LOWER DIMENSION TORI OF GENERAL TYPES IN MULTI-SCALE
HAMILTONIAN SYSTEMS

LU XU AND YINGFEI YI

ABSTRACT. We consider a general canonical form of a multi-scale Hamiltonian system near a
family of unperturbed lower dimensional, quasi-periodic, invariant tori, in which tangential and
normal frequencies can admit equal or different scales. Extending works of [2, 15], we show
the persistence of the majority of these lower dimensional tori when the normal matrices are
non-degenerate and a Melnikov non-resonant condition among certain tangential and normal
frequencies are satisfied when they admit equal scales. Such a general persistence result of lower
dimensional tori allows a broader range of applications to stability problems arising in celestial
mechanics.

1. INTRODUCTION

The present work concerns the persistence of lower dimensional, quasi-periodic, invariant tori
in general nearly integrable, multi-scale Hamiltonian systems in T" x R™ x R?™, where n,m are
positive integers. More precisely, associated with the symplectic form

zn: dl‘l A dyi + i de N de.|_17

i=1 j=1

we consider the canonical Hamiltonian of the form
1 L
(1.1) H(z,y,z,w,e) = (w:(w),y) + §<M5(w)z, 2) + ™M Pz, y, 2,w,€),
where = (21, ,2,)" €T vy = (y1,- - ,Yn)| €R", 2= (21, ,22m) € R, &> 0is
a small parameter, and m > 1 is a positive integer. In the above, w = (@°, @', ---,@%)" is an
n-dimensional parameter varying in a bounded closed region O with @ € R"0, & € R™mi-1,
i =1, - ,a, where a is a positive integer and {ng,--- ,n,} is an increasing sequence of positive
integers with n, = n, the tangential frequency is of the form
We = (57'0(:)0’ 57—1@17 . 757—(1‘20,)7"

where {79, -+ , 7.} is a sequence of distinct, non-negative integers, the parameter-dependent normal

matrix M. (w) = (m;;) is non-singular for each w € O whose entries m;; are bounded in absolute
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values to some order O(gXi), for 4,5 = 1,2,--- ,2m, and eigenvalues of JM.(w), where J is the
standard 2m x 2m symplectic matrix, are of the form
0N (W), XA, (W),
M Ny 1 (W), € Az, (W),
)
X Ny 11 (W), XA, (W),
where o, m; are positive integers, my < mq < -+ < mq = m, {X0, " ,Xa} IS & sequence

of distinct, non-negative integers. Moreover, the Hamiltonian (1.1) is real analytic in (x,y,z) €
D(r,s) and C smoothly depends on parameters w, € for some integer N > 1, where

(1.2) D(r,s) = {(z,y,2) € C"/Z" x R™ x R*™| | Im z| < r, |y| < s?, |z] < s}
is a complex neighborhood of T x {0} x {0}.

When P = 0 in (1.1), the unperturbed Hamiltonian
1
Ne = Ne(y, 2,0) = (e (W), ) + 5 (Me(w)z,2)

clearly admits a family of invariant n-tori T, . = T™ x {0} x {0} with linear flows {z¢ + we(w)t}.

Like the case for a standard nearly integrable Hamiltonian system, the problem of the persistence
of lower dimensional, quasi-periodic, invariant tori of (1.1) then concerns the persistence of the
majority of these n-tori {7, .} when P # 0.

The Hamiltonian (1.1) is a canonical form in studying the existence and linear stability of
lower dimensional, quasi-periodic, invariant tori in multi-scale Hamiltonian systems especially those
arising in celestial mechanics applications. There are three cases in the normal scales of (1.1):

(i) (lower scale) There exists a 0 < j < o such that 7; > x; forall i =0,1,--- ,q;
(ii) (higher scale) There exists a 0 < j < « such that 7; < x; for alli =0,1,--- ,q;
(ili) (equal scale) There exists a 0 < j < a such that 7; = x; for some i =0,1,--- ,a.

We say j is a lower scale index (vesp. higher scale index) if it satisfies (i) (resp. (ii)), and {4, j}
is an equal scale index pair if it satisfies (iii). The higher scale case often occurs in the perturbed
Kepler problems involving the coupling of massive bodies and bodies of very small masses (see e.g.
[3, 11, 12, 13, 14]). After certain normal form reductions, the normal form (1.1) in this case can be
obtained in the resonance zone by splitting the resonant tori according to the Poincaré mechanism,
for which various persistence results of lower dimensional, quasi-periodic, invariant tori have been
proved (see [15, 16]). For the equal scale case, an interesting five body problem, consisting of
Jupiter and its Galilean satellites, is treated in [2] and a persistence result of lower dimensional,
quasi-periodic, invariant 2-tori is proved when all normal frequencies are simple. Unlike the higher
scale case, the persistence problem of lower dimensional, quasi-periodic, invariant in the equal
scale case necessarily requires Melnikov conditions between tangential and normal frequencies (see
[1, 2]). The lower scale case naturally arises when an nearly integrable, multi-scale Hamiltonian in
T™ x R™ is coupled with a lower scale Hamiltonian in R?™, in which the normal form (1.1) can be
derived in the vicinity of an equilibrium of the lower scale Hamiltonian.

