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Abstract. We consider the existence of response tori for the completely degenerate Hamiltonian
system with the following Hamiltonian

H(θ, I, x, y, ε) = 〈ω, I〉+ λ
xn

n
+

ym

m
+ εP (θ, x, y, ε), (θ, I, x, y) ∈ Td × Rd+2,

where λ = ±1 and n > 2, n ≥ m ≥ 2 are integers. With P satisfying certain non-degenerate

conditions, we obtain the following results: (1) For λ = −1 and ε sufficiently small, response
tori exist for each ω satisfying a weak non-resonant condition; (2) For λ = 1 and ε∗ sufficiently

small, there exists a Cantor set E ∈ (0, ε∗) with almost full Lebesgue measure such that response
tori exist for each ε ∈ E if ω satisfies a Diophantine condition. Non-existence of response tori

are also discussed when P fails to satisfy the non-degenerate condition. Our results are directly
applicable to the existence problem of quasi-periodic response solutions of degenerate harmonic
oscillators.

1. Introduction

Many vibration problems in physics, mechanics, and engineering applications are modeled by
the following quasi-periodically forced harmonic oscillators

ẍ + cẋ + a2x + λxl = f(ωt, x, ẋ) (1.1)

where c, a, λ are parameters, l > 1 is an integer, and f is quasi-periodic in t with frequency
vector ω = (ω1, · · · , ωd) ∈ Rd. J. Stoker in [22] raised the question of the existence of a response
solution, i.e., whether (1.1) has a quasi-periodic solution with the same frequency vector as that
of the forcing function f . He gave an affirmative answer to this question for the case of large
damping, i.e., when |c| is large comparing to the size of f , but left the problem open for the
case of small damping in which small divisor problems arise. As an early introduction of the
KAM method, the first breakthrough to this open problem was made by J. Moser ([20]) who
showed the existence of Diophantine response solutions for the case c = 0 when f is perturbative
and satisfies a reversible condition. Later, M. Friedman ([9]) and B. Braaksma and H. Broer
([1]) treated the case of small non-zero |c| using KAM and normal form methods and showed
the existence of Diophantine response solutions. Some more recent studies show that response
solutions do not need to be of Diophantine type. For instance, G. Gentile ([10, 11]) investigated,
using Lyapunov-Schmidt reduction, the existence of response solutions for some general strongly
dissipative, quasi-periodically forced systems whose forcing frequencies satisfy the Brjuno condition
that

|〈k, ω〉| > γ

∆(|k|) , ∀k ∈ Zd/{0}, (1.2)
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where ∆ : [1,∞) → [1,∞) is an approximation function which is continuous, increasing, unbounded
such that ∆(1) = 1 and

∫ ∞

1

ln∆(t)
t2

dt < ∞.

Results in [10, 11] are recently improved in [12] without restrictions on ω and also extended in [13]
to higher dimensions. In 2017, J. Wang, J. You and Q. Zhou ([23]) and Z. Lou and J. Geng ([19])
showed the existence of response solutions for the case c = 0, a 6= 0 in (1.1) whose frequencies are
of Liouvillean type.

The most challenging case for studying the existence of response solutions is when c = a = 0 in
(1.1), i.e., (1.1) becomes

ẍ + λxl = εf(ωt, x, ε), λ 6= 0, (1.3)

whose Hamiltonian simply reads

H(θ, I, x, y, ε) = 〈ω, I〉+
y2

2
+ λ

xl+1

l + 1
+ εP (θ, x, ε), (θ, I, x, y) ∈ Td × Rd+2, (1.4)

where P (θ, x, ε) = − ∫ x

0
f(θ, u, ε)du. In this case, essential difficulty arises due the degeneracy of

the normal part of (1.4). Such degeneracy creates obstacles in controlling the drift of relative
equilibria for a direct application of the standard KAM method. This degenerate problem was
first investigated by J. You ([24]) for the Hamiltonian

H(θ, I, x, y, ε) = 〈ω, I〉+
y2

2
− x2n + εP (θ, I, x, y, ε), (θ, I, x, y) ∈ Td × Rd+2. (1.5)

Without any conditions on the perturbation except its smoothness, he showed the existence of an
invariant, quasi-periodic d-torus of the system corresponding to (1.5) with frequency close to ω if
ω satisfies a Diophantine condition.

Later, Y. Han, Y. Li and Y. Yi ([14]) considered general normally degenerate Hamiltonians of
the form

H(θ, I, x, y, ε) = 〈ω, I〉+ 〈z, A(ω)z〉+ εP (θ, I, z, ω, ε), (θ, I, z) ∈ Td × Rd × R2m, (1.6)

where the normal matrix A(ω) can admit zero eigenvalues. Under a singularity-removal condition
on the perturbation P and a Melnikov non-resonant condition between the tangential and normal
frequencies, existence of invariant, quasi-periodic d-tori with frequency ω is shown for system with
the Hamiltonian (1.6). More recently, S. Hu and B. Liu ([18]) considered the following completely
degenerate Hamiltonian

H = 〈ω, y〉+
u2p

2p
+

v2q

2q
+ ym

1 u + yl
2v + εP (x, y, u, v), (x, y, u, v) ∈ Td × Rd+2, (1.7)

where y1, y2 are the first and second component of y, p, q > 1 and m, l are positive integers. The
existence of invariant, quasi-periodic d-tori with frequency ω is shown for system corresponding
to (1.7) with arbitrary perturbation. We remark results of [14, 18] are not applicable to (1.3)
directly to obtain response solutions. As part of quasi-periodic bifurcation theory, H. W. Broer,
H. Hanßmann, and collaborators ([2]-[5], [15]-[17]) showed the existence of quasi-periodic, includ-
ing responsive, solutions, in the universal unfolding of various quasi-periodically forced, normally
degenerate Hamiltonian systems in which certain perturbative, one parameter families can be
embedded. In particular, the following real analytic Hamiltonian is considered in [2]:

H = 〈ω, I〉+ xn + y2 +
n−2∑

i=1

λix
i + p(θ, I, x, y, λ, ω), (θ, I, x, y) ∈ Td × Rd+2,
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where n > 2 and p = O(ε). It is shown that if ω is Diophantine then there exists a near identity
symplectic transformation which transforms the Hamiltonian into the form

H∞ = 〈ω, I〉+ xn + y2 +
n−2∑

i=1

λ̃i(ε)xi + p∞(θ, I, x, y, λ, ω), (θ, I, x, y) ∈ Td × Rd+2,

where λ̃i = λi +O(ε), i = 1, · · · , n− 2, and ∂|l|+i+j+|h|p∞
∂Ĩl∂x̃i∂ỹj∂λ̃h

(θ, 0, 0, 0, 0, ω) = 0 for all θ ∈ T and all i,
j, l, h = (h1, · · · , hl−2) satisfing

2n|l|+ ni + 2j + (2n− 2)h1 + (2n− 4)h2 + · · ·+ 4hn−2 ≤ 2l.

It follows that responsive quasi-periodic invariant tori exist for small ε if λ̃1(ε) ≡ 0. Because that
λ̃1(ε) is defined through KAM iterations, such a condition does not seem to be explicitly applicable
to (1.3) to yield the existence of responsive quasi-periodic solutions.

The present paper aims at making a closer look at the problem of response solutions for the
quasi-periodically forced, degenerate harmonic oscillators (1.3). Firstly, we note in the normally
hyperbolic case λ < 0 that if l is even and f(ωt, x, ε) > 0 (1.3), then no response solution can exist
for any ε > 0 simply because ẍ > 0. Given the existence of response solutions when λ < 0 and l is
odd following the result of [24], a natural question is to find proper conditions on the perturbation
to ensure the existence of response solutions when λ < 0 and l is even. Secondly, we note in the
normally elliptic case λ > 0 that successful KAM iterations to the Hamiltonian (1.4) require a
proper control of the measure of parameters, in addition to the control of the drift of relative
equilibria. This raises the second question that whether and under what conditions system (1.3)
admit response solutions in the case λ > 0. Finally, the existence of non-Diophantine response
solutions in the non-degenerate case raises the third question that whether system (1.3) can also
admit non-Diophantine response solutions.

We will answer these questions with respect to the following family of normally degenerate,
including completely degenerate, Hamiltonian functions:

H(θ, I, x, y, ε) = 〈ω, I〉+ λ
xn

n
+

ym

m
+ εP (θ, x, y, ε), (θ, I, x, y) ∈ Td × Rd+2, (1.8)

where m,n are positive integers greater or equal to 2. We note that the perturbation P in the
above does not depend on I, and, if λ 6= 0, then it can be normalized to ±1. For each ε, the
Hamiltonian H(θ, I, x, y, ε) is associated with the standard symplectic structure dθ ∧ dI ∧ dx∧ dy.
We assume that P is real analytic in θ, x, y and Whitney smooth in ε. We want to mention that
the existence of responsive invariant tori of (1.8) was studied by Corsi and Gentile in [6]-[8] for
the case of complete degeneracy in x which corresponds to m = 2 and either n = ∞ or λ = 0. In
particular, to our knowledge, [8] is the only known result concerning lower-dimensional invariant
tori with codimension greater than 1 in the degenerate case.

