QUASI-PERIODIC BREATHERS IN NEWTON’S CRADLE
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ABSTRACT. We consider the following parametrized Newton’s cradle
lattice with Hertzian interactions:

Tn + ﬁixn =V'(znt1 — xn) — V' (tn — 2n_1), n€Z,

where for a fixed integer b > 0, {8, : |n| < b} are positive parameters,
1

{Bn : |n| > b} are given positive constants, and V(z) = H—a|x|1+°‘ is
the Hertzian potential for a fixed real number o« > . := 12b + 25.
Corresponding to a large Lebesgue measure set of (8;);j<s € Ri_bﬂ,
we show the existence of a family of small amplitudes, linearly stable,
quasi-periodic breathers for the Newton’s cradle lattice which are quasi-
periodic in time with 2b+ 1 frequencies and localized in space with rate
In\ﬁ as [n| > 1. To overcome obstacles in applying KAM method due
to the finite smoothness of V' especially when « is not an integer and
to obtain a sharp estimate of the localization rate of the quasi-periodic
breathers, the proof of our result uses the Jackson-Moser-Zehnder (JMZ)
analytic approximation technique but with refined estimates on error
bounds, depending on the smoothness and dimension, which provide

crucial controls on the convergence of KAM iterations.

1. INTRODUCTION AND MAIN RESULT

In this paper, we consider the existence of time quasi-periodic breathers
in the following Newton’s cradle lattices with Hertzian interaction:

(1.1)  dn+ B2, =V (xns1 — x0) = V'(2p — 2n_1), 2, €ER, necZ,

=z, a > 0, is the
Hertzian interaction potential. We note that V is only of the class C'+¢ for
non-integer exponent «. As the uncoupled systems corresponding to (1.1)
are harmonic oscillators, we treat a part of the natural frequencies (3,’s as
parameters in order to find quasi-periodic breathers. More precisely, let b
be a fixed natural number and O C ]R?,f+1 be a bounded closed region. We
regard

(1.2) B = (Bj)1<b € O
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where s are positive constants and V(z) =

1



2 C. GE, J. GENG, AND Y. YI

as parameters, and let the remaining natural frequencies (3,, |n| > b+ 1,
be fixed constants. For each set of the parameters, equations (1.1) form a
Hamiltonian lattice with the Hamiltonian

(1.3) H= Z ~i2 +—nx + V(xpt1 — zp)-
neZ

The Newton’s cradle lattice is a simplified model for granular chains con-
sisting of a chain of identical spherical beads which are attached to linear
pendula and interact nonlinearly via Hertz’s contact forces. By transforming
the Hamiltonian system with 38, = 1, n € Z, into a discrete p-Schrédinger
equation and using numerical simulations, James in [18] showed the exis-
tence of time periodic breathers when a > % Stability of these periodic
breathers and their significance in physics were discussed in [19, 20]. These
works raise both mathematically and physically interesting questions on the
existence of time quasi-periodic breathers in the Newton’s cradle lattices
with Hertzian potentials.

Breathers and quasi-periodic breathers, as important coherent, localized
structures or waves, have been largely found in Hamiltonian lattices such as
discrete nonlinear Schrodinger equations, Fermi-Pasta-Ulam chains, Frenkel-
Kontorova (FK) etc. We refer the readers to [1]-[7], [14, 16, 26] and references
therein for developments in the subject. However, these existing works all
deal with analytic Hamiltonians, and to the best of our knowledge, no result
is yet known on the existence of quasi-periodic breathers for non-analytic
lattice Hamiltonian systems. We remark that finite-dimensional KAM the-
ory for full dimensional, quasi-periodic, invariant tori is well established in
the non-analytic setting ([17, 21, 22, 23, 27, 28]). Based on Moser’s the-
ory, lower dimensional, quasi-periodic, invariant tori with a finite number of
normal frequencies is also known for finite-smooth Hamiltonians ([12]). For
non-analytic Hamiltonian PDEs, a Nash-Moser iteration method is devel-
oped in [8]-[10] to show the existence of lower dimensional, quasi-periodic,
invariant tori in finite-smooth, defocusing, nonlinear Schrédinger equations
with periodic boundary conditions. A lower bound of required smooth-
ness in the Nash-Moser iterations is estimated in [13] for a class of nonlinear
Schrodinger equations with external frequencies. While the Nash-Moser iter-
ation method is an important technique in studying quasi-periodic solutions
in finite-smooth, infinite-dimensional Hamiltonian systems including Hamil-
tonian lattices, it seems to have certain disadvantage for capturing sharp
localization rates of quasi-periodic breathers (see Remark 1.1 (2) below).

In this paper, we use KAM method together with a refined Jackson-Moser-
Zehnder (JMZ) analytic approximation technique to study quasi-periodic
breathers for the parametrized Newton’s cradle lattice (1.1). Our main
result is stated as follows.

Main Theorem. Consider (1.1) with o > o, := 120425 and let parameters

B lie in a bounded closed region O C Ra_bﬂ. Then there exists a family
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O, C 0,0 < vy <1, with meas(O \ Oy) = O(y) as v — 0, constants
e =c¢e(b,v,a) >0, 2 < s, =s.ba) < a+1, and a Whitney smooth map
@ Oy — RP with & = B+ O(e), such that for each 8 € O, (1.1) admits
a linearly stable, quasi-periodic breather x(t) = (x,(t))nez with the following
properties:

(1) For each n € Z, x,(t) = X,(0(B)t), where X, : T?+ — R is a C*

function for any 2 < s < s,;
(2) Znez\xn( ()1 < e, where (n) = max{1, |n|};
(3) xp(t) ~ |n|1+a as |n| > 1 uniformly in t.

Remark 1.1. (1) The Main Theorem above actually holds for any finite
number of oscillating sites rather than the 2b + 1 adjacent sites considered,
i.e., the oscillating lattice set J can be replaced by any set of N numbers
in Z for a fixed natural number NV and O can be replaced by any bounded
closed region in RY. We choose N =2b+1and J = {n € Z : |n| < b} in
this paper in order to give an explicit lower bound for the smoothness order
«. The proof for the general situation will be similar to that for the Main
Theorem above, except that, in the normal form reduction, the form of the
finite term in the perturbation P in (3.12) needs to be adjusted accordingly.

