COMPLETELY DEGENERATE RESPONSE TORI IN HAMILTONIAN
SYSTEMS

WEN SI AND YINGFEI YI

ABSTRACT. We consider the existence of response tori for the completely degenerate Hamiltonian
system with the following Hamiltonian

n m
H(G,I,I7y7€) = <w71>+)‘£ +L +EP(9,$,’y,E), (ezl»mﬂy) er XRd+27
n m

where A = +1 and n > 2, n > m > 2 are integers. With P satisfying certain non-degenerate
conditions, we obtain the following results: (1) For A = —1 and e sufficiently small, response
tori exist for each w satisfying a weak non-resonant condition; (2) For A = 1 and e, sufficiently
small, there exists a Cantor set £ € (0, ex) with almost full Lebesgue measure such that response
tori exist for each € € £ if w satisfies a Diophantine condition. Non-existence of response tori
are also discussed when P fails to satisfy the non-degenerate condition. Our results are directly
applicable to the existence problem of quasi-periodic response solutions of degenerate harmonic
oscillators.

1. INTRODUCTION

Many vibration problems in physics, mechanics, and engineering applications are modeled by
the following quasi-periodically forced harmonic oscillators

i+ ci 4 a’x + Ml = fwt,x, ) (1.1)

where ¢, a, A are parameters, [ > 1 is an integer, and f is quasi-periodic in ¢ with frequency
vector w = (wy, -+ ,wq) € RY. J. Stoker in [22] raised the question of the existence of a response
solution, i.e., whether (L.1) has a quasi-periodic solution with the same frequency vector as that
of the forcing function f. He gave an affirmative answer to this question for the case of large
damping, i.e., when |c| is large comparing to the size of f, but left the problem open for the
case of small damping in which small divisor problems arise. As an early introduction of the
KAM method, the first breakthrough to this open problem was made by J. Moser (]20]) who
showed the existence of Diophantine response solutions for the case ¢ = 0 when f is perturbative
and satisfies a reversible condition. Later, M. Friedman ([9]) and B. Braaksma and H. Broer
(A1) treated the case of small non-zero |c| using KAM and normal form methods and showed
the existence of Diophantine response solutions. Some more recent studies show that response
solutions do not need to be of Diophantine type. For instance, G. Gentile ([10} [11]) investigated,
using Lyapunov-Schmidt reduction, the existence of response solutions for some general strongly
dissipative, quasi-periodically forced systems whose forcing frequencies satisfy the Brjuno condition
that

Y d
[{(k,w)| > qu”, vk € Z¢/{0}, (1.2)
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where A : [1,00) — [1,00) is an approximation function which is continuous, increasing, unbounded

such that A(1) =1 and
“InA
/ nA®) dt < oo
1

+2

Results in [10, [I1] are recently improved in [12] without restrictions on w and also extended in [13]
to higher dimensions. In 2017, J. Wang, J. You and Q. Zhou (|23]) and Z. Lou and J. Geng ([19])
showed the existence of response solutions for the case ¢ =0, a # 0 in (1.1) whose frequencies are
of Liouvillean type.

The most challenging case for studying the existence of response solutions is when ¢ = a =0 in
(L.1), i.e., (1.1) becomes

i+t = ef(wt,z€), N#0, (1.3)

whose Hamiltonian simply reads

2 I+1
HO,I,z,y,€) = (w,I)+ % + /\lx+ 1 +eP(6,z,€), (0,1,z,y) € T4 x RI2, (1.4)
where P(0,2,¢) = — foz f(0,u,€)du. In this case, essential difficulty arises due the degeneracy of

the normal part of (1.4). Such degeneracy creates obstacles in controlling the drift of relative
equilibria for a direct application of the standard KAM method. This degenerate problem was
first investigated by J. You ([24]) for the Hamiltonian

v

H(9717$7y76) = <W7I>+ p)

— 2"+ eP(0,1,x,y,¢€), (0,1,z,y) € T? x R¥*2, (1.5)
Without any conditions on the perturbation except its smoothness, he showed the existence of an
invariant, quasi-periodic d-torus of the system corresponding to (L.5) with frequency close to w if
w satisfies a Diophantine condition.

Later, Y. Han, Y. Li and Y. Yi ([14]) considered general normally degenerate Hamiltonians of
the form

HO,1,z,y,€) = (w,[) + (z, A(w)2) + eP (0,1, 2z,w,¢€), (6,1,2) € T x R x R®™, (1.6)

where the normal matrix A(w) can admit zero eigenvalues. Under a singularity-removal condition
on the perturbation P and a Melnikov non-resonant condition between the tangential and normal
frequencies, existence of invariant, quasi-periodic d-tori with frequency w is shown for system with
the Hamiltonian (1.6). More recently, S. Hu and B. Liu ([18]) considered the following completely
degenerate Hamiltonian

2p 2q
H={w,y)+ b + % +yitu+ yév +eP(x,y,u,v), (xz,y,u,v) € T¢ x R2, (1.7)
1% q

where y1, y2 are the first and second component of y, p, ¢ > 1 and m, [ are positive integers. The
existence of invariant, quasi-periodic d-tori with frequency w is shown for system corresponding
to (1.7) with arbitrary perturbation. We remark results of [14] [18] are not applicable to (1.3)
directly to obtain response solutions. As part of quasi-periodic bifurcation theory, H. W. Broer,
H. Hanfimann, and collaborators ([2]-[5], [15]-[17]) showed the existence of quasi-periodic, includ-
ing responsive, solutions, in the universal unfolding of various quasi-periodically forced, normally
degenerate Hamiltonian systems in which certain perturbative, one parameter families can be
embedded. In particular, the following real analytic Hamiltonian is considered in [2]:

n—2
H = <C<)/I> + z" + y2 + Z )‘lrl +p(9,],x.y,)\w), (6~].x\y) S Td X Rd_‘—Q,
=1
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where n > 2 and p = O(e). It is shown that if w is Diophantine then there exists a near identity
symplectic transformation which transforms the Hamiltonian into the form
n—2
Hy = (w, I) + 2™ + 1% + Z Ai(€)x' + poo(0, 1, x,y, \,w), 0,1,2,y) € T x R42,
i=1
s . pltl+ititinl,
where \; = \; + O(e),i=1,--- ,n—2, and BT

Js U, h=_(hy, -, h_2) satisfing

(0,0,0,0,0,w) =0 for all § € T and all ¢,

2n|l| +ni+2j + (2n — 2)hy + (2n —4)hg + - -+ + 4hy—o < 2L.

It follows that responsive quasi-periodic invariant tori exist for small € if :\1(6) = 0. Because that
A (€) is defined through KAM iterations, such a condition does not seem to be explicitly applicable
to (1.3) to yield the existence of responsive quasi-periodic solutions.

