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ABSTRACT. The present paper is concerned with the spatial spreading speeds
and traveling wave solutions of cooperative systems in space-time periodic habi-
tats with nonlocal dispersal. It is assumed that the trivial solution u = 0 of
such a system is unstable and the system has a stable space-time periodic pos-
itive solution u*(t,z). We first show that in any direction ¢ € S™V~1, such
a system has a finite spreading speed interval, and under certain condition,
the spreading speed interval is a singleton set, and hence, the system has a
single spreading speed ¢*(&) in the direction of £. Next, we show that for any
¢ > c*(&), there are space-time periodic traveling wave solutions of the form
u(t,z) = ®(x — cté, t, ctf) connecting u* and 0, and propagating in the direc-
tion of £ with speed ¢, where ®(x,t,y) is periodic in ¢ and y, and there is no
such solution for ¢ < ¢*(§). We also prove the continuity and uniqueness of
space-time periodic traveling wave solutions when the reaction term is strictly
sub-homogeneous. Finally, we apply the above results to nonlocal monostable
equations and two-species competitive systems with nonlocal dispersal and
space-time periodicity.

1. Introduction. The present paper is concerned with the spatial spreading speeds
and traveling wave solutions of the following nonlocal dispersal cooperative system
in space-time periodic habitats,

Ou

E(t,x) = k(y — x)u(t,y)dy — u(t,z) + F(t,z, u(t,z)), xecRY, (1.1)
RN
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where k : RV — R is a C'!' nonnegative convolution kernel with compact support,
and satisfies k(0) > 0 and [,n k(z)dz = 1; the vector-valued function u(t,z) =
(uy(t,),...,ug(t,z))" represents the densities at the point (¢,z) € R x RY; and
F(t,z,u) = (F'(t,z,u),..., FX(t,r,u))" is the reaction term. The following hy-
potheses are standard.

(H1): F(t,2,0) =0 for any (t,z) € RxRN. Foreachi=1,...,K, Fi(t,z,u)
is Ct in (t,z) € R x RN and C? in u € RX, and is periodic in (t,r) with
period (T, P) := (T, p1,p2,...,DN), that is,

Fi(t+Tax7') :Fi(tax,') :Fi(t71'+plel,')> (t,z) eR x RNa I=1,...,N,
where {ey,...,en} is the standard base of RY.

(H2): Equation (1.1) admits a positive (T, P)-periodic solution u* : R x RN —
(0,00)K. Moreover, u* is stable in the sense that for any uy € X with

ug <u*(0,-) (see (1.3) for the definition of X,/* and (1.4) for the meaning
of “<”), the solution u(t,-;up) of (1.1) with initial data vy satisfies

sup |u(t,z;ug) —u*(t,z)] -0 as ¢ — oo.

zERN
(H3): F(t,x,u) is cooperative in the sense that for any 1 <i+# j < K,
3 (t,z,u) >0 forallue [0,u*(t,z)] and (t,x) € R x R™,
uj

where [0,u*(t,x)] := [0, uf (¢, z)] x [0, us(t, z)] X - -+ x [0, uk (¢, z)].

Here are some biological interpretations of the hypotheses (H1)-(H3). The
space-time periodicity of F(-,-,u) in (H1) indicates that the underlying environ-
ment of (1.1) is subject to space-time periodic variations. Note that a (T, P)-
periodic solution u* : R x RY — (0,00)% of (1.1) is referred to as a coexistence
state in literature. The hypothesis (H2) means that (1.1) has a unique coexis-
tence state which is globally stable with respect to strictly positive perturbations.
The hypothesis (H3) indicates that the K species described by system (1.1) are
cooperative.

System (1.1) is a nonlocal dispersal counterpart of the following system with
random dispersal,

%‘t‘ — Au+F(tzult,z), zeRV. (1.2)

Systems (1.1) and (1.2) model the population dynamics of a family of species with
internal interaction or dispersal between individuals. Note that (1.2) is often used
to model the evolution of population densities of cooperative species in which the
internal interaction or movement of the individuals occurs randomly between adja-
cent spatial locations and is described by the differential operator u — Auwu, referred
to as the random dispersal operator. System (1.1) arises in modelling the evolution
of population densities of cooperative species in which the internal interaction or
movement of the individuals occurs between non-adjacent spatial locations and is
described by the integral operator u — [on k(y — x)u;(t, y)dy — u;(t, ), referred to
as the nonlocal dispersal operator.

Among central dynamical issues in (1.1) and (1.2) are spatial spreading speeds
and traveling wave solutions. A huge amount research has been carried out toward
the spatial spreading speeds and traveling wave solutions of (1.2). See, for example,
[4, 8, 11, 12, 13, 16, 17, 19, 20, 23, 24, 25, 27, 28, 29, 46] for the study of (1.2) in
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space-time independent habitats, and [1, 9, 30, 31, 32, 43, 48, 49] for the study
of (1.2) in time periodic or space-time periodic habitats. We point out that, very
recently, Fang, Yu and Zhao in [10] established the existence of spreading speeds
and traveling wave solutions for abstract space-time periodic monotone semiflows
with monostable structures. The abstract results in [10] can be applied to two
species competitive reaction-advection-diffusion system with space-time periodic
coefficients.

There are also several studies on the spatial spreading speeds and traveling wave
solutions of some special cases of (1.1). See, for example, [14, 18, 26, 33, 34, 35] and
references therein for the study of the existence of traveling wave solutions of (1.1)
in the space-time independent case, and [5, 6, 7, 15, 37, 38, 40, 41, 42] and references
therein for the study of spectral theory of nonlocal dispersal operators and travel-
ing wave solutions of nonlocal dispersal equations in space periodic habitats. Very
recently, in [2], the authors established the existence, uniqueness and stability of
periodic traveling wave solutions to nonlocal dispersal two species competitive sys-
tems with space periodic coefficients. Kong et al. [22] studied the spreading speeds
of two species competitive systems with nonlocal dispersal and space-time periodic
coefficients. However, these results can not be applied to the coupled system (1.1)
with multiple variables directly. Due to the lack of compactness of solutions of (1.1),
the abstract results on spreading speeds and traveling wave solutions established in
[10] also can not be applied to (1.1). It is the objective of the present paper to carry
out a study on spreading speeds and space-time periodic traveling wave solutions
of (1.1).

To describe the problems studied and state the results obtained in the present
paper, we let

X :{u = (u1,ug, - ,uK)—r :RY — RX : y; is measurable and bounded,
Vi=1,...,K}
equipped with the supremum norm ||u|| := sup,cg~ |u(z)| and
Xt = {ue)N(: (u1,ug, - ug) ' tui(z) >0, Ve e RN, i = 1,...,K}.
For given d € N, let
X(d)={u=(u1, - ,uq)" € C(RN,R?):
u; is uniformly continuous and bounded, Vi=1,... 7d}
equipped with the norm ||u|| = sup,cp~ [u(z)|, and
XT(d) ={u=(ut, - ,uq)| € X(d):u;(z) >0, Ve e RN, i =1,...,d}.
Let
Xp(d) ={ue CRN,RY : u;(- + prey) = w;(-), {=1,...,N,i=1,...,d},
X;(d)z{ueXp:ui(x) >0, Yz € RY, i=1,...,d},
X Hd)={ue X} ruj(x) >0, Ve eRY, i=1,....d}.
When d = K, we write
X=X(K), X*=X7(K), X,=X,(K), X =XI(K), XJ"=X7(K).

For u,v € )N(, we define

u> () vif u; > (>) v forall i=1,..., K, (1.4)



364 XIONGXIONG BAO, WENXIAN SHEN AND ZHONGWEI SHEN

where u; > (3>) v; if inf cpn [ui(x) — vi(x)] > (>)0.

By the general semigroup theory (see [36]), for any ug € X, (1.1) has a unique
(local) solution u(t, x; ug) with u(0, z;u9) = ug. By the comparison principle (see
Proposition 2.1), if ug € X, then u(¢, z;up) exists for all ¢ > 0 and u(t, ;up) € X*.
We remark that u(¢,;ug) € X if up € X and u(t,;ug) € X, if ug € X,.

Throughout the rest of this paper, we assume F(¢, z, u) satisfies (H1)-(H3). Let

Xy(d) ={ue CRxRY R :u(-+7T,)=u(- -+pe) =u(-), | = 1,...,N}
with the norm [[ul|x, (4) == SUP( zyerxry [U(t, )|, and set

XF(d) ={ue X, u(t,x) >0, V(t,z) e RxRY, i=1,...,d},

Xit(d) ={ue X, utz)>0, V(ta) eRxRY, i=1,...d}.

When d = K, we write &), = X,(K), A =XFK) and Aft =X (K).
Consider the linearization of (1.1) at the zero solution 0, namely,

ov

a(tax) = k(y—l‘)V(t,y)dy—V(t,l‘) +A0(t,$)V(t,l‘), S RNv (15)
RN
where
Ao(t,z) = (aF(t,x,0)> . (tz) eR xRV, (1.6)
Ou; KxK

Note that, for given p € R and £ € SV~! := {£€ € RV : |¢| = 1}, solutions of (1.5)
of the form v(t,z) = e =& (¢, x) with ¢ € A (if exist) play an important
role in the study of spreading speeds and traveling wave solutions of (1.1) in the
direction of €. Note also that, for such solutions (if exist), ¢(¢,z) and A = pc satisfy

— 52 (t,2) + Jan €O E(y — 2)o(t, y)dy — H(t,x) + Ao(t, 2)¢(t, )
=\p(t,z), xRN (1.7)
¢('+T7'):¢('7'+plel):¢('7')v l=1,2,---,N.

Let I be the identity map. Define the map K¢ ,, by setting

(Kepta) = [ 0= Sky —)v(t. )y (1.8

where the kernel k is as in (1.1). The existence of ¢ € A+ and X € R satisfying
(1.7) is then related to the existence of the principal eigenvalue of —0;+/C¢ ;, —I+Ag
in X, (see Definition 2.2 for the definition of the principal eigenvalue). Note that
we do not specify the spaces on which the operators I and K¢, are defined, but
this should not cause any trouble.

Throughout this paper, we also assume that

(H4): Let Ao(t,x) be as in (1.6).

(a) For any (t,z) € R x RN the matriz Ao(t,x) is quasi-positive (i.e., off-
diagonal entries are monnegative), and is in a block lower triangular
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form, namely,

AOl(t733) O e e e O
Agl(t7 I‘) Aog(t, 1‘) 0 ce tee 0
Agl(t,l’) Agg(t,l’) Aog(t,x) 0 ce 0
AO(tv l’) = : . . .
: . . ‘. ‘. 0
ANbl(tﬂx) . e e e AON},(tM,I:)
for some Ny € N independent of (t,x) € R x RN, and Ay is strongly
1rreducible.

(b) For given 1 <k < Ny, u >0, and £ € SN71, let A\ (&, p, Aox) be the
spectral bound (i.e., the largest real part of the spectrum) of —0, + K¢, —
I+ Aoi acting on X,(di), where dy, is the dimension of the matriz Ao.
M (&, Aor) is the principal eigenvalue of the operator —0: + K¢, —
I+ Aoy acting on X,(d1) with a positive eigenfunction ¢, (t,z;€, 1) €
X (dy).

(¢) For any > 0 and every k > 1, A\ (&, p, Ao1) > 0 and A1 (&, 1, Aor) >
M1 (&, 1, Ao). Moreover, for any (t,z) € R x RN there is at least one
nonzero entry to the left of each diagonal block of Ao(t,x) other than the
first block.

