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ABSTRACT. This paper is a continuation to our work [20] concerning the persistence of lower
dimensional tori on resonant surfaces of a multi-scale, nearly integrable Hamiltonian system.
This type of systems, being properly degenerate, arise naturally in planar and spatial lunar
problems of celestial mechanics for which the persistence problem ties closely to the stability
of the systems. For such a system, under certain non-degenerate conditions of Riissmann type,
the majority persistence of non-resonant tori and the existence of a nearly full measure set of
Poincaré non-degenerate, lower dimensional, quasi-periodic invariant tori on a resonant surface
corresponding to the highest order of scale is proved in [6] and [20], respectively. In this work,
we consider a resonant surface corresponding to any intermediate order of scale and show the
existence of a nearly full measure set of Poincaré non-degenerate, lower dimensional, quasi-
periodic invariant tori on the resonant surface. The proof is based on a normal form reduction
which consists of a finite step of KAM iterations in pushing the non-integrable perturbation to
a sufficiently high order and the splitting of resonant tori on the resonant surface according to
the Poincaré-Treshchev mechanism.

1. INTRODUCTION

With respect to the symplectic structure dzr A dy on T™ x R™, we consider a multi-scale, real
analytic, nearly integrable Hamiltonian system of the form

(1.1) H(x,y,e) = Ho(y™) + ™ Hy(y™) + -+ + ™ Hy(y"*) + ™+ P(z,y,¢),

where z = (z1,-- ,2,) € T", y = (y1,--- ,yn)| € G with G C R™ being a bounded closed
region, € > 0 is a small parameter, o, n;, m;, ¢ = 0,1,--- 0, 5 = 1,2,--- ,a + 1, are positive
integers such that ng < --- < ng :==n, My < Mg < - < My < Masrt, Y™ = (Y1, Yn,) |,
i =0,1,---,«, and the perturbation P depends on ¢ smoothly. We note that y™* = y.

Multi-scale, nearly integrable Hamiltonian systems of the form (1.1) are rooted in many problems
of celestial mechanics, for instance, the restricted three-body problem coupling two massive bodies
with a body of very small mass. The multiple scales are due to the significant differences in masses
and distances between the bodies. Averaging and normalization techniques lead to a Hamiltonian
of the form (1.1) which is nearly integrable but admits properly degeneracy in the integrable part
(see e.g. [2, 13, 14, 15, 18]). Indeed, all terms H;, i = 0,1,--- ,a—1, in (1.1) only depend on parts
of the action variables.
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The majority persistence of quasi-periodic invariant tori in a multi-scale, nearly integrable sys-
tem like (1.1) is an important problem concerning the (metric) stability of the system. The two-
scale case was first studied by Arnold in [1] under a degeneracy-removing condition that Hy+eH;
satisfies either Kolmogorov or iso-energetic non-degenerate condition. The case of general scales
was treated in a recent work of Han, Li, and Yi [6] under the following degeneracy-removing
condition of Bruno-Riissman type:

A*) There is a positive integer N such that
Rank{@éQ*(y) : 0<|l]<N}=n,Vyeaq,
where

(1.2) O (y) =: (Vgno Ho(y™), Vgmi Hi(y™), -+, Vigna Ha(y")) T,
gre =y, gt = (ymfr‘rl’ T 7yni)T
i =1,2,---,a respectively, and the matrix {8:Q*(y) : 0 < |I] < N} consists of coefficients of

simultaneous Taylor expansions of components of Q*(-) at y up to order N.

, Vyni denotes the gradient with respect to §™¢, for each

We refer the reader to [15] and references therein for applications of the main result in [6] to
the stability problem of certain spatial three body problems.

Like in the case of standard nearly integrable Hamiltonian systems, an important approach
in studying the existence of quasi-periodic motions in the resonant zone of a multi-scale, nearly
integrable Hamiltonian system is to show the persistence of lower dimensional, quasi-periodic
invariant tori split from resonant ones according to the Poincaré-Treshchev mechanism (see [9, 10,
19]). More precisely, consider the integrable part of (1.1):

Ne(y) = Ho(y"™) +e™ Hy(y") 4 --- + ™ Hu(y"),

and set

(1.3) Wi(y) = VN(y) = (@™ (y), e™ @XM (y), -+ ™, 00" (y)) T

To work with a fixed resonant type, we let g be a subgroup of Z", called resonant group, and
consider the g-resonant surface

(1.4) Oo(9,G) ={y € G: (k™, Vyn; Hi(y)) =0, 0<j <i<a, k€ g},

where for each k = (k1,--+ ,k,)T € g, k" = (k1, -+ kno) | and &% = (kn, 41, 1 kn,) |,
1,---,a. We note that if y € Oy(g, G), then (k,w?(y)) =0, k € g, and thus, for any ¢ > 0, w
is a resonant frequency vector of resonant type characterized by g.

(y

In [20], we have treated the case that resonance occurs at the highest e-order term H, of the
integrable part. Under a non-degenerate condition on Oy(g, G) resembling A*), we showed the
majority persistence of Poincaré non-degenerate sub-tori on the resonant surface O(g, G), where
g = {0} ® g™ with § being a subgroup of Z"« "1,

In this work, we pay attention to the more general case that resonance occurs among some lower
g-order terms Hyiq, -, Hy, where 0 < I < « is a fixed integer such that

Al) ny <nryq in (1.1).

To characterize resonances among the last (n, — ny)-components of the frequency map w?(y),
we restrict the resonant group g to the form

g={0teg™ e - a4°,
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where for each j = 1,--- ,a — I, g’/ C Z™M+i—"i+i-1 is a subgroup of Z"+i~™+i-1_ Then each
k € g can be expressed as k = (0, k"+1, ... k"e)T where k"i+i € ¢!t j=1,--- a—1I, and the
g-resonant surface Oy(g, G) becomes

0(9,G) ={y € G (k"9 Vynre; Hi(y)) = 0, VE"+7 € ¢! T < T+j<i<a}
If there exists 1 < jo < a — 1 such that nr4j, = nr4jo+1, then we take g/ 70+! = () and
g:{O}@§I+1€B~~~®§I+j° @g1+jo+2@...@ga.
In this case, the g-resonant surface becomes
01(97 G) = {y eG: <I;n1+j,v27"1+j Hl(y)> =0,
VEmM e g i > T4 4, 1<j<a—1, j#jo+ 1}

Let KIt1 = (7rat1l ... #nitdi) bhe an (nr,, —ny) x d; integral matrix whose columns form
the basis of ¢g/t!, and let K1 = (grr+1 ... nr+mi) bhe an (ngyq — ng) X my integral matrix
such that det(f({“,f(zﬂ'l) =1, where my +dy = nyy 1 —ny. Foreach j =2, 3,--- ,a— I, also
let IA(QIJ” = (Freemtl L #) be an (4 — nygj-1) X (14 — nrgjo1) integral matrix whose
columns consist of a basis of /7. Clearly, K'éﬂ is of the full rank ny4; — nryj—1.