In the present work, we show a general persistence theorem of lower dimensional, quasi-periodic,
invariant tori for the Hamiltonian (1.1) by considering all three cases of scales. Besides including
the higher scale case in a unified approach and providing new result for the lower scale case, our
result in the equal scale case will assume a weaker second order Melnikov condition originally

derived in [17] for standard Hamiltonian systems which particularly allows multiple eigenvalues of
JM, (w).



LOWER DIMENSIONAL TORI IN MULTI-SCALE HAMILTONIAN SYSTEMS 3

Our main result states as follows.

Main Theorem. Consider the Hamiltonian (1.1) and assume the following conditions:

A1) m > max F, where

F={70, T1, ~** sTas X0s X1s s Xa» Xij» 1 <14,7 < 2m};

A2) If{i,j}, where 0 <i<a and 0 < j < qa, is an equal scale index pair, then the set
Oij ={we O0:V=1(k,&") — N (w) — X (w) #0, Vk € Z" "\ {0}, 2mj_1 +1<p, ¢<2m;}

admits full Lebesque measure relative to O, where n_1 = m_; = 0.

Then, as € sufficiently small, there exist Cantor-like sets O, with |O\ O] — 0, as € — 0,
such that the unperturbed tori T,, ., w € O, persist and give rise to a Whitney smooth family of
quasi-periodic, invariant n-tori with slightly deformed Diophantine frequencies.

Remark.

1) If there is no equal scale among any 7; and x;, then the measure estimate in the Main
Theorem can be made concrete as |O\ O.| = O(e5=2~ ) for some fixed real number 0 < ¢ < :. The
same holds in the presence of equal scale when the eigenvalues of JM.(w) are CV smooth in w.

2) The Main Theorem can be easily generalized to a system whose Hamiltonian has a normal
form similar to (1.1) but involving independent parameter £ € O C R* instead of w in which k can
be different from n. In other word, the tangential frequencies now have the form

we () = (700" (), em @™ (€)™ w™ (€)) T
and M. and P depend on ¢ instead of w. With the conditions A1) and A2), the Main Theorem
remains valid under the additional Bruno-Riissmann non-degenerate condition that there exists a
positive integer Ny such that

Rank{0:Q(¢); 0<[I| < No} =n, V€O,

where Q(&) = (WO(€),w (&), -+ ,w(€))T. The proof for such a result follows from the approach
of the present paper together with measure estimates involving Bruno-Riissmann non-degenerate
conditions (see e.g., [7]).

3) Using the same proof, the Main Theorem can be also generalized to the case that the order
sequences {7; }{_q, {X;}j= are distinctive, non-negative real numbers if the following additional
condition is satisfied: There exists some positive constant dy > 0 such that d > dy > 0, where

d:min{|7-p_7-q|a |X[7_X(j|: nga qga7 nga (jSOé}

4) With more derivative estimates involved in the proof, the Main Theorem actually holds when
the Hamiltonian (1.1) is of the class C* in (z,y, 2).

5) The Main Theorem can also be applied to treat certain cases of fast frequencies, i.e., cases
when some e-scales in the tangential and/or normal frequencies frequencies of H admit negative
powers. Indeed, with respect to the new time variable 7 = =™ ¢, where m* is the maximum
among all absolute values of negative exponents of ¢ in the tangential and normal frequencies,
one can consider the re-scaled Hamiltonian H = ¢™ H which is in the form of (1.1). The Main
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Theorem is then applicable to the re-scaled Hamiltonian H if conditions Al), A2) are satisfied,
though the verification of A1), A2) in H for specific cases can be a non-trivial matter due to the
possible complexity of the re-scaled normal matrix ™" M, (w). We note that when conditions A1),
A2) do not meet for the re-scaled Hamiltonian H, new KAM method may need to be developed in
order to show a similar persistence of lower dimensional tori when fast frequencies present. This
is certainly an interesting problem worthy for further investigations.

The proof of the Main Theorem combines various techniques for the persistence of lower dimen-
sional, quasi-periodic, invariant tori in both standard and multi-scale Hamiltonian systems. In
particular, as in [7], finite steps of KAM iterations need to be performed to push the perturbation
to a sufficiently high order in order to carry over infinite steps of KAM iterations. Moreover, our
KAM scheme for infinite steps of iterations are benefitted from those for studying lower dimen-
sional, quasi-periodic, invariant tori in standard Hamiltonian systems especially the ones involving
weaker second order Melniknov conditions (see e.g. [4, 8, 17]). For other works in standard Hamil-
tonian systems involving Melnikov type of conditions, we refer the reader to [5, 6, 9, 10] and
references therein.

We remark that, besides technical details mentioned in the above in treating the multi-scale
Hamiltonian (1.1) differing from those considered in our previous works [15], [16], one novelty of
the present work lies in the measure estimate in subsection 2.5 for the frequency domain (2.13) in
all cases of lower, higher and equal scales.

