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Abstract. We consider small noise perturbations to an ordinary differential equation (ODE) that have a uniform absorbing state
and exhibit transient dynamics in the sense that interesting dynamical behaviors governed by transient states display over finite time
intervals and the eventual dynamics is simply controlled by the absorbing state. To capture the transient states, we study the noise-
vanishing concentration of the so-called quasi-stationary distributions (QSDs) that describe the dynamics before reaching the absorbing
state. By establishing concentration estimates based on constructed uniform-in-noises Lyapunov functions, we show that QSDs tend to
concentrate on the global attractor of the ODE as noises vanish, and that each limiting measure of QSDs, if exists, must be an invariant
measure of the ODE. Overcoming difficulties caused by the degeneracy and singularity of noises at the absorbing state, we further
show the tightness of the family of QSDs under additional assumptions motivated by applications, that not only validates a priori
information on the concentration of QSDs, but also asserts the reasonability of using QSDs in the mathematical modeling of transient
states. Our approaches to the concentration and tightness of QSDs are purely analytic without probabilistic heuristics. Applications to
diffusion approximations of chemical reactions and birth-and-death processes of logistic type are also discussed. Rigorously studying
the transient dynamics and characterizing the transient states, our study is of both theoretical and practical significance.

Résumé. Nous considérons de petites perturbations par le bruit d’une équation différentielle ordinaire (EDO) qui ont un état
d’absorption uniforme et présentent une dynamique transiente dans le sens ot des comportements dynamiques intéressants régis par des
états transients apparaissent sur des intervalles de temps finis et la dynamique finale est simplement contr6lée par 1’état d’absorption.
Pour capturer les états transients, nous étudions la concentration en fonction du bruit des distributions dites quasi-stationnaires (QSD)
qui décrivent la dynamique avant d’atteindre 1’état absorbant. En établissant des estimations de concentration basées sur des fonctions
de Lyapunov construites uniformément par rapport au bruit, nous montrons que les QSD ont tendance a se concentrer sur I’attracteur
global de I’EDO lorsque le bruit disparait, et que chaque mesure limite des QSD, si elle existe, doit étre une mesure invariante de
I’EDO. Surmontant les difficultés causées par la dégénérescence et la singularité des bruits a 1’état absorbant, nous montrons en outre
la tension de la famille des QSD sous des hypotheses supplémentaires motivées par des applications, ce qui non seulement vérifie les
informations a priori sur la concentration des QSD, mais aussi confirme le bien-fondé de 1’utilisation des QSD dans la modélisation
mathématique des états transients. Nos approches de la concentration et de la tension des QSD sont purement analytiques, sans heuris-
tique probabiliste. Les applications aux approximations de diffusion des réactions chimiques et processus de naissance et de mort de
type logistique sont également discutées. En étudiant rigoureusement la dynamique transiente et en caractérisant les états transients,
notre étude présente un intérét a la fois théorique et pratique.
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1. Introduction

The present paper aims at making some theoretical understanding of an important class of transient dynamics described
by quasi-stationary distributions (QSDs) [12] in randomly perturbed dynamical systems. While QSDs have been widely
observed as transient states controlling long transient dynamical behaviors in many applications such as chemical oscil-
lations [61,63], ecology [56], etc., there have not been many rigorous studies of the phenomena perhaps due to technical
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difficulties caused by the degeneracy and singularity of noises at the absorbing state in a typical model. In the present
paper, we study the concentration of QSDs for a commonly adopted one-dimensional model, namely, the following
stochastic differential equation (SDE)

(11) dX[Zb(Xl)dt+€\/a(X[)dW[, X()G[O, OO),

where 0 < € < 1 is a small parameter, b : [0, 0c0) — R, a : [0, 00) — [0, co) and W; is the standard one-dimensional
Wiener process on some probability space. SDEs of the form (1.1) arise in many scientific areas such as ecology, epi-
demiology, chemical kinetics and population genetics, in which solutions of (1.1) describe the evolution of certain species.
They are also derived as diffusion approximations of scaled Markov jump processes that model the evolution of species of
large numbers [1,19,44]. Following the pioneering work of Feller [21,22], the investigation of the SDE (1.1) from either
a mathematical or scientific viewpoint has attracted a vast amount of attention that results in a huge number of literature.

Our main interest in (1.1) lies in the situations where small noises cause dramatic effects on the deterministic dynamics.
Not only does our study serve as a significant step to rigorously understand transient dynamics that commonly exist and
play important roles in multi-scale systems, but also it is well-motivated by applications in population dynamics. To be
more specific, let us make the following assumptions on the coefficients. Throughout this paper, for a (not necessarily
open) interval I C [0, 00), we denote by C(I) the space of continuous functions on /, and by C k([ ), k € N the space
of k times continuously differentiable functions on the interior [ with all derivatives of order < k having continuous
extensions to /.

(A1) The functions b : [0, 00) — R and a : [0, c0) — [0, c0) are assumed to satisfy the following conditions:
(1) be C([0,00)) NC((0,00)), b(0) =0, b(x) >0 forall 0 < x < 1, and b(x) <0 for all x > 1;
(2) a € C([0, 50)) N C2((0, 00)), a(0) =0, and a > 0 on (0, 00).

By (A1), the state 0, often referred to as the extinction state, is an absorbing state of (1.1) for each 0 < € < 1. Additional
assumptions can be easily imposed on a and b to ensure that the processes generated by the solutions of (1.1) are absorbed
at the extinction state in finite time almost surely. This is in sharp contrast to the asymptotic dynamics of the following
unperturbed ordinary differential equation (ODE):

(1.2) F=b(x), xel0,00),

whose solutions with positive initial data are attracted by the attractor in (0, co), and hence, remain bounded and away
from the extinction state over an infinite time period. In other words, the unstable equilibrium 0 and the attractor of (1.2)
are respectively stabilized and de-stabilized by the small noises. Such a dynamical disagreement between a deterministic
model and its stochastic counterpart is well-known as Keizer’s paradox, which was originally raised in the modeling of
chemical reactions (see e.g. [10,38,39,61]). But, this does not mean the triviality of the dynamics of (1.1). In fact, due to
the sample path large deviation theory [15,25] guaranteeing the closeness between solutions of (1.1) and that of (1.2) over
any given finite time interval, solutions of (1.1) typically first approach to the attractor of (1.2), then follow the dynamics
of (1.2) on the attractor, and finally deviate from the deterministic trajectories and relax to the extinction state. That is,
the equation (1.1) exhibits multi-scale dynamics, and the interesting ones display over finite time periods and can not be
observed in the classical long-time limits. Such dynamics are often referred to as transient dynamics. The corresponding
states, characterizing the interesting dynamics, are called transient states. Metastable states and quasi-stationary states
are also used in literature. In terms of (1.1), transient states are closely related to the attractor of the unperturbed ODE
(1.2).

Transient dynamics arise naturally in population dynamics (see e.g. [29,30,56]) and chemical reactions (see e.g. [59,
63]). Modeling the evolution of species by the ODE (1.2), species are forced to survive over an infinite time horizon.
However, the extinction of species in finite time is inevitable due to limited resources, finite population sizes, mortality,
etc. This makes (1.1) a more appropriate model than (1.2). Nevertheless, species typically persist for a long period before
eventually going to extinction, and thus, their evolution is transient in nature. Moreover, the states of species that are
observed in practice are actually the transient states rather than the extinction state. Hence, transient states are the true
physical states.

Consequently, the investigation of transient dynamics is of both theoretical and practical importance. A key step to-
wards the understanding of transient dynamics is to properly define, study and interpret the corresponding transient states.
The notion, quasi-stationary distribution, has been used to capture transient states from a distributional viewpoint. Recall
that

2
(13) Leu= %(au)” — (bu) on (0, 00)
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is the Fokker-Planck operator associated to (1.1), where ” stands for the spatial derivative. Denote by

2
(1.4) Lou= %au” + b’ on (0, 00)

the formal L2—adjoint operator of L.. It is the generator of (1.1). Quasi-stationary distributions of (1.1) can be defined
using the “principal eigenfunction” of the operator L. as follows. Denote by C%((O, 00)) the space of twice continuously
differentiable functions on (0, co) with compact support.

Definition 1.1 (Quasi-stationary distribution). A Borel probability measure v, on (0, 0o) is called a quasi-stationary
distribution (QSD) of (1.1) if there exists a (unique) A, > 0 such that L,v. = —A V¢ in the sense that

/ (Le +2re)pdve =0, V¢ e C3((0,00)).
0

We remark that in the case that the diffusion process {Xf};>o generated by the solutions of (1.1) is well-defined,
a commonly used but equivalent probabilistic definition of QSD reads as follows (see [53, Proposition 4]): a Borel
probability measure ve on (0, 0o) is called a QSD of (1.1) if

P { X5 € A|T§ >t} =ve(A), Vi=0, A € B((0, 00)),

where 7§ = inf{r > 0: X7 = 0}, P}, is the law of the process {Xj},>o with initial distribution v, and B((0, 00)) is the
Borel o -algebra of (0, o0o0). Moreover, there is a unique A > 0 such that if X 8 ~ Vg, then T(f ~ exp(A¢). For this reason,
A is often called the extinction rate associated with the QSD v,. This definition clearly says that QSDs of (1.1) are indeed
initial distributions on (0, co) such that X conditioned on the non-extinction or survival up to time ¢ is independent of
t > 0. In light of such time variance, QSDs are expected to describe the asymptotic dynamics of (1.1) in the distributional
sense before the extinction happens. It is certainly the case under additional assumptions [12]. Hence, QSDs have the
capability of capturing the transient states.

The existence, uniqueness of QSDs and convergence to QSDs for one-dimensional diffusion processes of the form
(1.1) with fixed € have been extensively studied. Existing literatures usually focus on the canonical form:

(1.5) dX;=—qX)dt +dW;, X €[0,00),

when 0 is an accessible (i.e., regular or exit) boundary and oo is an inaccessible (i.e., natural or entrance) boundary
according to Feller’s classification [22], and distinguish between the regular case ¢ € C!([0, 00)) and the singular case
g € C1((0, 00)). Transforming (1.1) into the form of (1.5) with g = g, it is not hard to see from the assumption (A1) that
0 is an exit boundary and g, € C L0, 00)) is singular near 0 as g, (x) ~ % as x — 07 for some C. > 0. We refer the
reader to [5-7,11,42,50,52,60,65] and references therein for studies in the regular case. The theory in the singular case
is only recently developed in [2] and subsequent works [31,48,55]. It is referred to the survey article [53] and the book
[12] for related topics and extensive remarks. Similar studies of QSDs in the singular case for higher dimensional systems
have attracted a lot of attention in recent years (see [3,5,7,8,32] and references therein).