We make the following assumptions:

A2) In the case nyy < nryo, Hyiq is g’ 1-non-degenerate on O(g,G), i.e., Yy € O(g,G),

det (K[—H)T azHI-H ( )KI+1#O
2 8(@”1+1)2 Yy 2 9
0%Hp ;s .
det Gt () A0, J=2e

In the case ny11 = nyyo < nyys, either Hyyq or Hyryo is §'t1-non-degenerate on O(yg,QG)
and for any y € O(g, G),
OHryj

(y) # 0,

The consideration of the second case above is motivated by the example in Section 5.
Remark 1.1. Foreach j = 2,--- ,a—1I, if g'*7 is of the full rank nryj—nryj—1, then the condition
(1.5) implies that

2
o Hro L
dot (KIT THI (g L0 vy e 0.0),

5+

i.e., each Hyy; is ¢’ T/-non-degenerate.

Denote
K0 e
) P12 . 0
Ky = 0 "2 ! » K= : ’
0 0 K2 (n—nr)xd 0 (n—nr)xm;

and
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= 4 & >Mm’ - )M, Ko = (K1, K>),
where d =: n —nyy1 +di, m =: n;y +my. Then the g-resonant surface can be expressed as
0(9,G) = {yeG: (", Vi Hi(y)) =0, VE"+ € ', T <T+j<i<a}
— {yeG: KJQu.(y) =0},

We note that under conditions A1) and A2), the map K, Q : G — R? is of maximal rank, and
consequently, O(g, G), as the kernel of this map, is a m-dimensional, real analytic sub-manifold of

G.

We also assume the following non-degenerate condition of Bruno-Riissman type:

A3) There is a positive integer N such that
Rank{@éKfQ*(y); 0<|l|]<N}=m, YVyeO(gQq).

The subgroup g induces a symplectic transformation which uniquely determines the following
splitting of resonant tori Ty:

Y=Y, za(z)e'ﬂ‘mx'ﬂ‘d,

()5

Under the new coordinate, the unperturbed motion of (1.1) becomes

where

Qé = wE(y)a
Y =0,
y =0,
where
(1.6) we(y) = K] wi(y) = (W2(y), -+, ™ol (y),e™ ol (y)"

It follows that for each y € O(g, &), the resonant torus T is foliated into invariant m-tori

T;) =T" x{¢} x {yg},  ¢eT?
with linear flows {po + w(y)t} x {¥} x {y}.

With respect to the multi-scale Hamiltonian (1.1), we now introduce degeneracy-removing con-
ditions of Poincaré-Treshchev type, similarly to the case of standard nearly integrable Hamiltonian
systems ([10, 19]). Consider hg : T? x O(g,G) — R:

ho(way) = T ]3(¢7@»y)d907

where

(4

For each y € O(g,G), a m-torus TyE(’(/J) of the unperturbed system is said to be Poincaré non-

Plogn) = PUET) ™ (2) 00)

degenerate if 1 is a non-degenerate critical point of ho(-,y), i.e., %—C‘;(w,y) = 0 and %212‘20 (¥,y) is
non-singular. By the implicit function theorem, if there exists one Poincaré non-degenerate m-
torus, then in its neighborhood there is an analytic family of them. Thus, instead of assuming the

existence of one such torus, we assume the following condition:
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A4) There is a real analytic function ¢ : O(g, G) — T¢ such that T =: T (¢(y)) is a Poincaré
non-degenerate m-torus for each y € O(g, G).

We will show that Poincaré non-degeneracy is an important mechanism for the majority persis-
tence of these m-tori on O(g, G). We refer this mechanism as the Poincaré-Treshchev mechanism
because it was first discovered by Poincaré for the maximal resonance and generalized by Treshchev
for general resonances, in standard nearly integrable Hamiltonian systems.

Let b =: 24d*(N + 1), d = rank g, and N be as in A3). Our main result states as follows.

Main Theorem. Assume the condition A1) and let g be a resonant group satisfying conditions
A2) - A4). Then there exist an ey > 0 sufficiently small and Cantor sets O, C O(g,G), 0 < e < ¢eg
with |O(g, G) \ Oc| = O(e=x) for some fized constant 0 < v < L such that for each 0 < & < &¢ the
Hamiltonian(1.1) admits a CN~=Y Whitney smooth family of quasi-periodic, invariant m-tori T;,
y € O.. Moreover, for each y € O, and 0 < € < &g, T; and its frequency vector are only slightly
deformed from those of the unperturbed Poincaré non-degenerate m-torus T .

Remark 1.2. (1) We note that the Main Theorem actually holds when the Hamiltonian (1.1) is
of the class C'°°. The proof follows from our proof in Section 3 and Section 4 with more derivative
estimates involved.

(2) The Main Theorem also holds on a sub-manifold M of G if the condition A2)-A4) are
assumed to hold on M instead. In particular, if M is taken as an energy surface {Hy = ho, Hy; =
hi, -+, Hy = ha}, then the Main Theorem will lead to a persistence result for lower-dimensional
tori in the iso-energetic case. To prove such result on a sub-manifold M, one applies the same
iterative scheme in this paper with M in place of G then uses the measure estimate on a sub-
manifold contained in [4]. We note that the validity of assumptions A2)-A4) on M now depends
on both choices of sub-manifold M and resonant group g, which can be a non-trivial matter in
applications.

The proof of the above result uses the approaches of our early work [20] but involves more
complicated technical treatments. In Section 2, we reduce (1.1) to a resonant-splitting normal
form containing multi-scale tangential frequencies, i.e., for each & € O(g, G),

H(x,y,z¢& ¢€)

= @)+ (@) + (V) eme (e ) (V) + 0000, 2) + 87 o2 6.0)

Ma41 =M

where (z,7,2) € T™ x R™ x R??, § = ¢ = . Unlike the case of a standard nearly integrable
Hamiltonian system considered in [9] - [11], the appearance of the multi-scale frequency vector
we is a major obstacle for standard KAM iterations to apply because in order to carry out such

iterations small divisor conditions on w. require that the perturbation is of at least an order of
O(e2(N+6)ex) " where

«
Cy = Zmi(ni —Ni—1),
i=1

which needs not be the case in many applications (see the examples in [14] or Section 5 of this
paper). Thus, in Section 3, we perform a finite step of iterations to the resonant-splitting normal
form to obtain an improved Hamiltonian with the new perturbation in a desired order. This
finite step of iterations is carried out using small divisor conditions relating to the e-independent
frequency map 2* in order to have concrete controls of sizes of both phase and frequency domains.
We note that if the perturbation in the original Hamiltonian is already in the order of O(sz(N +6)C*)
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(see e.g., [3]), then a finite step of quasi-linear iterations is not necessary and the excluding measure
for the persistence of invariant, quasi-periodic, m-dimensional tori can be improved to an order of

12c4

O(e™~).

