RESPONSIVE TORI IN HAMILTONIAN SYSTEMS OF HIGH ORDER
DEGENERACY - THE SUPER-CRITICAL CASE
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ABSTRACT. Consider the quasi-periodically forced, 2nd order differential equations
:i+)\:rl+sf(wt,z):0, z € RY,

where A # 0 is a constant, [ > 2 is an integer, w € R? is a Diophantine frequency vector, ¢ is a
small parameter, and f : T¢ x Rl — R! is real analytic. It is shown in [31] that if the leading
order p of non-degeneracy of [f(-, z)] satisfies 0 < p < /2, then response solutions of the equation
exist under some minor conditions. Indeed, [/2 is the critical order of non-degeneracy of [f(-, z)]
such that relative equilibria of the equation can be solved from its averaged equation - a typical
mechanism for the existence of response solutions in perturbed, quasi-periodically forced, 2nd
order nonlinear equations. In this paper, we consider the existence of response solutions of the
equation for the super-critical case, i.e., [f(-, )] is degenerate at least up to an order [/2 < p < I.
We will show in this case that response solutions can still exist by perturbing relative equilibria
of the normalized equation by considering non-degeneracy of the new perturbation after the
normalization that is of at least O(e2) order. This reveals a mechanism for the existence of
response solutions of the equation in the super-critical case.

For the sake of generality, we will actually consider a general Hamiltonian normal form con-
taining the normalized equation as a particular case. We will prove a general theorem concerning
the existence of response tori of the normal form through averaging, finding relative equilibri-
a, improving the order of perturbations, KAM iterations, and measure estimates. The general
result will then be applied to the problem of the existence of response solutions of the above
equation in the super-critical case. In several special situations, we will give explicitly checkable
conditions for such existence in terms of Fourier coefficients of lower order terms of f.

1. INTRODUCTION

This paper is motivated by studying response solutions of the quasi-periodically forced, 2nd
order differential equations

(1.1) i+ Mt 4+ ef(wt,z) =0, z € R,

where A # 0 is a constant, [ > 2 is an integer, w € R? is a Diophantine frequency vector, ¢ is a small
parameter, and f : T¢ x Rl — R! is real analytic. For a quasi-periodically forced differential equa-
tion, response solutions are quasi-periodic ones whose frequencies coincide with that of the forcing
function. These solutions, by being the most robust ones, play an important role in understanding
the stability, harmonic response, oscillatory properties, and related synchronization behaviors of
quasi-periodically forced differential equations, especially when they are nonlinear oscillators. The
study of the subject also brings in certain mathematically challenges in the application of KAM
theory. It is due to such physically and mathematical importance that response solutions have been
extensively studied for a broader class of quasi-periodically forced 2nd order differential equations
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including damped or undamped, non-degenerate or completely degenerate nonlinear oscillators,
even with Brjuno or Liouvillean forcing frequencies. We refer the readers to [6], [8]-[12], [18] - [21],
[30], [38, 43] for classical and recent studies of the subject.

With | > 2 arbitrarily given, the origin of the unperturbed system corresponding to (1.1) is
degenerate with an arbitrarily high order of degeneracy. Still, as a typical mechanism, response
solutions can exist in (1.1) as perturbations to certain relative equilibria near the origin. Indeed,
it is shown in [31, 32] that if

8f(a0) 8p71f('a0)
(12) 0= = = (T —o, (2 20
for some 0 < p < [/2, then relative equilibria of (1.1) can be solved from its averaged equation if
either | — p is odd or if )\[%('70, 0)] < 0 when I — p is even, yielding the existence of response
solutions of (1.1) for e sufficiently small. In fact, p = [/2 is the critical order of degeneracy of
[f(-,x)] for the existence of relative equilibria that aare solved from the averaged equation.

apf(,, 0, 0)

The present work focuses on the existence of response solutions in the super-critical case that

9f(-,0) orf(-0)
(13) 0] = () == (2 =g
for some [/2 < p < I. In this case, relative equilibria of (1.1) can still exist but they are only
solvable from higher order € terms of the new perturbation in the normalized equation in general.
This thus suggests a mechanism for the existence of response solutions of (1.1) in the super-critical
case by perturbing relative equilibria through higher order € terms of the perturbation in the
normalized equation. For instance, in the super-critical case, we are able to show that its e2-order

normalized equation has the form
(1.4) i+ M1+ eR)a! +e(fi(x,€) + falwt,z,€)) + 2 F(wt, z,€) =0, r € R,

where R; is a constant, f; is a polynomial in z consisting of terms 2%, i = p,---,l, which is
smooth in ¢, fo and F are real analytic in x and smooth in ¢, and f, = O(2!T!). With certain
non-degenerate conditions imposing on the average of the €2 order term F, we are able to show
the existence of relative equilibria of (1.4) and further obtain its response solutions by perturbing
these relative equilibria. Of course, a general normal form reduction can be both implicit and
complicated. However, as what we will show, such a normal form procedure for the equation
(1.1) can be described precisely by recursive homological equations, leading to explicitly verifiable
conditions in applications.

For the sake of generality, we will actually consider a Hamiltonian normal form up to any given
e® order of perturbation for some fixed integer @ > 2 whose equation of motions is also more general
than (1.1). More precisely, we consider a C? family of parametrized, real analytic Hamiltonian
systems in the vicinity of the origin of T4+? x R%*+2, with respect to the standard symplectic
structure, having Hamiltonians of the following form:

A 1
(15) H = e(e)+ (w,I)+ m(l +eRy)z! T 4 5(1 +eRy)y? +eG(0,2,6) +*P(0, 2, €),
(0,I) € T x R, 2 = (z,y) € R?, where 0 < ¢ < 1 is a parameter, w € R? is a given Diophantine
frequency vector, I, « > 2 are given integers, R;, Ry are constants, and the function G has the form

G(Z,S) = Gl(xag) + GQ(-T7:U?€) + G3(97$>y75)7

for a polynomial Go in x,y consisting of terms x’y7, ¢ > 1, 5 > 2 and i+ j < [+ 1, a function
G3 = O(]z|'*2), and a polynomial Gy = G'(x,¢) + eG%(z,¢€) + -+ + 2~ 2G%(x,¢) in which each

term G, i = 1,2,---,q, is a polynomial of = consisting of terms z7, j = p+1,---,l + 1, for
an integer 0‘7711 < p < l. We refer a quasi-periodic, invariant d-torus of the Hamiltonian system

corresponding to H as a response torus if it has the frequency vector w.
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Assume the following conditions:

(A1) There exists an integer 0 < p < min{ap +1 — «l, a%rl} such that

_ 3P(,0,0) _ _ aﬁp(7070) _ . aﬁ+1p('7070) .
[P(,0,0)]—[ o ]__[ Oxb ]_07 and ap =: [ Oxp+1 }7&07
(A2) ap/X\ <0 when [ — p is even.
Let
~ A, aﬁ/)\ <0,
(1.6) Ai=9A as/A >0 and p is odd,

—A, ap/A>0 and p is even.
Then we have the following result.

Main Theorem. Consider Hamiltonian systems corresponding to (1.5) and assume conditions
(A1), (A2). Then the followings hold.

(1) IfS\ < 0, then there exists an 0 < e, < 1 such that, as 0 < € < €, the Hamiltonian systems
admit a C! smooth family of real analytic, hyperbolic responsive tori around a family of

saddle type of relative equilibria of the size O(es™""").
(2) If A > 0, then there exists a 0 < £, < and a Cantor set D, € (0,e.) of Lebesgue measure

l*lA
me’%ul ~ 1 —O(es"'"?) such that, as € € Dy, the Hamiltonian systems admit a C*

Whitey smooth family of real analytic responsive tori around a family of elliptic type of

relative equilibria of the size O(e, 7).