Under certain non-degenerate conditions on the perturbation (see condition (H) in section 2),
we will prove the following results:

(1) When λ = −1, there exist a sufficiently small ε∗ such that, for each ε ∈ (0, ε∗), the Hamil-
tonian system associated with (1.8) admits quasi-periodic response tori with frequency ω
satisfying a non-resonant condition weaker than the Brjuno condition (1.2).

(2) When λ = 1, there exist a sufficiently small ε∗ and a Cantor set E ∈ (0, ε∗) with almost
full Lebesgue measure such that, for each ε ∈ E , Diophantine quasi-periodic response tori
exist in the Hamiltonian system associated with (1.8).

The mathematical challenge in proving these results is to overcome the degeneracy. To reduce
the original Hamiltonian to a normal form for applying KAM iterations, our strategy is to transform
the Hamiltonian to the vicinity of the relative equilibrium then to improve the order of perturbation
by eliminating the first and second order resonant terms. However, the order of perturbation in
the normal form can only reach the double of that of the linear part, which is not sufficient for the
validity of the standard KAM iterations. We thus implement a modified KAM scheme by dividing
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the perturbation into two parts: one at a double order of the linear part and the other one with
higher order. It turns out that the iteration of only the higher order part yields the desired results.

The rest of this paper is organized as follows. In Section 2, we introduce some notations and
state our main results, which, when applying to the oscillators (1.3), give sufficient conditions for
the existence of response solutions. In Section 3, we reduce the Hamiltonian to a normal form by
taking the normal degeneracy into consideration. The proof of our main results will be carried out
in Sections 4. In Section 5, we give a non-existence result for response solutions when l is even in
(1.3).

Throughout of the paper, we will use c, C to denote intermediate positive constants. Unless
specified otherwise, | · | will be used to denote the absolute value of numbers, the norm of vectors,
and the norm of matrices. All derivatives with respect to ε are taken in the sense of Whitney.

2. Notations and main results

For each r, s > 0, we denote

D(s, r) = Td
s ×Br,

where
Br := {z = (z1, z2) ∈ C2 : |z| ≤ r}

is the ball of radius r in C2 and

Td
s := {θ = (θ1, . . . , θd) ∈ Cd/(2πZ)d : |Imθj | ≤ s, j = 1, 2, . . . , d}

is the strip domain of size s of the d-torus Td = Rd/(2πZ)d in Cd. For given δ > 0, denote
Πδ = (0, δ) and let B ⊂ Πδ. If a function f : D(s, r)×B → C,

f(θ, z, ε) =
∑

k∈Zd

fk(z, ε)ei〈k,θ〉,

is analytic in θ, z and Whitney smooth in ε ∈ B, then we define the norm ‖ · ‖s,r,B by

‖f(θ, z, ε)‖s,r,B =
∑

k∈Zd

‖fk(z, ε)‖r,Bes|k|,

where ‖fk‖r,B = supε∈B,z∈Br
(|fk(z, ε)|+ ε|∂fk(z,ε)

∂ε |) and |k| = ∑d
j=1 |kj | for k = (k1, · · · , kd) ∈ Zd.

The space of all such functions is denoted by

Cω(D(s, r)×B) = {f(θ, z, ε) : ‖f(θ, z, ε)‖s,r,B < +∞}
which is easily seen to be a Banach algebra under the norm ‖ · ‖r,s,B . Taking r = 0 in the above,
we can define the ‖ · ‖s,B norm for any function f : Td

s → C,

f(θ, ε) =
∑

k∈Zd

fk(ε)ei〈k,θ〉,

which is analytic in θ and Whitney smooth in ε ∈ B. The Banach algebra of all such functions
under the ‖ · ‖s,B norm is denoted by

Cω(Td
s ×B) = {f(θ, ε) : ‖f(θ, ε)‖s,B < +∞}.

For a matrix-valued function P (θ, z, ε) = (Pij(θ, z, ε))n×m, where Pij(θ, z, ε) ∈ Cω(D (s, r)×B),
we define its | · |r,s,B norm by

|P |r,s,B = max
1≤i≤n

m∑

j=1

‖Pij‖r,s,B .

The |·|s,B norm of a matrix-valued function P (θ, ε) = (Pij(θ, ε))n×m, where Pij(θ, ε) ∈ Cω(Td
s×B),

is defined by taking r = 0 in the above. For any function f(θ, z) in D(r, s), we denote its average
with respect to θ by

[f(·, z)] =
1

(2π)d

∫

Td

f(θ, z)dθ.
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Without loss of generality, we suppose that n ≥ m ≥ 2 in (1.8). We note that the non-degenerate
case n = m = 2 has already been well investigated in [21]. Thus we only consider the case when
n > 2. Moreover, we assume the following condition:

(H) For any m ≥ 2,
{

[∂P (·,0,0,0)
∂x ] 6= 0, if n is even,

[∂P (·,0,0,0)
∂x ] > 0 (resp. < 0), if n is odd and λ = −1 (resp. λ = 1),

and, when m > 2,
{

[∂P (·,0,0,0)
∂y ] 6= 0, if m is even,

[∂P (·,0,0,0)
∂y ] < 0, if m is odd.

Our main result for the degenerate hyperbolic case is stated as follows.

Theorem 1. Consider the Hamiltonian (1.8) with λ = −1, n > 2, n ≥ m ≥ 2 on the domain
D(s, r)×Πε0 for fixed r, s, ε0 > 0 sufficiently small. Assume (H) and that ω satisfies the following
Brjuno-like non-resonant condition:

|〈k, ω〉| > γ

Ω(|k|) , ∀k ∈ Zd/{0}, (2.1)

where Ω(t) is a function such that limt→∞
ln Ω(t)

t = 0. Then there exists an ε∗ ≤ ε0 and a Whitney
smooth family of real analytic symplectic transformations

Φε : D(
s

2
,
r

2
) → D(s, r), ε ∈ (0, ε∗)

such that each Φε transforms the Hamiltonian (1.8) into the form

H∗ = H ◦ Φε(θ, I, x, y) = 〈ω, I〉+
〈(

x

y

)
,M(θ)

(
x

y

)〉
+ G(x, y) + p(θ),

where G(x, y) = O(‖(x, y)‖3) and M(θ) is a matrix-valued function. Consequently, for each
ε ∈ (0, ε∗), the Hamiltonian system corresponding to (1.8) admits a real analytic, quasi-periodic
response d-torus with the frequency vector ω.

For the degenerate elliptic case, we have the following result.

Theorem 2. Consider the Hamiltonian (1.8) with λ = 1, n > 2, n ≥ m ≥ 2 on the domain
D(s, r)×Πε0 for fixed r, s, ε0 > 0 sufficiently small. Assume (H) and that ω satisfies the following
Diophantine condition:

|〈k, ω〉| > γ|k|−τ , ∀k ∈ Zd/{0}, (2.2)

where τ > d − 1 is fixed. Then there exist a Cantor set Eε∗ ⊂ (0, ε0) with limε∗→0
Meas(Eε∗ )

ε∗
= 1

and a Whitney smooth family of real analytic symplectic transformations

Ψε : D(
s

2
,
r

2
) → D(s, r), ε ∈ Eε∗

such that each Ψε transforms the Hamiltonian (1.8) into the form

H∗ = H ◦Ψε(θ, I, x, y) = 〈ω, I〉+
〈(

x

y

)
,M

(
x

y

)〉
+ G(x, y) + p(θ),

where G(x, y) = O(‖(x, y)‖3) and M is a constant matrix. Consequently, for each ε ∈ Eε∗ , the
Hamiltonian system corresponding to (1.8) admits a real analytic, Diophantine response torus with
the frequency vector ω.
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Remark 2.1. (1) It is clear that responsive tori obtained in Theorem 2 are Floquet but the ones
obtained in Theorem 1 are not in general.

(2) The non-resonant condition (2.1) is weaker than the Brjuno non-resonant condition (1.2).
Indeed, if Ω(t) is an approximation function in the Brjuno non-resonant condition, then for each
x > 1, we have ∫ 2x

x

lnΩ(t)
t2

dt >

∫ 2x

x

lnΩ(x)
t2

dt >
lnΩ(x)

2x
> 0,

which implies that limx→∞
ln Ω(x)

x = 0 since limx→∞
∫ 2x

x
ln Ω(t)

t2 dt = 0. If we choose Ω(t) = e
t

ln t ,
then it is easily seen that limt→∞

ln Ω(t)
t = limt→∞ 1

ln t = 0 but
∫∞
1

ln Ω(t)
t2 dt is divergent. The non-

resonance condition (2.1) is made weaker because it is only needed in the step of normal reduction,
instead of in the KAM iterations. However, if the assumption (H) is made weaker, then small
divisor problems will be encountered in the KAM iterations for which a stronger non-resonance
condition like the Brjuno’s is unavoidable.

(3) Condition (H) is a strong condition which essentially says that the perturbation is dominated
by a non-degenerate linear term in x, and, when m > 2, it is also dominated by a non-degenerate
linear term in y. This is a reasonable condition to assume when either m or n is even, given the
non-existence example contained in Section 5. However, in the case that both m and n are odd,
we suspect that this condition may not be necessary to yield the same results. We will investigate
this issue in a future work.

As the existence of real analytic, quasi-periodic response solutions of (1.3) is equivalent to the
existence of real-analytic, quasi-periodic, invariant d-tori of (1.4), Theorems 1, 2 can be applied
directly to yield the following results.