The rest sections are organized as follows. In Section 4, we apply the standard KAM iterations
to the improved normal form to complete the proof of Main Theorem. In Section 5, we adopt
a multi-scale, nearly integrable celestial system of 3-degree of freedom from [14, Section 4.4] to
show the validity of conditions A1)-A3) on certain resonant surfaces. We left the condition A4)
unchecked because of the unavailability of an explicit perturbation. We remark that, as a generic
condition, the condition A4) is satisfied by generic perturbations. It should also be largely satisfied
by particular perturbations which are not highly degenerate, simply because of the freedom of
choosing resonance types in verifying this condition.

Through the rest sections, we let g be the resonant group considered in the Main Theorem. We
use the symbol | - | to denote absolutely value for constant, vector norm and matrix norm induced
by vector norm and the Lebesgue measure of a set. Also, we use |- |p to denote the sup-norm of
vector or matrix functions on a domain D and for each r,s > 0,

D(r,s) = {(z,y,u,v) €T x C" x C¢ x C%: |Im z| <, |y| <s, |2| < s}
denotes a complex neighborhood of T™ x {0} x {0} x {0}.

2. NORMAL FORM

In this section, we reduce the Hamiltonian (1.1) into a resonant-splitting normal form near the
family of Poincaré non-degenerate m-tori T¢, § € O(g,G). Firstly, we expand the Hamiltonian
(1.1) at each £ € O(g, G) and obtain the following parametrized Hamiltonian

H(z,y,¢€)
* 1 - M
(2.1) = (@ (- + 56y — &y =&+ Pla,y,e) + Oly — &)
up to the omission of a constant, where w?(§) is of the form (1.3). For each j =0,1,--- , «, denote

€ = (&1, 1 En,) T, €% = (En, 41, 1 En,) T, where €70 = €70 and "« = ¢. Then the matrix
['(¢,) in (2.1) can be expressed as

[(&e) =To(€™) + -+ &M T (€™),

where
O?H; (¢ny;
I = i 0 .
Ii(¢ 1)_<ay12‘0(5 ) 0> R i=0,1, 0.
Denote o
fi,' gm = ~ : gnb ; jZO,l,"',a.
(€M) a(ynq,)Q( )
Then, for each j = 0,1, --- , a, the matrix I'; (€™) can be rewritten as
Lia(Em) o« *
Ly = : e , V0 <i<a,
0 0]
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where * denotes constant matrices independent of € and O denotes zero matrices of appropriate
dimension.

Secondly, we consider the linear symplectic transformation

Y- g = Kopa
(2.2) g = Koz,
under which the Hamiltonian (2.1) becomes
H(p,p,a,€,¢)
_ 1 T m S
(2.3) = (e(€),0) + 5 (D& e)p,p) + ™ P(p,g,€,€) + O(Ipl),

where § is first m-components of p, w(€) = K w*(€) is as in (1.6), T(¢,e) = Ko ' I'(€,e) Ko, and
P(Q7p;€7€) = P((KOT)ilqag + K0p7 5)' Rewrite ]-:‘(535) as

[(&e) =To(E™) 4 -+ +e™Tp(Em),
where T;(£77) = K(;rf‘i(«f”i)[(o, i=0,1,---,a. Foreachi=0,1,--- ,a, we further express T';(£")

as
_ s Fll ]_"12
L") = < 1"21 1"22 >7

where T}, T2 T2 T22 are m x m, m x d, d x m, d x d blocks, respectively. It is easy to see

that T'}2, T21,T22 are zero matrices for each i = 0,1,--- , I.
Foreachi=1-+1,---,a, we have
]-:‘i,l—&-l _*
* Fi,[+2 s * (@)
22 : _
F’L = * * Fiﬂ' ’
(0] @)
dxd
where * denote constant matrices independ.ent of ¢ and O denote zero matrices of appropriate
dimension. More specifically, I'; ;1; = (KQH'])TFZ 1+ K  fori =141, o, j=1,--- i

Let p = (p,pY)T € R™ x R? and q = (¢,%) . The Hamiltonian (2.3) then becomes

Hip050%66) = (0:6).0)+ 3™ T(E)p.p)
(2.4) +h(p, %, p, & €) + €™+ P9, p,p% € €),
where
o I2(¢, e
(2.5) L) = ( I‘21(§,5) I‘”Eg,e; )an,
(2.6) [ e) = Tf +ema My ) 4o g eMe™™nTY, (1) = (12), (21), (22),
(2.7) h(p,&,e) = hi(p, & €) + ha(p,§,e),
hi(p.&e) = O(p°P + -+ ™ p' > + ™+ |p?),
ha(p,§,e ) = O™ (p,p")* + -+ ™| (p,p™) ),
P o= (pr )’ =01, 1,
P = (s D), G= 1L ple =l

P(p,,p,p%€e) = Plo,v+v(8),p,p% ¢ e).
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As to be seen later, lower order terms h(p, &, ) will play an important role during the finite KAM
iterations, since they simply cannot be included in the perturbation.

Rewrite the matrix I'??(¢, €) as

Cri1.7+1+O(e) O(emia=misr) o O(eMemm)
O(gm1+2—77u+1) eMI+2—Mr4+1 (FI+2,I+2 + O(E)) . O(Em"‘_m“'l)
O(E’ﬁ’ba.—ﬁUJrl) O(Efna.—ﬁtﬂrl) - Eﬁza—m}ﬂf\aﬂ e

Then it is easy to verify that
det 1'\22(6’ £) = EZ?zl(mHjﬂmej)nj( H det f[+j,1+j —o(¢)),
[+1<+j<a

where “O, 0" are asymptotic orders involving constants depending on e. Since by A2) and Re-
mark 1.1, all sub-matrices {I'r4; 4,} are non-singular, we deduce that I'*?(, ¢) is non-singular for
all £ € O(g, G), as e sufficiently small.

Denote
(28) Qs(g) = (wg(f)v e 7&;(5)7 e 7Q£+1(§))T7 5 € O(g7G)7
where w?, i =0,1,--- ,I + 1, are as in (1.6). Then

where Q* is as in (1.2). For fixed positive constants vy, 7 > max{m(m + 1) — 1, N(N +1) — 1},
consider sets

It follows from A3), (2.9) and the standard measure estimate under Riissmann conditions ([21, 22])
that

(2.10) 10(g,G)\ Ac| = O( ).

T VO£ k€Z™Y, 0<ex 1L

Next, we separate the first-order resonant terms from the perturbation P. For each € € A,,
expand P as

> hi(h, e "1 1 O(|pf?)

kEZNL

= ho(0,£)+%<w,f(£)w>+ ST ha(,€)eV IR

kez™\{0}

P((p7 ¢’ p7 E’ 8)

(2.11) +O([pl*) + O([y ),
where T'(§) = h (&) and hy(1,€) = [1a P(e,v,0, £)eV—1k) Ao, k € Z". Consider

T2
S4q.Y) = (Yig)+emer Y SV R e,
kezZm\{0}

where S), = ‘T?g)(lﬁ ) ke 7Zn. Then {S¢} generates the following Whitney smooth family of real

analytic, symplectic transformations on (T™ x R?) x R"™:

05%(q,Y) 05(q,Y)

(g,p) = (p,0,Y) 1 q = v PT o , EeA..
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More specifically, we have

P=Y + /1Mot Z kSpeY k) = ¥ 4 O(gMat1),
kez™
and
keZm\ {0} 7W8(€)> (o
where Y = (Y, Y4)T € R™ xR?. Under this family of symplectic transformations, the Hamiltonian
(2.4) becomes

H(w? w? Y? Yd7 57 6)
= (@), F) + ST YY) + 5 (e Ty, )
FR(Y,€,6) + O [V ) 4 O(212) + O+ [y ).