The present paper aims at making a closer look at the problem of response solutions for the
quasi-periodically forced, degenerate harmonic oscillators (1.3)). Firstly, we note in the normally
hyperbolic case A < 0 that if [ is even and f(wt, x,€) > 0 (1.3), then no response solution can exist
for any € > 0 simply because & > 0. Given the existence of response solutions when A < 0 and [ is
odd following the result of [24], a natural question is to find proper conditions on the perturbation
to ensure the existence of response solutions when A < 0 and [ is even. Secondly, we note in the
normally elliptic case A > 0 that successful KAM iterations to the Hamiltonian (1.4) require a
proper control of the measure of parameters, in addition to the control of the drift of relative
equilibria. This raises the second question that whether and under what conditions system (1.3)
admit response solutions in the case A > 0. Finally, the existence of non-Diophantine response
solutions in the non-degenerate case raises the third question that whether system (1.3) can also
admit non-Diophantine response solutions.

We will answer these questions with respect to the following family of normally degenerate,
including completely degenerate, Hamiltonian functions:
ym
m

n

H(0,1,2,y,¢) = (0, I) + \— + L=+ eP(8,2,y,¢), (6,1,,y) € T x R2, (1.8)
n

where m,n are positive integers greater or equal to 2. We note that the perturbation P in the
above does not depend on I, and, if A # 0, then it can be normalized to +1. For each e, the
Hamiltonian H (0,1, x,y,¢€) is associated with the standard symplectic structure df A dI A dx A dy.
We assume that P is real analytic in 8, x,y and Whitney smooth in e. We want to mention that
the existence of responsive invariant tori of (L.8) was studied by Corsi and Gentile in [6]-[8] for
the case of complete degeneracy in x which corresponds to m = 2 and either n = oo or A = 0. In
particular, to our knowledge, [8] is the only known result concerning lower-dimensional invariant
tori with codimension greater than 1 in the degenerate case.

Under certain non-degenerate conditions on the perturbation (see condition (H) in section 2),
we will prove the following results:

(1) When A = —1, there exist a sufficiently small e, such that, for each € € (0,¢,), the Hamil-
tonian system associated with (1.8) admits quasi-periodic response tori with frequency w
satisfying a non-resonant condition weaker than the Brjuno condition (1.2).

(2) When X\ = 1, there exist a sufficiently small ¢, and a Cantor set £ € (0,¢€,) with almost
full Lebesgue measure such that, for each ¢ € £, Diophantine quasi-periodic response tori
exist in the Hamiltonian system associated with (L.8).

The mathematical challenge in proving these results is to overcome the degeneracy. To reduce
the original Hamiltonian to a normal form for applying KAM iterations, our strategy is to transform
the Hamiltonian to the vicinity of the relative equilibrium then to improve the order of perturbation
by eliminating the first and second order resonant terms. However, the order of perturbation in
the normal form can only reach the double of that of the linear part, which is not sufficient for the
validity of the standard KAM iterations. We thus implement a modified KAM scheme by dividing
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the perturbation into two parts: one at a double order of the linear part and the other one with
higher order. It turns out that the iteration of only the higher order part yields the desired results.

The rest of this paper is organized as follows. In Section 2, we introduce some notations and
state our main results, which, when applying to the oscillators (1.3), give sufficient conditions for
the existence of response solutions. In Section 3, we reduce the Hamiltonian to a normal form by
taking the normal degeneracy into consideration. The proof of our main results will be carried out
in Sections 4. In Section 5, we give a non-existence result for response solutions when [ is even in

(L.3).
Throughout of the paper, we will use ¢, C' to denote intermediate positive constants. Unless
specified otherwise, | - | will be used to denote the absolute value of numbers, the norm of vectors,

and the norm of matrices. All derivatives with respect to € are taken in the sense of Whitney.

2. NOTATIONS AND MAIN RESULTS

For each r,s > 0, we denote
D(s,r) =T x B,,
where
B, :={z=(21,20) €C?: |z| <7}
is the ball of radius r in C? and
T := {0 = (01,...,04) € CY/(27Z)* . [Tmb;| <s, j=1,2,...,d}

is the strip domain of size s of the d-torus T¢ = R?/(27Z)% in C%. For given § > 0, denote
II5 = (0,6) and let B C IIs. If a function f: D(s,r) x B — C,

f(0,z,¢€) kazel(ke)

kezd
is analytic in 0, z and Whitney smooth in € € B, then we define the norm || - ||s,»,5 by
1£(0,2,€)lls,r,B = Z [ fu(z,€) ‘rBeb‘kI
kezd

where || fillr.5 = suDecp -em, (Ifi(z, )] +e| 529 )) and [k = 325, |k for k= (k1. ka) € 2.
The space of all such functions is denoted by
C¥(D(s,r) x B) ={f(0,2,€) : | £(6,2,€)

which is easily seen to be a Banach algebra under the norm || -

s,r,B < —|—OO}
s,B- Taking 7 = 0 in the above,

we can define the || - ||s,5 norm for any function f : T¢ — C,
€) = Z Frle)elt®0
kezd

which is analytic in § and Whitney smooth in € € B. The Banach algebra of all such functions
under the || - ||s,5 norm is denoted by

C(T¢ x B) = {f(0.¢) : |f(8,€)lls.5 < +oo}.

For a matrix-valued function P(0, z,€) = (P;;(0, 2, €))nxm, where P;;(8,z,¢) € C*(D (s,7) x B),
we define its | - |, s,5 norm by

m
Plrss = max D 11Pi s, 5-

The ||s, 5 norm of a matrix-valued function P(6, €) = (P;;(0,€))nxm, where P;;(0,¢) € C“(T?x B),
is defined by taking r = 0 in the above. For any function f(6,z) in D(r,s), we denote its average
with respect to 6 by

1

[f(2)] = W

f(0,2)do
’]I‘(i
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Without loss of generality, we suppose that n > m > 2 in (1.8). We note that the non-degenerate
case n = m = 2 has already been well investigated in [2I]. Thus we only consider the case when
n > 2. Moreover, we assume the following condition:

(H) For any m > 2,

[W] £0, if nis even,
[ZELR00) > 0 (resp. < 0), ifnis odd and A = —1 (resp. A = 1),

and, when m > 2,

Yy
[w} <0, ifm is odd.

{ [%O’Om] #0, if m is even,
Oy

Our main result for the degenerate hyperbolic case is stated as follows.

Theorem 1. Consider the Hamiltonian (1.8) with A = —1, n > 2, n > m > 2 on the domain
D(s,r) x I, for fived r,s,eg > 0 sufficiently small. Assume (H) and that w satisfies the following
Brjuno-like non-resonant condition:

Y d
[(k,w)| > 7Q(|k|)’ Vk € Z4/{0}, (2.1)

where Q(t) is a function such that limy_, % = 0. Then there exists an €, < ¢y and a Whitney

smooth family of real analytic symplectic transformations

®.:D(=,=) — D(s,r), €€ (0,¢,)

s T
272

such that each ®. transforms the Hamiltonian (1.8) into the form

H, =Ho®.(0,1,z,y) = (w,I) + <(z> ,M(6) <‘;)> + Gz, y) + p(6),

where G(z,y) = O(||(z,v)||®) and M(0) is a matriz-valued function. Consequently, for each
€ € (0,€4), the Hamiltonian system corresponding to (L.8) admits a real analytic, quasi-periodic
response d-torus with the frequency vector w.