Remark 1.1. (1) Let A1(Aok) := M(€,0, Agg) for every k > 1. By (H4)(c),

A1(Ap1) > 0 means the equilibrium u = 0 of (1.1) is unstable, i.e, the
populations corresponding to the first block grow when all populations are
sufficiently small. The inequality A\ (Ap1) > A1(Aogr) means that the growth
rate of populations corresponding to the first block is larger than that cor-
responding to the k-th diagonal block.
Recall that an n x n constant matrix B = (b;;) is called irreducible if two
nonempty subsets S, " of {1,2,--- ,n} form a partition of {1,2,--- ,n}, then
there exist i € S and k € S such that by, # 0. An n x n matrix B(t,z) =
(bij(t,x)) on R x RY is called irreducible if for any ¢t € R and x € RN, B(t, )
is irreducible. B(t,x) = (b;;(t,z)) is called strongly irreducible on R x RY if
there is §p > 0 such that if two nonempty subsets .S, S of {1,2,--+ ,n} form
a partition of {1,2,---,n}, then for any x € R" and t € R, there exist i € S
and k € S’ such that

|bik(t7x)| > 50-
The strong irreducibility of B(t, 2) implies that any limiting matrix of B(¢, x)
is irreducible, that is, if B* = lim,, oo B(tn,Zn), then B* is irreducible. In
[3], under the assumption that Agi(¢,z) is cooperative and strongly irre-
ducible on R x R, some criteria for the existence of the principle eigenvalue
of —0;+ K¢, —I+ A1 were established (also see Proposition 2.3). The strong
irreducibility of Apy is implicitly used in the assumption (H4)(2) since if Agpq
is not strongly irreducible, it may not make sense to assume A\;(§, u, Ao1) is
the principal eigenvalue of the operator —0; + K¢, — I+ Ag;.
When Ag(t, z) is independent of ¢ and x, it is called the Frobenius form, in
which all the diagonal blocks are irreducible, see [46]. Note that Weinberger
et al. studied in [46] the spreading speeds and linear determinacy of the
discrete-time recursion system u,1+1 = Q[u,], while Hu et al. studied in [18]
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the spreading speeds and traveling wave solutions of the cooperative system
(1.1) when Aq(t, z) is independent of ¢ and z. It should be pointed out that
(H4) is much more general than that in [46, Hypotheses 2.1(v)] and [18,
Hypotheses 2.2].

Regarding the existence of the principal eigenvalue of —0; + K¢, — I+ Ag, we
prove
e (H4) implies that A1 (€, p, Ao1) is the principal eigenvalue of —0;+K¢ , —I+ Ay
acting on X, that is, —0,+ /¢ , —I+ A has an eigenfunction ¢(t, z; 1, &) > 0
corresponding to A1 (&, u, A1) (see Proposition 2.4 for more details).
Spatial spreading speeds from u* to 0 and traveling wave solutions connecting
u* and 0 are among the most interesting dynamics of (1.1). Roughly, for any given
¢ € SN, a finite interval [¢}¢(€), ¢ty (€)] is called the spreading speed interval of
(1.1) from u* to 0 in the direction of ¢ if for any ug € X satisfying 0 < uy <
u*(0,-), up(z) =0 for - > 1 and liminf,. ¢, up(z) > 0, there holds
limsup sup |u(t,z;up) —u*(t, )| =0, Ve< (),
t—oo x-£<ct
limsup sup |u(t,z;ug)] =0, Ve> Caup(§),
t—oo z-£>ct
(see Definition 3.1 for details).
About spreading speeds of (1.1), among others, we prove
o (Finiteness of spreading speeds) Assume (H1)-(H3). For any £ € SV~1, (1.1)
has a finite spreading speed interval [c]¢(£), cZ,,(€)] in the direction of & (see
Theorem 3.1 for details).
e (Linear determinacy) Assume (H1)-(H4). For given £ € SV—1 if

F(t,z, p¢"(t,z)) < pFu(t,z,0)¢*(t,z), V(t,z) eRxRY, p>0,  (19)
where ¢* (t,z) = ¢(t, z; p*, &) with p* satisfying

M pt Ao) e M6 1 Ao
w p>0 H
Then,
() = r(€) = i) = pup 2EL )
is the spreading speed of (1.1) in the direction of £ (see Theorem 3.2 for
details).

Let ¢ € SV~1. Roughly, an entire positive solution u(t,z) of (1.1) is called a
traveling wave solution of (1.1) connecting u* and O propagating in the direction
of € with speed c if there is bounded measurable function ® : RY x R x RY — RX
such that, for any : =1,..., K,

ui(t,x) = O;(x — cté t, cte), VteR, z € RY,
(2, +T,2) = ®i(x,t, 2 + pre)) = ®i(x,t,2), Yo,z e RY,

and
lim ®(z,t,z) =u*(t,z+2), lm ®(z,t,z)=0

r-E——00 z-£€—00
uniformly in (¢,2) € R x RY (see Definition 4.1 for details).

Among others, assume (H1)-(H4), then for given ¢ € SV ~1, we prove the following
results about traveling wave solutions of (1.1) (see Theorem 4.1 for details).
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o (Existence of traveling waves) Assume (1.9). For any ¢ > ¢*(§), (1.1) admits
periodic traveling wave solutions of the form u(t, x) = ®(z — ct&, t, ctf) con-
necting u* and 0 that propagate in the direction of £ with speed ¢, and for
¢ < ¢*(£), no such solution of (1.1) exists.

e (Continuity and uniqueness of traveling waves) Assume (1.9) and F(¢, z, au)
> aF(t,z,u) for u € (0,u*], (t,z) € R x RY and a € (0,1). The periodic
traveling wave solutions of (1.1) connecting u* and 0 that propagate in the
direction of £ with speed ¢ > ¢*(£) are continuous and unique.

We point out the followings. First, for (1.2) in the case F(t,z,u) = F(u),
Weinberger et al. studied in [46] the weakly coupled reaction-diffusion system and
provided conditions ensuring that the reaction-diffusion system has a spreading
speed and is linearly determined, see [46, Theorem 4.2]. Our assumptions for the
linear determinacy of spreading speeds of (1.1) in the case that the coupled term
F(t,z,u) is independent of ¢t and x are the same as those in [46, 18]. Following
from the assumptions in [22], it is easy to verify that our assumptions (H1)-(H4)
and (1.9) hold for two species competitive system with nonlocal dispersal and the
results on spreading speeds and linear determinacy in our work can also be applied
to two species competitive system with nonlocal dispersal in space periodic habitats
(see Subsection 5.2 for more details).

Second, in this work we establish the existence of space-time periodic traveling
wave solutions of (1.1) for ¢ > ¢*(§). It remains open, which remains open even for
scalar nonlocal dispersal equations in space-time periodic habitats, whether there
are traveling wave solutions propagating in the direction of £ € S¥—1 with speed
c=c*(€) for (1.1).

Third, we prove the uniqueness and continuity of traveling wave solutions in the
case that F(t,x,u) is strictly sub-homogeneous, that is, F(t,z,au) > oF (¢, z,u)
for u € (0,u*], (t,7) € R x RY and a € (0,1). It remains open whether space-
time periodic traveling wave solutions of (1.1) without the strictly sub-homogeneous
condition are continuous and unique. We will further study the spreading speeds
and traveling wave solutions of some epidemic models by the results obtained in
this paper somewhere else.

The rest of this paper is organized as follows. In Section 2, we state the defini-
tion of the principal eigenvalue for space-time periodic nonlocal dispersal operators,
establish some useful properties for the principal eigenvalue, and present a compar-
ison principle for (1.1) and some related linear cooperative systems with nonlocal
dispersal. In Section 3, we investigate the existence of spreading speed intervals and
linear determinacy of spreading speeds. The existence, nonexistence and uniqueness
of space-time periodic traveling wave solutions of (1.1) is established in Section 4.
In Section 5, we discuss the applications of the above results to nonlocal monos-
table equations and two-species competitive systems with nonlocal dispersal and
space-time periodicity.

2. Preliminary. In this section, we introduce some principal eigenvalue theory for
space-time periodic linear cooperative systems with nonlocal dispersal, and present
a comparison principle for (1.1) and some related linear cooperative systems with
nonlocal dispersal.
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2.1. Comparison principle. In this subsection, we present a comparison principle
for system (1.1) and the following linear cooperative system with nonlocal dispersal,
0 :
a—;’ = / e P S (y — 2)v(t,y)dy — v(t,z) + A(t,z)v(t,z), (t,z) € R x RV,
RN
(2.1)
where ¢ € SV71, € R and A satisfies
(A1): A = (a;j(t,2))axa : R x RN — R4 js continuous and (T, P)-periodic
with a;;(t,x) > 0 fori,j = 1,2,--- ,d, © # j, where d is a fized positive

integer.
Definition 2.1. A bounded measurable vector-valued function u = (uy,...,ug) "
(resp. v = (v1,---,v4)")) on [0, T") xR is called a super-solution (or sub-solution)

of (1.1) (resp. (2.1)) if for each x € RN andi = 1,...,K (resp. i = 1,---,d),
wi(t, ) (resp. vi(t,x)) is continuous in t € [0,T") and

)2 (D00 [ [ b= (o)) )|

(resp. vi(t,z) > (<)ve;(0,2) + /0 k(y — x)vi(s,y)dy — vi(s, x)

RN

d
+ Z a;j(s,x)v;(s, :5))] ds)

j=1
holds for all t € [0,T").

Proposition 2.1 (Comparison Principle). Assume (H1)-(H3) and (Al). The
following statements hold.

(1) Suppose that u~ (resp. v~ ) is a sub-solution of (1.1) (resp. (2.1)) on
[0,7") x RN and u™ (resp. vT) is a super-solution of (1.1) (resp. (2.1))
on [0,T") x RN, and u* € [0,u*]. Ifu=(0,-) < ut(0,-) (resp. v (0,) <
vt(0,-)), then u” <u' (resp. v <v*t)on [0,7") x RN,

(2) For every ug € X with ug < u*(0,-), u(t,z;up) ewists for all t > 0, where
u(t, z;ug) is the solution of (1.1) with initial data uy.

(3) Assume (H1)-(H3). Let uj,uz € X*. If uy < uy < u*(0,), then

0 <u(t,z;uy) <u(t,z;ug) <u'(t,z), (t,z)€[0,00) x RV.
Proof. The proposition follows from the arguments in [41, Proposition 2.1]. O

2.2. General principal eigenvalue theory. Let K¢, be as in (1.8). Consider
the following eigenvalue problem

Leyalw] = —w; + (K —I)w + Aw = Aw, w € X,(d), (2.2)

where £ € SV p € R and A is as in (2.1).

In the sequel, results in this subsection with different d will be used. We point
out that, if u(t, z) = e w0 (t, a5, €, A) with p(t, -3 11, &, A) € X,(d)\{0} is a
solution of (2.1) with e~ #(¥=#)€k(y — x) being replaced by k(y — z) , then X is an
eigenvalue of (2.2) and w = ¢(¢,z; u, &, A) is a corresponding eigenfunction.

Let 0(Lg¢,u,4) be the spectrum of L¢ ,, 4 on X,(d). Set

A& p, A) :=sup{ReX: A€ o(L¢pa)},
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which is spectral bound of the operator L¢ ,, 4. Observe that if © = 0, then (2.2) is
independent of £, and hence we set

MA) = \(,0,4), veesNL

Definition 2.2. We call \(§, i1, A) the principal spectrum point of Le 4. A(&, 1, A)
is called the principal eigenvalue of Lg¢ , 4 or it is said that L¢ , 4 has a principal

eigenvalue if A\(&, u, A) is an isolated eigenvalue of Le, a with an eigenfunction
w € X fF(d).

Assume, in addition, that
(A2): A(t,z) is strongly irreducible for any (t,r) € R x RV.

Throughout the rest of this subsection, we assume (A1) and (A2).

We note that the principal spectrum point A(§, p, A) of L¢ ,, 4 belongs to o(Le ;. a).
In general, A(&, 1, A) may not be the principal eigenvalue of L¢ ,, 4 and hence Le¢ ,, 4
may not have a principal eigenvalue. The reader is referred to [5] and [41] for exam-
ples in the case d = 1. In the recent paper [3], the first two authors of the current
paper established some useful criteria for the existence of a principal eigenvalue of
Le 4. For example, for any fixed € RV, let A(z, A) be the principal eigenvalue
(i.e., the eigenvalue with largest real part and with a positive eigenfunction) of

90 At 2)(t) = Mz, A) (1),
d(t+T) = p(2).

It is proved in [3] that, if A(x, A) is C and there is some xo € RY such that
Mz, A) = max,epn Az, A), and the partial derivatives of A(z,A) up to order
N —1 at xy are zero, then the principal eigenvalue of Le¢ ,, 4 exists (see [3, Corollary
2.1]). Moreover, it is proved that, if A(§, u, A) is the principal eigenvalue of Le ;. a,
then A(&, p, A) is algebraically simple (see [3, Theorem 2.3]).