Corollary 1. Consider (1.3) with λ = ±1 and f : Td × R1 → R1 being real analytic.
(1) In the case λ = −1, assume that (i) either [f(·, 0, 0)] 6= 0 when l is odd or [f(·, 0, 0)] > 0

when l is even; and (ii) ω satisfies the non-resonant condition (2.1). Then, for each ε
sufficiently small, (1.3) admits a real analytic, quasi-periodic response solution with the
frequency vector ω.

(2) In the case λ = 1, assume that (i) either [f(·, 0, 0)] 6= 0 when l is odd or [f(·, 0, 0)] < 0
when l is even; and (ii) ω is Diophantine. Then, for sufficiently small ε∗, there exists a
Cantor set Eε∗ ∈ (0, ε∗) with limε∗→0

Meas(Eε∗ )
ε∗

= 1 such that (1.3) admits a real analytic,
quasi-periodic response solution with frequency vector ω for each ε ∈ Eε∗ .

3. Normal form reduction

In this section, we reduce the Hamiltonian (1.8) into a suitable normal form in order to apply
KAM iterations. The reduction will be carried over in the two steps. The first is to average linear
terms in the perturbation and eliminate the averaged terms by transforming the Hamiltonian to
the vicinity of the relative equilibrium. The second is to remove first and second order resonant
terms in the perturbation in order to make it further small.

3.1. Averaging and relative equilibrium. The purpose of this step is to reduce (1.8) to a
Hamiltonian whose perturbation has zero average linear term. We first consider the following
implicit equation {

ym−1 + ε[∂P (·,x,y,ε)
∂y ] = 0,

λxn−1 + ε[∂P (·,x,y,ε)
∂x ] = 0,

(3.1)

which, with the re-scaling y → ε
1

m−1 y, x → ε
1

n−1 x, becomes{
H1(x, y, ε) =: ym−1 + [∂P (·,0,0,0)

∂y ] +O(ε
1

n−1 ) = 0,

H2(x, y, ε) =: λxn−1 + [∂P (·,0,0,0)
∂x ] +O(ε

1
n−1 ) = 0.

(3.2)
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Denote x∗ = (− 1
λ [∂P (·,0,0,0)

∂x ])
1

n−1 , y∗ = (−[∂P (·,0,0,0)
∂y ])

1
m−1 . Since, by condition (H),

H1(x∗, y∗, 0) = 0, H2(x∗, y∗, 0) = 0,∣∣∣∣∣det

(
∂H1
∂x

∂H1
∂y

∂H2
∂x

∂H2
∂y

)
∣∣
(x∗,y∗,0)

∣∣∣∣∣ = |x∗|n−2|y∗|m−2 6= 0,

the Implicit Function Theorem implies that the equation (3.2) has a solution (x̃(ε), ỹ(ε)) = (x∗ +
O(ε

1
n−1 ), y∗+O(ε

1
n−1 )). Thus the equation (3.1) has a solution (x(ε), y(ε)) =(ε

1
n−1 x̃(ε), ε

1
m−1 ỹ(ε)).

We now eliminate the average term in the perturbation. Let ρ = ε
1

(n−1)(m−1) , x̆(ρ) = x̃(ρ(m−1)(n−1)),
y̆(ρ) = ỹ(ρ(m−1)(n−1)), and consider the symplectic transformation:

φ0 : x → ρ
n−m

2(n−2) x + ρm−1x̆(ρ), y → ρ
(n−m)(n−1)

2(n−2) y + ρn−1y̆(ρ), θ → θ, I → ρ
(n−m)(n+1)

n I

and re-scaling H̆ → ρ−
(n−m)n
2(n−2) H ◦ φ0. Then the new Hamiltonian reads

H = 〈ω, I〉+ (n− 1)λρ
2mn−3m−3n+4

2 x̆n−2(ρ)x2 + (m− 1)ρ
2mn−3m−3n+4

2 y̆m−2(ρ)y2

+ ρ
2(n−2)(n−1)(m−1)−(n−m)n

2(n−2) P̆ (θ, ρ
n−m

2(n−2) x + ρm−1x̆(ρ), ρ
(n−m)(n−1)

2(n−2) y + ρn−1y̆(ρ), ρ)

+ λρ
2(n−2)(n−1)(m−1)−(n−m)(n−1)

2(n−2) x̆n−1(ρ)x + ρ
2(n−2)(n−1)(m−1)−n+m

2(n−2) y̆m−1(ρ)y + h(x, y, ρ),

where

h(x, y, ρ) = λ
1
n

n∑

k=3

(n

k

)
ρ(m−1)(n−k)+

(n−m)k
2(n−2) x̆n−k(ρ)xk

+
1
m

m∑

k=3

(m

k

)
ρ(n−1)(m−k)+

(n−1)(n−m)k
2(n−2) y̆m−k(ρ)yk,

P̆ (θ, I, x, y, ρ) = P (θ, I, x, y, ρ(m−1)(n−1)).

Let δ1 =
√

n− 1x̆
n−2

2 (ρ), δ2 =
√

m− 1y̆
m−2

2 (ρ), and δ = δ1δ2. Then the symplectic re-scaling

I → 1
δ1δ2

I, x → 1
δ1

x, y → 1
δ2

y, θ = θ, H → δH(θ, δ−1I, δ−1
1 x, δ−1

2 y)

further reduces the Hamiltonian to

H(θ, I, x, y, ρ) = N(I, x, y) + G(x, y, ρ) + E(θ, x, y, ρ) + p(θ), (3.3)

where p(θ) = δρ
2(n−2)(n−1)(m−1)−(n−m)n

2(n−2) P̆ (θ, ρm−1x̆(ρ), ρn−1y̆(ρ), ρ), G(x, y, ρ) = δh(δ−1
1 x, δ−1

2 y, ρ),

N = 〈ω, I〉+ 〈
(

x

y

)
,M

(
x

y

)
〉

with M = δρp

(
λ 0
0 1

)
, p = 2mn−3m−3n+4

2 , and

E(θ, x, y, ρ)

= δρ
2(n−2)(n−1)(m−1)−(n−m)n

2(n−2) P̆ (θ, δ−1
1 ρ

n−m
2(n−2) x + ρm−1x̆(ρ), δ−1

2 ρ
(n−m)(n−1)

2(n−2) y

+ρn−1y̆(ρ), ρ) + δ2λρ
2(n−2)(n−1)(m−1)−(n−m)(n−1)

2(n−2) x̆n−1(ρ)x

+δ1ρ
2(n−2)(n−1)(m−1)−n+m

2(n−2) y̆m−1(ρ)y

−δρ
2(n−2)(n−1)(m−1)−(n−m)n

2(n−2) P̆ (θ, ρm−1x̆(ρ), ρ2n+1y̆(ρ), ρ).

One can easily check that G(θ, x, y, ρ) = O(‖(x, y)‖3) and there exist s, r > 0 such that

‖E‖s,r,Πρ
≤ Cρ

2(n−2)(n−1)(m−1)−(n−m)(n−1)
2(n−2) .
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Write E(θ, x, y, ρ) = É(θ, x, y, ρ) + È(θ, x, y, ρ), where

É(θ, x, y, ρ) = É1(θ, x, y, ρ) + É2(θ, x, y, ρ)

=
∑

i+j=1

Ei,j(θ, ρ)xiyj +
∑

i+j=2

Ei,j(θ, ρ)xiyj

=
∑

i+j=1,k∈Zd

Ei,j,k(ρ)ei〈k,θ〉xiyj +
∑

i+j=2,k∈Zd

Ei,j,k(ρ)ei〈k,θ〉xiyj ,

È(θ, x, y, ρ) =
∑

i+j≥3

Ei,j(θ, ρ)xiyj =
∑

i+j≥3,k∈Zd

Ei,j,k(ρ)ei〈k,θ〉xiyj .

Since (ρm−1x̆(ρ), ρn−1y̆(ρ)) solve the equation (3.1), we have

E1,0,0(ρ) = δ2ρ
2(n−2)(n−1)(m−1)−(n−m)(n−1)

2(n−2) [
∂P̆ (·, ρm−1x̆(ρ), ρn−1y̆(ρ), ρ)

∂x
]

+ δ2λρ
2(n−2)(n−1)(m−1)−(n−m)(n−1)

2(n−2) x̆n−1(ρ) = 0, (3.4)

E0,1,0(ρ) = δ1ρ
2(n−2)(n−1)(m−1)−n+m

2(n−2) [
∂P̆ (·, ρm−1x̆(ρ), ρn−1y̆(ρ), ρ)

∂y
]

+ δ1ρ
2(n−2)(n−1)(m−1)−n+m

2(n−2) y̆m−1(ρ) = 0.

Thus the Hamiltonian (3.3) reads

H(θ, I, x, y, ρ) = N(I, x, y) + h(θ, x, y, ρ) + É(θ, x, y, ρ) + p(θ), (3.5)

where

h(θ, x, y, ρ) = È(θ, x, y, ρ) + G(x, y, ρ) = O(‖(x, y)‖3),
‖É(θ, x, y, ρ)‖s,r,Πρ ≤ Cρ

2(n−2)(n−1)(m−1)−(n−m)(n−1)
2(n−2) .

(3.6)

3.2. Improving the order of perturbation. The purpose of this step is to improve the order
of perturbation to the one which beyond doubles that of the linear part.

