QUASI-PERIODIC BREATHERS IN GRANULAR CHAINS
WITH HERTZIAN CONTACT POTENTIAL
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ABSTRACT. In this paper, we study the existence and stability of quasi-
periodic breathers in granular chains of coupled Duffing oscillators with
Hertzian interaction potential which is of a finite smoothness. Using
Jackson-Moser-Zehnder analytic approximation technique and KAM it-
erations, not only do we obtain the existence and linear stability of
quasi-periodic breathers, but also we provide concrete estimates on the
localization rate etc, depending on the smoothness order and the number
of oscillating frequencies.

1. INTRODUCTION AND MAIN RESULT

Breathers or quasi-periodic breathers, i.e., time periodic or quasi-periodic,
spatially localized solutions, as important dynamics subjects in describing
coherent and localized structures or waves in physical applications, have been
extensively studied in Hamiltonian chains or lattices including discrete non-
linear Schrodinger equations, Fermi-Pasta-Ulam chains, Frenkel-Kontorova
lattices etc. We refer the readers to [2]-[6], [8]-[10], |14, 17, 19, 31] and
references therein for modern development in the subjects.

Comparing with classical lattices mentioned above, a less studied case on
breathers and quasi-periodic breathers is the granular chains

(L.1) &y +Vi(xn) =W (tne1 —xn) — W (xn — 2n-1), zp€R, neZ,
where V,,(x)’s are the on-site potentials and
(1.2) Wa(z) = (W (2) + of|zF) Juo(~2),

in which wug is the unit step function and W2(z) = ﬁ\ﬂ“a", n € Z

for a bounded sequence of positive real numbers {a,, : n € Z}, are the
Hertzian interaction potentials that describe the contact of finitely smooth
non-conforming surfaces. As observed in [22]|, due to the high nonlinear
character of the Hertzian potential, the existence and natures of breathers
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in granular chains are more subtle than that of classical chains or lattices
for which pre-compressions provided by the onsite potential plays a crucial
role. When (1.1) is a Newton’s cradle chain, i.e, a;, = « for some o > 0 and
V, = V is a harmonic potential describing identical spherical beads which
are attached to linear pendula, the existence and properties of breathers
have been well studied in [1, 20, 21, 24] both numerically and analytical-
ly. For the existence of quasi-periodic breathers in Newton’s cradle chains,
Hertzian interaction of non-identical harmonic oscillators need to be con-
sidered in order to generate multi-frequencies. In [16], the authors of the
present paper studied this problem and rigorously showed the existence of
quasi-periodic breathers in a parametrized family of Newton’s cradle chain-
s by treating a finite number of natural frequencies as parameters. This
work uses both KAM method and the Jackson-Moser-Zehnder (JMZ) ana-
lytic approximation technique in order to encounter finite smoothness of the
Hertzian potential (we note that, while [16] deals with a fixed fundamental
part WO(z) = + |z|'T of Hertzian potentials, its main result remain valid
for general Hertzian potentials (1.2)).

In the present work, we will explore the general existence and stabili-
ty of quasi-periodic breathers for non-parametrized granular chains. While
our method will work for general (even finitely smooth) anharmonic onsite
potentials, we will choose the Duffing-like potentials

Bax® | maat

2 4 7
where {8, > 0}, {n, # 0} are given bounded sequences of real numbers,
to present the result and carry out the analysis, simply because both the
frequencies of quasi-periodic breathers and the required minimal smoothness
order

(1.3) Va(z) =

n € 7,

- f n
o= infion}

of the Hertzian potentials for the existence will not only depend on the
number of frequencies under consideration but also on the non-harmonic
part of the onsite potential. More precisely, we will consider the following
granular chain

(1.4) g'i'n—i—ﬁg:nn—i—nna:i =W/ (xns1—2n)—W, (tn—21n_1), T, €R, neZ,

where 3,’s and n,,’s are as in (1.3) and W,,’s are the Hertzian interaction po-
tentials given in (1.2) which are only of the class C'*®" in general. We note
that the granular chain (1.4) forms a Hamiltonian lattice with the Hamil-
tonian

H= Z 2 +— +%” 2 Wi (@nt1 — ).
neZ
Our main result states as follows.

Main Theorem. Consider (1.4) and assume that o = inf,cz{a,} > a, =
6b + 24 for a fized integer b > 1. Let a lattice set T = {iy,--- ,ip} C Z and
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a bounded close region O C Rﬁ_ be given. Then there exist real numbers 0 <
eo =co(b,a) € 1,2 < s, =s,(b,a) < a+1, a family of Cantor set O. C O,
0 < e < ep, satisfying meas(O \ Og) — 0 as € — 0, and a Whitney smooth
. . 2 /i i
map w : O — R® satisfying w(&) = (Biy, -+, Bi,) + 3%(221 iy 72Tb‘£ib) +
1 b
o(e?) as e — 0, such that for each & = (&1, ,&,) € O, (1.4) admits a
linearly stable, quasi-periodic breather x(t) = (xy(t))nez with the frequency
vector w(&) which satisfies the following properties:
(1) For each n € Z, z,(t) = Xn(w(€)t), where X, € C*(T®,R) for any
2 <5 < 85y,
(2) ez l2n(0)[(m)! " < e, where (n) = max{L, [n[};
(3) n(t) ~ ‘n‘% as |n| > 1 uniformly in t.

When b = 1, the Main Theorem gives the existence and stability of (pe-
riodic) breathers. In fact, in this case, as no small divisors are involved in
the KAM iterations, @ = O, and the lower bound of the smoothness order
« in the Main Theorem can be any real number greater than 1. However,
differing from those shown in [22], the (periodic) breathers obtained from
the Main Theorem above are still of small amplitudes.

