by (H2). O

2.3. Some remarks. We make some remarks about the sub- and super-solutions
constructed in the above two subsections.

(i) From Lemma 2.1(i), there holds h,(s) < s for all s > 0. This, in particular, im-
plies that ¥"(t,z) = h(¢*(t, x)) < @™ (¢, x) for all (¢t,x2) € R x R (actually, the strict
inequality holds). This order relation between 1" (t,z) and ¢*(¢,x) is important in
establishing various properties of approximating solutions, which will be studied in
the next section, Section 3. Moreover, ¥ (¢, z) and ¢"(t,x) propagate to the right
with the same speed ¢*(t). This fact says that any global-in-time solution of (1)
between (¢, z) and min{1, ¢*(¢,z)} is a transition front.

(ii) In constructing the sub-solution 1" (¢, ), we restrict x to take values in (0, K],
where kg > 0 is given by (15). If we let ko(t) > 0 be the one minimizing ¢*(t), that
is,

o ® () = min ¢* (t). (16)
then we have
Ko < tlg]fm Ko(t). (17)

In fact, notice the critical points for ¢”(t), i.e., points satisfying %é" (t) = 0, satisfies

K/ J(y)ye™Vdy — / J(y)e™dy + 1 = a(t).
R R
Setting
win) = [ J@erdy — [ ey -1,
R R

we see that ¢1(0) = 0 and ¢} (k) = & [ J(y)y*e™dy > 0 for k > 0. Setting

wier= 32’ [ st
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we see that ¢2(0) = 0 and
4\? 4\?
qlz(li) _ (3) / J(y)2|y‘e4ﬁ\y‘[eﬁy _ 1]2dy + (3) / J(y)e4ﬁ|y|[eny _ 1}e"yydy
R R

> [ e e~ yeydy
R

- / J(y)e* Wl kyeydy  (where y,. € [0,y])
R

:H/ T ()2l 2 ul+u) gr(lyl+v) g
R

> H/ J()e* WyPdy > qi(r), K> 0.
R

This simply means that g2(k) > ¢i1(k) for k > 0. Hence, ¢1(ko) < g2(ko) =
inf;er a(t). Since g1 (k) is continuous and increasing, we conclude (17). We will use
(17) in the proof of Lemma 4.2, which is the key to the stability of transition fronts.

(iii) A possible way to enlarge the value of k¢ is to make « change (we have fixed
a = % in the above analysis). But, it seems not enough to push kg arbitrary close
to infier Ko(t). Also, inficgr ko(t) is hardly the optimal value for kg, since in the

periodic case, kg is exactly such that
Je J(y)eovdy —1+a . JpJ(W)edy —1+a

= min
Ko x>0 K

where @ = 7 fOTa(t)dt and T is the period (see e.g. [19]).

3. Construction of transition fronts. In this section, we construct transition
fronts and study their space regularity and decaying properties, that is, we are going
to prove Theorem 1.1. Throughout this section, we assume (H1) and (H2).
Fix any k € (0, ko], where kg > 0 is given in Proposition 3. For this fixed &, we
write ¢(t) = ¢*(1), ¢(t,x) = ¢"(t,x) and P(t,x) = " (t, x). Again, h(s) = ha(s).
The proof of the existence of transition fronts is constructive. We first construct
approximating solutions. For n > 1, let u™(¢, z), t > —n be the unique solution of

u(—n.z) = $(—n,x) = hg(—n, ). (18)

We prove some basic properties of u™(¢,z) in the following

{ut:J*u—u—kf(uu), t>—n,

Lemma 3.1. The following statements hold:
(i) for any (t,z) € [-n,00) X R and n > 1, there holds
0 < 4(t,x) < u"(t,x) < §(t,2) := min{L, $(t,)};
(ii) for any (t,z,y) € [-n,00) Xx R X R and n > 1, there holds
e“lw_yl
h(1)

(iii) if n > m > 1, then u™(t,x) > u™(t,x) for all (t,x) € [-m,00) x R.

u" (t,y);
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Proof. (i) By Lemma 2.1(i), we have h(s) < s for all s > 0, which implies that
u(—n,z) < ¢(—n,x). The result then follows from comparison principle.
(ii) Using the expression ¢(t, z) = e~ *(#=¢(") we readily check

ot x) < el7vIg(t ).

Moreover, since h(0) = 0 and h”(s) < 0 for all s > 0, we find h(1)s < h(s) for
s € [0,1]. In particular, by the monotonicity of h, we have

h(l)(;)(tax) < h(¢(ta ‘T)) < h(¢(t,x)) = ¢(t,$) < un(taaj)v

which implies that
el

h(1)

(iii) Let n > m > 1. Since ¥(¢,z) is a sub-solution of (1) and ¥(—n, ) =
u"(—n, ), comparison principle yields ¥ (¢, -) < u™(t,-) for all ¢ > —n. In particular,
at time t = —m, we have u™(—m, ) > ¥(—m,-) = u™(—m, ). Again, by comparison
principle, we arrive at the result. O

u'(t, ) < o(t,x) < "Vt y) < u"(t,y).

The sequence {u™(t,z)} is the approximating solutions. However, we can not
conclude immediately the convergence of {u™(¢,z)} to a global-in-time solution of
(1) due to the lack of regularity. Following the arguments in [16], we can show
the uniform Lipschitz continuity of {u™(¢,x)} in x, which of course ensures the
convergence. Here, we take a different approach, which is based on the monotonicity
of {u™(t,z)} as in Lemma 3.1(iii).

Now, we prove Theorem 1.1.