Consider the inhomogeneous linear system

0

a% = / e MLk (y — 2)v(t, y)dy — v(t,x) + At 2)v(t,x) + B(t,x), (2.3)
]RN

where B : R x RY — R? is a continuous and (T, P)-periodic vector-valued function.

We have the following proposition on the existence of bounded entire solutions.

Proposition 2.2. If \(&, u, A) < 0, then (2.3) has a unique bounded entire solution
u** € X,(d), which is a globally stable solution of (2.3) with respect to perturbations
in X, (d). Furthermore, if the components of B(t, z) are nonnegative and B(t,z) # 0
Jor any (t,x) € R x RN, then u**(t,-) € X, 7(d) for all t € R.

Proof. Tt can be proven by the arguments similar to those in [22, Proposition 2.4].
‘We omit it here. O

For given p > 0, let
X(d;p) = {u e C(RN,R?) : the function z — e ?Ilu(z) belongs to X(d)} .
Denote by v(t,z;vo, &, p, A) the unique solution of (2.1) with v(0,-;vg, &, p, A) =
vo € X(d; p). Define the solution operator of (2.1) by
®(t;€, p, A)vo = v(t,vo, &, 1, A) € X(d; p).

Note that X (d;0) = X(d) and ®(t;&, u, A)vo € X,(d) if vo € X,(d). Thus, the
restriction ®P(T; &, u, A) := ®(T;€, 1, A)| x, (a) is well-defined. Denote by
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r(®P(T; €&, 1, A)) the spectrum radius of ®P(T;€, u, A). It follows from arguments
as in [37, Proposition 3.10] that
Inr(®P(T;&, 1, A
)‘(Ea,uva) = ( (T a ))7
Note that ®(t;&,0, A) is independent of ¢ € S¥~1. Therefore, we put
B(t; A) = ®(t;£,0,4), VEe SN

For v € X(d), ¢ € SV~! and p € R, let vg’” = e "8y, Note that vg’“ € X(d;p)
with p = |p|. Then, the uniqueness of solutions of (2.1) with initial function in
X (d; p) ensures

veEe SN ueR. (2.4)

B(t;€, 1, A)vo = e B (t; A)vhE. (2.5)
For each x € RY | there is a family of nonnegative bounded measures
mi;(z;y,dy) (4,5 =1,...,d) such that

(B(T; A)vo) }:Aﬁm ymis(aiy.dy), V1<i<d,

where vo = (vo1,v02, - - -, Voa) - Note that

(®(T; A)vo(- — per)) ,(x) = (B:(T; A)vo) (z — prey)
forallz € RN, I=1,...,Nandi=1,...,d. Then, foranyi,j=1,...,d

/ vo; (y)mij(x — preg; y, dy) =/ vo; (y — mer)miz (23 y, dy)
RN RN

)

= / voj (y)mij(x;y + prer, dy).
RN

Hence
mm(x —pieiy, dy) = mz](‘rvy +plela dy)a v 27] = 17 e 7d'
By (2.5), we have

((T5¢ 1, A Z/ Voo, (y)mij(w;y, dy), Vvo € X, 1<i<d.
RN

(2.6)

Proposition 2.3. Let & € S]\j_l. Suppose that A\(&, u, A) is the principal eigenvalue
of L¢ y,a for any p > 0 and AN(A) > 0. Then, there is p* := p* (&, A) € (0,00) such
that
A *
€A MemA)
I p>0 - p
Proof. Let ¢ € S¥~! and A be fixed. By the perturbation theory of isolated ei-
genvalue of closed operators (see [21]), A(u) := A(§, p, A) is twice continuously
differentiable in p.
For any p > 0, let

W(M) = T

Clearly, (u¥(p))” = M(w). Similar to that in [27, Lemma 3.7], we have that
A, i, A) is convex in pu, that is, X/ () > 0. We see

V() = %[A'(u) ~W(p)] and  (pW(n) = pX\"(u) > 0. (2.7)
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By the definition of ¥(x) and the assumption A(A) > 0, we have ¥(u) — oo as
pw — 0%, Thus, (2.7) implies that W(u) is decreasing near u = 0%.
Note that there are kg > 0 and 79 > 0 such that k(z) > ko for ||z[] < 2. Let

ma(€) = ko Jy<m =28 4. Then for any p >0 and i = 1, ..., d,

k(z)e " 8dz — 1 + aii(t, ) zko/ e " 8dz — 14 ay(t, x)

i
RN llzl1<3

>mo +ma(E)u’ + Y man(E)p" — 1+ ai(t,z).
m=2

Let m := infc gv—1 ma(§)(> 0) and al* = [an k(z)e7##8dz — 1+ a;(t, x) for
i =1,...,d. Then we have
”g(t z) > mo 4+ mp? — 14 ay(t, )

for 1> 0 and (¢,x) € R x RN, Hence there is 8 > 0 such that a/*(t,z) > Bu? for
all (t,7) e Rx RN ¢ € S¥=1 and p>> 1. Recall that ®(t; &, u, A)vy is the solution
operator of (2.1). Note that A(t,x) is cooperative for all (t,2) € R x RY. Define

APS(t x)v(t, x) = /]RN k(2)e M= Sv(t, 2)dz — v(t,x) + A(t, z)v(t, ).

Then for any v > 0,
ARE(t x)v > diag(Bu?, ..., Bu®)v, VEER, pu> 1.

By the comparison principle for linear cooperative systems,

(@46, 1, A)p(t, 31,6, A)), > W0t as p, 6, 4), 1<i<d
for > 1 and t > 0, which implies that

(T, 1, DT, 1,6, A) > PH T (T, w5 1, €, A).

Then by (2.4), we can obtain that M > Bu and ’\(“) — 00 as j — o0.

Therefore there exists u* € (0, oo) such that ’\(” ) = inf, 50 %, which implies

that (“ ) < )‘(m for any Vu € (0, u*). This completes the proof. O

The following corollary follows from the convexity of A(§, p, A) in p and Propo-
sition 2.3.

Corollary 2.1. Let & € SN_Nl. Suppose that A&, p, A) is the principal eigenvalue
of Le.y,a for any > 0 and A(A) > 0. Let p*(§,A) € (0,00) is as in Proposition
2.3. Then,

NE, p, A
) (55) VO < p < p (€, A).

o\
— A
8u(€,u, <

Moreover, for any € > 0, there exists some pe = pue(§, A) > 0 such that for pe <
p< pr (8, A),

2 A& pr(€,A), A)
=z A) < -8B SELE)
au(&u, ) < (6, A) +e
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2.3. Principal eigenvalue theory for L., 4,. In this subsection, we study the
principal eigenvalue theory of the operator Lg , 4,, where Ag(t,x) = F,(t,z,0) is
assumed to satisfy (H4). Recall that A(&, u, Ag) is the principal spectrum point
of L¢ i 4, given in Definition 2.2, and that A;(&, i, Ap1) is the principal eigenvalue
of L¢ ;i 4,, With a positive principal eigenfunction ¢, (t, z; p,§) for any p > 0 and
£esSh-1

Proposition 2.4. Assume (H1)-(H4). Then for each p > 0 and ¢ € SN71,
A& p, Ag) = M(& iy Aor) and A1 (€, 1, Aor) is the principal eigenvalue of Le , A, -
Moreover, \1(&, 1, Ao1) is continuous in Ao .

Proof. By (H4), L¢ ;. 4,, has the principal eigenvalue A (&, pt, Ag1) for any p > 0
and ¢ € SV~ where Ag; is the first diagonal block of Ag. Moreover, by (H4)(c),
there holds Ay (&, i, Ao1) > A1(€, i, Aoi) for every k > 1, where Ay (€, u, Aox) is the
principal spectrum point of the k-th diagonal block of —0; + K¢ ,, — I+ Ao.

Let us consider

) ~ (An(t,2) 0
Ag(t,z) = (A(1)2(t’x) Aog(t,l‘)> ’

Note that the principal spectrum point A1 (&, 1, Ag2) of —0; + K¢ ,, —I+ Ago satisfies
A1(€, ey Aga) < A1(€, iy Apr). Let X be the principal spectrum point of

L&,,u,A(m [V] - )\1(57 22 AOl)V = \v.

Clearly, A = A1(&, 1, Ao2) — M1 (€, i1, Ap1) < 0. By Proposition 2.2, there is a unique
space-time periodic positive solution ¢, (¢, z; u, &) of

V¢ = K:&MV -V -+ Aog(t, .’L‘)V — Al (f, My AOl)V + Alg(t, JJ)¢1, X e RN (28)

Moreover, ¢4 (t, x; i, €) is a globally asymptotically stable solution of (2.8). It then
follows that (¢ (t,z;u,&), Po(t, x5, &))" is a principal eigenfunction of Le i ay
corresponding to the principal eigenvalue A\; (&, i, Ao1).

Now, let us consider

AOl(ta CU) 0 0 ’
Ag(t, l‘) = Agl(t, l‘) 14()2(t7 .’17) 0 = <AO(:’ (E) A ?t .%‘)) .
A31 (t, J}) Agg(t,x) Aog(t,x) 031"

Since A1(&, p, Ao1) > Ai(& p, Aos), similar arguments as above ensure that
A1(§, i1, Aor) is the principal eigenvalue of L, az.

Thus, by induction, we obtain that L¢, 4, has the principal eigenvalue
A&, 1y Ag) = A1(&, 1, Apr) with a principal eigenfunction given by

qﬁ(t,x,,u,f) = (¢1(t,I;H,g),(ﬁg(t,l’;u,g), e 7¢Nb(taz;.ua§))T € X;+ (29)

The continuity of A1 (&, u, Ap1) in Ay follows from [3, Theorem 2.1] and perturbation
theory of isolated eigenvalues for closed linear operators. This completes the proof.
O

We remark that, by Proposition 2.4, results proven in Subsection 2.2 apply to
the operator L¢ , 4, in Proposition 2.4.
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3. Spreading speeds and linear determinacy. In this section, we investigate
the spreading speeds of (1.1) and explore the linear determinacy for the spreading
speeds. Recall that u(t, z;ug) is the unique solution of (1.1) with u(0,-;ug) =ug €
X.

We first introduce the notion of spreading speed intervals and spreading speeds
for the cooperative system (1.1). For £ € SV~1 let
XH¢:={ueXt:u<u*(0,"), u(z) =0forz-£>1and liminf u(z) > 0}.

z-£——00
Definition 3.1. For £ € SN, let

Cuup(€) = { eR: limsup [u(t,a;uo)| =0, Vug € X*(ﬁ)} ,

t—oo,x-£>ct

Cint(§) =< c€eR: limsup [|u(t,z;ug) —u*(t,z)] =0, Yug € X+(§)} .

t—oo,x-£<ct

——

Define

1nf(§) {C ce Cmf(é-)} G/ﬂd Csup (é—) = ll’lf {C icE CSUP(g)} :
We call [c}¢(€), Sup( )] the spreading speed interval of (1.1) in the direction of &.

If ¢i (&) = :up(ﬁ), we call c*(&) = ¢} (&) = csup(f) the spreading speed of (1.1) in
the direction of €.

Observe that if ¢; € Cins(§) and ¢z € Coyp(§), then ¢1 < c2, and hence, ¢ () <
Caup(§)- Therefore, the interval [cf (§), cZ,,(§)] is well-defined.

sup
The main results of this section are stated in the following theorems.

Theorem 3.1. Suppose (H1)-(H3). For any & € SN, [cf¢(€), ¢t (€)] is a finite
interval.