(2) The Nash-Moser approach to KAM theory developed in [9, 10] can be
also used to obtain quasi-periodic breathers for the parametrized Newton’s
cradle lattice (1.1). However, in order to apply the interpolation inequal-
ity to compensate the loss of regularities during iterations, this approach
requires the consideration of solutions in the Banach space

HV%2 = {x = (x,) = Z T €)Y Z|xn1] Y2B1(1)2%2 < o0}

leZ%+1

where ¢ € T20+1 and s; + s9 = 1 + « in which $1, 8o are the order of local-
ization, smoothness of quasi-periodic breathers, respectively. A calculation
shows that the essential smoothness order required to carry over this ap-
proach is so > 13b+ 16, implying that s; > a — 13b — 15, i.e., the estimated
localization rate of quasi-periodic breathers is at most 1/|n|*130=15 Ag
stated in the Main Theorem above, our approach yields the optimal local-
ization rate 1/|n|'T® of quasi-periodic breathers.

(3) For each set of parameter /3, (1.1) becomes an infinite-dimensional
Hamiltonian system in the Banach space

H={x=(zn): Y |zal(n)**" < oo}.
nez

The Main Theorem above says that each quasi-periodic breather obtained
lies in an invariant (2b 4 1)-torus of H of the class C* for any 2 < s < s,.

By reducing the Hamiltonian (1.3) into an action-angle-normal form, our
approach of proving the Main Theorem is to construct a sequence of analytic
approximations to the non-analytic perturbation of (1.3) such that only the



4 C. GE, J. GENG, AND Y. YI

analytic approximations participates in each KAM iteration and the loss of
regularity of perturbation after each KAM iteration is recovered by shrinking
the complex domain of the angle variables.

To carry out the KAM iterations for the non-analytic, infinite-dimensional
Hamiltonian (1.3), we will prove an analytic approximation lemma which re-
fines the JMZ Approximation Lemma in finite dimensions (e.g. [12, Lemma
2.1]) by giving an explicit error estimate of such an approximation in terms
of the order of smoothness and the dimension of the domain of definition of
the function under consideration. We note that such an explicit estimate is
necessary in the infinite-dimensional situation, simply because at each KAM
step one needs to consider a truncation of the perturbation, though defined
in a finite-dimensional domain but with increased dimension from the one at
the previous KAM step. The special structure of Hamiltonian (1.3) allows
the consideration of a truncation of the perturbation at each KAM step by
including two more normal variables from the one at the previous KAM
step.

We also remark that the approach adopted in this paper should be ex-
tendable to study quasi-periodic breathers in non-parametrized Newton’s
cradle lattices with anharmonic local potentials which provide a rich set of
natural frequencies, for instance in Hamiltonian lattices of the form

1. 1 1
H = Z ix% + 5:10% + fol + V(zny1 — xn)
nez

considered in [11] for periodic breathers. We will study this problem in a
seperate work.

The rest of the paper is organized as follows. In Section 2, we give a
refined JMZ analytic approximation lemma (Lemma 2.1) with concrete er-
ror estimates on the smoothness and dimension. In Section 3, we introduce
action-angle-normal variables and derive a normal form for the Hamiltonian
(1.3) along with its real analytic approximations. In Section 4, we sketch
our KAM scheme for one KAM step along with the construction of the sym-
plectic transformation for the approximated Hamiltonian at the same step.
In Section 5, we give necessary estimates for the validity of KAM iterations
and prove an iteration lemma. Measure estimates and the convergence of
KAM iterations are shown in Section 6 to complete the proof of the Main
Theorem.

Through the rest of the paper, for any complex number or vector w, w
stands for its complex conjugate. For simplicity, we will use the same symbol
| - | to denote the absolute value of a complex number and the norm of a
vector space. However, if an integer vector is considered, then |-| is specified
as the {'-norm, and, if a matrix A = (@ij)mxn is considered, then its norm
is specified by

|A| = max{ sup Z |aij|, sup Z |ai;|}.
1<i<ny i, Isismycjicn
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For any complex vector or sequence w = (wy), we use || - || to denote the
following weighted norm:

lwll = fwnl(m) .

For any function f € C%'(X x O), where X is a compact region in a Banach
space, | € Ry, and O is the parameter region in (1.2), we will adopt the
short notions

|f|Cl(X),(9 =: |f|Clv1(X><(’))a |flx0=: ’f|COvl(X><O)‘

If f is valued in a vector space, then the above short notions simply mean
to apply the function norms to its components followed by the norm of the
vector space. We also use the symbol “<” to represent “<” up to a constant
that is independent of the iteration process. Finally, for any Hamiltonian
function G, we denote by X the Hamiltonian vector field associated with
G and by ¢, the corresponding Hamiltonian flow.

2. ANALYTIC APPROXIMATION

In carrying out KAM iterations for a non-analytic, infinite-dimensional
Hamiltonian like (1.3), we provide in this section a refined, finite-dimensional
JMZ analytic approximation lemma which gives an explicit estimate on the
error of the approximation in terms of the order of smoothness and dimen-
sion. Such approximations will be applied to truncated Hamiltonian per-
turbations and participate in the KAM iterations instead of the truncated
Hamiltonian perturbations.

Consider the Banach space

t= S ={zp s 2] = Y |zal(n)*H < oo
[n|>b

For given 0 < p,o < 1 sufficiently small and each k € Z, also consider the
following subsets of T2+1 x R2*1 x ¢ x ¢ and its complexification:

€T, ol <b Y fealm)te <o,
[n|>b
D = = nifs n : « a
p (x,y) = {zn}, {yn}) HZ |yn|<n>1+ <p |Z|: ’yn|<n>1+ <p
n|<b n|>b

Tn,Yn ER, n€Z; xp =y, =0, if |n| > b+ E,

QF = {(l’,y) - ({xTZ}v {yn}> : Z ‘xn’<n>1+a + Z |yn|<n>1+a < o0
nes

ne”L

2
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(Rex,Rey) € D,,
Im ;| ()1 < o Imaz (e < o
> Ima;{(7) ; Y :

Ak — ) = W3 Ly ) l71<b . b<lj] .
o (7,y) = ({xn}, {yn}) Z \Imyﬂ(])pra <o Z ’Imyj’<]>1+a <o,
l71<b b<lj]

Imz;| = |Imy;| =0, if|j|>b+k+1
Let ¢y be a radially symmetric, C*(QF) cut-off function satisfying
or(s) =1, V[ <1, and ¢x(s)=0, V[s[=>2.
Our approximation lemma is stated as follows.
Lemma 2.1. Let f € C*Y(D, x O) for some | > 2. For each k € Z and

o >0, consider

Fa00.8) 1= K« fH(.8) = =128 [ g (¥ —) (9. B)dy.

Ok

where f¥ = floryo and Kj, = <ng 1s the Fourier transform of ¢r. Then the
following holds.