Proof of Theorem 1.1. We first construct transition fronts. By Lemma 3.1(iii), for
any fixed (¢t,z) € R x R, there exists ngp = ng(t) > 1 such that the sequence
{u"(t,x)}n>n, is nondecreasing. Since it is clearly between 0 and 1, the limit
lim,, o u™(t,x) exists and equals to some number in [0, 1]. Hence, there exists a
function u : R x R — [0, 1] such that

lim v"(¢,z) = u(t,z) pointwise in (¢, z) € R x R. (19)

n—oo

Moreover, since u"(t, x) satisfies uf = J x u™ — u™ + f(¢,u™), we have that for any
t>—nand z € R,

u"(t,x) = u”(O,x)—i—/Ot /]R J(y—x)u"(s,y)dyds—/ot u”(s,x)ds+/()t f(s,u"(s,x))ds.

(20)
Passing to the limit n — oo in (20), we conclude from the dominated convergence
theorem that for any ¢ € R and = € R,

¢ ¢ ¢
u(t, z) = u(0, ) +/ /J(yf:c)u(s,y)dyds 7/ u(s,x)der/ f(s,u(s,x))ds.
o JR 0 0
From which, we conclude that u(t, z) is differentiable in ¢ and satisfies (1).
To see u(t, z) is a transition front of (1), we notice (¢, z) < u(t,z) < ¢(t,z) by
Lemma 3.1(i) and (19). Taking X (t) = ¢(t), we find
Ble™) = Yt o + X (1) ult,o + X(1) < (t,z+ X(0) =™, (21)

which implies that u(¢, x) is a transition front of (1).
We now prove the properties (i)-(v) listed in the statement of Theorem 1.1.
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(i) Since {u"(t,x)}n>1 are decreasing in x, u(t,x) is nonincreasing in x. Since
u(t, x) is global-in-time, it is decreasing in = due to comparison principle (see e.g.
[23, Proposition A.1(iii)]).

(i) By (21), we have M) < wlbrXM) < 1 Since lim, 00 M) = 1/(0) =

1 due to Lemma 2.1(i), we find that the limit lim,_, o, utz+ X (1) _ 1 exists and is

uniform in ¢t € R. We also have
iy 4z 4 X (1))
T—00 h(e*’“:)
(iii) By (19) and Lemma 3.1(ii), we have
eflr—yl
h(1)
This verifies (3). The result then follows from Proposition 1.
(iv) By (iii), v(t, x) := u, (¢, z) exists and satisfies the equation
vy = a(t,z)v + b(t, x),

e— kT

=1 uniformly in ¢eR. (22)

u(t,z) < u(t,y), (t,x,y) e RxRxR. (23)

where
altia) = ~14 fu(tu(t.) and blt,) = [ Julto - y)dy.
R
We see that for any ¢ € R and T > 0, there holds

t
o(t,z) = ele-r SOy T gy 4 / el a(s:2)dsp(r 1) dr. (24)
=T

We are going to show v(t,x + X (t)) — 0 as £ — —oo uniformly in ¢t € R. To do so,
we let € > 0, and choose T' = T(e) >0 and L = L(e) > 0 such that

Ce T << and |J (x)|dz < <

3 R\[—L,L] 3
where C' 1= sup(; ;)erxr |Uz(t, )| < 0o by (iv). Notice such a L exists due to
(H1). For 0y as in (H2), let Xy, (¢) be the interface location function at 6y, i.e.,

u(t, Xg,(t)) = 0 for all t € R. It is well-defined due to the monotonicity of u(t, x)
in z. Since u(t, x) is a transition front, we have sup,cp | Xg, (t) — X ()| < co. Setting

Cr = [sup X (8)] T + sup | X, (1) = X (1)),
teR teR

we readily check that if x — X (t) < —Cr, then u(s,z) > 6, for all s € [t — T,t]. As
a result,

a(s,z) = =1+ fu(s,u(s,z)) < -1, se[t—T,t, x—X(t)<-Cr.
It then follows from (24) that for + — X (t) < —Cr there holds

t t
lu(t,z)] < Ce T + / e~ b(r, z)|dr < < + / e~ CDb(r, z)|dr. (25)
t—T 3 t—T
For b(r,x), we have

(Tx)|</R\ L |dz+‘/ T )u(rz — )dy‘

% ‘/ J'(y Tm—)dy'
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Since J' is odd and u(r,x + X(7)) — 1 as + — —oo uniformly in 7 € R, we find
some Cp > Crp such that if + — X (t) < —Cp p, then

’/ J'(y Tx—)dy’ﬁ

We then deduce from (25) and (26) that for x — X (t) < —Cp r, there holds

€t—1T,t.

CO\("\

2
wita) < S+ 2 [ gy <
33 Jior

Observing the above analysis is uniform in ¢ € R, we find the limit.

(v) By (ii), we have lim, w = 1 uniformly in ¢ € R. It follows that
for any € € (0, 1], there exists M (e) > 0 such that

u(t,z + X(t) > (1 —€e}e ™™, x> M), tecR.