The above theorem will be proved using KAM iterations. While the problem is in line with the
general study of the existence of lower dimensional, quasi-periodic, invariant tori in Hamiltonian
systems, the normal degeneracy of the Hamiltonian (1.5), especially in higher orders, brings in
substantial challenges into the study (see e.g., [31, 32, 44]), in addition to the well-known difficulty
in preserving the fixed tangential frequencies during KAM iterations. While the essential idea of
overcoming the problem of normal degeneracy is to compensate it with certain non-degeneracy
among the perturbation as suggested by the Poincaré mechanism of the existence of lower di-
mensional tori in the resonance zones (see e.g., [15, 37]), the compensated non-degeneracy in the
present situation however lies in a higher order term of &, resulting in multi-scale Hamiltonian
systems which are more complicated than those previously considered (e.g., in [40]).

When restricting the Hamiltonian (1.5) to (1.4), we have o =2, Ry =0, G3 =0,

G1:/ fi(t,e)dt, GQ(G,x,E):/ f2(0,t,€)dt, and P(@,:ﬂ,s):/ F(0,t,¢e)dt.
0 0 0

By applying the Main Theorem to (1.4) with small p, e.g., p = 0 or 1, we immediately obtain the
following corollaries concerning the existence of response solutions of (1.4) under simpler conditions.

Corollary 1 (p =0). Consider (1.4) with1/2 <p <. Assume that ag =: [F(-,0,0)] # 0 and that
A and ag have the opposite sign when [ is even. Then the following hold.

(1) If A < 0, then there exists an 0 < £, < 1 such that, as 0 < & < &4, (1.4) admits a smooth
family of real analytic response solutions of hyperbolic type.
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(2) If X > 0, then there is an 0 < e, < 1 and a Cantor set D, C (0,e,) with almost full
Lebesque measure such that, as € € Dy, (1.4) admits a Whitney smooth family of real
analytic response solutions of of elliptic type.

In both cases, the amplitudes of response solutions are of the scale of O(&:%).

Corollary 2 (p = 1). Consider (1.4) with /2 < p < I. Assume that a9 =: [F(-,0,0)] = 0,
a; =: [%] % 0, and that A and a, have the opposite sign when | is odd. Then the following
hold.

(1) If X > 0, then there exists an 0 < g, < 1 such that, as 0 < € < g4, (1.4) admits a smooth
family of small amplitude, real analytic response solutions of hyperbolic type.

(2) If X < 0, then there is an 0 < e, < 1 and a Cantor set D, C (0,e.) with almost full
Lebesgue measure such that, as € € Dy, (1.4) admits a Whitney smooth family of small
amplitude, real analytic response solutions of of elliptic type.

In both cases, the amplitudes of response solutions are of the scale of O(E%).

With normal form reductions, the above results can be applied to analyze the existence of
response solution to the original 2nd order differential equations (1.1) in the super-critical case.
By explicitly solving the homological equations involved in the normal form reductions, we are able
to give explicit conditions for the existence of response solutions by using Corollaries 1,2 above.
More precisely, consider (1.1) in the super-critical case that (1.3) holds for some 1/2 < p < I. Write
f into Taylor-Fourier series:

(1.7) F0,2) =" fi(®)z", fi(0) =Y freV 1O i=0,1,..
i=0 keTd
Let
S Al fwol? _

(1.8) g = 22 keza\{0) |(;2w T2 heza\(o} (i Whenl =2,

23 kezi\{0y |fk{;>’|c§, when | > 3;

kaf—kQ |fk1\

(1.9) =2y +2 > when [ > 4.

2 T N2
keZd\{O} (k)2 keZd\{O} )|

Then we have the following result.

Corollary 3. Consider (1.1) in the super-critical case. Then conclusions of Corollaries 1,2 hold
with ag, ay given in the formulas (1.8), (1.9) to yield the existence of response solutions of (1.1).

We note that, in applications, only the signs of aq, a1, instead of their actual values, are needed
in determining the existence and nature of response solutions. These signs, in many situations, may
be simply determined by examining the evenness or oddness of the Fourier coefficients of fy, f1, fo.
For instance, consider (1.1) with [ = 4 and A < 0, and assume that fj is even with [fy] = 0,
f1, fo are odd (hence [f1] = [f2] = 0), and f1(6) # 0. Then one can show that ag = 0,a; > 0 so
that Corollary 3 (in particular Corollary 2 (2)) are applicable to yield a Whitney smooth family
of response solutions of elliptic type as € lying in an almost full Lebesgue measure set in (0,¢,) as
0 < &, < 1 (see Section 4.3 for details). We note that if f = fo + fix + fo2?, then [f] = 0 which
is completely degenerate.
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The rest of the paper is organized as follows. In Section 1, we re-normalize the the Hamiltonian
(1.5) into a new normal form by performing averaging, finding relative equilibria, and improving
the order of perturbations. We perform KAM iterations to the re-normalized Hamiltonian in
Section 3 along with measure estimates. This will prove the Main Theorem and Corollaries 1, 2.
Section 4 is devoted to the study of response solutions of (1.1) in the super-critical case. We will
show Corollary 3 by performing normal form reduction and deriving formulas (1.8) and (1.9) by
explicitly solving homological equations in the averaging process. A concrete example of [ = 4 and
A = —1 will also be discussed.

2. RENORMALIZATION

In this section, we will renormalize the Hamiltonian normal form (1.5), under the conditions
(A1) - (A2), into a new one in order to perform KAM iterations. The renormalization procedure
includes averaging, finding relative equilibria, and verifying their non-degeneracy and types. As
the transformed Hamiltonians in the vicinity of relative equilibria are of multi-scale in e, their
order of perturbations also need to be improved via one step of KAM iteration in order to perform
infinite steps of KAM iterations.

2.1. Weighted norms. We first introduce some weighted norms of functions to be used in the
rest of the paper. For given r,s > 0, denote
D(’I‘,S) = Tg x By,
where
B, :={z=(2,9) € C*: |2| < s}
is the ball of radius r in C? and
T .= {0 = (01,...,00) €CY/(2rZ)*: |Im ;| <7, j=1,2,...,d}

is the strip neighborhood of size r of the d-torus T? = R?/(27Z)? in C?. Let e, > 0 be given and
D C (0,e4) be a given set. For any function f: D(r,s) x D — C:

f(0,2,¢) = Z fr(e)zleV =100,

zezi, kezd

which is real analytic in (6, z) € D(r, s) and CV-Whitney smooth in e € D for some integer N > 1,
we define its || - || p(r,s)xp nOrm by

Ofr(e ONFe(e) iy

Moo= 3 sup(fu(@)] +el 22Oy N Z I i

B
kezd aez? <P

where |k| = Z?:l |k;| for k = (kq,- -+, kq) € Z%. If the function f is independent of £, or z, or both,
we define its ||+ || p(r,s) nOrm, ||| p(ryxp norm, or || || p(r) norm, where D(r) = T¢, simply by taking
e=0,0r s =0, ore=0and s =0in the above. If f is independent of (6, z) then we define its || ||p
norm simply by taking £ = 0,s = 0 in the above. The space of functions with finite || - || p(r,s)xD
norm, || - ||p(r,s) norm, || - | peyxp norm, || - [ (), and || - [|[p norm are all Banach algebras under
the respective norms, which are denoted by C=(D(r,s) x D), C®(D(r,s)), C=N(D(r) x D),
C%(D(r)), and CN (D), respectively.