The present paper aims at rigorously analyzing the connection between the QSDs of (1.1) and the deterministic attrac-
tor of (1.2). This amounts to investigating the concentration of the QSDs as € — 0", which also provides information
about the distributions of the QSDs when 0 < € < 1. By the assumption (A1)(1), the ODE (1.2) is indeed dissipative
in (0, 00), and therefore, it admits a global attractor A in (0, 0o), which is the largest compact invariant set of the flow
{¢"};er generated by the solutions of (1.2) with initial data in (0, 00) and has bounded dissipation property in the sense
that

lim disty (¢'(B), A) =0, VB CC (0,00),
— 00

where disty denotes the Hausdorff semi-distance on (0, oo)ihat is, disty (E, F) := SUPycg dist(x, F) for E, F C (0, 00),
and CC denotes the compact inclusion, that is, E CC F if E is compact, F isopenand E C F.
Our results concerning the concentration of QSDs state as follows.

Theorem A. Assume (A1) and let {v¢}e be a family of QSDs of (1.1). Then the following statements hold.

(1) For each 0 < € < 1, ve admits a positive density ve € C2((0, 00)). Moreover, for any open set O CC (0, 00) \ A,
there exist constants yo > 0 and 0 < e K 1 such that

_ro
supve <e <, Vee(0,ep].
O
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(2) Each limiting measure of {v¢}e as € — 0, if exists, is supported on A and is an invariant measure of {¢"'},eR.

Remark 1.1. (i) The assumption (A1) guarantees neither the existence nor uniqueness of QSDs of (1.1). In the absence
of coming down from infinity [2] (or equivalently, co being an entrance boundary), for each 0 < ¢ < 1, (1.1) could admit
infinitely many QSDs that can be described as follows:

e if A} :=info(—L¢) > 0, where the spectral theory of L, is considered in the usual weighted L? space, then for any
Ae € (0, 171, there is a unique QSD v, having A, as the extinction rate;

o the QSDs {v;, : A¢ € (0, 2]} are partially ordered in the sense that 0 < Al <12 < A* implies v,1((0, x]) < v;2((0, x])
or v;1 ((x,00)) > vkg((x, 00)) for all x € (0, 00). For this reason, v, is often called the mim'maleQSD. ‘

Such a scenario of infinitely many QSDs is known in many situations (see e.g. [12,49,51,64] for one-dimensional diffusion
processes, and [4,23,24] for jump processes). We show in Proposition 2.1 that lim_,g A} = 0. It can be easily seen from
the proof that the constant A appearing in Proposition 2.1 is independent of QSDs.

(i1) In Theorem A, we assume that QSDs of (1.1) exist for each 0 < € <« 1, and v, is any one of them if there are
indeed multiple ones. Then the theorem asserts that for any open set O CC (0, 00) \ ‘A, there are constants yo > 0 and
0 < €p < 1, independent of the particular choice of QSDs, such that

26

(1.6) sup supvy, <e <, Vee(0,e0],
re€(01F] O

where v, is the density of v,_.

We refer the readers to Remark 2.3 for the reasoning of the independence of y» and € on the particular choice of
QSDs.

(iii) Observe that if for each 0 < € < 1, (1.1) admits infinitely many QSDs {v;_ : A € (0, A}]}, then tails of QSDs
can become flatter as A — 0. Our concentration estimates (1.6) does not contradict such an observation. Indeed, the
condition that O stays away from 0 and oo can not be dropped in general. As inf O approaches 0, or sup O approaches
00, Yo and € may decay to 0 due to the possible concentration of QSDs near 0 and co. Though (1.6) implies that, for any
O CC (0,00) \ A whose left or right boundary can be sufficiently close to 0 or oo, we always have lim¢_,o vy, (O) =0
for any QSD v;_, this limit as € — 0 is however not uniform in O. In general, it is well possible to have QSDs {v;,_}¢ and
large numbers M, — oo such that

limi(r)lka€ ([Me, oo)) > 0.
€e—
In consideration of the partial order of QSDs, it is also possible to have small numbers . — 0 such that

liminfvyx((0, 8¢]) > 0,
€e—=0

that is, the minimal QSDs {v,x}¢ have positive concentration near 0.

In fact, the general non-uniformity with respect to O suggested in our concentration estimate (1.6) would provide a
mechanism of possible flatter tails of multiple QSDs. We note that if conditions (A2)-(A4) below hold, then this esti-
mate becomes uniform in O away from A (see the paragraph below Theorem B for details), implying that, under these
conditions, for any 0 < € < 1, no QSD (though there can be infinitely many of them) can have a flat tail.

Note that for each fixed QSD v, there is a unique A, as in Definition 1.1. In what follows, A is always the unique
number associated with a given QSD v,.

As the ODE (1.2) is one-dimensional, the global attractor A is either a single equilibrium, or a compact interval
consisting of equilibria, or a compact interval consisting of equilibria and their connecting orbits. As invariant measures
of {¢'};er can not have positive measure on any connecting orbit, any limiting measure of {v}. as € — 0, if exists, must
be supported on the set of non-zero equilibria of (1.2).

The noise-vanishing concentration of QSDs has been investigated in several situations. The first work dates back to
[33], where the author studied the stochastic Ricker model. This work was generalized in [41,58] to randomly perturbed
interval maps that apply to density-dependent branching processes. Further generalizations were considered in [20,37],
where the authors studied general randomly perturbed dynamical systems, and applied their abstract results to various
population models. The approaches taken in the aforementioned works are probabilistic and based on large deviation
arguments. A detailed analysis of the QSDs has been done in [9] for scaled one-dimensional birth-and-death processes of
logistic type, in which the concentration of QSDs on the Dirac delta measure at the stable equilibrium of the mean field
ODE in the Gaussian fashion is directly shown.
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Our approach to the concentration of QSDs of (1.1) is based on the construction of Lyapunov-type functions. More
precisely, we construct uniform-in-€ Lyapunov-type functions using the dynamics of (1.2) and prove pointwise estimates
for {vc}e as stated in Theorem A (1) on regions where Lyapunov-type conditions are satisfied. It turns out that such
regions can be constructed to exhaust (0, c0) \ \A. As a result, locally uniform pointwise estimates of {v }¢ are established
on (0, 00) \ \A. Our approach has at least two features. (i) It gives quantitative estimates of QSDs that are not restricted to
the domain (0, 00) \ \A. In fact, if 7 is a local attractor and €2 is its domain of attraction, then locally uniform pointwise
estimates for {vc}¢ as stated in Theorem A (1) can be established on 2\ 7. By constructing anti-Lyapunov-type functions,
similar estimates could be established for local repellers. (ii) Since the construction of Lyapunov-type functions only
utilizes the dynamics of the ODE (1.2), our approach has the potential to be generalized to treat problems in higher
dimensions that even exhibit chaotic behaviors.

We remark that the constant yp appearing in Theorem A (1) depends in particular on constructed uniform-in-€
Lyapunov-type functions. Therefore, it is unclear how to determine the minimal one. A promising approach to this is-
sue is to establish the large deviation principle [15] for the QSDs {v¢}c, that is, to study the limit lim,_, o+ €21nve(-) or
lim,_, o+ €2 Inv,. This interesting problem is left for future work.

Theorem A only provides a priori information on the concentration of the QSDs {v.}. as € — 0. A valid description
of the concentration requires the tightness of the family {v¢}.. This is a challenging problem as we have to handle the
troubles caused by the behaviors of coefficients near O and co. To address this issue, we make the following additional
assumptions.

(A2) There exists a C2 function Us defined on [xao, 00) for some xoo >> 1 such that
(1) 0 <infUq < sup Uy < 003
(2) limy 00 Uso(x) = sup Uso;
(3) there is Yoo > 0 such that L Uso < —Voo 0N [X, 00) forall 0 < € < 1.
2 1 1
(A3) a € C*([0,00)) and |, mds < 00.

(A4) b e CL([0, 00)) and ¥’ (0) > 0.

The assumption (A2) is a uniform-in-€ Lyapunov-type condition for the SDE (1.1) near co, which ensures the dissi-
pativity of its solutions near oo that leads to concentration estimates of {v¢} near co. The assumptions (A3) and (A4)
are motivated by applications (see Section 4), and guarantee the existence of uniform-in-¢ integrable upper bounds near
0 for the densities {vc}e of the QSDs {v¢}c. This is far-reaching due to a(0) = 0 and the singularity of x — /a(x) at 0.
We would like to point out that Lyapunov-type conditions near 0 do NOT exist under these assumptions. Indeed, if U
satisfies the Lyapunov-type condition near 0, then it is necessary that U’(x) — —oo and U” (x) — oo as x — 0T, In this
case, it is generally true that lim, _, o+ g//,—(("x)) = 0. As the limit lim, _, o+ % exists and is a positive number due to (A3)
and (A4), there holds liminf,_, o+ LU (x) > 0, which contradicts the Lyapunov-type condition. Hence, a new approach
independent of Lyapunov-type functions has to be developed to treat {v,}. near 0.

Our result concerning the tightness of the family of QSDs {v¢}¢ is stated in the following theorem.

Theorem B. Assume (A1)—(A4) and let {v¢}e be a family of QSDs of (1.1). Then, any sequence {ve,}, of {ve}e with
€, — 0 as n — oo is tight. Consequently, as € — 0, any sequence of {v¢}e has a convergent subsequence in the topology
of weak convergence whose limit is an invariant measure of {¢'},er and is supported in A. In particular, if A= {x.} is a
singleton set, then

lim+ Ve =8y, in the topology of weak convergence,
e—0

where 8y, is the Dirac delta measure at x,.

