
Annales de l’Institut Henri Poincaré - Probabilités et Statistiques
2024, Vol. 60, No. 2, 874–903
https://doi.org/10.1214/23-AIHP1362
© Association des Publications de l’Institut Henri Poincaré, 2024

Concentration of quasi-stationary distributions for
one-dimensional diffusions with applications

Zhongwei Shen1,a, Shirou Wang2,1,b and Yingfei Yi1,2,c

1Department of Mathematical and Statistical Sciences, University of Alberta, Edmonton, AB T6G 2G1, Canada, azhongwei@ualberta.ca,
bshirou@jlu.edu.cn, cyingfei@ualberta.ca

2School of Mathematics, Jilin University, Changchun 130012, PRC

Received 10 May 2020; revised 25 December 2022; accepted 4 January 2023

Abstract. We consider small noise perturbations to an ordinary differential equation (ODE) that have a uniform absorbing state
and exhibit transient dynamics in the sense that interesting dynamical behaviors governed by transient states display over finite time
intervals and the eventual dynamics is simply controlled by the absorbing state. To capture the transient states, we study the noise-
vanishing concentration of the so-called quasi-stationary distributions (QSDs) that describe the dynamics before reaching the absorbing
state. By establishing concentration estimates based on constructed uniform-in-noises Lyapunov functions, we show that QSDs tend to
concentrate on the global attractor of the ODE as noises vanish, and that each limiting measure of QSDs, if exists, must be an invariant
measure of the ODE. Overcoming difficulties caused by the degeneracy and singularity of noises at the absorbing state, we further
show the tightness of the family of QSDs under additional assumptions motivated by applications, that not only validates a priori
information on the concentration of QSDs, but also asserts the reasonability of using QSDs in the mathematical modeling of transient
states. Our approaches to the concentration and tightness of QSDs are purely analytic without probabilistic heuristics. Applications to
diffusion approximations of chemical reactions and birth-and-death processes of logistic type are also discussed. Rigorously studying
the transient dynamics and characterizing the transient states, our study is of both theoretical and practical significance.

Résumé. Nous considérons de petites perturbations par le bruit d’une équation différentielle ordinaire (EDO) qui ont un état
d’absorption uniforme et présentent une dynamique transiente dans le sens où des comportements dynamiques intéressants régis par des
états transients apparaissent sur des intervalles de temps finis et la dynamique finale est simplement contrôlée par l’état d’absorption.
Pour capturer les états transients, nous étudions la concentration en fonction du bruit des distributions dites quasi-stationnaires (QSD)
qui décrivent la dynamique avant d’atteindre l’état absorbant. En établissant des estimations de concentration basées sur des fonctions
de Lyapunov construites uniformément par rapport au bruit, nous montrons que les QSD ont tendance à se concentrer sur l’attracteur
global de l’EDO lorsque le bruit disparaît, et que chaque mesure limite des QSD, si elle existe, doit être une mesure invariante de
l’EDO. Surmontant les difficultés causées par la dégénérescence et la singularité des bruits à l’état absorbant, nous montrons en outre
la tension de la famille des QSD sous des hypothèses supplémentaires motivées par des applications, ce qui non seulement vérifie les
informations a priori sur la concentration des QSD, mais aussi confirme le bien-fondé de l’utilisation des QSD dans la modélisation
mathématique des états transients. Nos approches de la concentration et de la tension des QSD sont purement analytiques, sans heuris-
tique probabiliste. Les applications aux approximations de diffusion des réactions chimiques et processus de naissance et de mort de
type logistique sont également discutées. En étudiant rigoureusement la dynamique transiente et en caractérisant les états transients,
notre étude présente un intérêt à la fois théorique et pratique.
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1. Introduction

The present paper aims at making some theoretical understanding of an important class of transient dynamics described
by quasi-stationary distributions (QSDs) [12] in randomly perturbed dynamical systems. While QSDs have been widely
observed as transient states controlling long transient dynamical behaviors in many applications such as chemical oscil-
lations [61,63], ecology [56], etc., there have not been many rigorous studies of the phenomena perhaps due to technical
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difficulties caused by the degeneracy and singularity of noises at the absorbing state in a typical model. In the present
paper, we study the concentration of QSDs for a commonly adopted one-dimensional model, namely, the following
stochastic differential equation (SDE)

(1.1) dXt = b(Xt ) dt + ε
√

a(Xt ) dWt , X0 ∈ [0,∞),

where 0 < ε � 1 is a small parameter, b : [0,∞) → R, a : [0,∞) → [0,∞) and Wt is the standard one-dimensional
Wiener process on some probability space. SDEs of the form (1.1) arise in many scientific areas such as ecology, epi-
demiology, chemical kinetics and population genetics, in which solutions of (1.1) describe the evolution of certain species.
They are also derived as diffusion approximations of scaled Markov jump processes that model the evolution of species of
large numbers [1,19,44]. Following the pioneering work of Feller [21,22], the investigation of the SDE (1.1) from either
a mathematical or scientific viewpoint has attracted a vast amount of attention that results in a huge number of literature.

Our main interest in (1.1) lies in the situations where small noises cause dramatic effects on the deterministic dynamics.
Not only does our study serve as a significant step to rigorously understand transient dynamics that commonly exist and
play important roles in multi-scale systems, but also it is well-motivated by applications in population dynamics. To be
more specific, let us make the following assumptions on the coefficients. Throughout this paper, for a (not necessarily
open) interval I ⊂ [0,∞), we denote by C(I) the space of continuous functions on I , and by Ck(I), k ∈ N the space
of k times continuously differentiable functions on the interior I̊ with all derivatives of order ≤ k having continuous
extensions to I .

(A1) The functions b : [0,∞) →R and a : [0,∞) → [0,∞) are assumed to satisfy the following conditions:
(1) b ∈ C([0,∞)) ∩ C1((0,∞)), b(0) = 0, b(x) > 0 for all 0 < x � 1, and b(x) < 0 for all x 	 1;
(2) a ∈ C([0,∞)) ∩ C2((0,∞)), a(0) = 0, and a > 0 on (0,∞).

By (A1), the state 0, often referred to as the extinction state, is an absorbing state of (1.1) for each 0 < ε � 1. Additional
assumptions can be easily imposed on a and b to ensure that the processes generated by the solutions of (1.1) are absorbed
at the extinction state in finite time almost surely. This is in sharp contrast to the asymptotic dynamics of the following
unperturbed ordinary differential equation (ODE):

(1.2) ẋ = b(x), x ∈ [0,∞),

whose solutions with positive initial data are attracted by the attractor in (0,∞), and hence, remain bounded and away
from the extinction state over an infinite time period. In other words, the unstable equilibrium 0 and the attractor of (1.2)
are respectively stabilized and de-stabilized by the small noises. Such a dynamical disagreement between a deterministic
model and its stochastic counterpart is well-known as Keizer’s paradox, which was originally raised in the modeling of
chemical reactions (see e.g. [10,38,39,61]). But, this does not mean the triviality of the dynamics of (1.1). In fact, due to
the sample path large deviation theory [15,25] guaranteeing the closeness between solutions of (1.1) and that of (1.2) over
any given finite time interval, solutions of (1.1) typically first approach to the attractor of (1.2), then follow the dynamics
of (1.2) on the attractor, and finally deviate from the deterministic trajectories and relax to the extinction state. That is,
the equation (1.1) exhibits multi-scale dynamics, and the interesting ones display over finite time periods and can not be
observed in the classical long-time limits. Such dynamics are often referred to as transient dynamics. The corresponding
states, characterizing the interesting dynamics, are called transient states. Metastable states and quasi-stationary states
are also used in literature. In terms of (1.1), transient states are closely related to the attractor of the unperturbed ODE
(1.2).

Transient dynamics arise naturally in population dynamics (see e.g. [29,30,56]) and chemical reactions (see e.g. [59,
63]). Modeling the evolution of species by the ODE (1.2), species are forced to survive over an infinite time horizon.
However, the extinction of species in finite time is inevitable due to limited resources, finite population sizes, mortality,
etc. This makes (1.1) a more appropriate model than (1.2). Nevertheless, species typically persist for a long period before
eventually going to extinction, and thus, their evolution is transient in nature. Moreover, the states of species that are
observed in practice are actually the transient states rather than the extinction state. Hence, transient states are the true
physical states.

Consequently, the investigation of transient dynamics is of both theoretical and practical importance. A key step to-
wards the understanding of transient dynamics is to properly define, study and interpret the corresponding transient states.
The notion, quasi-stationary distribution, has been used to capture transient states from a distributional viewpoint. Recall
that

(1.3) Lεu = ε2

2
(au)′′ − (bu)′ on (0,∞)



876 Z. Shen, S. Wang and Y. Yi

is the Fokker-Planck operator associated to (1.1), where ′ stands for the spatial derivative. Denote by

(1.4) Lεu = ε2

2
au′′ + bu′ on (0,∞)

the formal L2-adjoint operator of Lε . It is the generator of (1.1). Quasi-stationary distributions of (1.1) can be defined
using the “principal eigenfunction” of the operator Lε as follows. Denote by C2

0((0,∞)) the space of twice continuously
differentiable functions on (0,∞) with compact support.

Definition 1.1 (Quasi-stationary distribution). A Borel probability measure νε on (0,∞) is called a quasi-stationary
distribution (QSD) of (1.1) if there exists a (unique) λε > 0 such that Lενε = −λενε in the sense that∫ ∞

0
(Lε + λε)φ dνε = 0, ∀φ ∈ C2

0

(
(0,∞)

)
.

We remark that in the case that the diffusion process {Xε
t }t≥0 generated by the solutions of (1.1) is well-defined,

a commonly used but equivalent probabilistic definition of QSD reads as follows (see [53, Proposition 4]): a Borel
probability measure νε on (0,∞) is called a QSD of (1.1) if

Pε
νε

{
Xε

t ∈ A|T ε
0 > t

} = νε(A), ∀t ≥ 0, A ∈ B
(
(0,∞)

)
,

where T ε
0 = inf{t > 0 : Xε

t = 0}, Pε
ν is the law of the process {Xε

t }t≥0 with initial distribution ν, and B((0,∞)) is the
Borel σ -algebra of (0,∞). Moreover, there is a unique λε > 0 such that if Xε

0 ∼ νε , then T ε
0 ∼ exp(λε). For this reason,

λε is often called the extinction rate associated with the QSD νε . This definition clearly says that QSDs of (1.1) are indeed
initial distributions on (0,∞) such that Xε

t conditioned on the non-extinction or survival up to time t is independent of
t ≥ 0. In light of such time variance, QSDs are expected to describe the asymptotic dynamics of (1.1) in the distributional
sense before the extinction happens. It is certainly the case under additional assumptions [12]. Hence, QSDs have the
capability of capturing the transient states.

The existence, uniqueness of QSDs and convergence to QSDs for one-dimensional diffusion processes of the form
(1.1) with fixed ε have been extensively studied. Existing literatures usually focus on the canonical form:

(1.5) dXt = −q(Xt ) dt + dWt, X0 ∈ [0,∞),

when 0 is an accessible (i.e., regular or exit) boundary and ∞ is an inaccessible (i.e., natural or entrance) boundary
according to Feller’s classification [22], and distinguish between the regular case q ∈ C1([0,∞)) and the singular case
q ∈ C1((0,∞)). Transforming (1.1) into the form of (1.5) with q = qε , it is not hard to see from the assumption (A1) that
0 is an exit boundary and qε ∈ C1((0,∞)) is singular near 0 as qε(x) ∼ Cε

x
as x → 0+ for some Cε > 0. We refer the

reader to [5–7,11,42,50,52,60,65] and references therein for studies in the regular case. The theory in the singular case
is only recently developed in [2] and subsequent works [31,48,55]. It is referred to the survey article [53] and the book
[12] for related topics and extensive remarks. Similar studies of QSDs in the singular case for higher dimensional systems
have attracted a lot of attention in recent years (see [3,5,7,8,32] and references therein).

The present paper aims at rigorously analyzing the connection between the QSDs of (1.1) and the deterministic attrac-
tor of (1.2). This amounts to investigating the concentration of the QSDs as ε → 0+, which also provides information
about the distributions of the QSDs when 0 < ε � 1. By the assumption (A1)(1), the ODE (1.2) is indeed dissipative
in (0,∞), and therefore, it admits a global attractor A in (0,∞), which is the largest compact invariant set of the flow
{ϕt }t∈R generated by the solutions of (1.2) with initial data in (0,∞) and has bounded dissipation property in the sense
that

lim
t→∞ distH

(
ϕt (B),A

) = 0, ∀B ⊂⊂ (0,∞),

where distH denotes the Hausdorff semi-distance on (0,∞), that is, distH (E,F ) := supx∈E dist(x,F ) for E,F ⊂ (0,∞),
and ⊂⊂ denotes the compact inclusion, that is, E ⊂⊂ F if E is compact, F is open and E ⊂ F .

Our results concerning the concentration of QSDs state as follows.

Theorem A. Assume (A1) and let {νε}ε be a family of QSDs of (1.1). Then the following statements hold.

(1) For each 0 < ε � 1, νε admits a positive density vε ∈ C2((0,∞)). Moreover, for any open set O ⊂⊂ (0,∞) \ A,
there exist constants γO > 0 and 0 < εO � 1 such that

sup
O

vε ≤ e
− γO

ε2 , ∀ε ∈ (0, εO].
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(2) Each limiting measure of {νε}ε as ε → 0, if exists, is supported on A and is an invariant measure of {ϕt }t∈R.

Remark 1.1. (i) The assumption (A1) guarantees neither the existence nor uniqueness of QSDs of (1.1). In the absence
of coming down from infinity [2] (or equivalently, ∞ being an entrance boundary), for each 0 < ε � 1, (1.1) could admit
infinitely many QSDs that can be described as follows:

• if λ∗
ε := infσ(−Lε) > 0, where the spectral theory of Lε is considered in the usual weighted L2 space, then for any

λε ∈ (0, λ∗
ε ], there is a unique QSD νλε having λε as the extinction rate;

• the QSDs {νλε : λε ∈ (0, λ∗
ε ]} are partially ordered in the sense that 0 < λ1

ε < λ2
ε ≤ λ∗

ε implies νλ1
ε
((0, x]) ≤ νλ2

ε
((0, x])

or νλ1
ε
((x,∞)) ≥ νλ2

ε
((x,∞)) for all x ∈ (0,∞). For this reason, νλ∗

ε
is often called the minimal QSD.

Such a scenario of infinitely many QSDs is known in many situations (see e.g. [12,49,51,64] for one-dimensional diffusion
processes, and [4,23,24] for jump processes). We show in Proposition 2.1 that limε→0 λ∗

ε = 0. It can be easily seen from
the proof that the constant 	 appearing in Proposition 2.1 is independent of QSDs.