For the degenerate elliptic case, we have the following result.
Theorem 2. Consider the Hamiltonian (1.8) with A = 1, n > 2, n > m > 2 on the domain

D(s,r) x I, for fired r,s,e9 > 0 sufficiently small. Assume (H) and that w satisfies the following
Diophantine condition:

|(k,w)| > ~|k|", VE e Z¢/{0}, (2.2)

where 7 > d — 1 is fized. Then there exist a Cantor set E., C (0,¢y) with lim,,
and a Whitney smooth family of real analytic symplectic transformations

Meas(E.,) -1

5

v, :D(g,g)HD(s,r), ee€é,

such that each . transforms the Hamiltonian (1.8)) into the form

x x
Ho= HoW,(0.1,0,y) = (w.1) + <(y) gy (y)> T Glay) + (),
where G(z,y) = O(||(z,y)||®) and M is a constant matriz. Consequently, for each ¢ € &, the
Hamiltonian system corresponding to (1.8) admits a real analytic, Diophantine response torus with
the frequency vector w.
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Remark 2.1. (1) It is clear that responsive tori obtained in Theorem [2l are Floquet but the ones
obtained in Theorem [1l are not in general.

(2) The non-resonant condition (2.1)) is weaker than the Brjuno non-resonant condition (1.2).
Indeed, if Q(t) is an approximation function in the Brjuno non-resonant condition, then for each

r > 1, we have
2z 1 2x
/ nQ(t)dt >/ In Q(x )dt In Q(x) S0,
v t2 - 12 2x

Q@) _ o gince hmm—>oo f% QM) gt — 0. If we choose Qt) = emz,

xr
then it is easily seen that lim;_, 1“?(75) = limy_ oo = m =0 but foo lnﬂ(t dt is divergent. The non-
resonance condition (2.1)) is made weaker because it is only needed in the step of normal reduction,
instead of in the KAM iterations. However, if the assumption (H) is made weaker, then small
divisor problems will be encountered in the KAM iterations for which a stronger non-resonance
condition like the Brjuno’s is unavoidable.

(3) Condition (H) is a strong condition which essentially says that the perturbation is dominated
by a non-degenerate linear term in z, and, when m > 2, it is also dominated by a non-degenerate
linear term in y. This is a reasonable condition to assume when either m or n is even, given the
non-existence example contained in Section 5. However, in the case that both m and n are odd,
we suspect that this condition may not be necessary to yield the same results. We will investigate
this issue in a future work.

which implies that lim,_, .

As the existence of real analytic, quasi-periodic response solutions of (1.3)) is equivalent to the
existence of real-analytic, quasi-periodic, invariant d-tori of (1.4]), Theorems [1| 2 can be applied
directly to yield the following results.

Corollary 1. Consider (1.3) with A = £1 and f : T x R — R! being real analytic.
(1) In the case A = —1, assume that (i) either [f(-,0,0)] # 0 when I is odd or [f(-,0,0)] > 0

when 1 is even; and (ii) w satisfies the non-resonant condition (2.1). Then, for each €
sufficiently small, (1.3) admits a real analytic, quasi-periodic response solution with the
frequency vector w.

(2) In the case A = 1, assume that (1) either [f(-,0,0)] # 0 when I is odd or [f(-,0,0)] < 0O
when 1 is even; and (ii) w is Diophantine. Then, for sufficiently small €., there exists a

Cantor set &, € (0,€,) with lim,, o Meas(Ee2) — 1 guch that (L.3) admits a real analytic,

€x

quasi-periodic response solution with frequency vector w for each € € &, .

3. NORMAL FORM REDUCTION

In this section, we reduce the Hamiltonian (1.8)) into a suitable normal form in order to apply
KAM iterations. The reduction will be carried over in the two steps. The first is to average linear
terms in the perturbation and eliminate the averaged terms by transforming the Hamiltonian to
the vicinity of the relative equilibrium. The second is to remove first and second order resonant
terms in the perturbation in order to make it further small.

3.1. Averaging and relative equilibrium. The purpose of this step is to reduce (1.8) to a
Hamiltonian whose perturbation has zero average linear term. We first consider the following
implicit equation

ymfl + 6[6P(éw)y’6)] — 07
n—1 6P(‘?7Jwaya€) (31)
Ax + E[T] = 0,
which, with the re-scaling y — eﬁy T — eﬁx becomes
Hi(2,y,€) =y~ + [PEE308) 4 O(em) = 0, (3.2)
Hy(z,y,€) =: Aa™~ 1—&-[&]—%(9(6” 1) = 0. .
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Denote z, = (—+[2ZLR00)) 75y, = (—[2ELD00)) 75 Since, by condition (H),

Hl(‘r*vy*70):07 H2(¢*7y*70):03

E’Hl (’)Hl
oz 0,
det | 57, 88132 |(m*’y*,o)
y

= |2 " 7P|y "7 £ 0,

ox
the Implicit Function Theorem implies that the equation (3.2) has a solution (Z(e),g(¢)) = (z« +
O(eﬁ)yy* —l—O(eﬁ)). Thus the equation (3.1) has a solution (z(€), y(¢)) =( T Z(e) = 7(€))

€ i
We now eliminate the average term in the perturbation. Let p = € eIy ,Z(p) = (
9(p) = §(p™~V™=1) and consider the symplectic transformation:

(n—m)(n—1) (n—m)(n+1)

Go:x — P Na+ " (p), y— p 2Dy p (), 00, [ —p

g _(n=m)n . .
and re-scaling H — p~ 2»=2) H o ¢g. Then the new Hamiltonian reads

H = () + (=1 "5 2 (p)a? + (m— 1)p 5 o)y
2(n—=2)(n—1)(m—-1)—(n—m)n o n—m m—1v (n—m)(n—1) n—1 v
+ p 202 PO, p>=2x+ p™ 2 (p),p 2=y + 0" i(p), p)
2(n—2)(n—1)(m—1)—(n—m)(n—1) 2(n—2)(n—1)(m—1)—n+m
+ Ap =D B p)z+p =D J" N p)y + h(z,y, p),
where
ha.yp) = A i (7)) o ST )
) b n k‘
k=3
1 & 1 k
+ L (m)p(nﬂ)(mfk)+7("‘28,§’1;;”) 7R )y
m k ’
k=3
PO,I,z,y,p) = P12y pm DY)

Let & = i — 12" (p), 02 = vV/m — 1ﬂ%(p)7 and § = d102. Then the symplectic re-scaling

1 1 1
I——1I o— —x, y— —y, 0=0, H—SH(0,67 1,67 x,6;"y)
6152 52

o1
further reduces the Hamiltonian to
H(0,1,z,y,p) = N(I,z,y) + G(z,y,p) + E(0,2,y,p) + p(0), (3:3)
where p(8) = dp BT P(6, g (), 0" (p), p), Gy, p) = Sh(ST . 5 . ),
X X
N=h+ <<y)’M y)>

withMﬁp”( 3 (1) >,p2”m_32m_3"““",and

E(0,z,y,p)

—op T Ty T P(g, 67 pR B 4 pm L (p), 0y L H Ty

(), )+ ST R (o)

Fop TR )y

ST P (0, (o), 22 (), ).