In the case λ = 1, the Hamiltonian (3.5) is of elliptic type. We let ω be a Diophantine frequency
vector satisfying (2.2) with respect to fixed γ, τ . For given ε∗ sufficiently small, we consider the
set Dε∗ = D1 ∩ D2, where

D1 = {ε ∈ (0, ε∗) : 〈k, ω〉2 − 4δ2ρ2p >
γ3

|k|5τ
, ∀k ∈ Zd \ {0}},

D2 = {ε ∈ (0, ε∗) : 〈k, ω〉2 − 16δ2ρ2p >
γ3

|k|5τ
, ∀k ∈ Zd \ {0}}.

where ρ = ε
1

(m−1)(n−1) .
In the case λ = −1, the Hamiltonian (3.5) is of hyperbolic type. We let ω be a frequency vector

satisfying the weak non-resonant condition (2.1).
We have the following result.

Lemma 3.1. Consider the Hamiltonian (3.5) in D(s, r)×Πρ∗ with ω satisfying (2.2), respectively

(2.1), in the case λ = 1, respectively λ = −1, where ρ∗ = ε
1

(m−1)(n−1)
∗ satisfies (3.6). Then there

exists a family of real analytic symplectic transformations

φε : D(s− σ, r − σ) → D(s, r), ε ∈ D,

where σ ≤ min{r/4, s/4} is a fixed constant, D = Dε∗ is a Cantor set with meas(D) ∼ ε∗ in the
case λ = 1, and D = (0, ε∗) in the case λ = −1, such that the following hold.

(a) φε, ε ∈ D, is a Whitney smooth family in the case λ = 1 and a smooth family in the case
λ = −1;
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(b) For each ε ∈ D, φε transforms (3.5) into

H̃ = Ñ(I, x, y, ρ) + h̃(θ, x, y, ρ) + Ẽ(θ, x, y, ρ) + p̃(θ), (3.7)

where ρ = ε
1

(m−1)(n−1) ,

Ñ = 〈ω, I〉+ 〈
(

x

y

)
, M̃

(
x

y

)
〉

with M̃ = M+O(ρp+ 1
2 ), h̃(θ, x, y, ρ) = O(‖(x, y)‖3), and Ẽ(θ, x, y, ρ) =

∑
0<i+j≤2 Ẽij(θ)xiyj

satisfying
‖Ẽ‖s−σ,r−σ,D ≤ Cρ2p+1.

Proof. The first step of the reduction is to find a real analytic function F1 = F 1
10(θ)x + F 1

01(θ)y
such that the time-1 map φ1

F1
of the Hamiltonian flow φt

F1
eliminates the first order resonant terms

in H, i.e., the term É1 = E10(θ)x + E01(θ)y in É. Since

H ◦ φ1
F1

= N ◦ φ1
F1

+ h ◦ φ1
F1

+ É ◦ φ1
F1

+ p ◦ φ1
F1

= N + {N, F1}+
∫ 1

0

(1− t){{N, F1}, F1} ◦ φt
F1

dt

+ É +
∫ 1

0

{É, F1} ◦ φt
F1

dt + h ◦ φ1
F + p ◦ φ1

F1
,

where {·, ·} denotes the Poisson bracket, this elimination amounts to the solvability of the homo-
logical equation

{N, F1} = É1. (3.8)

Denote F1(θ) = (F 1
10(θ), F

1
01(θ))

> and E1(θ) = (Ẽ10(θ), Ẽ01(θ))>. Then (3.8) is equivalent to

ω
∂F1(θ)

∂θ
− 2MJF1(θ) = E1(θ) (3.9)

where J is the standard symplectic matrix. Using Fourier expansions E1(θ) =
∑

k∈Zd E1kei〈k,θ〉

and F1(θ) =
∑

k∈Zd F1kei〈k,θ〉, we re-write (3.9) as

(i〈k, ω〉Id− 2MJ)F1k = E1k, k ∈ Zd. (3.10)

By (3.4), we let F10 = 0. For each |k| > 0, it is clear that

F1k =
adj(i〈k, ω〉Id− 2MJ)
det(i〈k, ω〉Id− 2MJ)

E1k

formally solves the equation (3.10), where “adj” stands for the adjoint of a matrix.
We claim that these formal solutions are true solutions when ε ∈ D to yield the desired real

analytic Hamiltonian function F1. In the case λ = 1, let ε ∈ D1. Then |F1k| < C |k|10τ+3

γ6 |E1k|,
|k| > 0 and ε ∈ D1. It follows from (3.6) that

|F1|s−σ
4 ,D1 ≤ Cρ

2(n−2)(n−1)(m−1)−(n−m)(n−1)
2(n−2) , |k| > 0.

In the case λ = −1, let ε ∈ Πε∗ = (0, ε∗). For each |k| > 0, since 2MJ = 2δρp

(
0 1
1 0

)
,

i〈k, ω〉Id − 2MJ has eigenvalues i〈k, ω〉 ± 2δρp, which, by (2.1), satisfies the estimate |(i〈k, ω〉 ±
2δρp)−1|< |(i〈k, ω〉)−1| < CΩ(|k|). Since sup|t|>0 e−

σ
4 tΩ(t) < ∞, we have by (3.6) that

|F1|s−σ
4 ,Πε∗ =

∑

|k|≥0

|F1k|Πε∗ e
(s−σ

4 )|k| <
∑

|k|≥0

|Ω(|k|)||E1k|Πε∗ e
(s−σ

4 )|k|

≤ sup
|t|>0

e−
σ
4 tΩ(t)|E1(θ)|s−σ

4 ,Πε∗ ≤ Cρ
2(n−2)(n−1)(m−1)−(n−m)(n−1)

2(n−2) , |k| > 0.
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Thus, in both cases, for each ε ∈ D, (3.8) is solvable to yield a real analytic function F1 defined on
D(s− σ

4 , r). Moreover, F1 varies in D Whitney smoothly when λ = 1 and smoothly when λ = −1,
and

‖F1‖s−σ
4 ,r,D ≤ Cρ

2(n−2)(n−1)(m−1)−(n−m)(n−1)
2(n−2) .

By Cauchy’s estimates, we have

|DF1|s−σ
2 ,r−σ

2 ,D ≤ Cρ
2(n−2)(n−1)(m−1)−(n−m)(n−1)

2(n−2)
∗ ,

|D2F1|s−σ
2 ,r−σ

2 ,D ≤ Cρ
2(n−2)(n−1)(m−1)−(n−m)(n−1)

2(n−2)
∗ .

(3.11)

A standard argument using integral equations yields that

|φt
F1
− id|s−σ

2 ,r−σ
2 ,D < Cρ

2(n−2)(n−1)(m−1)−(n−m)(n−1)
2(n−2)

∗ ,

|Dφt
F1
− Id|s−σ

2 ,r−σ
2 ,D < Cρ

2(n−2)(n−1)(m−1)−(n−m)(n−1)
2(n−2)

∗ ,
(3.12)

for all t ∈ [0, 1]. Consequently, φ1
F1

(D(s− σ
2 , r − σ

2 )×D) ⊂ D(s, r)×D, and

H1 =: H ◦ φ1
F1

= N +
∫ 1

0

(1− t){{N, F1}, F1} ◦ φt
F1

dt

+ É2 +
∫ 1

0

{É, F1} ◦ φt
F1

dt + h ◦ φ1
F1

+ p ◦ φ1
F1

= N +
∫ 1

0

(1− t){{N, F1}, F1} ◦ φt
F1

dt

+ É2 +
∫ 1

0

{É, F1} ◦ φt
F1

dt + h ◦ (F1J) + 〈∂h

∂z
◦ (F1J), z〉

+ 〈∂
2h

∂z2
◦ (F1J)z, z〉+ h̆ + p,

where h̆ = h− h ◦ (F1J)− 〈∂h
∂z ◦ (F1J), z〉 − 〈∂2h

∂z2 ◦ (F1J)z, z〉 and z = (x, y)>.
The second step of the reduction is to find a real analytic Hamiltonian of the form F2 =

F 2
20(θ)x

2 + F 2
11(θ)xy + F 2

02(θ)y
2 so that the time-1 map φ1

F2
of the Hamiltonian flow φt

F2 removes
the quadratic term É2 + 〈∂2h

∂z2 ◦ (F1J)z, z〉 in the non-integrable part of H1 and add its average to
the integrable part. This amounts to the solvability of the homological equation

{N, F2} = É2 + 〈∂
2h

∂z2
◦ (F1J)z, z〉 − [É2 + 〈∂

2h

∂z2
◦ (F1J)z, z〉]. (3.13)

Write É2 + 〈∂2h
∂z2 ◦ (F1J)z, z〉 ◦ φ1

F2
= R20(θ)x2 + R11(θ)xy + R02(θ)y2 and denote

F2(θ) :=

(
F 2

20(θ)
F 2

11(θ)
2

F 2
11(θ)
2 F 2

02(θ)

)
, R(θ) :=

(
R20(θ)

R11(θ)
2

R11(θ)
2 R02(θ)

)
.