(1) for(1, B) is real analytic in ¢ € A% and smooth in 8 € O. Moreover,
there is a constant c; > 0, depending only on | and b, such that

k
fok — Z W(ﬂmw@

!
lo]<l—-1 e Cl(Ak),0
< alflowp,) oo’ (2b+1+2k),
where 0 = ((07)|j1<b+k> 10}) with (0)|j1<p+k € N2HF2E gnd ol =[] o4
l71<b+k
(2) If
(2.4) 7= o S0 KEL
P>

for some constant co > 1 depending only onl and b, then there is a constant
ca > 0, depending only on | and b, such that

[ o = f”kvk{cl(A’éﬁb)@
< lflop,)oor '(2b+3+ 2k, ke Zy,

for any decreasing sequence {0y} of positive numbers. Consequently, if {oy}
is a supper-exponentially decreasing sequence, then {fs, 1} converges uni-
formly to f, i.e., in C%Y(D, x O).

Proof. For simplicity, we only prove the lemma without treating the C'-
norm | - | in parameters. The proof involving | - |o-norm can be carried
out similarly by taking into consideration of some straightforward estimates
with respect to § € O. For simplicity, we use ¢ to denote any intermediate
positive constant which depends only on [ and b.
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Let k € Z4 and o > 0 be given. The real analyticity of f,1(1) on the
complex neighborhood AL of T?°+1 is a standard fact (see e.g. [27]).

Write | = p + 4, where p an integer and & € [0,1). Then any g € C(D,)
has Taylor expansion of the form

(2.5) gw+n= > 1,77"(9"9(1/1) + Ry, m),
0<l|o|<p ~
where
1
Ry(b,m) =Y gn@ = 0%+ ) = %) dp.
lol=p =

Let k € Z4 be given. For any polynomial P, since K}, is of Schwartz class,
we have

. Ky (z)P(z)dz = P(0).
It follows from the Cau(:h;f2 integral formula that
(2.6) o Ky(x 4 in)P(x)dx = P(—in).
Using the change of variables £ = %Re(w —y) = IRet) — %y and applying

s
(2.5) and (2.6), we can re-write the function f, ) as

fas) = [ Kil6+ i) o) f(Rev - o€)dg
Ok g
(2.7) — Y Lo i Rew) + Rp(v,0),

0<lol<p =
where

Rpx(4,0) = /Qk Kk(f+i§1m¢)Rfk(Re@Z),U§)d§.

Obviously, the first term of in (2.7) is independent of 0. As for the estimate
of the second term, since

02 (Re s — 06) = 025 (Re )| < |lci(p, o€l
we have
R o ! t l in)ee| |€]°
@8 .0 < flowye! 32 5o [ e il

It follows from (2.8) and the Cauchy integral formula that

$ fE(Re
for@) — 3 W(ilmwf

0<|¢I<p CO(Ak)

9°f*(Re )

o (im)e

= s forl@) = >

o 0<]el<p
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1 .

< flerpye' 32 = sup / Ku(€ + in)ee] [ de
lo|=p & IMI<1 o

< C‘f|cl(Dp)0'l(2b+1+2k‘)l.

Similarly, for any monotone decreasing sequence {0y} of positive numbers,
we have by (2.4) that

2.9 > W(ilm¢)9 - w
lel<p lol<p '

(ilmy)?| < COJZH

on Alf,;:ll, and consequently,

‘f0k+1yk+1 - ka,k}CO(AI;k_‘_l) = Akl}fll) ’fﬂk,k(w) - f0k+1,k+1(¢)’

ki1
< COO'L+1+ sup ‘Rfk(w70k+1)‘+ sup |Rfk+1('l/),0'k+1)’
]‘c’kJrl AI;;EJ
1 .
< coohyr + I flerp,)Thin Y o sup / |Ku(€ + in)€?] [ de
lol=p & InI<1/Q*
1
+ |flep,o! sup [ |Kia(€ + g ep'de
ootk X o [ s +imeflie

lol=p
< C‘f\cl(Dp)Uf€+1(2b + 3+ 2k).

To make estimates in the C' norm, we recall the following well-known
Cauchy estimates: For any 0 < ¢/ < ¢ and any k, if g € C'(A¥), then

(2.10) 9l ak,) < > (0 =) Hgleoar)-
|€'[=1

By considering previous estimates in A% instead of A%, it follows from
(2.9)- (2.10) that

£ £k (Re
for) = S W(ﬂmw)f

0<[¢|<p-1 ' C1(Ak)
¢ rk
< (@b+1428)0 | for(x) = > M(ﬂmzp)ﬁ
0<[¢|<p ' co(ak )
< 2'co™|flerp,)ot (20 + 1+ 2k)
< dflep,yo’ 20+ 1+ 2k)

and

-1
‘fakJrl,kJrl - fak,k‘cl(A[’jz—il) < (2b + 3+ 2k)0k+1 Hfo'k+17k+1 - kavk‘CO(A’;;';_H)

< 2eo ! |flerp,)Thir (26 + 3+ 2k)!
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< dfleip,)Thi(2b+ 3 4 2k)

Thus, if {0} } is a super-exponentially decreasing sequent, then {f,, 1} is
a Cauchy sequence in C19(A, x Q) hence in C°(A, x Q). O

3. NORMAL FORM

To proceed with the KAM iterations, we first convert the Hamiltonian
(1.3) into a normal form, which include the introduction of action-angle-
normal variables and making analytic approximations using Lemma 2.1.

3.1. Action-angle-normal variables. Setting &, = y,, n € Z, in (1.1),
(1.3) takes the form

1 B
H= % §y721 + ?”xi + V(xpy1 — xn).
n

Let ¢ > 0 be a small parameter. With the re-scalings y,,x, — €yn, ETn,
n € Z, H — ¢72H, the re-scaled Hamiltonian reads

1 32 _
H = ;Z iyi + ?nl',% + &* 1V($n+1 — Tp).
n

Denote Z1 = {j € Z : |j| > b}. For a given value a = (a;)
we introduce the standard action-angle-normal variables

(I> 9, i‘> g) = ({Ij}|j|§b’ {ej}\j\gba {xn}nEZp {yn}n€Z1)7

2b+1
jl<b € RY™,

ie.,

2
xj:@msmej, b = VI Taycosty, 1j| <b

Without loss of generality, we set 3; = 1, j € Z1. Then, in terms of the
action-angle-normal variables, the above Hamiltonian becomes
(3.11) H=N+e1P,
where

1
N=e+{w )+ ) 5@ +v7)
neZ

with e = 3 Bja;, w = (8;)||<p> and
171<b

f%97]#ﬁ§§ﬂ)

b—1
1 2 . 2 .
= Z 7\/Ij+1+aj+181n0j+1— —\/Ij—kajsmej
o traly B Bj

14+«

1+«

_l’_

2
— /I _p+ B_psinf_p —x_p_1
\/ B-p

1
1+«
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Tpy1 — \/ \/ Iy + By sin 6y,

In the above, the parameter ( lies in the prescribed bounded closed region
O of Ribﬂ as in the Main Theorem, the angular and action variables 6, I
lie in T?0+1 R2+1 respectively, and the normal variables &, §j lie in . For a
fixed sufficiently small p > 0, if we consider the domain

14+«

+ Z ‘wn—l—l - xn’1+a .
n n+1621

1+

Dyp ={(6,1.3,5) € T2 x R x . x €3 |11 < p, |3]] < 20,11 < 20},

then it is clear that P € Cl+a’1(ﬁ2p x 0). We recall that || - || above is the
weighted norm defined at the end of Section 1.