One can easily check that G(0,z,y, p) = O(||(z,y)|®) and there exist s,r > 0 such that

2(n—2)(n—1)(m—1)—(n—m)(n—1)
2(n—2)

1Es,rm, <Cp



8 WEN SI AND YINGFEI YI

Write E(0,2,y,p) = E(0,,y, p) + E(9, ,y, p), where
E(aaxvyvp) = El(aaxayap)+E2(97mayap)
= Z Ei (0, p)z'y’ + Z Ei (8, p)x"y’
i+j=1 i4j=2
= Z Eiju(p)e® ziyl + Z E; jk(p)e ™0y,
itj=1,keZ4 i+j=2,kezd
E@,z,y,p) = > Ei;0pa'y = > Eijxlp)e®0aly.
i+j23 i+j>3,keZd

Since (p™ L (p), p"~4(p)) solve the equation (3.1), we have

2(n-2)(n—1)(;?,—_1;>—(w,—m,>(n—1) [8]5(’ pmfli(p)’pn—lg(p)’ P)

Ei00(p) = 0dap o J
(n=2)(n=1)(m=1) = (n=m) (n=1)
TR Y S in1(p) =0, (3.4)
2= (=D (m-1)=n+m JP(-, P 1 (p), p" " Lij(p),
Eoiolp) = oip S (,p (p?)J " y(p) p)]
2(n—2)(n—1)(m—1)—n+m
oI ) =,
Thus the Hamiltonian (3.3)) reads
H(0,1,2,y.p) = N(I,z,y) + h(0,2,y,p) + E(0, 2.y, p) + p(6), (3.5)
where
1o, z,y,p) = E(0,2,y,p) + G(x,y,p) = O||(z,9)|),
, 2(n—2)(n—1)(m—-1)—(n—m)(n—1) (3.6)
HE(H,z,y,p)Hs’r’np <Cp 2(n=2) .

3.2. Improving the order of perturbation. The purpose of this step is to improve the order
of perturbation to the one which beyond doubles that of the linear part.

In the case A = 1, the Hamiltonian (3.5) is of elliptic type. We let w be a Diophantine frequency
vector satisfying (2.2) with respect to fixed ~y, 7. For given e, sufficiently small, we consider the
set D., = D1 N Dy, where

D,

3
{e€ (0,6,) : (k,w)? — 4622 > \zZ|5T’ vk € 24\ {0}},

3
Dy = {ec(0,e): (kw)?— 16822 > |/Z|5T’ vk € 74\ {0}).
where p = TG
In the case A = —1, the Hamiltonian (3.5) is of hyperbolic type. We let w be a frequency vector
satisfying the weak non-resonant condition (2.1).
We have the following result.

Lemma 3.1. Consider the Hamiltonian (3.5) in D(s,r) x I, with w satisfying (2.2)), respectively
(2.1), in the case X\ = 1, respectively X = —1, where p, = (" V""" satisfies (3.6). Then there
exists a family of real analytic symplectic transformations

¢ : D(s—o,r—0)— D(s,r), €€ D,
where o < min{r/4,s/4} is a fized constant, D = D, is a Cantor set with meas(D) ~ €, in the
case A =1, and D = (0,¢,) in the case A = —1, such that the following hold.

(a) ¢¢, € € D, is a Whitney smooth family in the case A = 1 and a smooth family in the case
A=—1;
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(b) For each € € D, ¢ transforms (3.5)) into
H=N(I,z,y,p) +h(0,2,y,p) + E(0,2,y,p) + p(0), (3.7)

- ()50

with M = M+0(p*%), h(0, 2y, p) = O(|[(z,y)|1*), and E(0,2,y,p) = Yoy j<5 Eij (0)a'y?
satisfying

1
where p= e m=1)(n—1) ,

1E||s—or0p < Cp?*L.

Proof. The first step of the reduction is to find a real analytic function Fy = F,(0)z + F3,(0)y
such that the time-1 map ¢};1 of the Hamiltonian flow qb%l eliminates the first order resonant terms

in H, ie., the term E; = E1(0)z + Eo(f)y in E. Since
Hogp, = Nogp +hodp +E0dy +podp,

= N+{N,Fi} +/01(1 ft){{N,Fl},Fl}oqthldt

1
+ E+/{E,Fl}o¢%ldt+ho¢%+po¢%l,
0

where {-,-} denotes the Poisson bracket, this elimination amounts to the solvability of the homo-
logical equation

{N,F\} = Ey. (3.8)
Denote F1(0) = (F5(0), Foy (0)) T and E,(0) = (E10(0), Eo1(0)) . Then (3.8) is equivalent to
L) 2M JF,(0) = E1(0) (3.9)

06

where J is the standard symplectic matrix. Using Fourier expansions Ei(f) = 3, ;q E;peltk:0
and Fy(0) = > 1 cpa Fpel®0  we re-write (3.9) as
(i(k,w)Id — 2M J)Fy}, = Eqy, k ezl (3.10)
By (3.4), we let F1p = 0. For each |k| > 0, it is clear that
adj(i(k, w)Id — 2M.J)
Fix = A Eix
det(i(k,w)Id — 2M J)
formally solves the equation (3.10), where “adj” stands for the adjoint of a matrix.
We claim that these formal solutions are true solutions when € € D to yield the desired real
10743
analytic Hamiltonian function Fj. In the case A = 1, let € € D;. Then |Fyi| < Clklﬂ/6 |Eq1],
|k| > 0 and € € D;. Tt follows from (3.6) that

2(n—2)(n—1)(m—1)—(n—m)(n—1)

[Fi|s—sp, <Cp 2(n=2) , |k| > 0.