The tightness in Theorem B follows from studying concentration estimates of {v, }¢ near 0 and co. Using the Lyapunov-
type condition (A2), we show in Proposition 3.1 the existence of some y > 0 such that

_r
vE((xoo—i—l,oo)) <e ¢, V0<ekl,

where x is given in (A2). Establishing the concentration estimates of {v¢}¢ near O is a tricky task due to the degeneracy
and singularity of the noises at the absorbing state 0. By examining the densities {ve¢}e of the QSDs {v¢}e in the new
coordinate system obtained from applying the standard change of variables for one-dimensional diffusion processes (see
the proof of Lemma 3.1 for more details), we show in Corollary 3.1 the boundedness of ve near 0 with an e-dependent
upper bound. Arguments in the spirit of proving a maximum principle then allow us to establish in Proposition 3.2 the
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following uniform-in-€ integrable upper bounds near 0: for each x € (0, 1) there are 0 < x, <« 1 and 0 < €, < 1 such that
1
UG(X)S_K, VXG(O,X*),EG(O,E*).
X

Assumptions (A3) and (A4) ensure the successfulness of such arguments.

As mentioned earlier, QSDs describe the asymptotic dynamics of the SDE (1.1) before extinction for each fixed €.
Theorem B yields that such asymptotic dynamics have uniform-in-€ properties that are governed by the dynamics of
the ODE (1.2) on the global attractor .A. Therefore, information about the transient states is essentially contained in A.
Moreover, Theorem B implies the compatibility, up to observables, of the ODE (1.2) and the SDE (1.1), as models for
the evolution of the same species. This validates the ODE model (1.2) if the global attractor A is interpreted as observed
states instead of eventual states of the species. A clearer picture can be drawn in the case that A = {x.} is a singleton set
as follows: if for each 0 < € <« 1, X§ conditioned on the survival up to time ¢ (denoted by X ¢) converges to the QSD v,
as t — 0o, then the diagram

- t—0o0
Xe — v,

e—>0 \L l e—>0

Xt > 8xg
t—00

commutes, where the solution {x;};>0 of (1.2) is considered in the distributional sense.

As applications of Theorem A and Theorem B, we study diffusion processes related to chemical reactions and birth-
and-death processes (BDPs) of logistic type. In particular, we give a rigorous justification of Keizer’s paradox [38]. The
corresponding results are presented in Section 4.

We would like to highlight some novelties of the present paper. (i) Inspired by the work [34] in which measure
estimates of stationary measures under Lyapunov conditions are treated, we establish the framework for estimating QSDs
against Lyapunov functions (see Section 2.2). To apply such a framework, we develop a way of constructing uniform-in-e
Lyapunov-type functions in domains of interest using the dynamical properties of the unperturbed ODE (see Section 2.3).
Both methods are not tailored for one-dimensional problems, and have potential analogues in higher-dimensions. (ii) The
most challenging issue is to deal with difficulties caused by the degeneracy and singularity of noises at the absorbing
state in order to derive an uniform-in-€ integrable upper bound of QSDs near 0, leading to the tightness of the QSDs.
This is accomplished by a two-step approach: a careful analysis of eigen-equations satisfied by QSDs in new coordinates
produces e-dependent upper bounds (see Lemma 3.1 and Corollary 3.1); it is followed by a result of maximum principle
type giving rise to the expected upper bound. As it is indicated, our approaches are purely analytic without probabilistic
heuristics.

To end this section, we comment on the possibilities and difficulties in the extension to higher-dimensions. For clarity,
we focus on the following stochastic system:

(1.7) dXi;=Xii fi(X))dt +/X; 1 dW], i€{l,....d}, Xo€[0,00),

where X; = (X14,...,X4:),0<e<1,d eNand Wi, i e{l,...,d) are independent standard one-dimensional Wiener
processes on some probability space. Such a system, often arising from biology and ecology, is used to model the evolution
of interacting species in a community. The functions f; : [0, oo)d — R, i e{l,...,d}, often called per-capita growth
rates, are sufficiently regular and ensure that the system of ODEs:

(1.8) Xi=xifi(x), ie{l,....;d}, x=(x1,...,xq) € (0, 00)?

is dissipative, that is, there exists a compact set K C (0, o0)“ such that for any solution x(¢) of (1.8) with initial condition
x(0) =x¢ € (0, oo)d, there exists ty, > 0 such that x(¢) € K for all t > ty,. Then, (1.8) admits a global attractor Axys
contained in K.

Suppose now the stochastic system (1.7) admits QSDs {v.}e on (0, 00)4 with extinction rates {Ac}e. If we can show
Le — 0 as € — 0T, then it is possible to construct uniform-in-e Lyapunov-type functions, using the dynamical properties
of (1.8), to derive the concentration estimates: for any O CC (0, 00)? \ Ayys, there are yo > 0 and 0 < €p < 1 such that

_Yo
Ve(O) <e ¢, Vee(0,e0].
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Pointwise estimates for the densities of {V.}, are also possible. Each limit measure of {V}., if exists, must be an invariant
measure of (1.8). However, our approach can be barely adapted to show the tightness of the QSDs {V¢}., which could be
an extremely difficult problem. The reason is that our approach more or less relies on the fact that the one-dimensional
diffusion (1.1) is reversible, or the generator L, given in (1.4) extends to a self-adjoint operator in L2((0, 00), uc (x) dx),
where

1 2 [*b(s
Uc(x) = ——exp —/ (—)ds , x€(0,00).
a(x) ez Jy als)
But, the stochastic system (1.7) is irreversible in general.
To have a better understanding of the system (1.7) in regard to the extinction or the loss of the population diversity, we
need to acquire relevant knowledge about the noise-vanishing asymptotic of the extinction event or exit event

(T¢. XTe)-

where I is the boundary of [0, oo)d, {X{ }t>0 is the diffusion process generated by solutions of (1.7), and T} is the first
time that { X };>0 reaches I". The noise-vanishing asymptotic of the exit event for randomly perturbed dynamical systems
is a classical topic, has attracted a lot of attention and finds many applications (see e.g. [13,14,25]). Recently, exploring
very fine asymptotic of the QSD and its associated extinction rate, the authors obtain in [17,18,45,46] very fine asymptotic
of the exit event from a smooth bounded open domain €2 for the overdamped Langevin equation

(1.9) dX; = -V f(X;)dt +edW,, XoeR,

where f :RY — R is sufficiently smooth and W, is the standard d -dimensional Wiener process. A typical case treated in
these works assumes that f has a unique critical point x, in €2 and satisfies % lag > 0. These conditions imply that €2 is
positively invariant under the flow generated by

(1.10) X =-Vfx),

and contained in the basin of attraction of x..

When the global attractor Asys is a singleton set, the dynamics of (1.8) is as simple as that of (1.10) in €2 under the
aforementioned conditions on f. However, (1.8) generally has equilibria on the boundary I". In addition, the stochastic
system (1.7) is degenerate on the boundary I" and irreversible in general. In consideration of these essential differences,
results and approaches for (1.9) do not apply to (1.7). Nonetheless, the works [17,18,45,46] ignite the light of hope and
would for sure guide the study of the asymptotic of (775, X ;lf), especially when tackling the problem from the perspective

of the asymptotic of the QSD and its associated extinction rate.

The rest of the paper is organized as follows. In Section 2, we study the concentration of QSDs and prove Theorem A.
In Section 3, we investigate the tightness of QSDs and prove Theorem B. Applications of Theorem A and Theorem B are
discussed in Section 4. We include a Harnack’s inequality in the Appendix.

2. Concentration estimates of QSDs

Throughout this section, let {v¢}c be the QSDs of (1.1) and {A} be the unique numbers corresponding to {v¢}e as given
in Definition 1.1. The purpose of this section is to derive concentration estimates of {v¢}c and prove Theorem A. We first
study the asymptotics of A, as € — 0™ in Section 2.1. In Section 2.2, we provide concentration estimates of the QSDs
{ve}e assuming the existence of Lyapunov-type functions. The proof of Theorem A is given in Section 2.3.

2.1. Asymptotic of h¢ as € — 0t

The following result gives the regularity of the QSDs {v¢}.. Its proof follows from the standard regularity theory of
second-order ODE:s.

Lemma 2.1. Assume (A1). For each 0 < € K 1, ve admits a positive density ve € C 2((0, 00)). In particular, ve satisfies
2.1) Lcve = —XAeve  on (0, 00).

The asymptotic behaviors of A¢ as € — 0 is stated in the following result.
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A
Proposition 2.1. If (A1) holds, then there is A > 0 such that A\c <e < forall 0 < e < 1.

_2 [xbGs)
Proof. Set UGG (x) == le)e 2 i ads for x € (0, 00). It is just the Gibbs density of (1.1). Given (2.1), it is straightfor-

ward to check that ¢, := 5—5 satisfies
Letpe = —repe  on (0, 00).

By (A1), there are 0 < x; < xp < oo such that b(x1) > 0 and b(x3) < 0. Note that L is uniformly elliptic on [x1, x7].
Denote by A, > 0 the principal eigenvalue of —L, restricted on (x1, xp) with zero Dirichlet boundary conditions on x|
A

and x». It is well known (see e.g. [26]) that there is A > 0 such that A¢ < e ¢ for all 0 < € < 1. The conclusion then
follows from the standard comparison principle (see e.g. [16, Lemma 4.1]) that ensures A, < Ac. U

We point out that the fact A — 0 as € — 07 implied by Proposition 2.1 plays important roles in the sequel.
2.2. Abstract concentration estimates

In this subsection, we derive abstract concentration estimates of QSDs {v¢}. assuming the existence of Lyapunov-type
functions.
We start with the definition of compact functions and uniform Lyapunov functions. Let 0 < o < 8 < 0o be given.

Definition 2.1 (Compact function). A continuous, non-negative and non-zero function U on (¢, §) is called a compact
function if

py:=sup U= lim U(x)= lirg U(x).
x—pB~

(@.B) x—at

We call pys the essential upper bound of U'.

For a compact function U on (&, 8), we define its sub-level sets:
Qpi={xe(@pB):Ux)<p}, pe(0, pm).
Clearly, 2,,, = (a, B). For each p € (0, pp], we denote
a,:=infQ, and B, :=sup,.