3.2. Analytic approximation. For each v > 1, define

PY = P|Q,, = P<97I7 {xn}b<|n|§b+u7 {0}7 {yn}b<|n|§b+l/7 {0})
Then

1
prtl _ pv — - 1+a 1+a
T a |Tht41 — Toto| + TTa |Th4041]
1 1
1 1+a 1 1+a
+1—|—Oé |fL'_b_1,_1| 1+ o | —b— V|

It follows that the perturbation P satisfies the condition (2.4) in Lemma
2.1, ie.,

[P = PYlorsa a0 < Co
where Cj is a constant depending only on « and b.

Let 0, | 0, v > 1, be a supper-exponentially decreasing sequence to be
specified later. For each v > 1, we consider the real analytic function

Py, = K2 % PV,

Then by Lemma 2.1, {P5,,} is a sequence of real analytic approximations
to P, i.e.,

P = P2a1 + Z(on'u - P2oy—1)

v>2
uniformly on D(2p) x O.
For convenience, we complexitify the real variables & = (zy)nez, and
¥ = (Yn)nez, by linear transformations:
1 ) _ 1 .
(3.13) Wy, = \ﬁ@” +iyn), Wy, = ﬁ(mn —iyn), n€Z.

Under this transformation, the function N and P in Hamiltonian (3.11)
becomes

A=K +eo P,
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where
N=ec+ () + Z Wy Wy,
nezy
and
~ B Wy, + Wy, Wy, — Wy,
PO, 1,w,w;3) = P(0,I,( ), ( ); B).

V2 iv2

For each v > 1, since

2|:| [Im wy, [ (n)1 T < o, Z‘: | [Im 2, [ (n) 1T < /20,
b<|n b<|n

_ =
> [ <o, Y [Tyl () < Vo,

b<|n| b<|n|

we see that the function

= Wy, + Wy, Wy, — Wy

P, (0,1, w,w; ) := Py, (0,1,( 7 3

is bounded, C! in 3 € O, and real-analytic in ¢ := (0,1, w,w) € AY , where

) ( ); )

Re(0,I,w,w) € ﬁp,
> [Im ;] (5)* <oy, 3o [Im LI(5)* < 0y,
lil<b l71<b
A~ )y, 5 [Tl () < o,

Oy
> [Imw,|(n)* < 0,
b<|n|
L Imw,| = [Imw,| =0, |n| >b+v+1

and moreover,
1Po,lcnay, )0 < c(a)|Fs, |c1ay, )0

Since by Lemma 2.1, there is a constant C1 > 0 depending only on « and b
such that

2o, = Brealoragss o
(3.14) < CilPloivaipiap.0(200)* (26 + 3 + 2v) 1,
we have

Pal, - Pcrl,+1 Cl(Azj}ﬂ)’O
(3.15) < CQ|P|CI+Q(D(2p))7OUf,‘_1(2b + 3+ 20)tte,

where Co > 0 is a constant depending only on « and b. Hence, {P,,} is a
sequence of uniform real analytic approximations to P.
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4. KAM SCHEME

To highlight our main idea of the KAM iterations, we describe in this sec-
tion one KAM step and leave all estimates to later sections. As mentioned
in Section 1, only the analytic approximations {P,,} of P (= P) will partic-
ipate in the KAM iterations. More precisely, we will construct a sequence
of real analytic, symplectic transformations

®, ::(I)Vflogz)llzﬁblo"'ogbl/

so that
(416) (NV+PUV)O¢VZNV+1+PV+1
for all v =1,2,---, where {P,} is a sequence of real analytic perturbations

to be constructed later, and for each v > 1, N, has the form

N, =e, + <w1/a [> + <AVZI/7 Zz/> + Z Wy, W,
[n|>b+v

with e, being a scalar-valued function, w, being a R%*1l-valued function,
and A, being a 2(r — 1) x 2(rv — 1) matrix-valued function, defined on a
suitable parameter domain Oy, and Z, = (wn)p41<n|<p+v—1- When v =1,
we simply define

Ni=N, P=P,, 0;:=0.
In fact, it can be shown easily by induction that (4.16) is equivalent to
(4.17) (Nu+P)ogy=Nyp1 +Pop1,  v=12--,
where P{ = P = ]501 and

P =P, +(P,,—P,, )o®, 1, v>2
It follows that

v
Hyo®,+ Y (Pr; = Py_,)0®y = Nyp1 + Py,
j=2
i.e.,
(4.18) (N+P,))od, =N,j1+ P, v=12--.

On some phase and parameter domains and in suitable norms, we will
show that ®, and N, converge, say to ® and N, respectively, and P}
converges to 0. Therefore,

Ho®, = Ny

which yields a family of quasi-periodic (2b 4 1)-tori of H.

We now outline the construction of the symplectic transformation and
describe the transformed Hamiltonian for one KAM step, i.e., the vth step
for a fixed v > 1.



QUASI-PERIODIC BREATHERS IN NEWTON’S CRADLE 13

4.1. Truncation of the perturbation. Consider the following Taylor-
Fourier expansion of P):

/ i(k,0) 7l =0
P, = Z Pk,hg,g’(ﬁ)el( >I ZSZE
k0,0
i(k,0) rl 70 0 ',m
T Z Pr1,0,0 00,0, (5)€1< ' Z8Z2 werwim,
on+tojn>1

[m|=|n|=b+v,k,l,0,0

where Z, = (Wn)p11<n|<biv—15 k € 72+ e N+ o, o/ € N, and the
multi-indices g, ¢’ run over the set of integer vectors

— / /
0= (- uQny"')b+1§|n\§b+1/—la 0 =(",0n" ")b+1§\n|§b+u—17

respectively. If v = 1, then we simply let Z7, o, and ¢’ be null vectors.
With respect to a truncation order K, to be specified later, we consider
the following truncation R = R, of P):

R(0,1,2,,7Z,,w,w)
= Y Punn®e®O1 + 3T (PEB), Z) + (PR(B), Z))et)