By Taylor expansion and (21), we find for # > M(e) and t € R, there exists
€. = € (t,x) € (0,¢€) such that

Ug(t,x + e, + X(t)) = u(t,r+ e+ X(t)z —u(t,r+ X(t))

e—n(m—i—e) —e R 2ok e—Fe _ 1
< ] b
€ €

which leads to “z(& I:(i*fef)((t)) < et (& - _1 +¢€). In particular, for all z > M () +1
and t € R,
L+ X(t —re 1
Witz X{1) em<€ N 6)_ (27)
e~ Re €

Similarly, using lim, % = 1 uniformly in ¢ € R by (22), we can show

that for any e € (0, 1], there exists M(e) > 0 such that for # > M(e) +1 and t € R

there holds

us(tz + X(1) (1+6)L€_1 —e(l+o). (28)

efK/fL'
Since lim,_, e_t*l = —k, (27) and (28) imply that the limit
ug(t, o+ X(1)

lim —
T—00 e hT
holds and is uniform in ¢t € R. The result then follows from (ii). O

4. Stability of transition fronts. Let xy be as in Proposition 3 and fix k €
(0, ko). Let u(t,x) = u"(t,z) be the transition front constructed in Theorem 1.1
with interface location function X (t) = ¢"(¢). We study the asymptotic stability of
u(t, ). Throughout this section, we assume (H1)-(H3).

4.1. Sub- and super-solutions. In this subsection, we construct appropriate sub-
and super-solutions. We prove

Proposition 4. Let e, € (0,1 —01) and w. = B1, where 6, € (0,1) and 51 > 0 are
as in (H3). Then, for any € € (0,¢€,] and w € (0,w.], there exists C = C(ex,w) >0
such that for any £ € R

u(t,x) = (1 —ee Ntz + € — C’ee_“’(t_T)), t>7 and
ut(t,z) = (1 +ee Ntz + &+ Cee ™)) 1> 7
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are sub-solution and sup-solution of (1), respectively.

To prove Proposition 4, we need the uniform steepness of wu(t,z) given in the
following

Lemma 4.1. For any M > 0, there holds sup,cg SUp|,_ x (1)< ta(t, ) < 0.

Proof. Tt can be proven along the same line as that of [24, Theorem 3.1]. So we
omit it. O

Now, we prove Proposition 4

Proof of Proposition j. Here, we only show that v~ (¢,z) is a sub-solution; u™ (¢, z)
being a sup-solution can be proven along the same line.

Note that by the space homogeneity of the equation (1), we may assume, without
loss of generality, that £ = 0. Hence, we assume

um =u ()= (1—ee “Cu(t,x — Cee )t >,

where € € (0,¢,], w € (0,w,] and C > 0 (to be chosen).

With N[u™] :=u; — [J*u~™ —u~] — f(¢,u”), we compute

Nu"] = ee " wu + Cw(l —ee TNy, — f(t,u) + fult, u)u]
< ee T wu + Cw(l — €,)ug + fu(t, us)ul,

where u = u(t,z — Cee 7)) u, = uy(t,x — Cee 7)) and u, € [u~,u).

By Theorem 1.1(v), we find some My > 0 such that

m gfg, > X(t)+ M, teR.

Let M = M(e.) > My be such that

0

u(t,z) > ¢ L z<X({t)-M, teR
e,

By Lemma 4.1, we have Ci := Supeg SUp|,_ x(1)|<nm Uz (t, ) < 0. Then, we choose

C = C(ex,w) > 0 such that

w+ Cw(l — €)Crr + 8Up(y wyerx 0,1 | fult, u)| <0,
w— M + SUP(u)erxo,1] | fult; w)[ < 0.

Now, we consider three cases. If x —Cee=«t=7) —X(t) < =M, we have u > 12 ,

and then, u= > (1—66_“}(75_7))13716* > 01. Thus, f,(t,u.) < —pB;1. Therefore, w < f;
leads to

Nu™] < ee " (w+ fo(t,u.))u < 0.
If 2 — Cee (=7 — X(t) € [-M, M], we have u, < Cyps < 0. Hence, the choice
of C gives
Nu™] < ee=@(=7) {w +Cw(l —€.)Cp+  sup \fu(t,u)ﬂ <0.
(t,u)eRx[0,1]

If 2 — Cee =7 — X (t) > M, we have “= < —£. Then, the choice of C' leads
to

N[’LL_] < 6€_w(t_7-)u|:w + CUJ(l - 6*)% + fu(t7u*):|

< ee_w(t_T)U[w - M + fu(t7u*)] <0.
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Hence, we have show N[u~] < 0, that is, u~ is a sub-solution. O

4.2. Proof of Theorem 1.2. This whole subsection is devoted to the proof of
Theorem 1.2. Let ug be as in the statement of Theorem 1.2 and w(t,x;tg) =
u(t, x; tg, ug) be the solution of (1) with initial data wu(tg,-;to) = ug. We are going

to show limy_, o SUp,¢p | “ff(faf;)) — 1| = 0, which is true if we can show
t,x;t
lim sup sup ult, zito) <1 (29)
t—oo zeR ’Lb(t,fl,')
and
t,x;t
lim inf inf 202500 5 (30)

tooo zeR  u(t,x)
Here, we only prove (29); the proof of (30) can be done along the same line except
one that we comment after the proof of (29).
To show (29), we consider the set

t,x;t
E= {5 >0 limsupsupM < 1}.
t—oo z€eR U(t, r — 5)
We claim that = # (. In fact, since limg_sqo u“(‘t’T(mz) = 1, we have for any fixed

€x € (0,1 —01), up(z) < (1 + ex)u(to,x) for all x > 1. Then, we can find a large
& > 0 so that

uo(z) < (1 +e)ul(to,z — & + Cey), z€R, (31)
where C' = C(e,,wy) is as in Proposition 4. Applying Proposition 4, we conclude
u(t, x;tg) < (14 ety (t o — €, 4+ Ce,e™@(700)) 2R
for all ¢ > ty. This and the monotonicity of u(t, x) yield

t,z;t
lim sup sup _ult, zito)