(ii) In Theorem A, we assume that QSDs of (1.1) exist for each 0 < ε � 1, and νε is any one of them if there are
indeed multiple ones. Then the theorem asserts that for any open set O ⊂⊂ (0,∞) \ A, there are constants γO > 0 and
0 < εO � 1, independent of the particular choice of QSDs, such that

(1.6) sup
λε∈(0,λ∗

ε ]
sup
O

vλε ≤ e
− γO

ε2 , ∀ε ∈ (0, εO],

where vλε is the density of νλε .
We refer the readers to Remark 2.3 for the reasoning of the independence of γO and εO on the particular choice of

QSDs.
(iii) Observe that if for each 0 < ε � 1, (1.1) admits infinitely many QSDs {νλε : λε ∈ (0, λ∗

ε ]}, then tails of QSDs
can become flatter as λε → 0. Our concentration estimates (1.6) does not contradict such an observation. Indeed, the
condition that O stays away from 0 and ∞ can not be dropped in general. As infO approaches 0, or supO approaches
∞, γO and εO may decay to 0 due to the possible concentration of QSDs near 0 and ∞. Though (1.6) implies that, for any
O ⊂⊂ (0,∞) \ A whose left or right boundary can be sufficiently close to 0 or ∞, we always have limε→0 νλε (O) = 0
for any QSD νλε , this limit as ε → 0 is however not uniform in O. In general, it is well possible to have QSDs {νλε }ε and
large numbers Mε → ∞ such that

lim inf
ε→0

νλε

([Mε,∞)
)
> 0.

In consideration of the partial order of QSDs, it is also possible to have small numbers δε → 0 such that

lim inf
ε→0

νλ∗
ε

(
(0, δε]

)
> 0,

that is, the minimal QSDs {νλ∗
ε
}ε have positive concentration near 0.

In fact, the general non-uniformity with respect to O suggested in our concentration estimate (1.6) would provide a
mechanism of possible flatter tails of multiple QSDs. We note that if conditions (A2)-(A4) below hold, then this esti-
mate becomes uniform in O away from A (see the paragraph below Theorem B for details), implying that, under these
conditions, for any 0 < ε � 1, no QSD (though there can be infinitely many of them) can have a flat tail.

Note that for each fixed QSD νε , there is a unique λε as in Definition 1.1. In what follows, λε is always the unique
number associated with a given QSD νε .

As the ODE (1.2) is one-dimensional, the global attractor A is either a single equilibrium, or a compact interval
consisting of equilibria, or a compact interval consisting of equilibria and their connecting orbits. As invariant measures
of {ϕt }t∈R can not have positive measure on any connecting orbit, any limiting measure of {νε}ε as ε → 0, if exists, must
be supported on the set of non-zero equilibria of (1.2).

The noise-vanishing concentration of QSDs has been investigated in several situations. The first work dates back to
[33], where the author studied the stochastic Ricker model. This work was generalized in [41,58] to randomly perturbed
interval maps that apply to density-dependent branching processes. Further generalizations were considered in [20,37],
where the authors studied general randomly perturbed dynamical systems, and applied their abstract results to various
population models. The approaches taken in the aforementioned works are probabilistic and based on large deviation
arguments. A detailed analysis of the QSDs has been done in [9] for scaled one-dimensional birth-and-death processes of
logistic type, in which the concentration of QSDs on the Dirac delta measure at the stable equilibrium of the mean field
ODE in the Gaussian fashion is directly shown.
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Our approach to the concentration of QSDs of (1.1) is based on the construction of Lyapunov-type functions. More
precisely, we construct uniform-in-ε Lyapunov-type functions using the dynamics of (1.2) and prove pointwise estimates
for {vε}ε as stated in Theorem A (1) on regions where Lyapunov-type conditions are satisfied. It turns out that such
regions can be constructed to exhaust (0,∞)\A. As a result, locally uniform pointwise estimates of {vε}ε are established
on (0,∞) \A. Our approach has at least two features. (i) It gives quantitative estimates of QSDs that are not restricted to
the domain (0,∞) \A. In fact, if J is a local attractor and � is its domain of attraction, then locally uniform pointwise
estimates for {vε}ε as stated in Theorem A (1) can be established on �\J . By constructing anti-Lyapunov-type functions,
similar estimates could be established for local repellers. (ii) Since the construction of Lyapunov-type functions only
utilizes the dynamics of the ODE (1.2), our approach has the potential to be generalized to treat problems in higher
dimensions that even exhibit chaotic behaviors.

We remark that the constant γO appearing in Theorem A (1) depends in particular on constructed uniform-in-ε
Lyapunov-type functions. Therefore, it is unclear how to determine the minimal one. A promising approach to this is-
sue is to establish the large deviation principle [15] for the QSDs {νε}ε , that is, to study the limit limε→0+ ε2 lnνε(·) or
limε→0+ ε2 lnvε . This interesting problem is left for future work.

Theorem A only provides a priori information on the concentration of the QSDs {νε}ε as ε → 0. A valid description
of the concentration requires the tightness of the family {νε}ε . This is a challenging problem as we have to handle the
troubles caused by the behaviors of coefficients near 0 and ∞. To address this issue, we make the following additional
assumptions.

(A2) There exists a C2 function U∞ defined on [x∞,∞) for some x∞ 	 1 such that
(1) 0 < infU∞ < supU∞ < ∞;
(2) limx→∞ U∞(x) = supU∞;
(3) there is γ∞ > 0 such that LεU∞ ≤ −γ∞ on [x∞,∞) for all 0 < ε � 1.

(A3) a ∈ C2([0,∞)) and
∫ 1

0
1√
a(s)

ds < ∞.

(A4) b ∈ C1([0,∞)) and b′(0) > 0.

The assumption (A2) is a uniform-in-ε Lyapunov-type condition for the SDE (1.1) near ∞, which ensures the dissi-
pativity of its solutions near ∞ that leads to concentration estimates of {νε}ε near ∞. The assumptions (A3) and (A4)
are motivated by applications (see Section 4), and guarantee the existence of uniform-in-ε integrable upper bounds near
0 for the densities {vε}ε of the QSDs {νε}ε . This is far-reaching due to a(0) = 0 and the singularity of x �→ √

a(x) at 0.
We would like to point out that Lyapunov-type conditions near 0 do NOT exist under these assumptions. Indeed, if U

satisfies the Lyapunov-type condition near 0, then it is necessary that U ′(x) → −∞ and U ′′(x) → ∞ as x → 0+. In this
case, it is generally true that limx→0+ U ′(x)

U ′′(x)
= 0. As the limit limx→0+ a(x)

b(x)
exists and is a positive number due to (A3)

and (A4), there holds lim infx→0+ LεU(x) ≥ 0, which contradicts the Lyapunov-type condition. Hence, a new approach
independent of Lyapunov-type functions has to be developed to treat {νε}ε near 0.

Our result concerning the tightness of the family of QSDs {vε}ε is stated in the following theorem.

Theorem B. Assume (A1)–(A4) and let {νε}ε be a family of QSDs of (1.1). Then, any sequence {νεn}n of {νε}ε with
εn → 0 as n → ∞ is tight. Consequently, as ε → 0, any sequence of {νε}ε has a convergent subsequence in the topology
of weak convergence whose limit is an invariant measure of {ϕt }t∈R and is supported in A. In particular, if A= {xe} is a
singleton set, then

lim
ε→0+ νε = δxe in the topology of weak convergence,

where δxe is the Dirac delta measure at xe.

The tightness in Theorem B follows from studying concentration estimates of {vε}ε near 0 and ∞. Using the Lyapunov-
type condition (A2), we show in Proposition 3.1 the existence of some γ > 0 such that

νε

(
(x∞ + 1,∞)

) ≤ e
− γ

ε2 , ∀0 < ε � 1,

where x∞ is given in (A2). Establishing the concentration estimates of {νε}ε near 0 is a tricky task due to the degeneracy
and singularity of the noises at the absorbing state 0. By examining the densities {vε}ε of the QSDs {νε}ε in the new
coordinate system obtained from applying the standard change of variables for one-dimensional diffusion processes (see
the proof of Lemma 3.1 for more details), we show in Corollary 3.1 the boundedness of vε near 0 with an ε-dependent
upper bound. Arguments in the spirit of proving a maximum principle then allow us to establish in Proposition 3.2 the
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following uniform-in-ε integrable upper bounds near 0: for each κ ∈ (0,1) there are 0 < x∗ � 1 and 0 < ε∗ � 1 such that

vε(x) ≤ 1

xκ
, ∀x ∈ (0, x∗), ε ∈ (0, ε∗).

Assumptions (A3) and (A4) ensure the successfulness of such arguments.
As mentioned earlier, QSDs describe the asymptotic dynamics of the SDE (1.1) before extinction for each fixed ε.

Theorem B yields that such asymptotic dynamics have uniform-in-ε properties that are governed by the dynamics of
the ODE (1.2) on the global attractor A. Therefore, information about the transient states is essentially contained in A.
Moreover, Theorem B implies the compatibility, up to observables, of the ODE (1.2) and the SDE (1.1), as models for
the evolution of the same species. This validates the ODE model (1.2) if the global attractor A is interpreted as observed
states instead of eventual states of the species. A clearer picture can be drawn in the case that A = {xe} is a singleton set
as follows: if for each 0 < ε � 1, Xε

t conditioned on the survival up to time t (denoted by X̃ε
t ) converges to the QSD νε

as t → ∞, then the diagram

X̃ε
t

t→∞

ε→0

νε

ε→0

xt
t→∞

δxe

commutes, where the solution {xt }t≥0 of (1.2) is considered in the distributional sense.
As applications of Theorem A and Theorem B, we study diffusion processes related to chemical reactions and birth-

and-death processes (BDPs) of logistic type. In particular, we give a rigorous justification of Keizer’s paradox [38]. The
corresponding results are presented in Section 4.

We would like to highlight some novelties of the present paper. (i) Inspired by the work [34] in which measure
estimates of stationary measures under Lyapunov conditions are treated, we establish the framework for estimating QSDs
against Lyapunov functions (see Section 2.2). To apply such a framework, we develop a way of constructing uniform-in-ε
Lyapunov-type functions in domains of interest using the dynamical properties of the unperturbed ODE (see Section 2.3).
Both methods are not tailored for one-dimensional problems, and have potential analogues in higher-dimensions. (ii) The
most challenging issue is to deal with difficulties caused by the degeneracy and singularity of noises at the absorbing
state in order to derive an uniform-in-ε integrable upper bound of QSDs near 0, leading to the tightness of the QSDs.
This is accomplished by a two-step approach: a careful analysis of eigen-equations satisfied by QSDs in new coordinates
produces ε-dependent upper bounds (see Lemma 3.1 and Corollary 3.1); it is followed by a result of maximum principle
type giving rise to the expected upper bound. As it is indicated, our approaches are purely analytic without probabilistic
heuristics.

To end this section, we comment on the possibilities and difficulties in the extension to higher-dimensions. For clarity,
we focus on the following stochastic system:

dXi,t = Xi,tfi(Xt ) dt + ε
√

Xi,t dWi
t , i ∈ {1, . . . , d},X0 ∈ [0,∞)d ,(1.7)

where Xt = (X1,t , . . . ,Xd,t ), 0 < ε � 1, d ∈N and Wi
t , i ∈ {1, . . . , d} are independent standard one-dimensional Wiener

processes on some probability space. Such a system, often arising from biology and ecology, is used to model the evolution
of interacting species in a community. The functions fi : [0,∞)d → R, i ∈ {1, . . . , d}, often called per-capita growth
rates, are sufficiently regular and ensure that the system of ODEs:

ẋi = xifi(x), i ∈ {1, . . . , d}, x = (x1, . . . , xd) ∈ (0,∞)d(1.8)

is dissipative, that is, there exists a compact set K ⊂ (0,∞)d such that for any solution x(t) of (1.8) with initial condition
x(0) = x0 ∈ (0,∞)d , there exists tx0 > 0 such that x(t) ∈ K for all t ≥ tx0 . Then, (1.8) admits a global attractor Asys

contained in K .
Suppose now the stochastic system (1.7) admits QSDs {ν̃ε}ε on (0,∞)d with extinction rates {λε}ε . If we can show

λε → 0 as ε → 0+, then it is possible to construct uniform-in-ε Lyapunov-type functions, using the dynamical properties
of (1.8), to derive the concentration estimates: for any O ⊂⊂ (0,∞)d \Asys , there are γO > 0 and 0 < εO � 1 such that

ν̃ε(O) ≤ e
− γO

ε2 , ∀ε ∈ (0, εO].
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Pointwise estimates for the densities of {ν̃ε}ε are also possible. Each limit measure of {ν̃ε}ε , if exists, must be an invariant
measure of (1.8). However, our approach can be barely adapted to show the tightness of the QSDs {ν̃ε}ε , which could be
an extremely difficult problem. The reason is that our approach more or less relies on the fact that the one-dimensional
diffusion (1.1) is reversible, or the generator Lε given in (1.4) extends to a self-adjoint operator in L2((0,∞), uε(x) dx),
where

uε(x) = 1

a(x)
exp

{
2

ε2

∫ x

0

b(s)

a(s)
ds

}
, x ∈ (0,∞).

But, the stochastic system (1.7) is irreversible in general.
To have a better understanding of the system (1.7) in regard to the extinction or the loss of the population diversity, we

need to acquire relevant knowledge about the noise-vanishing asymptotic of the extinction event or exit event(
T ε


 ,Xε
T ε




)
,

where 
 is the boundary of [0,∞)d , {Xε
t }t≥0 is the diffusion process generated by solutions of (1.7), and T ε


 is the first
time that {Xε

t }t≥0 reaches 
. The noise-vanishing asymptotic of the exit event for randomly perturbed dynamical systems
is a classical topic, has attracted a lot of attention and finds many applications (see e.g. [13,14,25]). Recently, exploring
very fine asymptotic of the QSD and its associated extinction rate, the authors obtain in [17,18,45,46] very fine asymptotic
of the exit event from a smooth bounded open domain � for the overdamped Langevin equation

(1.9) dXt = −∇f (Xt ) dt + ε dWt , X0 ∈Rd ,

where f :Rd → R is sufficiently smooth and Wt is the standard d-dimensional Wiener process. A typical case treated in
these works assumes that f has a unique critical point x∗ in � and satisfies ∂f

∂n
|∂� > 0. These conditions imply that � is

positively invariant under the flow generated by

(1.10) ẋ = −∇f (x),

and contained in the basin of attraction of x∗.
When the global attractor Asys is a singleton set, the dynamics of (1.8) is as simple as that of (1.10) in � under the

aforementioned conditions on f . However, (1.8) generally has equilibria on the boundary 
. In addition, the stochastic
system (1.7) is degenerate on the boundary 
 and irreversible in general. In consideration of these essential differences,
results and approaches for (1.9) do not apply to (1.7). Nonetheless, the works [17,18,45,46] ignite the light of hope and
would for sure guide the study of the asymptotic of (T ε


 ,Xε
T ε



), especially when tackling the problem from the perspective

of the asymptotic of the QSD and its associated extinction rate.
The rest of the paper is organized as follows. In Section 2, we study the concentration of QSDs and prove Theorem A.