Quasi-periodic motions in non-analytic Hamiltonian systems have received
considerable attentions. For finitely smooth, finite-dimensional Hamilton-
ian systems, KAM theory has been well developed in [25]-[28], [32, 33| for
nearly integrable cases to show the existence of full dimensional, quasi-
periodic, invariant tori, and in [13] for partially nearly integrable cases to
show the existence of lower dimensional, quasi-periodic, invariant tori (see al-
so [29] for the case of response solutions in finitely smooth, quasi-periodically
forced oscillators). For non-analytic Hamiltonian PDEs including various
nonlinear Schrédinger equations, KdV equations, and nonlinear wave e-
quations, a Nash-Moser approach to KAM theory is recently developed to
show the existence of lower dimensional, quasi-periodic, invariant tori (see
[7, 11, 12, 15, 23| and references therein). As remarked in [16], though the
Nash-Moser method is an important (and more flexible) technique in dealing
with quasi-periodic motions in finitely smooth, infinite dimensional Hamil-
tonian systems, it does not seem to apply to the problem of quasi-periodic
breathers in Hamiltonian lattices to capture sharp localization rates.

The Main Theorem above will be proved using the approach of [16] by con-
ducting a Hamiltonian normal form reduction, applying the Jackson-Moser-
Zehnder analytic approximation technique, and performing KAM iterations.
However, the non-harmonic nature of the onsite Duffing potential (1.3) leads
to a more complicated normal form which requires more delicate KAM it-
erations comparing to those in [16]. Several key ingredients of the proof is
summarized as follows. The normal form reduction will be conducted by one
step KAM transformation which not only introduces frequency parameters
but also separates the perturbation into a higher order real analytic part and
a finitely smooth part. The analytic approximations to the finitely smooth
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part will be made using the JMZ approximation approach in [16] that refines
the finite dimensional JMZ approximation result (e.g. [13, Lemma 2.1]|) by
giving an explicit error bound of the approximations in terms of the order
of smoothness and dimensions of domains of the approximate functions. We
note that such a refined approximation lemma is necessary in infinite dimen-
sion simply because KAM iterations require the analytic approximations of
truncations of perturbations at each KAM step whose domains, though be-
ing finite-dimensional, will have increased dimensions along the iterations.
The KAM iterations then apply only to the real analytic parts and the real
analytic approximation parts of the truncations. During the KAM itera-
tions, the loss of regularity of perturbations is compensated by shrinking the
complex domains of the angle variables and the increase of dimensions of the
truncated domains are controlled by a finite number as a result of the short
range coupling of the granular chains.

We note that due to the consideration of small amplitude quasi-periodic
breathers, our proof and result only depend on the minimal smoothness order
of the Hertzian potentials W,,’s at the origin rather than their particular
forms. The Main theorem remain valid under the weaker condition c; # 0
for ¢ € 7 is assumed, i.e, «; for some or all ¢ € Z are allowed to be 0.
However, if a; = 0 for some i € Z, then the special forms and the "on-off"
forcing nature of the Hertzian potentials at these sites will play crucial roles
for the possible existence of quasi-periodic breathers oscillating at these sites.
We will leave this problem to a future study.

The rest of the paper is organized as follows. Section 2 is a preliminary
section in which we introduce terminologies and symbols to be used in the
rest of the paper and also give a refined JMZ analytic approximation lemma
(Lemma 2.1) with concrete error estimates on the smoothness and dimension.
In Section 3, we construct a symplectic transformation and establish analytic
approximations of the finite smooth part of the new perturbation to derive
a normal form for the Hamiltonian (3.7). In Section 4, for the approximated
Hamiltonian, we sketch our KAM scheme by describing abstract KAM steps
along with the construction of the symplectic transformations. Section 5
is devoted to the proof of the Main Theorem by providing all necessary
estimates and showing the convergence and measure estimates.

2. PRELIMINARY

In this section, we define some notions to be used in the rest of the pa-
per and re-formulate the JMZ analytic approximation lemma in [16] for the
present application.

2.1. Notions. Let Z = {i1,--- ,4} C Z be given as in the Main Theorem
and denote Zy =Z\{j € Z:j € I}.

For simplicity, symbol |- | will be used to denote the absolute value of a
complex number and the norm of a vector space supported on both Z and
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7. However, if an integer vector is considered, then | - | is specified as the
I*-norm.
For each non-negative integer k, let di be the cardinality of the set

By:={n€Z :n—il <k, i €T}

We note that di < 2kb, dy, — dp_1 < 2b, for any k=1,2,---.
For each complex sequence w = (wp)nez,, denote w = (Wy)nez, as its
complex conjugate. Then

0= {w = (wn)nez, ¢ [lwlle:= Y Jwal(n)**" < oo},

nezq

where (n) = max{1, |n|}, n € Z, is a Banach space with the norm | - ||,. For
any matrix A = (ajj)mxn, We use the norm

4]} = max{ sup > Iaw! S > lagl).

SIS <i<m M1<j<n

For a given compact set O in the parameter space R?, we use the short
notions | - |o or || - [|o to denote the C!-norm of a function on O in the sense
of Whitney. Let f € Cb1(X x O), i.e., f is a C' function on a Banach space
X depending on a parameter in O C'-smoothly, where [ = p +§ € Rt with
p € Zy and 0 € [0,1). We use the norm

3 |02/ () = 92 f()lo

lz —y[°

| flerxy,o = Sup > of(x,B)lo + sup

z,y€X —
0<|n|<p—1 Inl=p—1
<I|nl<p o=l

in C"1(X x ©). For short, we simply denote |f|x.0 = | fleoxy,0-
Consider a complex neighborhood

(2.5) D(r,s) ={(0,I,w,w) : [Imb| < r,|I| < 2, |lwlle < s, ||@]le < s}

of the d-torus T* =: T?x {I = 0} x {w = 0} x {w = 0} in C*/27Z> x Cb x £ x ¢,
where [Imf| = .7 [Im0;|(j et |1 = >jer 110 jya+1, For any C! function
F=F(@,1,w,w, 5) on D(r,s) x O, we denote its associated, parametrized
Hamiltonian vector field by

XF = (Ffa _F97 {len }nEZ17 {_iFE)n }nEZl)

and define the following weighted norm

1
HXFHD(r,s),o = HFIHD(T,S),O + ?‘|F9"D(r,s),o
1
+ g( Z HFwn ”D(r,_g),o + Z HF@n HD(T’S),OL
neZi nely

where [|0'F||,, . o = sup [|0"F|lo for [¢| = 1.