<1,
t—oo z€ER u(tax - g*) -

that is, £, € =.
Clearly, £ € E for all £ > &,. Set &y = inf{£|£ € E} > 0. We claim that
&int € 2. Indeed, let {&,} C E and &, — &nr as n — co. We see
U(t,{l};to) _ u(t,.’L’;to) |:1 u(t,x _gn) _u(twr_ginf)
U(t, T — {inf) u(ta T — En) U(t, r — finf) ’

wbr =) “ 2= Gur) el g, where € € [, €

u(t,x - ginf) u( , L — ginf)
and
Um(t,{b - 5;:) |: |Uz(t7l'):| u(ta T — 6;:)
u(t7 T — finf) = (t,a:s)lel%l;XR U’( ,J}) u(ta T — ginf)

t
a1, )| ] 15—
< sup h)

where we used (23). Setting Cj := ﬁ SUD(4,2)cRxR %, we then have

u(t, x; to) < u(t, x;to) [
U(t,ZIZ - ginf) - ’LL(t,ZL' - Sn)

which leads to limsup;_, . sup,cr % < 1, that is, &ns € E.

1+ Coe™len=8mtl(g, — &),

It remains to show that
ginf =0. (32)
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To do so, we need the following crucial result concerning the exact asymptotic of
u(t,x;tg) as © — 0o.
Lemma 4.2. For any n > 0, there exists M = M(n) > 1 such that
u(t,x+ X (@) +n) <ult,x+ X(t);t0) <ult,z+ X(t)—n), z>M (33)
for all t > ty. Equivalently,

lim u(t,x + X (t);to)
z—oo  u(t,x + X(t))

=1 uniformly in t >t (34)

To show (29), we actually only need the upper bound in (33); the lower bound
in (33) and the limit (34) are needed for proving (30). The proof of Lemma 4.2 is
postponed to Subsection 4.3

Now, for contradiction, suppose (32) is false, that is, &ne > 0. We are going to
find a number in =, but smaller than &;,s.

To this end, let € € (0,¢,) be sufficiently small, where €, € (0,1 —6;) is as in

Proposition 4. Since s € &, i.e., imsup;_, ., SUp,cp % <1, for any ¢; > 0,
we can find some T" = T'(ey) such that % < 1+ ¢ for all z € R, which

implies
w(T,z;to) < uw(T,x — &nt) + €1, x ER.
In particular,
w(T,x+X(T);to) <u(T,z+ X(T) —&nt) + €1, xR (35)

Let C' = C(e4,ws) be as in Proposition 4. We claim there exists M; > 0 such
that

ult, e+ X(@) <A +eu(t,z+ X () +3eC), =< —-M;, tekR (36)
Indeed, we have from Taylor expansion
(14 eu(t,xz + X(t) +3eC) —u(t,x + X (t))
= 3eCu,(t,x + X(t) + z4) + eu(t,z + X (t) + 3eC) > 0,

where we used u, (t, z + X (t) + ) — 0 uniformly in ¢t € R as & — —oo by Theorem
1.1(iv) and u(t,x + X (t) + 3eC’) — 1 uniformly in ¢t € R as z — —o0.
Now, applying (36) with ¢t = T, we deduce from (35) that

U(T,$+X(T);t0) § (1+E)U(T7x+X(T) 7§inf+360)+€1a x S *Ml- (37)

Note that the inequality in (35) is strict, which implies that if we choose € so small
that 3eC' <« 1, we will have

w(T,z+ X(T);to) S u(T,x + X(T) — &nt + 3eC) + €1, x € [-My, M],
where M = M(%) > 11is as in Lemma 4.2. This, together with (37), give
w(Tyx + X(T);to) < L+ eu(T,x+ X(T) — &g+ 3eC) +e1, z< M. (38)
Since infier infy<pr u(t, © + X (¢) — &ing + 1) > 0, we can take €1 so small that

<einf .
€ < 6%2]11; wlél}fw u(t,x + X (t) — &nr + 1),

and then conclude from (38) that
w(T,z+ X(T);t0) < (14 26)u(T,x + X(T) — &t + 3¢C), x < M. (39)
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Using Lemma 4.2, we see that

_ Einf
2

If € is so small that 3eC < %, we have from (40) that
w(Tyx+ X(T);to) <u(T,z+ X(T) — &ing + 3eC), = > M.
This, together with (39), give
w(T,z + X(T);to) < (14 26)u(T,x + X(T) — &int + 3€eC)
=1+ 26)u(T,z+ X(T) — &t + eC + 2eC), z€R.

w(T,z+ X (T);to) <uw(T,z+ X(T) ), x> M. (40)

(41)

We now apply Proposition 4 to (41) to conclude that
u(t,x + X (t);t0) < (1 + 2ee™(=T))
X u(t,x + X (t) — &nt + €C + 2€C€7w*(t7T)), reR
for all ¢ > T'. From which and the monotonicity of u(¢,z) in x, we deduce

u(t,z + X(t);to)
u(t,x + X (t) — &int + €C)

< (142 w1 zeR
for all ¢ > T, which leads to lim sup,_, .. sup,cp u(t’;(_tgi% < 1, that is, &ing—eC €
=. It contradicts to the minimality of &,¢. Hence, (32) holds, i.e., &ne = 0.

Now, we comment on the proof of (30). Define

t,x:;t
liminf nf %0 oL
t—oo zER u(t, xr — f)

é{gzo

To show = # ), as in (31), it seems that we have
(1—6*)u(t0,$+€*—06*) Suo(x)a rz€R

for some €, € (0,1 —67) and & < 0, but it is wrong if limsup,_,_ . uo(z) < 6.
To overcome this, we only need to wait for a period of time, say T = T'(ug) > 0,

so that liminf, . u(ty + T,:c;to) > #;. Then, at to + T, we still have limit
u(to+T,zs5to)
u(to+T,z)

(1 —e)ulto + T,z + & — Ce,) <ulty+T,x3t0), z€R

limg oo = 1 due to Lemma 4.2, which ensures

for some €, € (0,1 —6;) and & < 0. Applying Proposition 4, we then see that
= # (). The rest of the proof follows along the same line. This completes the proof.