With respect to Hamiltonians of the form (1.5), a transformation ®(f, z) in some domain D(r, s)
is a called canonical if (id, ®) is a symplectic transformation on C¢ x D(r,s) with respect to the
standard symplectic structure dI A df A dz.
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For any function f : T? x D — C, where D is a domain in an Euclidean space, we denote
1
B 2)) = —— 0,z) do, €D,

62 = oy [ S0 a0,
as its average on T?. The following lemma, whose proof is straightforward, will be frequently used
in the paper.
Lemma 2.1. Let r > 0, N > 1 and consider the homological equation

2,V (0,e) = P(0,e), HecT? ceD,
where P € C®N(D(r) x D) with [P(-,€)] =0 for alle € D and 9, = w - % for some Diophantine
vector w € R of Diophantine constants v > 0,7 > d — 1, i.e.,

((kyw)| > 2=, keZd
||

Then for any 0 < n < r, the equation admits a unique solution V.€ CZ(D(r —n) x D) with
zero-average on T, satisfying

IVIiper—nxp < CollFllpryxD

for some constant Cy > 0 depending only on v, 7,7 and 7.

Through the rest of the paper, we fix a Diophantine frequency vector w € R¢ with given
Diophantine constants v > 0,7 > d — 1.

2.2. Averaging. In the Hamiltonian normal form H in (1.5), we express the perturbation term
into the following Taylor series

1=1 1=114,j€ Zy,itj=1
We note that H € C%2(D(r, s) x[0,e,)) for some r, s, ¢, > 0 sufficiently small. To solve for relative

equilibria of H, we need to average the coefficients P up to order | + 1. Below, for simplicity, we
omit the explicit dependence of all averaged terms on €.

Proposition 2.1. Consider the family of parametrized Hamiltonians H in (1.5). Then for any
given 0 < n < min{r/8, s/8}, there exists an 0 < e, < 1 and a C' family of nearly identity,
canonical transformations ®. : D(r —n,s —n) — D(r,s), € € (0,e4), such that
A 1
(2.1) H = Hod=c(e)+ (w,I)+ le(l +eRy)x! Tt + F(1+ eR2)y?
+ €G(0,z,6) + TP, 2, ¢),
where 2(5) = 6(5) + EO‘[P070}, Rl = Rl + (l + 1)6‘&71[1314_170], RQ = RQ + 2€a71[P072], and

G=0G1+G2+G3+ Gy

with
G =G+ > [Pl
1<i<i+1
i+j<i+1
Go=Go+e™1 N [Pyla'y,
i>1, j>2

Gz = O(|Z|l+2)>
Gy = 50‘71 Z [P%ﬂ‘tly

0<i<l+1
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Moreover,
(22) ||DJ(gm - Gm)HD(rfn,sfn)x(O,a*)a HDj’P”D(rfn,sfn)X(O,a*) <g¢ Vom = 1, 2, 3, Jj= 0,1,2,

where ¢ > 0 is a constant depending only on vy, T, v, s, |Ra|, |Ri|, and || P||pr.s)x(0,e.)-

Proof. Denote

1 A
N =(w, 1)+ 51+ eRo2)y?, h= mu +eRy o)t

For each e, we would like to construct the transformation @ as the time-1 map ¢l.,, of the
Hamiltonian flow generated by a generating function e*V with V =V (6, z, y) having the form

141 I+1

(2.3) V(o) =S V=S 3 Vis(0e)atyd,  [Vig] = 0.
1=0 1=0 i+j=1

Consider the homological equations

(2.4) {(N.V}+P —[P]=0, 1=0,1,-,1—1,

(2.5) {N, Vi + P — [P] + {h,Vi} =0,

(2.6) {NViga} + P — [Prga] + {h, Va} = 0.

We note for each 2 =0, 1,---, [+ 1 that

ON OV, ON OV, ON OV, NV,
00 oI  OI 90  Ox Oy Oy Ox’
= —0,V, 02" — 3w‘/z_171z“1y — 8w‘/172_1xy171 — 0,Voy",

—1(1+eR) Vo' ty — (1 = 1)(1 + eRo)V,_1 12" 2y?

— =201+ ERQ)Vlefgl'ylil — (1 +eR)Vi 19"
Foreach: =0, 1,---, I — 1, using the above and comparing the coefficients of the same orders in
(2.4), we see that (2.4) is equivalent to
9uVio = Pro + [Po] =0,
OwVic11 +1(1+eR2)V, 0 — P11+ [P—11] =0,

{v,vip =

(2.7)
0wV, + (1 +eRo)Vi,1 — Po, + [Po,] = 0.

For given 0 < n < r, by applying Lemma 2.1, each equation in (2.7) can be uniquely solved
inductively to yield solutions V,_; ;, 7 =0,1,--- ,1, satisfying

(2.8) Vieiillpe— i mx.e) S lPlpeyxey, 3=0,1-- 1,

2(+1)

where ¢ > 0 is a constant depending only on v, 7,7, and Ry. This solves (2.4) for all V,, + =
0,1,---,l =1 on D(r — 4,5 — %) x (0,e,). Similarly, (2.5), (2.6) can be solved uniquely on
D(r — 3,5 — %) x (0,e,) whose coefficients satisfy estimates similar to (2.8) with a constant ¢ > 0
also depending on R;. Thus, we obtain the function V' from the homological equations (2.4) - (2.6),
which, by Cauchy estimates, satisfies

(29) HDjV”D(T—n,s—n)x(O,s* < ¢, ] =0,1,2,

where cg > 0 is a constant depending only on vy, 7, 7, s, |Rz|, |Ri|, and || P|[p(r,s)x (0,e.)- It follows
that the time-1 map ®, generated by the Hamiltonian flow associated with the generating function
e*V, is a well defined, near identity transformation as long as ¢, is sufficiently small. Now,

Ho® = (N+h(z)+eG)odlay +e*Podlay
N + h(z) 4+ eG + P+ e“{N + h,V} +*THG, V}

1
SN E R VY4 PV 4 [ {500 P46, V]V o dhayt
0
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1
1
4 [ G- 0P+ B VRV V) o ooy
0
A 1
= e(e) +(w, 1)+ m(l + Ryt + 5(1 + eRy)y?
+  e(Gi(x,e) + Ga(z,6) + G3(0, z,€) + Ga(z,€)) + *TIP(0, 2, €),
where ¢, Ry, Ra, G1, G2, G4 are as in (2.1) and

I+1
Gs = Gs+ Y, P8,z + Y {hV}=0(z""?),
1>142 1=3
1
P = {GV}+ s“‘1{§{N +h,V}+ PV}
1
1
et [ G- 0P+ GV V) o oyt
0
1
1
w2 [0 - PO + R VRV Vol
from which we also see that (2.2) holds. O

Remark 2.1. (1) We note that conditions (A1), (A2) are not needed in Proposition 2.1.

(2) Howewver, as to be shown below, the condition (A1) is crucial for the existence of relative
equilibria associated with (2.1). In the case that the condition fails for the Hamiltonian (1.5), one
can use the following quasi-linear transformation

1

L: z—zx, y%yfeo‘Z[Pﬂ]xi
i=0

to (2.1) to eliminate the £G4 term, so that the transformed Hamiltonian has the same form as that
of (1.5). It is then hopeful that the condition (A1) holds for the transformed Hamiltonian. In case
it does not, then one can repeatedly apply the averaging procedure described in the proof of Propo-
sition 2.1, followed by a quasi-linear transformation as in the above, to obtain new Hamiltonians of
the form (1.5), until the condition (A1) is satisfied. This is one of the reasons for us to consider
(1.5) with an o > 2 because it made be derived from the perturbation order O(?) to some O(g®)
by repeatedly applying such reduction procedures until the condition (A1) holds.