In Section 3, we investigate the tightness of QSDs and prove Theorem B. Applications of Theorem A and Theorem B are
discussed in Section 4. We include a Harnack’s inequality in the Appendix.

2. Concentration estimates of QSDs

Throughout this section, let {νε}ε be the QSDs of (1.1) and {λε}ε be the unique numbers corresponding to {νε}ε as given
in Definition 1.1. The purpose of this section is to derive concentration estimates of {νε}ε and prove Theorem A. We first
study the asymptotics of λε as ε → 0+ in Section 2.1. In Section 2.2, we provide concentration estimates of the QSDs
{νε}ε assuming the existence of Lyapunov-type functions. The proof of Theorem A is given in Section 2.3.

2.1. Asymptotic of λε as ε → 0+

The following result gives the regularity of the QSDs {νε}ε . Its proof follows from the standard regularity theory of
second-order ODEs.

Lemma 2.1. Assume (A1). For each 0 < ε � 1, νε admits a positive density vε ∈ C2((0,∞)). In particular, vε satisfies

(2.1) Lεvε = −λεvε on (0,∞).

The asymptotic behaviors of λε as ε → 0 is stated in the following result.
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Proposition 2.1. If (A1) holds, then there is 	 > 0 such that λε ≤ e
− 	

ε2 for all 0 < ε � 1.

Proof. Set vG
ε (x) := 1

a(x)
e
− 2

ε2

∫ x
1

b(s)
a(s)

ds
for x ∈ (0,∞). It is just the Gibbs density of (1.1). Given (2.1), it is straightfor-

ward to check that φε := vε

vG
ε

satisfies

Lεφε = −λεφε on (0,∞).

By (A1), there are 0 < x1 < x2 < ∞ such that b(x1) > 0 and b(x2) < 0. Note that Lε is uniformly elliptic on [x1, x2].
Denote by 	ε > 0 the principal eigenvalue of −Lε restricted on (x1, x2) with zero Dirichlet boundary conditions on x1

and x2. It is well known (see e.g. [26]) that there is 	 > 0 such that 	ε ≤ e
− 	

ε2 for all 0 < ε � 1. The conclusion then
follows from the standard comparison principle (see e.g. [16, Lemma 4.1]) that ensures λε ≤ 	ε . �

We point out that the fact λε → 0 as ε → 0+ implied by Proposition 2.1 plays important roles in the sequel.

2.2. Abstract concentration estimates

In this subsection, we derive abstract concentration estimates of QSDs {νε}ε assuming the existence of Lyapunov-type
functions.

We start with the definition of compact functions and uniform Lyapunov functions. Let 0 ≤ α < β ≤ ∞ be given.

Definition 2.1 (Compact function). A continuous, non-negative and non-zero function U on (α,β) is called a compact
function if

ρM := sup
(α,β)

U = lim
x→α+ U(x) = lim

x→β− U(x).

We call ρM the essential upper bound of U .

For a compact function U on (α,β), we define its sub-level sets:

�ρ := {
x ∈ (α,β) : U(x) < ρ

}
, ρ ∈ (0, ρM).

Clearly, �ρM
= (α,β). For each ρ ∈ (0, ρM ], we denote

αρ := inf�ρ and βρ := sup�ρ.

Note that (αρM
,βρM

) = (α,β).
For each 0 < ε � 1, we define the operator Mε by setting

Mεu := Lεu + λεu = ε2

2
au′′ + bu′ + λεu.

Definition 2.2 (uniform Lyapunov function). A C2 compact function U on (α,β) is called a uniform Lyapunov function
with respect to the family {Mε}ε if there exist ρm ∈ (0, ρM) and γ > 0 such that

(2.2) MεU ≤ −γ on �ρM
\ �ρm

for all 0 < ε � 1. We call ρm the essential lower bound of U , γ the Lyapunov constant of U and �ρM
\�ρm the essential

domain of U .

Remark 2.1. We comment on Definition 2.2.

• Ignoring λε in the operator Mε , such defined uniform Lyapunov functions have been used in [35] to treat stationary
measures for general diffusion processes. As we are dealing with QSDs, it is natural to include the extinction rate λε

in the definition.
• The definition of uniform Lyapunov functions more or less follows those used in [40] to study the existence of stationary

distributions for SDEs (also see [54]). Except, we work with compact functions that appropriately generalize continuous
and non-negative functions on R with pre-compact sub-level sets. This plays an important role in deriving concentration
estimates for the QSDs.
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• Since λε → 0 as ε → 0+ by Proposition 2.1, passing to the limit ε → 0+ in (2.2) yields bU ′ ≤ −γ on �ρM
\ �ρm . In

particular, U is a Lyapunov function of the ODE (1.2) in (α,β). This is the starting point of the construction of uniform
Lyapunov functions (see Section 2.3).

We make the following assumption.

(A5) There exists a uniform Lyapunov function U on (α,β) with respect to {Mε}ε with essential upper bound ρM ,
essential lower bound ρm and Lyapunov constant γ .

Our results on the abstract concentration estimates of the QSDs {νε}ε are stated as follows.

Proposition 2.2. Assume (A1) and (A5).

(1) There hold

νε(�ρM
\ �ρ) ≤ e

− 2γ

ε2

∫ ρ
ρm

1
H(t)

dt
νε(�ρM

\ �ρm), ∀ρ ∈ (ρm,ρM ],0 < ε � 1,

where

(2.3) H(ρ) = max
{
a(αρ)

(
U ′(αρ)

)2
, a(βρ)

(
U ′(βρ)

)2}
> 0, ρ ∈ (ρm,ρM).

(2) For each open set O ⊂⊂ �ρM
\ �ρm , there exist γO > 0 and 0 < εO � 1 such that

sup
O

vε ≤ e
− γO

ε2 , ∀ε ∈ (0, εO].

Before proving Proposition 2.2, we first prove two lemmas. The first one gives an integral identity.

Lemma 2.2. Assume (A1) and (A5).

(1) �ρ = (αρ,βρ) for all ρ ∈ (ρm,ρM ]. Moreover, if ρ ∈ (ρm,ρM), then U ′(αρ) < 0 and U ′(βρ) > 0.
(2) For each ρ ∈ (ρm,ρM ], there holds

∫ βρ

αρ

vεMεU dx = ρλε

∫ βρ

αρ

vε dx + ε2

2

(
avεU

′)|βρ
αρ .

Proof. (1) Since

ε2

2
aU ′′ + bU ′ + λεu =MεU ≤ −γ on �ρM

\ �ρm

for all 0 < ε � 1, we conclude from Proposition 2.1 that bU ′ ≤ − γ
2 on �ρM

\ �ρm , which implies that U ′ admits a
constant sign on each component of �ρM

\ �ρm . As �ρM
= (α,β) = (αρM

,βρM
) and �ρm ⊂ (αm,βm), there holds

(αρM
,αρm) ∪ (βρm,βρM

) ⊂ �ρM
\ �ρm.

It then follows from the definition of U that U ′ < 0 on (αρM
,αρm) and U ′ > 0 on (βρm,βρM

). In particular, U ′(αρ) < 0
and U ′(βρ) > 0 for each ρ ∈ (ρm,ρM).

Let ρ ∈ (ρm,ρM). If �ρ � (αρ,βρ), then U admits a local maximum value at some point x0 ∈ (αρ,βρ) \ �ρ . Hence,
U ′(x0) = 0. But, (αρ,βρ) \ �ρ ⊂ �ρM

\ �ρm yields that U ′(x0) �= 0, which leads to a contradiction. Consequently,
�ρ = (αρ,βρ).

(2) Multiplying (2.1) by U and integrating the resulting equation over �ρ , we obtain from integration by parts that

(2.4)
ε2

2

[
(avε)

′U
]|βρ

αρ − ε2

2

(
avεU

′)|βρ
αρ + ε2

2

∫ βρ

αρ

avεU
′′ dx − (bvεU)|βρ

αρ +
∫ βρ

αρ

bvεU
′ dx = −λε

∫ βρ

αρ

vεU dx.

Since U(αρ) = ρ = U(βρ), we find

ε2

2

[
(avε)

′U
]|βρ

αρ − (bvεU)|βρ
αρ = ρ

[
ε2

2
(avε)

′|βρ
αρ − (bvε)|βρ

αρ

]
.
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Moreover, integrating (2.1) over �ρ , we obtain

ε2

2
(avε)

′|βρ
αρ − (bvε)|βρ

αρ = −λε

∫ βρ

αρ

vε dx.

It follows that

ε2

2

[
(avε)

′U
]|βρ

αρ − (bvεU)|βρ
αρ = −ρλε

∫ βρ

αρ

vε dx.

Substituting the above equality into (2.4), we arrive at

−ρλε

∫ βρ

αρ

vε dx − ε2

2

(
avεU

′)|βρ
αρ + ε2

2

∫ βρ

αρ

avεU
′′ dx +

∫ βρ

αρ

bvεU
′ dx = −λε

∫ βρ

αρ

vεU dx,

which leads to the result. �

In the second lemma, we use the Harnack’s inequality, Lemma A.1, to derive some estimates of {vε}ε .

Lemma 2.3. Assume (A1). For any open interval I ⊂⊂ (0,∞), if x,R > 0 are such that (x − 4R,x + 4R) ⊂ I , then

sup
(x−R,x+R)

vε ≤ C

supI a

infI a
+ ε2C1R

infI a

0 inf
(x−R,x+R)

vε, ∀0 < ε � 1,

where C0 > 0 is a universal constant and C1 = C1(ε) =
√

supI( ε2

2 a′ − b)2 + ε2λε

2 infI a.

Proof. We apply Lemma A.1 in the case α = ε2

2 a, β = ε2

2 a′ − b and κ = λε so that Lu = ε2

2 (au)′′ − (bu)′ +λεu is in the
form of interest.

Let

λ = ε2

2
inf
I

a, 	 = ε2

2
sup
I

a, and ν =
√

supI( ε2

2 a′ − b)2

λ2
+ λε

λ
.

Then, for any R > 0,

	

λ
+ νR = supI a

infI a
+ ε2C1R

infI a
,

where C1 = C1(ε) is as in the statement of the lemma. Applying Lemma A.1, we find the result. �

Now, we prove Proposition 2.2.

Proof of Proposition 2.2. (1) Let ρ∗ ∈ (ρm,ρM). Applying Lemma 2.2 (2), we find for any ρ ∈ (ρm,ρ∗] that

−
∫

(αρ∗ ,βρ∗ )\(αρ,βρ)

vεMεU dx

= ρλε

∫ βρ

αρ

vε dx − ρ∗λε

∫ βρ∗

αρ∗
vε dx + ε2

2

(
avεU

′)|βρ
αρ − ε2

2

(
avεU

′)|βρ∗
αρ∗

≤ ε2

2

(
avεU

′)|βρ
αρ ,

where we used the facts ρ
∫ βρ

αρ
vε dx ≤ ρ∗

∫ βρ∗
αρ∗ vε dx and (avεU

′)|βρ
αρ ≥ 0 due to the positivity of a and vε on (0,∞)

Denote

f (ρ) :=
∫

(αρ∗ ,βρ∗ )\(αρ,βρ)

vε dx.
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As MεU ≤ −γ on �ρM
\ �ρm for all 0 < ε � 1, we have

(2.5) f (ρ) ≤ ε2

2γ

(
avεU

′)|βρ
αρ , ∀ρ ∈ (ρm,ρ∗],0 < ε � 1.

Since U(αρ) = ρ = U(βρ), we have from Lemma 2.2 (1) that

dαρ

dρ
= 1

U ′(αρ)
and

dβρ

dρ
= 1

U ′(βρ)
.

It follows that

f ′(ρ) = d

dρ

∫
(αρ∗ ,βρ∗ )\(αρ,βρ)

vε dx = vε(αρ)

U ′(αρ)
− vε(βρ)

U ′(βρ)
.

For the term on the right-hand side of (2.5), we have

(
avεU

′)|βρ
αρ = a(βρ)

(
U ′(βρ)

)2 vε(βρ)

U ′(βρ)
− a(αρ)

(
U ′(αρ)

)2 vε(αρ)

U ′(αρ)

≤ −H(ρ)

[
vε(αρ)

U ′(αρ)
− vε(βρ)

U ′(βρ)

]

= −H(ρ)f ′(ρ),

where H(ρ) is as in (2.3) and is positive due to (A1)(2) and Lemma 2.2 (1). Hence, we have from (2.5) that

ε2H(ρ)

2γ
f ′(ρ) + f (ρ) ≤ 0, ∀ρ ∈ (ρm,ρ∗],0 < ε � 1.

It follows that

f (ρ) ≤ e
− 2γ

ε2

∫ ρ
ρm

1
H(t)

dt
f (ρm), ∀ρ ∈ (ρm,ρ∗],0 < ε � 1,

that is, ∫
(αρ∗ ,βρ∗ )\(αρ,βρ)

vε dx ≤ e
− 2γ

ε2

∫ ρ
ρm

1
H(t)

dt
∫

(αρ∗ ,βρ∗ )\(αρm ,βρm)

vε dx, ∀ρ ∈ (ρm,ρ∗],0 < ε � 1.

Letting ρ∗ → ρM , we prove (1).
(2) We assume, without loss of generality, that O is an interval. Let δ > 0 be such that Oδ ⊂⊂ �ρM

\ �ρm , where Oδ

is the δ-neighborhood of O. We see from (1) that there exist γδ > 0 and εδ > 0 such that

(2.6) νε(Oδ) ≤ e
− γδ

ε2 , ∀ε ∈ (0, εδ].
Suppose for contradiction that the conclusion fails. Then there exist sequences {xn}n ⊂O and {εn}n ⊂ (0,∞) satisfy-

ing xn → x∞ for some x∞ ∈O and εn → 0 as n → ∞ such that

vεn(xn) > e
− γδ

2ε2
n , ∀n.

Applying Lemma 2.3 with I =Oδ , we have

(2.7) sup
(x−R,x+R)

vε ≤ C

supOδ
a

infOδ
a

+ C1(ε)R

infOδ
a

1
ε2

0 inf
(x−R,x+R)

vε, ∀x ∈O,R ∈
(

0,
δ

4

)
,0 < ε � 1,

where C0 > 0 is a universal constant and

C1(ε) =
√√√√sup

Oδ

(
ε2a′

2
− b

)2

+ ε2λε infOδ
a

2
.
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Setting x = xn, R = ε2
n and ε = εn in (2.7) yields

sup
(xn−ε2

n,xn+ε2
n)

vεn ≤ C

supOδ
a

infOδ
a

+ C1(εn)

infOδ
a

0 inf
(xn−ε2

n,xn+ε2
n)

vεn, ∀n.

