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Abstract. For a quasi-periodically forced differential equation, response solutions are quasi-
periodic ones whose frequency vector coincides with that of the forcing function and they
are known to play a fundamental role in the harmonic and synchronizing behaviors of quasi-

periodically forced oscillators. These solutions are well-understood in quasi-periodically per-
turbed nonlinear oscillators either in the presence of large damping or in the non-degenerate

cases with small or free damping.
In this paper, we consider the existence of response solutions in quasi-periodically perturbed,

second order differential equations, including nonlinear oscillators, of the form

ẍ− λxl = εf(ωt, x, ẋ), x ∈ R,

where λ is a constant, 0 < ε ¿ 1 is a small parameter, l > 1 is an integer, ω ∈ Rd is a frequency
vector, and f : Td×R2 → R1 is real analytic and non-degenerate in x up to a given order p ≥ 0,

i.e., [f(·, 0, 0)] = [
∂f(·,0,0)

∂x
] = [

∂2f(·,0,0)

∂x2 ] = · · · = [
∂p−1f(·,0,0)

∂xp−1 ] = 0 and [
∂pf(·,0,0)

∂xp ] 6= 0, where

[ ] denotes the average value of a continuous function on Td. In the case that λ = 0 and f is
independent of ẋ, the existence of response solutions was first shown by Gentile in [12] when

p = 1. This result was later generalized by Corsi and Gentile in [8]-[10] to some cases of p > 1.

In the case λ 6= 0, the existence of response solutions is studied by the authors in [27] when
p = 0.

The present paper is devoted to the study of response solutions of the above quasi-periodically

differential equations for the case λ 6= 0 by allowing p > 0. Under the conditions that 0 ≤ p < l/2

and λ[
∂pf(·,0,0)

∂xp ]>0 when l− p is even, we obtain a general result which particularly implies the

following: (1) If either l is odd and λ<0 or l is even and [
∂pf(·,0,0)

∂xp ]>0, then as ε sufficiently small

response solutions exist for each ω satisfying a Brjuno-like non-resonant condition; (2) If either l

is odd and λ>0 or l is even and [
∂pf(·,0,0)

∂xp ]<0, then there exists an ε∗ > 0 sufficiently small and

a Cantor set E ∈ (0, ε∗) with almost full Lebesgue measure such that response solutions exist for

each ε ∈ E and ω satisfying a Diophantine condition.
Similar results are also obtained in the case λ = ±ε which particularly concern the existence

of large amplitude response solutions.

1. Introduction

Consider a quasi-periodically forced, perturbative, second order nonlinear differential equation

ẍ + cẋ + a2x + λxl = εf(ωt, x, ẋ), (1.1)

where c, a, λ are constants, 0 < ε ¿ 1 is a small parameter, l > 1 is an integer, f : Td × R2 → R,
for some d ≥ 1, is a real analytic function, and ω = (ω1, · · · , ωd) ∈ Rd is the forcing frequency
vector. A solution of (1.1) is said to be a response solution if it is quasi-periodic with the same
frequency vector ω as that of the forcing function. These solutions play a fundamental role in
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understanding the harmonic responses and oscillatory properties of the forced nonlinear equation
(1.1) as well as their related synchronizing behaviors ([8]). Response solutions are well expected
when c in (1.1) is sufficiently large in absolute value comparing to the size of λ and f , as shown
in the classical work of Stoker ([28]). When c in (1.1) is in the intermediate size, i.e., neither too
large nor too small, response solutions are not generally expected. Instead, (1.1) tends to have
weakly quasi-periodic or almost automorphic type of oscillatory solutions responding to the forcing
frequency vector ([31]).