2.3. Relative equilibria. Relative equilibria corresponding to (2.1) are referred to as equilibria
of the averaged part of the Hamiltonian vector fields in the normal direction. We have the following
result.

Lemma 2.2. Under the conditions (A1), (A2), the Hamiltonians (2.1) admit a smooth family of
relative equilibria of the form

Re = (mm ys) = (5ﬁx* + O(sﬁ—‘ré)a T O(EOHF(S)),
as 0 < e <1, where 6 >0 and x, # 0.

Proof. Let

1
Hol(z,y,e) = l%(l +eRy)attt + 5L+ eRa)y? +e(Gr+ G + [Ga] +Ga) + 71 [P).
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Then relative equilibria corresponding to (2.1) are roots of

TR Y E) _ \ot 4 Jeoguaf 4 O(2)(O(P) + OW2) + O(=)0(y) + O(="+1) = 0,
2100 3 o9y » 1
oy U7 %1+ 0(e")0(z) + O(e)(O(z") + O(y)) + O(e* ™) = 0.
where aP(.0.0)
b= 6’y —].
Under the re-scaling
T —eTrx, y — %y,

(2.10) becomes

1) Aal + aga? + O()(0(a?) + Oy) + O(1)) = 0,
’ y+ b +0()(0(x) + O(y) + O(1)) = 0,

where . .

ap+l—al—p l—(a+1)p}

l—p ’ l—p '
Conditions (A1), (A2) together with the implicit function theorem clearly imply that (2.11)
admits a smooth family of solutions

0 = min{

Ty = (*a*;)ﬁ +0(e%), g =—b1+0(),

which, by tracing back to the rescaling, yields desired solutions of (2.10). O

By translating the Hamiltonian (2.1) in the vicinity of the relative equilibria given in Lemma 2.2,
we obtain a new normal form as follows.

Lemma 2.3. Assume conditions (A1), (A2) and let z. be the relative equilibria defined in Lem-
ma 2.2. Then, with the translation L : z — z + 2., the Hamiltonian (2.1) becomes

- 1 - - N -
(2.12) H=HoL=¢+ {(wI)+ §<Mz, 2) + h(z,€) +eG(0,2,€) + e T E(0, 2,¢),
where € is a smooth function of e,

(2.13) Moo= (S
' e¥miay  Mao

with oy = S4=0 iy, = EHL920) 1 O(e5), gy = 1+ O(e), s = 1iar, and h = O(|2]),

G=0(zP), o = Lra—{et VP " f js g quadratic polynomial in z with

l—p
J E(.
(2.14) [%] =0,
(2.15) ID7 Bl pr—n,s—myx(0.00) < 1,

forall j =0,1,2.

Proof. After the translation of relative equilibria, we let

~ O?H,(ze,€)
M 02?2 ’

h = H*(z—l—ze,a)—?-[*(ze,a)—%(Mz,z),
e = e(e)+ Hailze,8).
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Consider the Taylor expansion of
6(g3(05 z+ ze, E) - [g3('a z+ ze, 6)]) + 5a+1(73(0a Z+ ze, 6) - [P(v z+ ze, E)D

in z. Then e 19 E consists of up to quadratic order terms of the Taylor series and G consists of
the remaining terms. It is clear that (2.14) holds and (2.15) follows from (2.2). O

2.4. Improving order of pertuebation. Since |[M~!| = O(e~®), the perturbation order
O(e*177) in (2.12) is not small enough for performing infinite steps of KAM iterations. To over-
come this obstacle, the final step of the renormalization procedure is to improve the order of the
perturbation in (2.12) to O(£2®177) which at least doubles that in the quadratic part. We will do
so by performing one step of KAM iteration using a scheme that cannot be carried over to infinite
steps.

Proposition 2.2. Consider the Hamiltonian (2.12) in D(r — 2n,s — 2n) x D for fized 0 < n <
min{r, s}/8 and D = (0,¢.), where ¢, is sufficiently small. Then there exists a C* family of real
analytic, canonical transformations
Oy, : D(r—2n, s—2n) — D(r—3n, s—3n), e €D,

under which the Hamiltonian is transformed to

Hy:=Ho®y. =e(e) + (w, I) + (Mo(e)z, 2) + ho(z, ) + €Go (8, 2,€) + 217 Py (6, 2, ¢),
where My is nonsingular with |My '] = O(e=®1) for each € € D, ho(z,¢), Go(6,z,¢) = O(|2]?),
and
(216) ”DjGO”D(r—?m, s—3n)xD S 05(:1+U_1,
(217) ||DjPO||D(T7377, s—3n)xD S Cg::

7=0,1,2, for some constant ¢ > 0.

Proof. For simplicity, we use ¢ to denote any intermediate positive constants depending only on
v, T, m, 7, 5. Let

oo
(2.18) K =min{x > 0: / il qt < gntay,
K
We will eliminate terms up to order K in the Fourier expansion of the perturbation E in (2.12),
i.e., the truncation of the Fourier series of E of the form

E0,ze) = > Ewe’ %04 3 (Bu2)e 00 4 ST Bz, z)ey 16
0<|k|<K 0<|k|<K 0<|k|<K
= EO+E1+E2,

by a canonical transformation ¢k which is the time-1 map of the Hamiltonian flow ¢% generated
by a generating function F' of the form

FO, )= S fioeV 150 4 30 (fu,20eV 00 £ ST (foz eV TR0 = By 4+ By + B,
0<|k|<K 0<|k|<K 0<|k|<K

where for each k.4, fi; only depend on & and Ejs, fi2 are symmetric for each e. Let hs, G5 consist
of all cubic order terms in the Taylor expansion of h, G, respectively, and denote

Ry :={hs, F\}, Q:={Gs Fi}—[{Gs, F1}].
it is clear that both Ry, G are quadratic monomials in z and [R2] = 0, [@Q2] = 0. Thus, their
truncated Fourier series up to order K read
Ry(0,2,6) = Z (ngz,z>e\/jl<k’9>,
0<|kI<K
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Q2(97Za‘€) = Z <Qk2zaz>e\/jl<k’0>7
0<|k|<K
where for each k,
_ (32 fror O
By = < 0 0

with . being the first component of the relative equilibria and fyo; being the second component of
fr1, Ggo is an e-dependent symmetric matrix. We will determine F' by the following homological
equations

(219) {N, Fo} + €a1+crE0 = 07
(2.20) {N,F)} + "t E =0,
(2.21) {N, FQ} + MV E, + Ry + EQQ =0,

where N =é+ (w,I) + %(Mz, z). For each k, let
Lo = v—=1(k,w),
Lii = V—1{k,w)Iy — M(e)J,
Lis = V—1{k,w)Iy — M()J ® I, — I, @ JM(e),

where o and I, are 2 and 4 dimensional identity matrixes, respectively, J is the standard 2-
dimensional symplectic matrix, and ® denotes the tensor product of matrixes. Then simple cal-
culations using the comparison of coefficients show that the equations (2.19)-(2.21) are equivalent
to

(2.22) Liofro = =€ 7B, 0<[k[ <K,
(2.23) Liifrn = = 7B,  0<[k| <K,
(2.24) LioFiy2 = U2,  0<[k| <K,

where Fjo and Ugo are column 4-vectors deriving from matrixes fro and €217 Eyo + Rio + €Qpa,
respectively, by ordering their entries in the first row followed by the second row from the left to
the right. Let 0 < e, < 1 be such that