Denote C2 := supn C1(εn) < ∞. Then

sup
(xn−ε2

n,xn+ε2
n)

vεn ≤ C2 inf
(xn−ε2

n,xn+ε2
n)

vεn, ∀n.

It follows that

νεn

((
xn − ε2

n, xn + ε2
n

)) =
∫ xn+ε2

n

xn−ε2
n

vεn dx ≥ 2ε2
n

C2
sup

(xn−ε2
n,xn+ε2

n)

vεn ≥ 2ε2
n

C2
e
− γδ

2ε2
n , ∀n.

However, the inclusion (xn − ε2
n, xn + ε2

n) ⊂Oδ and (2.6) yield that

νεn

((
xn − ε2

n, xn + ε2
n

)) ≤ e
− γδ

ε2
n , ∀n 	 1,

which leads to a contradiction. This proves (2). �

2.3. Proof of Theorem A

We derive concentration estimates for the QSDs {νε}ε by constructing uniform Lyapunov functions and applying Propo-
sition 2.2. In particular, we prove Theorem A in this subsection.

We recall the definition of limiting measures.

Definition 2.3 (Limiting measure). A Borel probability measure ν on (0,∞) is called a limiting measure of {νε}ε as
ε → 0 if there exists a sequence {εn}n with εn → 0 as n → ∞ such that

lim
n→∞νεn = ν in the topology of weak convergence,

i.e., limn→∞
∫ ∞

0 φ dνεn = ∫ ∞
0 φ dν for any bounded and continuous function φ : (0,∞) → R.

Recall that the global attractor A of (1.2) in (0,∞) is a compact closed interval. More precisely, if we set

αA : = min
{
x ∈ (0,∞) : b(x) = 0

}
,

βA : = max
{
x ∈ (0,∞) : b(x) = 0

}
,

then A= [αA, βA].
We first prove Theorem A (1).

Proof of Theorem A (1). The regularity of νε follows from Lemma 2.1. We prove the concentration estimates.
For clarity, we first give the proof under the stronger condition that b ∈ C2((0,∞)). It is followed by a sketch on how

to proceed under the conditions on b using approximation techniques.
We first construct a candidate of uniform Lyapunov functions. Recall that {ϕt }t∈R is the flow generated by the solutions

of (1.2) in (0,∞). Let θ : (0,∞) → [0,∞) be a smooth function satisfying the following conditions:

• θ vanishes exactly on A;
• lim infx→0+ θ(x) > 0 and lim infx→∞ θ(x) > 0;
• θ(x) → 0 so fast as x → α−

A and x → β+
A that the integral

∫ ∞
0 θ(ϕt (x)) dt is well-defined for any x ∈ (0,∞) \A, and

the function x �→ ∫ ∞
0 θ(ϕt (x)) dt is C2 on (0,∞).

The existence of such a function θ with the focus on the fast convergence θ(x) → 0 as x → α−
A or β+

A can be seen as
follows. We note that

• if x ∈A = [αA, βA], then ϕt (x) ∈A and hence θ(ϕt (x)) = 0 for all t ≥ 0, leading to
∫ ∞

0 θ(ϕt (x)) dt = 0;
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• if x ∈ (0, αA), then ϕt (x) is increasing in t and limt→∞ ϕt (x) = αA; if the convergence θ(x) → 0 as x → α−
A is

sufficiently fast, then the integral
∫ ∞

0 θ(ϕt (x)) dt is well-defined;
• if x ∈ (βA,∞), then ϕt (x) is decreasing in t and limt→∞ ϕt (x) = βA; if the convergence θ(x) → 0 as x → β+

A is
sufficiently fast, then the integral

∫ ∞
0 θ(ϕt (x)) dt is well-defined.

The required fast convergence θ(x) → 0 as x → α−
A or β+

A in general depends on how fast ϕt (x) converges to αA or βA
as t → ∞ for x ∈ (0,∞) \ A. Given the regularity of x �→ ϕt (x), we can certainly make the convergence θ(x) → 0 as
x → α−

A or β+
A faster if necessary to ensure the C2 regularity of x �→ ∫ ∞

0 θ(ϕt (x)) dt .
Consider the function U : (0,∞) → [0,∞) defined by

(2.8) U(x) =
∫ ∞

0
θ
(
ϕt (x)

)
dt, x ∈ (0,∞).

By the choice of θ , the function U is well-defined and C2. Moreover, it satisfies the following properties:

(i) U vanishes exactly on A;
(ii) U is decreasing on (0, αA) and satisfies U(x) → ∞ as x → 0+;
(iii) U is increasing on (βA,∞) and satisfies U(x) → ∞ as x → ∞;
(iv) bU ′ = −θ on (0,∞). In particular, U ′ < 0 on (0, αA) and U ′ > 0 on (βA,∞).

Properties (i)-(iii) are obvious. The property (iv) holds because

b(x)U ′(x) = d

dt
U

(
ϕt (x)

)|t=0

= lim
h→0

1

h

[∫ ∞

0
θ
(
ϕt+h(x)

)
dt −

∫ ∞

0
θ
(
ϕt (x)

)
dt

]

= lim
h→0

1

h

[∫ ∞

h

θ
(
ϕt (x)

)
dt −

∫ ∞

0
θ
(
ϕt (x)

)
dt

]

= − lim
h→0

1

h

∫ h

0
θ
(
ϕt (x)

)
dt = −θ(x).

Next, we claim that for any ρ∗ < ρ∗, there exist γ∗ > 0 and 0 < ε∗ � 1 such that U is a uniform Lyapunov function in
�ρ∗ with respect to {Mε}ε∈(0,ε∗] with essential upper bound ρ∗, essential lower bound ρ∗ and Lyapunov constant γ∗.

Note that U is a C2 compact function on �ρ∗ . By the construction of U , we see that

MεU = ε2

2
aU ′′ − θ + λεU.

Clearly, there hold inf�ρ∗\�ρ∗ θ > 0 and ε2

2 sup�ρ∗\�ρ∗ (a|U ′′|) → 0 as ε → 0. Moreover, Proposition 2.1 ensures that

λε sup�ρ∗\�ρ∗ U → 0 as ε → 0. Thus, setting γ∗ := 1
2 inf�ρ∗\�ρ∗ θ , we find some 0 < ε∗ � 1 such that

MεU ≤ −γ∗ on �ρ∗ \ �ρ∗

for all ε ∈ (0, ε∗]. This proves the claim.
To finish the proof, we let {ρ∗,n}n and {ρ∗

n}n be two sequences such that 0 < ρ∗,n < ρ∗
n < ∞, and ρ∗,n → 0 and

ρ∗
n → ∞ as n → ∞. Obviously, ⋃

n

(�ρ∗
n
\ �ρ∗,n ) = (0,∞) \A.

The proof in the case b ∈ C2((0,∞)) is now completed by applying Proposition 2.2 with the uniform Lyapunov function
U in �ρ∗

n
for each n.

In the case that b only satisfies the regularity condition stated in (A1) (1), we still let U be defined as in (2.8). Again,
U satisfies properties (i)-(iv), but now it is only a C1 function. Let {Uδ}0<δ�1 be a family of C2 functions on (0,∞) such
that Uδ → U and U ′

δ → U ′ locally uniformly in (0,∞) as δ → 0+. Then,

bU ′
δ = −θ + b

(
U ′

δ − U ′) on (0,∞).
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As a result, we obtain a family of uniform Lyapunov functions. The union of their essential domains exhaust (0,∞) \A.
This completes the proof of Theorem A (1). �

Remark 2.2. The construction of the function U in the proof of Theorem A (1) is motivated by the converse Lyapunov
theorem (see e.g. [62, Theorem 5.7.24] and [47, Theorem 4.3.1]) for a system of ODEs in the basin of an attracting
equilibrium, which says that a smooth, strict, entire Lyapunov function exists in the basin of such an equilibrium, and can
be constructed to have an integral form similar to (2.8).

The main idea of the integral construction of U is to integrate solutions against the function θ so that U must be
non-increasing along solutions. The main feature of θ is to make sure that U is well-defined and has required regularity.

Recall that a Borel probability measure μ on (0,∞) is called an invariant measure of (1.2) if

μ
(
ϕtB

) = μ(B), ∀t ∈ R,B ∈ B
(
(0,∞)

)
,

where B((0,∞)) is the Borel σ -algebra of (0,∞). Under the condition (A1)(1), it follows from [35, Proposition 2.8] that
μ is an invariant measure of (1.2) if and only if

(2.9)
∫ ∞

0
bφ′ dμ = 0, ∀φ ∈ C1

0

(
(0,∞)

)
.

Now, we prove Theorem A (2).

Proof of Theorem A (2). Let ν be a limiting measure of {νε}ε as ε → 0, that is, ν is a Borel probability measure on
(0,∞) and there exists a sequence {εn}n with εn → 0 as n → 0 such that νεn → ν in the topology of weak convergence
as n → ∞.

We see from Theorem A (1) that ν(A) = 1, that is, ν is supported on A. Indeed, for any open set O ⊂⊂ (0,∞) \ A,
let Õ be an open set satisfying O ⊂⊂ Õ ⊂⊂ (0,∞) \ A and f : (0,∞) → [0,1] be a continuous function satisfying
1O ≤ f ≤ 1Õ . Then

ν(O) ≤
∫ ∞

0
f dν = lim

n→∞

∫ ∞

0
f dνεn ≤ lim

n→∞νεn(Õ) = 0.

If {Ok}k are open sets satisfying Ok ⊂⊂ (0,∞) \A for all k and ∪kOk = (0,∞) \A, then

ν
(
(0,∞) \A) ≤

∑
k

ν(Ok) = 0,

which leads to ν(A) = 1.
It remains to show that ν is an invariant measure of the ODE (1.2). Passing to the limit n → ∞ in∫ ∞

0

(
ε2
n

2
aφ′′ + bφ′ + λεnφ

)
dνεn = 0, ∀φ ∈ C2

0

(
(0,∞)

)
,

we conclude that ∫ ∞

0
bφ′ dν = 0, ∀φ ∈ C2

0

(
(0,∞)

)
.

Indeed, since νεn → ν in the topology of weak convergence as n → ∞ and φ ∈ C2
0((0,∞)), we find

lim
n→∞

∫ ∞

0
aφ′′ dνεn =

∫ ∞

0
aφ′′ dν, lim

n→∞

∫ ∞

0
bφ′ dνεn =

∫ ∞

0
bφ′ dν and lim

n→∞

∫ ∞

0
φ dνεn =

∫ ∞

0
φ dν.

It follows from limn→∞ εn = 0 and limn→∞ λεn = 0 that

0 =
∫ ∞

0

(
ε2
n

2
aφ′′ + bφ′ + λεnφ

)
dνεn

= ε2
n

2

∫ ∞

0
aφ′′ dνεn +

∫ ∞

0
bφ′ dνεn + λεn

∫ ∞

0
φ dνεn

→
∫ ∞

0
bφ′ dν as n → ∞.
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A density argument then ensures that ∫ ∞

0
bφ′ dν = 0, ∀φ ∈ C1

0

(
(0,∞)

)
,

that is, ν satisfies (2.9). Hence, ν is an invariant measure of (1.2). �

This section is ended up with the following remark.

Remark 2.3. We point out that the constants γO and εO appearing in the statement of Theorem A are independent of the
particular choice of the QSDs {νε}ε for the following reasons.

(i) The upper bound of λε given in Proposition 2.1 is independent of the particular choice of the QSDs {νε}ε . This is
clear from its proof.

(ii) The abstract concentration estimates of the QSDs {νε}ε presented in Proposition 2.2 depend on the assumed uniform
Lyapunov function U . In the proof of Theorem A, the uniform Lyapunov function U , which is constructed in (2.8),
uses only the dynamical properties of the ODE (1.2) in (0,∞), and hence, is independent of the QSDs {νε}ε .

3. Tightness of QSDs

Throughout the section, let {νε}ε and {λε}ε be as in Section 2. In this section, we study the tightness of the QSDs {νε}ε
and prove Theorem B. In Section 3.1, we study concentration estimates of {νε}ε near 0 and ∞ that yield Theorem B. In
Section 3.2, we provide the proof of a technical and key result that is used in the proof of concentration estimates of {νε}ε
near 0.

3.1. Proof of Theorem B

We first study the concentration estimates of the QSDs {νε}ε near ∞.

Proposition 3.1. Assume (A1) and (A2). Then there exists γ > 0 such that

νε

(
(x∞ + 1,∞)

) ≤ e
− γ

ε2 , ∀0 < ε � 1.

Proof. It follows from (A2)(3) that

bU ′∞ ≤ −γ∞
2

on [x∞,∞).

This together with (A1)(1) and (A2)(1)(2) implies that U ′∞ > 0 on [x∞,∞). In particular, U∞ is increasing on [x∞,∞).
Set ρm := U∞(x∞) and ρM := limx→∞ U∞(x) < ∞. Let U be defined as in (2.8). Then there exists a unique x0 ∈

(0, αA) such that U(x0) = ρM . Let W : (x0,∞) → [0, ρM) be a C2 function satisfying

W(x) = U(x), x ∈ (x0, αA),

W(x) ∈ [0, ρm), x ∈ [αA, x∞),

W(x) = U∞(x), x ∈ [x∞,∞).

We claim that there exist γW > 0 and 0 < εW � 1 such that W is a uniform Lyapunov function in (x0,∞) with respect
to {Mε}ε∈(0,εW ] with essential upper bound ρM , essential lower bound ρm and Lyapunov constant γW .

Indeed, it is easy to see that W is a compact function on (x0,∞). To verify the Lyapunov condition, we let x1 ∈
(x0, αA) be the unique point satisfying U(x1) = ρm. Then an argument similar to that in the proof of Theorem A (1)
yields the existence of some γ1 > 0 and 0 < ε1 � 1 such that

MεW =MεU ≤ −γ1 on (x0, x1),∀ε ∈ (0, ε1].
Moreover, the boundedness of U∞, (A2)(3) and Proposition 2.1 imply the existence of 0 < ε2 � 1 such that

MεW =MεU∞ = LεU∞ + λεU∞ ≤ −γ∞
2

on (x∞,∞),∀ε ∈ (0, ε2].
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Thus, setting γW := min{γ1,
γ∞
2 } and εW := min{ε1, ε2}, we find that

MεW ≤ −γW on (x0, x1) ∪ (x∞,∞),∀ε ∈ (0, εW ].
Since (x0, x1) ∪ (x∞,∞) = �ρM

\ �ρm , where

�ρ := {
x ∈ (x0,∞) : W(x) < ρ

}
, ρ > 0

are sub-level sets of W , the claim follows.
Now, it is easy to see that for each ρ ∈ [ρm,ρM ], �ρ is an open interval, denoted by (αρ,βρ). Using Proposition 2.2

(1), we conclude that

νε(�ρM
\ �ρ) ≤ e

− 2γW

ε2

∫ ρ
ρm

1
H(t)

dt
, ∀ρ ∈ (ρm,ρM ], ε ∈ (0, εW ],

where

H(ρ) = max
{
a(αρ)

(
U ′(βρ)

)2
, a(αρ)

(
U ′(βρ)

)2}
> 0, ρ ∈ (ρm,ρM).