Iz ik,
= v

+ > (BB 20, 20) + (B (B) 2o, Z) + (PP (8) 2, Z,)) )
|k|<Ky

+ Y (PE(BYwn, Z,) + (PR(B)n, Z,))e ™))
|k|<Kvy
|n|=b+v

+ S (P wa, Zo) + (PE(B)D,, Z,))e )
|k|<Kvp
|n|=b+v

+ Y (P (B wawm + Pl (B)wn@m + P, (B) @) ®0)
|k|<Kvy
|m|=|n|=b+v

+ Y (PRBYwn + PRy (B) @),
|k|<Kvy
|n|=b+v
where P,ii, 0 <i,j7 <2, |kl <K,, are numbers and vectors or matrices
consisting of appropriate Taylor-Fourier coefficients of P),.
To match the form of NV, in order to define the new perturbation and
derive the homological equation, we rewrite R as

R(0.1,Zy41,Zy41,) = Ro+ R1 + Ry,

Ry = > Pu(B)e™01

ll]<1
[k|< Ky
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3" UR(B), Zusr) + (RY(B), Zysr))e )
K<F,

Y (R (B)Zus1, Zuir) + (R (B) Zot1s Zuin) + (RE(B) Zoir,s Zuir)) P
[k <Ky

P10 D10
RlO _ Ek} ROl _ Ek
k PlO e T POl )
kn |n|=b+v kn In|=b+v

(B MR )
E(ng) (PISTOLm)‘m\:b-i—V In|=b+v

02 1 502
R? = ( 1 P%Q T 025Pk" )
b
E(Pk;n) (ijnm)‘m‘:frlﬂ/ |n|=b+v

11 11
R = ( Pfl 11 Fn ) :
Pk*n (Pknm)\m\zb-f—V |n|=b+v

)

4.2. Construction of the symplectic transformation. Denote

H =N,+P, H,=N,+P,v=12-.

For fixed v, we will look for a real analytic Hamiltonian function F' = F},

such that the time-1 map ¢, =: ¢} of the Hamiltonian vector field Xp
transforms H), into H, ;1.

We note by the second order Taylor formula that
Hjo¢p = (Ny+R)odp+ (P, —R)odp

where

= Nl,+{N,,,F}+R+/01(1—t){{Nl,,F},F}oqs%dt

1
+ [ ARFY o dhdt+ (P~ R) o 0}
0
= NV+1+PV+1+{NII7F}+R

— Y Poool' = (R§' Zuy1, Zusa),
t<1

(4.19)N,11 = N, + Pogoo + Z Powol' + (R§* Zys1, Zus1),

ll|=1

1 1
P = /O(1_t){{NV+1?F}?F}O¢%‘dt+/O{R,F}Ogb%dt

+ (P, —R)o ¢k

Thus, for the validity of

/ 1
Hu © ¢F = HV+17
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F needs to satisfy the following homological equation:

(4.20) {N,,FY+ R =" Puool' = (R§' Zu11, Zys1) = 0.
[1]<1

4.3. The solvability of the homological equation. To solve a Hamil-
tonian F' from the homological equation, we assume that F' is of the form

F(Q,I,Z,E):Fo—l-Fl—i-FQ,

where

Fy = > fuoo(B)e®OT

<1
[k| <Ky

F = Z (fr]flo kal ) i(k,0)

|k| <Ky
b+1<|n|<b+v

= > (B Zuy) + (F, Zyga))e R0

|kI<Ky
k20 k02 — - i(k,0
I = Z (f Wn Wy + fnm wnwm)el< )
k| < K,
b+1<|n|,Im| <b+v
n Z KLy 5 e E0)

0<|k| <K,
b+1<|n|,Im| <b+v

= Y (FPZui1, Zon1) + (P Zus1, Zuga)) )
k|<K,

k0
+ Z FRZ,00, Zy1)el R0
0<|k|<K.,

We note that N, can be rewritten as

N, = e + <wV7 I) + <AVZV7 ZV) + Z Wy Wy, + Z W W,
[n|=b+v [n|>b+v
= ey + (W, ) + (AVZ,,H, V1) Z Wi W,
[n|>b+v

where Zl,+1 = (wn)b+1§‘n‘gb+y and

= A, O
A”_< 0 Ig)

with I» being the 2 x 2 identity matrix.
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Lemma 4.1. The homological equation (4.20) is equivalent to

((k,wu)) frioo = —1Pgigo, 0 < [k[ < K, [I] <1,
((kywi)I = A)F° = —iR, |k| < K,
(4.21) ((k,wi)I + At = —iRyY, |k| < K,
' (kyw ) —T® A, — A, @ )F? = —iR®, |k| < K,
(k) +I® A, + A, @ FY = 1302, k| < K,
(k) +1® A, — A, @ EM = —iRr!, 0< k| < K,.

Proof. Substituting F' into (4.20) one sees that (4.20) is equivalent to the
following equations
{N,, Fo} + Ro = Y. Poool’,
l1]<1
{Ny, Fi} + Ry =0, -
{Nl/’ FZ} + R2 = <R(1)1ZV+17 ZV+1>'

By comparing the coefficients, the first equation in (4.22) is obviously
equivalent to the first equation in (4.21). Since

(4.22)

{NuaFl}
= i Y (((k,w)] = AR, Zya) + (K, wo) ] + A FE, Zyy))el B0
k<K,
and
{NV7F2}
=i Z (b, w ) F20 = A F0 — FP°A,) Zy i1, Zoyga) e 0
|k| <K,
+i Z (b, wi)F2 + A F* + FPA,) Zy i1, Zygr e 0
[k|<K,

+i Z <(<k7w,,>FkH + AVFkH - FkHAV)ZVJrla ZV+1>ei<k’9> )
0<|k|<K.

the equivalence of between the remaining equations of (4.21) and (4.22) is
established by comparing coefficients. O

Suppose that parameters involved in H),, H, lie in some region O, C
O. To solve equations in (4.21), we consider the following sub-region of
parameters:

(K, >_1|<@, k # 0,
y«kw»IiA)1¢<Qﬂ¥Q[
((kyw ) +TR A, + A, @I)" 1;<M :
((kyw ) T+ T® A, —A, @)1 < 2V)7\K o
k| < K,

where 0 < v < 1 is a fixed Diophantine constant and 7 = 2b + 2. We have
the following result.