D(r,s)
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2.2. A refined analytic approximation lemma. For given 0 < p,o0 < 1
and k € Z,, we consider the following subsets of T? x R? x Re(f) x Re(¢):

zp€Tnel; 3 |a|(n)*™ <p
Z
Dp = (x,y) = ((l'n)a(yn)) : Z |yn|<n>a+1 <p: n€Z1 |y ’< >a+1 <p )
nezl N neZ N

@ = {(a) = () () "2 == M= ki ZneZa )

ls = (@9l := llzll + [yl < o0
where [|z]| == 3 |o,|[(n)t and |y|| == 32 |ynl(n)*TL. We also consider
nez nez

the following complex strips of A,:

(Rex,Rey) € Dy,
Z [Ima; | (7)) < o5 32 [Imay| ()t <o

AF = (2,y): S
e = V@I g ()04 < 03 S gy () < 0
JjET JEBY

Imz;| = [Imy;| =0, if|j —i| > k+1,i€Z,j€Z
For each k € Z, let ¢, denote a radially symmetric, C°°(QF) cut-off function
satisfying
or(c) =1, V[l <1, and () =0, V<] =2
and let K, = gZ;k be the Fourier transform of ¢y.

The following JMZ analytic approximation lemma will be used in the rest
of the paper.

Lemma 2.1. Let D,, O, and OF k € Z, be domains defined in the above
for some given p > 0. Consider a function f € Cl’l(Dp x Q) for somel > 2,
and, for each 0 > 0 and k € Z, denote

Foi(,€) = KT % fE(1,€) = o~ (+b) / KUY M )y,

where f* = fla.xo- Then there exists a constant ¢y > 1, depending only
on | and b, such that for each o0 > 0 and k € Zy, f,1(1)) is a real analytic
function on A§ satisfying

°fF(Rey) .
) = Y EEED g ye
lol<i-1 ' CL(AE)xO
<alflep,),00 "t (b+ di)™,
where 0 = ((0)jeBy, {0}) with (0;)jep, € NPT and ol :== T[] o;!. More-

JEBy
over, if there exists a constant cog > 1, depending only on Il and b, such that

k+1 k
= M o <
‘ (Dy),0
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for all k € Z,, then for any decreasing sequence {o} of positive numbers,
there exists a constant co > 1, depending only on | and b, such that

!
| forpr kit = fﬂkv’f‘cl(Aﬁﬁ 1o < elflen,) 10k (04 di)'

Proof. This lemma is proved in [16] for the special case that Z = {n € Z :
|n| < b} for which #Z = 2b + 1 and dj, = 2k for all k € N. The general
case considered here follows from the exact same arguments with respective

estimates modified accordingly.
O

3. NORMAL FORM REDUCTION

For simplicity and without loss of generality, we only prove the Main
Theorem for the special case that 5, =n, =1, a, = «, and
1
3.6 Wo(z) = W(z) = —— || (—2),
(3.6) n() (@) = T |27 uo(—2)
where ug(z) is the unit step function. In other word, we will consider the
simplified Hamiltonian

(3.7) H = Z —y2 4 :C + 4azn + W(zpt1 — xn),
nGZ
where W is as in (3.6) and y,, = @p, n € Z.
In this section, we introduce the standard action-angle-normal variables
to the Hamiltonian (3.7) and convert it into a normal form.

3.1. Partial Birkhoof normal form. Let ¢ > 0 be a small parameter
and consider the re-scalings yn, Tn — €Yn,tn, n € Z, H — ¢ 2H to the
Hamiltonian (3.7). Then the re-scaled Hamiltonian reads

91
H = Z ~y x +e?=at W (g1 — ).

4 n
nEZ
With the complex coordinates
1 ) _ 1 .
(3.8) Wy, = —=(Tn + iyn), Wy, = —=(Tn —iyn), n€Z,

V2 V2

the corresponding Hamiltonian equation becomes

OH
Wy = 1——
t 87’
where
with
N = anwn,
nez
1 B 3 _ 1 1
P = 5221—611}”—1— w3wn+§wzwz+4wnw +16 fl,
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-1 _ _
P, = &% g W (wWpt1 + Wpy1 — Wy, — Wp).
nez

For fixed p > 0, we will restrict P, P» on the domain

D4p =: { w, W) Z [w,|(n)o T < 4p,z |y, | (n) T < 4p}

Consider the Hamiltonian function

—ig? —152 3 _ ie? _g g% 4
;9

Then, by making ¢ further small if necessary, the time-1 map I' = qb}; of
the flow generated from the Hamiltonian vector field Xp is a symplectic
transformation on Dy,, under which the transformed Hamiltonian reads

1
H=Ho¢p = H+{H,F}+/(l—t){{H,F},F}oqb'}dt
0
= N—I—Pl—l-ﬁg
with
N = N+{NF}=) ww —|—£Zw2w2
9 nwn 8 nvn
nez nez
1
B = P1+{P1,F}+/(1—t){{N+P1,F},F}o¢’};dt
0
= &' Pyp(wn, @),
nez
1
P, = P2+{P2,F}+/ (1—t){{P2,F},F}O¢%dt
0
=: Eail Z p27n<wn7 Wy, Wpt1, wn—l—l);
nez

where, for each n € Z, ]51,,1 is real analytic and ]52,,1 is of the class C**1 on
by,

Let Z be the lattice set given in the Main Theorem and fix a bound-
ed closed region O C ]Rl_’F as the parameter set. We convert the variables
w;,w;, j € T into parametrized action-angle variables I = (I;)jer € R,
0= (aj)jez € T via

w; = \/gj +Ij619j, w; = meiiej, jET,

where £ = (§;)jez € O is the parameter. For simplicity, we still use the same
symbol Dy, to denote its converted set

{(0,1,0,) :0 € T, 1] < 4p, |wlle < 4p, ]l < 4p
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in term of the action-angle-normal variables I € Rl 0 € TP, and w =
(wj)jez, € ¢. Then the Hamiltonian H is written in the parametrized form

(3.9) H*=N*+ P+ Pj,

where
N* = (O + (w, D+ 3w,
nezy
with
3e2
w=w() = (wj)jez = (1 + Tij)jez,

and Py, Py have the form

3
Pfo= GEHP et X Pt I wn i),
ne’lq
‘P2>l< = Eail Z P*27n(07I7wn7wn7wn+1’wn+1;§)’
nelq

with P/" being real analytic in (6, I, w,w) € 134,), Clin¢ €O and PP €
CotLL(Dy, x O) for all n € Z,.