This completes the proof. �

Next, we study the concentration estimates of the QSDs {νε}ε near 0, which is rather tricky thanks to the degeneracy
of the diffusion (namely, a(0) = 0) and the singularity of x �→ √

a(x) at x = 0. Let {vε}ε be the densities of {νε}ε .

Proposition 3.2. Assume (A1), (A3) and (A4). Then for each κ ∈ (0,1), there exist 0 < x∗ � 1 and 0 < ε∗ � 1 such that

vε(x) ≤ 1

xκ
, ∀x ∈ (0, x∗]

for all ε ∈ (0, ε∗]. Consequently, for each 0 < δ � 1, there exists 0 < xδ � 1 such that

νε

(
(0, xδ)

) ≤ δ, ∀0 < ε � 1.

The next technical lemma is the key to the proof of Proposition 3.2. We have stated it in the form that is more general
than needed.

Lemma 3.1. Assume (A1). Suppose in addition that a ∈ C1([0,1)) satisfies

a(x) ≥ C∗x1+κ∗ , ∀x ∈ (0,1)

for some C∗ > 0 and κ∗ ∈ [0,1). Then, for each 0 < ε � 1, there exists Cε > 0 such that

vε(x) ≤ Cε

xκ∗ , ∀x ∈ (0,1).

As the proof of Lemma 3.1 is long, we defer it to Section 3.2.

Corollary 3.1. Assume (A1) and (A3). Then, for each 0 < ε � 1, there exists Cε > 0 such that

vε(x) ≤ Cε, ∀x ∈ (0,1).

Proof. By (A1)(2), (A3) and the second-order Taylor expansion, we find

a(x) = a′(0)x + a′′(0)

2
x2 + h(x)x2,

where h satisfies h(x) → 0 as x → 0+. It follows from the integral condition in (A3) that a′(0) > 0, which implies the
existence of some C∗ > 0 such that a(x) ≥ C∗x for all x ∈ (0,1). The corollary then follows from applying Lemma 3.1
with κ∗ = 0. �

Now, we prove Proposition 3.2. The arguments are in the spirit of proving a maximum principle.
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Proof of Proposition 3.2. Let κ ∈ (0,1) be fixed. We claim that there exist 0 < x∗ � 1 and 0 < ε∗ � 1 such that

(3.1) (Lε + λε)

[
1

xκ

]
< 0 on (0, x∗),∀ε ∈ (0, ε∗].

In fact, direct calculations yield that

(Lε + λε)

[
1

xκ

]
= ε2

2

(
a

xκ

)′′
−

(
b

xκ

)′
+ λε

xκ

= ε2

2

[
a′′

xκ
− 2κa′

xκ+1
+ κ(κ + 1)a

xκ+2

]
−

[
b′

xκ
− κb

xκ+1

]
+ λε

xκ

= ε2a′′ − 2b′ + 2λε

2xκ
+ κb − ε2κa′

xκ+1
+ ε2κ(κ + 1)a

2xκ+2
.

By (A1), (A3), (A4) and Taylor expansions,

a(x) = a′(0)x + a′′(0)

2
x2 + h1(x)x2, x ∈ (0,1),

a′(x) = a′(0) + a′′(0)x + h2(x)x, x ∈ (0,1),

b(x) = b′(0)x + h3(x)x,

where hi(x) → 0 as x → 0+ for i = 1,2,3. It follows from the fact a′(0) > 0 (see the proof of Corollary 3.1) that

κb − ε2κa′

xκ+1
+ ε2κ(κ + 1)a

2xκ+2
= 4κ[b′(0) + h3(x)] − 4ε2κ[a′′(0) + h2(x)] + ε2κ(κ + 1)[a′′(0) + 2h1(x)]

4xκ

− ε2[2κ − κ(κ + 1)]a′(0)

2xκ+1

≤ 4κ[b′(0) + h3(x)] − 4ε2κ[a′′(0) + h2(x)] + ε2κ(κ + 1)[a′′(0) + 2h1(x)]
4xκ

on (0,1).

Hence,

(Lε + λε)

[
1

xκ

]
≤ ε2h4 + 4λε − 4b′ + 4κ[b′(0) + h3]

4xκ
on (0,1),

where

h4(x) = 2a′′(x) − 4κ
[
a′′(0) + h2(x)

] + κ(κ + 1)
[
a′′(0) + 2h1(x)

]
.

As b′(x) = b′(0)+h5(x) with h5(x) → 0 as x → 0+, we find 0 < x∗ � 1 and 0 < ε∗ � 1 such that the claim (3.1) holds.
For each ε ∈ (0, ε∗], consider

wε(x) = vε(x) − 1

xκ
, x ∈ (0, x∗].

We claim that

(3.2) wε ≤ 0 on (0, x∗],∀ε ∈ (0, ε∗].
Indeed, making ε∗ smaller if necessary, we can apply Corollary 3.1 and Theorem A (1) to conclude that

lim sup
x→0+

wε(x) < 0, wε(x∗) < 0,∀ε ∈ (0, ε∗].

Thus, if (3.2) fails, then there is some ε0 ∈ (0, ε∗] such that w := wε0 has a positive maximum attained at some point in
(0, x∗). Let x0 ∈ (0, x∗) be such that

w(x0) = max
(0,x∗]

w > 0.

Then, w′(x0) = 0 and w′′(x0) ≤ 0.
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As (Lε0 + λε0)vε0 = 0, (3.1) yields that

(Lε0 + λε0)w > 0 on (0, x∗).

But, making ε∗ and x∗ smaller if necessary, we have

(Lε0 + λε0)w(x0) = ε2
0

2

[
a(x0)w

′′(x0) + 2a′(x0)w
′(x0) + a′′(x0)w(x0)

]
− [

b(x0)w
′(x0) + b′(x0)w(x0)

] + λε0w(x0)

≤
[
ε2

0

2
a′′(x0) − b′(x0) + λε0

]
w(x0) < 0,

which leads to a contradiction. Thus, the claim (3.2) follows. This completes the proof. �

In Proposition 3.1 and Proposition 3.2, concentration estimates of {νε}ε near ∞ and 0 are respectively established.
The proof of Theorem B now follows readily.

Proof of Theorem B. Let {νεn}n be a sequence of {νε}ε , where εn → 0 as n → ∞. For any δ > 0, we see from Proposition
3.1 and Proposition 3.2 that there exists a compact set K1

δ ⊂ (0,∞) and an integer nδ 	 1 such that

νεn

(
K1

δ

) ≥ 1 − δ, ∀n ≥ nδ.

Clearly, there exists a compact set K2
δ ⊂ (0,∞) such that

νεn

(
K2

δ

) ≥ 1 − δ, ∀n ∈ {1, . . . , nδ}.
Setting Kδ := K1

δ ∪ K2
δ , we find

νεn(Kδ) ≥ 1 − δ, ∀n.

Hence, the family of QSDs {νεn}n is tight.
The rest of the conclusions in the statement follow from Theorem A. �

3.2. Proof of Lemma 3.1

The idea is to use the standard change of variable for one-dimensional problems (see e.g. [21]) to rewrite the densities
{vε}ε of the QSDs {νε}ε in the new coordinate system. A delicate analysis of {vε}ε in the new coordinate system near 0
then gives required information about {vε}ε near 0.

Throughout the rest of this subsection, the conditions in the statement of Lemma 3.1 are assumed, that is, we assume
(A1) and a ∈ C1([0,1)) with

(3.3) a(x) ≥ C∗x1+κ∗ , ∀x ∈ (0,1)

for some C∗ > 0 and κ∗ ∈ [0,1).
We see from (3.3) that

∫ 1
0

1√
a(x)

dx < ∞. This together with (A1)(2) implies that for each 0 < ε � 1, the function

ξε : [0,∞) → [0,∞), defined by

ξε(x) =
∫ x

0

1

ε
√

a(s)
ds, x ∈ [0,∞),

is well-defined and increasing on [0,∞) with range [0,�ε), where

�ε =
∫ ∞

0

1

ε
√

a(s)
ds.

It is worthwhile to mention that ξε introduces the canonical transform converting the SDE satisfied by Xε
t (namely, the

SDE (1.1)) to the one with the simplest noise coefficient. More precisely, Y ε
t := ξε(X

ε
t ) satisfies

dY ε
t = Lεξε

(
ξ−1
ε

(
Y ε

t

))
dt + dWt, Y ε

0 ∈ [0,�ε).
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Set

qε(x) = −Lεξε

(
ξ−1
ε (x)

)
, x ∈ (0,�ε)

and

Qε(x) =
∫ x

1
2qε(s) ds, x ∈ (0,�ε).

Lemma 3.2. The following hold.

(1) For each 0 < ε � 1,

e−Qε(x) = ηε(ξ
−1
ε (x))√

a(ξ−1
ε (x))

, x ∈ (0,�ε),

where ηε : (0,∞) → (0,∞) is a continuous function satisfying

0 < inf
(0,A)

ηε ≤ sup
(0,A)

ηε < ∞, ∀A > 0.

(2) For each 0 < ε � 1,

eQε(x) = ζε

(
ξ−1
ε (x)

)√
a
(
ξ−1
ε (x)

)
, x ∈ (0,�ε),

where ζε : (0,∞) → (0,∞) is a continuous function satisfying

0 < inf
(0,A)

ζε ≤ sup
(0,A)

ζε < ∞, ∀A > 0.

(3) For each 0 < ε � 1,
∫ 1

0 e−Qε(x) dx = ∞.

Proof. (1) A straightforward calculation yields

Lεξε = −ε

4

a′
√

a
+ b

ε
√

a
.

Thus, for any x ∈ (0,�ε),

Qε(x) = −2
∫ x

1
Lεξε

(
ξ−1
ε (s)

)
ds = −2

∫ ξ−1
ε (x)

ξ−1
ε (1)

Lεξε(s)ξ
′
ε(s) ds

=
∫ ξ−1

ε (x)

ξ−1
ε (1)

[
1

2

a′(s)
a(s)

− 2

ε2

b(s)

a(s)

]
ds

= 1

2
lna

(
ξ−1
ε (x)

) − 1

2
lna

(
ξ−1
ε (1)

) − 2

ε2

∫ ξ−1
ε (x)

ξ−1
ε (1)

b(s)

a(s)
ds.

Note that we may assume, without loss of generality, that �ε > 1 for all 0 < ε � 1 so that ξ−1
ε (1) is well-defined. Setting

ηε(x) := exp

{
1

2
lna

(
ξ−1
ε (1)

) + 2

ε2

∫ x

ξ−1
ε (1)

b(s)

a(s)
ds

}
, x ∈ (0,∞),

we find the desired expression for e−Qε . By (A1) and (3.3), the integral
∫ x

ξ−1
ε (1)

b(s)
a(s)

ds is finite for all x > 0. This yields
the desired properties of ηε .

(2) Setting

ζε(x) := exp

{
−1

2
lna

(
ξ−1
ε (1)

) − 2

ε2

∫ x

ξ−1
ε (1)

b(s)

a(s)
ds

}
, x ∈ (0,∞),

the results follow from arguments as in the proof of (1).
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(3) We see from (1) that

∫ 1

0
e−Qε(x) dx =

∫ ξ−1
ε (1)

0

ηε(x)√
a(x)

ξ ′
ε(x) dx = 1

ε

∫ ξ−1
ε (1)

0

ηε(x)

a(x)
dx ≥ cε

ε

∫ ξ−1
ε (1)

0

1

a(x)
dx,

where cε = inf
(0,ξ−1

ε (1))
ηε > 0. The result then follows from (A1)(2) and a ∈ C1([0,1)). In fact, Taylor expansion gives

a(x) = a′(0)x + h(x)x with h(x) → 0 as x → 0+. If a′(0) > 0,
∫ ξ−1

ε (1)

0
1

a(x)
dx = ∞ follows readily. If a′(0) = 0, then

h(x) > 0 near x = 0, which implies
∫ ξ−1

ε (1)

0
1

a(x)
dx = ∞ as well. �

For each 0 < ε � 1, consider the function

(3.4) uε(x) = vε(ξ
−1
ε (x))

ξ ′
ε(ξ

−1
ε (x))

eQε(x), x ∈ (0,�ε).

Lemma 3.3. For each 0 < ε � 1, uε satisfies the following properties:

(1)
∫ �ε

0 uε(x)e−Qε(x) dx = 1;
(2) there holds

(3.5)
1

2
u′′

ε − qεu
′
ε = −λεuε in (0,�ε);

(3) the function x �→ u′
ε(x)e−Qε(x) is decreasing on (0,�ε), and has finite limit as x → 0+.

Proof. (1) The property holds because

∫ �ε

0
uε(x)e−Qε(x) dx =

∫ �ε

0

vε(ξ
−1
ε (x))

ξ ′
ε(ξ

−1
ε (x))

dx =
∫ ∞

0
vε(x) dx = 1.

(2) Since ξ ′
ε = 1

ε
√

a
on (0,∞), we have

wε(x) := vε(ξ
−1
ε (x))

ξ ′
ε(ξ

−1
ε (x))

= ε

√
a
(
ξ−1
ε (x)

)
vε

(
ξ−1
ε (x)

)
, x ∈ (0,�ε).

We claim that wε satisfies

(3.6)
1

2
w′′

ε + (qεwε)
′ = −λεwε on (0,�ε).

Let y = ξ−1
ε (x), or x = ξε(y). Then,

wε(x)ξ ′
ε(y) = vε(y).

Since

[
a(y)vε(y)

]
y

= [
a(y)wε(x)ξ ′

ε(y)
]
y

= w′
ε(x)ξ ′

ε(y)a(y)ξ ′
ε(y) + wε(x)

[
a(y)ξ ′

ε(y)
]
y

= w′
ε(x)

ε2
− wε(x)a(y)ξ ′′

ε (y),
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it follows that

ε2

2

[
a(y)vε(y)

]
yy

− [
b(y)vε(y)

]
y

= 1

2
w′′

ε (x)ξ ′
ε(y) − ε2

2

[
wε(x)a(y)ξ ′′

ε (y)
]
y

− [
b(y)wε(x)ξ ′

ε(y)
]
y

= 1

2
w′′

ε (x)ξ ′
ε(y) −

[(
ε2

2
a(y)ξ ′′

ε (y) + b(y)ξ ′
ε(y)

)
wε(x)

]
y

= 1

2
w′′

ε (x)ξ ′
ε(y) − [

Lεξε(y)wε(x)
]
y

= 1

2
w′′

ε (x)ξ ′
ε(y) + [

qε(x)wε(x)
]
y

= 1

2
w′′

ε (x)ξ ′
ε(y) + [

qε(x)wε(x)
]
x
ξ ′
ε(y).