Next, we try to explore conditions such that ¢f¢(§) = cf,,(€). Fix & € SV
Let

p = p (€, Aor) (3.1)
be as in Proposition 2.3 with A = Ap1, and set
)\l(lu*) = )‘l(é-vﬂ*aAOl) and ¢*(t7x) = ¢(t7$7ﬂ*7§)7 (32)

where ¢(t, z; p*,€) is as in (2.9) with p = p*.
We introduce the following additional assumption.
(H5): For all p > 0, F(t,z, p¢*) < pFy(t,2,0)¢* for any (t,z) € R x RV,

Theorem 3.2 (Linear determinacy). Suppose (H1)-(H5). For any ¢ € SV™1,

there holds ) | o
Tnf(f) — csup(g) — inf 1(53:“', 01) _ 1(/*14 )
n>0 7 o
That is, for any £ € SN, the spreading speed c* (§) = % ezists and it is linearly

determined.

Remark 3.1. (1) Under the assumptions (H1)-(H5), we have shown that (1.1)
has a spreading speed and it is linearly determined. In particular, our as-
sumptions and results extend the results in Weinberger et al. [46] for discrete-
time recursion system u,; = Q[u,] to more general nonlocal dispersal co-
operative system (1.1) in space-time periodic habitats.

C
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(2) We will apply the results of the present paper on spreading speeds, that
is, Theorems 3.1 and 3.2 to two species competitive system with nonlocal
dispersal and space-time periodic coeflicients.

3.1. Proof of Theorem 3.1. In this subsection, we prove Theorem 3.1. We first
present some lemmas. Let us consider the space shifted systems of (1.1), i.e.,

0
ailz(tvx) = / k(y—x)u(t,y)dy—u(t,x)+F(t,x—|—z,u(t,x)), Y 6RN7 (33)
RN

where z € RY. Let u(t, z; ug, z) be the unique solution of (3.3) with u(0, -;ug, ) =
up € X. In particular, u(t, x;ug, 0) = u(t, z; ug).

By assumptions (H1)-(H3) and Proposition 2.1, we have the following lemma.
Let K7 be the dimension of the first diagonal block of Ay, that is, K7 is the dimension
of AOl .

Lemma 3.1. Let ¢ € SN~ c € R and ug € Xt (). If there is g > 0 such that

inf  min { lim inf ui(nT,x;uo,z)} > do,

z-£<cenT,n—oo0
then for any ¢ < ¢, there holds

limsup |u(t,z;uq,2) —u*(t,z +2)| =0 wuniformly in z € RY.
z-£E<c't,t—o0
Proof. Due to the stability of u*, for each ug € X*(€) there holds the convergence
lu(t, z;ug,2) —u*(t,r +2)| = 0 as t — oo for # € RN and » € RY. By (H4), we
know that an increase in the first K7 components will increase all components as
time elapses. Hence, the conclusion of the lemma can be shown using the comparison

principle and arguments similar to those in [22, Lemma 3.4]. Here we omit the
details. O

We are now ready to prove Theorem 3.1.

Proof of Theorem 5.1. For u = (u1,...,ux)' satisfying u; = 0 for all j # i, we

write f;(t,z,u;) = Fi(t,z,u). Since F(¢,z,u) is cooperative, we have for any
(t,z) ERxRYN andi=1,..., K
F'(t,z,u) > fi(t,z,u;), Yu€[0,u*(t,x)]. (3.4)
Let us consider the decoupled equations
s
ot RN

To state the spreading properties of (3.5), we set

Xj(f):{u € XT(1): 0<u<ul(0,-), ligminf u(z) > 0andu(z) =0, Vo - £ > 1} .
z-€——00
For any ug € X, (&), let w;(¢, z;uo) be the solution of (3.5) with ;(0, -;up) = ug.
By arguments as in [38], there is a finite spreading speed interval [¢} ;,¢(€), T} gup ()]
of (3.5) foreachi=1,..., K.
By (3.4) and Proposition 2.1, for any ug = (ug1,.-.,uorx)' € XT(£) and i =

ui(t, x5 u0) > Wt w3 u0:), (t,x) €R x RY,
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It then follows from [38] that for each i = 1,..., K, ¢ < ¢;,;(§) implies that
Hminfy.e<ct oo Wit 5up;) > 0. Let ¢ = minlzl K{Cz,mf( )}. Then, ¢ < ¢
yields

.....

liminf @;(t,x;up;) >0, Vi=1,..., K,

z-£<ct,t—o0
and hence,
liminf w;(t,z;ue) >0, Vi=1,... K.

z-£<ct,t—o0
Note that u(t,z;ug,0) = u(t,z;ug) and Lemma 3.1 holds uniformly for z € R¥.
We then conclude from Lemma 3.1 that for any ¢ < ¢, there holds
limsup |u(t, z;u9) —u*(¢,z)| = 0.
z-£<ct,t—o0
From this, we see ¢} ¢(£§) > co.

Next, we show that there exists an upper bound for the spreading speed interval.
Define

ﬁz(ta%C):ur(tﬂ)(l_n(ﬂUf_Ct))7 izl?---aKv
where 7(s) = 4 (1 + tanh £) and C is a positive constant. Then there is a constant
Co > 0 such that a(t,z;C) := (ay(t,2;C),...,ax(t,z;C))" is a super-solution of
(1.1) on [0, 00) for every C' > Cy. Hence, for any given ug € X (&), there is N > 0
such that ug < u™(NT),-; Cp). It then follows from Proposition 2.1 that

u(t,z;ug) < a(NT +t,2;Co), t>0, z€RY,

Which means that imsup, ¢ ;00 [U(t, 7510)] = 0 for any ¢ > Cp. Hence,
Sup (6) < CVO
Therefore, [c]¢(£), ciyp(€)] is a bounded interval. O

3.2. Proof of Theorem 3.2. We prove Theorem 3.2 in this subsection. Through-
out this subsection, we assume (H1)-(H5).

First, we present the following lemma, which provides a lower bound for ¢} ;(§)
and plays a crucial role in the proof of Theorem 3.2.

Lemma 3.2. Assume that there exists a space-time periodic K x K matriz A(t, )
satisfying (H4) with Ao (¢, x) being replaced by A(t, x) such that F(t,z,u) > A(t,z)u
foro<u< B withB eRE and0 < B; < 1,i=1,...,K. Let A(t,z) be the
first diagonal block of A(t,z). For any & € SN=1, let M\ (€, u, A1) be the principal
eigenvalue of Le¢ 4, for any pn> 0. Then

C f(f) > 1nf 1(57/’45"41).

inf S (3.6)

Lemma 3.2 can be proven by the strategy which has been used in several papers
(see [27, Proposition 3.9], [38, Lemma 4.4], [44, Lemma 9.1]). We provide the proof
of Lemma 3.2 in Appendix A for interested readers.

Next, we present a lemma, which will be used in the proof of Theorem of 3.2 to
get an upper bound for ¢, (§). To this end, for given M > 0, let

* A1)
it 2 M) = Me" (6250 oy oy
where p* is as in (3.1) and A\ (p*) and ¢*(¢, z) are as in (3.2). Let
+( t,x ) mln{ﬂz(t,x,M),uf(t,x)},

at(t,z; M) (ﬂf(t,x;M),...,ﬁ}(t,x;M))T.
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Lemma 3.3. For any ug € X+ (£) with ug <a7(0,-; M), there holds
u(t,z;ug) <at(t,z; M), t>0, 2RV, (3.7)
Proof. Define
Wit m; M, M) = M (¢, 2 M), w(t, z; M) = eMiul(t, z)

K3
and - -
Ty (t,a; M, M) = MU (8,2 M), @t 5 u0, M) = eMlu(t, z;u0)
for i = 1,..., K, where M is some positive constant to be determined later. It
suffices to prove that, for any ug € X+ (&), if ug(z) < " (0,z; M, M) for v € RV,
then
u(t,z;ug, M) <a' (t,x; M, M), 0<t<T, zcR", (3.8)

In the rest of the proof, if no confusion occurs, for each i = 1,..., K, we write
Ui (t, o3 M, M), w}(t,z; M) and @; (t,x; M, M) as u;(t,x), u;(t,x) and @; (t, ), re-
spectively. Let

Fi(t,x,u) = (M — 1)u, —|—eﬁtF"(t,x,efMtu)7 i=1,...,K.
Note that, for any 1 <i# j < K,

3

oF
W(Lm, u) >0 foru € [0,u*(t,r)] and (t,r) € R x RY. (3.9)
J
Choose M > 0 larger enough such that
oF' —  OFi 7
%(t,x,u) =—1+M+ %(t,x,e_Mtu) >0, i=1,....K (3.10)

for u € [0,T*(t,x)] and (¢t,z) € RT x RV,
For given t € [0,T], z € RN, and i € {1,2,--- , K}, if u] (¢t,2) = @, (¢, ), then
we have

;" =u;(t,z) =u; (0, t —x)u (r F (2,8 (1 a T
T (t,2) = 2 (t,x) = 0, >+/0[ kly— o) (r.y)dy+ F (r, 2,0 (. >>]d

RN
>u; (0,2) + / [ k(y — x)u; (r,y)dy + Fi(T, z,ut(r, x))] dr. (3.11)
0o L/rw

Similarly, for given t € [0,T], z € RN, and i € {1,2,---, K}, if u} (t,2) = w;(t, v),
then

w ) =m0+ [ | [ k- omiy+ 07 - v

K

OF! _
+ Z 87%-(7—7 z,0)u;(r,x)| dr

> ui(07x)+/0t [/RNk(y—x)ui(T, y)dy+Fi(T71'7ﬁ(T, x))} dr  (by (Hb))

> T (0, 2) + /Ot URN k(y — 2)a (r,y)dy + F (r,z, 0" (7, x))] dr. (3.12)

By (3.11) and (3.12), for any (¢,z) € [0,T] x RN and i € {1,2,--- , K},

u; (t,x) >u; (0,2) + /Ot {/RN k(y — x)u; (r,y)dy +Fi(7,x7ﬁ+(77 x))] dr. (3.13)
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Therefore, ut(t,x; M, M) is a super-solution of (1.1) with F(¢,z,u) being replaced
by F(t,x,u) +u i(Fl(t7x7u) Uy, ,FK(t,x,u) + U’k)T on [OvT}
Let w;(t, x) = eMtu;(t, x;ug) for i = 1,..., K. Then, for all t > 0 and # € RY,

u;(t, x) = Uio(x) + /01 [/RN k(y — x)u, (1, y)dy —l—Fi(T,amﬁ(T,x;uO)) dr. (3.14)

Hence u(t,z;ug) = eMtu(t,x;up) is a subsolution of (1.1) with F(¢,2,u) being
replaced by F(t,z,u) +u = (F'(t,z,u)+uy, -, FE(t,z,u) +ux) " on [0,T)]. (3.8)
then follows from Proposition 2.1.

By (3.8), we have

u(t,z;up) <at(t,a; M) VaeRN t€0,T]
Repeating the above arguments, we have
u(t,r;ue) < at(t,z; M) YV eRYN, telT,2T).

Then by induction, (3.7) holds. O
Now, we prove Theorem 3.2.

Proof of Theorem 3.2. For any uy € X7T(£), let My > 0 be such that
ug < at(0,-; Mp). By Lemma 3.3,

u(t7x1 UO) < ﬁ+(t,I;M0)7 t> 07 S RN

Ar(p)

This implies im sup, ¢> e 100 [U(t; @3 10)| = 0 for any ¢ > =L &=, Hence,
Ar(p* A A
C:up(f) < 1(:“ ) — inf 1(§7ﬂa 01). (315)
wr >0 p

On the other hand, for any given 75 > 7, > 0, there exists 8 € RF with
0< B; <1 foreachi=1,..., K such that

F(t,z,u) > (1 —71)A¢(t,z)u — u, VYuel0,3].