Ol/-‘rl: ﬁEOV:
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Proposition 4.1. (4.21) is uniquely solvable on O,y1 to yield solutions
satisfying

’fkl00‘0u+1 <A 2([kN)*" M Praoolo, .., 0< |k < K, |I| <1,

-2
1F° 0,00 < v 2D 20)° | R 0,10, K] < Ko,
|Fk(;‘)1‘ou+1 <7 2(‘k|)2T+1(2’/)5’R21’O,}+17 ’k‘ < Ky,
10,00 < v 2(ED> T 20) 0| R 0,40 K] < K,
|Fku‘@u+1 <7z 2(‘k|)27—+1(QV)IO‘RIIg”Ou-H’ 0< ‘k| < K,,

|F182‘Oy+1 < 7_2(|k|)27—+1(2V)10‘R22|0y+1’ |k:| < Kz/~

The proof of Proposition 4.1 follows easily from the following two elemen-
tary lammas on matrices.

Lemma 4.2. Let A, B be n X n,m X m real symmetric matrices, and C, X
be n x m matrices. Then the matriz equation

AX-XB=C
is solvable if and only if I, ® A — B ® I, is nonsingular. Moreover, the
solution of this matrixz equation satisfies

X| <|(In®A—-B®I,) ! |C)

Proof. See e.g. [25]. O
Lemma 4.3. Let A(B) = (aij(8))nxn be a family of invertible matrices
depending differentially on the parameter 8 € O, where O is a bounded
region in an Fuclidean space. If there are constants M,L > 0 such that
|A7Y < L,|03A] < M, then

105A™Y| < L2 M.
Proof. Since AA™! = I, differentiation yields that (9gA)A~1 + A(93A71) =
0, ie., 9gA™t = —A"1(93A) A~ . Thus

0sA7H < |ATH?|9pA] < LM

5. KAM ITERATIONS

Following the KAM scheme outlined in the previous section, we now show
details of the KAM iterations by providing estimates on the transformations
and the transformed Hamiltonians. An iteration lemma will be given at the
end of the section.

Given r,s > 0, we denote the (r, s)-neighborhood of T?**! x {I = 0} x
{w =0} x {w = 0} of (C%+1/z2b+1) x C?+! x C%1 x C% by

D(r,s) = {(6, L,w,w) : Im @] <r,|[I] <s* [Jw] <s,|@] < s}.

We recall that || - || above is the weighted norm defined at the end of Section
1. For any vector-valued function

X =X(0,I,w,w) = (X, X1, {X} {X))
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on (C2+1/720+1)  C2+1 x C% x C?' which depends on the parameter
B € O smoothly, we define its weighted norm on D(r, s) x O by

1
_ I 6
HXHD<T,S>,O = |X |D('r,s>,o + ?|X ’D(r,s),o
1 _
(523) + g( Z ‘Xw" |D(r,s),(9 <n>1+a + Z ’Xwn |D(r,s),(9 <n>1+a)
nely ne’ly

Let 0<g< 1<K < % be fixed constants satisfying

K2 704—1 74—35
4—3r a—1 1T o0 yw
where 7 := 2b+ 2 and a, := 3(27 +4) + 1. Also let ¢; = € and 57 > 0 be
given such that

q

€
51 > 51 > el
We will use the following iteration sequences for the KAM iterations:
1 -1
r, = 50,,, oy =€l syr1=¢€) sy,
kY —92
K, = KO;a Ev41 = CY €§a

v

v=1,2,---, where Dgp is the domain defined in Section 3, Ky > b+ 1 and
¢ = ¢(b,a, ax) > 1 are fixed constants, and v > 0 is the fixed Diophantine
constant given in Section 4. In fact, {o,} is the sequence used for the
analytic approximations in Sections 2 and 3 and K,’s are the truncation
orders used in Section 4. We note that ¢, will be used to control the size
of analytic perturbations in the vth KAM step, and, 7., s, are the size of
phase domain D(r,,s,) of the real analytic Hamiltonians H,,, H, at the vth
KAM step.
When making e sufficiently small, it is not hard to check that

(5.24) sy >el, s, <oy, 23300

5.1. Estimates on the transformations. For a given v > 1, we need
to estimate the symplectic transformation ¢, = ¢}, where F' = F,, is the
Hamiltonian satisfying the homological equation (4.20). To do so, we assume
that
(A1) the perturbations P, and P, satisfy

Ev
5
We will use the induction to show later that the assumption (A1) holds for
allv=1,2,---.

Lemma 5.1. Denote D; = D(ry,%s,), 0 <i < 4. If (A1) hold, then

(525) ||)(F”D(%7%81/)7(9’/_’_1 < 7—27“;(274-2)5”‘

1 XE | <ew, [IXp <

D(rv,s0),00 D(rv,sv),0u
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Proof. Let R = R, be the truncation of P, defined in Section 4.1. We have
by (A1) and the standard Cauchy estimate that

| X Rl Ds,0,41 < Ev
It follows from Proposition 4.1 that
: ! 2|l k k|
S1Flpes 3000 < 0 2 ool - 52 [k - et eIk
' Yo k|<K, JII<1
+ S0 B Zyal - (K| - el et

k| <K,
+ Z \FOY - | Zysa| - K| - elFIme . e RI
k| <K,
+ Z |F20) | Zyga|? - K] - elklre . eIkl
k| <K
+ Z \EY 1 Zogr| - | Zysr] - K| - elFIre eIk
0<|k|<K,
+ ST ER | Zysa? - || el ek
|k|<K
< ,y—27,;(2r+2)”XRHD&OV+1 < 7727";(2“2)51,.
Similarly,
-2 —(2742
HFIHD(%”%S’/)voqul S 67 TV( T )EZH
1 —_ —
Iz allbeg gsy00m S 2,—(2r+2),
! —2 —(2742
;||FZV+1HD(%%SV)7OV+1 < v ,«V( T+ )ay.

The lemma now follows from the definition of the weighted norm (5.23) and
the above estimates. O

The following result particularly implies that ¢, : D(ry41, 8p41) X Opy1 —
D(ry,s,) x O, is well defined.

Lemma 5.2. Denoten, =%~ and Dy, = D(%r,,,in,,s,,), 1<i<4. Then
the following hold for all |t| < 1:
(1) gf)% : D3T]u X Oy+1 — Dgny X OV,'
(2) There holds
HD¢% - IdHDlnuvoy 4 ’.Y_QTI;(QTJ'_z)EV’

where the weighted norm on the left hand side is the one induced
from that of (5.23) for the vector-valued function ¢t,.
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Proof. We note that
¢
P = id+/ Xpo¢rpds.
0

Hence, by (5.25), we have

(5:26)  |l¢F —idll pp 35,).0,40 < 1 XFlpeg 36,00, < v 2, BT,

Since by (5.24)
77274;(2T+2)812/(n71) <1,
(1) follows easily from (5.26).