In the case A = —1, let € € II,, = (0,¢,). For each |k| > 0, since 2MJ = 25pp< (1) é ),
i(k,w)Id — 2M J has eigenvalues i(k,w) & 26pP, which, by (2.1)), satisfies the estimate |(i{k,w) £
26p7) < |(i{k, w)) 7| < OQ(|E]). Since supyj~g e~ 1tQ(t) < oo, we have by (3.6) that

Filecam. = Y [Fulm, e®™ DM < S 1Q(|k])|[Evk
|k|>0 [k|>0

o e(s= I

o 2(n—2)(n—1)(m—1)—(n—m)(n—1)
< supe TQ)|E(0)|s—2 ., < Cp 2(n=2) , |k| > 0.
[t|>0
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Thus, in both cases, for each € € D, (3.8) is solvable to yield a real analytic function F; defined on
D(s — %,r). Moreover, F| varies in D Whitney smoothly when A = 1 and smoothly when A = —1,
and 2(n—2)(n—1)(m—1)—(n—m)(n—1)

[ F1l[s—2 .0 < Cp 20=2)
By Cauchy’s estimates, we have

2(n—2)(n—1)(m—1)—(n—m)(n—1)

IDFl,—5.,-5.0 < Cp ,
‘ ) S‘ 2" *z(nfz)(n71)(27,(L71;)7(7L7m)(n71) (3-11)
D*Fy s—Z,r—%,D <Cp* "
A standard argument using integral equations yields that
. 2(n-2)(n—1)(271(1,—1;)—(n—m)(n—1)
—id —2r—2 <C "
O —idls—gr—gp <Cpe (3.12)
‘D(bt Id‘S—% r—2.0 < Cps o )
for all ¢ € [0,1]. Consequently, ¢f. (D(s — §,7 — §) x D) C D(s,r) x D, and

1
H1 }:IOQZ/)F1 = N+/ (17t){{N7F1},F1}O¢3;~1dt
0
1
+ E2+/O (B, Fi} o gloydt + ho gy +po ok,

_ N+/0 (1= ){{N, Fi}, Fu} o ol dt

Oh

1
+ Eas [ (B R}odhdishoErd)+ (5 0 (F1]),2)
0
0%h
+ {5z 0 F)z, 2)+h+p,

where h = h — ho (FyJ) — (%L o (F1J), 2) — <a Lo (FiJ)z,2) and z = (z,y)".

The second step of the reduction is to find a real analytic Hamiltonian of the form F, =
F2,(0)2* + F3(0)zy + F&, (6)y2 so that the time-1 map ¢}, of the Hamiltonian flow ¢}, removes
the quadratic term Eo+ <8 5 o (F1J)z, z) in the non-integrable part of H; and add its average to
the integrable part. This amounts to the solvability of the homological equation

2 2
{NFg}—Eer(gh o (FyJ)z, 2) — [E2+<gh

o (F1J)z,2) 0 ¢, = Roo(#)2* + Ri1(0)zy + Roz(0)y? and denote

F2.(9 F7(9) Ron (6 R11(9)
0= ( FZIQ?((O)) ) » R(O) = R??((e)) Rs(0) )
=5 Fy() 5 B9

Then (3.13)) is equivalent to

o (F1.J)z, 2)]. (3.13)

Write Ey + (

3]F2( )
a0
which, in terms of Fourier expansions Fa(0) = >, 70 Fore®? and R(0) = Y, 5 Rpel®0) s
further equivalent to

— AM JF5(0) = R(6),

(i(k,w)Id — 4MJ)Foy, = Ry, k€ Z% (3.14)
Using similar arguments as that for the first step above, (3.14)) is solvable when A = 1, € € Dy and
A=—1,eell,, = (0,¢e.) with solutions
Fyp = 0,
adj(i(k,w)Id — 4MJ)

For = E k
2k det(i(k,w)Id — 4MJ) *’ [kl >0
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satisfying
‘k | 5742

|For| < C Rx|, k€ Z%ecDs,.

~3
Moreover, F; varies in D Whitney smoothly when A = 1 and smoothly when A = —1. It follows
from Cauchy’s estimates that

2(n—2)(n—1)(m—1)—(n—m)(n—1)

F2ls_s. p < Cp D) ’
||F ” ’ <C 2("_2)("—1)(27?/—1;)—(71,—771')(”—1)
2lls—382 p_ga < P n—
TErEP 2(n—2)(n—1)(m—1)—(n—m)(n—1) ’ (3,15)
|DF2|570'77'—0')'D S Cp 2(n—2) )
2 2(n—2)(n—1)(m—1)—(n—m)(n—1)
|D F2|S,U,T70’D < Cp 2(n—2)
Consequently,
t . 2(”72)(""71)%’”’*1;*(7L*11L)(1L—1)
|¢F2 - Zd|S—U7T—U,D < Cp* (n=2) , (316)
t 2("*2)(”*1)(érrbflgf(n—m)(n—1)
‘D¢F2 - Id's—o‘,r—mD < Cp* =2
for all ¢ € [0,1], and ¢}, (D(s — 0,7 — ) x D) C D(s — §,r — §) x D.
Let ¢€ — (b};‘l (e} Qﬁ}b. Then
1
H =1 Ho¢°=H;o ¢%?2 = N+/ (1 =t){{N, Fa}, Fs} o (b%th
0
1
+ / (1_t){{N,F1},F1}O¢tF1O¢};‘2dt
0
v 0%*h . 1 t 1
+ /0 {F2+ <@ o (F1J)z,z), Fa} o P, dt + /o {E,Fi}o ¢ 0 dp di

+ (ho(F1J)+{

oh v
0 (F1J), ) + ) 0 0k, +po ok,

= N+h+E+p,
where
) .o
N = N+ |[E+ <822 o (F1J)z,2)] = (w,I) + <<§)’(M+ [R])(;>>7
il = BOQS};VZ,
E = E@62y) - E®,0,0),
b o= p(6)+E0,0,0)
with

o 1 1
E.xy) = / (1= O{{N, B}, Fo} o gl dt + / (1= O){{N, Fy}, Fy} o 6L, © 6 dt

Lo 9%h ro
—+ /O{E2+<@O(F1J)Z7Z>,FQ}O¢%2dt+A {E,Fl}oqﬁ%loqﬁ};vzdt

+ (hoF; + (% o (F1J), 2)) 0 ¢, -

By (3.11), (3.12)), (3.15)), (3.17) and Cauchy’s estimates, we have

4(n—2)(n—1)(m—1)—2(n—m)(n—1)

”E”S—U,T—U,D < Cp 2(n—2) < C,O2p+1.

We now estimate the Lebesgue measure of D = Dy N Dy in the case A = 1. For each |k| > 0,
let fl(e) = (k,w)? —462p* and f?(e) = (k,w)? — 1652p*, and denote Ri := {e¢ € (0,€,) :
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|file)] < v3/|k|°"}, i = 1,2. For each k,i, one can check easily that |fi(e)| > S~ Cp? and

[
dfi . — 2
| Ll | > e 1 If (2 > 2Cp?, then

73

2 2
. 'y 2 /-y
o) > Lt —Cp? > -1 >
|fk(€)| — |k|27— p — 2|k‘27- — |k|57-7

implying that meas(R}) = 0. If % < 2Cp?P, then

4p
3 Cetm-—Dn-1)
€
i <

. }
meas(R:) < ==y
(Ry) C|]€|5TEW71 - |k|76ﬁ*1 = ‘k|7

It follows that

meas( U Ri) < O D Z

kez4\{0} kezd\{0}

It s
< Ce Ttm—D 1)’

| =

||

i =1,2, and therefore,

€, > meas(D) > e, —meas( U RL) > €.(1 — Ce, CENCEY ).

kezd\ {0},
1<i<2

4. PROOF OF MAIN RESULTS

_ In this section, we use KAM iterations to prove Theorems|I], 2. Setting Hy = H,Ny=N,M, =
M, ho=h,Ey = E,pp=p,70 =1 — 0,80 = s — 0 in (3.7)), we obtain the following Hamiltonian