The study for the existence of response solutions of (1.1) becomes much more complicated when
c in (1.1) is sufficiently small or equal to 0 because of the unavoidability of the small divisor problem.
In the case c = 0, a 6= 0, (1.1) becomes a small perturbation of a harmonic or a nonlinear oscillator.
As an early introduction of the KAM method, the first breakthrough in this case was made by
Moser ([24]), who showed the existence of response solutions of (1.1) when ω is Diophantine and
f satisfying the reversible condition that f(−ωt, x,−ẋ, ε) ≡ f(ωt, x, ẋ, ε). This result was later
extended in [1, 11] to the case when c 6= 0 but sufficiently small, by using KAM method and
normal form theory. In general, response solutions do not need to be of Diophantine type. For
the case c = 0, it is recently shown in [23, 29] for the case d = 2 and in [6, 30]) for the general
case that response solutions of (1.1) with Liouvillean type of forcing frequencies also exist. Using
Lyapunov-Schmidt reduction, the existence of response solutions of Brjuno type is investigated
in [13, 14] for some general strongly dissipative, quasi-periodically forced systems, including some
cases of (1.1).

The most challenging case of (1.1) with respect to the study of the existence of response solutions
is when c = a = 0, i.e.,

ẍ + λxl = εf(ωt, x, ẋ). (1.2)

We note that the unperturbed part of (1.2) is a degenerate nonlinear oscillator when λ > 0. When
f is independent of ẋ, (1.2), in the extended phase space Td × Rd+2 with standard symplectic
structure, becomes a Hamiltonian system with the following normally degenerate Hamiltonian

H(θ, I, x, y, ε) = 〈ω, I〉+
y2

2
+ λ

xl+1

l + 1
+ εP (θ, x, ε), (θ, I, x, y) ∈ Td × Rd+2, (1.3)

where P (θ, x, ε) = − ∫ x

0
f(θ, u)du, whose quasi-periodic invariant d-tori with frequency vector ω

are response tori corresponding to response solutions of (1.2). Such normal degeneracy brings
in extra difficulties into the KAM method when studying quasi-periodic invariant tori even not
necessary response ones, as already demonstrated in [17, 22, 32] for general normally degenerate
Hamiltonian systems. However, as part of quasi-periodic bifurcation theory, the existence of quasi-
periodic invariant tori, including response tori, is studied in [2]-[5], [18]-[20] with respect to the
universal unfolding of certain quasi-periodically forced, normally degenerate Hamiltonian systems
of form (1.3) in which certain perturbative, one parameter families can be embedded. When l
is odd, λ < 0, and ω is Diophantine, the existence of an invariant, quasi-periodic d-torus with
frequency vector close to ω is shown in [32] for Hamiltonian of the form (1.3) but with a more
general I-dependent perturbation P . This result is later generalized in [21] for non-Hamiltonian
but time-reversible cases. We note that the method of [32] does apply to (1.3) to yield response
solutions when l is odd, λ < 0, and ω is Diophantine.

Recently, we have made a general study in [27] on the existence of response tori even for systems
which are more general than (1.3). More precisely, we considered in [27] the following family of
normally degenerate, including completely degenerate, Hamiltonian systems with Hamiltonians:

H(θ, I, x, y, ε) = 〈ω, I〉+
ym

m
+ λ

xn

n
+ εP (θ, x, y, ε), (θ, I, x, y) ∈ Td × Rd+2, (1.4)

where λ 6= 0, m,n are positive integers greater or equal to 2, P is real analytic in θ, x, y and
C1-Whitney smooth in ε. Under the condition that the θ-averages of the linear coefficients of
P (θ, x, y, 0) with respect to x, y are non-zero, the following results are shown in [27]: (i) When λ <
0, there exist a sufficiently small ε∗ such that, for each ε ∈ (0, ε∗), the Hamiltonian system associated
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to (1.4) admits quasi-periodic response tori whose frequency vector ω satisfies the following Brjuno-
like non-resonant condition, weaker than the Brjuno’s, that

|〈k, ω〉| > γ

Ω(|k|) , ∀ k ∈ Zd\{0}, (1.5)

where γ > 0 is a fixed constant and Ω(t) : [1,∞) → [1,∞) is a continuous function with
supt≥1 Ω(t)e−ηt < ∞ for some constant η > 0. (ii) When λ > 0, there exist a sufficiently small
ε∗ and a Cantor set E ⊂ (0, ε∗) with almost full Lebesgue measure such that, for each ε ∈ E , the
Hamiltonian system associated to (1.4) admits quasi-periodic response tori whose frequency vector
ω satisfies the Diopantine condition that

|〈k, ω〉| > γ|k|−τ , ∀k ∈ Zd \ {0}, (1.6)

where γ > 0, τ > d− 1 are fixed constants.
We note that when applying the above results to (1.2) in the case either λ > 0 and l is odd

or λ 6= 0 and l is even, the condition on P becomes [f(·, 0, 0)] 6= 0. For the first order, quasi-
periodically forced equation