Note that for any small enough 71 > 0 and 72 > 0, we also have matrix (1 —
71)Ag — 721 satisfies (H4) and matrix (1 — 71)Ag — 721 converges to the matrix Ag
as 71,72 — 0.
By Lemma 3.2, we must have
A& p, (1 —71)Agr — 72I)

Letting 71,72 — 0, by Proposition 2.4, we have ¢ ((£) > inf,~¢ w This
together with (3.15) yields
% ok . Al(fa,uvaOl)
Cinf(g) - csup (5) - ;I;fO T
Hence, c*(§) = inf,>o w is the spreading speed of (1.1). This completes
the proof. O
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4. Traveling wave solutions. In this section, we investigate the space-time pe-
riodic traveling wave solutions of (1.1) connecting u* and 0. We first introduce the
concept of space-time periodic traveling wave solutions of (1.1).

Definition 4.1 (Traveling wave solution). Let £ € SV=1.

(1) An entire solution u(t,z) of (1.1) is called a traveling wave solution of
(1.1) connecting u* and 0 propagating in the direction of £ with speed ¢
if there is bounded measurable function ® : RV x R x RY — (RF)* such that
u(t, z; ®(-,0, 2), 2) exists for all t € R and it satisfies, for anyi=1,..., K,

uz(th) = ui(t7x; @(a070)70) = (I)z(x - Ctgvta6t5)7 vt € R7 T e RNv
ui(t, z;®(-,0,2), 2) = B (x — cté, t,z + ctf), VteR, z € RV, (4.1)

®i(x,t, 2 —x) = ®i(2',t, 2z —2'), Va,2’ € RN witha & =21'-¢, (4.2)
O (2,t +T,2) = Oi(w,t, 2 + preg) = ®i(x,t,2), Va,z e RN (4.3)

and
x~§h—>Hioo ®(z,t,2) =u*(t,z+ 2), x.lgigloo ®(z,t,2) =0 (4.4)

uniformly in (t,z) € R x RV,

(2) A bounded measurable function ® : RY x R x RN — (R¥)* is said to
generate a traveling wave solution of (1.1) in the direction of & with speed c
if it satisfies (4.1)-(4.4).

The proof of the existence of traveling wave solutions of (1.1) is based on the
idea of constructing appropriate sub- and super-solutions of (1.1). For convenience,

we set for u = (up,...,ux)! and v = (vi,...,vg) ",

uVv = (max{u, v}, .., max{ug,vg}) .

Under the assumptions (H1)-(H5), Theorem 3.2 says that ¢*(£) = ir;f0 w
o

is the spreading speed of (1.1) in the direction of £&. Moreover, by Proposition 2.3,

there is pu*(€) := p* (€, Ao1) € (0,00) such that 2(En (). Aon) gy MEtdon) oy
w* (&) u>0 Iz

any given £ € SV and ¢ > ¢*(€), let p € (0, u*(€)) be such that
= A1 (€ 1y Aor)
1

Let ¢(-, 5 1,&) € Xp** be the eigenfunction of L¢ ,, 4, corresponding to the principal

eigenvalue )\(57 s AO) = )\1(5’ Hs Aol) with ||¢(7 Rz 6)” =1
The main results of this section are stated in the following theorem.

Theorem 4.1. Assume (H1)-(H5). Let £ € SN—1.

(1) (Existence) For any ¢ > ¢*(€), let 0 < p < p* (&) be such that ¢ = (6 Aor)

Then, there is a bounded measurable function ® : RN x R x RK — (RK)+
satisfying the following properties:
(a) it generates a traveling wave solution u(t, x) := ®(x —cté, t, ct€) of (1.1)
connecting u* and 0 and propagating in the direction of & with speed c;
(b) there holds
(I)i('r7 tv Z)

. _ . . N .
x.gh—{rioo N Ty 1 wuniformlyinzeRY, teRandi=1,..., K.
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(2) (Nonezistence) For ¢ < c¢*(§), there is no such solution of (1.1) connecting
u* and 0 and propagating in the direction of & with speed c.

(8) (Continuity and uniqueness) If F(t,x,u) is strictly sub-homogeneous, that
is, F(t,z,au) > aF(t,z,u) foru € (0,u*], (t,z) € R x RN and a € (0,1).
Then, ® is unique and continuous.

Remark 4.1. We refer to [47, Definition 2.3.1] for more information about strict
sub-homogeneity. When F(¢, z,u) = uf (¢, z,u), if %(t, z,u) < 0for (t,z) € RxRY
and f(t,z,u) < 0 for t € R, z € RY and u > 1, we know from [38] that the strictly
sub-homogeneous condition holds for the following nonlocal monostable equation

0
5= [ b= oty - u(t.o) +uft0)
ot RN
and our results can be applied to the above nonlocal dispersal equation (see Sub-

section 5.1).

4.1. Sub- and super-solutions. In this subsection, we construct sub- and super-
solutions of some equations related to (3.3) that are used in the proof of Theorem
4.1. Throughout the rest of this section, we assume (H1)-(H5). Recall Ay(¢,x) =

Fu(t,z,0).
First, we construct sub-solutions of some equations related to (3.3). Note that
there are positive constants w and 7 such that for any i =1,..., K,
= 9F = .
Fi(t,z,u) >y o 2,00u; — @ | Y |uy] (4.5)
j=1 """ j=1

for 0 <u < u*(t,r) and (t,r) € R x RV,
Fix ¢ € S¥!and ¢ > ¢*(€). Let 0 < p < py < min{2pu, 1*(€)} be such that

_ A1 (€, 1, Aor) and A1 (€, i, Aot ) < A (& pas Aor)
H 2 1

c

> c*(§).
Set
¢0(" ) = ¢(7 ';0,6), d)(v ) = ¢(7 '§Na§) and "/’(’ ) = d)(a '?Mlaf)'

When no confusion occurs, we write A(§, i, Ag) = A1 (&, 1, Ao1) as A\ (). Set e =
1 —pand A = cug — A1(p1). Then, A > 0 and pA — e > 0. For given d > 0, let

u(t,z; z,d) = e~ H@E—ct) (qﬁ(t, x4 z)— defﬁ(z'gf‘j)'zp(t, T+ z)) .

Note that ¢(t,z) satisfies

Le a0 [0l = =01 + Ke @ — @ + Ao(t, 2)p = A1 (1) 9. (4.6)
Let
d* = max [ max w(zle |¢j(t’$)|)l+7]
1<i<K | (t,0) ERXRN Y (t, x)A
and

¢* = max {O, max Lt,mmax l In ¢i(t, x)] } .

1<i<K JERXRN 1 ul(t,x)
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Proposition 4.1. For any d > d*, u(t,z;z,d) = (uy,...,ur)" satisfies
O, i :
T <Ku; —u; + F*(t,x +z,u), Vi=1,....K (4.7)

for all (t,z) € R x RN satisfying - & — ct > ¢* and miny<;<x u;(t, x; 2,d) > 0.
Proof. Let ( =x-& — ct and

Nl i= = [ [ b= oty (o)) = Pt + 2, =LK,

Then,

w;(t, x;2,d) = e ¢ (qﬁi(t,x + 2) — de S (t, z + z)) , Vi=1,.. K.

Fix (t,z) € R x RY satisfying z - € — ¢t > ¢* and minj<;<x u;(t,z;2,d) > 0. For
any ¢ = 1,..., K, it is easy to see that u,;(t,z;z,d) < ul(t,z + z) and ¢;(t,z + z) —
de=;(t,x 4+ z) > 0. Hence for any i = 1,..., K,
(0%

ot

_ / k(y — ) {e—u(y-ﬁ—ct)@.(t’ Y+ z) — de—m(y-é—c’f)wi(t7 y+2)|dy
RN

Niu] =cpe ™S ¢ (t, x + 2) + e*“c% — depye Mtz 4 2) — de M

+ eiug (Qbi(t,$ + Z) - deiecwi(ta T+ Z)) - Fi(t71' + Z,H)

L F
—e < eugi+ " G (ta + 20005 — M)
=1 9t
K an )
— de "¢ cur; + Z 7(@ T+ 2z, O)Q/Jj - )‘l(ﬂl)wi - Fl(t,l' + Z’E)
= 6u]‘
X 1+~
<@ | D_lé—e Ul | —de™ Yo — M(m)] (by (4.5))
j=1
K 1+
< — de=Sap; A + e HIFS Z ;] (because ¢; — e~ “1); > 0)
j=1
P 14y
Se S —dpih +w | D)l
j=1
<0 (because d > d*).
Thus, (4.7) holds and the proposition follows. O

Proposition 4.2. Let A1(Ao1) := M (£,0,A01) and ¢y be the positive eigenfunc-
tion of L¢o,a, corresponding to A\i(Ap) with |¢g| = 1. Then, for any z € RY,
u'(t,x; 2, p1) = pr1do(t, T + 2) is a sub-solution of (3.3), where p1 satisfies

1
ur A (A ) 5
0 < p1 < min 1, min —*, [ min 1(K01)¢zo
1<i<K RXRN @io \RXRN (. ijl(%o)uy
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Proof. By (4.6) and (4.5), we have

Nl =25 [ gy — oyl )y — it )| — Pt + 2,0)
»

ot
= oF _
=— Ar(Ao1)prdio + Z %(tvx +2,0)p10j0 — F'(t, 2 + 2, p1by)
j=1 """

1+
K Y

< —Ai(Ao1)p1io + @ Z |p1jol

Jj=1

K
=p1 | =1 (Ao1)pio + wp] Cy Z(éﬁjo)lﬂ <0
j=1
for any ¢ = 1,..., K, which implies u'(¢,z; z, p1) is a sub-solution of (3.3) for any
z € RN. This completes the proof. O
Observe that for ¢* in Proposition 4.1, u(t,z;2,d) < 0 for z - £ — ¢t < ¢* and
sufficiently large d. Observe also that for p; as in Proposition 4.2, there holds
p1@o(t,z + 2) < u*(t,x + z) for x,z € RY and t € R. Let o be such that
supp(k) C {z € RV : |z| < ro}.
Fix d > d* such that u(t,z; z,d) <0 for - £ — ¢t < ¢*. Then, for small p; there
exists M > 2rg + ¢* such that
pdo(t,x + 2), M—-2rg<z-{—ct<M

u(t,z;z,d) >
0, z-&—ct> M.

For such p;, we define

t vult,z; z,d E—ct< M
u(t, 22, d, p1) = P1¢0(. ,x + 2z) Vu(t,x; z,d), z-&—ct <M,
g(t,x,z,d), x'f—CtZM.

For given M; > 0, let
Fi(t,x, u) = (My — Du; + M Ptz e Mita), i=1,... K. (4.8)
Fix M; > 0 larger enough such that

F Fi
g—w(t,:@e—Mltu) =—-1+M + g—m(t,x,u) >0 (4.9)
fort >0,z € RV, ue[0,u*(t,z)],and i = 1,2,--- , K.
Recall that u(t,z;u, ., 2) is the solution of (3.3) with the initial value u,, =
u (0, 2,d,p1). Let
ui(t, z; My) = eMltui(t,z;uaz,z) and wu; (t,z;2,d,p1,M1) = eMltui_(t,:zr; z,d, p1)

fori=1,..., K.

U

Proposition 4.3. Let d and p; be chosen as in the above. Then, u™(t,x; 2, d, p1, M)
and u(t,z; My) are sub-solution and super-solution of (1.1) with F(t,x,u) being re-
placed by F(t, z+z,u)+u = (FL(t,z+z,u)+uy, -, FE(t, z+2,u)+u) " on [0, 00),
respectively, and hence there holds

u(t,r;ug ,z) >u (t,z;2,d,p1), t>0.
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Proof. First, let u(t,z;z,d, My) = eMitu(t, z; 2,d) and

u'(t,x; 2, p1, M) =eMitp o (t, x+2). Fixanz € RY. Note that u= (¢, z; 2,d, p1, M;)
is absolutely continuous in ¢ on any bounded interval of [0, c0). Hence,
%u_(t,x; z,d, p1, M7) exists for a.e. t > 0 and

t
0
u_(t,x;z7d, P17M1> = u_(O,x; Z7da P17M1)+/ au_(s,x;Z,CL P17M1)d57 vit>0.
0
Note also that

_ 0 x-&E—M
au (t,(E;Z,d, PlaMl) = &Q(tvx;zvda Ml)v Vi< 67

—, (4.10)
and
0 _
au (t,z;2,d, p1, M)
%y(tw;z,d, My)
a.e. t€ (@,oo) N{t:ult,x;z,d, My) > ' (t,2; 2, p1, M1) }
) i pn, 21 ay

a.e. te (Tgc_Mvoo) N {t : @(twr;zvdv Ml) < H/(tax;zvplaMl)} .