(2.25) e KT < .
Then for each 0 < |k| < K,
|deth1|D = |(¢T1<k,w>)2 + Eal (Thnmgg — €2a_a17h12m21)|p
2
> (kW) — O™ |k[2Ty 2| > =L
> (k@I OE Y| 2 g
|deth2|D = |(\/j1<k, w>)4 + €a1m11m22(\/ —1<k,w>)2 - €2a(\/ —1<k,w>)2m12m21 D

> (VLR W) (L = O K PPy 2) = |k w)|* > ﬁ

as 0 < e, < 1. It follows that (2.19)-(2.21) are uniquely solvable to yield the generating function
F which is real analytic on D(r — 2n,s — 2n) for each € € D and depend on ¢ C* smoothly. To
estimate F', we note by straightforward calculations that

Ll < ekl 78 L p < clk[FTHE2
It follows from (2.22), (2.23) that
(2.26) ||DjF0||D(r_%, s—81)xp = eM T 7eCy,

(2.27) ||DjF1||D(r757T’, s—=32)xD < €a1+accm
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7=0,1,2, where

(2.28) Cp= Y e 4[R2
0<|k|<K
Tracing back to the definitions of Ry, Q2, we have by (2.26) and Cauchy estimates that
|Ria| < Ea1+UCCne_(T_57n), |Qra| < ga1+"che_(T_57")7

0 < |k] < K. Tt follows from (2.24) that

DY Fa|l pp_ttn, 110y, pp < €7, j=0,1,2.
Using standard arguments in KAM theory, we see that there exists a constant ¢y > 0 such that
(2:29) 1D F s smy > < 0= 57 (Cy + C2), j = 0,1,2,

6% — id|p(esnr—an D < €02+ (Cy + C2), £ € [0.1],

HD(ZS}T‘ - Id”D(SfSnJ‘an)X'D < 005a1+0(07, + Cg)
By making e, further small if necessary such that

60831+U(Cn + 072;) <,

we see that the transformations ®¢ . := ¢k : D(r —3n,s —3n) — D(r —2n,s —27n), € € D, are well
defined. Define

My, = M+€[{é3,F1}],

ho = h,

Gy = é+€71{713+Eé3,F2}+€71{iL7}~13+G*G’3,F1+F2},
1

P, = s*al(E—E)+s*2"‘1*”(Q27Q2)+e*al/ {E - E,F}o¢Ldt
0

sezee | =0+ +0), P F o gt
0

Then straightforward calculations show that
Ho®g. =eo(e) + (w, I) + (My(e)z, 2) + ho(z,€) + €Go (6, 2,€) + 2T Py (6, 2, ¢),
for an appropriate term eg(¢) depending only on . Since
(2.30) |M — M| < ettoatoec, < gortl
as 0 < g, < 1, we have
N1

MY < |(M+ (Myg— M) < _ _
My | < |( (Mo ) |_1—|M*1|\M0—M|

gm .
= T-oEe) ¢

as 0 < g, < 1. By definition of K, we have

o _ nlkl o _mt
HD](E_E)||D(r7977/4,372n)><D < Z ce 4 SC/ td+1€ T dt

S C5a1+g j: Oa 1) 2.

Similarly, _ ~
D7 (Q2 — Q2)lI p(r—11n/4—s—11n/a) X D < 21727 j=10,1,2.
These, together with estimates on Fy, F», F' above, imply (2.16) and (2.17). O

Remark 2.2. We note that the above reduction procedure only holds for a finite step of iterations.
For instance, the condition (2.25) does not hold for an infinite step of iterations.
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3. KAM ITERATION

With the Hamiltonian normal form (2.16), the Main Theorem can be shown using standard
KAM iterations. We sketch in this section the main steps of the KAM scheme and refer the
readers to [31, 41] for more details.

Denote g = r — 37, 59 = sf, 1o = 8*%, Yo = min{y?, y*}, and Dy := (0,&,), f = 201 + §. As
0 < g4 < 1, we clearly have sy < s —37n and 79 < ££2. Then Hamiltonian (2.16) can be re-written
as

Ho = eo(€) + (w, I) + (My(€)z, 2) + ho(z,€) +€Go (6, z,€) + e’ Py(8, 2,€),
(0,2) € D(ro,s0), I € CY, & € Dy, such that || My ||p, = O(e;**) and
D7 Gl D(rg,50)xP0 < €2 1850 7 o,
D7 Pol| p(ro,50) x Dy < Yesa o,
j=0,1,2.

3.1. One cycle of KAM iteration. Suppose that we have arrived at a vth KAM step and
obtained the following C! family of real analytic Hamiltonians

(3.1) H=e(e) + (w,I) + (M(e)z,2) + h(z,€) + €G(0, z,€) + e’ P(0, 2, ¢),

on a phase domain D(r,s) C D(rg, sp) and a parameter domain D C Dy, where M is nonsingular,
symmetry matrix for each ¢ € D, h(z,¢), G(0,z,¢) = O(|z|?), and

||DjP||D(T,s)><D S '7252_j:u7 .7 = 07 1a 27
for some 0 < p < pp and 0 < v < 7. Let

b TLTO
+ - 2 4a
= s szt
s+ = J4s, a=p5,
T
[t = CopS,
S e (]
Y+ = 2+ 47
D, = {ceD: |det(\/—1<k,w>12—MJ)\>WL,
|det(vV—1(k,w)Is — MJ @ I — Iy ® MJ)| > \k% 0< |kl < K.},

where ¢y is a constant to be determined later and
1
Ky = ([log ﬁ] +1)°%

The KAM iteration at this cycle amounts to find a canonical transformation ®y : D(ry,s;) X
D, — D(r,s) x D, which is C! in € € D, real analytic and canonical in (6, z), and transforms (3.1
to a new Hamiltonian

Hi:=Ho®, = e (e)+ (WD) + (My(e)z,2) +hy(z,6) +eGy(20,e)+e’Pr(b,2,¢),
where M, is nonsingular, symmetry matrix for each € € Dy, hi(2,¢), G4 (0, 2,¢) = O(|z|*), and

) o g )
‘|DJP+||D(T+7S+)><D+ < ’Y-2|-8+ j:u-'r? J= 07 1a2
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Below, we denote
N =

D, =
T(r—ry) =
Ly =

Ly =
Ly =

and use ¢ and ¢;, 1 = 1,2,---

LU XU, W. SI, AND Y. YI

e+ (w,I)+ (Mz,z).
1 .
D(r++l4 (r—hr),%ds), i=1,2,3,4
> Ik
0<|k|<K 4
V71<k7w>7

V=1{k,w)Iy — MJ,
VA, —MJ®@ L, —LeMJ, 0<|k<K,

,5 to denote the constants that are independent of the iteration

process.