Since F' is a polynomial of degree 1 in I and degree 2 in z and Z, it follows
from the definition of the weighted norm (5.23), (5.25) and the Cauchy
estimate that
(5.27) ID™F D0, <7 2, P ey, m > 2.

Since

t t
Dgty = 1d+/ (DX p)D¢%ds = Id+/ J(D?F)Dg¢, ds,
0 0

where J denotes the standard symplectic matrix ( ? 701 ), (2) follows
immediately from (5.27). O
5.2. Estimates on perturbations. Recall and note that
Pll = Pl = pa'la
1
Poi = [ {RO).F) o6 dt+ (P~ R,)o ok,

0
(528) ;_,_1 = sz+1 + (pay+1 - PU:/) © (I)V
where R,(t) = (1 —t)(Nyy1 — N,) +tR,, v = 1,2,---. To estimate the

weighted norms of the Hamiltonian vector fields Xp/, Xp,, we need the
following lemma.

Lemma 5.3. Let G1, Gy be two Hamiltonian functions on D(r,s) for some
r,s > 0 which depend on parameters in a region O of an Fuclidean space
smoothly. If there are constants €',&"” > 0 such that

”XGl ||D(r,s),(’) < 5/7 ||XG2HD(7’,5),O < 5H>

then there is a constant c. > 0 independent on any parameter such that

”X{Gl,Gz} ||D(rfa,ns),(9 < 6*0717772516”

forall0<o<r,0<n<l.
Proof. See [15, Lemma 7.3]. O
We are ready to prove the following result.

Proposition 5.1. (A1) holds for allv =1,2,---.
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Proof. We prove the proposition via induction. For v = 1, we have by
Lemma 2.1 (1) that

1Pllerayo  =IPileiar,)o = Palevar)o

- ep
< |P,, — Z W(iImX)Q

lo|<a—1 CI(A}H),(’)
°P;(Re X
3 R ReX) o x)e
o!
lo|<a—1 c1(AL,),0

1 _a-1 -1 -1
S e ol T 4T g e

It follows that

H P1/HD(T1,81),©1 H Py HD(TLS1)7©1 - H 1501 ||D(T1781)7O1
-2 3k
— _ S1°¢€ S1
< sty sy

e., (A1) holds for v = 1.
Using induction, we assume that (A1) holds up to some v > 1. By (5.28),
we have

1
Xp,y = /0 (6%, X (R, (1), r 1t + (BF,) X (P—R,)-
By the expression of R, (t), (4.19), and Cauchy estimates, we have

1XR, (D D1y,.00 S NXP I D(rs 50),0, < E0-
It follows from Lemmas 5.1, 5.3 that
o (2T2),~2,.2
Since R, is the truncation of the Taylor-Fourier series of P, up to order
K, in the angular variables and up to order 2 in the tangential and normal
variables, we have

(5.29) I X (R, 1), 7} | Dany 00 <772

/ 2 2 —Kyrw
‘PV - RU‘D27]V)OV mspe 2

It follows that

(530) ||X(PIL_RI/)||D2’V]I_/7OI/ < 1712/ 4 ”71/51/'

By Lemma 5.1, we also have

(5.31) 1D¢% Dy, 0041 < 1+ D — Id||py,, 0,00 <2, [t < 1.
It now follows from (5.29)-(5.31) that

2 (27’—}—2)7’1} 8 + e

< 7—25;4/—25—(27'—1-2)‘

||XPV+1 ||D('I‘U+1,Sy+1),oy+1 < ’7
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Since q = 2 +4, it is obviously that 4 — 2k — (27 + 2)q > &, and therefore,
Ev+1
(532) HXPU+1 ||D(TV+1,5V+1)7OV+1 S V2 :
For each j =1,2,--- v, it is straightforward to check that

2j+1772rj—27—28j — 2j+17727,]2'€§(n—1) < 2j+377253(n—1) <1

It then follows from Lemma 5.2 that
‘l)@"Au+l O

Op417 v+1

<|[[(Dprogao---0¢,)(Dpzogzo---0d,) - (Do) Dy 1.5011),00 1

(5.33% ﬁ[l + 73 (r) " %) f[(1 + zj—lﬂ) <1

j=1 j=1
Hence by Lemma 2.1,
’D[(PUUH - Pau) o® ”A”+1 o)

oy~ r+l

S ’D( Uu+1_PUV) 41 |D<I) |Au+1 o

|D (rv41,5041),00 oy 11:0v+1

S Povi = Poulerayst o, S 007 (20434 20) 17,

and consequently,

”X(Powrlfﬁay)ofbu||D(7“u+1,su+1) Opy1 = 1/+1|D[( ovi1 — Po,) 0@ ”A”“ Oui1

oyt1
< 3,7_%10371(217 + 342l g 09 qs;_ﬁl(Qb + 3+ 2v)tte

v

1
<52 (2b+ 3+ 2)He < = S (2043 4 20) 1t
Ev+1 Ev+1
= "7 er (20434 2v) T < VT
Combining the above with (5.32), we have

Ev+1 Ev+1
HXPLH||D(7”u+178u+1)70u+1S 9 + 9 = Ep+1-

The prove is now completed. O

5.3. Iteration lemma. The preceding analysis can be summarized as fol-
lows.

Proposition 5.2. (Iteration Lemma) For e sufficiently small, the KAM
iterations give rise to the following sequences of parametrized Hamiltonians

Hz//:NV"_Pz/n H, =N, + P,
N, =e, + <w1/7[> + <A1/Z1/72V> + Z Wy W,

[n|>b+v

=éy+ <wl/(ﬁ)’l> + <AVZV+1> 1/+1 Z WpWn
[n|>b+v
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defined on D(ry,s,) x O, and transformations ¢, : D(ry41, Sp41) X Opy1 —
D(ry,s,) x Oy, forv =1,2,---, which satisfy the following properties for
each v:
(1) H),, H,, ¢, are real analytic in phase variables and depend on param-
eters smoothly;
(2) ¢y and is symplectic for each B € O, and H}, o ¢, = Hy41;
(3) There hold

(534) |6V+]. - €V|OU+1 < €y, ’wu—&-l - WV’OV+1 < €y, |A1/+1 - AV|(9,,+1 < é&y;

13
(5'35) ”XPVHD(TV,SU),OU <=z ||XP,_//HD(T1/,SIJ),OV < €,

_— 2 )
_o (2742
(5'36) H(I)V-‘rl - (I)V||D(ry+1,5u+1),0y+1 <7 27,11_’(_17’ )€V+17

where ®, = p10---0¢,.