Note that (ap,,, Boy) = (o, B).
For each 0 < € « 1, we define the operator M by setting

2
€
Meeu = Leu + heu = ?au” + bu' + Aeu.

Definition 2.2 (uniform Lyapunov function). A C? compact function U on («, f) is called a uniform Lyapunov function
with respect to the family { M}, if there exist p,, € (0, ppr) and y > 0 such that

2.2) MU <—y onQ,,\Q,

forall 0 < € <« 1. We call p,, the essential lower bound of U, y the Lyapunov constant of U and €2, \ﬁpm the essential
domain of U.

Remark 2.1. We comment on Definition 2.2.

e Ignoring A, in the operator M., such defined uniform Lyapunov functions have been used in [35] to treat stationary
measures for general diffusion processes. As we are dealing with QSDs, it is natural to include the extinction rate A,
in the definition.

e The definition of uniform Lyapunov functions more or less follows those used in [40] to study the existence of stationary
distributions for SDEs (also see [54]). Except, we work with compact functions that appropriately generalize continuous
and non-negative functions on R with pre-compact sub-level sets. This plays an important role in deriving concentration
estimates for the QSDs.
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e Since A — 0 as € — 0™ by Proposition 2.1, passing to the limit € — 07 in (2.2) yields bU’ < —y on ,,, \ﬁﬂm‘ In
particular, U is a Lyapunov function of the ODE (1.2) in (&, 8). This is the starting point of the construction of uniform
Lyapunov functions (see Section 2.3).

We make the following assumption.

(AS) There exists a uniform Lyapunov function U on («, 8) with respect to { M} with essential upper bound py,,
essential lower bound p,, and Lyapunov constant y .

Our results on the abstract concentration estimates of the QSDs {v.}. are stated as follows.

Proposition 2.2. Assume (A1) and (AS).
(1) There hold

2y qp 1y
Ve (25, \ 2p) <e e fpm H@) tVe(QpM\me)a Vo € (om, pml, 0 <e K1,

where
2.3) H(p) = max{a(@,)(U' (@), aB)(U'B))} >0,  p € (om, om)-

(2) For each open set O CC Qp,, \ﬁpm, there exist yo > 0 and 0 < €0 K 1 such that

_ro
supve <e ¢, Vee(0,ep].
O

Before proving Proposition 2.2, we first prove two lemmas. The first one gives an integral identity.

Lemma 2.2. Assume (A1) and (A5).

(1) Qp = (ap. Bp) forall p € (pm, pml. Moreover, if p € (pm, pm), then U' () < 0 and U'(B,) > 0.
(2) Foreach p € (pm, pm], there holds

Po Po e’ B
/ veMede:,o)»e/ védx+7(aveU)|aZ.
®p

xp

Proof. (1) Since

2
€ _
7aU”+bU’+A€u=M€U§—y on Q,, \ 2,

for all 0 < € « 1, we conclude from Proposition 2.1 that bU’ < —% on Q,, \ﬁpm’ which implies that U’ admits a
constant sign on each component of 2,,, \ 2, As 2,,, = (@, B) = (@), Bpy) and 2, C (e, Bm), there holds

(©@p11+ %p,) YU Bpyr Bow) € Rppy \ 2y

It then follows from the definition of U that U’ < 0 on (e, ), ) and U’ > 0 on (B, , Bp,,)- In particular, U’ («,) <0
and U’ (B,) > 0 for each p € (om, pm)-

Let p € (o, pom). If 2 ;Cé (ap, Bp), then U admits a local maximum value at some point xo € (e, By) \ €2,. Hence,
U’(x0) = 0. But, (o, B,) \ 2, C 2y, \ Qp,, yields that U’(xg) # 0, which leads to a contradiction. Consequently,
2p = (@p, Bp)-

(2) Multiplying (2.1) by U and integrating the resulting equation over £2,,, we obtain from integration by parts that

2 2

2 1B, 8 B
(2.4) %[(ave)/U] - %(avEU/)ng + %/ av U" dx — (bv U5 +/ b U’ dx = —xe/ veU dx.
ap o

P op

Since U(ay,) = p =U(B,), we find

62 62
S l@vo U]l - ety = p[;(avmﬁz - (bvaﬁz}.
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Moreover, integrating (2.1) over €2, we obtain
2

€
@'l — vl = -1 / vedx.
%p

It follows that

2 B

€ P

S l@vo U]l - et = —pie / v dx.
o

P

Substituting the above equality into (2.4), we arrive at

ﬂﬂ 62 ﬂ 62 ﬂﬂ ﬂﬂ
—pkE/ vedx——(aveU/)la’;—i——/ aveU”dx—i—/ bvéU/dx:—AE/
o 2 2 a/) o

P P op

Bp
v U dx,

which leads to the result. |
In the second lemma, we use the Harnack’s inequality, Lemma A.1, to derive some estimates of {v}..

Lemma 2.3. Assume (A1). For any open interval T CC (0, 00), if x, R > 0 are such that (x —4R,x +4R) CZ, then

supz a €2C1R
inf- inf’ .
sup ve <Cy F MY inf v, V0<e<1,
(x—R,x+R) (x—R,x+R)

. . 2 2 .
where Cqy > 0 is a universal constant and C1 = C1(€) = \/supz(%a’ —b)2 4 % infra.

Proof. We apply Lemma A.1 in the case « = %a, B= %a’ —b and Kk = A¢ so that Lu = %(au)” — (bu)' 4 Acu is in the
form of interest.

Let
2 2 e 2
€ € supz(5a’ —b) e
A= —infa, A=—supa, and v=4 —=— — + —
27 2 P / 2 +
Then, for any R > 0,
A 2CiR
AL gotra  COR
A infra infra
where C; = Cj(€) is as in the statement of the lemma. Applying Lemma A.1, we find the result. ([

Now, we prove Proposition 2.2.

Proof of Proposition 2.2. (1) Let o, € (o, o). Applying Lemma 2.2 (2), we find for any p € (o, p«] that

—/ ve MU dx
(05,0* ’ﬁp*)\(ap,ﬂp)

,Bp ,Bp* 62 62
= pAG/a Vedx — p*kefa vedx + ?(aveU’)ﬁZ — ?(aveU’)|g/’:

P Px

[\S]

(avel")15,

where we used the facts p faip Ve dx < py faﬂﬂ”* ve dx and (ave U’)|gﬁ > 0 due to the positivity of a and v, on (0, co0)
Denote

rori= | ve dx.
(D‘p* ;ﬁp*)\(amﬁp)
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As MU < —y on Qp, \ Qp, forall 0 < e < 1, we have

62 B
(2.5) F0) = 3 (@vel )i VP € (pmpl. 0 < <1,

Since U(ap) = p = U(B,), we have from Lemma 2.2 (1) that

d 1 d
% _ and —'Bp = ! .
dp  U'(ap) do  U'(By)

It follows that

/ _ i _ Ue(ap) . Ue(,Bp)
TO=4 /(ap*,ﬁp*)\mp,ﬁp) T U@ UGBy
For the term on the right-hand side of (2.5), we have
N Bp ’ ve(B ) ’ ve(ap)
(avel') 152 = a(B,)(U'(By)’ T ﬂ‘; §—at)(U (@)’ 5 (a’; )

Us(ap) . Ue(ﬁp)i|
Ulap)  U'(Bp)

=—H(p)f'(p),

where H(p) is as in (2.3) and is positive due to (A1)(2) and Lemma 2.2 (1). Hence, we have from (2.5) that

S—H@{

€H(p) .,
Tf(p)Jrf(p)SO, Vo € (pm, px], 0 <€ K 1.

It follows that

_yp Ly
flp)<e &mHEOT f(py), Vp € (om, psl,0<e<K1,

that is,

ZJ/Pldt

Vedx <e &/om HO vedx, Yp € (pom,ps],0<e<l1.

/(O‘ﬂ* Bo)\(@p.Bp) /(A‘xﬂ* B\ @ppy s Bpm)

Letting px — ppr, we prove (1). B
(2) We assume, without loss of generality, that O is an interval. Let § > 0 be such that Os CC Q,,, \ €2,,,, where Os
is the §-neighborhood of O. We see from (1) that there exist Y5 > 0 and €5 > 0 such that

(2.6) e(O5) <e &, Vee (el

Suppose for contradiction that the conclusion fails. Then there exist sequences {x,}, C O and {€,}, C (0, co) satisfy-
ing x,, = X for some x, € O and €, — 0 as n — oo such that

_ s
Ve, (Xp) > e 2, Vn.

Applying Lemma 2.3 with Z = Os, we have

SUPOS 4 Cl(eR 1
info,a "infy a2
2.7 sup ve<C, ° 8¢

(x—R,x+R) (x—R,x+R)

)
inf v, Vxe(’),Re(O, Z)’0<€<< 1,

where Co > 0 is a universal constant and

2,/ 2 23 inf,
C](E)Z Sup<€ a _b> +M
o5 \ 2 2
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Setting x = x,, R = e,zl and € = ¢, in (2.7) yields

SUPO @ C(en)
info a info a .
sup Ve, <Cy ° s inf Ve,, Vn.
(xn—€2,xp+€2) (xn—€2,xy+€2)

Denote C; := sup,, Ci(€,) < oo. Then

sup Ve, < C2 inf Ve,, Vn.

(xn—€2,x,+€2) (Xn—€2,xn+€2)

It follows that
Xn"ré,% 62 2 _V_gz
ven((x,, — e,zl,xn —i—eg)) =/ v, dx > —2 sup Ve, > —Le 2, Vn.
Xn—€Z 2 (xy—€2,xp4€2) 6}
However, the inclusion (x, — e,% s Xp + 6,%) C Os and (2.6) yield that
-2

Ve, ((6n — €2, xn +€2)) <e @, Vn>1,

which leads to a contradiction. This proves (2). O

2.3. Proof of Theorem A

We derive concentration estimates for the QSDs {v,}. by constructing uniform Lyapunov functions and applying Propo-
sition 2.2. In particular, we prove Theorem A in this subsection.
We recall the definition of limiting measures.