Finally, the rescaling Y — = = Y yields that
7’7’LQ+1777LQ _ ﬁLa+17ﬁza
H(p,oe™ 2 Y,e 2 Y&
Fna+17ﬁza
€
Ma41~Ma -
3 Mo +1—

= (we(6),7) + +<smaf¢, D)+ e AT (E )Y, Y ) e h(Y € )

377La+1+'ﬁza 77La+1+’77la

HH0ET ) +0ET T [yP).

H:

1— Mo

+O(Eﬁza+1+4ma+z ‘Y

Ma41 - Mo

By replacing ¢, Y, Y, w,ﬁ,s 2 with z, y, u, v, H, J respectively, we obtain the following
resonant-splitting normal form:

(212) H(xay,za€7€) = N+5€T_ﬂap’
where

Y

z

N o= (@ + (1))

)> T Sh(y, 2,6, 2),

(2.13) M(ge) = ( 2 %ﬂ 7
21 22/ (m+42d) x (m+2d)
12 F21
Ms(€,e) = (F o )m><2d’ M21(£78)2< 1o} ) )
2dxm
22 O
Mas(&,e) = ( - 1~> )
O ¢ M ixoa
(214) h<ya2?§7€) = hl(y7£a5)+h2(yaz7€75)7
hi(y.&e) = O(y°P 4+ ™y >+ ey,
ho(y,z,6,6) = O@E™|(y,w TP + - +e™(y,u)]® + ™[v]?),
g o= @h”w%ﬂtj:QL”wﬂy:@
ul+j - (pm+17"'7pn1+j)ajzlv"'7a_la ua:u:pd7
P(z,y,2,&e) = O™ (y,u)]) + O(e™) + O(|¢*),

and T''2, T?! are as (2.6). We note that My is non-singular and MlT2 = Mo for each £ € A, and
Ma41—Ma

¢ sufficiently small. Let 0 < ry < 1 be fixed and sg = ¢ G for sufficiently small € > 0. Then
the normal form (2.12) is real analytic in (z,y,2) € D(rg, so) and Whitney smooth in £ € A..



10 LU XU, YONG LI, AND YINGFEI YI

(a1 —Ma) (-0 (Mat1-Ma)
Denote 75 = e pg=e =, where 0 < 1 < % is fixed and b = 24d*(N +1).
Then we have
(2.15) |08 P| D(ro,s0)x . = VoS00, VI < N.

3. IMPROVING THE RESONANT SPLITTING NORMAL FORM

In this section, we will perform a finite step of quasi-linear KAM iterations to the normal form
(2.12) in order to push the perturbation to a desired high order. We start from the parametrized
real analytic Hamiltonian (2.12) and re-write it as

(31)  Hz,y,2¢¢)

0 _ _
=+ 2O+ 5((1) e arte o) (V) e + 5 P ),

where (2,7,2) € D(rg,50), £ € A =: A, 2 =0, and W°¥ =: w., M® =: M, h® =: h, and P =: P
are as in (1.6), (2.13), (2.14), and (2.15) respectively . In the following, we show the quasi-linear
iteration process from the v-th step to the v + 1-th step. For simplicity, we omit the subscript at
the v-th step and denote the v + 1 step by +.

Assume that, after the v-th iterative step, we obtain the following smooth family of real analytic
Hamiltonians

32)  Hpseo)
= @+ @)+ 507 a6 ) (1)) + 000 €.0) 4 0 Pl 2.6.),

where (z,y, z) € D(r, s) for some smaller 0 < r < 7o, 0 < s < 89, €A CA° C O(9,G), w-, M, h
are of the same forms as in (1.6), (2.13), (2.14) respectively, and

)

|8éP|D(r,s)><A <A, JI| < N
for some constant 0 < pu < pg. For each £ € A, we write
we(§) = (W(), -+ €™ GL(E), - ™ OITH(E)) T,
and denote

(3.3) Qe(§) = (W2(8), -+, @L(&), -+, I )T

For the v + 1-th step, we will find a smooth family of symplectic transformations %, to yield a
new smooth family of real analytic Hamiltonians H™ = H o & of the same form as (2.12) whose
perturbations PT are dramatically smaller on new frequency and phase domains.
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Define
T - + !
* 2 16
5
Y+ §+ 4
1 3
s —as, o=
+ ] ’ [
1
Ky = (llog=]+1)%
m
1 —1 ) .
D, = D(ry+ 3 (r—r+),§as), 1=1,2,---,8,
Dy = Da=D(ry,s4),
- 7
D(s) = D(T++§(T—T+)a5),

At = {¢en: |<k,Qs(£)>|>|,z‘T},

P(r—ry) = e 108 Z |k

0<|k| <K,

where x = 2(N + 1)(4d? + 1)7, 7 > n — 1 is fixed.

In the rest of the paper, besides ¢, ¢;, ¢ = 0,1---,9 are also intermediate constants which are

independent of € and the iteration process.

3.1. Truncation. For each £ € A, we write the perturbation P into Taylor-Fourier series, i.e.,

2 VvV—1{k,x
P = E Doy ' 2'e (k)
kezm , geZt

Let

R= " (poo + (Pr10,y) + (pror, z) + (U, Pr2oy) + (2, Dr11y) + (2, proaz))e? 102
[k| <K

be the truncation of the Taylor-Fourier series of P up to the order K.

Lemma 3.1. Assume that

0 rT—r
(H1) N3~ 35 4t < p.

Ky

Then there is a constant c1, such that for any |l| < N, £ € A,
|06(P = R)|p., < a1n’s°?,  |0tR|p., < a1n’s°p.

Proof. See Lemma 3.1 in [11]. O
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3.2. Quasi-linear homological equation. For each £ € AT, we will construct a symplectic trans-
formation ¢ to the Hamiltonian H as the time-1 map of the flow ¢¢. generated by a Hamiltonian
F of the following form:

o= Z (froo + (fr10, ) + (fro1, 2) + (¥, fr20y)

0<|k|<K

(3.4) +(z, fry) + (2, froaz))e¥ 182 4 (foor, 2),

where fy,, are (matrix valued) functions of (§,¢) and fr20, fro2 are symmetric for each k. The
transformed Hamiltonian then reads

Hog¢p = No¢p+de™ (P—R)odp

1
= N+{N,F}+65m‘*R+/ {(1 —t){N,F},F} o ¢'-dt
0

1
+6e"me / {(1 —=t)R, F} o ¢’adt + 5™ (P — R) 0 ¢%
0
(3.5) = N +6c™([R] — (poo1,2)) + ({N,F} + 6™ R — 6™ [R] — Q + 5™ (poo1, 2))
1 1
(3.6) -l-/ {1=t){N,F},F}o (;S%dt + JeMa / {R,F}o ¢%dt + feMe (P—R)o (i)}: +Q,
0 0

where [R] = @ /Td R(x,-)dz.