4.3. Proof of Lemma 4.2. Recall u(t,z) = v"(t,x) and X(t) = ¢"(t) for some
fixed k € (0, ko). Fix ks« € (Ko, infier ko(t)], where ko(t) is given in (16). We prove
the lemma within two steps.

Step 1. We prove (33). Fix any n > 0. We first prove the upper bound for
u(t, x3to). Since limy o0 u‘ziéﬂ% = 1 by assumption and lim, ;. w =1

by Theorem 1.1(ii), we can find some é = §(n) > 1 such that

UO((ZZ +77) < e*/ﬂ(a:fX(to)) +667H*(I7X(t0))’ xR,
Recall that e=*(®=X®) is a solution of u; = J * u — u + a(t)u. Setting

v(t,z) = e i@=XM) 4 gemrm-(@=X®) g c Rt > 1,
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we readily check that
vy — [J * v —v] —a(t)v

. Je J(y)e™¥dy — 1+ a(t) B Jo J(y)e™Ydy — 1+ a(t) .

K Rx

fJR J(y)eiy dy—1+a(t)

Since the function ¢ —
and k < kg < Ky < infier ko(t), we have

S T @)y — 1+ alt) o J)esrdy — 1+ a(t)

is convex in ¢ and decreasing on (0, ko(t)),

, teR.

Hence, vy — [J * v — v] — a(t)v > 0. In particular, v(¢,z) is a super-solution of (1).
It then follows from comparison principle and the space homogeneity of (1) that
u(t,x 4+ n;tg) < wv(t,z) for all x € R and ¢ > g, that is,

u(t, x + X(t); to)
e—r(z—n)

for t > to, which, together with lim,_, w = 1 by Theorem 1.1(ii), lead to
u(t,x + X(t);t0)

u(t,z + X (t) —n)

for t > tg, where ((x) > 0 satisfies ((z) — 0 as © — oo. It then follows that

u(t,x + X(t);to) o ulte X(t)—mn)

u(t,z + X () —2n) — u(t,z+ X(t) — 2n)

Since

<14 e emml@E=n) g e R

< (L4 8e @M (14 ((z - 1), zeR

(14 de~ ==Y (1 4 ((x — ).

ult,o+ X () —n)  ult,x+ X(t) —n) e @ o—rlz—2n)

u(t,r + X (t) — 2n) e—rl(z=n) e=r@=2n) y(t,x + X (t) — 2n)
—e " <1 as x — oo,

and n > 0 is arbitrary, the upper bound for u(t, z;tg) follows.

uo ()

We now prove the lower bound for w(t,x;tg). Since limg,_, o) = 1 by as-
sumption and lim, % =1 by (22), we can find some § = §(e) > 1
such that

up(z — 1) > h(e M@= Xto))) _ ge=re(@=X(t)) = 5 c R,
Setting

vi(t,z) = h(e *E=XW)) and  wy(t,z) = e @ X M)
for € R and t > ty. By Proposition 3, vy (¢, ) is a sub-solution of u; = J *u —u+
a(t)g(u), ie., (v1)s < J *xv; — vy + a(t)g(vy). Arguing as in the proof of the upper
bound above, we see that
(v2)t — [J % va — v2] — a(t)va

. Je J(y)e™¥dy — 1+ a(t) B Je J(y)eYdy — 1+ a(t)
* K s

It then follows that v(t,x) = v1(t, ) — dva(t, x) satisfies
ve — [Jxv—v] = ((v1)e = [J xv1 —v1]) — 6((v2)e — [J * v2 — v2])
< a(t)g(v1) — da(t)vz < a(t)g(v),

where we used g(v1) — g(v) = dvagy(vs) < dva, since g, < 1 (note that it’s safe to
extend g to (—00,0) so that g, < 1 on this interval). Since g(u) < f(¢,u), we find
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ve < J*xv—v+ f(t,u). Then, by comparison principle, u(t,x — n;tg) > v(t,x) for
all x € R and t > tg, that is,
t X (1)t — ko (T+e€)
ut,z + ()’0)21—678 , T€ER
h(e=r(@+m) h(e=r(z+m)
for ¢t > to, which, together with (22), lead to

u(t, x4+ X(t);to) e—rox(@+n)
et X(0)+1) - (1_5W)(1—<(x+n)), zeR

u(
for all t > to, where ((z) satisfies ((z) — 0 as x — oo. Since k. > £ and

. — kT . —RxT .
lim,, oo W = 1, we have lim,_, W = 0. Then, a similar argument as

in the proof of the upper bound gives the lower bound for wu(t, z;tg). This finishes
the proof of (33).

Step 2. We prove the equivalence between (33) and (34). Suppose first that (33)
holds. Then,

ut,x + X(8) +n) _ ult,z+ X(t)ito) _ ult,z+ X(t) —n)

Wr+ X0) = uter X)) = altetrx@) =M tzte
We see that
u(t,z + X (t) —n) o Uy (b, + X () — nw) u(t,z + X (&) — )
u(t,z+ X(t)) ult,x + X)) —ne)  u(t,z+ X (%))

<1+ [ sup |u"”<t’x)q enlmn,
(twyerxe ult,z) | h(1)
where 7, € [0,7] and we used (23). Similarly, we argue
u(t, z + X(t) + n) >1_{ ux(t,x)qe”’"*'
(

sup
u(t, o+ X (1) oy ultz) | (1)

Setting C' = ﬁ [SUD(; 4)erxR lﬁ(gf)”], we obtain

. t -+ X(8): to)
1 — Ceflnly < ult, )
C S e T X ()

Setting z — oo, we find

<14 CeI™ly, x> M, t>t.