Proof. (5.35) is concluded in Proposition 5.1. With the validity of (5.35),
Lemma 5.2 holds and hence ¢, : D(ry41,8,41) X Ops1 — D(ry,8,) x O, is
well defined for all v > 1. The analytic properties and smooth dependence
on parameters of the Hamiltonians and transformations for all v > 1 are
clear from the above constructions. As a time-1 map of a Hamiltonian flow,

each ¢, is symplectic for any fixed parameter value.
It follows from (4.19) that

ev+1 = €+ Fiooos
— 14
W41 = wy+ (P()loo)m:l,
11v 11v
Appr = A+ (5 Fon
v+1 v Plly (Pllu ) :
On Onm/|m|=b+v In|=b+v

Hence (5.34) follows from (5.35).
Since

H(PV"Fl - ¢V||D(Ty+17sy+1),ol/+1
< ”D(I)V”D(Ty+1,51,+1),oy+1 : ||¢l/+1 - id||D(TV+1,$V+1),OV+17
(5.36) follows from (5.26) and (5.33).

6. PROOF OF MAIN THEOREM

o

6.1. Measure estimate. For fixed 0 < v < 1, let O, = (] O,. We have
v=1

the following result.

Proposition 6.1. meas(O \ O,) = O(y).

Proof. We follow arguments in [14]. Note that for each v > 1,

OVJrl =0, \ ( U RZ’I URZQ URZ& URZA)’

k| <Ky
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where for each |k| < K,
K7

Rﬁz{ﬁeQAWwMMYW>W},

re = {50, (hwonr= Ay > BL

v,3 1 1 -1 (2V)4K;
RIJ = ﬁ € OV : |(<k,wu(ﬁ)>l+l® AV(B) +Au(ﬁ) ®I) | > f )
” - - _ 20)AKT
Ret = {8 0, sl(han (BN £ 10 A0 - Ap) o0 > LKL
For fixed v > 1, |k| < K, and 8 € O,, denote
A (B) = (k,w, (BN +T® A, (B) + A, (B) @I, BEO,.
Then there is an orthonormal matrix P such that
A, =PTAP
where A = diag(A1, A, -+, Ag2) with \j, 7 = 1,2, , 212, being eigenval-
ues of Ay, (8). If min{|A1],[Xaf,- -+, [Navy2} > Z=, then
_ _ K]
AL B < IPPIATY < (20)! 22,
It follows that
ﬁ2’3 = {ﬁ € O, : dsome eigenvalue \;(5) of Ay, (B) s.t. |X;(B)] < IZ’T}

v,3
S5 RS

Let A\;(8) be an eigenvalue branch of Ay, (). Then it is well-known that
A; depends on 3 smoothly and there exists an unit eigenvector v; associated
with A; which also depends on 3 smoothly. Since

2j(8) = (({k, wn (BT + T © Ay (B) — A, (B) @ D)(8),14(8)),
we have by using the unity of v; that

I (B) = (9s((k,wu (B))] + I ® Ay(B) — Au(B) @ I)Y;(B),15(B)),
and consequently,
957\1(8) = O(lk).
A standard measure estimate then yields that
(2v)*y
K;’-i—l

meas(RZ’3) < meas(RZ’?’) <

and thus

(2v)*y | (2v)%y v
meas( U RZ’s) < Z T+1 < T—2b = T—2b—1"
[k|<K, [k|<K, Ky Ky Ky

Similarly,
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VZ i .
meas U R W, 1 = 1,3,4.
|k|<K.

Now,

meas(O \ O,) < meas( U U (Rzl U RZ’Q U RZ’?’ U RZA))

v>1 |k|<KV

<Z T2b1 ZPY:
K,

v>1 v>1

6.2. Convergence. By (4.18) and Proposition 5.2, we see that
(6.37) (N+}~’ay)o(1),/: 1/+1+P+1,

hold on D(ry41,Sp+1) X Opyy forallv =1,2,---

By (5.34), e,(3), w,(3), and A,(B) converge uniformly, as v — oo, say
to exo(f), woo(B) = B+ O(e), and fioo(ﬁ), respectively, on O,. It also
follows from (5.34) and the standard Whitney extension theory that ws(3)
is Whitney smooth on O,.

Denote T, = T?**! x {0} x {0} x {0} C D(r1,s1) and

Neo = €0o(8) + (woo(8), I) + (Ao (B) Zoo, Zoo>,

where Zs = (Wn)p|>p41- Since, by (5.35), Xp, — 0 as v — oo uniformly
on T, x O,, we have

XNy Py = XNy V= 00,
uniformly on T, x O,, and consequently,
¢ ¢
(638) ¢NV+1+PL+1 — ¢Noo7 vV — OO

in C%(T, x O,, D(r1, 1)) uniformly on compact subsets of R.
By (3.15), P,, converges, as v — o0, to P in Cl(ﬁp x O,) and hence

)(N+fhy_ﬁiyﬁ’ Vv — 00

uniformly on ﬁp x O,, and consequently,

(6.39) %/Jrf’gu — (;5%[, v — 00
in Co(lv?p x O, D(r1, s1)) uniformly on compact subsets of R.

By (5.36), we also see that ®, converges on T, x O, as v — oo uniformly
to a near identity mapping ®o. in CO(Ty x O, D(r1, 51)).

Now, it follows from (6.37)-(6.39) and the convergence of {®,} that on
T, x O,

(6.40) ¢l 0P = Pog 0Pl , tER
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6.3. Invariant tori. For each 8 € O,, T, x {3} is clearly an invariant
(2b + 1)-torus of ¢fy_ with flow {6 + weo(B)t}. It follows from (6.40) that
O (T, x {B}) is an embedded, invariant, quasi-periodic, (2b+ 1)-torus of
the original Hamiltonian flow ¢3~{ with frequency wso (/). This torus is also
linearly stable due to the constancy of the normal part of No,. Moreover, in
virtual of the weighted norm used in the range D(ry, s1) of ®oo(Tx x {3}),
we see that the normal components of the quasi-periodic orbits @ (0 +
weo(B)t, B) is spatially localized as Inlﬁ as [n| > 1.

It remains to show the smoothness of the invariant torus @ (T, x {(})
for each B € O,.

Denote
—1 —1
RECESIICEE T
K
Then for any s € [2,s,) and i € Z2"! with |i| = 5, we have by (5.36) and
Cauchy estimates that

|8g((pl/+1 - (PV)‘T*,O-Y S ‘aé((pV"Fl - ¢V)‘D(ry+175y+l),0'y
—9 3(k—1) — 3(k—1)— 3(k—-1)2=3
S 25y(+n1 )rujl < 51/(4[:1 e = €41 .
It follows that {®,} actually converges to ® in C*1(T, x O., D(r1,51)).
Hence @ (Tx x {#}) is a C*-torus for each § € O,.
The proof of the Main Theorem is now completed.
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