The rest of the sections are organized as follows. In Section 2, we perform finite steps of KAM
iterations to Hamiltonian (1.1) to obtain a new normal form with sufficiently small perturbation.
In Section 3, we prove the Main Theorem by infinite steps of KAM iterations. In Section 4,
we illustrate the application of our Main Theorem by considering a celestial mechanical system
contained in [2].

Through the rest of the paper, unless specified otherwise, we will use the same symbol | - | to
denote an equivalent (finite dimensional) vector norm and its induced matrix norm, absolute value,
and measure of sets etc., and use | - |p to denote the sup-norm of functions on a domain D of a
metric space.

2. IMPROVING THE ORDER OF PERTURBATION

In this section, we will perform finite steps of KAM iterations to improve the Hamiltonian (1.1)
by pushing its perturbation to a desired high order in order to apply the standard KAM iteration.

We rewrite the Hamiltonian (1.1) as

Ho(z,y,z,w,6) = el(w)+ (Wl (w),y)
1 _
(21) =+ §<M£(W)Z,Z> +6m+%P0(x’yasz7€)7 (mayvzaw) € D(TO,S()) X OOa
where €(w) := 0, w0 = w., M2(w) = (mgj) = M.(w) = (mij), Py, 2,w) = ez P P(z,y,z,w),
rg =: 1, so = " for some fixed 0 < ¢ < %, and Oy = O. We also denote w = (%0, 0%, ... 0T
and /\g’j(w) =: )\%(w), §=0,---,a,p=1,2,-- 2m,. For b=4m?N, we let 7§ =2, pg = et

Since P? is at least of the order of O(E%), it is clear that

|84lupo(x,y7Zaw75)|D(ro,so)><Og S ’Ygsgﬂﬂv |l| S N.
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Suppose that we are at the v-th KAM step for some integer v > 0 with the associated Hamiltonian
normal form:

H(z,y,z,w,e) = e(w)+ (we(w),y)
(2.2) + %(Ms(w)z, z) —|—5m+%P(x,y,z,w,s), (z,y,2z,w) € D(r,s) x O
which is real analytic in (x,%,2) and C" smooth in w, &, where 0 <7 <7y, 0 < s < 59, O C Op
is a bounded closed region,
(23)  we(w) = (€@ + O(e™t2), €M% 4 O(e™T2), - g% 4 O™ )T,
M, (w) is non-singular on O. In the above, the v-dependency in each term is made implicit for the
sake of simplicity. We denote
(24) Ne = o) + (0e(), ) + 5 (Me()2, 2)
and assume that the perturbation P satisfies

0L Plp(rsyxo <08°m Il <N

for some constant 0 < pu < pyg.

For + =: v + 1, we will find a symplectic transformation ®*, such that, on a smaller phase
domain D(ry, s;) and a smaller frequency domain O, the Hamiltonian (2.2) is transformed to a
new Hamiltonian

1 1
HY = Ho®" = ¢f () + (wf (@), y) + 5 MF (W) 2) + e TP (2, 2,0,6)

€

which satisfies similar properties as (2.3) but with much smaller perturbation P*.

Through the rest of the paper, all constants ¢;, ¢ =0,1,2,--- |7 are positive constants indepen-
dent of € and the iteration process. For simplicity, we also use ¢ and asymptotic symbols “O, 0” to
denote any intermediate constant and term that are independent of € and the iteration process.

2.1. Truncation. Define

f T
+ - 2 47
L }
S = —Qs, 0@ =
+ g e,
py = . for some fixed i€ (0,1),
Ky = (llog=]+1)%
i—1 1 .
DZ = D(T’++78 (T’—T+),§OZS), 7/:17"' ,8,
D+ = .D1 = D(T+,S+),
N 7
D(s) = D(r++§(r—r+),s),
F(’I” - T+) _ Z ‘k|N+(N+1)4m27—ef|k;‘ T—8r+ .

0<|k|<K
We first express P in (2.2) into the following Taylor-Fourier series

7 —1{k,x
P= > Prayy'2ey 0D
kEL™ 2 €L g ELA™
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and let R be the truncation as follow

(2:5) R:= Z (Proo + (P10, ) + (Dro1, 2) + (2, Drozz))e¥ LR,
[k|<K4

Lemma 2.1. Assume that

r—

5 dt < u.

o0
H1) et
Ky

Then, there is a constant c1, such that for any || < N, we have

0L(P = R)|[p;x0 < e1vgs’i?, |0, RIp,xo < c17gs” e

Proof. The proof follows from [4, Section 3] or [8, Lemma 3.1]. For the reader’s convenience, we
outline the key steps below.

Write
P=R+T1T+1I,
where
I = Z pkjylzjeﬁu““),
|k|>K 4 2 €27 g€23™
I = Z pkjy’zﬂeﬁ““‘”).