3.2. Analytic approximations. We use Lemma 2.1 to construct analytic
approximations of Py in (3.9) as follows. By (3.8), we can express Py as a
function of (0, I,{zn}nez,, {Yntnez,;§) in Dgp x O, which we still denote as
Py for simplicity.

Foreach v =1,2,---, let

B = Pl

Then, by tracing back the definition of Py through >~ 1Y W (zpi1 — xp)
and noticing the fact that #{B,+1 \ By} < 2b, it is easy to see that there is
a constant cop = co(a, b) > 0 such that

*v+1 *U . a—2 P* .
|3 - P |ca—1(D2p),(9 <e€ Z |P2,n|ca—1(D2p),(9 < Co.
neBy1\By

For a given monotonically decreasing sequence o, | 0 of positive numbers
(to be specified later), we have by Lemma 2.1 that

o 20 *U
P, = K x P}

is a sequence of real analytic approximations of P3" for each v = 1,2,---
Let
In . Yn _ Tn . Yn

= iY—, Z,=—=—1"—, xn,yn € C,
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n € Z1, and,
Re(0,1,z2,2) € Dp \
> [tmo;|(5)** <,
JjET
> MmI;|(j)* <o,
AV =S :=(0,1,2,2): Jex

v 3 Imz, ()t <o, ’
’T'LEBL/
> [mz,[(n)o* < o,
TLEBI/
\ Imz,| = [Imz,| =0,n € Z; \ B, )
v=1,2,---. We note that for each n € Z", w,, = 2z, when z,,y, € R, and,
foreach v =1,2,-- -, each P, can be expressed as a real analytic function in

(0,1,2,72) € AV which is Clin & € O. For simplicity, we still use the same
symbol to denote the function Py, , for each v, under the new variables.

It follows from Lemma 2.1 that there exists a constant ca = ca(a, b) > 0
such that

| Py, — Ps

14

* «a a+2
crasi o S Pleap,) 00w b+ di)

forall v =1,2,---.
Foreach v =1,2,---, let

P*,l/(07 Ia Z, 2’ 5) - Pf(97 I’ {zn}n68y7 {O}, {ZW}TLEBU7 {0}7 5)
Then for each v =1,2,-- -,

(310) H::N*+P*,V+PUV’

is a function which is real analytic in (0,1,2,2) € A} and Clin € € O.
Moreover, the sequence {HY} converges to H, under | - ’Cl(Dp) p-horm as
v — 00.

Remark 3.1. Due to the fact that Py depends on an infinite dimensional
vector, it is difficult to directly construct the analytic approzimation for it.
In this article we approximates the truncation Py¥ of Py to construct the
sequence {P,,}. As v — oo, while the dimension of the variable in P,,
increases, its analytical radius o, rapidly decreases, ensuring the convergence

of Py, to Py.

4. KAM SCHEME

For v = 1,2,---, we will use KAM method to construct a sequence of
symplectic transformations ®,,, on appropriate phase and parameter domain-
s, to transform the approximated Hamiltonians H¥*! in (3.10), so that, as
v — 00, the limit transform ®,, of ®,, will transform the Hamiltonian H, to
the limit Hamiltonian H., which yields the desired quasi-periodic invariant
b-tori.

The transformations ®,, v = 1,2, ---, will be constructed as follows. Let

P, = P*,l"‘Pal, Ny = N*.
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Starting from v = 1, we will use KAM iterations to obtain parametrized
sequences of updated partially integrable Hamiltonians V,,, of the from

N, = e+ W (&), D+ {A&Zv, Z)+ D zZn Zu=(2n)ncBoy,
n€Z\By_1
perturbations P,, and symplectic transformations ¢,, such that
(4.11) (Ny + Py + Ps,) 0y = Nyy1 + Py,
for all v =1,2,---. Having constructed all ¢,’s, we obtain
®,:=¢10---0¢,, v=12---

as desired. Let

(4.12) P = Py,
(413) P, = P,+(Piy—Pep1)o®, 1+ (Py, — Py )0 ®, 1,
v =2,3,---. Then it follows from an induction argument that (4.11) can be
re-written as
(4.14) H. o6, = Hypo,
where

H, = N,+ P,

H, = N,+ P,
v =1,2,---. Further induction arguments using (4.14) yields that
(4.15) H*'o®, = Hj,,
forallv=1,2,---.

Let v — oo in (4.15). Because the sequence {H!} converges to H, as
shown in Section 3.2, we achieve the main goal of the iteration that

H*o®y = H., = Noo = €00 + (Woo, I) + (Ao Zoo, Zoo)-

4.1. Tteration sequences and Technical Lemmas. Denote ® as the ten-
sor product of matrixes. The following two technical lemmas on linear,
algebraic systems will be needed in solving the homological equation and
estimating the transformations in our KAM iterations.

Lemma 4.1. Let A, B be n X n, m xm real symmetric matrices respectively
and C, X be n x m matrices. Then the matrix equation

AX -XB=C

is uniquely solvable if and only if I, ® A — B ® I, is invertible. Moreover,
if the equation is uniquely solvable, then its solution X satisfies

1X| < |(Im ® A= B® L) ||C]].
Proof. See e.g. [30]. O
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Lemma 4.2. Let A(§), € € O, be a C', matriz-valued function which is
invertible for each & € O. Then

10 ATH ] < [ AT P[|0g Al

Proof. See [16, Lemma 4.3|. O
The following lemma will be needed in estimating the new perturbations
from our KAM iterations.