ẋ = xl + h(ωt, x) + εf(ωt, x), x ∈ R, (1.7)

where l ≥ 2 is an integer, 0 < ε ¿ 1 is a parameter, h = O(|x|l+1), and f , h: Td × R → R are
real analytic, it is shown by Cheng, de la Llave, and Wang in [7], as a generalization to [26], that
response solutions of (1.7) exist if ω ∈ Rd is Diophantine, [f(·, 0)] = 0 and [∂f(·,0)

∂x ] 6= 0. However,
as it is also shown in [7], the same method when applying to the case of degenerate nonlinear
oscillator in (1.2) still requires that [f(·, 0, 0)] 6= 0. In the above and also below, for any continuous
function f on Td, [f ] denotes its average, i.e., [f ] =

∫
Td f(θ)dθ.

The existence of response solutions of (1.2) with zero average perturbation was first investigated
by Gentile in [12]. For the case that λ = 0 in (1.2), i.e.,

ẍ = εf(ωt, x, ẋ), (1.8)

it is proved in [12] that if f is independent of ẋ and [f(·, x)] admits a non-degenerate zero, then
response solutions with Brjuno frequencies exist for sufficiently small ε. This result was later
generalized by Corsi and Gentile, in [8] for the case that f is independent of ẋ and in [9] for the
general case, to allow the existence of a degenerate zero of [f(·, x, 0)] of any odd order. Similar
results were also obtained by the same authors in [10] when x is higher dimensional, f is independent
of ẋ and reversible in time, and [f(·, x)] admits a finitely degenerate zero.

In this paper, we consider the existence of response solutions of (1.2) in the case λ 6= 0 by
allowing any finite order of degeneracy of the perturbation f in x. More precisely, we consider
(1.2) with [f(·, x, 0)] 6≡ 0 and let p ≥ 0 be the leading order of non-degeneracy of [f(·, x, 0)] at
x = 0, i.e., p is such that

[f(·, 0, 0)] = [
∂f(·, 0, 0)

∂x
] = [

∂2f(·, 0, 0)
∂x2

] = · · · = [
∂p−1f(·, 0, 0)

∂xp−1
] = 0, [

∂pf(·, 0, 0)
∂xp

] 6= 0.

We pay particular attentions to the following two cases:
I. λ 6= 0 is given;

II. λ = ±ε.

We assume that

(H) λ[∂pf(·,0,0)
∂xp ]>0 when l − p is even

and denote

λ̂ =: −(l − p)λ(λ[
∂pf(·, 0, 0)

∂xp
])

l−1
l−p .

We will show the following result.
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Main Theorem. Consider cases I, II for (1.2) and assume (H). Further assume the following
conditions:
(H1) 0 ≤ 2p < l in case I;
(H2) p 6= l and f(·, x, 0) is a p-th order polynomial of x in case II.
Then the following holds:
(1) If λ̂ > 0, then for any ω satisfying the Brjuno-like non-resonant condition (1.5) with

fixed γ, η > 0, there exists an ε∗ > 0 sufficiently small, depending on λ in case I, such
that, as ε varies in (0, ε∗), (1.2) admits a C1 smooth family of response solutions xε(t) =
( ε

λ [∂pf(·,0,0)
∂xp ])

1
l−p + o(ε

1
|l−p| ) with the frequency vector ω;

(2) If λ̂ < 0, then for any ω satisfying the Diophantine condition (1.6) with fixed γ > 0 and
τ > d−1, there exists an ε∗ > 0 sufficiently small, depending on λ in case I, and a Cantor
set E ⊂ (0, ε∗) with almost full Lebesgue measure such that, as ε varies in E, (1.2) admits a
C1-Whitney smooth family of response solutions xε(t) = ( ε

λ [∂pf(·,0,0)
∂xp ])

1
l−p + o(ε

1
|l−p| ) with

the frequency vector ω.