[k <Ky 2] +71=23

The standard Cauchy estimate and H1) yield that

o0

1 NP b 3 =T+ b2 92

0L pxo < D |0LPIprsyxoe H7s §7082M/ et I dE < s’
Ik|> K4 K

It follows that
10L(P = Dl preyxo < 10LPID(rsyx0 + 1001 prayxo < 276871
Using Cauchy estimate again, we have

/ 0y |0L(P T = R)| () ollydz b2

< eSS,

C
‘aLI[|D7><O < 5*3
D7xO

where [ is the obvious anti-derivative of fold 2|p| + |¢| = 3. Thus there exits a constant ¢; such
that

0L(P = R)|p,xo0 < c1gsui’,
0L R| D x0 < |0L(P = R)|Drx0 + 0L P|prs)x0 < 17587 -
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2.2. Homological Equation. We will eliminate the resonant terms in R by constructing a sym-
plectic transformation which is the time-1 map ¢} of the Hamiltonian flow generated by a Hamil-
tonian F' of the form

(2.6) Fo= > (froo + (fr10,9) + (fro1, 2) + (2, frozz))eY "1k
0<|k|<K 4

where fi;;’s are (matrix valued) functions of (w,¢) and fro2 is symmetric for each k. To do so, F'
needs to satisfy the following homological equation

(2.7) {Ne, F} + ™3 (R— [R]) = 0,
where N is defined in (2.4) and

1
(2.8) [R] := G /Tn R(x,-)dz

is the average of the truncation R defined in (2.5). Substituting (2.6) and (2.8) into (2.7) yields
— > V=Lkw) (froo + (Frioy) + (fro1s 2) + (z, Froaz))eV~Lk2)

0<|k|<K

+ Z (<M5(W)Z, Jfk01> + 2<]\45((,u)2;7 Jfk022>)e\/—71(k,z)
0<|k|<K

= - Z ™2 (proo + (Pr10,y) + (Pro1s 2) + (2, pronz))eY o),
0<|k[<K

Comparing the coefficients in the above, we deduce the following linear equations for all 0 < |k| <
K+Z

(2.9) Lorfroo = €¥proo,
(2.10) Lonfrio = €¥pro,
(2.11) Linfror = €2pror,
(2.12) Lowfroz = €*proz,
where

~ 1

LOk = Eim\/jl<k,w‘g>,

~ 1

Ly, = E—m(v—1<k,w5>12m — JM(w)),

~ 1

Lo = &Tﬁ [V*1<kvws>l4m2 - (JME(W))®I2m*I2m®(JM6(w))}

with ® standing for the tensor product of matrices.

We would like to solve (2.9)-(2.12) on the frequency domain

2

2m 4m
7 Vi = Y = Vi

(213) Oy ={weO: |LY,] > Ik(ljf’ |det LY, | > |k|gm7, |det LY, | > IkrliT VO< |kl <Ky}
where

- 1

Lgk = Eim*/ _1<krw2>a

- 1

LYy = ;m(\/71<k7w2>12m — JM2(w)),

- 1

LY, = — [V-Ukwd) L — (JM(w)) @ Loy — Iom @ (JME(w))] .
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Lemma 2.2. Assume

1 4m2(7’+1) _
H2) €2K+ - 0(70);
H3) [0L(M. — M?)|o = O(e™+%), |0, (we —w?)|o = O(e™*%), V|| <N,

Then for all0 < |k| < K4, Ly, ¢ = 0,1,2, are invertible on Oy, and moreover, there is a constant
co > 0 such that for allq=0,1,2 and 0 < |k| < K,

|k|ll\+(\l|+1)(2M)"T
,Y(SZM)‘?(UI-H) ’

0L Ly | < e <N, we Oy,

Proof. For any 0 < |k| < K, denote

1 (V=1{k,w Iz — W0) + J(M. — M?)).

E = T _ 1
gmts

It follows from H3) that L is bounded from the above by a constant independent of k, w and &.
Since

ilk = i?k + E%Ea
we have by H2) that

2m
~ ~ 1 m
ldetLiglo, > |det Lo, — O(e?)K>™ > WZ%
and consequently,
- 1 17— (L)~ L
(2.14) |L1k1‘(9 = |(L(1)k +e2L) 1| <c = = < ¢ 2m
’ 1= |(LY),)~ ez L] 0

Similarly,

- ,ygmz _— |k|4m27—+4m2—1
(215) |det L2k|O+ Z W’ |L2k |O+ S CT

The lemma now follows from (2.14), (2.15) and the following inductive equations

l
oLy ==> CLOS L 0 Lye)Ly,!, |Il <N, ¢=0,1,2.
I'=1
0

It follows from Lemma 2.2 that the equations (2.9)-(2.12) are uniquely solvable on O to yield
solutions which satisfy estimates

(2.16) 0L, froolo, < ealk|IHFUIFDT 2 o= IRIT
(217) |8Ll,_;fk10|(9+ S CS‘]{:|‘l|+(‘l|+1)7—5'u]e7‘k“77
(2.18) 0L frotlo, < eglk]/ITUHHD2mT g o[k
(2.19) 0L frozlo. < cs|k|IHIHFDAmET oIk

for all [I| < N, 0 < |k| < K4, where ¢35 > 0 is a constant.
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Lemma 2.3. Assume H2), H3) and let F' be as in (2.6). Then there is a constant ¢4 > 0 such
that on D(s) x Oy,

|| B, s* Byl s|Fa| < cas®ul(r —r4),
and

LSO F| < canl(r = 1)

for all 0 < |I] + [i] <N, 0 <2[p[+ [q] < 2.