T

Hy = (w,I>+<(y

),MO (jj)> + ho(0,,y) + Bo(0,2,9) + pol6), (4.1)

I €RY (0, (x,y)) € D(sp,70). For simplicity, we have made the p- (or e-) dependency implicit in
the above. We recall from Lemma (3.1 that

My = M+0(pr+?),
h0(97x7y?p) = O(”(I7y)”3)7
_ 0 i) 2p+1
Eo(0,2,y,p) = Z E(0)z'y’, [ Eollsore < P57
0<i+j<2

71 . . .
where pg = CZ+1p. Fix a 09 < min{"2, %} and consider the sequences

4p+3

— ,4p+1 _

Pv+1 = pup 5 Op4+1 = UV/2u (42)
Sy+1 = Sp — Oy, Tv4l1 =Ty — Oy,

v = 0,1,---. Then it is clear that lim, . s, =: S$x > $0/2, limy 0o, =: 7 > 70/2, and
lim, o pp = 0.

4.1. KAM iteration for the case A\ = —1. We would like to use a KAM scheme to iterate the
following sequence of smooth families of real analytic Hamiltonians:

T

H,={w,I)+ ((y

)M0) (1)) + 0, 9) + B0+ 00),
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I eRe (0, (z,y)) € D(s,,7,), eIl ,v=0,1,---, satisfying

M, = M + O(pP*3), (4.3)
M, — Myl m, < A07F (4.4)
hy = O([[(z, y)II?), (4.5)
[ S ey AL (4.6)
1Bulls, .. < 2P, (4.7)
120 = ol <07, (48)

v=12....

Lemma 4.1. Consider A = —1. Then for each v = 0,1,-- -, there exists a smooth family of real

analytic symplectic transformation @, : D(s,41,7v+1) — D(sy,7.), € € I, satisfying
. +3
@, —idls, r,m.. < oy 2,
3

|D®, — Id|s, ,, 1., <pv
such that Hy,41 = H, o ®,.

Proof. Wripe By =3 1<)ivji<2 E,,,ij(ﬁ)xiyj ‘in two parts: E, = El + E? where E! = D litil=1
E,i(0)x'y’ and E? = 2jitjl=2 Euij(0)z'y?. We will use the time-1-map of the flow ¢% of a
undetermined Hamiltonian function F, := F), 10(0)x + F, 01(8)y as the desired symplectic trans-
formation. Denote F,(0) = (F, 10(0), F,,01(0)) " and

E}11(0)
- (0 42 )
v E7 11(0) 2 ’
3 Eu,02(9)
Applying the transformation ¢}% to Hamilton H,, we have
Hu+1 - Ny+1 + hu+1 + Eu-{—l +pu+1a
where N1 = (w, I) +((;), My+1(0) () and

M M, +E2 + Phy (F,J) (4.9)
= 0] .
v+1 v v (922 v )
1
oh,
o = [ {BLFodhdi+ (520 (8,0),2), (1.10)
0
1 1
Pvi1 = put+h,o(FJ)+ / {EL,F,} o ¢l dt + / (1 —=t){{N,, F,}, F,} o ¢l dt,(4.11)
0 0
oh, %h,,
hovi = hyodk, —hyo (Fu0)) = (5% 0 (B ), 24) — (520 0 (Fud)zp,z),  (412)
proved that the homological equation
{NuaFu}:Ei (413)

is solvable.
Denote EL(6) = (EL,((0), ELy1(6))". Then (4.13) is equivalent to
9F,(0)
“ o0
where Q,(0) = >/_EX(0) + >, 6;% o (Fy(0)J). To solve equation (4.14), we let F,(0) =
Skeza Furel®? and EL(0) = 3,70 EL, 9. Defined operator 7' : C*(T,, x II,,,R?) —

— (2MoJ +2Q,(0))F., () = EL(6), (4.14)
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C¥(T,, x II,,,R?) by

T(V(9)) = wa‘g—f) —2MoJV(0) = Y (ik,w)E — 2MoJ ) Vie "),
kezd

¢ x1,,,R?) and operator W, : C*(T¢ x1II,,,R?) — C*(T¢ xII,,,R?) by
W, (V(0)) = —2Q.(0)V (6)

for each V(9) € C¥(T¢ x1I,,,R?). The operator T is easily seen to be invertible with inverse
Loow(T? xII R)—>C‘”(']I‘d x I,,,R?),

for each V(0) € C*(T¢

PO 00>
TWVO) = Y (lkw)Id—2Mo]) Vel
kezZd
_ k' LLJ> — 2)\1) 0 (k.0)
= Z P~ ( 0 (i<k’w> _ 2)\2)71 ) PVie s
kezd

where \;, i = 1,2, are eigenvalues of My. By hyperbolicity, we have |i{k,w) — X\;| > cpo, 1=1,2.

2 +1
We also note that [Q,]s,.m,, < > |E12|s,,,n,,0 + >, |% o (FiJ)ls,.m,, < Cpy'?
that

. It follows

TV (0)]s
T = sup |T=H(V(0))ls,1,,
v(e)ecw(rd xii,, 2o} [V(0)]s,m,,

cpo PIV(0)]s
. WV Oty

v(gyecw (e xi, r2n(or  [V(0)]s,m,

IN

and

Wl = wup (W (V(6) s,

v(e)eow rd <1,y k2\(0} |V (0)ls, 1,
< sup 12Q,(0)]s, 11 po‘ (0)]s LI IP < Ongr%.
V(0)€Cw (T2 X1, R2)\{0} V(O)s,m,,

1
Thus ||[T7'W, || < [|T7Y|||W,|| < Cpg, which implies that operator T+ W, is also invertible and
1T+ W) < A+ T W) T < Cpo ™

Hence equation (4.14) is solvable to yield solution F, () = (T + W,,)~Y(EL(9)) satisfying
Fulom,, < Cop"[EX(0)]sum,, < Cpy?p2t < pp, (4.15)

PO —
By (4.9), one can check that M, 1 = M + O(pP*2) and

/JO_

+
|My 41 — MVlSVHHPO < |E121|SV+1H,,0 > Pﬁ %,

which means that (4.3)) and (4.4) hold with v + 1 in place of v.
By (4.15), (4.12) and Cauchy’s estimate, we have h,+1 = O(|(z,y)||®) and

Hhu+1 - hu||su+1ru+1HpO < ”h © Qﬂ’,, - hV||5u+lru+1Hp0 + ”hu © (Fy(a)J)||su+1Tu+alo

02h,
(F J) > < 922 o (FV‘])Z+5Z+>||SV+1Tu+1HpO

+ ||<

p*‘rj
v 9

IN

which means that (4.5)) and (4.6)) hold with v + 1 in place of v.
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By (4.10), (4.11), (4.15)) and Cauchy’s estimate, we also have
1
||EV+1||SV+1Tu+1HpO < H / {Efj? FI/} © ¢%th||su+lru+lnp0
H(

||pl/+1 - pV||Su+17‘V+1HpO = Hh O / {E FV} © ¢tF'th||SV+1TV+1HpO

+

( (9)‘]) >||Sy+17’y+1l_[p0 = P,%Til’