~ t X(t);t
1 — Ce®"lpy < liminf ut,z+ X()ito)
a=oo u(t,z + X (1))
< limsup u(t,z + X (t);to)
z—oo  u(t,z + X (1))
which leads to (34) since n > 0 is arbitrary.
Conversely, suppose (34) holds. We only show the upper bound for u(t, z;tp) in
(33); the lower bound can be verified similarly. By (34), for any small n > 0, there
exists M(n) > 0 such that

to+ X(t):t 1
ulte + X(t)ito) ;x> M), t>t.
u(t,x + X (t)) 1 — gne=rn

We claim that
{3M1 (n) > 0 s.t. u(t,z+ X () < (1 — Sne=*u(t,x + X(t) — 1)

<1l+ ée"‘i‘n*“?’ t> t07

(42)
for all x > Mj(n) and t > to.
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Clearly, the result then follows from (42). Hence, it remains to show (42). We see
that

u(t,z + X (t))
u(t,x + X (t) —n)
—ug(t,z+ X(t) —ni) u(t,x + X () — ny)
u(t,z + X (t) — ns) e r(@=n.)
emR@—n)  pmrla—n)

" e u(t,r+ X () —n)

UIE

where 7, € [0,7n]. Clearly, ";1(;7;_”;)) = e #(1=1) > =51 Moreover, by Theorem

1.1, we can find some M (n) > 0 such that for all x > M;(n) and t > ¢, there hold
the following
—ug(t, x + X(t) — 1)
a(t, o+ X(6) — )
u(t, x + X(t) —n.)
e_”(x_'ﬂ*)
e—r(z—n)
ulte = X(0) 1)

It follows that %Xft(f_))n) <1 — gne™™ for all x > Mi(n) and t > to, that is,

(42) is true, and the proof is complete.

Y

and

Y

(A2
N = N = X

4.4. Stability: general cases. We prove the following generalizations of Theorem
1.2.

Corollary 1. Assume (H1)-(H3). Let ko be as in Theorem 1.1. For k € (0, ko),
let u”(t,x) be the transition front in Theorem 1.1. Let ug : R — [0,1] be uniformly

continuous and satisfy iminf,_, _ . ug > 0 and lim,_, o u:f?ti(:l) = X for sometg € R
and X € (0,00). Then, there holds the limit
t,x;t
Jim sup | ATt t0) |

t—00 1R uﬁ(t’ T — %)

Proof. Write u(t,z) = u”(t,z). To apply Theorem 1.2, we only need to show

limg 00 u(touii(_ﬁg) = 1, which follows from
uo () _ug(x)  ulto, ) e—r@—X(to))  g—r(z—X(to)—122)

u(to,x — %) N u(to, ) e—r(@=X(t0)) o—r(z—X(to)— 122 u(to, = — %) )

and

. u(to’ x) - e*’{(l’*X(tO)*%)
1‘1L>H;O e-K(iE—X(tO)) o 1 o 1‘1L>H;O u(to, x€xr — %)
thanks to Theorem 1.1(ii). O

Corollary 2. Assume (H1)-(H3). Let ko be as in Theorem 1.1. For k € (0, ko),
let u"(t,x) be the transition front in Theorem 1.1. Let ug : R — [0,1] be uniformly

continuous and satisfy iminf,_,_ . ug > 0 and lim,_ e iﬂ(fx) = X for some X > 0.
Then, there exists to € R such that

t,x:t
lim sup | Tt t) )

t—=00 pcR u”(t,x)
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Proof. Write u(t,z) = u"(t,z). By assumption, we see that for any ¢ € R, there

holds the limit lim,_, o 6_527% = Xe "X() Then, by Theorem 1.1(ii), for any
t € R, we have the limit lim,_, o Zz’t(’;)) = Xe *X()_ Since X(t) is continuous,

increasing and satisfies lim;_, + oo X (t) = +00, there exists a unique ¢y € R such that
Ae~*X(t0) = 1, which implies that lim,_, . <2 = 1. We then apply Theorem 1.2

u(to,x)
to conclude the result. O

Acknowledgments. The authors would like to thank anonymous referees for care-
fully reading the manuscript and providing useful suggestions.

REFERENCES

[1] P.W. Bates, P.C. Fife, X. Ren and X. Wang, Traveling waves in a convolution model for phase
transitions, Arch. Rational Mech. Anal., 138 (1997), 105-136.

[2] H. Berestycki, J. Coville and H.-H. Vo, Persistence criteria for populations with non-local

dispersion, J. Math. Biol., DOI: 10.1007/s00285-015-0911-2.

(3] H. Berestycki and F. Hamel, Generalized travelling waves for reaction-diffusion equations,

Perspectives in nonlinear partial differential equations, 101-123, Contemp. Math., 446, Amer.

Math. Soc., Providence, RI, 2007.

H. Berestycki and F. Hamel, Generalized transition waves and their properties, Comm. Pure

Appl. Math., 65 (2012), 592-648.

[5] J. Carr and A. Chmaj, Uniqueness of travelling waves for nonlocal monostable equations,

Proc. Amer. Math. Soc., 132 (2004), 2433-2439.

X. Chen, S.-C. Fu and J.-S. Guo, Uniqueness and asymptotics of traveling waves of monostable

dynamics on lattices, STAM J. Math. Anal., 38 (2006), 233—-258.