To average out the resonant terms among R, we will determine the Hamiltonian F' by solving
the following quasi-linear homological equation

(37) {N,F}—F(SEmO‘(R— [R] + <p001,z>) —Q :0,
where
—l
(38) Q = = D (6™ (fror + finy + Srozz + flop2))eV T
0<|k|<K4

——l
—(0e™ 1 = T foon)

which contains all terms in {N, F} of size O(6e™s3u) and thus can be included in the new
perturbation term. We note that, by introducing the modified term @, the homological equation
(3.7) modifies the linear equations used in the standard KAM iterative scheme.

Now, if (3.7) is solvable on £ € A", then the transformed Hamiltonian H o ¢L. is of the following
form:

Ho¢p = N+ 6™ ([R] — (poo1,2)) + P,

where

(3.9) Pt = 65*’%/0{(1—t)(R—[R]+<p001,z>)+R,F}o¢gdt+5a%(P—R)o¢;

1
+/ {Q.F} o dladt + Q.
0

This is the main idea of the quasi-linear KAM scheme.
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3.3. Solving the homological equation. Write M into blocks
O M
3.10 M = ,
(3.10) ( Moy Moo )
where Mia, My, Mas are m X 2d, 2d x m,2d x 2d blocks of M respectively. Substituting (3.4),
[R], (3.8) into (3.7), we have

— > VI we(€) + 00k + 8™ Mioz) (froo + (frro, )
0<|k|<K

+<f’€017 Z> + <y, fk20y> + <Z, fk022’>)e\/jl<k’x)

+ Z ((0e™ 141 Moy y 4 6™+ Mooz, J(fror + friry + froaz + frgaz)e? 1)
0<|k|<K

(0™ Mayy + 0™+ Mooz, J foor)

= — Z feMe (proo + (Pr10,Y) + (Pro1, 2) + (Y, Pr20y) + (2, PE11Y) + <Z,pk02z>)e‘/?1(kvr>

0<|k|<K

—0e™ (poot, 2)-

By comparing coefficients of the same order terms in the above, we obtain the following equations
forall ¢ € AT, 0 < |k| < Ky:

(3.11) Lokfroo = 0™ proo,

(3.12) Lirfroo = 0™ pron,

(3.13) Lokfroz = 6™ prog,

(3.14) Moo foor = —€™o "M poor,

(3.15) Lokfrio = 0™ prio — 0™+ MioJ foor,

(3.16) Lokfroo = 0™ prao — %65m1+1(M12Jfk11 — fi I May),
(3.17) Licfrin = 0™ pray — 6™ (filoo + froa) Mo,

where

Lok = V—1{k,w.(€) + 30,h + 5™+ Myp2),

Ly = V=1{k,w(€) + 60yh + 6™+ My22) o4 — 6™+ Mao J,

Loy = V=1{k,we(§) + 00yh + 6™+ Mig2) Ly — (0™ Moo J) @ Iog — Iog @ (6™ %1 J May).

We first solve equations (3.11)-(3.14), then use the estimates of foo1, fr11, fro2 to solve equations
(3.15)-(3.17).

For any 0 < |k| < K, denote k = (k°,--- kd ,/%I'H), where k0 = (K1, yEng),s ki =
(kn, 141, 1 kn;), 5=1,---,1 and K™Y = (ky, o1, yknyom). Forsome j =0,---  T+1, let k7
be the first nonzero components of k. Then equation (3.11) becomes

Log = 6™ ™ proo,
where Lox = (k7,01 (€) + O(65)) + - - - + e™1+1= ™5 (BT GIF(€) 4 O(6s)).

Assume that

(H2) max{s,ds} KTt < o(7).
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Then
Lokl > [(k7,&] + O(5s))| — |O(e™5+1 7)) K |
> [(k, ()] = [(O(ds) K4 | — [O(e™+1 ™)) K |
> il .
20k

Combining the above with the estimate
0t Lok| < e™iclk|, |I|<N

and the inductive equations

!
OhLt ==Y Ol (O "Lt ol L)Ly, Il < N,
=1
we have
‘k|(\l|+1)‘r+|l|

(3.18) |0t Lo, | < ¢ ] < N.

6m1+1fy‘l|+1 ’

It follows that for each 0 < |k| < K, £ € AT, equation (3.11) is uniquely solvable and the solution
froo satisfies

(3.19) |aéfk00| < C(Sem“_m”'l|k||”+(‘l|+1)7—52ue_|k‘7.
To solve equation (3.12), we let k7, for some j = 0,---,I + 1, contains the first non-zero
components of k and rewrite L1 as
(3.20) Lix =™ Ly,
where

L = VUG + O(05) Taa + ™5+~ /T(,4(€) + O(3) o + -
e =TT GIFN(E) + O(858)) Tag — ™11 7™ Moy J
= V—1{k, Q. 4+ O(88)) [ag — 6™+ 7™ My J.
Then equation (3.12) becomes
Lk frio = 6™ "™ ppos.
For each £ € AT,0 < |k| < K, it follows from (H2) that

[k, Q. + O(8s))] > |k, )| — |0(3s) K| > ﬁ
Since
7 Nioad 21k|T femi+1 =y k| e I+1 ="
\detL1k| > |<k]7wg>|2d(1_(u 2 +(M 2d>’
v ¥
~2d

= 24+ f[2dr”
we see that for each € € AT, 0 < |k| < K, Ly, is invertible and
.7 2dr+2d—1
adjlik, _ c|k|

3.21 L7 = -
(3.21) |L 1k | Idetle\_

~2d
This, together with the estimate

(3.22) |0¢Lak < clkl, I <N,
implies that

o[l (1) 2d

L 7—1
(3.23) 0Ly | < A

i < N.



POINCARE-TRESCHEV MECHANISM IN MULTI-SCALE HAMILTONIAN SYSTEMS 15

Hence for each £ € AT, 0 < |k| < K equation (3.12) is uniquely solvable to yield solution
fro1 = 6™ L3 proy

which satisfies the estimate

(3.24) |0k fror| < cdeMe e || HHHFD2AT g o =IRIT 7] < N

Similarly, equation (3.13) is uniquely solvable for each £ € AT, 0 < |k| < K, whose solution
satisfies estimates

(3.25) |0k froz] < cde™e = | (DI o= K7 i < N,
0™ 41 0% (fron + froz)d Max| < e || A DAECT o =IFT 1) < N,

By (3.23) and (3.25), we also see that equation (3.17) is uniquely solvable for each £ € AT, 0 <
|k| < K4 whose solution satisfies the estimates
(3.26) \6éfk11| < c5€m“_ﬁ”+1\k;|‘l|+(‘l|+1)4d275,ue_‘kv, [I| < N.