By examining the sign of λ̂ v.s. that of λ and [∂pf(·,0,0)
∂xp ], we easily obtain the following results

for l being odd or even.

Corollary A. Let l be odd and assume conditions of the Main Theorem. Then λ̂ > 0 iff λ < 0 in
case I and (l − p)λ < 0 in case II. Consequently, the conclusion of Main Theorem (1) (resp. (2))
holds when λ < 0 in case I and (l − p)λ < 0 in case II (resp. λ > 0 in case I and (l − p)λ > 0 in
case II).

Corollary B. Let l be even and assume conditions of the Main Theorem. Then λ̂ > 0 iff
[∂pf(·,0,0)

∂xp ] < 0 in case I and (l − p)[∂pf(·,0,0)
∂xp ] < 0 in case II. Consequently, the conclusion of

Main Theorem (1) (resp. (2)) holds when [∂pf(·,0,0)
∂xp ] < 0 in case I and (l−p)[∂pf(·,0,0)

∂xp ] < 0 in case
II (resp. [∂pf(·,0,0)

∂xp ] > 0 in case I and (l − p)[∂pf(·,0,0)
∂xp ] > 0 in case II).

Remark. 1) In the above results, amplitudes of response solutions are in the scale of ε
1

l−p in case
I and in the scale of (|[∂pf(·,0,0)

∂xp ]|) 1
l−p in case II. We thus obtain large amplitude response solutions

in case II for any ε sufficiently small.
2) The condition (H) assumed in the Main Theorem above is necessary in the following sense:

If the condition (H) fails, i.e., l − p is even but λ[∂pf(·,0,0)
∂xp ]<0, then (1.2) admits no response

solution of amplitude in the scale which is greater than or equal to ε
1

|l−p| for any ε sufficiently
small independent of λ (see Section 4 for detail).

3) The existence of response solutions showed in the Main Theorem above follows from a special
mechanism of perturbing relative equilibria that exist due to the nonlinearity and the p-th order
non-degeneracy of [f(·, x, 0)]. Such a mechanism is different than the ones considered in existing
works on response solutions of quasi-periodically forced, second order nonlinear differential equa-
tions. Thus, our results, though overlap with some of the existing ones, do not generalize them
completely. For instance, for fix λ < 0, the existence of response solutions of (1.2) follows from the
approach of [32] when l is odd without any restriction on the perturbation. Our existence result
in this case requires additional conditions (H) and (a) but with a weaker non-resonance condition
on the forcing frequency vector. We also obtain results for the cases l is even and λ > 0 which
do not follow from the approach of [32]. When λ 6= 0, 0 < p < l is odd, and [∂pf(·,0,0)

∂xp ] < 0, the
re-scaling x → ε

1
l x to (1.8) yields

ẍ = ε
l−1

l F (ωt, x, ẋ, ε), (1.9)

where F (ωt, x, ẋ, ε) = λxl + f(ωt, ε
1
l x, ε

1
l ẋ). It follows that x = 0 is a zero of [F (·, x, 0, 0)] of odd

order p, and consequently, by [9, Theorem ???] (see also [8, Theorem 2.1] for the ẋ-independent
case), (1.9) hence (1.8) admits a response solution. This result does not follow from our Main
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Theorem. Nevertheless, our results, though have additional conditions, do allow p to be even as
well.

4) The condition (H1), respectively (H2), imposed in the Main Theorem above is a technical
condition ensuing that the implicit equation (2.9), respectively (2.8), is perturbative hence solvable
in case I, respectively case II. The existence of response solutions in either case without these
conditions or with weaker conditions is definitely an interesting question worthy for a further
investigation.