Hence by (2.1), we deduce

1

2
w′′

ε (x) + [
qε(x)wε(x)

]
x

= 1

ξ ′
ε(y)

{
ε2

2

[
a(y)vε(y)

]
yy

− [
b(y)vε(y)

]
y

}
= −λε

vε(y)

ξ ′
ε(y)

= −λεwε(x),

that is, the claim holds.
Now, we find from wε = uεe

−Qε that w′
ε = u′

εe
−Qε − 2qεwε and

w′′
ε = u′′

ε e
−Qε − 2qεu

′
εe

−Qε − 2(qεwε)
′,

that is,

1

2
w′′

ε + (qεwε)
′ = 1

2
u′′

ε e
−Qε − qεu

′
εe

−Qε .

This together with (3.6) gives

−λεwε = 1

2
w′′

ε + (qεwε)
′ = 1

2
u′′

ε e
−Qε − qεu

′
εe

−Qε ,

which leads to the desired equality for uε .
(3) Multiplying (3.5) by e−Qε , we find (

u′
εe

−Qε
)′ = −2λεuεe

−Qε ,

which leads to

(3.7) u′
ε(x)e−Qε(x) = u′

ε(x0)e
−Qε(x0) − 2λε

∫ x

x0

uε(s)e
−Qε(s) ds, ∀x0, x ∈ (0,�ε).

Note that if x > x0, then u′
ε(x)e−Qε(x) < u′

ε(x0)e
−Qε(x0), that is, the function x �→ u′

ε(x)e−Qε(x) is decreasing on (0,�ε).
Letting x0 → 0+ in (3.7), we conclude from (1) that the limit limx→0+ u′

ε(x)e−Qε(x) exists and is finite. �

We are ready to prove Lemma 3.1.

Proof of Lemma 3.1. According to (3.4), the definition of ξε , and Lemma 3.2 (1), we have

vε(x) = uε

(
ξε(x)

)
e−Qε(ξε(x))ξ ′

ε(x) = uε(ξε(x))

ε

ηε(x)

a(x)
, x ∈ (0,∞).

To examine the behaviors of uε(ξε(x)) as x → 0+, we first note that

(3.8) lim
x→0+ uε(x) = 0.

In fact, Lemma 3.2 (3) and Lemma 3.3 (1) imply that lim infx→0+ uε(x) = 0. If lim supx→0+ uε(x) > 0, then u′
ε is

unbounded on (0,1). But Lemma 3.2 (1) implies that limx→0+ e−Qε(x) = ∞, which together with Lemma 3.3 (3) implies
that limx→0+ u′

ε(x) = 0, a contradiction. Hence, (3.8) holds.
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The limit (3.8) ensures that

uε(x) =
∫ x

0
u′

ε(s) ds, x ∈ (0,�ε).

Setting �ε := limx→0+ u′
ε(x)e−Qε(x), we find from Lemma 3.3 (3) and Lemma 3.2 (2) that

uε

(
ξε(x)

) =
∫ ξε(x)

0
u′

ε(s) ds

=
∫ ξε(x)

0
u′

ε(s)e
−Qε(s)eQε(s) ds

≤ �ε

∫ ξε(x)

0
eQε(s) ds

= �ε

∫ ξε(x)

0
ζε

(
ξ−1
ε (s)

)√
a
(
ξ−1
ε (s)

)
ds

= �ε

∫ x

0
ζε(s)

√
a(s)ξ ′

ε(s) ds

= �ε

ε

∫ x

0
ζε(s) ds, ∀x ∈ (0,∞).

It follows that

vε(x) ≤ �ε

ε2

η(x)

a(x)

∫ x

0
ζε(s) ds ≤

[
�ε

ε2
ηε(x) sup

(0,1)

ζε

]
x

a(x)
, ∀x ∈ (0,1).

The lemma then follows from Lemma 3.2 (1)(2) and (3.3). �

4. Applications

In this section, we discuss applications of Theorem A and Theorem B to models arising from chemical reactions and
population dynamics. Due to the similarity, we study a class of chemical reactions in details in Section 4.1 and roughly
discuss the application to diffusion approximations of birth-and-death processes in Section 4.2.

4.1. Keizer’s paradox

We consider the following simple chemical reactions:

(4.1) A + X
k1�
k−1

2X, X
k2−→ C,

where the positive numbers k1, k−1 and k2 are reaction rate constants. The concentration of the chemical substance A is
assumed to remain constant, and is denoted by xA. We consider in particular the case with k1xA > k2.

Let V be the total volume of the system and {XV
t }t≥0 be the continuous-time Markov jump process counting the

number of the substance X. By the law of large numbers [1,19], the scaled process {XV
t

V
}t≥0 converges to the solutions of

the following ODE:

(4.2) ẋ = b(x), x ∈ [0,∞),

on any given finite time interval as the volume V grows to infinity, where

b(x) = −k−1x
2 + k1xAx − k2x = k−1x

(
k1xA − k2

k−1
− x

)
.

The ODE (4.2) is the classical mean field model for the concentration of the substance X. It is clear that (4.2) admits two
equilibria: an unstable one at 0 and a globally asymptotically stable one at

xe := k1xA − k2

k−1
.
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The fluctuation of {XV
t

V
}t≥0 around the solutions of (4.2) for V 	 1 is captured by the central limit theorem [1,19,44].

More precisely, for sufficiently large V , the process {XV
t

V
}t≥0 stays close to the solutions of the following SDE

(4.3) dXt = b(Xt ) dt + ε
√

a(Xt ) dWt , X0 ∈ [0,∞),

on any given finite time interval, where ε = 1√
V

and

a(x) = k−1x
2 + k1xAx + k2x.

The SDE (4.3) is often referred to as the diffusion approximation of the process {XV
t

V
}t≥0. The following result, being

indeed a special case of those contained in [43,44], provides a rigorous justification of the diffusion approximation.

Theorem 4.1 ([43,44]). Let {ZV
t }t≥0 be the diffusion process given by

ZV
t = ZV

0 +
∫ t

0
b
(
ZV

s

)
ds + 1

V

[
W 1

(
V

∫ t

0
k1xAZV

s ds

)
− W−1

(
V

∫ t

0

(
k−1

(
ZV

s

)2 + k2Z
V
s

)
ds

)]
,

where W 1(t) and W−1(t) are independent standard one-dimensional Wiener processes. Then, the following hold.

(1) {ZV
t }t≥0 has the same distribution as the diffusion process generated by solutions of (4.3).

(2) For any L > 0 and T > 0, there is a random variable K satisfying E{eλK} < ∞ for some λ > 0 such that if ZV
0 =

XV
0

V
→ x0 ∈ (0,L) as V → ∞, then

sup
0≤t≤T ∧τV

L

∣∣∣∣XV
t

V
− ZV

t

∣∣∣∣ ≤ K
lnV

V
a.s. for all V 	 1,

where τV
L = inf{t ≥ 0 : XV

t

V
/∈ (0,L) or ZV

t /∈ (0,L)}. Moreover, if L > xe, then limV →∞ P{τV
L > T } = 1.

It is not hard to show that the solutions of (4.3) almost surely reach 0 in finite time, while the solutions of (4.2) with
positive initial data converge to the equilibrium xe. This gives rise to the so-called Keizer’s paradox [38], which is often

formulated in terms of the chemical master equation (CME) satisfied by the distributions of {XV
t }t≥0 or {XV

t

V
}t≥0 (see

e.g. [10,39,61]). In [61], the authors numerically showed that the QSD of the CME tends to the Dirac delta measure at
xe as the volume V → ∞, and calculated the first passage time to the extinction as well as to the QSD to exhibit the
multi-scale nature. The multi-scale nature of Keizer’s paradox was further investigated in [10], where the authors used a
slow manifold reduction method to estimate the spectral gaps of relevant operators that quantify the first passage time to
the extinction and to the QSD.

The purpose of this subsection is to give a rigorous justification of Keizer’s paradox in term of the diffusion approxi-
mation (4.3). More precisely, we prove the following theorem.

Theorem 4.2. Assume k1xA > k2. Then the following hold.

(1) For each 0 < ε � 1, the SDE (4.3) admits a unique QSD νε on (0,∞).
(2) limε→0+ νε = δxe in the topology of weak convergence, where δxe is the Dirac delta measure at xe.

The rest of this subsection is devoted to the proof of Theorem 4.2. We first apply the theory developed in [2] (also see
[31,48]) to study the existence and uniqueness of QSDs for (4.3) for fixed ε. In particular, we prove Theorem 4.2 (1).
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For each 0 < ε � 1, consider the function ξε : [0,∞) → [0,∞):

ξε(x) :=
∫ x

0

1

ε
√

a(s)
ds

= 1

ε
√

k−1

∫ x

0

1√
s2 + 2c0s

ds

= 1

ε
√

k−1

∫ x

0

1√
(s + c0)2 − c2

0

ds

= 1

ε
√

k−1
cosh−1

(
x + c0

c0

)
,

where c0 = k1xA+k2
2k−1

. Clearly, ξε is increasing with range [0,∞). Simple calculations lead to

ξ−1
ε (x) = c0

[
cosh

(
x

ε
√

k−1

)
− 1

]
= c0

2

(
e

ε
√

k−1
2 x − e− ε

√
k−1
2 x

)2
.

Define Yt = ξε(Xt ). Itô’s formula yields

(4.4) dYt = LX
ε ξε

(
ξ−1
ε (Yt )

)
dt + dWt,

where LX
ε is the generator of (4.3), namely,

LX
ε = ε2

2
a(x)

d2

dx2
+ b(x)

d

dx
.

Hence,

LX
ε ξε(x) = ε2

2
a(x)ξ ′′

ε (x) + b(x)ξ ′
ε(x) =

b(x)
ε

− εk−1
2 (x + c0)√

k−1x2 + k1xAx + k2x
.

Let

qε(y) = −LX
ε ξε

(
ξ−1
ε (y)

)
, y ∈ [0,∞).

The SDE (4.4) can be rewritten as

(4.5) dYt = −qε(Yt ) dt + dWt .

Lemma 4.1. The following hold for each 0 < ε � 1:

y → 0+ : ξ−1
ε (y) ∼ ε2c0k−1

2
y2, qε(y) ∼ 1

2y
,

y → ∞ : ξ−1
ε (y) ∼ c0

2
eε

√
k−1y, qε(y) ∼ c0

√
k−1

2ε
eε

√
k−1y.

Proof. The asymptotic behaviors of ξ−1
ε (y) as y → 0+ and y → ∞ follow readily. The asymptotic behaviors of qε(y)

as y → 0+ and y → ∞ follow from those of ξ−1
ε (y) and

x → 0+ : LX
ε ξ(x) ∼ −ε

√
c0k−1

2
√

2

1√
x

,

x → ∞ : LX
ε ξ(x) ∼ −

√
k−1

ε
x. �

Let

Qε(y) =
∫ y

1
2qε(s) ds, y ∈ (0,∞).
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Lemma 4.2. The following hold for each 0 < ε � 1:

y → 0+ : Qε(y) ∼ lny,

y → ∞ : Qε(y) ∼ c0

ε2
eε

√
k−1y.

Proof. It follows immediately from Lemma 4.1. �

Denote by τ ε the explosion time for the solution of (4.3). Let

T ε
0 = lim

n→∞ inf

{
0 ≤ t < τε : yε(t) = 1

n

}
,

T ε∞ = lim
n→∞ inf

{
0 ≤ t < τε : yε(t) = n

}
.

Since qε is regular on (0,∞), there holds τ ε = min{T ε
0 , T ε∞}.

It is not hard to check that assumptions (H1), (H2), (H4) and (H5) in [2] hold. More precisely, we have the following
result.

Lemma 4.3. The following statements hold for each 0 < ε � 1.

(1) For all y > 0, Pε
y(T

ε
0 < T ε∞) = 1.

(2) infy>0[q2
ε (y) − q ′

ε(y)] > −∞ and limy→∞[q2
ε (y) − q ′

ε(y)] = ∞.

(3)
∫ ∞

1 e−Qε(s) ds < ∞ and
∫ 1

0 se− Qε(s)
2 ds < ∞.

(4)
∫ ∞

1 e−Qε(s)
∫ s

1 eQε(t) dt ds < ∞, or equivalently,
∫ ∞

1 eQε(s)
∫ ∞
s

e−Qε(t) dt ds < ∞.

Proof. It follows from Lemma 4.1 and Lemma 4.2. �

It is well-known (see e.g. [36, Chapter VI, Theorem 3.2]) that Lemma 4.3 (1) is equivalent to the following elementary
conditions:

	ε(∞) = ∞ and κε

(
0+)

< ∞,

where 	ε(y) = ∫ y

1 eQε(s) ds and κε(y) = ∫ y

1 eQε(s)
∫ s

1 e−Qε(t) dt ds.
Let

dμY
ε (y) = e−Qε(y) dy on (0,∞),

and

LY
ε := 1

2

d2

dy2
− qε(y)

d

dy

be the generator of (4.5). It is straightforward to check that the operator LY
ε is formally self-adjoint in L2(μY

ε ). We
can construct a self-adjoint extension of LY

ε in L2(μY
ε ), still denoted by LY

ε , as follows. Consider the symmetric form
EY

ε : C∞
0 ((0,∞)) × C∞

0 ((0,∞)) → [0,∞) defined by

EY
ε (φ,ψ) =

∫ ∞

0
φ′ψ ′ dμY

ε , ∀φ,ψ ∈ C∞
0

(
(0,∞)

)
.

It can be shown that EY
ε is Markovian and closable following the proof of [27, Theorem 2.1.4]. Its smallest closed

extension, still denoted by EY
ε , is a Dirichlet form with domain D(EY

ε ) being the closure of C∞
0 ((0,∞)) under the norm

‖φ‖2
D(EY

ε )
:= ‖φ‖2

L2(μY
ε )

+ EY
ε (φ,φ). Then, the non-negative self-adjoint operator associated with EY

ε is a self-adjoint

extension of −LY
ε .

Proposition 4.1. For each 0 < ε � 1, the SDE (4.5) admits a unique QSD on (0,∞) given by ηY
ε dμY

ε , where ηY
ε ∈

C2((0,∞)) ∩ L2(μY
ε ) ∩ L1(μY

ε ) is positive on (0,∞) and is the unique (up to constant multiplication) eigenfunction
associated to the first eigenvalue λε of −LY

ε , which has a purely discrete spectrum contained in (0,∞) with the only
accumulation point ∞.
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Proof. It follows from Lemma 4.3 and [2]. �

Let

(4.6) vε := (
ηY

ε ◦ ξε

)
e−Qε◦ξε ξ ′

ε and dνε(x) := vε(x) dx.