Proof. It follows easily from (2.16)-(2.19). O

Lemma 2.4. Let ¢% be the flow generated by F and assume

HA) coul(r—r4) < L —ry),
H5) cys?ul(r —ry) < s3.

Then the followings hold.

1) Forall0<t<1,
¢ : D3 — Dy
are well defined, real analytic and smoothly depend on w € O.
2) Let ®T = ¢%. Then for eachw € Oy,

&t : D, — D(r,s).

3) There is a constant c; > 0 such that
|a£1(¢%‘ - Id)|D+><(9+ < 058/1‘1—‘(7' - T+)7 Vie [01 1]7 0< |l‘ <N.
0L0La] (@F —1d)|p,xo, < esul(r—ry), YO< ||+ <N, [j|=0,1.

wrzT(y,z) -

Proof. Write

t
(2.20) LT+ / X 0 ¢pdu = (), $lras Srs)
0

where X = (F,, —F,, JF.)" is the vector field generated by F and
t
Sralev.2) =o+ [ Fyoopdu
0
t
¢3~“2($72U,Z) :y+/ _Fwo(bq]é‘du)
0

Pro(T,y,2) = 2+ /Ot JF, o ¢'%du.
Then for any (z,y,z) € D3 and t € [0,1], we have by Lemma 2.3 and H4), H5) that
651 (2,9, 2)] < |2 + [Fyl pgyxo < T+ + %(7’ —ry) +eapl(r —ry) <ry+ g(r —ry),
|02,y 2)| < [yl + [ Fal pgyxo < (354)” + eas®ul(r — 1) < (3s51) + 57 < (4s4)?,

t < R < — ﬁ
|0rs(,y, 2)| < [z + [Felpxo < 354 +easpl(r —r4) < 3sy + —= < s,
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ie., ¢t(z,y,2) € Dy for t € [0,1]. Hence 2) holds.

Similar to that in [4, Section 3] or [8, Lemma 3.3], the proof of 3) simply follows from (2.20)
and the estimates in Lemma 2.3. . 0

2.3. New Hamiltonian. Lemma 2.4 shows that for eachw € O, , ®* : D(ry,s.) — Dy C D(r,s)
is a well defined, real analytic symplectic transformation. Applying this transformation to the
Hamiltonian H, we obtain the new Hamiltonian

H* = Ho®' =Hogk=(N+e™3R)odh+c™"3(P—R)odkL

1 _
5 (M (@)z,2) +em 2P

on D(ry,sy) x Oy, where e is a smooth function on Oy and

= el (W) + (wiw),y+

(2.21) wiw) = w. +€m+%p0107
(2.22) MF(w) = (w) + €™ 2 pooa,
(2.23) /{1—t —[R)) + R, F}dt + (P — R) 0 ¢%

with [R] being defined in (2.8). We denote the new unperturbed part as

NF = e (@) + (wF (@), ) + 2 (M @)z, 2).

2

Lemma 2.5. There exits a constant cg > 0 such that the followings hold for all 0 < |I] < N:
LW —we)lo, < ese™ Esp,

0L (M (w) = M(w))]o, < cec™ 2 .

Proof. Tt follows from (2.21), (2.22) and estimate of truncation R in Lemma 2.1. O

For the new perturbation P, we have the following estimate.

Lemma 2.6. There exists a constant c; > 0 such that
|8cluP+|D+ xO4 < 6778(83/’62F(T - T-‘r) + 83/.t2 =+ 82/”’2)7 |l| < N7

and consequently, if

H6) covg(s’1’T(r —ry) + s*p?) < Astpy,

where ¢g = max{1,¢y,co, -+ ,c7}, then

0LPT|p, <0, <Vesipe,  IISN.

Proof. We note that [R] = O(¢™*2). The lemma follows easily from the expression of Pt in (2.23)
and estimates of F' in Lemma 2.3. O
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2.4. Finite Steps of KAM Iteration. Recursively applying the definitions of quantities in the

above for the vth step with v+ 1 in place of “4” for v = 0,1, - - -, we obtain the following iterative
sequences:
~ 1
m, = ro(l— Z W)a
i=1
1 3
Sy - gal/—lsl/—:h Qy = Uy,
w, = pith. for some fixed i € (0,¢)
1 _
HY = H'0@" = () + (W!(0),9) + 5 (M!()2,2) + " PV (2,5, 7,0,2),
(2,9, 2z,w) € D(1ry,8,) X Oy,
K, = (log(——)+1)%
/141/71
%" e
Oy = {we(’)y_l |L k|> |k‘7—’ |detL k|> |k‘2m7,|detL k\>W,VO<\k|§KV},
forv=1,2,---.
Let
log 2(N + 6)c, + log 8m?(N + 1) — log(152
(2.24) y, — [1082(N + B)e. +log8m* (N +1) —log(5%)] |

log(1 +17)

where ¢, = 4m? Y7 | 7;(n; — n;_1) and [z] denotes the maximum integer less than x.