Similarly, it follows from (3.18) and (3.26) that the equation (3.16) is uniquely solvable for each
£ e AT, 0< |k| < K; whose solution satisfies the estimates
(3.27) \3éfk20| < C5€ma—ml+1|k|‘l|+(‘l|+1)4d27ue_|k|‘r’ l| < N.

To solve equation (3.14), we assume that

(H3) [0p Mo — OpMYy|, |04 Moz — O M| < ps, |l < N, € €A™

Then

(Maa) | < (O) o (39
1 — My — M22|A”|(M22)7 | A0

Recall that
2 O
M202(£55) = ( 10 Ema—m1+1f ) s

where T'22, T are defined as in (2.6), (2.11) respectively. It is easy to see that

1 1
22\—1| _ 2215
7)) = 7)) < O )
where (I'??)* is the adjoint matrix of M. Since
F22)71 o)
MO - B ( ( [~ ) 7
( 22) O Eﬁﬂ}ﬁ[ﬂr 1

where [T!| = O(1), we have
1
eMa—MMr41 )
It follows that equation (3.14) is uniquely solvable for each £ € AT, 0 < |k| < K, whose solution
satisfies the estimates
(3.28) |0k foor| < [M~H|poo1| < esp, I <N,

6™ 1+ My J foo1| < ™+ | Mya My, ||poor| < ede™sp, — |I| < N.

|(M3,) 7" < O(
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Finally, it follows from (3.18) that equation (3.15) is solvable for each £ € AT, 0 < |k| < K
whose solution satisfies estimates

(3.29) |0k fie1o] < cdeme =M || IO g =R 1) < N

With the solvability of (3.11)-(3.17), the Hamiltonian F' in (3.4) is now well defined.

Lemma 3.2. Assume (H2), (H3) and let F be as in (3.4). Then, there exists a positive constants
co such that on D(s) x AT,

|F|7 ‘lev 5|F1/|a S‘le < CQSQMF(T - T-‘r) +C252M’
and
|0LOLO D F| < ol (r — 1)
for all0 < |I|,|i] <N, 0<|p|+|q| <2.

Proof. Tt follows directly from (3.19) - (3.28). O

Lemma 3.3. Assume that

(H4) copl(r —r4) + cop < §(r —ry);
(H5) cosul(r—ry) + casp < 84

Then for each 0 <t < 1, the transformation
¢% : D3 — Dy

is well defined, real analytic, and depends on & € AT smoothly. Moreover, there is a constant cs
such that

(3.30) 0t(¢% —id)|psyxa, < caspl(r—ry)
for all Il <N, 0<t <1, i=0,1, where D = 0,

Yhz)

Proof. Tt immediately follows from Lemma 3.2. g

3.4. New Hamiltonian. Denote & := ¢L. Lemmas 3.2-3.3 imply that for each £ € A" the
transformation ®* : D(ry,sy) — D(r,s) is well defined, real analytic and symplectic. The new
Hamiltonian after transformation is defined on Dy x AT as follows:

HY = Ho®" =NTt 4 §mept,
Nt = N+6em([R] — (poot, 2))
) _
= @+ r @+ 5(1) e (M) + g,
1 - 1 ! 1
(3.31) Pt = 6€mQP+:(5€Ta/O{Q7F}o¢%dt+6€TQQ

+/0 {(1= )(R = [R] + (poo1, 2)) + R, F'} 0 dadlt + (P — R) 0 oL,
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where P* is defined as (3.9), el is a smooth function on AT and

(3.32) er (&) = ee(&)+ ™ pooo,
(3.33) wi(€) = we(&)+ ™ poro,
O M e (@)
. 4 MJF — 12 2 Ma—MJ41 pOll >
(3:34) (&) < M1 Mas >+ y < Pou1 Pooz )’
(335) h+(y7 Z, 57 E) = hl(ya 5, E) + gma <p020ya y) + h2(y7 Z, ga 5)

= O(y° P+ + ™y P) + ha(y, 2, 2).

Rewrite wl as

+ .= (@:70’...

mry1 N+, I+1\T
e - We )

w )€ )

where &7 is an nj —n;_; dimensional vector for each j = 0,---, I and @}

m — ny components of wl. Let
QL (©) = (@), -0 ()

The following lemmas give estimates of the new Hamiltonian.

J+1 consists of the last

Lemma 3.4. There exits a constant ¢y > 0 such that the followings hold for all0 < |I| < N:

0 (ed —e)ar < cade™eysp,
0t (wh —we)|a+ < cade™ sy,
0(QF — Qo)|ar < cae™ My,
|8é(M+ — Mg+ < g My,
06(hT = h)|a+ < cag™op.
Proof. It follows from (3.32)-(3.35). O
Lemma 3.5. Assume that
(H6) csysuK1H <y —ny.
Then, for all 0 < |k| < Ky, £ € AT,
(3.36) GRS

Proof. Tt follows from (3.33) that there is a constant ¢4 > 0 such that for all |I|] < N,
|06(QF (€) — Qe (€))[a+ < cae™ M s,
This, together with (H6), implies that

{8 Q€ 2 [0k, Q=] — Ik, (02 (€) = Q€] = [

for all 0 < |k] < Ky, €€ AT, O

Lemma 3.6. Let
A= fyb(sf_spf(r —ry) + stsu+ 2t 4 2T (r — )

and assume that

(H7) COA < Py?}-siﬂ’+’
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where cg = max{1, ¢y, ,cr}. Then

0LPT D, xn+ <5 spy, I < N.

Proof. Combing estimates (3.8), (3.24) - (3.26), (3.28) with Lemma 3.2, we have
- oh ——_
@by xa+ < 5€m1+1‘8722|“](fk01 + fr11y + froaz + fippz)e¥ THED|

_ oh
+oem It HMIQT) 2|l poos |
2

< cdeMenb(s2sul(r — ry) + shsp).
It follows that there exists a positive constant cg such that the following estimates hold for any
[I| < N:
1
0gMe

1 1
sl [ OHQFY 0 0t s < eons T — 1)
0

By Lemmas 3.1-3.2, there exits a positive constant ¢; such that for any |I| < N,
|8é(P - R)o ¢}?|D+><A+ < er’s?u?,

1
|a§/ {(1 =t)(R— [R] + (poo1, 2)) + R, F} 0 ¢ludt|p, xa+ < er7’s* T2 (r — ).
0

06Q D, xa+ < c6(v"s5sul(r — 1) + 755 sp),

The lemma now follows from above estimates and the definition of P* in (3.32). O

3.5. Improved Hamiltonian normal form. In this subsection, we will improve the Hamiltonian
(3.1) by performing the quasi-linear iterative scheme from v = 0 to some step v* in order to obtain
a new Hamiltonian H* with the perturbation P* of a sufficiently high order. Tracing quantities
defined at the beginning of Section 3, we have the following iterative sequences:

v

1 1
mo= ro(l- 4 Z 22’+1)7
i=1
1 3
Sy = SO0p_1Sp—1, Oy = Uy,
3 1 1 H
py = ubth for some fixed i € (0,1),
K, = ([log( 1)} +1)°,
A= e AT @) > i 0< K S Ko
forv=1,2,---.
It is easy to verify that
(3.37) [ = M(()1+[)v < 6(1—L)(61+£) L ov=1,2,--.