Then (3.13) is equivalent to

ω
∂F2(θ)

∂θ
− 4MJF2(θ) = R(θ),

which, in terms of Fourier expansions F2(θ) =
∑

k∈Zd F2kei〈k,θ〉 and R(θ) =
∑

k∈Zd Rkei〈k,θ〉, is
further equivalent to

(i〈k, ω〉Id− 4MJ)F2k = Rk, k ∈ Zd. (3.14)

Using similar arguments as that for the first step above, (3.14) is solvable when λ = 1, ε ∈ D2 and
λ = −1, ε ∈ Πε∗ = (0, ε∗) with solutions

F20 = 0,

F2k =
adj(i〈k, ω〉Id− 4MJ)
det(i〈k, ω〉Id− 4MJ)

E1k, |k| > 0
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satisfying

|F2k| < C
|k|5τ+2

γ3
|Rk|, k ∈ Zd, ε ∈ D2.

Moreover, F2 varies in D Whitney smoothly when λ = 1 and smoothly when λ = −1. It follows
from Cauchy’s estimates that

|F2|s− 3σ
4 ,D ≤ Cρ

2(n−2)(n−1)(m−1)−(n−m)(n−1)
2(n−2) ,

‖F2‖s− 3σ
4 ,r−σ

2 ,D ≤ Cρ
2(n−2)(n−1)(m−1)−(n−m)(n−1)

2(n−2) ,

|DF2|s−σ,r−σ,D ≤ Cρ
2(n−2)(n−1)(m−1)−(n−m)(n−1)

2(n−2) ,

|D2F2|s−σ,r−σ,D ≤ Cρ
2(n−2)(n−1)(m−1)−(n−m)(n−1)

2(n−2) .

(3.15)

Consequently,

|φt
F2
− id|s−σ,r−σ,D < Cρ

2(n−2)(n−1)(m−1)−(n−m)(n−1)
2(n−2)

∗ , (3.16)

|Dφt
F2
− Id|s−σ,r−σ,D < Cρ

2(n−2)(n−1)(m−1)−(n−m)(n−1)
2(n−2)

∗

for all t ∈ [0, 1], and φ1
F2

(D(s− σ, r − σ)×D) ⊂ D(s− σ
2 , r − σ

2 )×D.
Let φε = φ1

F1
◦ φ1

F2
. Then

H̃ =: H ◦ φε = H1 ◦ φ1
F2

= Ñ +
∫ 1

0

(1− t){{N, F2}, F2} ◦ φt
F2

dt

+
∫ 1

0

(1− t){{N, F1}, F1} ◦ φt
F1
◦ φ1

F2
dt

+
∫ 1

0

{É2 + 〈∂
2h

∂z2
◦ (F1J)z, z〉, F2} ◦ φt

F2
dt +

∫ 1

0

{É, F1} ◦ φt
F1
◦ φ1

F2
dt

+ (h ◦ (F1J) + 〈∂h

∂z
◦ (F1J), z〉+ h̆) ◦ φ1

F2
+ p ◦ φ1

F2

= Ñ + h̃ + Ẽ + p̃,

where

Ñ = N + [É2 + 〈∂
2h

∂z2
◦ (F1J)z, z〉] = 〈ω, I〉+ 〈

(
x

y

)
, (M + [R])

(
x

y

)
〉,

h̃ = h̆ ◦ φ1
F2

,

Ẽ = ˘̃E(θ, x, y)− ˘̃E(θ, 0, 0),

p̃ = p(θ) + ˘̃E(θ, 0, 0)

with

˘̃E(θ, x, y) =
∫ 1

0

(1− t){{N, F2}, F2} ◦ φt
F2

dt +
∫ 1

0

(1− t){{N, F1}, F1} ◦ φt
F1
◦ φ1

F2
dt

+
∫ 1

0

{É2 + 〈∂
2h

∂z2
◦ (F1J)z, z〉, F2} ◦ φt

F2
dt +

∫ 1

0

{É, F1} ◦ φt
F1
◦ φ1

F2
dt

+ (h ◦ F1 + 〈∂h

∂z
◦ (F1J), z〉) ◦ φ1

F2
.

By (3.11), (3.12), (3.15), (3.17) and Cauchy’s estimates, we have

‖Ẽ‖s−σ,r−σ,D ≤ Cρ
4(n−2)(n−1)(m−1)−2(n−m)(n−1)

2(n−2) ≤ Cρ2p+1.

We now estimate the Lebesgue measure of D = D1 ∩ D2 in the case λ = 1. For each |k| > 0,
let f1

k (ε) = 〈k, ω〉2 − 4δ2ρ2p and f2
k (ε) = 〈k, ω〉2 − 16δ2ρ2p, and denote Ri

k := {ε ∈ (0, ε∗) :
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|f i
k(ε)| < γ3/|k|5τ}, i = 1, 2. For each k, i, one can check easily that |f i

k(ε)| ≥ γ2

|k|2τ − Cρ2p and

|dfi
k(ε)
dε | > cε

2p
(m−1)(n−1)−1. If γ2

|k|2τ ≥ 2Cρ2p, then

|f i
k(ε)| ≥ γ2

|k|2τ
− Cρ2p ≥ γ2

2|k|2τ
≥ γ3

|k|5τ
,

implying that meas(Ri
k) = 0. If γ2

|k|2τ < 2Cρ2p, then

meas(Ri
k) ≤ γ3

c|k|5τ ε
2p

(m−1)(n−1)−1
≤ Cε

4p
(m−1)(n−1)

|k|τ ε
2p

(m−1)(n−1)−1
≤ C

|k|τ ε1+
2p

(m−1)(n−1) .

It follows that

meas(
⋃

k∈Zd\{0}
Ri

k) ≤ Cε1+
2p

(m−1)(n−1)
∑

k∈Zd\{0}

1
|k|τ ≤ Cε1+

2p
(m−1)(n−1) ,

i = 1, 2, and therefore,

ε∗ ≥ meas(D) ≥ ε∗ −meas(
⋃

k∈Zd\{0},
1≤i≤2

Ri
k) ≥ ε∗(1− Cε∗

2p
(m−1)(n−1) ).

ut

4. Proof of main results

In this section, we use KAM iterations to prove Theorems 1, 2. Setting H0 = H̃,N0 = Ñ , M0 =
M̃, h0 = h̃, E0 = Ẽ, p0 = p̃, r0 = r − σ, s0 = s− σ in (3.7), we obtain the following Hamiltonian

H0 = 〈ω, I〉+ 〈
(

x

y

)
,M0

(
x

y

)
〉+ h0(θ, x, y) + E0(θ, x, y) + p0(θ), (4.1)

I ∈ Rd, (θ, (x, y)) ∈ D(s0, r0). For simplicity, we have made the ρ- (or ε-) dependency implicit in
the above. We recall from Lemma 3.1 that

M0 = M + O(ρp+ 1
2 ),

h0(θ, x, y, ρ) = O(‖(x, y)‖3),
E0(θ, x, y, ρ) =

∑

0<i+j≤2

E0
ij(θ)x

iyj , ‖E0‖s0,r0 ≤ ρ2p+1
0 ,

where ρ0 = C
1

2p+1 ρ. Fix a σ0 ≤ min{ r0
4 , s0

4 } and consider the sequences
{

ρν+1 = ρ
4p+3
4p+1
ν , σν+1 = σν/2,

sν+1 = sν − σν , rν+1 = rν − σν ,
(4.2)

ν = 0, 1, · · · . Then it is clear that limν→∞ sν =: s∗ ≥ s0/2, limν→∞ rν =: r∗ ≥ r0/2, and
limν→∞ ρν = 0.

4.1. KAM iteration for the case λ = −1. We would like to use a KAM scheme to iterate the
following sequence of smooth families of real analytic Hamiltonians:

Hν = 〈ω, I〉+ 〈
(

x

y

)
,Mν(θ)

(
x

y

)
〉+ hν(θ, x, y) + Eν(θ, x, y) + pν(θ),
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I ∈ Rd, (θ, (x, y)) ∈ D(sν , rν), ε ∈ Πε∗ , ν = 0, 1, · · · , satisfying

Mν = M + O(ρp+ 1
2 ), (4.3)

|Mν −Mν−1|sν ,Πε∗ ≤ ρ
p+ 1

2
ν , (4.4)

hν = O(‖(x, y)‖3), (4.5)

‖hν − hν−1‖sν ,rν ,Πε∗ ≤ ρ
p+ 1

2
ν , (4.6)

‖Eν‖sν ,rν ,Πε∗ ≤ ρ2p+1
ν , (4.7)

‖pν − pν−1‖sν ,rν ,Πε∗ ≤ ρ
p+ 1

2
ν , (4.8)

ν = 1, 2, · · · .
Lemma 4.1. Consider λ = −1. Then for each ν = 0, 1, · · · , there exists a smooth family of real
analytic symplectic transformation Φν : D(sν+1, rν+1) → D(sν , rν), ε ∈ Πε∗ , satisfying

|Φν − id|sν ,rν ,Πε∗ < ρ
p+ 1

2
ν ,

|DΦν − Id|sν ,rν ,Πε∗ < ρ
p+ 1

2
ν

such that Hν+1 = Hν ◦ Φν .