[7] X. Chen and J.-S. Guo, Existence and asymptotic stability of traveling waves of discrete

quasilinear monostable equations, J. Differential Equations, 184 (2002), 549-569.

[8] X. Chen and J.-S. Guo, Uniqueness and existence of traveling waves for discrete quasilinear

monostable dynamics, Math. Ann., 326 (2003), 123-146.

J. Coville and L. Dupaigne, Propagation speed of travelling fronts in non local reaction-

diffusion equations, Nonlinear Anal., 60 (2005), 797-819.

[10] J. Coville and L. Dupaigne, On a non-local equation arising in population dynamics, Proc.
Roy. Soc. Edinburgh Sect. A, 137 (2007), 727-755.

[11] J. Coville, J. Dévila and S. Martinez, Pulsating fronts for nonlocal dispersion and KPP
nonlinearity, Ann. Inst. H. Poincaré Anal. Non Linéaire, 30 (2013), 179-223.

[12] S.-C. Fu, J.-S. Guo and S.-Y Shieh, Traveling wave solutions for some discrete quasilinear
parabolic equations, Nonlinear Anal., 48 (2002), 1137-1149.

[13] J.-S. Guo and F. Hamel, Front propagation for discrete periodic monostable equations, Math.
Ann., 335 (2006), 489-525.

[14] J.-S. Guo and C.-C. Wu, Uniqueness and stability of traveling waves for periodic monostable
lattice dynamical system, J. Differential Equations, 246 (2009), 3818-3833.

[15] W. Hudson and B. Zinner, Existence of traveling waves for a generalized discrete Fisher’s
equation, Comm. Appl. Nonlinear Anal., 1 (1994), 23-46.

[16] T. Lim and A. Zlatos, Transition fronts for inhomogeneous Fisher-KPP reactions and non-
local diffusion, Trans. Amer. Math. Soc., DOI: http://dx.doi.org/10.1090/tran/6602.

[17] G. Nadin and L. Rossi, Propagation phenomena for time heterogeneous KPP reaction-
diffusion equations, J. Math. Pures Appl. (9), 98 (2012), 633-653.

(18] J. Nolen, J.-M. Roquejofire, L. Ryzhik and A. Zlatos, Existence and non-existence of Fisher-
KPP transition fronts, Arch. Ration. Mech. Anal., 203 (2012), 217-246.

[19] N. Rawal, W. Shen and A. Zhang, Spreading speeds and traveling waves of nonlocal monos-
table equations in time and space periodic habitats, Discrete Contin. Dyn. Syst., 35 (2015),
1609-1640.

[20] K. Schumacher, Traveling-front solutions for integro-differential equations. I, J. Reine Angew.
Math., 316 (1980), 54-70.

[21] W. Shen, Traveling waves in diffusive random media, J. Dynam. Differential Equations, 16
(2004), 1011-1060.

[4

6

9


http://www.ams.org/mathscinet-getitem?mr=MR1463804&return=pdf
http://dx.doi.org/10.1007/s002050050037
http://dx.doi.org/10.1007/s002050050037
http://www.ams.org/mathscinet-getitem?mr=MR2373726&return=pdf
http://dx.doi.org/10.1090/conm/446/08627
http://dx.doi.org/10.1090/conm/446/08627
http://www.ams.org/mathscinet-getitem?mr=MR2898886&return=pdf
http://dx.doi.org/10.1002/cpa.21389
http://www.ams.org/mathscinet-getitem?mr=MR2052422&return=pdf
http://dx.doi.org/10.1090/S0002-9939-04-07432-5
http://www.ams.org/mathscinet-getitem?mr=MR2217316&return=pdf
http://dx.doi.org/10.1137/050627824
http://dx.doi.org/10.1137/050627824
http://www.ams.org/mathscinet-getitem?mr=MR1929888&return=pdf
http://dx.doi.org/10.1006/jdeq.2001.4153
http://dx.doi.org/10.1006/jdeq.2001.4153
http://www.ams.org/mathscinet-getitem?mr=MR1981615&return=pdf
http://dx.doi.org/10.1007/s00208-003-0414-0
http://dx.doi.org/10.1007/s00208-003-0414-0
http://www.ams.org/mathscinet-getitem?mr=MR2113158&return=pdf
http://dx.doi.org/10.1016/j.na.2003.10.030
http://dx.doi.org/10.1016/j.na.2003.10.030
http://www.ams.org/mathscinet-getitem?mr=MR2345778&return=pdf
http://dx.doi.org/10.1017/S0308210504000721
http://www.ams.org/mathscinet-getitem?mr=MR3035974&return=pdf
http://dx.doi.org/10.1016/j.anihpc.2012.07.005
http://dx.doi.org/10.1016/j.anihpc.2012.07.005
http://www.ams.org/mathscinet-getitem?mr=MR1880577&return=pdf
http://dx.doi.org/10.1016/S0362-546X(00)00242-X
http://dx.doi.org/10.1016/S0362-546X(00)00242-X
http://www.ams.org/mathscinet-getitem?mr=MR2221123&return=pdf
http://dx.doi.org/10.1007/s00208-005-0729-0
http://www.ams.org/mathscinet-getitem?mr=MR2514727&return=pdf
http://dx.doi.org/10.1016/j.jde.2009.03.010
http://dx.doi.org/10.1016/j.jde.2009.03.010
http://www.ams.org/mathscinet-getitem?mr=MR1295491&return=pdf
http://dx.doi.org/10.1090/tran/6602
http://www.ams.org/mathscinet-getitem?mr=MR2994696&return=pdf
http://dx.doi.org/10.1016/j.matpur.2012.05.005
http://dx.doi.org/10.1016/j.matpur.2012.05.005
http://www.ams.org/mathscinet-getitem?mr=MR2864411&return=pdf
http://dx.doi.org/10.1007/s00205-011-0449-4
http://dx.doi.org/10.1007/s00205-011-0449-4
http://www.ams.org/mathscinet-getitem?mr=MR3285840&return=pdf
http://dx.doi.org/10.3934/dcds.2015.35.1609
http://dx.doi.org/10.3934/dcds.2015.35.1609
http://www.ams.org/mathscinet-getitem?mr=MR581323&return=pdf
http://dx.doi.org/10.1515/crll.1980.316.54
http://www.ams.org/mathscinet-getitem?mr=MR2110054&return=pdf
http://dx.doi.org/10.1007/s10884-004-7832-x