Proposition 2.1. The iteration scheme can be performed inductively for v =0,1,--- v, — 1 to
yield the Hamiltonian

1

§<ME* (w)z, 2) + 2 P*(z,y, 2,w, €)

defined on D(r.,s.) x Oy, where ri, =1y, S¢ = 5y, €f =€, Op = O,,, W = wl*, M} =
MY+, P* =¢&™P¥, such that

(225)  H' = H" =el(w)+ (i (w)y) +

(2.26) |8LP*|D(7‘*,S*)><O* < Em,ygszuy* < 825m+§+16d2(N+1)(N+6)c*
2
< 716d (NFDVES) 3#27 | <N,

2m+e
where v, = €%, py =€ 4

Proof. To show the validity of the iteration scheme, we need to check conditions H1)-H6) for all
v=0,1,-- v,

First of all, for any |I| < N, we have
0L (MY — MO)|o, < ™3 (111 + 2 + -+ + o) = O(e™F3),
0L (@Y = wD)lo, < ce™ 2 (o1 + £ -+ o) = O™ ),
which verifies H3) for all v =0,1,2,-- -, as ¢ sufficiently small. Next, it is easy to deduce that

(2.27) Ty — Tyl = 2:%’ oy = 07— T, g

from which it is easy to see that conditions H1), H4) - H6) hold for all v = 1,2, - - - | as ¢ sufficiently
small. However, we note that H2) only holds for a finite number of v’s. In fact, by definitions of
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K,’s, 70 and v,, we see that H2) holds for all v = 0,1,--- ,v, — 1 as long as ¢ < 1 is sufficiently
small.

Now, by (2.24) and (2.27), we have

1+i 16m2(N+1)(N+6)c,
o, = pptt < g0 NEDEHOC.,

from which (2.26) follows by applying Lemma 2.6 to the step v, — 1. O

2.5. Measure estimates. We now estimate the excluded measure of Oy after v*th iteration.

Lemma 2.7. For allk € Z",
« QT)’L]'
det LY, = [ [I S(V-1kol(w))—9207 (),
7J=0p=2m;_1+1
[e% 2’!71_7'
det LY, = H H E—m(\/—l<k,wg(w)> — A (w) — XA (w).

j=0p,q=2m;_1+1

Proof. Recall that the eigenvalues of JM?(w) are of the form

X0 10,0 L _x0,00
€ >‘1 (w)v = )‘Qmo(w)7
x110,1 . x1 0,1
€ >‘2m0+1(w)v' "€ /\2m1(w)7
)
Xu)\o’a ( ) Xu)\o’a ( )
€ 2meo—1+1 W), )€ 2meq W),
where «, m; are positive integers, mo < mq < --- < mq = m, {X0, -, Xa} IS a sequence of

distinct, non-negative integers.

Let E be the Jordan canonical form of JM? and T be the non-singular matrix such that
T~Y(JM?)T = E. Then

em

det L9, = det[ ! TV —1{k,w0) L5y, — JMS)T}

1

—  det Lm(ﬁ%,wgﬂzm - E)}

. . .
=TI TI SV Tkele) o).
j=0p=2m;_1+1

Since

(Til ®T71) [(JMEO) X 12777, + I2m ® (JMS)] (T & T) =F ® IQm + IQm X E7
it follows directly follows from [8, Lemma 5.1] that

~ 1
det LY, = det Lm(\/—uk, W) Iz — E @ Ioy, — Iz ® E)
6% 2mj 1
= I I SV-1kolw)-e9r)i(w) -2 (W)

m
J=0p,q=2m; _1+1
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Proposition 2.2. |0y \ O] — 0 ase — 0.

Proof. We note that

am?
O, ={we0y: |LY| > W, |det L9, > |]Z|%m7,|detL Wl > Uzlgim V0 < |k < K, ).

Consider the set O* = 09N 0O N OY, where

270
0 = {weO: |(kw)> T , VO< |kl < K.},
270
0y = {weO: \)\3( )| > T V lower scale indexes j, 0 < |k| < K, and p =2m,_1 +1,-
~ . ~. . . . 2
03 = {we0y: [V=Ik, &%) = AT ()], [V=L(k', %) = A7 (w) = Ag7 (w)| > \k7|2’
V equal scale index pairs {¢,j}, p, ¢ =2m;_1+1,---, 2m;, k' e VA

7;:0,1,"',047 j:(),l,"',Oé, 0<|k|§Ky*}

Let w € O*. For given k = (l%o,~-~ ke ,l%o‘)—'— with 0 < |k| < K, let ki, for somei =0,1,--- ,a,

be the first nonzero components of k and 7;, = min{r;,--- ,7,}.