Clearly, vε is positive and C2 on (0,∞). Moreover,

∫ ∞

0
vε dx =

∫ ∞

0
ηY

ε (y)e−Qε(y) dy =
∫ ∞

0
ηY

ε dμY
ε = 1.

Theorem 4.2 (1) is a special case of the following corollary.

Corollary 4.1. For each 0 < ε � 1, the SDE (4.3) admits a unique QSD given by νε . Moreover, its density vε satisfies

ε2

2
(avε)

′′ − (bvε)
′ = −λεvε on (0,∞).

Proof. As the transformation ξε is invertible, the QSDs of (4.3) and that of (4.5) are in one-to-one correspondence. Hence,
applying Proposition 4.1, we conclude that (4.3) admits a unique QSD for each 0 < ε � 1. Arguments as in the proof of
Lemma 3.3 (2) ensure that vε satisfies the desired equation. �

It remains to prove Theorem 4.2 (2).

Proof of Theorem 4.2 (2). The proof amounts to the verification of conditions (A1)-(A4). It is trivial to see that condi-
tions (A1), (A3), and (A4) are satisfied.

To verify (A2), we need to construct a C2 function U∞ defined on [x∞,∞) for some x∞ 	 1 such that

(1) 0 < inf[x∞,∞) U∞ < sup[x∞,∞) U∞ < ∞;
(2) limx→∞ U∞(x) = sup[x∞,∞) U∞;
(3) there is γ∞ > 0 such that LX

ε U∞ ≤ −γ∞ on [x∞,∞) for all 0 < ε � 1.

To do so, we first consider function w : (xe,∞) → [0,∞):

w(x) = −
∫ x

x∗
b(s) ds, x ∈ (x∗,∞),

It is easy to see that w ∈ C2((xe,∞)) and satisfies

w′ > 0 on (xe,∞), lim
x→x−

e

w(x) = 0, and lim
x→∞w(x) = ∞.

Next, we modify w to obtain U∞. For fixed ρM 	 1, consider

φ(x) = ρM − 2ρM

3 lnx
, x > 0.

Obviously, φ is monotonically increasing, smooth, and concave on (0,∞). We now fix x∞ 	 1 and define U∞ :
[x∞,∞) → [0,∞) by setting

U∞(x) = φ
(
w(x)

)
, x ∈ [x∞,∞).

Clearly, U∞ is C2, monotonically increasing, positive, and bounded. In particular, U∞ satisfies (1) and (2).
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It remains to verify (3). By using the concavity of φ on [x∞,∞) and the fact that φ′(w)ab′ < 0 on [x∞,∞), we have

LX
ε U∞ = ε2

2
aU ′′∞ + bU ′∞

= φ′(w)

(
ε2

2
aw′′ + bw′

)
+ 1

2V
aφ′′(w)

(
w′)2

≤ φ′(w)

(
ε2

2
aw′′ + bw′

)

= φ′(w)

(
ε2

2
ab′ − b2

)
≤ −φ′(w)b2 on [x∞,∞).

By the definitions of φ and w, it is straightforward to check that φ′(w(x))b2(x) → ∞ as x → ∞. As a result, there is
γ∞ > 0 such that

−φ′(w)b2 ≤ −γ∞ on [x∞,∞).

Hence, U∞ satisfies (3), and (A2) holds.
As xe is the globally asymptotically stable equilibrium of the ODE (4.2) in (0,∞), the result follows from Theorem

B. �

4.2. BDPs and their diffusion approximations

In this subsection, we roughly discuss the application of our main results on the concentration of QSDs to diffusion
approximations of birth-and-death processes (BDPs). Let N be the set of positive integers and N0 = N ∪ {0}. Consider a
continuous-time birth-and-death process {ZK

t }t≥0 on the state space N0 with birth rates

λK
0 = 0, λK

n = nλ̃

(
n

K

)
, n ∈N,

and death rates

μK
n = nμ̃

(
n

K

)
, n ∈ N,

where K > 1 is the scaling parameter, often referred to as the carrying capacity, and λ̃ and μ̃ are positive functions on
[0,∞), and satisfy λ̃(0) > μ̃(0). A typical example is the logistic BDP whose birth and death rates are respectively given
by

λK
0 = 0, λK

n = λ̃n and μK
n = n

(
μ̃ + n

K

)
, n ∈N,

where λ̃ > μ̃ > 0.
Let

λ(x) = xλ̃(x), μ(x) = xμ̃(x), x ∈ [0,∞).

By the central limit theorem (see e.g. [19,43,44]), for sufficiently large K , the process {ZK
t

K
}t≥0 stays close to solutions of

the following SDE

(4.7) dXt = [
λ(Xt ) − μ(Xt)

]
dt +

√
λ(Xt ) + μ(Xt)

K
dWt, X0 ∈ [0,∞)

on any given finite time interval. The SDE (4.7) is the diffusion approximation of {ZK
t

K
}t≥0. Appropriate conditions on

λ̃(x) and μ̃(x) can be imposed to ensure that for each K > 1, the SDE (4.7) admits a unique QSD νK on (0,∞), and
assumptions (A1)–(A4) are satisfied, and hence, conclusions of Theorem A and Theorem B hold for νK . For the logistic
case,

lim
K→∞νK = δλ̃−μ̃ in the topology of weak convergence.
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Appendix: Harnack’s inequality

Let I ⊂R be an open interval and consider the differential operator

Lu := (
αu′ + βu

)′ + κu on I,

where α, β and κ are measurable and bounded functions on I . The following result is a special case of [28, Theorem
8.20].

Lemma A.1 (Harnack’s inequality). Suppose that there are constants λ > 0, 	 > 0 and ν ≥ 0 such that for any x ∈ I ,

λ ≤ α(x) ≤ 	 and
β2(x)

λ2
+ κ(x)

λ
≤ ν2.

If u ∈ W 1,2(I) be a nonnegative solution of Lu = 0 on I , then for any interval (y − 4R,y + 4R) ⊂ I , there holds

sup
(y−R,y+R)

u ≤ C
( 	

λ
+νR)

0 inf
(y−R,y+R)

u,

where C0 > 0 is a universal constant.

Acknowledgements

We are grateful to the referee for his/her carefully reading of the manuscript and for providing many constructive critiques
and helpful suggestions which leads to a significant improvement of the paper. We would like to thank Professor Hong
Qian for many stimulating discussions.

References

[1] D. F. Anderson and T. G. Kurtz. Stochastic Analysis of Biochemical Systems. Mathematical Biosciences Institute Lecture Series. Stochastics
in Biological Systems 1. Springer, Cham; MBI Mathematical Biosciences Institute, Ohio State University, Columbus, OH, 2015. MR3363610
https://doi.org/10.1007/978-3-319-16895-1

[2] P. Cattiaux, P. Collet, A. Lambert, S. Martinez, S. Meleard and J. San Martin. Quasi-stationary distributions and diffusion models in population
dynamics. Ann. Probab. 37 (5) (2009) 1926–1969. MR2561437 https://doi.org/10.1214/09-AOP451

[3] P. Cattiaux and S. Méléard. Competitive or weak cooperative stochastic Lotka–Volterra systems conditioned on non-extinction. J. Math. Biol. 60
(6) (2010) 797–829. MR2606515 https://doi.org/10.1007/s00285-009-0285-4

[4] J. A. Cavender. Quasi-stationary distributions of birth-and-death processes. Adv. in Appl. Probab. 10 (3) (1978) 570–586. MR0501388
https://doi.org/10.2307/1426635

[5] N. Champagnat and D. Villemonais. Exponential convergence to quasi-stationary distribution and Q-process. Probab. Theory Related Fields 164
(1–2) (2016) 243–283. MR3449390 https://doi.org/10.1007/s00440-014-0611-7

[6] N. Champagnat and D. Villemonais. Exponential convergence to quasi-stationary distribution for absorbed one-dimensional diffusions with
killing. ALEA Lat. Am. J. Probab. Math. Stat. 14 (1) (2017) 177–199. MR3622466

[7] N. Champagnat and D. Villemonais. Uniform convergence of conditional distributions for absorbed one-dimensional diffusions. Adv. in Appl.
Probab. 50 (1) (2018) 178–203. MR3781982 https://doi.org/10.1017/apr.2018.9

[8] N. Champagnat and D. Villemonais. Lyapunov criteria for uniform convergence of conditional distributions of absorbed Markov processes.
Stochastic Process. Appl. 135 (2021) 51–74. MR4222402 https://doi.org/10.1016/j.spa.2020.12.005

[9] J.-R. Chazottes, P. Collet and S. Méléard. Sharp asymptotics for the quasi-stationary distribution of birth-and-death processes. Probab. Theory
Related Fields 164 (1–2) (2016) 285–332. MR3449391 https://doi.org/10.1007/s00440-014-0612-6

[10] P. Childs and J. P. Keener. Slow manifold reduction of a stochastic chemical reaction: Exploring Keizer’s paradox. Discrete Contin. Dyn. Syst.
Ser. B 17 (6) (2012) 1775–1794. MR2924439 https://doi.org/10.3934/dcdsb.2012.17.1775

[11] P. Collet, S. Martínez and J. San Martín. Asymptotic laws for one-dimensional diffusions conditioned to nonabsorption. Ann. Probab. 23 (3)
(1995) 1300–1314. MR1349173

[12] P. Collet, S. Martínez and J. San Martín. Quasi-Stationary Distributions. Markov Chains, Diffusions and Dynamical Systems. Probability and Its
Applications (New York). Springer, Heidelberg, 2013. MR2986807 https://doi.org/10.1007/978-3-642-33131-2

[13] M. V. Day. Recent progress on the small parameter exit problem. Stochastics 20 (2) (1987) 121–150. MR0877726 https://doi.org/10.1080/
17442508708833440

[14] M. V. Day. Mathematical approaches to the problem of noise-induced exit. In Stochastic Analysis, Control, Optimization and Applications 269–
287. Systems Control Found. Appl., Birkhäuser Boston, Boston, MA, 1999.

[15] A. Dembo and O. Zeitouni. Large Deviations Techniques and Applications, 2nd edition. Applications of Mathematics (New York) 38. Springer-
Verlag, New York, 1998. MR1619036 https://doi.org/10.1007/978-1-4612-5320-4

[16] A. Devinatz, R. Ellis and A. Friedman. The asymptotic behavior of the first real eigenvalue of second order elliptic operators with a small parameter
in the highest derivatives. II. Indiana Univ. Math. J. 23 (1973/74) 991–1011. MR0344709 https://doi.org/10.1512/iumj.1974.23.23081

https://mathscinet.ams.org/mathscinet-getitem?mr=3363610
https://doi.org/10.1007/978-3-319-16895-1
https://mathscinet.ams.org/mathscinet-getitem?mr=2561437
https://doi.org/10.1214/09-AOP451
https://mathscinet.ams.org/mathscinet-getitem?mr=2606515
https://doi.org/10.1007/s00285-009-0285-4
https://mathscinet.ams.org/mathscinet-getitem?mr=0501388
https://doi.org/10.2307/1426635
https://mathscinet.ams.org/mathscinet-getitem?mr=3449390
https://doi.org/10.1007/s00440-014-0611-7
https://mathscinet.ams.org/mathscinet-getitem?mr=3622466
https://mathscinet.ams.org/mathscinet-getitem?mr=3781982
https://doi.org/10.1017/apr.2018.9
https://mathscinet.ams.org/mathscinet-getitem?mr=4222402
https://doi.org/10.1016/j.spa.2020.12.005
https://mathscinet.ams.org/mathscinet-getitem?mr=3449391
https://doi.org/10.1007/s00440-014-0612-6
https://mathscinet.ams.org/mathscinet-getitem?mr=2924439
https://doi.org/10.3934/dcdsb.2012.17.1775
https://mathscinet.ams.org/mathscinet-getitem?mr=1349173
https://mathscinet.ams.org/mathscinet-getitem?mr=2986807
https://doi.org/10.1007/978-3-642-33131-2
https://mathscinet.ams.org/mathscinet-getitem?mr=0877726
https://doi.org/10.1080/17442508708833440
https://mathscinet.ams.org/mathscinet-getitem?mr=1619036
https://doi.org/10.1007/978-1-4612-5320-4
https://mathscinet.ams.org/mathscinet-getitem?mr=0344709
https://doi.org/10.1512/iumj.1974.23.23081
https://doi.org/10.1080/17442508708833440


902 Z. Shen, S. Wang and Y. Yi

[17] G. Di Gesú, T. Leliévre, D. Le Peutrec and B. Nectoux. Sharp asymptotics of the first exit point density. Ann. PDE 5 (1) (2019) 5. MR3975562
https://doi.org/10.1007/s40818-019-0059-2

[18] G. Di Gesú, T. Leliévre, D. Le Peutrec and B. Nectoux. The exit from a metastable state: Concentration of the exit point distribution on the low
energy saddle points, part 1. J. Math. Pures Appl. (9) 138 (2020) 242–306. MR4098769 https://doi.org/10.1016/j.matpur.2019.06.003

[19] S. N. Ethier and T. G. Kurtz. Markov Processes. Characterization and Convergence. Wiley Series in Probability and Mathematical Statistics:
Probability and Mathematical Statistics. John Wiley & Sons, Inc., New York, 1986. MR0838085 https://doi.org/10.1002/9780470316658

[20] M. Faure and S. J. Schreiber. Quasi-stationary distributions for randomly perturbed dynamical systems. Ann. Appl. Probab. 24 (2) (2014) 553–598.
MR3178491 https://doi.org/10.1214/13-AAP923

[21] W. Feller. The parabolic differential equations and the associated semi-groups of transformations. Ann. of Math. (2) 55 (1952) 468–519.
MR0047886 https://doi.org/10.2307/1969644

[22] W. Feller. Diffusion processes in one dimension. Trans. Amer. Math. Soc. 77 (1954) 1–31. MR0063607 https://doi.org/10.2307/1990677
[23] P. A. Ferrari, H. Kesten, S. Martinez and P. Picco. Existence of quasi-stationary distributions. A renewal dynamical approach. Ann. Probab. 23 (2)

(1995) 501–521. MR1334159
[24] R. Fierro, S. Martínez and J. San Martín. Limiting conditional and conditional invariant distributions for the Poisson process with negative drift.