Our Main Theorem will be proved by conducting normal form reduction and using KAM itera-
tions, for which mathematical difficulties caused by the degeneracies of both unperturbed oscillator
and the perturbation need to be encountered. Our approach is divided into three steps. The first
step is to eliminate the zero-averaging terms of the perturbation and re-scale the x-variable by
solving a degenerate implicit function equation. The second step is to transform the system to
the vicinity of the relative equilibrium then improve the order of perturbation by eliminating the
zero-th and the first order resonant terms. With the normal form whose order of perturbation
doubles that of the linear part, KAM iterations are performed in the third step.

The rest of this paper is organized as follows. In Section 2, we reduce the system to a normal form
by taking the normal degeneracy into considerations. In Section 3, we perform KAM iterations to
the normal form to obtain results which are more general than the Main Theorem. In Section 4,
we present a non-existence result for response solutions when the condition (H) fails.

Throughout of the paper, we will use the symbol ¹ to denote ≤ up to a positive constant
multiple. Unless specified otherwise, | · | will be used to denote the absolute value of numbers,
the norm of vectors, and the norm of matrices. When ε lies in a bounded set, all derivatives with
respect to ε are taken in the sense of Whitney.

2. Normal form reduction

In this section, we reduce (1.2) into a suitable normal form in order to apply KAM iterations.
In fact, we will work with the following first order system equivalent to (1.2):





θ̇ = ω,
ẋ = y,
ẏ = −λxl + εf(θ, x, y).

(2.1)

It is clear that response solutions of (1.2) correspond to response tori of (2.1).
For given r, s, ε∗ > 0, we denote

D(s, r) = Td
s ×Br,

where

Td
s := {θ = (θ1, . . . , θd) ∈ Cd/(2πZ)d : |Imθj | ≤ s, j = 1, 2, . . . , d},

Br := {z = (z1, z2) ∈ C2 : |z| ≤ r}.
We note that Td

s is the strip neighborhood of size s of the d-torus Td = Rd/(2πZ)d in Cd. Let
B ⊂ (0, ε∗) be a given subset. For any function F : D(s, r)×B → C,

F (θ, z, ε) =
∑

k∈Zd

Fk(z, ε)ei〈k,θ〉

which is analytic in (θ, z) ∈ D(s, r) and C1-Whitney smooth in ε ∈ B, we define its ‖ · ‖s,r,B-norm
by

‖F (θ, z, ε)‖s,r,B =
∑

k∈Zd

‖Fk(z, ε)‖r,Bes|k|,

where ‖Fk‖r,B = supε∈B,z∈Br
(|fk(z, ε)|+ ε|∂fk(z,ε)

∂ε |) and |k| = ∑d
j=1 |kj | for k = (k1, · · · , kd) ∈ Zd.

The space of all such functions with finite ‖ · ‖s,r,B-norm is denoted by Cω,1(D(s, r)×B,C) which
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is easily seen to be a Banach algebra under the norm ‖ · ‖r,s,B . Taking r = 0 in the above, we can
similarly define the ‖ · ‖s,B-norm of any function F : Td

s ×B → C,

F (θ, ε) =
∑

k∈Zd

Fk(ε)ei〈k,θ〉

which is analytic in θ ∈ Td
s and C1-Whitney smooth in ε ∈ B. The Banach algebra of all such

functions under the ‖ · ‖s,B-norm is denoted by Cω,1(Td
s × B,C). For any matrix-valued function

P (θ, z, ε) = (Pij(θ, z, ε))n×m with Pij(θ, z, ε) ∈ Cω,1(D (s, r) × B,C), 1 ≤ i ≤ n, 1 ≤ j ≤ m, we
still use the same symbol to denote its ‖ · ‖r,s,B-norm which is defined by

‖P‖r,s,B = max
1≤i≤n

m∑

j=1

‖Pij‖r,s,B .