Write P into Taylor-Fourier series:

P = Z pklzze\/jukﬁ)

keZd,zeZi

and consider its truncation

R= " prooe’ " 4+ > (pror, 2

|k|<K K| <K

VEIRO) 4 Z %, Pro2%)e V=IO .= Ry + Ry + Ry.

|k|<K

The transformation ®, will be constructed, according to the form of R, as the time-1 map ¢k
of the Hamiltonian flow ¢% of a generating function

F=F+FR+Fk+F

=: Z FroeY 1RO 4 Z

0<[k|<K, 0<|k[<K,

(fr1,2) %9 4 (for, 2)-

YV THED 4 N (froz, 2)e

0<|k|<K 4
Let hz, G3 be cubic order monomials in h, G, respectively, and denote

Q = {h37 Fl} + S{Gg,Fl} = Z <Z’qk22>e\/jl<k,6’>’
keza

Q= Z <Z,Qk22>eﬁ<k’0>~

[k| <K

We determine F' from the following homological equations:

(3:2) M fo1 +€°por = 0,

(3.3) {N,Fo} + PRy — °[Ro] = 0,

(3.4) {N,F} +£°R; =0,

(3:5) {N,F2} +¢°(Ry — [Ro]) + (Q — [Q)) = 0,
which are equivalent to

(3.6) M for = —€Ppor

(3.7) Lo fro = =" pr1, 0 <[k| <Ky,
(3.8) Ly fr1 = —€pra, 0 <[kl < Ky,
(3.9) LioFro = —eUis,  0< |k| < K,

where Fyo, Ugs are column 4-vectors deriving from matrixes fio and Rgo 4+ Qpo, respectively, by
ordering their entries in the first row followed by the second row from the left to the right. In vital
of the definition of D and the invertibility of M () for each € € D, it is clear that (3.6)-(3.9) are
uniquely solvable on Dy for each 0 < |k| < K. Hence F is uniquely determined.
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To estimate F' and the associated transformation @, , we first assume that

0 =
H1) et dqt < pu.
K

Then it is easy to see that there is a constant ¢; such that
IDY(P = R)lpixp < crely?s* 7,
ID/Rl|p,xp < cely’s” I,
for all 7 =0, 1,2. Using Cauchy estimates, we have
(3.10) |pra| < A2 IleIRIT, l2] =0,1,2.
Assuming that

H2) |[M - Mollp < 2 it

we have by properties of My that

(3.11) 1M~ p = Oer™).

We note by direct calculation that there exists a positive constants co such that
) || 12+107

(3.12) | Ly lpy < CQT, i=1,2.

This, together with H2), (3.10), and (3.11), implies that solutions of (3.6)-(3.8) satisfy

| forllp, < cel=q? sy,
| frallp, < celry?s® Pue™r ol = 0,1, 0 < k] < Ky,
IDIFy||pyxp, <cels®Iply(r—ry), j=0,1,
||D]‘F'1HD4><D+ gcef_o‘lsQ_jﬂl"+(r—r+), ji=0,1,

for some constant ¢ > 0. Assuming that
H3) ||DJG - DjGOHD(hS)X'D S 831_1/1‘7 ] = 07 1u 27

we have by properties of Gg that | DIGs||p(rs)xp = O(e?*™1), j = 0,1,2. It follows from the
above estimate for F} that

||DjQ||D3><D+ < cngQ_jMF+(T_r+)7 ||Dj(Q_Q)||D3><D+ < CEESQ_jN2F+(T_T+>7 J=0,1,2.
This yields an estimate on F5, and consequently, there is a positive constant c3 such that

DY F| o xp, < ca(el s pl%(r —ry) + 078" p), j=0,1,2.
Assuming that

H4) capl(r —ry) +cap < 3(r —7r4);
H5) cssul'(r —ry) + cssp < s4,
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standard arguments show that for all 0 < ¢ < 1, ¢t : Dy — Dy, are well defined for € € D, and
there is a constant ¢4 such that for all ¢ € [0, 1],

|¢}7 - id|D2><'D+ < C4(6552MF+ (T - T+) + Efialsu)a
Doy — Id|p,xp, < capl'y(r —74).

Let ®, = ¢L. Then @, : D(ry,s;) — D(r,s), € € Dy, is a smooth family of well-defined, near
identity canonical transformations. Now,

H, = Ho¢h=(N+h+eG+e’R)o¢h +e?(P—R)ooph
= N+h+eG+e’R+{N,F}+{h F}+¢{G,F}

1 1
+/ {s’BR,F}oqﬁ}dt—k/ {{A = t)(N +h+¢eQ),F},F}o¢tdt + e’ (P — R) o ¢k
0 0

= er+ (W) +(Myz,2) + hy +eGy +e°Py,

where
er = e+el[Ro,
M, = M +e°D?Ry] +D*{hs, F1} + D*[cG3, Fy],
hy = h+{h—hs, Fi},
Gy = G+eHh B}+{G-Gs 1},
P, = /1{R,F}o¢;dt+g—ﬂ/l{{(1—t)(N+h+gG),F},F}o¢;dt
0 0

+(P—R)o ¢k 4+ PTHG, F - ).
By the estimates above, we obtain that

les —ellp, < cefsp,

(3.13) IMy = Ml|p, < c(elys’n+el*sp) < et p®?,
Ihs = Rllpaxo, < eset* s,
(3.14) IG 1 = Gllpyxp, <esel P+l ™y,
for some constant ¢ > 0. By (3.13), we see that, for each ¢ € D, M, is invertible, and,
| det(v=T(k,w)Ty — My.J)| > IZ%
|det(vV—1{k,w)ls — MyJ @ I — I, @ M, J)| > |]Z‘§T

hold for all 0 < |k| < K, if we further assume

H6) plk]” <v—74, 0<[k] < K.
From the form of P, and relevant estimates above, we also see that there exists a constant c¢5 > 0
such that

(3.15) ID? Pl pgry spyxpy < es(V2shs?uly +4%s*%TY), 5 =0,1,2.
Consequently, if

HT7) c5(y2sdsul'y + s 0T ) < 43 sy,
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then
: o i _
(3.16) ID? P\ pgry s yxpy < Vis: Tpg, §=0,1,2
We now define the constant ¢y in the definition of u4 as
co = max{cy,ca, - ,C5}.

This completes one cycle of KAM iteration.

3.2. Tteration and convergence. Recursively applying the definitions of quantities in the pre-
vious sub-section with v + 1 in place of + for v = 0,1, -+, we obtain the following iterative
sequences

=1
1
Sy 4ay—13u 1
ay = M§7
7
My = Cofby,_q,
1
=01~ Z 2i+1 ),
1=1
1 3
Ky = (log(——)] + 1",
Ligy—1=V-Ukw)lo =M, 1J, 0<]k|<K,,
L2k,l/—l =V — <k‘ w>I47(MV_1J)®127I2®(JM,/_1) 0< ‘k| SK,/,
(3.17) D, ={€€Dy_1: |detLij, 1| > r]s'; | det Log,—1| > r/:|5i 0< [k < K}

H, =e, () + (w, I) + (2, M, (£)2) + h(2,€) + G, (0, 2,€) + ° P, (8, 2, ¢),
(3.18) ®,:D(ry,8,) = D(ry—1,8,-1), € € D, such that H, = H,_1 0 ®,,
v=1,2,--

Then we have the following iteration and convergence result.

Lemma 3.1. As e, sufficiently small, the above sequences are well-defined and satisfy the following
properties for allv =1,2,---:

1) M, — Molp, < e ug'®.
2) ID7P,||pery,s)xD, < V552 pw, § =0,1
) D
)

Yv— 1 Yv—1
v ={w €Dy_1: [det Ligp—1]| > 7
(W€ Po i ldethara] > 5y kP
The Whitney extensions of H, and ¥, =: ®; o &3 0--- 0 ®, converge C* uniformly on
D(%, %) x Dy, where Dy, =, Dy

27 2

3
4

‘detLQkV 1| > K, 1< |I€| < Ky}.