Since w € OY and H2) holds for v = v,, we have

T 1 T4 i 4 T T 1 .30 ~0,4

|Lox| = 571|5 o (K, w2) + O(eTo KTt > ﬂwk 0,0%%) — |o(70)l]
1 N .

gy (R, 20%) > o

> .
L

In vitro of Lemma 2.7, we consider a typical term [} ’j’p = &= (V-1(k,w?) — X5 X07(w)) of LY.

Comparing 7;, with x;, we have the following three cases.

1) When 7;, = x;, since w € 09, it follows from H2) for v = v, that
0 J 3

1 N ) 1
0,5,p i0 ~0,i0y _ 10,5 _ -
0771 2 e [1(R,60%) = X3 (@)] = lo(20)| = 5=

(o, 00y — )\g,j( ) > |Z|OT

2) When 7;, > x;, since w € O3, it follows from H2) for v = v, that
0 J 2

1077 > A0 ()] > L0

L

]. 0,5 T+1
g 1 @I = 10EETH] 2 5=

(3) When 7;, < X, since w € 0Y, it follows from H2) for v = v, that

7.i0 ~0,ip T 1 Lio ~0,ig i
(10, 2%50) = [0V KT| = 0@)]| = g (K, &%) > D

|l07J7P| > > _— )
2™ Tio |7

m 7'10

Using Lemma 2.7, we then have

2
o
det L9, | >
| k| | kP””
Arguing the same way, we also conclude that
%

s 2mj},
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Above all, we have shown that O* C O,. As ¢ sufficiently small, we note that |0y \ O] = O(o)
and Oy = 0. For each equal index pair {4, j}, we note that

{weOy: V=1(k, &%) — A (w) = A0 (w) # 0, ki e zrmimmi-1y
C{we Oy : V=LK, &%) = M)T(w) #0, k' ez},
It then follows from A2) that |Op\ 09| — 0 as ¢ — 0, and consequently, |0\ O.| — 0ase — 0. O

3. PROOF OF MAIN RESULT

In this section, we will perform infinite steps of standard KAM iterations to the normal form
(2.25) to prove the Main Theorem.

3.1. Rescaling. We consider the following rescalings

me(NJrl)(NJrG) me(NH)(NJrG) H* — H

Su s 2,
meZ(NH)(N%)S

y— Sullsly, 2 — 7
Y

to the normal form (2.25). The re-scaled Hamiltonian then reads

H* 1 1
H(): 8mZ(N11)(N16) = 6(](w75)+<w0(w75)7y>+§<Z»MO(Wa5)Z>+52P0($7yasz»5)»
Y ox
(x,y,2) € D(rg,80), w € Op =: Oy, where rog =: 7y, Sog =: Sx, €0 = €5, Wy = wi, My :=
2
ASmENFDNO) L e and
P*
Py = .
8m2(N+1)(N+6
NN
It follows from (2.26) that
|8LP*| 8m?(N+1)(N+6 m2
10 Pol D(ro,50)x 00 < SRENED NS < AST AN = 8 N sopo, 1] < N,

2(N+6
where vy =: 'y*( + ), Lo =t fhs-
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3.2. Iteration and convergence. Consider the following sequences

— 5
Hy = Colly,_q,
v

1
W="0(1=>_ 21+1)7
=1
1
Hy—1
Ligy—1 =vV—Uk,wy_1)Iopm — M,_1J, 0<|k| <K,
L2k,1/71 =V _1<k;wl/71>14m2 - (Mllfl‘]) ® IQm + IQm ® (JMufl)v 0< |k| S KV7

’YET1
|k|2m7’ ’

K, = ([log(

)]+ 1)°7,

0, ={we Oy 1:|(kywy_1)| > Wlklil |det Lyjp_1| >

4m?
Tv—1

| det Lok ,—1] > ‘k|4m2"—

9 0< |k| SKV}?

log 2

1/:1,2,"’,WhereﬂZW

is a fixed constant. Then we have the following result.

Proposition 3.1. Let € be sufficiently small. Then the followings hold for allv =1,2,---.

1) There is a sequence of smooth families of symplectic, real analytic, near identity transfor-

mations
DY D(ry,8,) = D(ry—1,8,-1), w € O,
such that
1
H, = Hy10®=e,(w.)+ (w(we)y) +5{zM(we)z) + 2P,
where
2 1
|0Lw, — dLwolo, <™ Mg,
2 1
0L M, — 9, Molo, <™ Nug,
2
0L P D, x0, <™ N
for all ]l < N.
Yoo1 o e
2) O, ={w € Oy_1 : {k,wp_1)| > ==, |det L1jp—1| > —=——, |det Lo p_1| > —2=—,
) {w 1 |< w 1>| |k‘7_ | € 1k, 1| ‘k|2m7— | € 2k, 1| |k|4m2T

K,_1< |k‘| < K,,}.
3) The Whitney extensions of
U= dlod2 0. . 0d”

converge CN uniformly to a smooth family of symplectic maps ¥, on D(%, %) X O,
where
Ooo = m Ol/a
v>0
such that

1
H, = Ho o W™ — Hoo = Hy 0 W™ = o + (oo, y) + 5 (2, Moo2) + % Poc
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wWith e = limy,_ o0 €y, Weo = limy,_wy,, My = lim, oo M, Py = lim,_,o P,, and
moreover,

j _ .