The ‖·‖s,B norm of a matrix-valued function P (θ, ε) = (Pij(θ, ε))n×m with Pij(θ, ε) ∈ Cω,1(Td
s×B),

1 ≤ i ≤ n, 1 ≤ j ≤ m, is defined similarly by taking r = 0 in the above. We use Cω,1(Td
s ×B,Cn)

(resp. Cω,1(Td
s × B, gl(n,C))) to denote the Banach algebra of all n-vector-valued (resp. n × n

matrix-valued) functions, under the ‖ · ‖r,s,B norm. For any bounded function F on a domain Ω
of an Euclidean space, we use the short notion |F |Ω to denote the sup-norm of F on Ω.

Through the rest of the paper, we fix s, r, ε∗ > 0 so that in (1.2), f is real analytic in D(s, r)
and ε ∈ (0, ε∗). Denote

λ̃ := −(l − p)λ(λ−1[
∂pf(·, 0, 0)

∂xp
])

l−1
l−p .

It is clear that λ̂ and λ̃ always have the same sign.
We will show the following result in this section.

Proposition 2.1. Consider system (2.1) in D(s, r) × (0, ε∗) with ω satisfying (1.6), respectively
(1.5), in the case λ̃ < 0, respectively λ̃ > 0, with respect to fixed γ, η > 0 and τ > d − 1. Assume
(H), (H1) in case I, and (H2) in case II. If ε∗ is sufficiently small, then there exists a family of
real analytic transformations

φε : D(s̃, r̃) → D(s, r), ε ∈ D,

where s̃ = s − σ, r̃ = r − σ, 0 < σ ≤ min{r/4, s/4} is a fixed constant, D = Dε∗ is a Cantor set
with Lebesgue measure meas (D)= O(ε∗) in the case λ̃ < 0, and D = (0, ε∗) in the case λ̃ > 0,
such that the following hold.

(a) φε, ε ∈ D, is a C1-Whitney smooth family in the case λ̃ < 0 and a C1-smooth family in
the case λ̃ > 0.

(b) For each ε ∈ D, φε transforms (2.1) into the system
{

θ̇ = ω,

ż1 = (δĂ(ε) + Q̆(θ, ε))z1 + δĞ(θ, z1, ε) + Ĕ(θ, ε),
(2.2)

where δ = ε
l−1

2|l−p| , Ă(ε) = A(ε) +O(δ) with

A(ε) =
(

0 1
λ̃ 0

)
+O(ε

p−1
|l−p| ), (2.3)

Ğ(θ, z1, ε) = O(|z1|2) ∈ Cω,1(D(s̃, r̃) × D,C2), and Q̆(θ, ε) ∈ Cω,1(Td
s̃ × D, gl(2,C)),

Ĕ(θ, ε) ∈ Cω,1(Td
s̃ ×D,C2) satisfy

‖Q̆(θ, ε)‖s̃,D ¹ δ2, ‖Ĕ(θ, ε)‖s̃,D ¹ δ2.

We note that, for ε sufficiently small, Ă(ε) is of elliptic type if λ̃ < 0 and of hyperbolic type if
λ̃ > 0.

Below, we prove the proposition in two steps. The first step is to average the perturbation up
to order p in x and eliminate the averaged terms by transforming the system to the vicinity of the
relative equilibrium. The second step is to remove both the zero-th and the first order resonant
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terms in the perturbation in order to make the new perturbation sufficiently small for carrying out
KAM iterations.

2.1. Averaging and relative equilibrium. We first state the following technical lemma.

Lemma 2.1. Consider the equation

∂ωV (θ) = F (θ),

where ∂ω = ω · ∂
∂θ for some ω ∈ Rd and F ∈ Cω(Td

s ,C) with [F ] = 0. If ω satisfies the non-resonant
condition (1.5) with respect to fixed γ > 0, 0 < η < s, then the equation admits a unique solution
V ∈ Cω(Td

s−η,C) with zero-average such that

‖V ‖s−η ≤ C‖F‖s,

where C = supt>0 Ω(t)e−ηt

γ .

Proof. The lemma simply follows from substituting the Fourier expansions of F and V into the
equation and compariing coefficients. ¤

The following is our first reduction result.