Lemma 4.3. Consider C' families {G1,G2}¢co of real analytic Hamilto-
nians on D(r,s) for some r,s > 0. If there are constants £',&” > 0 such
that

”XGI HD(r,s),O < 5/7 ||XG2HD(T,S),O < 5//7
then there is a constant c, > 0 such that

HX{Gl,Gz} ”D(rfa,ns),O < 6*07177725/5”

forall0<o<r,0<n<l.

Proof. See [18, Lemma 7.3|. O
We now specify the phase spaces and frequency domains for the above
Hamiltonian sequences. To do so, we let 0 < ¢ < 1 < Kk < % be fixed

constants satisfying
K2 _a—1 _4-3k
1-38 -1 1T 44

We choose Diophantine constants v = €'~ and 7 = b + 2, and let ~, =
g2y = 37" and a, := 3(27 + 4) + 1. To define the iteration sequences, we

set 1 = e2tr = 5 and choose s1 > 0, by making ¢ sufficiently small, such
that

€ .

— > 51 > €7.

2 ~l=l
For v =1,2,---, we recursively define the following sequences:

1
K k—1
Ev+l = &€y, Op = Elq/’ =€, ,Tv= 50'1/’ Spy+1 = MvSp.

We can make ¢ further small if necessary so that D(rq,s1) C D4p and
Sy >eh, sy <oy, 2”+3€§(”71) < 1,

for all v = 1,2,---. Having defined the sequences r,,s,, we specify the
phase domains of the Hamiltonians H,, H,, as D(r,,s,), for v = 1,2,---,
respectively. To specify the frequency domains for these Hamiltonians, we

note that, for each v =1,2,---, the normal form NV, can be rewritten as
N, = e + <WV7 I) + <AVZIJ7 Zzl) + Z ZnZn + Z ZnZn
nEBV\Bufl TLEZ1\BD
(416) = ev+ (Wi D)+ {(AZui1, Zor) + Yz,

n€Z\By
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- A 0
AI/ = g )
< 0 Idu_du—l >

and Iy, g, , is the (dy — dy—1) X (d, — d,—1) identity matrix. We note
that ey, w,, A,, A, are functions of the parameter £ € 0. The dimension of
the tangential frequencies w,, which determine the low-dimensional torus,
is always fixed at b. However the normal ones associated with A, will have
changing dimensions because A, has dimension d,,_1 X d,,_1 which increases
as v does.

Define

where Z,11 = (2n)nes,

K/V

Kuzia

v

v=12,---. Let O1 := O, and, for each v =1,2,---, define

[y p) 7Y < el 0 )
(e, wi )T £ A,) 7Y < <d>2l++1l
Opp1 =96 € Nk w I+ T® A, +A, Q1) 1H<M
(K, Wu>I+I®A —Al,(g)[) 1||<W
\ K] < Koo )

For each v = 1,2,---, O, will be the frequency domain for both H, and H;,.

4.2. Homological equations. Let v =1,2,--- be given. We would like to
find, by solving a homological equation, the transformation ¢, : D(r,,s,) X
O, — D(ry41, Sp+1) in (4.14) which is real analytic and symplectic in phase
variables and of the class C' in the parameter.

Expanding P, into the Taylor-Fourier series, we have

/ D i(k,0) 71 70 70
P, = Z Pk,l,g,g’(é)el( ' VAV
k0,0
5 (k,0) Tl 70 70 _on =0l
+ Z Pk,l,g,@’,gn,g’m(f)el< ' VAVAAR i
onteom>1

n,meBU\B,_1.k 0,0

where Z, = (23)nes,_,, k € Z°, 1 € N°, and indices g, ¢’ run over the set of

non-negative integer vectors (-« , 0n, - JneBy_1> (= 5 00y IneBy_, -
Consider the following truncation of P):
* i(k,0) 71 70 70
R, = Y. Priow©dMIZe28
[k|<EK, 41
2|l +el+]e"|<2
o k,0) 71 .
+ > Protod ona, (&) RO 172 7€ 10n 50,

on+om+lel+|e|<2
n,meBY\B, _1,|k|<K, 1,l=0
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which could be rewriten as

Boo = 30 Puno(®OI+ 30 (PO, Z0) + (FN©), Z))e ™
et k| <Kyi1
[kI<K, 41
+ Y (PO 20, Z0) + (PEE) 2o o) + {BPE) 2o, Z,)) e
|k|§Ku+1
Y (PEO)zn Z) + (PRE)Zn, Z,))e 00
[k|ISKy 41
neBy\B, _1
+ Z (<‘Pk17%(§)2n7 Z_l/> + <P]§%‘(§)5n, ZV>)6i<k’9>
Ik|<K, 41
neBy\B,_1
T > (B znzm + Pl (©)znZm + Py (€)EnZm) el )
kI<K, 41

m,neBy\B,_1

+ D (B©)za+ Pa(€)za)e )

K<, 11
neBy\B,_1
= Ro+ R1+ Ry,
where
Ry = Z Pkloo(é)ei(k,e)ll7
<1
K< Ky 41
R = Y (R, Zurr) + (BY(E), Zuga))et ™),
[k|<Ky+1
Ry = 3 (RP©Z1 Zos) + (B O Zurt, Zu)
|k|§KV+1
H(RP(E) Zys1, Zoia))e®D)
with

P10 P01
po_ (& not — ( Ly
k PlO ke T POl )
kn nGBy\By71 kn neBy\By71

20 1 520
R¥ = < 1 E’%o T 5%(? ) ’
E(Pkn) (Pknm)meBy\Bufl nEBV\Bu—l
502 1 p02
RY? = ( Lot poe > ’
3(Pes)" (Pemm)meB B, neB\Bu_1
R]1€1 — < E’ﬂii =11 Pk{é ) .
Pkn (Pknm)mEBu\vil neB\B,—1

When |1] = || =0, |o| = 1, we define
Pk10(£> = pk,l,g,g’(&)‘\1|:\Q’\:O,|g|:17
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similarly when [1| = |¢/| = |o| = 0, = 0,0, = 1, let

pl0 . p
Pin = Pio0,0 10n,0 (E)111=||=l o] =0/ =0,0,, =1-

Other symbols of R, are defined analogously.