Proof. The proof amounts to the verification of assumptions H1)-HT), following standard argu-
ments, see e.g., [7, 16, 42]. O
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Let U, 6o = limy, o€, Moo = lim, 500 My, hoo = lim, o hy, Goo = lim, o G, and
Py = lim, .o P,. Then Vo, : D(%,%) — D(ro,s0), € € Ds, is a Whitney smooth family of
canonical transformations such that

HyoUo = Hoo = oo + (W, I) + (2, Moo 2) + hoo + £Goo + £ Pss.
Since |hoo|, |Goo| = O(|2]?) and
ID? Pl g s0)wp. =0, j=0,1,2
by Lemma 3.1 2), we see that, for each e € D,, T¢ x {I = 0} x {z = 0} is a quasi-periodic invariant

torus of H., with the frequency vector w, which corresponds to a response torus of the Hamiltonian
Hy.

3.3. Measure estimate. For each v =1, 2,--- and k € Z¢\ {0}, denote
Ri(e) = Ry | J Ry

where
Ry, = {e€Dy_1: |detLig, 1| < rk”‘—; K, <|k| <K},
vy, = {e€D,1: |det Loy, 1| < rk”‘—; K, < |k| < K,}.

It follows that
(3.19) Do\D.=) U (B +RL)
v=0 KV71<“€‘SKV
By Lemma 3.1 1) and (2.30), we have
1M, — M|p, < ||M, — Mollp, + | Mo — M|lp, <e*"".

Since ¢, is arbitrary, we can obtain the same estimate for any € € D, to conclude |M,, () — M (e)| =
O(e™1*+%), e € D,. Tt follows from straightforward calculations that

(3.20)  detLyp,—1 = (V—(k,w))?®+e"mymae +O0(>), €D,
(3.21) detLgkﬂ,,l (v—1<k,w))2((\/—1(kz,w>)2 + ¥t my1mas +O(€2Q)), eeD,.

Let \ be as in (1.6). It is clear that A<0 implies m11mM92 < 0, which further implies that each
MyJ is hyperbolic. In this case, we clearly have e 1199 + O(e2%) < 0, € € D,,. It follows that,
for any k € Z% and € € D, we have

v? Yo Y

detLig,—1| > |V—=1{k w)|* > > > ,
|det Ly, 1] | (k)| k27 = k2~ &P

4

Y 0 T
detLoko—1| > [V-1(kw)*> > > :
| CtLag, 1| ‘ < UJ>‘ |]€‘4T = |k|4T |]€|5T

implying R} = (). Sice v and k are arbitrarily, we have D, = (0,¢,) in this case.

We now consider the case A > 0, i.e., mi1m9e > 0, which implies that each MyJ is elliptic.
When mq1/m22 > 0, we have to eliminate the sets RY,; at each iterative step. By (3.20) and (3.21),
there is a positive constant C' independent of v, € such that

v o
‘detLyfl,k:ll > W — CE 3
de de

detLV—l,kl\ = ‘5a171(’fh117’h22 + ) + O(€2a71)| > Cenl,

e
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Let K. = max{|k| : k € Z%, 2Ce21|k|?>" < ~%}. Without great loose of generality, we assume
that there exists v, such that K,, < K, < K, 1. We split ”*H into the union of the following
disjoint sets:

RIFM = {eeD,. : [det Lipy| < Yls‘; K,. < |k <K},

Ry = {eeD,. : |detLig, | < r}:‘;, K, < |k| < K, 1}.
Then for any |k| < K, we have

2 2
v I

det Lyt 1] > e > e s > Dt

|det L1 ||k;|QT el =2 kpr U5 T o < |k5|5T
implying R} ; =0 fori=1,--- , v, and R"*Jr1 1 =0. For k| > K,, ie., \kIZT < 2Ce | we have by

standard measure estimate that

a1

e P =P
| < Cer Yk = 7 [k[*T
Tv—1 1+ 7 .

|R: 1l < CTW <ce, ? e 1> Vs,

where ¢ := v/2C. Therefore,

[ee] o0 a
> Y R Y Y IRGI= ceiﬂzw_ (7).

v=1K, <|k|<K, v=v.+1 K, 1<|k|<K, keTd

Similarly,
- 1
+
> Y RLl=0Et).
v=1 K, 1 <[k|<K,
It follows that
L24] v R
Pla-hy Y mi-hY X mi-i-oeh,
v=1K,_1<|k|<K, v=1K,_1<|k|<K,
which implies that D, is a Cantor set of almost full Lebesgue measure relative to (0,e,) when

A > 0.

The proof of Main Theorem is now complete. Corollaries 1, 2 also follow immediately.

4. RESPONSE SOLUTIONS OF (1.1) IN THE SUPER CRITICAL CASE

In this section, we consider the quasi-periodically forced, second order equation (1.1), i.e.,
(4.1) &+ Mzt 4+ ef (wt,z) =0, x € R,

where w € R? is a Diophantine frequency vector, f is real analytic, and X # 0 is a constant, € is a
small parameter, and [ > 2 is an integer. We consider the super-critical case that

(42) 0= = =
for some /2 < p < I. As remarked in Section 1, p = /2 is a critical order for finding response
solutions from the averaged equation of (4.1). In the super-critical case, response solutions of (4.1)
can still exist but they need to be find through some e*-order of perturbations in some normalized
equation of (4.1).

=0

For the simplest case @ = 2, we now describe the procedure and give verifiable conditions for
the existence of response solutions. This will particularly yield Corollary 3.
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4.1. O(g?)-order normal form. Equation (4.1) is equivalent to the system

0=w,
I=o,
(4.3) iy

= -zt — ef(wt, ),

0 € T I € R?, (z,y) € R? which is a Hamiltonian system with respect to the standard symplectic
structure df A dI A dx A dy, whose Hamiltonian function is simply

(4.4) H=N+h+eP(0,x),
where
Y2
N = <w,[> + ?,
1
h=A——
I+1’

P(0,z) = /Om F(0,t)dt.

Expanding f into Taylor-Fourier series, we have

f(H,x) = ifl(a)xl with fz(e) = Z fkie\/juk"%a 1= 1727 Y

=0 keTd
(4.5) P(0,z) =Y _ P,(0)a’ with P;(0) = f%@ i=1,2,---
=1

Then the condition (4.2) is equivalent to
[fol = [Pl = [f] =[P = -+ = [fpa] = [B] = 0.

For each ¢, we would like to construct the transformation ® as the time-1 map qﬁiav of the
Hamiltonian flow generated by a generating function e*V, with V = V (0, z, y) having the form

I+1 I+1

(46) V(0,2,y) =) Vi=> > Vij(0,e)a’y’, [Vij] =0, i+j=12-,1+1
=1 1=0 i+j=1

which satisfies the homological equations

(4.7) {N,V;} + (P — [P])z" =0, i=1,2, -+, -1,

(4.8) {N.Vi} + (P = [P))a' + {h,V1} =0,

(4.9) {N,Viga} + (P = [Pea))2™* ! + {h, Vo) = 0.

We have the following normal form reduction for (4.4).

Lemma 4.1. Consider (4.4) in the super-critical case. Then the following holds.
(1) For given r,s >0, (4.7) - (4.9) are uniquely solvable to yield a solution V- € C%(D(r,s)).

(2) Let ®. = ¢L,, be the time-1 map of the Hamiltonian flow generated from V. Then for given
0 < n < min{r, s}, there exists 0 < e, < 1 such that &, : D(r —n,s —n) — D(r,s), € € (0,&,), is
a smooth family of real analytic canonical transformations which transforms (4.4) to
I+1 2
Y

H = H [e] (I)E == <W,I> + )\(1 + E(l + 1)[Pl+1])lx4>71 + ? + E(g]_(l') + g2(97ma€)) + 527)(55;%975)7
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where
I+1 .
gl = Z [_PZ'](EZ,
i=p+1
o] I+1
G = Y PO +{h) V},
i=l+2 1=3
P = %{{N—l—h(m),V},V}—i—{P,V}—i—%/o {1 =)*(N + 1), V},V},V}o ¢ty dt
(4.10) +§{{(1 )PV}, V} ool dt.