Definition 2.3 (Limiting measure). A Borel probability measure v on (0, co) is called a limiting measure of {v¢}e as
€ — 0 if there exists a sequence {€,}, with €, — 0 as n — oo such that

lim v, =v in the topology of weak convergence,
n—od

i.e., limy,_ fooo ¢dve, = fooo ¢ dv for any bounded and continuous function ¢ : (0, co) — R.

Recall that the global attractor A of (1.2) in (0, 0o) is a compact closed interval. More precisely, if we set
a4 :=min{x € (0, 00) : b(x) =0},
Ba :=max{x € (0,00) : b(x) =0},

then A = [a4, BA4].
We first prove Theorem A (1).

Proof of Theorem A (1). The regularity of v, follows from Lemma 2.1. We prove the concentration estimates.

For clarity, we first give the proof under the stronger condition that b € C%((0, 00)). It is followed by a sketch on how
to proceed under the conditions on b using approximation techniques.

WEe first construct a candidate of uniform Lyapunov functions. Recall that {¢’};cR is the flow generated by the solutions
of (1.2) in (0, 00). Let 6 : (0, o0) — [0, 0o) be a smooth function satisfying the following conditions:

e 0 vanishes exactly on A;

e liminf,_, o+ 6(x) > 0 and liminf,_, 5 0(x) > 0;

e 0(x) > 0sofastas x —> o and x — ,3; that the integral f0°° 0 (" (x)) dt is well-defined for any x € (0, 00) \ A, and
the function x — [;°6(¢’ (x))dt is C? on (0, 00).

The existence of such a function 6 with the focus on the fast convergence 6(x) — 0 as x — a4 or ,3;" can be seen as
follows. We note that

o if x € A=[a4, B4l then ¢’ (x) € A and hence 0 (¢’ (x)) = 0 for all ¢ > 0, leading to fooo 0(¢'(x))dt =0;
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o if x € (0, ), then ¢’ (x) is increasing in ¢ and lim;_, o ¢ (x) = a_4; if the convergence 0(x) — 0 as x — a;‘ is
sufficiently fast, then the integral fooo 0 (¢! (x)) dt is well-defined;

o if x € (B4,00), then ¢’ (x) is decreasing in ¢ and lim;_. o ¢’ (x) = B4; if the convergence 0(x) — 0 as x — ,3; is
sufficiently fast, then the integral fooo 0(¢' (x)) dt is well-defined.

The required fast convergence 6(x) — 0 as x — « 4 or ,Bj‘ in general depends on how fast ¢’ (x) converges to a4 or B4
as t — oo for x € (0, 00) \ A. Given the regularity of x — ¢’ (x), we can certainly make the convergence 0(x) — 0 as
X — “;l or ,B:Z faster if necessary to ensure the C 2 regularity of x fooo 0(¢'(x))dt.

Consider the function U : (0, co) — [0, 0o) defined by

(2.8) U(x)=/009(<p’(x))dt, x € (0, 00).
0

By the choice of 6, the function U is well-defined and C2. Moreover, it satisfies the following properties:

(i) U vanishes exactly on A;

(ii) U is decreasing on (0, o 4) and satisfies U (x) — oo as x — 07

(iii) U is increasing on (B 4, 0o) and satisfies U (x) — 0o as x — 00;

(iv) bU’' = —0 on (0, 00). In particular, U’ < 0 on (0, a4) and U’ > 0 on (B4, 00).

Properties (i)-(iii) are obvious. The property (iv) holds because
/ d t
b(x)U'(x) = EU(qz (0))li=0

~ lim 1[ f 0 ) d / 009(¢t(x))dt:|
0 0

h—0h

~ lim 1[/009(<pt(x))dt—/ooe(tpl(x))dt]
h 0

h—0h
v,
=—1lim— | @ dt = —6(x).
hu%h/o (¢'(x)) (x)

Next, we claim that for any p, < p*, there exist yx > 0 and 0 < €, <« 1 such that U is a uniform Lyapunov function in
Q,+ with respect to {M¢}ee(0,¢,] With essential upper bound p*, essential lower bound o, and Lyapunov constant .
Note that U is a C? compact function on £ o+ By the construction of U, we see that

2
MU = %aU” — 6+ 2U.

Clearly, there hold infg, .\ 6 >0 and % supg g, (@lU 1) — 0 as € — 0. Moreover, Proposition 2.1 ensures that
P * P s

e SUPg .\, U — 0 as € — 0. Thus, setting yy := % ianp* \Qp 0, we find some 0 < €, < 1 such that

MU < —yy  on Qpx \ﬁp*

for all € € (0, €,]. This proves the claim.
To finish the proof, we let {p. ,}, and {p;}, be two sequences such that 0 < p,, < p; < 00, and p, , — 0 and
Py — 00 as n — 0o. Obviously,

@ \ 25,,) = (0,00) \ A.

The proof in the case b € C2((0, o0)) is now completed by applying Proposition 2.2 with the uniform Lyapunov function
U in Q« for each n.

In the case that b only satisfies the regularity condition stated in (A1) (1), we still let U be defined as in (2.8). Again,
U satisfies properties (i)-(iv), but now it is only a C ! function. Let {Us}o<s«1 be afamily of C 2 functions on (0, 00) such
that Us — U and Uy — U’ locally uniformly in (0, 00) as § — 0%. Then,

bUs=—0+b(Us—U') on (0, 00).
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As a result, we obtain a family of uniform Lyapunov functions. The union of their essential domains exhaust (0, co) \ A.
This completes the proof of Theorem A (1). |

Remark 2.2. The construction of the function U in the proof of Theorem A (1) is motivated by the converse Lyapunov
theorem (see e.g. [62, Theorem 5.7.24] and [47, Theorem 4.3.1]) for a system of ODEs in the basin of an attracting
equilibrium, which says that a smooth, strict, entire Lyapunov function exists in the basin of such an equilibrium, and can
be constructed to have an integral form similar to (2.8).

The main idea of the integral construction of U is to integrate solutions against the function 6 so that U must be
non-increasing along solutions. The main feature of 6 is to make sure that U is well-defined and has required regularity.

Recall that a Borel probability measure p on (0, 0o) is called an invariant measure of (1.2) if
1(¢'B) = u(B), VieR,BeB((0,00),
where B((0, 00)) is the Borel o -algebra of (0, 00). Under the condition (A1)(1), it follows from [35, Proposition 2.8] that

W 1s an invariant measure of (1.2) if and only if

o
(2.9) f b’ dj=0, ¥ e Cy((0,00)).
0
Now, we prove Theorem A (2).

Proof of Theorem A (2). Let v be a limiting measure of {vc} as € — 0, that is, v is a Borel probability measure on
(0, 00) and there exists a sequence {€,}, with €, — 0 as n — 0 such that v,, — v in the topology of weak convergence
as n — o0.

We see from Theorem A (1) that v(A) = 1, that is, v is supported on .A. Indeed, for any open set O CC (0, 00) \ A,
let O be an open set satisfying O cC O cC (0,00) \ A and f : (0,00) — [0, 1] be a continuous function satisfying
lo<f< 1@. Then

n—o0

o0 o0 -
v(O) 5/ fdv= lim / fdve, < lim v, (O) =0.
0 0 n—oo
If {Ox } are open sets satisfying Oy CC (0, 00) \ A for all k and Uy Oy = (0, 00) \ A, then

v((0,00) \ A) <) " v(O) =0,

k

which leads to v(A) = 1.
It remains to show that v is an invariant measure of the ODE (1.2). Passing to the limit n — oo in

00 2
f (%"aqﬁ” +bo' + )»enqb) dve, =0, V¢ € C3((0,00)),
0
we conclude that

/oobqs’dv =0, V¢ e C}(0,00)).
0

Indeed, since v, — v in the topology of weak convergence as n — oo and ¢ € Cé((O, 00)), we find

o (o) o o0 o0 o0
lim a¢” dve, =/ a¢’ dv, lim b’ dve, =f b¢'dv and lim / dv, =/ ddv.
0 0 0 0

n—oo 0 n—oo 0 n—oo

It follows from lim,,—, oo €, = 0 and lim, o A¢, = O that
00 62
0= / (é’aqﬁ” + b+ AEH¢> dve,

0
62 (o) o) [e'e)
:—"/ a¢/’dv€n+f b¢/dven+)\e,,/ ddve,
2 Jo 0 0

o
—>/ b¢'dv asn — oo.
0
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A density argument then ensures that
o
/ bg' dv=0, V¢ eCi((0,0)),
0

that is, v satisfies (2.9). Hence, v is an invariant measure of (1.2). O
This section is ended up with the following remark.

Remark 2.3. We point out that the constants y» and €p appearing in the statement of Theorem A are independent of the
particular choice of the QSDs {v¢}, for the following reasons.

(i) The upper bound of A, given in Proposition 2.1 is independent of the particular choice of the QSDs {v¢}¢. This is
clear from its proof.

(i1) The abstract concentration estimates of the QSDs {v.} presented in Proposition 2.2 depend on the assumed uniform
Lyapunov function U. In the proof of Theorem A, the uniform Lyapunov function U, which is constructed in (2.8),
uses only the dynamical properties of the ODE (1.2) in (0, 00), and hence, is independent of the QSDs {v,}.

3. Tightness of QSDs

Throughout the section, let {v.}. and {\¢}¢ be as in Section 2. In this section, we study the tightness of the QSDs {v¢}¢
and prove Theorem B. In Section 3.1, we study concentration estimates of {v¢}. near 0 and oo that yield Theorem B. In
Section 3.2, we provide the proof of a technical and key result that is used in the proof of concentration estimates of {v.}¢
near 0.

3.1. Proof of Theorem B
We first study the concentration estimates of the QSDs {v}. near co.
Proposition 3.1. Assume (A1) and (A2). Then there exists y > 0 such that
ve((oo +1.00)) e &, V0<e<1.
Proof. It follows from (A2)(3) that
UL, < _)%o on [Xog, 00).

This together with (A1)(1) and (A2)(1)(2) implies that U/, > 0 on [xs0, 00). In particular, Us, is increasing on [Xs0, 00).