We will construct the transformation ¢, as the time-1 map qb};y of the
Hamiltonian flow gb}y generated from the generating function F), that satisfies
the following homological equation

(4.17) {N,,F}+ R~ (R) = 0.

with resonant paprt (R) := > Pyool' — (R§' Zy11, Zu11)-
l1]<1
For the sake of simplicity, we will omit the subscript v of R, and F, in
the following text.

Consider generating function F' of the form

(418) F = FO _|_F1 +F27
where
o= ) fuoo(B)e®O0,
[1]<1
KI<K, 41
Fyo= ) (f% + £, %0
k<K, 41
neBy
= > (Y Zuga) + (FRY Zyga))el ™)
|k|§KV+1
[k] < Kut1
m,n € B,
+ Z Tlirlnlzngmei<k’€>
0 < [k| < Kyq1
m,n € B,
= Y (FZus1, Zon) + (FP 2011, Zopr)) ™0
|k|SKV+1
T Z (FRZy i1, Zyyr e 0)
0<|k|<Kyt1

Then we have the following result.
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Lemma 4.4. With F being given in the form (4.18), the homological equa-
tion (4.17) is equivalent to

(kywp)) frioo = —1Pkioo, 0 < [k| < Kpqr, [l <1,

kyw )l — A))FL0 = —iR0, 0 < |k < K41,

kywy) I + A FP = iR, 0 < |k < Kyp1,

kyw ) —T® A, — A, @ )F2° = —iR?, 0 < |k| < K,11,

k) +T®A, +A, @ )FP? = —iRY, 0 < |k| < K,41,
(b, +T® A, —A, @ NEN = —iR', 0< |k| < K41

Consequently, the homological equation (4.17) is solvable on D(ry41, Sy+1)

x Oy41 to obtain a unique solution F of the form (4.18).

(
(
@
(

Proof. By substituting F in (4.18) into (4.17) and comparing coefficients, we
see that (4.17) is decomposed into the following equations

{N,, Fo} + Ro = > Pool",
l1]<1

(4.20) {NV7F1}+R1 =0,

{NI/7F2} + RQ = <R(1)IZV+]_, le+]_>~

that (4.19) and (4.20) coincide.

It is clear that the respective first equations of (4.19) and (4.20) coincide
with each other. To explore the remaining two equations of (4.20), we note
that

(NP} = & > (((kw)] = A)FO, Z, )l ®D
KI<K0ia
H(((kyw )+ A)FRY, Z,y 1 )elR 0

and
{Nuv F2} = i Z <(<kaWV>Fk20 - AVFIEO - FI?OAD)ZV+1» Zt/+1>ei<k’0>
[k|<Kyi1
HO> D (R w)FP 4+ AR + FPA) Zyi, Zyga)el D
|k| <Ky qa
+ Z (b, w ) B+ A B = B A Zyga, 2y )€ 50
0<[k| <Ky i1

from which we see clearly that the remaining two equations of (4.20) yield
the remaining equations of (4.19).
The solvability of (4.20) on D(ry4+1,Sy+1) X Opy1 simply follows from

(4.19) and Lemma 4.1. O
Now let
(421)Nysy = N, + (R),

1 1
P = /0 (1= ){{Nysr, F}. F} o ldt + /0 {R.F} o gdt
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+ (P, —R)o¢p.
Then
Hjo¢, = Hj,o¢p=(N,+R)oop+(P,—R)odp

= N,,+{NZ,,F}+R+/01(1—t){{Nl,,F},F}ongfpdt

1
+/{R,F}o¢%dt+<PL—R>o¢%
0

= Nupr+ Popr+ (N, FY + R= Y Pouool' = (Ry' Zy41, Zuy1)
[1]<1
= Nl/-‘r]. + PI/—H-

We note that, at each vth KAM step, the transformation ¢, is constructed
to be such that, among all the normal variables, (men)nezl\b’,,ﬂ do not
participate in the iteration and the ones participating in the iteration have
their dimensions increased from d,_1 to d,,.

5. PROOF OF MAIN THEOREM

In this section, we prove the Main Theorem by showing the convergence of
KAM iterations and conducting measure estimates. To do so, we will provide
all necessary estimates on the transformations and iterated Hamiltonians.

Throughout the section, we use the symbol “<" to denote “<" up to a
constant multiple that is independent of the KAM iterations.

5.1. Estimates on the transformations. Let v € N be given. We make
the following regularity assumption:
(A) [[XE,
We note that this assumption implies the decay property of the coefficients
of P, ie.,

HD(”"lMSV)yOV’ HXPVHD(TV,SV)10V 4 81/.

~[klry o klry

O, <e,

‘pk,l,g.,g’|0u <eve ‘pk,l,@-,y’797u@£,,,

for all v, k and indexes [, o, ¢', 0n, 0/,

Below, we give some estimates of the transformation ¢, = qﬂp at the vth
KAM step, where F' is the solution of the homological equation (4.17) as
stated in Lemma 4.4 and (;5}; is the time-1 map of the Hamiltonian flow ¢
generated from the Hamiltonian vector field X .

Lemma 5.1. Denote D; = D(ry, %sy), i=1,2,3,4. If (A) holds, then
(5.22) HXFHD( <9 0, BT (dy) ey,

3
%7ZSU)1OV+1 v

Proof. By Lemmas 4.2, 4.4, we have

4
(Ku41)*" ™ Paoolo, 1 1k #0,]1] <1,
(KV+1)2T+1(dV)5||Rl%30||ol/+l7 0< |k| < Kyi1,

| frioolo,1 <

’Y*_Q
10, < %2
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1F o < 2 (Ko Hd) | Ry 0,4, 0 < K] < Koy,
10 < 9 2 (Ko Hd) IR Nl 0ysns 0 < Jk] < Ko,
1 o < w2 (Ko Hd) I R o, kI #0,

1oy < 2 (Kurn) ™ H(do) P R 0,4, 0 < [K] < Ko,

Applying (A) and the standard Cauchy estimate, we have

HXRHDs,OuH < Ev.
It follows that
1 1 2l k k|
2 Follpey 3500 = 2l > I fwwool - s2 [k ek eIk
v Y kISKu4|l<1