Proof. Write Eν =
∑

1≤|i+j|≤2 Eν,ij(θ)xiyj in two parts: Eν = E1
ν + E2

ν where E1
ν =

∑
|i+j|=1

Eν,ij(θ)xiyj and E2
ν =

∑
|i+j|=2 Eν,ij(θ)xiyj . We will use the time-1-map of the flow φt

Fν
of a

undetermined Hamiltonian function Fν := Fν,10(θ)x + Fν,01(θ)y as the desired symplectic trans-
formation. Denote Fν(θ) = (Fν,10(θ), Fν,01(θ))> and

E2
ν(θ) =

(
E2

ν,20(θ)
E2

ν,11(θ)

2
E2

ν,11(θ)

2 E2
ν,02(θ)

)
.

Applying the transformation φ1
Fν

to Hamilton Hν , we have

Hν+1 = Nν+1 + hν+1 + Eν+1 + pν+1,

where Nν+1 = 〈ω, I〉+ 〈(x
y

)
,Mν+1(θ)

(
x
y

)〉 and

Mν+1 = Mν + E2
ν +

∂2hν

∂z2
◦ (FνJ), (4.9)

Eν+1 =
∫ 1

0

{E2
ν , Fν} ◦ φt

Fν
dt + 〈∂hν

∂z
◦ (FνJ), z+〉, (4.10)

pν+1 = pν + hν ◦ (FνJ) +
∫ 1

0

{E1
ν , Fν} ◦ φt

Fν
dt +

∫ 1

0

(1− t){{Nν , Fν}, Fν} ◦ φt
Fν

dt,(4.11)

hν+1 = hν ◦ φ1
Fν
− hν ◦ (Fν(θ)J)− 〈∂hν

∂z
◦ (FνJ), z+〉 − 〈∂

2hν

∂z2
◦ (FνJ)z+, z+〉, (4.12)

proved that the homological equation

{Nν , Fν} = E1
ν (4.13)

is solvable.
Denote E1

ν(θ) = (E1
ν10(θ), E

1
ν01(θ))

>. Then (4.13) is equivalent to

ω
∂Fν(θ)

∂θ
− (2M0J + 2Qν(θ))Fν(θ) = E1

ν(θ), (4.14)

where Qν(θ) =
∑ν

l=1 E2
l (θ) +

∑ν
l=1

∂2hl

∂z2 ◦ (Fl(θ)J). To solve equation (4.14), we let Fν(θ) =∑
k∈Zd Fνkei〈k,θ〉 and E1

ν(θ) =
∑

k∈Zd E1
νkei〈k,θ〉. Defined operator T : Cω(Tsν

× Πρ0 ,R2) →
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Cω(Tsν
×Πρ0 ,R2) by

T (V (θ)) := ω
∂V (θ)

∂θ
− 2M0JV (θ) =

∑

k∈Zd

(i〈k, ω〉E − 2M0J)Vkei〈k,θ〉,

for each V (θ) ∈ Cω(Td
sν
×Πρ0 ,R2) and operator Wν : Cω(Td

sν
×Πρ0 ,R2) → Cω(Td

sν
×Πρ0 ,R2) by

Wν(V (θ)) = −2Qν(θ)V (θ)

for each V (θ) ∈ Cω(Td
sν
× Πρ0 ,R2). The operator T is easily seen to be invertible with inverse

T−1 : Cω(Td
sν
×Πρ0 ,R2) → Cω(Td

sν
×Πρ0 ,R2),

T−1(V (θ)) =
∑

k∈Zd

(i〈k, ω〉Id− 2M0J)−1Vkei〈k,θ〉

=
∑

k∈Zd

P−1

(
(i〈k, ω〉 − 2λ1)−1 0

0 (i〈k, ω〉 − 2λ2)−1

)
PVkei〈k,θ〉,

where λi, i = 1, 2, are eigenvalues of M0. By hyperbolicity, we have |i〈k, ω〉 − λi| ≥ cρp
0, i = 1, 2.

We also note that |Qν |sν ,Πρ0
≤ ∑ν

l=1 |E2
l |sν ,Πρ0

+
∑ν

l=1 |∂
2hl

∂z2 ◦ (FlJ)|sν ,Πρ0
≤ Cρ

p+ 1
2

0 . It follows
that

‖T−1‖ = sup
V (θ)∈Cω(Td

sν
×Πρ0 ,R2)\{0}

|T−1(V (θ))|sνΠρ0

|V (θ)|sνΠρ0

≤ sup
V (θ)∈Cω(Td

sν
×Πρ0 ,R2)\{0}

cρ−p
0 |V (θ)|sνΠρ0

|V (θ)|sνΠρ0

= Cρ−p
0

and

‖Wν‖ = sup
V (θ)∈Cω(Td

sν
×Πρ0 ,R2)\{0}

|Wν(V (θ))|sνΠρ0

|V (θ)|sνΠρ0

≤ sup
V (θ)∈Cω(Td

sν
×Πρ0 ,R2)\{0}

|2Qν(θ)|sνΠρ0
|V (θ)|sνΠρ0

|V (θ)|sνΠρ0

≤ Cρ
p+ 1

2
0 .

Thus ‖T−1Wν‖ ≤ ‖T−1‖‖Wν‖ ≤ Cρ
1
2
0 , which implies that operator T + Wν is also invertible and

‖(T + Wν)−1‖ ≤ ‖(1 + T−1Wν)‖‖T−1‖ ≤ Cρ−p
0 .

Hence equation (4.14) is solvable to yield solution Fν(θ) = (T + Wν)−1(E1
ν(θ)) satisfying

|Fν |sνΠρ0
≤ Cρ−p

0 |E1
ν(θ)|sνΠρ0

≤ Cρ−p
0 ρ2p+1

ν ≤ ρp+1
ν . (4.15)

By (4.9), one can check that Mν+1 = M + O(ρp+ 1
2 ) and

|Mν+1 −Mν |sν+1Πρ0
≤ |E2

ν |sν+1Πρ0
≤ ρ

p+ 1
2

ν ,

which means that (4.3) and (4.4) hold with ν + 1 in place of ν.
By (4.15), (4.12) and Cauchy’s estimate, we have hν+1 = O(‖(x, y)‖3) and

‖hν+1 − hν‖sν+1rν+1Πρ0
≤ ‖hν ◦ φ1

Fν
− hν‖sν+1rν+1Πρ0

+ ‖hν ◦ (Fν(θ)J)‖sν+1rν+1Πρ0

+ ‖〈∂hν

∂z
◦ (FνJ), z+〉 − 〈∂

2hν

∂z2
◦ (FνJ)z+, z+〉‖sν+1rν+1Πρ0

≤ ρ
p+ 1

2
ν ,

which means that (4.5) and (4.6) hold with ν + 1 in place of ν.
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By (4.10), (4.11), (4.15) and Cauchy’s estimate, we also have

‖Eν+1‖sν+1rν+1Πρ0
≤ ‖

∫ 1

0

{E3
ν , Fν} ◦ φt

Fν
dt‖sν+1rν+1Πρ0

+ ‖〈∂hν

∂z
◦ (Fν(θ)J), z+〉‖sν+1rν+1Πρ0

≤ ρ2p+1
ν+1 ,

‖pν+1 − pν‖sν+1rν+1Πρ0
= ‖hν ◦ (Fν(θ)J) +

∫ 1

0

{E1
ν , Fν} ◦ φt

Fν
dt‖sν+1rν+1Πρ0

+ ‖
∫ 1

0

(1− t){{N + E2
ν , Fν}, Fν} ◦ φt

Fν
dt‖sν+1rν+1Πρ0

≤ ρ2p+1
ν+1 ,

which means that (4.7) and (4.8) hold with ν + 1 in place of ν. By integral equations

φt
Fν

= id +
∫ t

0
XFν

(φs
Fν

)ds,

Dφt
Fν

= Id +
∫ t

0
J(D2Fν)Dφs

Fν
ds,

one can check by Cauchy’s estimate that

|φt
Fν
− id|sν+1rν+1Πρ0

≤ ρ
p+ 1

2
ν ,

|Dφt
Fν
− Id|sν+1rν+1Πρ0

≤ ρ
p+ 1

2
ν ,

which implies
Φν(D(sν+1, rν+1)) ⊂ D(sν , rν), ε ∈ Πρ0 .

This completes the proof of the lemma. ¤
4.2. KAM iteration for the case λ = 1. Setting γ0 = γ, we consider a new sequence γν+1 =
γν/2 in addition to sequences in (4.2). Denote Dν := D1

ν ∩ D2
ν , where

D1
ν := {ε ∈ D : 〈k, ω〉2 − 4 det Mν >

γ3
ν

|k|5τ
, ρ = ε

1
(m−1)(n−1) ,∀k ∈ Zd \ {0}},

D2
ν := {ε ∈ D : 〈k, ω〉2 − 16 det Mν >

γ3
ν

|k|5τ
, ρ = ε

1
(m−1)(n−1) ,∀k ∈ Zd \ {0}}.