Set pm = Uso(Xo0) and ppy :=limy_, o0 Uso(x) < 00. Let U be defined as in (2.8). Then there exists a unique xg €
(0, o 4) such that U (xg) = ppy. Let W : (x9, 00) — [0, ppy) be a C? function satisfying

Wx)=U(x), x€xo,a4),
W(x) €[0, om), x€lag, x0),
Wx)=Usx(x), x€[xs0,00).

We claim that there exist yy > 0 and 0 < e < 1 such that W is a uniform Lyapunov function in (xg, c0) with respect
to {Me}ec(0,ey1 With essential upper bound py, essential lower bound p,, and Lyapunov constant yy .

Indeed, it is easy to see that W is a compact function on (xg, o). To verify the Lyapunov condition, we let x1 €
(x0, . 4) be the unique point satisfying U(x1) = p,. Then an argument similar to that in the proof of Theorem A (1)
yields the existence of some y; > 0 and 0 < €] < 1 such that

MW =MU < —y; on (xg,x1), Ve € (0,¢].

Moreover, the boundedness of Uy, (A2)(3) and Proposition 2.1 imply the existence of 0 < €3 < 1 such that

MW = McUso = LeUso + AeUsg < —%’" on (oo, 00), Ve € (0, €31,
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Thus, setting yw := min{yy, VT”} and ey := min{eq, €3}, we find that
MW < —yw  on (xg, x1) U (Xs0, 00), Ve € (0, ewy].
Since (xq, x1) U (Xo0, 00) = ), \ﬁpm’ where
Q= {x € (xp,00): W(x) < p}, p>0

are sub-level sets of W, the claim follows.
Now, it is easy to see that for each p € [, pm], €2, is an open interval, denoted by (e, 8,). Using Proposition 2.2
(1), we conclude that

2yw o _1

Ve(Qpy \Qp) <€ @ Ion T Yo e (p, pul, € € (0, ewl,

where

H(p) = max{a(ap)(U'(By)*, al@p) (U ()} >0, p € (o, pm)-
This completes the proof. (]

Next, we study the concentration estimates of the QSDs {v¢}¢ near 0, which is rather tricky thanks to the degeneracy
of the diffusion (namely, a(0) = 0) and the singularity of x — /a(x) at x = 0. Let {vc}¢ be the densities of {v,}..

Proposition 3.2. Assume (A1), (A3) and (A4). Then for each x € (0, 1), there exist 0 < x, < 1 and 0 < €, < 1 such that
1
Ve(x) < —, Vx € (0, x,]
xl(
for all € € (0, €,]. Consequently, for each 0 < § K 1, there exists 0 < xs < 1 such that
ve((0,x5)) <8, V0<e<k1.

The next technical lemma is the key to the proof of Proposition 3.2. We have stated it in the form that is more general
than needed.

Lemma 3.1. Assume (A1). Suppose in addition that a € C L0, 1) satisfies
a(x) > Cux'"™ VYx e (0,1)
for some Cy > 0 and ky € [0, 1). Then, for each 0 < € K 1, there exists C. > 0 such that
ve(x) < XCTZ’ Vx € (0, 1).
As the proof of Lemma 3.1 is long, we defer it to Section 3.2.
Corollary 3.1. Assume (A1) and (A3). Then, for each 0 < € K 1, there exists C > 0 such that
Ve(x) <Ce, Vxe(0,1).

Proof. By (A1)(2), (A3) and the second-order Taylor expansion, we find

a(x) =d (0)x + #;ﬂ T h(x)x2,

where h satisfies i (x) — 0 as x — 0T. It follows from the integral condition in (A3) that a’(0) > 0, which implies the
existence of some C, > 0 such that a(x) > C,x for all x € (0, 1). The corollary then follows from applying Lemma 3.1
with «, = 0. ]

Now, we prove Proposition 3.2. The arguments are in the spirit of proving a maximum principle.
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Proof of Proposition 3.2. Let « € (0, 1) be fixed. We claim that there exist 0 < x, < 1 and 0 < €, < 1 such that
1
3.1) (Le +)L€)|:_Ki| <0 on (0, x4), Ve € (0, e].
X

In fact, direct calculations yield that

(Le+2o)| | = < (e /+ 2o
o2 \xK xk
B e2la” a’ K(K + 1Da b kb e

7 xK xK+1 xk+2 x_)c - xhk+l1 + x_/c
B €2a" =20 +2re  kb—€*kd  €*k(k + Da
- DK an Dyk+2
By (A1), (A3), (A4) and Taylor expansions,
//( ) 2

a(x)=a' (0)x +

+hi(x)x%, x€(,1),

a'(x)=d ) +ad"0)x +hy(x)x, x€(0,1),
b(x) =b'(0)x + h3(x)x,

where h;(x) — 0 as x — 07 fori =1, 2, 3. It follows from the fact a’(0) > 0 (see the proof of Corollary 3.1) that

kb—e’ka' ek +Da  4k[b'(0) + h3(x)] — 4e’k[a” (0) + ha(x)] + €%k (i + D[a” (0) + 2k (x)]

xK+1 2xK+2 4xk
€22k — k (k + 1)]d’ (0)
- 2xk+1
41c[b'(0) + h3(x)] — 4e?k[a” (0) + ha(x)] + €%k (c + 1)[a” (0) + 21 (x)]
< o on (0, 1).
Hence,

1 2ha +4re — Ab + 4k [P (0) + h
(LEH)[_K]; 4+ 4 + 4k [b'(0) + h3] on (0. 1).

4xk
where
ha(x) =2a" (x) — 4k [a” (0) + ha(x)] + Kk (k + D[a”(0) + 2k (x)].

As b'(x) =b'(0) + hs(x) with h5(x) = 0as x — 01, we find 0 < x, < 1 and 0 < €, < 1 such that the claim (3.1) holds.
For each € € (0, €], consider

We(X) = ve(x) — xi"’ x € (0, x4].
We claim that
(3.2) we <0 on (0, x,], Ve € (0, €].
Indeed, making €, smaller if necessary, we can apply Corollary 3.1 and Theorem A (1) to conclude that

limsupwe(x) <0, we(xy) <0,Ve € (0, €]
x—0F

Thus, if (3.2) fails, then there is some €( € (0, €] such that w := w¢, has a positive maximum attained at some point in
(0, x4). Let xg € (0, x4) be such that

w(xg) = max w > 0.
(0,x4]

Then, w’(xg) = 0 and w” (xg) < 0.
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As (Le¢y + Aey)Vey =0, (3.1) yields that
(Ley +Aeg)w >0 on (0, xy).

But, making €, and x, smaller if necessary, we have

\S] |Oml\>

(Ley + Aey)w(xo) = = [a(xo)w” (xo) + 24 (x0)w’ (x0) + a” (xo)w(x0) |
[

— [b(xo)w’ (x0) + b’ (xo)w(x0) | + Aeyw(x0)
2
< [%Oa”(xo) —b'(xo) + Keo}w(m) <0,

which leads to a contradiction. Thus, the claim (3.2) follows. This completes the proof. (]

In Proposition 3.1 and Proposition 3.2, concentration estimates of {v¢}. near co and 0 are respectively established.
The proof of Theorem B now follows readily.

Proof of Theorem B. Let {v,, }, be a sequence of {vc}., where €, — 0 asn — oo. Forany § > 0, we see from Proposition
3.1 and Proposition 3.2 that there exists a compact set K g C (0, 00) and an integer ng > 1 such that

ve,(K§) =18, Vn=ns.
Clearly, there exists a compact set K 52 C (0, co) such that
ve,(K§)=1-8, Vne(l,...,ns).

Setting K5 := Kal U K(sz, we find
Ve, (Ks)>1—46, Vn.

Hence, the family of QSDs {v, }, is tight.
The rest of the conclusions in the statement follow from Theorem A. |

3.2. Proof of Lemma 3.1

The idea is to use the standard change of variable for one-dimensional problems (see e.g. [21]) to rewrite the densities
{ve)e of the QSDs {vc}e in the new coordinate system. A delicate analysis of {v} in the new coordinate system near 0
then gives required information about {v,}¢ near 0.

Throughout the rest of this subsection, the conditions in the statement of Lemma 3.1 are assumed, that is, we assume
(A1) and a € C1([0, 1)) with

(3.3) a(x)> Cux'™ Vxe(0,1)

for some Cy > 0 and «4 € [0, 1).

We see from (3.3) that fol \/al(_x) dx < oo. This together with (A1)(2) implies that for each 0 < € < 1, the function

& 1[0, 00) — [0, 00), defined by

ds, xe]0,00),

X 1
£ (x) = /O ——=

is well-defined and increasing on [0, co) with range [0, E.), where

o0 1
‘ _/0 ev/a(s)

It is worthwhile to mention that &, introduces the canonical transform converting the SDE satisfied by X (namely, the
SDE (1.1)) to the one with the simplest noise coefficient. More precisely, Y := & (X[ ) satisfies

[x]

ds.

dYf =Lk (671(YF)) dt +dW,,  Y§ €0, Eo).
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Set
ge(x) = —Lc&(57'(x),  x € (0, Ee)

and

Qe(x) = /X 2ge(s)ds, x € (0, Ee).
1

Lemma 3.2. The following hold.
(1) Foreach0 <e < 1,
o= Qe — Ne (Se_l(x))

W@?uﬂ

where n¢ : (0, 00) — (0, 00) is a continuous function satisfying

X € (O’ Eé)s

0 < inf < su <00, VA>O0.
o) Ne = ((),}1)) Ne

%W =¢ (67 () a(ET ). x €, B0,

where ¢ : (0, 00) — (0, 00) is a continuous function satisfying

(2) Foreach0<e <1,

0< inf & < sup & <00, VA>0.
(0,A) (0,A)

(3) Foreach 0 <e <1, /01 e 2™ gy = 0.