+ H/O (1 =N+ ELFY Yo ¢k dtls,pinpm,, <50
which means that (4.7) and (4.8)) hold with v + 1 in place of v. By integral equations

d)t zd+f0 XF, (9%, )ds,
Dqﬁ =Id+ [, J(D*F,) D¢, ds,
one can check by Cauchy’s estimate that

t . p+3
|¢FV - zd|sy+1ry+1fl,30 pv 2,

+
|D¢§7‘V - Id|51/+lru+ln < pV 2

PO — ’
which implies
D, (D(sp41,7041)) C D(sy,7), € € I1,.
This completes the proof of the lemma. O

4.2. KAM iteration for the case A\ = 1. Setting 79 = v, we consider a new sequence 7,1 =
7v,/2 in addition to sequences in (4.2). Denote D, := D} N D2, where

DL = {eeD:(kw)? —4det M, > l;g p = e DET Yk € Z4\ {0}},
D2 = {e€D:(kw)?—16det M, > |I;Y|I;>T’p — DD,V € Z¢ \ {0}}.

We would like to use a KAM scheme to iterate the following sequence of smooth families of real
analytic Hamiltonians:
x

H, = (1) + <<y),My <j)> b (0,2,y) + Bo(6,,y) + 1 (0),
IR (0,(z,y)) € D(sy,7,), € €D, v=0,1,---, satisfying
M, = M + O(pP*32),
M, — My_1|p, < o512,

(4.16)
(4.17)
hy = O([[(z, 9)I1?), (4.18)
[ I A (4.19)
1By lsy.ry D, < P3P, (4.20)
+
1Dy = Po—1llsyry.m, < P12, (4.21)
V= ]_, 27 e
Lemma 4.2. Consider A = 1. Then for each v = 0,1,---, there exists a smooth family of real
analytic symplectic transformation ®, : D(Sy41,7,41) — D(sy, 1), € € Dy, satisfying
|®,, — |su Tu,Dy <P£+27

|D(bl’ - Id‘su;TV7DV < p€+2
such that Hy,y1 = H, o ®,,.
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Proof. Write E, = 37,24 jj<o Bvij(0)2'y’ in two parts: E, = E + Ej, where Ej =37, .,
Eyij(0)a'y’ and B} = 37, o Evii(0)z'y’. We would like to use the time-1 maps of flows
b, ¢ho as desired symplectic transformations, where F! F? are Hamiltonian functions of the

forms F! := F,10(0)z + F,01(0)y, F? := F, 20(0)2 + F, 11(0)zy + F, 02(0)y?. Denote FL(0) =

(Fy10(0), Fuo1(0) 7,
Fu11(0)
o= 58 nie )
= Fuoa(9)
Applying the transformation qb},l o (b}ﬂ to Hamilton H,, we have
Hl/+1 - Nu+1 + hl/+1 + El/+1 +pu+1

where N, 11 = (w,I) + ((E), M, 1 (z)) with with M1 = M, + [E2 + a;j; o (FL.J)] and

1 1
E, o = / (1 —t){{N,,,Ff},FE}oqb}gdt—i—/ {Ey, F)} o ¢ 0 Ppadt
0 0
Oh,, L 0%,
+ <§ o (FL(0)]), e 7 2,) +/O {E, +( 9.2 ° (Fy )24, 24 ), F} © §lpadt,(4.22)
1
Pvy1 = Pt / (1= O{{Nv, F,}, Fy} 0 ¢pn © @padt + Dy 0 (F,,(6)]), (4.23)
0
Ohy,
husi = hyodhy 0 bk —hyo (FL(0)]) — (52 o (B (0)]), %0702y
p 2 >
0?h,
— (g o EO) O ey Oz, (4.:24)
provided that the following homologic equations
{N,.F)} = B, (4.25)
{N,,F?} = R, (4.26)
can be solved, where R, = E? + <% o (FL)zy, 24 ) — [E2 + <8;:2” o (FLJ)z4, 24 )]
First, we note that (4.25)) is equivalent to
FL(6
W2 59( ) _ 2M, JFL(0) = EL(0), (4.27)

where EL = (E,10(0), Ev01(0))T. Using Fourier expansions E} = 3, ;. EL e*% and F. =
> kezd F!,ei®0) " a similar argument as that for equation (3.10) in Lemma [3.1 shows that (4.27)
is solvable when € € D} with solution

1 adj(i(k,w)Id —2M,J)

- EL, ., |k| > o0.
YR det(i(k, w)Id — 2M,,J) R [k =0

. 10743
Since [F,; |p1 < C|kr|>§'v§ [Eyplpy, we have
k 10743 o0 C C p+1
Fhley—zepr <Y c |p —|EL e < o~ [EL|, 5 < <27 (4.28)
v kezd {0} 0 /v PoVvOv TOv
Next, we note that (4.26) is equivalent to
OF2(6
w 59( ) _ 4M, JF2(0) = R, (0), (4.29)

where R, = E2 + 21 o (FLJ) — [E2 + 2 o (F.J)] with

Eyp(9) £
E2(9) = v20 2 )
( ) ( E,,121(0) EVO2(9)
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Using Fourier expansions R, (0) = >, 70 Rupe'®® and F2(0) = 3, 50 F2, /59 a similar argu-
ment as that for the equation (3.13) in Lemma 3.1 shows that (4.29) is solvable when ¢ € D? with
solution

FEO = 07
adj(i(k,w)Id —4M,J)

F2, =
vk det(i(k,w)Id — 4Mv.J)

Since |Fag|p:z < Clkl |]Rk|p2 we have
k107+3 30, C Cpptl
\F?J,V sov b3 < Z C’| | IR, k|D26\kl(s,, ) < 65 |Rvls,.p2 < %, (4.30)
kezd /{0} g TvOov "0y
Cauchy’s estimates further yield that
Cppt! CpPtt
1EH oty < S Eblnm, < B2 FRl, s o < Sl
C p+1 C p+1
|DFul|su—%v,m—7v,Dy < rsaslByls, o, < S8, IDF s~y i—0up, < SHor, (431)
C p+1 C p+1
Dyt 0, S pSiog B, S Do 1Dl v om, < Sl

Since M, = My + >_._ R;, we have M, = M + O(pP+2), and by (4.31), we also have

5‘2h
|MV+1 - MV|SV+17TV+17DV < |]E2 |6u+1,Tu+1,D + | (Fi‘])‘swrl»'fwrhpu
+
S pi—‘,—fﬁ

which means that (4.16) and (4.17) hold when v + 1 in place of v. By (4.24)), (4.28), (4.30) and
(4.31), we have h, 11 = O(||(z,9)|?) and