6(y,Z)P<>0|D(%0,O)><OOO =0, |jl=<2

Proof. This is a special case of the iteration lemma and convergence theorem contained in [15], [16].

O

3.3. Measure estimate. We have the following estimate for the excluding measure of Oqy after
infinite steps of KAM iterations.

12c4

Proposition 3.2. |Og \ Ox| = O(e™~"), where ¢, = 4m? Y 7 7i(n; — ni—1).

Proof. Tt follows from the same argument as that in [15, Subsection 4.2]. O

Proof of Main Theorem. Propostion 3.1 shows that, for each 0 < ¢ < 1 and w € Oy, =: O, T™ x
{0} x {0} is an analytic, invariant, Diophantine torus of H., with the frequency ws, of Diophantine
type (Yoo, T), Where Yoo = lim, o 7. Moreover, these invariant n-tori form a Whitney smooth
family.

By Propositions 2.2, 3.2, we have |Oy \ O] — 0 as € — 0, which completes the proof. O

4. AN EXAMPLE

In this section, we will adopt an example from [2], concerning a five body problem involving
Jupiter and its Galilean satellites, to illustrate the application of our Main Theorem. After certain
averaging and reduction procedures, the associated Hamiltonian has the normal form
(4.1) F = (wue,y) + %(M#’e(w)z, 2) + Frem(,y, z,w, 1y €), (z,9,2) € T? x R? x R,
where p is associated with the mass ratio of satellites with respect to Jupiter and e is associated
with the eccentricity of some lower dimensional obits so that 0 < y < e < 1, and M,, ., whose
entries are of orders \/p, /pe, \/;ﬁ /e3, consists of the Hessian Matrix of some Kepler terms plus
some terms splitting from the perturbation so that the eigenvalues of JM,, . are non-zero and admit
two different scales \/ize and p/e. Following [1], the persistence of quasi-periodic, invariant 2-tori
is shown for the equal scale case besides that eigenvalues of JM,, . are simple and the perturbation
Fyem is of the order O(u) + O(ue®) for a sufficiently large L.

We would like to present a general persistence result of quasi-periodic, invariant 2-tori for (4.1)
by allowing all possible lower, higher, and equal scales, multiple eigenvalues of JM), ., and not
necessarily very high order of perturbation Fj.,,. To do so, we rewrite u = e¥, where k = 112’:
Without loss of generality, we assume that k is a constant. Since p < e, we have k > 1. It
follows that the orders of the eigenvalues of JAM, . become e%, eF~1 and the orders of the
3

. Bk 3k _
entries of M, . become ez, ez Tl e%
E o Btl _ K sk

hobil o by ck-1<3 3

Since k > 1, these orders are positive and satisfy
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Now let € := e and rewrite the Hamiltonian (4.1) as
1
(42) F = <w67y> + §<M€(W)Z,Z> + Frem(x,y7z,w,€), (xvyvz) € Tz X R2 X Rlov

where w, = (¢™wi, €™ws)' for some appropriate constants 71, T > 0, the entries m;;’s of M,
are of the order of O(eXi7)’s for positive constants y;; := g, % + 1, % —3,1<14,j <10, and the
eigenvalues of JM, have the form

1 1
EXlAl(w)v ] €X1>‘2m1 (w)7
2 2
5X2>\2m1+1(w)a SR EX2)‘2m2(w)
with mg := 0 < m; < mg :=5, x1 := %, X2 := k — 1. Depending on the values of 71,7 in

comparing with that of x1, x2, all cases of lower, higher, and equal scales are allowed in (4.2).
Let w = (w1, wy) " vary in a bounded closed region @ C R? and m := max{7y, T2, X1, X2, Xij }-
When Flem = 0, we denote the family of unperturbed 2-tori by T, .. Since |[x2 —x1| > 1ask > 1,
an application of the Main Theorem together with its remark 3) yields the following result.

Corollary. Suppose Frem = O(e™TY) and that the Hamiltonian (4.2) satisfies the non-resonant
condition A2). Then, as € sufficiently small, there exist Cantor-like sets O, C O with |O\ O] — 0,
as € — 0, such that the unperturbed tori T, ., w € O, persist and give rise to a family of quasi-
periodic, invariant 2-tori with slight deformed Diophantine frequencies.

We remark that the above corollary improves the result in [2] in several ways as follows. Firstly,
it applies to all cases of lower, higher and equal scales as already mentioned. Secondly, the least
order of € in Fi..p, is made precise according to the orders of the tangential and normal frequencies,
whereas the order of ¢ in F.,, is only assumed to be sufficiently high in [2]. Finally, the corollary
provides an additional information that the excluded measure tends to zero as ¢ — 0.

Acknowledgement. We would like to thank the referees for valuable comments which lead to
significant improvements of the paper.
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