Next, we fix # € RV. For any t > 0 and i € {1,2,--- , K}, if u; (¢t,2;2,d, p1, M1)

= u,;(t,x; z,d, My), then by Proposition 4.1 and the definition of u= (¢, z; 2z, d, p1, M1),
we have that = - £ —ct > ¢* and

0]
aﬂz(tvyv Zadv 1, Ml)

< k(y — x)u,;(t, z; 2, d, My)dy + Fi(t, x+ z,u(t,x;z,d, My))
RN

S k(y - JT)’U,Z_ (t7 Y; 2, da P1, Ml)dy + Fz(th + 2 u (t,.]?, Z,d, P1, Ml)) (412)
RN

Ifu; (t,z;2,d, p1, M) = wj(t, x; z,d, M), then by Proposition 4.2 and the definition
of u=(t,x; z,d, p1, My), we have that - £ —ct < M — 2ry and

0
aﬂli(tvﬁ; 25 P1, Ml)

< k(y — a)u(t,y; 2, pr, My)dy + F (8,2 + 2,0 (t, 25 2, pr, My))
]RN

S k(y - .13)’(1,1_ (tv Ys z, da P1, Ml)dy + F’L(th + 2, u (taxv Z7d7 P1, Ml)) (413)
RN

By (4.10)-(4.13), we find

0
au‘_(th; Z7p1? Ml)

§/ k(y—m)u;(t,y;z,d,pl,Ml)dy+Fi(t,x+z,u‘(tm;z,d,pl,Ml)) (4.14)
RN
for a.e. t > 0.
Therefore, for any t > 0, z € RV, and i € {1,2,--- , K},
u; (tx;2,d, pr, My) <wu(0,2;2,d, p1, M)
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t .
+/ |:/ k(y_x)u;(sail/;ZydyPhMl)dy+FZ(3a$+Zau_(37x§z7d7P1aM1))}ds'
0 RN
(4.15)

Hence, u~ (t,x; 2,d, p1, M) is a sub-solution of (1.1) with F(t,z,u) being replaced
by F(t,x + z,u) +u= (F'(t,x + z,u) + uy,--- , FE(t,x + z,u) +uz) " on [0,00).
Note that for any ¢t >0, z € RN and i € {1,2,--- , K},

wi(t, 2;My) = u;(0, x5 M)

+ /Ot {/RN By — @)uils, @ Mi)dy + F (s,2 + z,u(s,2: My)|ds. (4.16)

Hence, u(t, z; My) is a solution of (1.1) with F(¢,z,u) being replaced by F(t,z +
zyu)+u = (FY(t,z+z,u)+uy, -, FX(t,x+2,u)4uy) " on [0,00). The proposition
then follows from Proposition 2.1. O

Next, we construct super-solutions of some equations related to (3.3). Let
ut(t,z;2) = (uf (t,7;2),...,uk(t, = )T
be defined by
ul(t,z;2) = min{e " @D (t o+ 2),ul(tx +2)}, i=1,.,K.
Fix M; such that (4.9) holds. Let
ut(t,z; 2, My) = eMtat (t, 2 2), u(t, ug"z(a:), z, M) = eMitu(t, x; u&z(x), z),
where ug, = ut (0, ; 2).

Proposition 4.4. The following statements hold.

(1) For any given z € RN, ut(t,z;2, My) and u(t,x;uajz(z),z,Ml) are super-
solution and sub-solution of (1.1) with F(t,x,u) being replaced by F(t,z +
zou)+u= (F'(t,z+z,u) +up, -, FE(t,z+ z,u) +ug) " on [0,00), re-
spectively, and hence

u(t,x;ug’z(x),z) <uf(t,x;2), t>0.

(2) For anyi=1,...,K, there is a constant C such that

inf i(t, téud ,,z) > inf i(t, &g L, 2) > 0.
B
(4.17)
Proof. (1) It follows from similar arguments as in Lemma 3.3.
(2) By Proposition 4.3 and (1), for any t >0 and ¢ =1,..., K, we have
uy (t,x;2,d, p1) <ui(t,z3ug,,2) <t z; usr’z,z) <uf(t,z;2). (4.18)

Observe that, forz-{ < M andi=1,..., K,

u; (tx+cté z,d, p1) > prdio(t, x + cté + 2) > inf  p1gio(t,x) > 0.
(t,0) ERXRN

This together with (4.18) implies (4.17). O
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4.2. Proof of Theorem 4.1. In this subsection, we investigate the existence and
uniqueness of traveling wave solutions of (1.1), that is, we prove Theorem 4.1. For
convenience, we set u” (¢, x;2) = u~ (¢, z;2,d, p1). Let uojfZ be given in Proposition
4.3 and Proposition 4.4.

Lemma 4.1. Let u(t,z,2) = (u}(t,z,2),...,u%(t,z,2)" and

u,(t,,2) = (un1(t, 2, 2), ... unx (t,2,2)) " be defined by

ul(t,x, z) = u; (t +nT,x + enTE€; uar’zfchg(x), z— chﬁ) , i=1,...,K
and
Ui (t, @, 2) = u; (t +nT, x4+ enTé; uo*zfng(x)’ z— chg) , i=1,...,K.

Then, for any given bounded interval I C R, there is Ng € N such that u"(t, x, z) is
non-increasing in n for n > Ny and u,(t,x, z) is non-decreasing in n for n > Ny,
tel, zeRY and z € RV,

Proof. Tt follows from straightforward calculations by using Proposition 4.3 and
Proposition 4.4. O

Let
Ut (t,z,2) = lim u"(t,z,2), U (t,2,2) = lim u,(t,x,2)

n— 00 n—oo
and
S (r,2) = U (0,z,2).
Then, Ut (¢, x, z) and ® (z, z) are upper semi-continuous in (¢, z, 2) € RxRY xRY,
and U~ (¢, x, 2) and ®, (z,2) are lower semi-continuous in (t,7,z) € R x RN x RV,
By the similar arguments as those in [2, Lemma 4.2], we have
U (t,z,2) = u(t, z; <I>Oi(-,z),z)7 (t,z) € R x RV,
Hence u = U* (¢, x, z) are entire solution of (3.3).
Let
St (x,t,2) = U (t,x + cté, 2 — ct&) = u(t,x + ct&; T (-, 2 — ct€), 2 — cté).
Lemma 4.2. The following statements hold.
(1) For given z € RV,
u(t,z; ®(-,0,2),2) = ®F(x — ct€, t, 2 + cté).
(2) There holds
+
lim (I)z (37, ta Z) —
z-£—00 67“I'E¢i (t, T+ Z)

Vi=1,...,K

uniformly int € R and z € RV,

Proof. (1) follows directly from the definition of ®* and (2) follows from Proposi-
tions 4.1 and 4.4. O

Next, we prove the main results of Theorem 4.1.

Proof of Theorem 4.1. (1) Let ® = ®*. Tt suffices to prove that ® generates a
traveling wave solution of (1.1) with speed ¢ in the direction of £. First, it follows
from Lemma 4.2 that ®; satisfies (4.1) for any ¢ = 1,..., K. On the other hand,
®(x,t,2) is periodic in space = and time ¢, that is,

ST (2, T +t,2) =D (x,t,2) = 1 (2,t,2 + pie;)



SPREADING SPEEDS AND TRAVELING WAVES ... 385

and ®%(z,t,z — 1) = & (a',t,2 — ') for any z,2’ € RN with 2-& = 2’ - £ (see also
[38, Theorem 5.1]), which imply (4.2) and (4.3) hold true.
Next, we prove that
lim ®(x,t,2) = u*(t,z +2) uniformly in t € R, 2z € RY. (4.19)

z-&E——00

Note that there is Ny € N such that for ¢ € [0,7] and n > Ny,
ui(t,x +2) > u; (t +nT, z + cnT€ + cté; uar’zfngfctg, z—cenTE — ctf)
> ®;(xz,t, 2) (4.20)
> u, (t +nT, x4+ ecnTE + cté; Wy . enTe—cter Z — NTE — ctf) .
fori=1,...,K. By Proposition 4.4, there are 0 > 0 and C € R such that
u; (t +nT, x; ua,z—chf—ctg(' + enTE + cté), z)
=y (t +nT, x4+ cenT'8 + ct&ug e oo 2 — enTE — ctﬁ) >0

fort € [0,T], n > 1 and x - £ < C. By Proposition 4.3, we have that ®;(z,t,2) <
uf(t,z +z) for t € Rand x,2 € RV, i =1,..., K. Then, by Lemma 3.1, for any
e> 0 and ¢ <0, there is N* € N with N* > Ny such that

ui(t + N*T x4+ cN"TE + &g, onereoer# — CNTTE — ctf)
=u;(t+ N*T,x; u(;z—cN*Tg—ctg(' +eN*TE—cté),z) > u;(t+ N*T,x+2) — ¢

for t € [0,T] and - £ < ¢/(N* + 1)T. Then, (4.19) follows from (4.20) and (4.2),
and hence, ® generates a traveling wave solution of (1.1) in the direction of £ with
speed c.

(2) Assume by contraction that there exists a traveling wave solution u(¢, x) of
(1.1) with speed ¢; € (0,c¢*(§)) connecting u* and 0 in the direction of . Then,
for any ¢ € R, liminf,.¢ oo ui(t,z) > 0 for i = 1,..., K. Let up € X*(§) be
such that u;o(z) < u;(0,2) for - & <0 and wpp(x) =0forz-£>0,i=1,..., K.
Then, Proposition 2.1 implies that u;(t,z;u0) < u;(t,z) for x € RY, ¢ > 0 and
i=1,... K.

Let ¢/, " € (¢1,c¢*(€)) with ¢/ > ¢”. From Lemma 3.1, we know that

limsup |u(t,z;ug) —u*(t,z)| = 0.
z-£<c't,t—o0
Since u(t, x) is the solution of (1.1) with speed ¢; € (0,¢*(€)) connecting u* and 0,
the sub- and super-solutions in Propositions 4.3 and Proposition 4.4 imply that
limsup |u(t,z)| = 0.

z-£>c't t—o00

Hence,
limsup |u(t,z;up)| < limsup |u(t,2)] =0,
z-£E>c't,t—o00 z-£E>c't,t—o00

which leads to a contradiction. Hence, there is no traveling wave solution of (1.1)
connecting u* and 0 in the direction of £ with speed ¢ < ¢*(§).

(3) It follows from standard arguments using strict sub-homogeneity and some
trick using the decay rate of ® as © — oo given in (1). We refer the read to the
proof in [39, Theorem 2.2] for more details. O



386 XIONGXIONG BAO, WENXIAN SHEN AND ZHONGWEI SHEN

5. Application. In this section, we discuss the applications of the results obtained
in Sections 2-4 to a nonlocal KPP equation and a two-species competitive system
with nonlocal dispersal.