S UEN 1 Zusll - (bl - e e

|k‘§KV+1
+ > NEM N Zugal - VK| - elFre e IR
|k|<Kp41
S BN ZualP - [k - el e
|k‘§Ku+1
S A 12 1 Zoall - K] et e
0<|k|<Kp41
ST IR N2l k] - el ek
|k‘SKV+1
< 7*_27’;(27'-&-2) (dl/)l()HXR||D3,(9u+1 < ,y*—QTV—(QTJ,-Z) (dy)loaj.
Similarly,
HFIHD(%’%SV):OVH = Z |fkloo|e|k|7"1’ < 7*_27”;(2”'2) (dy)mey,
0<IISKy 11
1 —_ —
gHFZV“HD(%»%Su),OuH S 2Ty (2T+2)(dl,)1051/7
1 —_ —
EHFZV+1‘|D(% %SV)vOU-‘rl —\< /}/* 2TV (2T+2)(du)10€y.
.22) now easily follows.
(5.22) ily foll -

Lemma 5.2. Assume (A) and denote 1, = ef~! and Dy, = D(%r,,ins,),
i=1,2,3,4. Then, for e sufficiently small, Vt € [—1,1],

¢ = Day, X Oyy1 — Dy,
is a C' family of real analytic, invertible, symplectic transformations such
that

HQZ)% - id”D(%’%sy)7Oy+17 ||D¢% - Id”Dln,/,Ou-!—l < 7*_27“17(27—4_2) (dy)loﬁ,/.
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Proof. We note that F' is a polynomial of degree 1 in I and degree 2 in z.
By (2.6), (5.22) and Cauchy estimates, we have

(523) ||D FHD o < 7*_27"_(27— 2)(d1,)1051,, m=20,1,2.
2,Vr+41 v
Note that

t
P = id—&—/XFoqﬁj;ds,
0
t t
D¢t = Id+ / (DXp)D¢sds = Id + / J(D?*F)D¢% ds,
0 0

where J denotes the standard symplectic matrix. It follows easily from (5.23)
that

t
¢F : 'D2771/ X OV—H — D377V

and
. -2 —(27+1 10
||¢§~“ - Zd”p(%f%su),ou+1 < HXFHD(%/,%SV),OVH < Vx Ty( ™ )(d,,) Eu,

1DgY — Id||py,,, 0,01 < 21 D?Fllpy0,40 < w2, BT (dy) Ve

In particular, as ¢ sufficiently small, ¢} is a near identity, hence invertible
transformation for each £ € O, 1. O

5.2. Estimates on iterated Hamiltonians. We would like to estimate

the iterated Hamiltonians

Hu - Nu"‘Pm
Hl’/ = NZ,—G—P;,

v =1,2,---. According to (4.16), the estimates for N,’s amount to that
for sequences ey, wy, A,, Ay, v =1,2,--- for which we have the following
result.

Lemma 5.3. For anyv =1,2,---, if (A) holds, then

levt1 = evloyirs |Wot1 — Wolovsrs [Avit — Avllon,s < Eu
Proof. For each v =1,2,--- it follows from (4.21) that
€vt1 — € = pOOOOv
wor1 —wy = (Powoo) =1,
Avor—A, = RIL

where Pyoo, {Poloo}mzl, and R}! are defined in Section 4.2 from the trun-

cation R of P,. The lemma simply follows from (A) and Cauchy estimates.
(]

For estimations on the perturbations P,, P,,, we have the following result.

Lemma 5.4. The condition (A) holds for allv =1,2,---.
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Proof. We proceed with the proof by induction. For v = 1, we have by
Lemma 2.1 that

3 9°P;" (Re X) (Imx)?
0!

<a—1
@l CH(AL,).0

> 82P;! (Re X) (iImx)?
o!

lo]<a—1 Cl(A}H),O

[Poilcraryo < | Por =

# 504—20_?71 +5a—2 < 604—2.
It follows that

3 —2_a—2
”XP1||D(T1731),01 = HXP{HD(rl,Sl),ol S &+ e K e

Suppose that (A) holds for some v > 1. We note that

1
Pyt = /0 {R(t). F} o dlodt + (P, — R) o o},

and hence,

1
XP,i :/0 (6%)* X(ra) rydt + (05)* X (p1— Ry,

where R(t) = (1 —t)(Ny41 — Ny) + tR with R being the truncation defined
in Section 4,2, F' is the solution of the homological equation (4.17), and P},
is as in (4.12) and (4.13).

By Lemma 5.1, we have

HD(b%HDan,Ou-o-l <1+ HD(ZS% - Id”Dlnwowq < 2, ‘t‘ < 17

and by Lemma 4.3, we have

X (R(t), 7} [ Dany 00 n < ¥ 2ry BTH2(d,) 0, 2.

Making use of the truncation order of R from P/, it is not hard to check that

1X (P —r) | Doy 041 < MEL-
We thus have

HXPV+1 |’D(Ty+1,8y+1),oy+1 # ey + 7_27411_(27+2) (dl/)lon

<y 2(dy) et 2 (2T H2)a,

Recall that g = 3;};”2 Since 4 — 2k — (27 4 2)q > K, we have

-2.2
v v

HXPu+1 ||D(rl,+1,sl,+1),(91,+1 -\< El/—‘rl'
To estimate XPLH’ we note from (4.13) that
Pli+1 o PV‘H = (PUtH-l - PUV) o®, + (Pl*,lﬂrl - Pl*,u) o (I)V,
where &, = ¢ o0¢pg0---00,.
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Since
v+1, .—27—2 _ ov+1..2 _3(k—1 v+3 _3(k—1
2", €, =2 rl,el,( ) <2 51/( ) <1,

we have by Lemma 5.1 that

HD@VHD(TVJrlaSVJrl)voz/qu
(5'24) = H(aél opao--op,)(0g20¢z0-0dy) - (8¢V)“D(Ty+1,5y+l)
14 14
_ 1
< H[l + 92 () P 2(2d§ %] < H(l + ﬁ) <2
j=1 j=1
Since s,4+1 < 0y41, it follows from Lemma 2.1 that
|1D[(Fo, 11 = Fo,) 0 @] + DI(PL 11— P1) © Qulll Diryyr,5001),00 14
S [HD( Op4+1 PO'V)‘|D(’I"V+1,SV+1) y+1 + ”D(Pl V+1 Pl*,ll)|’D(7”V+1,8,,+1),Ou+1]