Hhu+1 - hu||su+1,n+1,Du < ||h,, o ¢}?,} o QS}?E - hu||su+1,7"u+1,17u - ”hv © (Fllz(e)'])||su+1,m+1,17v

oh, 2
+ I 6 o (FL(0)), € D7 2 ) |y 01 D,
h, 1 F2(0)Jt F2(0)Jt
+ ||< 922 (IF (0)‘])6 v 24,67 Z+>H8u+177"u+1,Du
< bt

which means that (4.18)) and (4.19) hold when v + 1 in place of v. By (4.22)), (4.23)), (4.28)), (4.30),
(4.31) and Cauchy’s estimate, we have

1
||EV+1||SV+1,7"u+1,Du S H/ (1_t){{Nl/vaz}vFl?}O(b}‘fdtHSqulﬂ"qul,Du
0
Ohy, 1 F2(6)J ! 1 t 1
+ I 6 o (F,(0)J), e zy) + [ {Ey, F,}odp 0 ¢padt
0
+ (F1J)2+,Z+> F }O(b 2dtHSu+17Tu+17D
Crt? Opﬁp“ Cor? | Co i
S Tlef T apel T opar T opey S
1
||pl/+1 _pV||SU+17TU+17DV < H/O (1 - t){{Nl’?Fl}}’FVl} © (b%‘l} o ¢}73dt||8,/+177‘u+1,'Du

2p+2 3p+3

Cpl/p Cp 2 2p+1

~656 NI8g3 = S Poyrs
v

+ w0 (FL(O)D)ls 0100, <

which means that (4.20)) and (4.21)) hold when v + 1 in place of v.
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By integral equations

Bloy = id + [ Xpz (63 )ds,
Dlpy = Id+ [y J(D*F}) Dy ds,

we have

Cp p+
|SU7DU = 55 03 ;

Cp p+
W|El|sy D, S 760-6 .

|¢2}7‘l} - id|s,,—"—”,r,, %D, < 60-3 |E1

2

|D¢§71 - Id'é‘yf"—” r,—2% D, <

sT'v 2

Thus, ¢p1(D(sy, — %, — %)) C D(sy,70), € € D, Similarly,

. C p+1
|¢th - Zd|51/70'1/ ry—oy,, D, < pzigz“

|D¢t Id's,,—o',, ry,—0ou, Dy < 1203 )

ie., ¢p2(D(s, —oy,ry —0,)) C D(s, — %, 1, — %), € € D,. Now, let &, = qSFl o ¢F2.
D, : D(sys1,7v+1) — D(Sp41,7041), € € D, and by (4.32) and (4.33), we have

Cppt! p+ 5

|(I) Zd|9u+177’u+17D < ry 0' S pu+1 )
‘cprtt p+3
|D(I)V - Id|SV+17TV+17D < Vyg'g < Py -

This completes the proof of the lemma.
4.3. Convergence. For each v =0,1,---, let
B = gy 0 ¢ 0 B,

where
PY = (bo e} (I)l O .- (bl, : D(8V+1,7"V+1) — D(SO,TO)

(4.32)

(4.33)

Then

and ¢, ¢° are the transformations defined in Section 3. If ¢ and ¢! ; denote the flows of (1.8)

and H, ;1 respectively, then
Plod =d"ogl, .

By Lemmas 4.1, 4.2 and standard arguments using Whitney extension, we see the convergence of

D, ¢, as v — 00, say, to P, P, respectively. It follows that
¢t o (ioo = (i)oo © ¢t
on D(£,%) X Do, where Do, = II., when A = —1 and Do, = N2, D, when A = 1. Since

2032
the flow of

Hoo = (w, I) + (2, Moo (0)2) + hoo + oo (0),
where My, = lim, .o My, hoo = lim, o0 hy = O(||(x,9)||?), and peo = lim, .o p,, We have
¢ (D00 (T7,0)) = Dol (T, 0) = B (T, 0),

which means that the embedding torus ®..(T¢,0) is invariant under ¢'.

¢t

4.4. Measure estimate for the case A\ = 1. We now estimate the measure of the Cantor set
Do =: &, = N2y D, for the elliptic case A = 1. We note in this case that the normal matrixes

M, =: M,(p), v=0,1,---, are independent of . For each |k| >0 and v =0,1,---, we let
(€)= (kw)? —4det M, (p),
Ek(e) = <k7w>2 — 16det MV(ﬂ)?

where p = ¢ DmT . Since

d(det M, (p)) _ d(det(Mo+ 3771 Ri))
dp N dp
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M| > cp?P~1, we have that

and |

d(det M,
|(edp(p)> > Cp?rl, peD,,
v=20,1,---. It follows that
d 7
|le’j0(€) >Cp?l peD,, (4.34)

for all |k| >0, =0,1,---, and i = 1,2. Denote
k= {6 €D |firl)l </},

k] >0,v=0,1,---,and i = 1,2. If > 2Cp?P, then

|k|27'
3

2 2
i ~ 9 5 5
> —Cp? > >
|f1/k(6)| = U{i|27— Pz 2|k‘|27— = |k_|5¢7

implying that measR! v = 0. If |k‘27 < 20p?", then we have by (4.34) that

4p
3 O, e D=1 C

: € _—_2p

measRi, < v < < 2 M T

T kpremhen Tt T

|k|767<m—12>p(n—1>_1 K|

It follows that

o0
; 1+ —20 1 1+—22
meas< U Rf/k) S Ce (m—1)(n—1) g Yo g S C€ (m—1)(n—1)

Ll
kezd\ {0} v=0 kez4\{0}
veZy\{0}
for i = 1,2. Hence
. 2p
meas., > measD — meas( U ve) = €x(1 — Ce, m=De=1 ),

kezd\{0},veZy \{0},
1<i<2

implying that £, ~ €, as ¢, sufficiently small.

5. NON-EXISTENCE

In this section, we show that quasi-periodic response solutions need not exist when [ is even
in system (1.3). We note that the Hamiltonian system corresponding to (1.3)) in extended phase
space simply reads

0=w,
T =y, (5.1)
)= —\2?" +ef(0,z,¢).
Let
co = inf f(6,0,0).
0= jnf f(6,0,0)

We have the following result.

Proposition 5.1. Assume that cg > 0 when A = —1 and ¢ < 0 when A = 1. Then there exist a
€(co) > 0 such that system (5.1) admits no response solution for any € € (0, €(co)).

Proof. System (5.1) can be written as
0 =w,

i =y, (5.2)
¥ =—=Ax>" +€f(0,0,0) + e(f(0,2,0) — £(6,0,0)) + O(e),
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which, under the transformation

x
0
f‘é = € 2n y, (53)
Y

2n—1
2n

If A = —1, then one can find a e(cy) > 0 such that § = (—AZ2" + £(6,0,0)) + O(ezw) > Le
for each € € (0, €(cp)), and, if A = 1, then one can find a €(co) such that §j = (=AZ%" + £(6,0,0)) +

Ofez) < —%’623;1 for each € € (0,¢(cp)). In either case, the § - components of all solutions of
(5.3)) are unbounded, hence there are no quasi-periodic solutions for system (5.1). a
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