5.1. A nonlocal KPP equation. In this subsection, we consider the applications
of the results obtained in Sections 2-4 to the following nonlocal monostable equation
in space-time periodic habitats,

% = k(y — x)u(t,y)dy — u(t,x) +u(t,z) f(t,z,u(t,z)), = RN~ (5.1)
RN
where k(-) is the same as in (1.1).
Assume that
(B1): f(t,z,u) is Ot in (t,r,u) € RxRY x[0,00), and f(-+T,-,-) = f(-,+,-) =
f(y-+pe,-) foreachl=1,...,N, where {e1,...,ex} is the standard base
of RN.
(B2): w < 0 for (t,z,u) € R x RN x [0,00), and f(t,z,u) < 0 for
(t,z) e RxRY and u>>1,
(B3): For any u > 0, A&, p,ap) is the principal eigenvalue of the operator
=0y + Kepy — I+ ao(-,-)I and A&, p1,a0) > 0, where ao(t,x) = f(t,z,0).
From (B3), we have A(ag) := A(&,0,a0) > 0 and then u = 0 is linearly unstable
in X,. The assumptions (B2) and (B3) imply that (5.1) has exactly two time
periodic solution in X;, that is, v = 0 and u = u*(¢,z), where u = 0 is linearly
unstable and u*(¢, ) is asymptotically stable with respect to positive perturbation
in X;I (see [37]). We remark that the existence of spreading speeds of (5.1) does not
require the existence of principal eigenvalue of —0;+K¢ ,,—I+ao(-,-)1, that is, (B3).
However, operator —0; + K¢ ;, — I 4+ ao(-, -)I may not have a principal eigenvalue for
N > 3 (see [37] for an example). In order to establish the traveling wave solution of
(5.1), we need (B3) (also see [37]). Note that assumptions (B1)-(B3) imply that
(H1)-(H3) in Section 1 hold for equation (5.1).
Next, we show (H4) and (H5) also hold for (5.1). Consider the linearization of
(5.1) at u=0,

Ou _ / k(y — z)u(t,y)dy — u(t, ) + ao(t, z)u(t, x), (5.2)
where ag(t, ) = f(t,2,0). Then, we have Ay (t,z) = ao(t,x). For any £ € S¥~! and
>0, A(&, , ag) is the principal eigenvalue of —0,+/¢ ,,—I+ao(-,-)I and @(-, -; &, 1)
is the positive eigenfunction corresponding to A(§, u,ap) with ||o(-, &, 1)|| = 1,
which implies (H4). We refer to see [37] for the principal eigenvalue theory and
criteria for the existence of principal eigenvalue for nonlocal dispersal operators in
space-time periodic habitats.

Note that for any p > 0, pof(t, z, pd) < poag(t,x) = popf(t,x,0). Together with
(B2), we see that (H5) holds for (5.1). We also see that wf(t,z,u) is strictly
sub-homogeneous, that is,

ouf(t,x,ou) > auf(t,z,u), VYo e (0,1).

Then, the following theorem, which recovers the results of [38] for spreading
speeds and traveling wave solutions of (5.1), holds.

Theorem 5.1. Assume (B1)-(B3). Then, ¢*(§) := inf,~0 M is the spreading
speed of (5.1) in the direction of &, and for any ¢ > ¢*(§), (5.1) has a continuous
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periodic traveling wave solution u(t,x) = ®(z — cté, t, ct€) connecting u*(t,x) and 0
in the direction of €.

5.2. Two species competitive system. In this subsection, we consider the ap-
plications of the results obtained in Sections 2-4 to the following two species com-
petitive system with nonlocal dispersal,

{6“1 = Jan k(y — 2)ur(t, y)dy — ui(t, x) +ui(ar(t, ) — bi(t, x)uy — c1(t, x)us),
Jua — Jon E(y — x)ua(t, y)dy — ua(t, ©) + uz(az(t, ) — ba(t, x)u1 — ca(t, x)uz),
(5.3)

where a;(-, ), b;(+,-), ¢i(-,+) are C° in (t,z) € R x RN, T-periodic in ¢t and p;-
period in z;, and b;(t,z) > 0, ¢;(t,z) > 0 for t € R and z € RY, where i = 1,2,
j=1,...,N.

Let U(—@t + K —TI+a(,-)I) be the spectrum of —9; + K — I +a(-,-)I acting on
Xp(1) and

Xo(a) :=sup{Rer: A€ o(-0, +K—I+al(-,-)])}.
We call M\p(a) is the principal spectrum point of —9; + K — I + a(+,-)I acting on
Xp(1) (see Definition 2.2). Assume that
(Cl): )\()(CLZ') >0,7=1,2.

Note that (C1) implies that the trivial solution (0,0)" of (5.3) is unstable with
respect to perturbations in X I‘f and (5.3) has two semi-trivial time periodic solutions
(uf,0)T and (0,u3)" in X7 (2), see [22, Proposition 2.8]. We also assume that

(C2): Xo(ar — cru3) > 0, Ao(az — bouf) < 0, and for any (u10,u20)" € X (2)
with uyg # 0, (uy(t,z;u10,u20), uz(t, v;u10,u20)) " — (ui(t,2),0)" ast —
oo uniformly in x € RN,

Note that (C2) indicates that the species u; can completely invade the species
ug, that is, (0,u3) " is linearly unstable and (u%,0)7 is linearly and globally asymp-
totically stable with respect to perturbations in Xf(2).

Assume (C1) and (C2). It is interesting to know how fast the species u; invades
the species ug and whether there are traveling wave solutions of (5.3) connecting
(u,0)T and (0,u3)"

In [22], the authors studied the existence of spreading speeds and linear deter-
minacy for two species competitive system (5.3). We will show that our results can
also be applied to (5.3). To see this, first of all, as in [22], we transform (5.3) to a
cooperative system via the following standard change of variable,

Uy = uy, Uy = Uy — U
and obtain the following cooperative system
Gt = Jon k(y — @)ua(t,y)dy — wi (t, @)
+u1(a1(t, x) — by (t, 2)uy — c1(t, @) (ub — ug)),

85? = Jan k(Y — 2)us(t,y)dy — ua(t,z) + ba(t, x)(us — uz)u
+ug(as(t,x) — 2¢a(t, x)ud + co(t, x)us).

(5.4)

Observe that the trivial solution (0,0)" of (5.1) becomes (0,u3)", the semi-trivial
solution (0,u3)" of (5.1) becomes (0,0)T, and (u*,0)" becomes (u},u3)". Under
the assumptions (C1)-(C2), we know that (0,0)" is a unstable solution of (5.4)
and (u},u3)" is a linearly and globally stable solution of (5.4). Hence, (C1)-(C2)
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together with the periodicity of a;(t,x), b;(t,z), and ¢;(t,z) (i = 1,2) imply that
(H1)-(H3) hold for (5.4).
Consider the linearization of (5.4) at (0,0) T,
% = Jon kly—a)ui (. y)dy—u (t, 2) + (a1 (t, ) —er (8, 2)us (¢, 2))u (¢, 2),
3“2 = Jan k(y — 2)ua(t, y)dy — ua(t, ) + ba(t, 2)us(t, x)uy
+(a2(t, x) — 2¢o(t, z)ub(t, x))us,

as well as the following eigenvalue problem associated to (5.5)

=0 4 e ur — i (8, 2) + (a1 (t, @) — c1 (8, 2)ub(t, @))ui (8, 2) = g,
6"2 + Ke utin — uz(t, x) + ba(t, 2)us(t, x)us + (as(t, x) (5.6)
7202(75, x)us(t, z))us = Aug,
where ¢, is as in (1.8). Let
~ far(t,z) — e (t, x)ub(t, x) 0
Aolt, z) = ( ba(t,m)ui(tx)  alt ) — 2es(t, 2)u(t, )
Clearly, Ag(t,z) is in a block lower triangular form.
Let (C3)-(C5) be the following assumptions.
(C3): For any € € SN and >0, M\ (&, 1) is the principal eigenfunction of
8’[1,1

v + Kepur —ui(t,z) + (a1(t, @) — e (t, 2)us(t, x))ui (t, ) = Auy.

(C4): For allz € RN andt € R,
ay(t,x) — e (t, x)us(t, ) — az(t, x) + 2¢a(t, z)us(t, ) — ba(t, z)us(t, ) > 0,
bi(t,x) > c1(t,z), and bo(t,z) > calt, x).

C5 . .l o7 (]ll T € R dnd t S R
( ) )
C1M

a1 (t, z) — c1(t, x)us(t, ) — az(t, ) + 2¢a(t, x)us(t, x) — ba(t, x)us(t, ) A >0,
1L
and
ay(t,z) — c1(t, x)us(t, ) — az(t, ) + 2¢a(t, 2)ud(t, x) — ba(t, :C)u;(tw)c;—M >0,
2L

where b, = inf(; 4yerxry bi(t, ) and cine = Sup( gyerxry Cilt, @), 1 =1,2.
We remark that (C3)-(C5) are related to the linear determinacy for the spread-
ing speeds of (5.4). In fact, (C3) and (C4) (resp. (C3) and (C5)) imply (H4)
and (H5). To see this, let Aa(u, &) be the principle spectrum point of

3“2 + Ke puo — ug + (a2(t, x) — 2c2(t, x)us(t, x))us = Aus,
uz(t,x) € Xf(1).

Since (0,0) T is a unstable solution of (5.4), A; (i, &) > 0 for any u > 0 and £ € SN~L,
By (C3),

)‘(Ma 57 al(t’ .T) —C1 (t7 l‘)’u/; (t’ LL') - >‘1 (/1'7 f)) =0
and by (C4) or (C5), a1(t,z) — c1(t, z)ub(t, ) > az(t,x) — 2c2(t, x)us(t, x) for
all t € R and z € RY. Hence, we have from [22, Lemma 4.1(4)] that A2(u,&) <
A1(, €). Then, (C3) and (C4) (resp. (C3) and (C5)) imply that Ag(¢, x) satisfies
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(H4) and there is the positive eigenfunction (¢1(t, z; i, €), da(t, 231, €))7 of (5.6)
corresponding to the principal eigenvalue A\ (u, £), see also [22].

Moreover, assume that (C3) and (C4) (resp. (C3) and (C5)) hold. Then by
[22, Lemma 4.2],

c(t,x)po < bi(t,x)p1 and  co(t, ) < ba(t,x)ey. (5.7)

ft,x ur,u9) = up(ar (b, ) — b (¢, x)ug — 1 (¢, ) (ub(t, ) — ug))
g(t, z,ur, ue) = ba(t, ) (us(t, x) — uz)uyr + ua(az(t, x)
—2cq(t, x)ub(t, ) + ca(t, x)usg).

y (5.7), for any p > 0, we have

[z, po1, po2) < (ar(t,z) — cr(t, 2)us(t, z))pdr
g(t, @, pp1, pd2) < ba(t, x)us(t, x)pd1 + (az(t, v) — 2ca(t, z)us(t, ) pda.
Hence (C3) and (C4) (resp. (C3) and (C5)) also imply that (H5) holds for (5.4).
The reader is referred to [22] for the special forms of (C4)-(C5) when a;, b;, and

co (i = 1,2) are constants.
By Theorem 4.1, we then have the following theorem for (5.1).

Theorem 5.2. Suppose (C1)-(C3), (C4) or (C5). For any & € S¥=1, (5.1) has
a finite spreading speed interval [t (), ¢t (§)] and

» “sup

c*(é—) — Cmf(é_) _ C:up(é-) — /ir;f(.) >‘(§7M7 al(t7 m) _'ucl (taw)uz(ta 3?))

is the spreading speed of (5.1). Moreover, for any ¢ > c¢*(§), (5.1) has a space-time
periodic traveling wave solution (®1(x — cté,t, ctf), @o(x — cté, t, ct)) T connecting
(0,u3)" and (uf,0)" in the direction & with speed c, and for ¢ < c*(€) there is no
such solution of (5.1).

Remark 5.1. When (5.3) is space periodic but independent of ¢, it has been proven

n [2] that for any ¢ > ¢*(€), (5.3) has space periodic traveling wave solutions. Hence,
the results of the current paper also recover the results on the existence of traveling
wave solutions and spreading speeds in [2]. It is easy to verify that two species
competitive system does not satisfy the sub-homogeneous condition, and therefore,
we can not obtain the continuity and uniqueness of traveling wave solutions of (5.3).
Moreover, we will further apply our results to more epidemic models with nonlocal
dispersal in periodic media somewhere else.

Appendix A. Proof of Lemma 3.2. This appendix is devoted to the proof of
Lemma 3.2.