We would like to use a KAM scheme to iterate the following sequence of smooth families of real
analytic Hamiltonians:

Hν = 〈ω, I〉+ 〈
(

x

y

)
,Mν

(
x

y

)
〉+ hν(θ, x, y) + Eν(θ, x, y) + pν(θ),

I ∈ Rd, (θ, (x, y)) ∈ D(sν , rν), ε ∈ Dν , ν = 0, 1, · · · , satisfying

Mν = M + O(ρp+ 1
2 ), (4.16)

|Mν −Mν−1|Dν
≤ ρ

p+ 1
2

ν , (4.17)
hν = O(‖(x, y)‖3), (4.18)

‖hν − hν−1‖sν ,rν ,Dν ≤ ρ
p+ 1

2
ν , (4.19)

‖Eν‖sν ,rν ,Dν
≤ ρ2p+1

ν , (4.20)

‖pν − pν−1‖sν ,rν ,Dν
≤ ρ

p+ 1
2

ν , (4.21)

ν = 1, 2, · · · .
Lemma 4.2. Consider λ = 1. Then for each ν = 0, 1, · · · , there exists a smooth family of real
analytic symplectic transformation Φν : D(sν+1, rν+1) → D(sν , rν), ε ∈ Dν , satisfying

|Φν − id|sν ,rν ,Dν
< ρ

p+ 1
2

ν ,

|DΦν − Id|sν ,rν ,Dν
< ρ

p+ 1
2

ν

such that Hν+1 = Hν ◦ Φν .
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Proof. Write Eν =
∑

1≤|i+j|≤2 Eν,ij(θ)xiyj in two parts: Eν = E1
ν + E2

ν , where E1
ν =

∑
|i+j|=1

Eν,ij(θ)xiyj and E2
ν =

∑
|i+j|=2 Eν,ij(θ)xiyj . We would like to use the time-1 maps of flows

φt
F 1

ν
, φt

F 2
ν

as desired symplectic transformations, where F 1
ν , F 2

ν are Hamiltonian functions of the
forms F 1

ν := Fν,10(θ)x + Fν,01(θ)y, F 2
ν := Fν,20(θ)x2 + Fν,11(θ)xy + Fν,02(θ)y2. Denote F1

ν(θ) =
(Fν,10(θ), Fν,01(θ))>,

F2
ν(θ) =

(
Fν20(θ)

Fν11(θ)
2

Fν11(θ)
2 Fν02(θ)

)
.

Applying the transformation φ1
F 1

ν
◦ φ1

F 2
ν

to Hamilton Hν , we have

Hν+1 = Nν+1 + hν+1 + Eν+1 + pν+1

where Nν+1 = 〈ω, I〉+ 〈(x
y

)
,Mν+1

(
x
y

)〉 with with Mν+1 = Mν + [E2
ν + ∂2hν

∂z2 ◦ (F1
νJ)] and

Eν+1 =
∫ 1

0

(1− t){{Nν , F 2
ν }, F 2

ν } ◦ φt
F 2

ν
dt +

∫ 1

0

{Eν , F 1
ν } ◦ φt

F 1
ν
◦ φ1

F 2
ν
dt

+ 〈∂hν

∂z
◦ (F1

ν(θ)J), eF
2
ν(θ)Jz+〉+

∫ 1

0

{Èν + 〈∂
2hν

∂z2
◦ (F1

νJ)z+, z+〉, F 2
ν } ◦ φt

F 2
ν
dt,(4.22)

pν+1 = pν +
∫ 1

0

(1− t){{Nν , F 1
ν }, F 1

ν } ◦ φt
F 1

ν
◦ φ1

F 2
ν
dt + hν ◦ (F1

ν(θ)J), (4.23)

hν+1 = hν ◦ φ1
F 1

ν
◦ φ1

F 2
ν
− hν ◦ (F1

ν(θ)J)− 〈∂hν

∂z
◦ (F1

ν(θ)J), eF
2
ν(θ)Jtz+〉

− 〈∂
2hν

∂z2
◦ (F1

ν(θ)J)eF
2
ν(θ)Jtz+, eF

2
ν(θ)Jtz+〉, (4.24)

provided that the following homologic equations

{Nν , F 1
ν } = E1

ν (4.25)
{Nν , F 2

ν } = Rν (4.26)

can be solved, where Rν = E2
ν + 〈∂2hν

∂z2 ◦ (F1
νJ)z+, z+〉 − [E2

ν + 〈∂2hν

∂z2 ◦ (F1
νJ)z+, z+〉].

First, we note that (4.25) is equivalent to

ω
∂F1

ν(θ)
∂θ

− 2MνJF1
ν(θ) = E1

ν(θ), (4.27)

where E1
ν = (Eν,10(θ), Eν,01(θ))>. Using Fourier expansions E1

ν =
∑

k∈Zd E1
νkei〈k,θ〉 and F1

ν =∑
k∈Zd F1

νkei〈k,θ〉, a similar argument as that for equation (3.10) in Lemma 3.1 shows that (4.27)
is solvable when ε ∈ D1

ν with solution

F1
νk =

adj(i〈k, ω〉Id− 2MνJ)
det(i〈k, ω〉Id− 2MνJ)

E1
νk, |k| ≥ 0.

Since |F1
νk|D1 < C |k|10τ+3

ρp
0γ6

ν
|E1

νk|D1
ν
, we have

|F1
ν |sν−σν

4 ,D1
ν
≤

∑

k∈Zd/{0}
C
|k|10τ+3

ρp
0γ

6
ν

|E1
νk|D1

ν
e|k|(sν−σν

4 ) ≤ C

ρp
0γ

6
νσν

|E1
ν |sν ,D1

ν
≤ Cρp+1

ν

γ6
νσν

. (4.28)

Next, we note that (4.26) is equivalent to

ω
∂F2

ν(θ)
∂θ

− 4MνJF2
ν(θ) = Rν(θ), (4.29)

where Rν = E2
ν + ∂2hν

∂z2 ◦ (F1
νJ)− [E2

ν + ∂2hν

∂z2 ◦ (F1
νJ)] with

E2
ν(θ) =

(
Eν20(θ)

Eν11(θ)
2

Eν11(θ)
2 Eν02(θ)

)
.
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Using Fourier expansions Rν(θ) =
∑

k∈Zd Rνkei〈k,θ〉 and F2
ν(θ) =

∑
k∈Zd F2

νkei〈k,θ〉, a similar argu-
ment as that for the equation (3.13) in Lemma 3.1 shows that (4.29) is solvable when ε ∈ D2

ν with
solution

F2
ν0 = 0,

F2
νk =

adj(i〈k, ω〉Id− 4MνJ)
det(i〈k, ω〉Id− 4MνJ)

Rνk.

Since |F2k|D2
ν

< C |k|5τ+2

γ3 |Rk|D2
ν
, we have

|F2
ν |sν− 3σν

4 ,D2
ν
≤

∑

k∈Zd/{0}
C
|k|10τ+3

γ6
ν

|Rνk|D2
ν
e|k|(sν− 3σν

4 ) ≤ C

γ6
νσν

|Rν |sν ,D2
ν
≤ Cρp+1

ν

γ12
ν σ2

ν

. (4.30)

Cauchy’s estimates further yield that

‖F 1
ν ‖sν−σν

4 ,rν ,Dν
≤ C

ρp
0γ6

νσν
|E1

ν |sν ,Dν
≤ Cρp+1

ν

γ6
νσν

, ‖F 2
ν ‖sν− 3σν

4 ,rν−σν
2 ,Dν

≤ Cρp+1
ν

γ12
ν σ2

ν
,

|DF 1
ν |sν−σν

2 ,rν−σν
2 ,Dν

≤ C
ρp
0γ6

νσ3
ν
|E1

ν |sν ,Dν ≤ Cρp+1
ν

γ6
νσ3

ν
, |DF 2

ν |sν−σν ,rν−σν ,Dν ≤ Cρp+1
ν

γ12
ν σ4

ν
,

|D2F 1
ν |sν−σν

2 ,r−σν
2 ,Dν

≤ C
ρp
0γ6

νσ6
ν
|E1

ν |sν ,Dν
≤ Cρp+1

ν

γ6
νσ6

ν
|D2F 2

ν |sν−σν ,rν−σν ,Dν
≤ Cρp+1

ν

γ12
ν σ6

ν
.

(4.31)

Since Mν = M0 +
∑ν

i=1 Ri, we have Mν = M + O(ρp+ 1
2 ), and by (4.31), we also have

|Mν+1 −Mν |sν+1,rν+1,Dν
≤ |E2

ν |sν+1,rν+1,Dν
+ |∂

2hν

∂z2
◦ (F1

νJ)|sν+1,rν+1,Dν

≤ ρ
p+ 1

2
ν+1 ,

which means that (4.16) and (4.17) hold when ν + 1 in place of ν. By (4.24), (4.28), (4.30) and
(4.31), we have hν+1 = O(‖(x, y)‖3) and

‖hν+1 − hν‖sν+1,rν+1,Dν ≤ ‖hν ◦ φ1
F 1

ν
◦ φ1

F 2
ν
− hν‖sν+1,rν+1,Dν − ‖hν ◦ (F1

ν(θ)J)‖sν+1,rν+1,Dν

+ ‖〈∂hν

∂z
◦ (F1

ν(θ)J), eF
2
ν(θ)Jtz+〉‖sν+1,rν+1,Dν

+ ‖〈∂
2hν

∂z2
◦ (F1

ν(θ)J)eF
2
ν(θ)Jtz+, eF

2
ν(θ)Jtz+〉‖sν+1,rν+1,Dν

≤ ρ
p+ 1

2
ν+1 ,

which means that (4.18) and (4.19) hold when ν +1 in place of ν. By (4.22), (4.23), (4.28), (4.30),
(4.31) and Cauchy’s estimate, we have