Proof. (1) A straightforward calculation yields

e d b
_+—

Eege:_zﬁ 6\/5'

Thus, for any x € (0, E,),

£

x e ()
Oc(x) = —2/1 Lekc(671(s))ds = —2/5_1(1) Lcke(s)EL(s)ds
/Se‘<X>[1 a(s) 2 b(s)]
- S 2 s
e 2 a(s) €2 a(s)

— L 2 (50 p(s)
= Ema(gé ') — Elna(& (D) - 2 /&_.(1) @ds'

Note that we may assume, without loss of generality, that 8 > 1 forall 0 < € < 1 so that & 1(1) is well-defined. Setting

Ne(x) 1= exp{%lna(&;l(l)) +§2/: @ds}, x € (0, 00),

tay als)

we find the desired expression for e~2¢. By (A1) and (3.3), the integral f;l(l) % ds is finite for all x > 0. This yields
the desired properties of 7.
(2) Setting
1 2 (* b
Ce(x) :=exp{—§1na(§€_1(l))——/ ﬂds}, x € (0, 00),
3

€2 ;1(1) a(s)

the results follow from arguments as in the proof of (1).
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(3) We see from (1) that

1 &' 1 &' (x) &'
~0:() 4 :/ ne (x) dx / e _/
/0 R S T e ST
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where ¢ = inf(0 £ (1)) e > 0. The result then follows from (A1)(2) and a € C'([0, 1)). In fact, Taylor expansion gives

a(x) =d' (0)x + h(x)x with h(x) — O as x — 0. If a’(0) > 0, fge M _1 dx = oo follows readily. If a’(0) =

a(x)
1

a(x) dx = oo as well.

h(x) > 0 near x = 0, which implies fo

For each 0 < € « 1, consider the function

Ue(é (x)) Qe(X)
ELET ()

(34) ue(x) = x € (0, B¢).

Lemma 3.3. For each 0 < € < 1, u, satisfies the following properties:

(D) o ucxye %W dx =1;
(2) there holds

(3.5) —u, — Qeu/g =—Aeue in (0, Ee);
(3) the function x — u’e(x)e_Qé @) s decreasing on (0, E.), and has finite limit as x — 0.

Proof. (1) The property holds because

[ -

Be Be -1 00
/ ue(x)e” 2™ gy =/ M dx =/ ve(x)dx =1.
0 0 0

g (0))

(2) Since &/ = /aon (0, 00), we have

ve (BT (x))

we(x) = == =e\a(E ©))ve (E7' (1), x € (0, Be).

§l(&e ()

We claim that w, satisfies

1
—w! 4 (gewe) = —hewe  on (0, Ee).

(3.6) 5

Let y =&7"(x), or x =&:(y). Then,
we (X)EL(Y) = ve ().
Since
[a(ve)], = [a(Mwe(DE D],
= w (E (Na(E ) + we)[aWE D],

- v /),

0, then

O
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it follows that
2 1 2

Slamvem],, = o], = 3wl @E ) = S wcmam m], - [beIwcng 0],

1 2
= Ewé’(X)Sé ) — [(%a(y)fe”(y) +b(y)E, (y)> We (X)}

y

1

= w50 = [LbMwe®)],
1 1 /

= JW{ (5 ) + [geNwe (0],

1
= Ewé/(X)&/ ) + [ge @ we ()] £ ().
Hence by (2.1), we deduce

2

r , 1 € ve(y)
Swe@) + [geNwe ()], = 70 {;[a(y)ve W], - [b(y)ve(w]y} = hegiyy = Thewe®:
that is, the claim holds.
Now, we find from we = uce~9¢ that w, = uée‘Qe — 2gcwe and
w! =ule™% —2qcule™% —2(gewe),
that is,
1 " /_1 1" —Qe / —Qe¢
Ewe + (gewe) = Eugé’ —(geuce .
This together with (3.6) gives
A _1 " /_1 1" —Qe / —Qe¢
— EwE—Ewe—i—(qewe) =-uc.e —geu e ,
which leads to the desired equality for u..
(3) Multiplying (3.5) by e~ ¢, we find
(uéeiQG)/ = —2hcuce e,
which leads to
X
3.7) ul (x)e” 20 =y (x0)e” 200 _ 20 | uc(s)e 2Wds, Vxg,x € (0, Ee).
( € €
X0

Note that if x > xq, then u’é(x)e’Qf(x) < ué(xo)e’Qf(XO), that is, the function x — ué(x)e’Qe(x) is decreasing on (0, E).
Letting xo — 0T in (3.7), we conclude from (1) that the limit lim,_, o+ u_. (x)e™ 2™ exists and is finite. O

We are ready to prove Lemma 3.1.

Proof of Lemma 3.1. According to (3.4), the definition of &, and Lemma 3.2 (1), we have
Ue (8 (x)) ne(x)

€ a(x)’

Ve (%) = tte (£ (x)) e~ QG (x) = x € (0, 00).

To examine the behaviors of u (& (x)) as x — 0%, we first note that

(3.8) Iim uc(x)=0.

x—0t
In fact, Lemma 3.2 (3) and Lemma 3.3 (1) imply that liminf, o+ ue(x) = 0. If limsup,_, o+ ue (x) > O, then u. is
unbounded on (0, 1). But Lemma 3.2 (1) implies that lim,_, o+ e~ 2™ = o0, which together with Lemma 3.3 (3) implies
that lim,_, o+ u, (x) = 0, a contradiction. Hence, (3.8) holds.
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The limit (3.8) ensures that
X
Ue(x) =/ u;(s) ds, xe€(0,E).
0

Setting £¢ :=lim, _, o+ u. (x)e~ 2™ we find from Lemma 3.3 (3) and Lemma 3.2 (2) that
&e(x) ,
e (G (x)) = fo uc(s)ds
§e(x)
:/ . (5)e~ Qe Qe g
0

fe(x)
- ﬁe/ 0Qc) g
0

ge(x)
= fo (571 9))Ja(e " () ds

=Le /o Ce()va(s)E (s)ds

E X
=i/ Le(s)ds, Vx € (0,00).
€ Jo
It follows that
Len(x) [* Le x
Ve(¥) = 5 —— | Le(s)ds < | Zne(x)sup & [—, Vx e (0, D).
e“a(x) Jo € o1 Ja)
The lemma then follows from Lemma 3.2 (1)(2) and (3.3). O

4. Applications

In this section, we discuss applications of Theorem A and Theorem B to models arising from chemical reactions and
population dynamics. Due to the similarity, we study a class of chemical reactions in details in Section 4.1 and roughly
discuss the application to diffusion approximations of birth-and-death processes in Section 4.2.

4.1. Keizer’s paradox

We consider the following simple chemical reactions:

kl kz
4.1 A—i—XkﬁZX, X —C,
-1

where the positive numbers &k, k_; and k; are reaction rate constants. The concentration of the chemical substance A is
assumed to remain constant, and is denoted by x 4. We consider in particular the case with kjx4 > k.
Let V be the total volume of the system and {X};>0 be the continuous-time Markov jump process counting the

Vv
number of the substance X. By the law of large numbers [1,19], the scaled process {Xv‘ }s>0 converges to the solutions of
the following ODE:
4.2) x=>bx), xel0,00),

on any given finite time interval as the volume V' grows to infinity, where

kle—]Q >
—_— — X ].

b(x) = —k_1x> + kixax — kox = k_1x< p
—1

The ODE (4.2) is the classical mean field model for the concentration of the substance X. It is clear that (4.2) admits two
equilibria: an unstable one at 0 and a globally asymptotically stable one at

_ kle — k2
= = .

Xe:



896 Z. Shen, S. Wang and Y. Yi

Vv
The fluctuation of {XT’ }t>0 around the solutions of (4.2) for V > 1 is captured by the central limit theorem [1,19,44].

Vv
More precisely, for sufficiently large V, the process {XT’} ¢>0 stays close to the solutions of the following SDE

(4.3) dX; =b(X,)dt +ey/a(X;)dW;, Xo€l0,00),

on any given finite time interval, where € = ﬁ and
a(x) = k_1x2 + kixax +kpx.

\4
The SDE (4.3) is often referred to as the diffusion approximation of the process {XT’},Z(). The following result, being
indeed a special case of those contained in [43,44], provides a rigorous justification of the diffusion approximation.

Theorem 4.1 ([43,44]). Let {Zlv }i>0 be the diffusion process given by

t t t
zY =ZOV+/ b(z))ds + %[W1<V/ kixaZ) ds> —W_1<V/ (kl(st)erksz)ds)},
0 0 0

where W1(t) and W=(t) are independent standard one-dimensional Wiener processes. Then, the following hold.

(D) {Z,V }t>0 has the same distribution as the diffusion process generated by solutions of (4.3).
(2) Forany L >0 and T > 0, there is a random variable K satisfying E{e’X} < oo for some A > 0 such that if Z(‘)/ =

\%4
X7°—>x0€(O,L)asV—>oo,then

14

X, v InV
sup  |— —Z, §K7 as. forall V> 1,

0<t<Tnrt)

Vv
where ‘L'IY =inf{r >0: XT’ ¢ (0,L) or Z,V ¢ (0, L)}. Moreover, if L > x,, then limv_onP’{tIY >T}=1.

It is not hard to show that the solutions of (4.3) almost surely reach O in finite time, while the solutions of (4.2) with
positive initial data converge to the equilibrium x,. This gives rise to the so-called Keizer’s paradox [38], which is often
formulated in terms of the chemical master equation (CME) satisfied by the distributions of {X tV }i>0 or {XV’V}tZo (see
e.g. [10,39,61]). In [61], the authors numerically showed that the QSD of the CME tends to the Dirac delta measure at
X, as the volume V — oo, and calculated the first passage time to the extinction as well as to the QSD to exhibit the
multi-scale nature. The multi-scale nature of Keizer’s paradox was further investigated in [10], where the authors used a
slow manifold reduction method to estimate the spectral gaps of relevant operators that quantify the first passage time to
the extinction and to the QSD.

The purpose of this subsection is to give a rigorous justification of Keizer’s paradox in term of the diffusion approxi-
mation (4.3). More precisely, we prove the following theorem.

Theorem 4.2. Assume kixs > ky. Then the following hold.

(1) Foreach 0 < € K 1, the SDE (4.3) admits a unique QSD v, on (0, 00).
(2) lim._, o+ ve = Oy, in the topology of weak convergence, where 8, is the Dirac delta measure at x,.