J. Appl. Probab. 36 (4) (1999) 1194–1209. MR1742160 https://doi.org/10.1239/jap/1032374765
[25] M. I. Freidlin and A. D. Wentzell. Random Perturbations of Dynamical Systems, 3rd edition. Grundlehren der Mathematischen Wissenschaften

[Fundamental Principles of Mathematical Sciences] 260. Springer, Heidelberg, 2012. Translated from the 1979 Russian original by Joseph Szücs.
MR2953753 https://doi.org/10.1007/978-3-642-25847-3

[26] A. Friedman. The asymptotic behavior of the first real eigenvalue of a second order elliptic operator with a small parameter in the highest
derivatives. Indiana Univ. Math. J. 22 (1972/73) 1005–1015. MR0320551 https://doi.org/10.1512/iumj.1973.22.22084

[27] M. Fukushima. Dirichlet Forms and Markov Processes. North-Holland Mathematical Library 23. North-Holland Publishing Co., Amsterdam–
New York; Kodansha, Ltd., Tokyo, 1980. MR0569058

[28] D. Gilbarg and N. S. Trudinger. Elliptic Partial Differential Equations of Second Order. Classics in Mathematics. Springer-Verlag, Berlin, 2001.
Reprint of the 1998 edition. MR1814364

[29] A. Hastings. Transients: The key to long-term ecological understanding? Trends Ecol. Evol. 19 (1) (2004) 39–45.
[30] A. Hastings, K. C. Abbott, K. Cuddington, T. Francis, G. Gellner, Y. C. Lai et al. Transient phenomena in ecology. Science 361 (6406) (2018),

eaat6412.
[31] A. Hening and M. Kolb. Quasistationary distributions for one-dimensional diffusions with singular boundary points. Stochastic Process. Appl.

129 (5) (2019) 1659–1696. MR3944780 https://doi.org/10.1016/j.spa.2018.05.012
[32] A. Hening, W. Qi, Z. Shen and Y. Yi. Quasi-stationary distributions of multi-dimensional diffusion processes. Available at https://sites.ualberta.

ca/~zhongwei/manuscript-Hening-Qi-Shen-Yi-QSD.pdf.
[33] G. Högnäs. On the quasi-stationary distribution of a stochastic Ricker model. Stochastic Process. Appl. 70 (2) (1997) 243–263. MR1475665

https://doi.org/10.1016/S0304-4149(97)00064-1
[34] W. Huang, M. Ji, Z. Liu and Y. Yi. Integral identity and measure estimates for stationary Fokker–Planck equations. Ann. Probab. 43 (4) (2015)

1712–1730. MR3353813 https://doi.org/10.1214/14-AOP917
[35] W. Huang, M. Ji, Z. Liu and Y. Yi. Concentration and limit behaviors of stationary measures. Phys. D 369 (2018) 1–17. MR3771195

https://doi.org/10.1016/j.physd.2017.12.009
[36] N. Ikeda and S. Watanabe. Stochastic Differential Equations and Diffusion Processes, 2nd edition. North-Holland Mathematical Library 24.

North-Holland Publishing Co., Amsterdam; Kodansha, Ltd., Tokyo, 1989. MR0637061
[37] F. Jacobs and S. J. Schreiber. Random perturbations of dynamical systems with absorbing states. SIAM J. Appl. Dyn. Syst. 5 (2) (2006) 293–312.

MR2237149 https://doi.org/10.1137/050626417
[38] J. Keizer. Master equations, Langevin equations, and the effect of diffusion on concentration fluctuations. J. Chem. Phys. 67 (4) (1977) 1473–

1476.
[39] J. Keizer. Statistical Thermodynamics of Nonequilibrium Processes. Springer-Verlag, New York, 1987. MR1082346
[40] R. Khasminskii. Stochastic Stability of Differential Equations. With Contributions by G. N. Milstein and M. B. Nevelson Completely Revised

and Enlarged 2nd edition. Stochastic Modelling and Applied Probability 66. Springer, Heidelberg, 2012. MR2894052 https://doi.org/10.1007/
978-3-642-23280-0

[41] F. C. Klebaner, J. Lazar and O. Zeitouni. On the quasi-stationary distribution for some randomly perturbed transformations of an interval. Ann.
Appl. Probab. 8 (1) (1998) 300–315. MR1620378 https://doi.org/10.1214/aoap/1027961045

[42] M. Kolb and D. Steinsaltz. Quasilimiting behavior for one-dimensional diffusions with killing. Ann. Probab. 40 (1) (2012) 162–212. MR2917771
https://doi.org/10.1214/10-AOP623

[43] T. G. Kurtz. Limit theorems for sequences of jump Markov processes approximating ordinary differential processes. J. Appl. Probab. 8 (1971)
344–356. MR0287609 https://doi.org/10.1017/s002190020003535x

[44] T. G. Kurtz. Limit theorems and diffusion approximations for density dependent Markov chains. Math. Program. Stud. 5 (1976) 67–78.
MR0445626 https://doi.org/10.1007/bfb0120765

[45] T. Leliévre, D. Le Peutrec and B. Nectoux. The exit from a metastable state: concentration of the exit point distribution on the low energy saddle
points, part 2. Stoch PDE. Anal Comp (2021). MR4385411 https://doi.org/10.1007/s40072-021-00202-0

[46] T. Leliévre and F. Nier. Low temperature asymptotics for quasistationary distributions in a bounded domain. Anal. PDE 8 (3) (2015) 561–628.
MR3353826 https://doi.org/10.2140/apde.2015.8.561

[47] X. Liao, L. Wang and P. Yu. Stability of Dynamical Systems. Monograph Series on Nonlinear Science and Complexity 5. Elsevier B. V., Amster-
dam, 2007. MR2535211

[48] J. Littin C. Uniqueness of quasistationary distributions and discrete spectra when ∞ is an entrance boundary and 0 is singular. J. Appl. Probab.
49 (3) (2012) 719–730. MR3012095 https://doi.org/10.1239/jap/1346955329

[49] M. Lladser and J. San Martín. Domain of attraction of the quasi-stationary distributions for the Ornstein–Uhlenbeck process. J. Appl. Probab. 37
(2) (2000) 511–520. MR1781008 https://doi.org/10.1017/s0021900200015692

[50] P. Mandl. Spectral theory of semi-groups connected with diffusion processes and its application. Czechoslovak Math. J. 11 (86) (1961) 558–569.
MR0137143

https://mathscinet.ams.org/mathscinet-getitem?mr=3975562
https://doi.org/10.1007/s40818-019-0059-2
https://mathscinet.ams.org/mathscinet-getitem?mr=4098769
https://doi.org/10.1016/j.matpur.2019.06.003
https://mathscinet.ams.org/mathscinet-getitem?mr=0838085
https://doi.org/10.1002/9780470316658
https://mathscinet.ams.org/mathscinet-getitem?mr=3178491
https://doi.org/10.1214/13-AAP923
https://mathscinet.ams.org/mathscinet-getitem?mr=0047886
https://doi.org/10.2307/1969644
https://mathscinet.ams.org/mathscinet-getitem?mr=0063607
https://doi.org/10.2307/1990677
https://mathscinet.ams.org/mathscinet-getitem?mr=1334159
https://mathscinet.ams.org/mathscinet-getitem?mr=1742160
https://doi.org/10.1239/jap/1032374765
https://mathscinet.ams.org/mathscinet-getitem?mr=2953753
https://doi.org/10.1007/978-3-642-25847-3
https://mathscinet.ams.org/mathscinet-getitem?mr=0320551
https://doi.org/10.1512/iumj.1973.22.22084
https://mathscinet.ams.org/mathscinet-getitem?mr=0569058
https://mathscinet.ams.org/mathscinet-getitem?mr=1814364
https://mathscinet.ams.org/mathscinet-getitem?mr=3944780
https://doi.org/10.1016/j.spa.2018.05.012
https://sites.ualberta.ca/~zhongwei/manuscript-Hening-Qi-Shen-Yi-QSD.pdf
https://mathscinet.ams.org/mathscinet-getitem?mr=1475665
https://doi.org/10.1016/S0304-4149(97)00064-1
https://mathscinet.ams.org/mathscinet-getitem?mr=3353813
https://doi.org/10.1214/14-AOP917
https://mathscinet.ams.org/mathscinet-getitem?mr=3771195
https://doi.org/10.1016/j.physd.2017.12.009
https://mathscinet.ams.org/mathscinet-getitem?mr=0637061
https://mathscinet.ams.org/mathscinet-getitem?mr=2237149
https://doi.org/10.1137/050626417
https://mathscinet.ams.org/mathscinet-getitem?mr=1082346
https://mathscinet.ams.org/mathscinet-getitem?mr=2894052
https://doi.org/10.1007/978-3-642-23280-0
https://mathscinet.ams.org/mathscinet-getitem?mr=1620378
https://doi.org/10.1214/aoap/1027961045
https://mathscinet.ams.org/mathscinet-getitem?mr=2917771
https://doi.org/10.1214/10-AOP623
https://mathscinet.ams.org/mathscinet-getitem?mr=0287609
https://doi.org/10.1017/s002190020003535x
https://mathscinet.ams.org/mathscinet-getitem?mr=0445626
https://doi.org/10.1007/bfb0120765
https://mathscinet.ams.org/mathscinet-getitem?mr=4385411
https://doi.org/10.1007/s40072-021-00202-0
https://mathscinet.ams.org/mathscinet-getitem?mr=3353826
https://doi.org/10.2140/apde.2015.8.561
https://mathscinet.ams.org/mathscinet-getitem?mr=2535211
https://mathscinet.ams.org/mathscinet-getitem?mr=3012095
https://doi.org/10.1239/jap/1346955329
https://mathscinet.ams.org/mathscinet-getitem?mr=1781008
https://doi.org/10.1017/s0021900200015692
https://mathscinet.ams.org/mathscinet-getitem?mr=0137143
https://sites.ualberta.ca/~zhongwei/manuscript-Hening-Qi-Shen-Yi-QSD.pdf
https://doi.org/10.1007/978-3-642-23280-0


Concentration of quasi-stationary distributions 903

[51] S. Martínez and J. San Martín. Quasi-stationary distributions for a Brownian motion with drift and associated limit laws. J. Appl. Probab. 31 (4)
(1994) 911–920. MR1303922 https://doi.org/10.1017/s0021900200099447

[52] S. Martínez and J. San Martín. Classification of killed one-dimensional diffusions. Ann. Probab. 32 (2004) 530–552. MR2040791
https://doi.org/10.1214/aop/1078415844

[53] S. Méléard and D. Villemonais. Quasi-stationary distributions and population processes. Probab. Surv. 9 (2012) 340–410. MR2994898
https://doi.org/10.1214/11-PS191

[54] S. Meyn and R. L. Tweedie. Markov Chains and Stochastic Stability, 2nd edition. Cambridge University Press, Cambridge, 2009. With a prologue
by Peter W. Glynn. MR2509253 https://doi.org/10.1017/CBO9780511626630

[55] Y. Miura. Ultracontractivity for Markov semigroups and quasi-stationary distributions. Stoch. Anal. Appl. 32 (4) (2014) 591–601. MR3219695
https://doi.org/10.1080/07362994.2014.905865

[56] A. Morozov et al. Long transients in ecology: Theory and applications. Phys. Life Rev. (2019). https://doi.org/10.1016/j.plrev.2019.09.004
[57] H. Qian. Nonlinear stochastic dynamics of mesoscopic homogeneous biochemical reaction systems – an analytical theory. Nonlinearity 24 (6)

(2011) R19–R49. MR2793894 https://doi.org/10.1088/0951-7715/24/6/R01
[58] K. Ramanan and O. Zeitouni. The quasi-stationary distribution for small random perturbations of certain one-dimensional maps. Stochastic

Process. Appl. 84 (1) (1999) 25–51. MR1720096 https://doi.org/10.1016/S0304-4149(99)00044-7
[59] S. K. Scott, B. Peng, A. S. Tomlin and K. Showalter. Transient chaos in a closed chemical system. J. Chem. Phys. 94 (1991) 1134.
[60] D. Steinsaltz and S. N. Evans. Quasistationary distributions for one-dimensional diffusions with killing. Trans. Amer. Math. Soc. 359 (3) (2007)

1285–1324. MR2262851 https://doi.org/10.1090/S0002-9947-06-03980-8
[61] M. Vellela and H. Qian. A quasistationary analysis of a stochastic chemical reaction: Keizer’s paradox. Bull. Math. Biol. 69 (5) (2007) 1727–1746.

MR2326546 https://doi.org/10.1007/s11538-006-9188-3
[62] M. Vidyasagar. Nonlinear Systems Analysis. Classics in Applied Mathematics 42. Society for Industrial and Applied Mathematics (SIAM),

Philadelphia, PA, 2002. Reprint of the second (1993) edition. MR1946479 https://doi.org/10.1137/1.9780898719185
[63] J. Wang, P. G. Soerensen and F. Hynne. Transient period doublings, torus oscillations, and chaos in a closed chemical system. J. Phys. Chem. 98

(3) (1994) 725–727.
[64] K. Yamato. A unifying approach to non-minimal quasi-stationary distributions for one-dimensional diffusions. J. Appl. Probab. 59 (4) (2022)

1106–1128. MR4507684 https://doi.org/10.1017/jpr.2022.2
[65] H. Zhang and G. He. Existence and construction of quasi-stationary distributions for one-dimensional diffusions. J. Math. Anal. Appl. 434 (1)

(2016) 171–181. MR3404554 https://doi.org/10.1016/j.jmaa.2015.09.010

https://mathscinet.ams.org/mathscinet-getitem?mr=1303922
https://doi.org/10.1017/s0021900200099447
https://mathscinet.ams.org/mathscinet-getitem?mr=2040791
https://doi.org/10.1214/aop/1078415844
https://mathscinet.ams.org/mathscinet-getitem?mr=2994898
https://doi.org/10.1214/11-PS191
https://mathscinet.ams.org/mathscinet-getitem?mr=2509253
https://doi.org/10.1017/CBO9780511626630
https://mathscinet.ams.org/mathscinet-getitem?mr=3219695
https://doi.org/10.1080/07362994.2014.905865
https://doi.org/10.1016/j.plrev.2019.09.004
https://mathscinet.ams.org/mathscinet-getitem?mr=2793894
https://doi.org/10.1088/0951-7715/24/6/R01
https://mathscinet.ams.org/mathscinet-getitem?mr=1720096
https://doi.org/10.1016/S0304-4149(99)00044-7
https://mathscinet.ams.org/mathscinet-getitem?mr=2262851
https://doi.org/10.1090/S0002-9947-06-03980-8
https://mathscinet.ams.org/mathscinet-getitem?mr=2326546
https://doi.org/10.1007/s11538-006-9188-3
https://mathscinet.ams.org/mathscinet-getitem?mr=1946479
https://doi.org/10.1137/1.9780898719185
https://mathscinet.ams.org/mathscinet-getitem?mr=4507684
https://doi.org/10.1017/jpr.2022.2
https://mathscinet.ams.org/mathscinet-getitem?mr=3404554
https://doi.org/10.1016/j.jmaa.2015.09.010

	Introduction
	Concentration estimates of QSDs
	Asymptotic of lambdaepsilon as epsilon->0+
	Abstract concentration estimates
	Proof of Theorem A

	Tightness of QSDs
	Proof of Theorem B
	Proof of Lemma 3.1

	Applications
	Keizer's paradox
	BDPs and their diffusion approximations

	Appendix: Harnack's inequality
	Acknowledgements
	References