‖Eν+1‖sν+1,rν+1,Dν
≤ ‖

∫ 1

0

(1− t){{Nν , F 2
ν }, F 2

ν } ◦ φt
F 2

ν
dt‖sν+1,rν+1,Dν

+ ‖〈∂hν

∂z
◦ (F1

ν(θ)J), eF
2
ν(θ)Jz+〉+

∫ 1

0

{Eν , F 1
ν } ◦ φt

F 1
ν
◦ φ1

F 2
ν
dt

+
∫ 1

0

{Èν + 〈∂
2hν

∂z2
◦ (F1

νJ)z+, z+〉, F 2
ν } ◦ φt

F 2
ν
dt‖sν+1,rν+1,Dν

≤ Cρ2p+2
ν

γ12
ν σ6

ν

+
Cρ3p+1

ν

γ6
νσ4

ν

+
Cρ2p+2

ν

γ12
ν σ2

ν

+
Cρ2p+2

ν

γ18
ν σ5

ν

≤ ρ2p+1
ν+1 ,

‖pν+1 − pν‖sν+1,rν+1,Dν
≤ ‖

∫ 1

0

(1− t){{Nν , F 1
ν }, F 1

ν } ◦ φt
F 1

ν
◦ φ1

F 2
ν
dt‖sν+1,rν+1,Dν

+ ‖hν ◦ (F1
ν(θ)J)‖sν+1,rν+1,Dν

≤ Cρ2p+2
ν

γ6
νσ6

ν

+
Cρ3p+3

ν

γ18
ν σ3

ν

≤ ρ2p+1
ν+1 ,

which means that (4.20) and (4.21) hold when ν + 1 in place of ν.
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By integral equations

φt
F 1

ν
= id +

∫ t

0
XF 1

ν
(φs

F 1
ν
)ds,

Dφt
F 1

ν
= Id +

∫ t

0
J(D2F 1

ν )Dφs
F 1

ν
ds,

we have

|φt
F 1

ν
− id|sν−σν

2 ,rν−σν
2 ,Dν

< C
ρp
0γ6

νσ3
ν
|E1

ν |sν ,Dν
≤ Cρp+1

ν

γ6
νσ3

ν
,

|Dφt
F 1

ν
− Id|sν−σν

2 ,rν−σν
2 ,Dν

< C
ρp
0γ6

νσ6
ν
|E1

ν |sν ,Dν
≤ Cρp+1

ν

γ6
νσ6

ν
.

(4.32)

Thus, φF 1
ν
(D(sν − σν

2 , rν − σν

2 )) ⊂ D(sν , rν), ε ∈ Dν . Similarly,

|φt
F 2

ν
− id|sν−σν ,rν−σν ,Dν <

Cρp+1
ν

γ12
ν σ4

ν
,

|Dφt
F 2

ν
− Id|sν−σν ,rν−σν ,Dν

<
Cρp+1

ν

γ12
ν σ6

ν
,

(4.33)

i.e., φ1
F 2

ν
(D(sν − σν , rν − σν)) ⊂ D(sν − σν

2 , rν − σν

2 ), ε ∈ Dν . Now, let Φν = φ1
F 1

ν
◦ φ1

F 2
ν
. Then

Φν : D(sν+1, rν+1) → D(sν+1, rν+1), ε ∈ Dν , and by (4.32) and (4.33), we have

|Φν − id|sν+1,rν+1,Dν <
Cρp+1

ν

γ6
νσ3

ν
≤ ρ

p+ 1
2

ν+1 ,

|DΦν − Id|sν+1,rν+1,Dν
<

Cρp+1
ν

γ12
ν σ6

ν
≤ ρ

p+ 1
2

ν+1 .

This completes the proof of the lemma. ¤

4.3. Convergence. For each ν = 0, 1, · · · , let

Φ̃ν = φ0 ◦ φε ◦ Φν ,

where
Φν := Φ0 ◦ Φ1 ◦ · · ·Φν : D(sν+1, rν+1) → D(s0, r0)

and φ0, φε are the transformations defined in Section 3. If φt and φt
ν+1 denote the flows of (1.8)

and Hν+1 respectively, then
φt ◦ Φ̃ν = Φ̃ν ◦ φt

ν+1.

By Lemmas 4.1, 4.2 and standard arguments using Whitney extension, we see the convergence of
Φ̃ν , φν , as ν →∞, say, to Φ̃∞, φ∞, respectively. It follows that

φt ◦ Φ̃∞ = Φ̃∞ ◦ φt
∞

on D( s
2 , r

2 ) × D∞, where D∞ = Πε∗ when λ = −1 and D∞ = ∩∞ν=0Dν when λ = 1. Since φt
∞ is

the flow of

H∞ = 〈ω, I〉+ 〈z,M∞(θ)z〉+ h∞ + p∞(θ),

where M∞ = limν→∞Mν , h∞ = limν→∞ hν = O(‖(x, y)‖3), and p∞ = limν→∞ pν , we have

φt(Φ∞(Td, 0)) = Φ∞φt
∞(Td, 0) = Φ∞(Td, 0),

which means that the embedding torus Φ∞(Td, 0) is invariant under φt.

4.4. Measure estimate for the case λ = 1. We now estimate the measure of the Cantor set
D∞ =: Eε∗ = ∩∞ν=0Dν for the elliptic case λ = 1. We note in this case that the normal matrixes
Mν =: Mν(ρ), ν = 0, 1, · · · , are independent of θ. For each |k| > 0 and ν = 0, 1, · · · , we let

f1
νk(ε) = 〈k, ω〉2 − 4 det Mν(ρ),

f2
νk(ε) = 〈k, ω〉2 − 16 det Mν(ρ),

where ρ = ε
1

(m−1)(n−1) . Since

d(detMν(ρ))
dρ

=
d(det(M0 +

∑ν
i=1 Ri))

dρ
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and |d(det M0(ρ))
dρ | > cρ2p−1, we have that

|d(detMν(ρ))
dρ

| > Cρ2p−1, ρ ∈ Dν ,

ν = 0, 1, · · · . It follows that

|df
i
νk(ε)
dρ

| > Cρ2p−1, ρ ∈ Dν , (4.34)

for all |k| > 0, ν = 0, 1, · · · , and i = 1, 2. Denote

Ri
νk := {ε ∈ D : |f i

νk(ε)| < γ3
ν/|k|5τ},

|k| > 0, ν = 0, 1, · · · , and i = 1, 2. If γ2
ν

|k|2τ ≥ 2Cρ2p, then

|f i
νk(ε)| ≥ γ2

|k|2τ
− Cρ2p ≥ γ2

2|k|2τ
≥ γ3

|k|5τ
,

implying that measRi
ν,k = 0. If γ2

ν

|k|2τ < 2Cρ2p, then we have by (4.34) that

measRi
νk ≤ γ3

ν

c|k|5τ ε
2p

(m−1)(n−1)−1
≤ Cγνε

4p
(m−1)(n−1)

|k|τ ε
2p

(m−1)(n−1)−1
≤ Cγν

|k|τ ε1+
2p

(m−1)(n−1) .

It follows that

meas(
⋃

k∈Zd\{0}
ν∈Z+\{0}

Ri
νk) ≤ Cε1+

2p
(m−1)(n−1)

∞∑
ν=0

γν

∑

k∈Zd\{0}

1
|k|τ ≤ Cε1+

2p
(m−1)(n−1)

for i = 1, 2. Hence

measEε∗ ≥ measD −meas(
⋃

k∈Zd\{0},ν∈Z+\{0},

1≤i≤2

Ri
νk) ≥ ε∗(1− Cε∗

2p
(m−1)(n−1) ),

implying that Eε∗ ∼ ε∗ as ε∗ sufficiently small.
ut

5. non-existence

In this section, we show that quasi-periodic response solutions need not exist when l is even
in system (1.3). We note that the Hamiltonian system corresponding to (1.3) in extended phase
space simply reads 




θ̇ = ω,
ẋ = y,
ẏ = −λx2n + εf(θ, x, ε).

(5.1)

Let
c0 = inf

θ∈Td
f(θ, 0, 0).

We have the following result.

Proposition 5.1. Assume that c0 > 0 when λ = −1 and c0 < 0 when λ = 1. Then there exist a
ε(c0) > 0 such that system (5.1) admits no response solution for any ε ∈ (0, ε(c0)).

Proof. System (5.1) can be written as




θ̇ = ω,
ẋ = y,
ẏ = −λx2n + εf(θ, 0, 0) + ε(f(θ, x, 0)− f(θ, 0, 0)) +O(ε2),

(5.2)
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which, under the transformation x = ε
1
2n x̃, y = εỹ, becomes





θ̇ = ω,
˙̃x = ε

2n−1
2n y,

˙̃y = (−λx̃2n + f(θ, 0, 0)) +O(ε
1
2n ).

(5.3)

If λ = −1, then one can find a ε(c0) > 0 such that ˙̃y = (−λx̃2n + f(θ, 0, 0)) + O(ε
1
2n ) ≥ c0

2 ε
2n−1
2n

for each ε ∈ (0, ε(c0)), and, if λ = 1, then one can find a ε(c0) such that ˙̃y = (−λx̃2n + f(θ, 0, 0)) +
O(ε

1
2n ) ≤ − c0

2 ε
2n−1
2n for each ε ∈ (0, ε(c0)). In either case, the ỹ - components of all solutions of

(5.3) are unbounded, hence there are no quasi-periodic solutions for system (5.1). ut
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