3
1D®ulerarit )0, S FPovin = FPoleragit y 0,0+ S0

< (0) Mo+ dur) T+ 50,
Thus

1X Py, = Poy)o®ut(Py 1~ PE )o@ ID(r 41,50 41),00 40

< 8,0 D[(Poyyy = Po,) 0 @) + D[(Pl*,u—i-l = PL) o @u]lDirys1,5041).00 41
< s (@) b ) T+ sy+1

< (&) s, (b4 dyn) T+ )

< 75 s, 21(b+dyr) T+l

< %3112'{(5 + 1)+ %€u+1

€ 1
_ %1 el i (b+dypr)' T + e < Evs

It follows that,

HXPl//Jrl ||D(7'u+1,8u+1),01,+1 ’\< Ev+1-
[l

~ [e.e]
5.3. Convergence. Let T* = D(0,0) and O = () O,. Then T* is a b-
v=1
torus in D(ry, s1). On one hand, by estimates in Section 5.1, we see that the
transformations

<I>,, = ¢1 o gbg O-++0 gb,, : D(TV+1,SV+1) X Oy+1 — D(’I"l,Sl),

v =1,2,---, converge in C*(T*, D(r1, s1))-norm, C' uniformly Whitney s-
moothly on O. We denote by =limy, oo P,.

On the other hand, by estimates in Section 5.2., we see that, under the
CY(T*)-norm,

NI/ :€I/+<WV7[>+<AVZI/72V>7 V= 1727"' )
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converge C! uniformly Whitney smoothly on O, say to
Noo =t o + <w<>07I> + <AOOZO<>7 Zoo>7

and P, v =1,2,---, converge to 0, C! uniformly Whitney smoothly on 0.
As shown in Section 3.2, {HY}, v = 1,2, - - -, converge to H, under C' (D, x
O)-norm, as v — oo. Taking the limit v — oo in (4.15), we have

H*o®y = H' = Ny, onT* x O,

and consequently,
¢tI{* O(I)OO:(I)OOO¢§VOO7 tGR.

For each & € @, since T* is clearly an invariant, quasi-periodic d-torus
of the Hamiltonian flow ¢§Voo with frequency vector ws(§), we see that
Do (T* x {£}) is an invariant, quasi-periodic b-torus of the Hamiltonian flow
@'+ with the same frequency vector. It follows from the constancy of the
normal matrix Ay (€) that the invariant torus @ (T? x {£}) is linearly sta-
ble. Moreover, in virtue of the weighted norm used in the range D(r1, s1) of
Do (T x{£}), we see that the normal components of the quasi-periodic orbits
in ® (0 + woo(&)t, §) are spatially localized with rates Inlﬁ as |n| > 1.
To characterize the smoothness order of the invariant torus ®. (T x {£}),
we note by Lemma 5.2 and (5.24) that
[©,(6,0,0,0:€) = @,-1(0,0,0,0;)] < &, 73+ = JD),
for all (0,6) € T® x O and v =1,2,---. Let
B (k—1)(a—1)
* T ,{2 .
Then 3(k — 1) — ¢s = 3(k — 1)®==. For any (0,§) € T x O and 2 < |B] =
5 < §,, we have by Cauchy estimates that

105 [ @00 (0, €) — 0]

oo

= [0[(®1(0,0,0,056) — 0) + > (@,(6,0,0,0;) — ®,,_1(6,0,0,0;))]]
v=2
< 7**2513,(“*1)7';5453(”*1)*‘15#5,%(%1)%.

It follows that each embedded torus ®..(T? x {¢}) is C* smooth.

5.4. Measure Estimates. We note that
3 v,1 v,2 v,3 v,4
O\O = U U (Rk URk URk URk )
v=l1|k|<K,

where, for each |k| < K, and v =1,2,---,

R = {s €0, (AL, > }

*
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1% — dV QK,;r
Rk’Qz{geoy:|r<Az,y> 1H><L},

*

RY? = {f 0,1 |(AL) ] >

Ry = {g €0, (AL,) 1 >
with
Ak = (k,wy),
= (k,w, () + Ay,
= (k,w, (O +I®A, + 4,01,
Ak,u = (k,w, () +I®A, - A, @1

Let m!, = dirnA’,ivy, i =1,2,3,4. Then it is clear that m} = 1, m? = d,,, and
mt, = (d,)?, i = 3,4.

Let i = 1,2,3,4, v € N, and 0 < |k| < K, be given. Since A} ,
Hermitian, a simple linear algebra argument yields that if all elgenvalues

of A}W are greater or equal to 7% in absolute value, then H(A}W) Y <
(m?)? 3= (see [17]). It follows that

v

RZI C 7@21 =: {¢ € O, : 3 an eigenvalue X of A};’V(f) such that ||

Since A};,V = Ai’y(ﬁ) is Hermitian for each £ € O, and depends on £ s-
moothly, its eigenvalues are smooth functions on O,. Let A = A(&) be such

an eigenvalue function. Then there exists a unit eigenvector ¢ = () of
A(§) for each £ € O, which also depends on & smoothly (see e.g. [17]). Since

= (45,9, 9),
it follows from the fact that v is a unit eigenvector for each & that
O\ = (A0, ¥).
By Lemma 5.3, we have
[0eA| = [(De((k, w1 (€)1, ¥)| — 1|k = O |k]).

It follows from the standard measure estimate that

5 Vsl Y (dV)Q’Y €
meas( U Ry') < Z K7t1 = K71 = Kb
v

1-k

k| <K, k| <Ky
1<I<(dy)?
Thus
meas(O\ O) > meas U U “URZQURZ:}UR
v>1 |k <K,

51—n

L

v>1 v>1 v

S\
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This completes the measure estimate.
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