TRANSITION FRONTS IN NONLOCAL FISHER-KPP EQUATIONS 1213

[22] W. Shen, Existence, uniqueness, and stability of generalized traveling waves in time dependent
monostable equations, J. Dynam. Differential Equations, 23 (2011), 1-44.

(23] W. Shen and Z. Shen, Transition fronts in nonlocal equations with time heterogeneous ignition
nonlinearity, Discrete Contin. Dyn. Syst. A, accepted. http://arxiv.org/abs/1410.4611.

[24] W. Shen and Z. Shen, Regularity and stability of transition fronts in nonlocal equations with
time heterogeneous ignition nonlinearity, http://arxiv.org/abs/1501.02029.

[25] W. Shen and Z. Shen, Regularity of transition fronts in nonlocal dispersal evolution equations,
J. Dynam. Differential Equations, DOI: 10.1007/s10884-016-9528-4.

[26] B. Shorrocks and I. Swingland, Living in a Patch Environment, Oxford Univ. Press, New
York, 1990.

[27] W. Shen and A. Zhang, Spreading speeds for monostable equations with nonlocal dispersal
in space periodic habitats, J. Differential Equations, 249 (2010), 747-795.

[28] W. Shen and A. Zhang, Stationary solutions and spreading speeds of nonlocal monostable
equations in space periodic habitats, Proc. Amer. Math. Soc., 140 (2012), 1681-1696.

[29] W. Shen and A. Zhang, Traveling wave solutions of spatially periodic nonlocal monostable
equations, Comm. Appl. Nonlinear Anal., 19 (2012), 73-101.

[30] T. Tao, B. Zhu and A. Zlatos, Transition fronts for inhomogeneous monostable reaction-
diffusion equations via linearization at zero, Nonlinearity, 27 (2014), 2409-2416.

[31] K. Uchiyama, The behavior of solutions of some nonlinear diffusion equations for large time,
J. Math. Kyoto Univ., 18 (1978), 453-508.

[32] J. Wu and X. Zou, Asymptotic and periodic boundary values problems of mixed PDEs and
wave solutions of lattice differential equations, J. Differential Equations, 1835 (1997), 315-357.

[33] A. Zlatos, Transition fronts in inhomogeneous Fisher-KPP reaction-diffusion equations, J.
Math. Pures Appl. (9), 98 (2012), 89-102.

[34] B. Zinner, G. Harris and W. Hudson, Traveling wavefronts for the discrete Fisher’s equation,
J. Differential Equations, 105 (1993), 46-62.

Received June 2015; revised January 2016.

E-mail address: wenxish@auburn.edu
E-mail address: zzs0004@auburn.edu, zhongwei@ualberta.ca


http://www.ams.org/mathscinet-getitem?mr=MR2772198&return=pdf
http://dx.doi.org/10.1007/s10884-010-9200-3
http://dx.doi.org/10.1007/s10884-010-9200-3
http://arxiv.org/abs/1410.4611
http://arxiv.org/abs/1501.02029
http://www.ams.org/mathscinet-getitem?mr=MR2652153&return=pdf
http://dx.doi.org/10.1016/j.jde.2010.04.012
http://dx.doi.org/10.1016/j.jde.2010.04.012
http://www.ams.org/mathscinet-getitem?mr=MR2869152&return=pdf
http://dx.doi.org/10.1090/S0002-9939-2011-11011-6
http://dx.doi.org/10.1090/S0002-9939-2011-11011-6
http://www.ams.org/mathscinet-getitem?mr=MR2978683&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR3266860&return=pdf
http://dx.doi.org/10.1088/0951-7715/27/9/2409
http://dx.doi.org/10.1088/0951-7715/27/9/2409
http://www.ams.org/mathscinet-getitem?mr=MR509494&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1441274&return=pdf
http://dx.doi.org/10.1006/jdeq.1996.3232
http://dx.doi.org/10.1006/jdeq.1996.3232
http://www.ams.org/mathscinet-getitem?mr=MR2935371&return=pdf
http://dx.doi.org/10.1016/j.matpur.2011.11.007
http://www.ams.org/mathscinet-getitem?mr=MR1237977&return=pdf
http://dx.doi.org/10.1006/jdeq.1993.1082
mailto:wenxish@auburn.edu
mailto:zzs0004@auburn.edu\zhongwei@ualberta.ca

	1. Introduction
	2. Construction of sub- and super-solutions
	2.1. Construction of the super-solution
	2.2. Construction of the sub-solution
	2.3. Some remarks

	3. Construction of transition fronts
	4. Stability of transition fronts
	4.1. Sub- and super-solutions
	4.2. Proof of Theorem 1.2
	4.3. Proof of Lemma 4.2
	4.4. Stability: general cases

	Acknowledgments
	REFERENCES