Proof of Lemma 3.2. For given &€ € SN=1, set Ay () := A1 (&, i1, Ay). For any p > 0,
let ¢(-, ;& 11, A1) € XF (K1) be the eigenfunction of L ,, a, with [|(-, 5 &, p, A1) ||
=1, where K is the dimension of A;. Then

Lf,u,A1 [¢(a B 67 122 Al)] = Al(/”)¢(7 ) Ea 122 Al)

Let (&, p, A1) be the spectral radius of ®P(T; &, u, A1), where ®P(¢; &, 1, Ay) is the
solution operator of (2.1) with A being replaced by A; in the space X,(K7). Then,
M(p) = % Inr(& p, Ay) and

@p(T, ga M, A1)¢(IU/’ ) = T(§7 M, Al)d)(ﬂa ) = e>\1(ﬂ)T¢(u7 ')7 (Al)



390 XIONGXIONG BAO, WENXIAN SHEN AND ZHONGWEI SHEN

where ¢(p, ) = ¢(T, z; &, ). By Proposition 2.3, there exists p* € (0, 00) such that
% = AlT(“) Then, by Corollary 2.1, for any € > 0, there is pe = pe(§, A1)
such that —\)(p) < —% + e for pe < p < p*(§).

In the rest of the proof, we fix any € > 0 and p € (e, u*(§)). Let ¢ : R — [0,1]
be a smooth function satisfying that

inf#>0

_ 17 ‘5‘ S 17
¢(s) = {0, 15| > 2.
Write $(1,) = (61(1,2), - b, (4,2) T and define

kl(u’z) = 6# ¢i(u’z), 1=1,...

Motivated by the works [44, 45], we define for given v > 0, B > 0 and z € R,

1
Ti(u777Z7B) = *t&ﬂ71
0

S Jaw G5 (i y)e MO E siny(H(y—2) - E+ K (1, 9)C(ly— 2|/ B)mij (2 y, dy)
S Jan @3 (1 y)eHW=2)E cos y((y—2) - €4k (11, 9))C |y — 2|/ B)mij (2 y. dy)
In the following, we write 7; = 7;(u, v, 2, B) and (g = {(|ly — z|/B) for simplicity.

It follows from the arguments of [38, Lemma 4.2] that the measures m;j;, i,j =
., K71, satisfy

/ e”‘y_zlmij(x;y,dy) —0 as B— o (A.2)
ly—=|>B

locally uniformly in € R and uniformly = € R¥.

It is easy to see that 7;(u,7, 2, B) is a family of equicontinuous and uniformly
bounded function of z and u for any B > 0 and 0 < v < 1. The fact % tan~lt=1
at t = 0 yields

Z Jan @5 (p,y)e P28 ((y—2) - E4-K (1, y))Camij (25 y, dy)
hmTZ(:u’ szvB) =

_Zl Jen @5 (1 y)e=r=20ECpmy;(2; y, dy)
i=

uniformly in z € RY and B > 0. By (A.1) and (2.6),

MUT g, (11, ) = (BP (T3 €, 1y A1) p(1, ), Z/RNe M= (,y)ma (5 y, dy),

which together with (A.2) leads to

lim / G5 (1, y)e " pmy; (2 y, dy) = e T gy (1, 2) (A.3)
B~>+oo
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uniformly in z € RY for any i = 1,..., K;. Taking the derivative with respect to
W, we arrive at

K1

i / i (1 y)e MY (= (y — 2) - £+ K (1, y))Cpmij (23 y, dy)
——4o00 £ RN
j=1 (A4)
a 7 9
= N (@) TeM T, (, 2) + M OOT ¢’(;Z ?)
uniformly in z € RY for any i = 1,..., K;. Then,
lim lim 7 = TN, (p) + k' (i, 2), Vi=1,...,K;. (A.5)

B—+o00v—0

By (A.3) and (A.4), we can choose B > 1 and fix it so that 0 < v < 1, and for
2,2 € RN,

v (2B + [7i( v, 2, B)| + K (1, 2)]) <7, 1<4,5 < K, (A.6)
and
K1, 2) = 7ilit 7 20 B) < TNy (1) — €). (A7)
Let €1 > 0 and 8 = (1, B2, -, Bk ) be such that
M) = Ny () > e (A.8)

(such €; exists because of Corollary 2.1) and F(t,z,u) > A(t,x)u — €u for all
u € [0,4].

Define v(s, 2) = (v1(s, 2), ..., vi (8, 2)) T and V(x;s, 2) = (V1 (z; 5, 2), .., Vi (23 8, 2))
by setting

€2¢i</’65 z)e—us sinv(s - kz(/’éa Z))a 0<s— ki(,uv Z) < ga
_ 0, otherwise,

T

v;i(s,z) =
i(5:2) i=1,...,Ki,

0, i=Ki+1,...,K
(A.9)
and

vi(x;8,2) =vi(z-E+s,x+2), i=1,...,K, (A.10)
where €3 > 0 is sufficiently small so that 0 < u;(¢,x;v,2) < §; for t € [0,T] and
r,z € RN and u(t, z;up, 2) = (u1(t, z; 10, 2), ..., ux(t,r;u9,2)) " is the solution of

(3.3) with initial data ug.

Let ®(t; A(-,- + z)) be the solution operator of the equation

w(t,x) = k(y — z)u(t,y)dy — u(t,z) + A(t,z + 2)u(t,z), =R,
RN
Then, by comparison principle, we have

u(t,r;v,2) > e (B A -+ 2)V) (z), 0<t<T, z,zeRVN. (A.11)
Since v; = 0 for all i = K7 + 1,..., K, we obtain from (2.6) that

K
(<I’(T;A(-,-+z))§)i(a:):Z/ iy — 258, 2)mij(x + zyy,dy), i=1,..., K.
j=17RY

(A.12)
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Set n® := —k'(u, 2) + 71 (i, 7y, 2, B) fori =1,..., K. For any giveni =1,..., Ky,

we define vi(z; s, 2) = (vi(x; s, 2),...,v%(x;s,2)) by setting
1 K

v

Hays,2) = Ui (s +n',2), J=1..., K,
e 0, j=K +1,... K.

Clearly, (A.11) and (A.12) hold with v replaced by v* for each i = 1,..., Kj, that
is,

ut,z;vl,z) > e (LA, +2)V) (z), 0<t<T, z,zeRY

for each i = 1,...,K;. Note that if 0 < s — ki(u, z) <
(A.6) ensures

7 and [ly — z[| < 2B, then

20

which implies that

iy —z8,2) =v;((y—2) - E+s+1",y)

> 0] (p,y)e MWD gin g ((y — 2) - E+ s+ 0" — K (u,y)),
Vi=1,... K.

We claim that, for : =1,..., K3

% (T7 O;Viu Z) > Ui(87 Z) = ’U'ZL: ((kl(uu Z) - Tl)é-v S, (_kz(l’L?Z) + Ti(/h’% 2, B))é- + Z) .

(A.13)

To show (A.13), we consider two cases. Let us fix any i = 1,..., K;.

Case 1.: If s < ki(u, z) or s > k¥(u,2) + 7, then vi(s,2) = 0 by (A.9). Thus,
(A.13) is trivial.
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Case 2.: If 0 < s — k*(u,2) < 7, we have
(@i(T5 A( -+ 2))v') (0)
K1 . )
2@ [ 6ien)e O IEI s (2) gk sk
j=1"R
K
=ege MY /RN ;i (1, y)e V™2 S cos (K (1, y) — (y — 2) - )Cpmij (2 y, dy)
=1

[siny (s + 1) — cos (s + 1)

. S Jan G5 (i y)e V=D E siny (K (1, y) — (y — 2) - €)Camaj (2 y, dy)
S Jen @5 (1, y)eH =€ cos y (ki (, y) — (y — 2) - €)Cmis (23 y, dy)

K
=ege H(=H1) N /N ;i (1, y)e O™ cos (kY (p,y) — (y — 2) - €)Cpmij (2 y, dy)
j=1"R

- [siny(s + ) — cosy(s + ') tany7;]

K
_ . nt S€CYT; _ ).
=vi(s, z)e” " > / &5 (ny)e =2
( ) d)(,uwz) j=1 RN ]( )

7

cosy(K (1, y) — (y — 2) - §)Camij(2;y, dy).

(A.14)
By (A.3) and (A.5),
i T ot S€CTTi S , —uly—2)€ A
Jim T 2= ;/RN b (1, y)e (A.15)
cos y(k (u,y) — (y — 2) - €)Cpmij(2;y, dy)
— WXL (1) A1 ()T (A.16)

We then conclude (A.13) from (A.8), (A.10), (A.11), (A.14) and (A.15).

For cach 1 < i < K; and z € RY, let 5;(z) be the unique real number such

that v;(5;(2), 2) = maxsecrvi(s,2). Set k := max,cpny 1<;<x, k(1 2), and define
V(s,2) = (U1(s5,2), .., UK(s,2)) " by
[ 71' 9 ’ S 772 - - Ea .
- vil8i(2), 2),_ ss sl =5k K
vi(s,2) = vi(s—l—g—l—hz), sZsi(z)—%—k,
0, i=Ki+1,... K.

It is easy to see that ¥(s,z) is continuous in (s, z) and each of its component is
nonincreasing in s and vanishes for s > 0. Let 1 := min,cg 1<i<k, [—kl(u, z) + TZ‘].
Define v*(z;s,2) :==V(z - { + s+ 1,2 + z). Then,

V*(az;&z)Zvi(x;s—i—z—i—Ez), 1=1,..., K. (A.17)
Y
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We see that
wi(T,0;v*,2) >vf (k' (1, 2) — )& 8, (k' (p,2) + 1)+ 2), Vi=1,... K;.
(A.18)
To see this, we fix i = 1,..., K. If s > 5;(2) — I — k, we have from (A.13) and
(A.17) that
ui (T, 0; 5%, 2) > w;(T,0; vi(-; s + % +%,z),z) > vi(s+ T —I—E z)
Y
= @i(svz)
> 07 (K" (1, 2) = 7)€ 5, (=K (1, 2) + 7)€ + 2) .
Ifs <5i(2)— % — k, there holds V*(z; 5, 2) > v*(z;5:(2) — z —k, 2) > vi(2;5(2), 2),
which implies that
wi(T,0; %", 2) > wi(T, 0,9 (+554(2), 2), 2) > 03 (5i(2), 2)
v;(s, z)

O (K (1,2) = 765, (<K (1,2) + 7)€ + 2)

v

Hence, (A.18) follows.
Let vo(x, z) = V(z-£, z+2). Note that each component of ¥(s, z) is non-increasing
in s. Hence, for any i = 1,..., Ky,

ui(Tvx;VOaZ) = ui(Tvo;VO(' + fE,Z),.’E + Z)
u; (T,0;V* (52§ + E'(u,x+2) — Tin @ + 2), T + 2)

> B0 €+ Kz +2) — o +z) (by (A18))
>Ti(x-&—TX(p) +Te,z+z) (by(A.7))
> vz € — WT—i-QTe,x—&—z)
= voi(x — ¢ (§)TE, ¢ (§)TE + 2),
where ¢*(§) = %@()@) — 2¢ and vo(z, 2) = (vo1(z, 2), ..., v02(z, 2)) . Then,

ui(Ta Z;Vo, Z) > UO@'(*T - E*(f)Tf,E*(f)Tf + Z), Vi=1,...,K;
By induction, for any n > 1,
w;(nT, x;vg, 2) > vgi(x — nc* ()T, ne* () TE+2), Vi=1,...,K;
Note that vg;(z — ncTE, ncTE + 2) = T;(x - &€ — neTE, x + 2) is nondecreasing in ¢, as
T;(8, z) is non-increasing in s. Hence, for any ¢ < ¢*(§) and i = 1,..., K

liminf w;(nT,z;ve,2) > liminf wvo;(z — nc*(§)TE, nc* () TE + 2)

z-£<cn,n—o0 T z-é<cn,n—oo
> liminf wvp;(x — enTE enTE+ 2) > 0,

z-£<cn,n—o0

which together with Lemma 3.1 imply ¢*(§) € Cins(§), and hence, ¢ (&) > ¢*(&) =

s “inf

%&()5)) — 2¢. Due to the arbitrariness of € > 0, (3.6) holds. This completes the
proof of Lemma 3.2. O
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