The assumptions (H1), (H4)-(H7) and part of (H2) that
85, 1 KITH <5, 1 KIT = o(70)

are easily seen to hold for all v =1,2,--- as long as ¢ is sufficiently small. However, the other part
of (H2), i.e.,

(3.38) eK ™ = o(v)
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can only hold for a finite number of v’s. More precisely, let
~ [log(2(N + 6)c, +log8d?(N + 1) + 1) —log(1 — 1)

3.39 - = L,

(3.39) g log(1 + 7) *

where [z] denotes the maximal integer less than z and ¢, = Y., m;(n; — n;—1). A simple
computation shows that (3.38) holds as long as (1 + )**(1 — ¢)e!=2* is bounded from the above
by a constant that is independent of v, i.e., (H2) holds for all v = 1,2,--- v, as long as ¢ is

sufficiently small. Finally, (H3) holds for all v because
|06(M¥ (€,¢) — MO(&,€))[av
|06(MY (€,¢) = MY (€, ) [ar + -+ + (M (€,8) — MO(&,€))|an

IN

A

[N

bt L
= ’YOMO(Qj‘i'"""l)SM .

With the validity of these assumptions, the quasi-linear iterative scheme can be performed
inductively from step v = 0 to the step v.. When v = v,, we obtain the following improved
Hamiltonian normal form

(3.40) H* = H"
=@+ @+ 5((1) e (V) 4 00 (6.2 + 57 s o

we = WY, h* = h, M* =

e

defined on D(r.,s.) X A*, where 7, = 1,,, S« = 8y, €f = e’,
m Vi * __ M 12 * Vi
gMI+L MV« P* = glMa P¥» = A* = AV~

By (3.39) and Lemma 3.6, we have

_ 2
(341)  [BEP |y suyxar < M trs2lOTNFDW e < (J6EINEDINTO 2,2 -y <

Pt

where v, =%, p, =€ 2

3.6. Measure estimate. By A3) and (2.9), we have
Rank{0:Q2: 0< || <N} =m, Ve A
It follows from Lemma 3.5 that
Rank{@éﬂé c0<||<N}=m, VEeA, i=1, v,

Using Lemma 3.5 and the standard measure estimate under Riissmann condition (see [22] or
Lemma 4.2 of the present paper), we have

Vs

D DSV DD DRt

i=1 =1 K; <|k|<Kit1
This, together with (2.10), yields that
(3.42) 0(9,G) \ A*| = O(e=7).

(M1 —ma)

O(r) = 0=

2=
|
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4. PROOF OF THE MAIN THEOREM

In this section, we will perform an infinite steps of standard KAM iterations to the improved
Hamiltonian normal form (3.40) to prove the Main Theorem. First, we consider the following
rescalings

8d%(N+1)(N+6) 8d%(N+1)(N+6) H*

Yy—7 SxlxlY, 2z — 7. Sx s 2, H* — ’ysdz(NJrl)(NJrG)S

5 ok
to the normal form (3.40). The re-scaled Hamiltonian reads
H*
HO = 8d2(N+1)(N+6) = 60(5,5)"‘<WO(£,E),y>+5P0(1’,y,2’,§,5)
Y H

*
which is defined on region D(rg,sg) X Ag, where rg =: r., so =: S, Ag = A%, eo(-,8) = e,
wo(+,€) = w?, and

() M=(2) +h*(y, & ¢) + P*

Fo= ,yfdz(N+1)(N+6)S*M*
It follows from (3.41) that
9 Polimnyn, < LN ZM ()] 4106070 2.6,
e S s
< ,yfdQ(N+1)(N+6)S*M*) | < N.

Denote vg =: 'yf(NJrG), po =: s, a =: 4d*(N +1). We then have

‘aéPO‘D(TQ,So)XAD <gsoto, |l < N.

4.1. Tteration and convergence. Consider the following sequences

v

1
v =ro(1=) 5op);

1=1
1
Sy = §QV718V717
1
— 2
Qy = lo,

6
_ 5
Hy = Colby,_q,
174

1
mw=0(1 = Z 2i+1)’

i=1
1
K, = (llog(——)] +1)*",
Hy—1
Ay ={eehy: |[(kwo 1) > %,o < k| < K.},
v=1,2,---, where n > bglé)%fog{i is a fixed constant.

We have the following iteration lemma.

Lemma 4.1. Let € be sufficiently small. Then the followings hold for allv =1,2,---.
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1) There is a sequence of smooth families of symplectic, real analytic, near identity transfor-

2)
3)

mations
¢ D(ry,8,) = D(ry—1,50-1), §E€A,
such that
H, = H,10®{=1e,({e)+ (wu(§e)y) + 0P,

where

|8éw,, - 8éw0|A,, < Y6 Mo,

06 Pyl D, xa, < VoSubr
for all l] < N.
Ay ={€en, 1 |(kw, 1) > T;;—F,Kl,,l < |k < K, }.
The Whitney extensions of

U = Piodio- 0P

converge CN uniformly to a smooth family of symplectic maps > on D(%,0) x Ao, where

Aoo = ﬂAua

v>0
so that
H,=HyoU" ' = Hy = Hyo U™ = e, + (Woo,y) + 0 Pso,
where eso = lim, o0 €y, Woo = limy, oo wy, and Py = lim, _,o P, satisfies

agy,z)Poo|D(%0,0)wa =0, |j<2

Proof. Tt follows from arguments similar to those in [6, Section 4].

O

The iteration lemma above shows that, for sufficiently small ¢ > 0 and each £ € A, T™ x {0}
is a real analytic, invariant, Diophantine torus of H., of Diophantine type (7o, 7), where voo =
lim, . 7. Moreover, these m-tori form a Whitney smooth family.

4.2. Measure estimate of A,,. Let O, = A,. We now estimate the measure |O(g,G) \ O.|.

Lemma 4.2. ([22, Lemma 2.1]) Suppose that g(x) is a p-times differentiable function on the
closure I C I, where I is a finite open interval. Let I, = {x : |g(z)] < h, x € I}, h > 0. If on

I, |g®P)(x)] > D > 0, where D is a constant, then |I| < Cﬂl%, where ¢c; = 2(2+3+4---+p+D71).

For each v = 0,1, -+ and k € Z™ \ {0}, denote

Then

(4.1)

RV = {geh,: Wol(kw)| < IZIVT}'

MA=1) U RO

v=0 K, <|k|<K,41

Consider functions

s

do6) = <Z|,wu<s,e>>.
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By Lemma 4.1 1) and Lemma 4.2, it is easy to see that there is a positive constant cg such that

| aNQZ,O

OEN
where ¢, = Zf‘zl m;(m; —m;_1). It follows from Lemma 4.2 that there exists a positive constant
cg independent of ¢ such that

1 62(1\74]:76)“ 512]\?*
R <e(243+--- _ _
IS @St TR S TR

It follows that

Mo\Awl <D0 D0 IR Ses v y Y |k|11@=0(512w"*).

v=0 K, <|k| <Ky 41 v=0 K, <|k| <K, 41

Recall that Ag = A,. Combining the above with (3.42) yields that

12cy L

109, G)\ Oc| < 10(g, G)\ A"[ + [Ag \ Ao | € O(e77 ) + O(e77) = O(e77).