Proof. We note that Hamiltonian (4.4) is in the same form of (1.5) with R = Ry = G = 0. The
proof simply follows from the argument of that of Proposition 2.1 by taking oo = 1 and (4.7) - (4.9)
in place of (2.4) - (2.6). O

We note that when letting R; = (I + 1)[P41], fi = %i", 1=1,2, and F = %—7:, the equation of
motion of H becomes the normalized equation (1.4) for which Corollaries 1,2 hold.

4.2. Computing non-degeneracy. With the normal form (4.10), the Main Theorem or Corol-

laries 1, 2 can now be applied to study response solutions of (4.1) if a; =: [6’@;;2(;0)] = [apgx(go)]

can be computed in term of f. Let

_ 1
P = 5{{N+ h,V},V+{PV},
where N, h, P are as in (4.4) and V solves (4.7) - (4.9). Then it is clear that

o7 1P, 0)
(4.11) ap = [W],
which is explicitly computable because, as shown in the proof of Proposition 2.1, V' can be solved

recursively from (4.7) - (4.9) in terms of the Taylor-Fourier series of P or f.

We now demonstrate such computations for cases p = 0,1. Foreachi,j =1,2,--- ,l+1, consider
the Fourier expansions
(4.12) P=Y" prie’ RO,
kezd
(4.13) ‘/;‘j = Z U}Cije\/jl<k’0>.
kezd

Computation of ayg: We only need to consider the first order terms of the Taylor series of P
which are simply

’ﬁl =: {Pll‘7 V2} + {Pgl‘2, Vl} = (P1(9)V11(9) + 2P2(9)Vb1(9))l‘ + P1(9)Vb2(9)y

Thus,
6751 ('7 Oa 0)

(414) ag = [ o

| = [PiV11] + 2[Pa Vo).

When [ > 3, V1, V; are given by (4.7) with [Pi] = [P2] =0, i.e.,
0.,V10z + 0, Vory + Vioy — Prz =0,
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0 Voo + 0, Virzy + 0, Voay? + 2Vagay + Viry? — Pox? = 0.
Equating coefficients of x,y of equal powers, we have
0,Vio — P1 =0, 9,Vo1 + V1o =0,
0uVao — P2 =0, 0,V11 + 2Vag = 0, 0, Vo2 + V11 = 0.

Using the Fourier expansions (4.12), (4.13), we have by comparison of coefficients that

Dk Pk P Pk
(4.15) vk = W, Uko1 = W, Uk20 = m, Vg1l = QW, ke 7\ {o}.

In particular, we have obtained Vi1, Vo;. Using (4.16), we then have

Pr1P—k2 DPr2P—k1 Dr1P—k2 frof—k1
(4.16) ag=2 +2 Y —4 —2 Y .
— |k, w)[? — (kW) 2 - |k, w)|? y | (k, w)|?

kezZa\ {0} kezZa\ {0} keZ4\ {0} keZa\ {0}

When [ = 2, V; is still given (4.7) with [P1] = 0 to yield Vb as in (4.15). But V; is given by
(4.8) with [P2] = 0. Solving (4.8) using the same argument as in the above, we have

2pk2 2Apr1

Vg1l = , ke z\ {0},
[(kyw) > [(k, w4
and consequently,
Dh1P—k2 Alpe|? Jrof—k1 Al frol?
= [P Va1 + 2Py Vi) = 4 2 =2 JhoJ-k Lo Sk
% =[PV + 2R Vol TP t2 2 o 2 2 fkapr T 2 (kP
keZ4\ {0} keZ4\ {0} keZ\ {0} kEZI\{0}

Computation of a;: To simplify the computation, we only consider the case that [ > 4 so that
the second order terms of Taylor series of P are simply

Py = {Pux,Vs} + {Psa® Vi} + {Poa®, V),
= (3P3(0)Vor(0) + 2P2(0)V11(0) + P1(0)V21(6))2”
+2(P1Vi2(8) + 2P, (0)Voz (0))zy + 3P1(0) Vos(6)y”.

It follows that

9?Py(-,0,0)
0x?

We note that Vp1, Vi1 are the same as that given in (4.15), but Va; needs to be solved from (4.7)

for ¢ = 3. Using Fourier expansions and the arguments as in the above, we obtain

(4.17) a; = | | = 3[PsVo1] + 2[P2V11] + [PA V2]

Pr3 d
Vp21 = 3 s keZ \{0}
|(k,w)|?
It now follows (4.17) that
Pr3D—k1 Pk1P—k3 Pk2P—k2
= 3 3
" 2 Thap ka2 k)’
kezd\{0} keza\{0} keza\{0}
Pr1P—k3 |10k2|2 Jrof—r2 |fk:1|2
(4.18) = 6 2t Y =2 ) S+2 Y 3
— (kW) — (kW) — |{k,w)] — |{k,w)]
kezd\{0} kezd\{0} kezd\ {0} kezd\ {0}

The quantities ag, a; are precisely those stated in (1.8), (1.9). We note that since w is diophan-
tine, f is real analytic, both a; and ay are well defined real numbers. Moreover, with the normal
form in Lemma 4.1, Corollaries 1, 2 are clearly applicable to yield Corollary 3 with the current
ap, ai.
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Remark 4.1. (1) In applications, lower order terms of f are often a triangle functions in 6,
e.g., in some models of point vertex problem ([26]) and celestial mechanics ([25], [27]). In these
applications, ag,a; become finite sums which can be easily computed.

(2) In application of Corollary 3, only signs of ag or ay matters instead of their actual values.
These signs can be often determined by certain symmetric properties of lower order terms of f. For
instance, when | > 4, let fo, f1, and fo be the zero-th, first, and second order terms, respectively,
in the Taylor expansion of f and assume that fo is even, fi and fy are odd, and fi £ 0. Then it
is easy to see from (4.16) and (4.18) that

2
a=0,a1=2 |fk71|2>0.
= |(k, w)|

4.3. An example. As an example in applying Corollary 3, we consider
(4.19) i —a* +ef(wt,z) =0, r € RY

where ¢ is small parameter and f(0,z) = >,_, f;(6)z" is real analytic. We assume that f; is even,
f1 and fo are odd, and f1(0) Z 0. Then we clear have [fi1] = [f2] = 0. Since /2 = 2, the equation
lies in the super-critical case if [fy] = 0. We have the following three cases.

Case I: [fo] < 0. In this case, (4.19) admits no small amplitude responsive solution. This follows
from [32, Proposition 4.1].

Case II: [fo] > 0. In this case, there exists a sufficiently small e, such that (4.19) admits a
smooth family of response solutions of saddle type having amplitude ~ /4, as ¢ € (0,&4). This
follows from the main result of [32].

Case IIIL: [fy] = 0. In this case, there exists a sufficiently small e,, such that (4.19) admits a
smooth family of response solutions of elliptic type having amplitude ~ £2/3, as ¢ lying in a Cantor
set of almost full Lebesgue measure in (0, e,). We note that Remark 4.1 (2) now applies, so ag =0
and a; > 0. The conclusion then follows from Corollary 3 (in fact, Corollary 2 (2)). We note that
if f = fo+ fix + fax?, then [f(-,x)] = 0 which is completely degenerate.
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