The rest of this subsection is devoted to the proof of Theorem 4.2. We first apply the theory developed in [2] (also see
[31,48]) to study the existence and uniqueness of QSDs for (4.3) for fixed €. In particular, we prove Theorem 4.2 (1).
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For each 0 < € « 1, consider the function &, : [0, co) — [0, 00):

X 1
() ':/o VIO

1 / 1
= ds
evk—1Jo /52 +2cos
X

1 / 1
= dS
evk-1Jo ,/(s—i—co)z—cé

1 h1 (X +co
= CcoS ,
6«/k—1 co

where cp = %. Clearly, & is increasing with range [0, 00). Simple calculations lead to

—(e 2z " —e T)‘)2.

ée_l(x) =cp |:cosh< al
€

co e Jk_1 € /k_1
k )‘1}_ (
—1

Define ¥; =&, (X;). [td’s formula yields
(4.4) dY, = LEE (67 (Y)) di +aW,,

where Ef is the generator of (4.3), namely,

2 2
Ll = 6701()6) d +b(x)
Hence,
M _ Ek—l +
LiE(x) = —a(x)é”(x) + b(x)EL (x) = (x +co) ‘
Vk-1x? +k1xAx+k2x
Let

qe() = —LEE(E7 (1), ¥ €l0,00).
The SDE (4.4) can be rewritten as

4.5) dY, = —qe(Y,) dt +dW,.

Lemma 4.1. The following hold for each 0 < € < 1:

2
_ €“cok_1 1
-0t Ly~ —42, ~—,
y & () Y qe(y) %
yooor g7~ eV g~ °V P
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Proof. The asymptotic behaviors of &1 (y) as y — 0T and y — oo follow readily. The asymptotic behaviors of g (y)

as y — 07 and y — oo follow from those of ée_l (y) and

k_1 1
Lot Xe ~ Ve L
* 5 272 Jx
X —00: ﬁfg(x)~— k_lx.

Let

y
Qe(y)Z/1 2gc(s)ds, y€(0,00).
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Lemma 4.2. The following hold for each 0 < e < 1:
y=0": Qc(y)~Iny,

co
y=> 001 Qc(y) ~ e k1

Proof. It follows immediately from Lemma 4.1. (]

Denote by 7€ the explosion time for the solution of (4.3). Let

T = lim infi0 < € y© —1
O—ni)rgom _t<r.y(t)_;,

TS = lim inf{0 <1 <t€:y*(1) =n}.

n—0o0

Since g is regular on (0, 00), there holds t¢ = min{7j, 7% }.
It is not hard to check that assumptions (H1), (H2), (H4) and (HS) in [2] hold. More precisely, we have the following
result.

Lemma 4.3. The following statements hold for each 0 < € < 1.
(1) Forally > 0,P(Ty <T5)=1.
(2) infy=0lg2(y) — g/ (¥)] > —00 and limy_, oo [g2 (y) — g/ (¥)] = cc.

(3) [[Te %W ds < o0 and fol se= 25" ds < o0,
4) floo e Q) flsle(t) dtds < 0o, or equivalently, floere(s) fsoo e 2O drds < oo,

Proof. It follows from Lemma 4.1 and Lemma 4.2. O

It is well-known (see e.g. [36, Chapter VI, Theorem 3.2]) that Lemma 4.3 (1) is equivalent to the following elementary
conditions:

Ac(00) =00 and k(07) < oo,

where A (y) = [ €2<®) ds and ke (y) = [; €9 [ e 2D dr ds.

Let
duf(y):e*Qf(y)dy on (0, 00),
and
1 d? d
Lr=--_ —
€ B dy2 qe(y) dy

be the generator of (4.5). It is straightforward to check that the operator £! is formally self-adjoint in Lz(uey ). We
can construct a self-adjoint extension of £ in L2(u}), still denoted by £, as follows. Consider the symmetric form
EX 1 C5((0,00)) x C$°((0, 00)) — [0, 00) defined by

85<¢,w>=/0 o'y drl, Ve, v € C§((0, 00)).

It can be shown that SEY is Markovian and closable following the proof of [27, Theorem 2.1.4]. Its smallest closed
extension, still denoted by EGY , is a Dirichlet form with domain D(c‘,'ey ) being the closure of C§°((0, c0)) under the norm
||¢||%(5y) = ||¢5||i2 ) + EEY (¢, ¢). Then, the non-negative self-adjoint operator associated with 56" is a self-adjoint

extension of —LY.

Proposition 4.1. For each 0 < € < 1, the SDE (4.5) admits a unique QSD on (0, co) given by nz d,uz, where né’ €
C2((0, 00)) N Lz(y,z) NnL! (,uZ) is positive on (0, 00) and is the unique (up to constant multiplication) eigenfunction
associated to the first eigenvalue \¢ of —/.:z , which has a purely discrete spectrum contained in (0, 00) with the only
accumulation point 0o.
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Proof. It follows from Lemma 4.3 and [2]. ([l
Let
(4.6) vei=(n! o&)em 2%l and  dve(x) 1= ve(x)dx.

Clearly, v, is positive and C 2 on (0, 00). Moreover,

* *y vy
/ Ve dx :/ ne (y)e_Qf(’)dy :/ ne due =1.
0 0 0

Theorem 4.2 (1) is a special case of the following corollary.

Corollary 4.1. For each 0 < € K 1, the SDE (4.3) admits a unique QSD given by v.. Moreover, its density ve satisfies
2
?(ave)” — (bve) = —Xieve on (0, 00).

Proof. As the transformation &, is invertible, the QSDs of (4.3) and that of (4.5) are in one-to-one correspondence. Hence,
applying Proposition 4.1, we conclude that (4.3) admits a unique QSD for each 0 < € « 1. Arguments as in the proof of
Lemma 3.3 (2) ensure that v, satisfies the desired equation. O

It remains to prove Theorem 4.2 (2).

Proof of Theorem 4.2 (2). The proof amounts to the verification of conditions (A1)-(A4). It is trivial to see that condi-
tions (A1), (A3), and (A4) are satisfied.
To verify (A2), we need to construct a C 2 function Us defined on [xoo, 00) for some xoo >> 1 such that

(1) 0 <inflyy 00) Uso < SUP[x.. .00) Uy < 00;
(2) 1limy s 00 Uso (x) = SUP[y o0) Uoos
(3) there is y» > 0 such that Lé‘Uoo < —Yoo ON [Xo0, 00) forall 0 < e K 1.

To do so, we first consider function w : (x,, 00) — [0, 00):
X
w(x) = —/ b(s)ds, x € (x4, 00),
Xk

It is easy to see that w € C%((x,, 00)) and satisfies

w' >0 on (x,,00), lim w(x)=0, and lim w(x)=oo.
X—>Xg_ X—>00

Next, we modify w to obtain Ux,. For fixed pps > 1, consider

2pm
3Inx’

d(x)=pm — x> 0.

Obviously, ¢ is monotonically increasing, smooth, and concave on (0, 00). We now fix x > 1 and define Uy :
[X00, 00) = [0, 00) by setting

U (x)= ¢(w(x)), X € [Xo0, 00).

Clearly, Uy, is C?, monotonically increasing, positive, and bounded. In particular, Uy, satisfies (1) and (2).
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It remains to verify (3). By using the concavity of ¢ on [xe0, 00) and the fact that ¢’ (w)ab’ < 0 on [x, 00), we have

€2

Lono:?augngbUg,o
_¢/( ) i "4 by +L ¢//( )( /)2
=¢'(w zaw w 2Va w)(w
62
§¢/(w)<7aw”+bw/)
’ 62 / 2 ’ 2
=¢ (w)(;ab —b ) < —¢(w)b” on [xx, 00).

By the definitions of ¢ and w, it is straightforward to check that ¢’ (w(x))b%(x) — 00 as x — 00. As a result, there is
Yoo > 0 such that

—¢'(w)bh* < —yso 0N [Xog, O9).

Hence, Uy satisfies (3), and (A2) holds.
As x, is the globally asymptotically stable equilibrium of the ODE (4.2) in (0, c0), the result follows from Theorem
B. ]

4.2. BDPs and their diffusion approximations

In this subsection, we roughly discuss the application of our main results on the concentration of QSDs to diffusion
approximations of birth-and-death processes (BDPs). Let N be the set of positive integers and Ny = N U {0}. Consider a
continuous-time birth-and-death process {Z,K }t>0 on the state space Ny with birth rates

K=o, Ak =ni(%>, neN,

and death rates

K ~(n
Wy :nM<E>, neN,

where K > 1 is the scaling parameter, often referred to as the carrying capacity, and X and [ are positive functions on
[0, 00), and satisfy A(0) > 1(0). A typical example is the logistic BDP whose birth and death rates are respectively given
by

A(If:O, )\,Ifz):n and uf:n(ﬂ—}—%), neN,

where A > i > 0.
Let

A(x) = xA(x), w(x) =xix), xel0,00).

K
By the central limit theorem (see e.g. [19,43,44]), for sufficiently large K, the process {ZT’},Z() stays close to solutions of
the following SDE

X X
4.7) dX, = [M(X,) — n(X,)]dt +,/%‘M dW,, Xo € [0, o)

K
on any given finite time interval. The SDE (4.7) is the diffusion approximation of {ZT’}zzo- Appropriate conditions on

A(x) and fi(x) can be imposed to ensure that for each K > 1, the SDE (4.7) admits a unique QSD vk on (0, 00), and
assumptions (A1)—(A4) are satisfied, and hence, conclusions of Theorem A and Theorem B hold for vg . For the logistic
case,

lim vg =4d;_; in the topology of weak convergence.
K—o0 H
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Appendix: Harnack’s inequality

Let Z C R be an open interval and consider the differential operator

Lu:= (au'+ ,3u)/ +xu onZ,

where «, B and k are measurable and bounded functions on Z. The following result is a special case of [28, Theorem
8.20].

Lemma A.1 (Harnack’s inequality). Suppose that there are constants A > 0, A > 0 and v > 0 such that for any x € T,

2
ﬁ,\(zx) +EO 2

A<a(x)<A and Iy

If u € WY2(T) be a nonnegative solution of Lu = 0 on T, then for any interval (y — 4R,y +4R) C T, there holds

A
=+VR .
sup  u < C(()A ) inf  wu,
O—=R.y+R) =Ry +R)

where Co > 0 is a universal constant.
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