Now, tracing back all the symplectic transformations involved in Sections 2-4, proof of the Main
Theorem is completed.

5. AN EXAMPLE

In [14, Section 4.4], the following normalized Hamiltonian of 3-degree-of-freedom is derived from
the orbiting dust problem which describes the effect of radiation pressure on dust particles revolving
around an idealized planet in a planar circular orbit around a star:

3

e
(5.1) H, = -Yy-— ﬁ(Yl +Y2)(5(Y1 + Y2)? — 4Yy (Y7 + Ya)? + 3Y (Y1 + Vo) — 2Y)
0

3¢13,,2
8Y S
where Y = (Yy,Y1,Y2)T € R3, Yy > 0, ¢ € T3, and p is a fixed constant. It is real analytic in
a neighborhood of a relative equilibrium and depends on & smoothly. The existence of a positive
measure set of quasi-periodic invariant 3-tori of (5.1) is shown in [14, Section 4.4] based on the
main result of [6].

(20Y2 4+ 20Y1Ys + 4Y7 — 2Yo(3Y1 + Ya)) + X7 P(Y, ¢, €),

We now examine the possible existence of lower dimensional tori of (5.1) in the resonance zone
by showing the validity of assumptions A2), A3) with respect to certain resonant type. Thus the
Main Theorem is applicable to this example if the assumption A4) holds for certain particular
perturbation term. As remarked at the end of Section 1, the condition A4) is satisfied by generic
perturbations. It is also well-expected that it can be largely satisfied by particular perturbations
which are not highly degenerate because of the freedom of choosing resonance types in verifying
this condition.

Rewrite the Hamiltonian as
(5.2) H. = Hy(Yo) +*Hi(Y) + e Hy(Y) + €' "P(Y, ¢, ),
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where
Ho(Yo) = Yo,
H(Y) = 211/06(1/1 1 Y2)(5(Yh + Ya)? — 4Yo (Y + Ya)? + 3Y2(Y + Ya) — 2Y9),
Hy(Y) = g}*;;(zng + 20V, Y, + 4Y7 — 2Yy(3Y; + V2)).

We restrict Y € G in (5.2), where G is a given bounded closed region in (0,00) x R2. Then
Hamiltonian (5.2) is a special case of (1.1) with with ng = 1, ny = ny = 3, my = 3, Mg =
13, m3 = 17. Since ng < ny1, A1) holds with T = 0.

Denote
0H, 30H, ,0Hy 30H; ,0Hy 30H; 20Hy +
Y =
(V) = Gy e ot T an o, T o,
0Hy 0H, 0H; T
QYY) = (=, =, =) = (95,097,935 ".
() (aY()’aYl’(“)Yg) (07 1> 2)
Motivated by the fact that %1;{,(? = —1, the resonance of w. cannot occur at the first integrable term
Hj. Since %{’11 = %1;{,21 and nq = ny = 3, we consider the resonant subgroup
g = {0} 2] .@17
where §; is a subgroup of Z3 spanned by Ky = (0,1,—1)". Denote
1 0
Ki=10 0
0 -1

Then det(K;, K2) = 1 and the g-resonant surface in G reads
0(g,G) ={Y € G: Ky Q.(Y) =0} ={I € G: 38Y; + 12V, — 4Y; = 0}.

To verify the g-non-degenerate condition A2) for Hy on O(g, G), we note that
0%H, 0*H,  9H,

(5:3) Y2 OV,0Y,  OvZ'
0%H, 174> 0%H, 60>
oYZ YD oy, 0Y, 8y’
02H, 602  9%H, 2442
oY,0Y;  8YS oyZ | 8YE
It yields that
v O*Hy . 0°H, 0°H, _0°H
det K7 a(w;? ) = 8Y122 + 81222 - 251/1;2 #£0, VY €0(g,G),

where Y2 = (Y1,Y3)". Hence H is g-non-degenerate on O(g,G), i.e., A2) holds.
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To verify the degeneracy removing condition on O(g, G), we note that K’ Q* = (Q5, —Q3) " =:
(Q0,91)7. By (5.3), it is easy to verify that

Qo 97

o o

oY, 0Y,
Rank % % =2

Y7, on;

o0y o0

oY, 0Y,

on O(g,G), i.e., A3) holds for N = 1.

Summarizing up the above, we have the following result.

Corollary. Consider the Hamiltonian (5.1) and the rank-1 subgroup g spanned by (0,1,—1)T.
If A4) holds for the perturbation P on the resonant surface O(g,G), then the Main Theorem is
applicable to yield a family of quasi-periodic, invariant 2-tori of the Hamiltonian (5.1).

Remark 5.1. Though a validation of A4) depends on the particular expression of P(Y,0,0), one
can give more specific validation of this condition in term of Fourier series

P(1,0,0) = > Py kg ey (D)€Y 71RO
k:(kl,k2,k3)€Z3
Using the form of Ky, Ks, we have

@—<‘P1)—Kfo—(0°>e'ﬂ‘2, w=KJ0=0,—0,€T.

2 —02
Hence the function hg: T x O(g,G) — R can be expressed as
h(.Y) = [ Plov)dg= [ Plerv— e —pn Y00
= Z Pk1,k:2,/€3 (Y)/ e\/jl(klipl_(k2+k3)¢72+k‘/2w)d@
= E
= Z Pk?1,k}27k3 (I)e\/j”mw = ZPOJ)_]‘(Y)E\/?UQZ).
k1=0,ka+k3=0 JEZ

Thus, to verify A4), one only needs to find, for a fired Yy € O(g,G), a non-degenerate critical point
wo of ho(-,Yy), because the Implicit Function Theorem then implies the existence of a neighborhood
Uy, of Yo and a real analytic family (Y') of non-degenerate critical points of ho(-,Y) for Y € Uy,.

Remark 5.2. After verifying A4), it then follows from the Main Theorem that there exists a Can-
tor subset O, C Oy(g,G) := O(g,G) N Uy, of positive Lebesgue measure such that the unperturbed
quasi-periodic 2-tori T ((Y)) = T2 x {Y} x {(Y)}, Y € O, of the Hamiltonian (5.1), persist
as € sufficiently small. To be more precise, by taking the the constants ng = 1,n1 =ng =3, my =
3, mo =13, mg =17, N =1, we have

2

Cy = Zml(nl - TLifl) =6

i=1
and hence 2(N + 6)c, = 84 > 17. This means that one needs to perform a finite step of iterations
to push the order of the perturbation as higher as O(e%%) in order to carry out the standard KAM
iterations. It also follows from the Main Theorem that the excluding measure has the estimate
100(g,G) \ Oc| = O(e9) by taking 1 =1, N =1, d=1.
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