Lemma 2.2. Consider the system (2.1) in D(s, r)×(0, ε∗) with ω satisfying either the non-resonant
condition (1.5) for fixed γ > 0 and 0 < η < s or the Diophantine condition (1.6) for fixed γ > 0
and τ > d− 1. Assume (H), (H1) in case I, and (H2) in case II. If ε∗ is sufficiently small, then
there exists a C1 smooth family of real analytic transformations

φ0 = φ0(ε) : D(s− σ/4, r − σ/4) → D(s, r), ε ∈ (0, ε∗),

where 0 < σ ≤ min{r/4, s/4} is a fixed constant, which, for each ε ∈ (0, ε∗), transforms the system
(2.1) into

{
θ̇ = ω,

ż = (ε
l−1

2|l−p|A(ε) + Q(θ, ε))z + ε
l−1

2|l−p|G(θ, z, ε) + E(θ, ε),
(2.4)

where z = (x, y)>, [E(·, ε)] = 0, [Q(·, ε))] = 0, G(θ, z, ε) = O(|z|2) ∈ Cω,1(D(s − σ
4 , r − σ

4 ) ×
(0, ε),C2), A(ε) is as in (2.3), and E(θ, ε) ∈ Cω,1(Td

s−σ
4
× (0, ε),C2), Q(θ, ε) ∈ Cω,1(Td

s−σ
4
×

(0, ε), gl(2,C)) with

‖Q‖s−σ
4 ,(0,ε) ¹ ε

l−1
2|l−p| , ‖E‖s−σ

4 ,(0,ε) ¹ ε
l−1

2|l−p| .

Proof. We only treat the case when ω satisfies the Brjuno-like condition (1.5) because the Dio-
phantine condition (1.6) is stronger. Rewrite f(θ, x, y) in (2.1) as

f(θ, x, y) = f0(θ, x) + f1(θ, x, y)y,

where

f0(θ, x) =
p∑

i=0

fi0(θ)xi + f2(θ, x), f1(θ, x, y)y = f(θ, x, y)− f(θ, x, 0),

with fi0(θ) = ∂if(θ,0,0)
∂xi , i = 1, · · · , p, and

f2(θ, x) =
{ O(|x|p+1), in case I,

0, in case II.

For fixed 0 < σ ≤ min{r/4, s/4}, suppose without loss of generality that η < σ/8. By Lemma
2.1, the equation

∂ωvi(θ) = fi0(θ)− [fi0(θ)] (2.5)
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for each i = 0, · · · , p, is uniquely solvable in Cω,1(Td
s− 1

8 σ
,C). Consider the transformation φ̃1 :

D(s− σ/8, r − σ/8) → D(s, r) defined by

x = x1, y = y1 + ε

p∑

i=0

vi(θ)xi,

where, for each i = 0, · · · , p, vi(θ) ∈ Cω,1(Td
s− 1

8 σ
,C) is the solution of (2.5). Since [fi0] = 0,

i = 0, · · · , p− 1, system (2.1) under this transformation becomes




θ̇ = ω,
ẋ1 = y1 + ε

∑p
i=0 vi(θ)xi

1,
ẏ1 = −λxl

1 + ε[fp0]x
p
1 + εf2(θ, x1) + εf1(θ, x1, y1 + ε

∑p
i=0 vi(θ)xi

1)(y1 + ε
∑p

i=0 vi(θ)xi
1)

−ε
∑p

i=1 vi(θ)xi−1
1 (y1 + ε

∑p
i=0 vi(θ)xi

1).

(2.6)

Since [vi0] = 0, i = 0, · · · , p, equilibria of the averaged system of (2.6) satisfy the degenerate
implicit equation{

y1 = 0,
−λxl

1 + ε[fp0]x
p
1 + ε[f2(·, x1)] + ε[f1(·, x1, y1 + ε

∑p
i=0 vi(θ)xi

1)]y1 + ε2[f3(·, x1, y1)] = 0,
(2.7)

i.e.,

−λxl
1 + ε[fp0]x

p
1 + ε[f2(·, x1)] + ε2[f3(·, x1, 0)] = 0, (2.8)

where

f3(θ, x1, y1) = f1(θ, x1, y1 + ε

p∑

i=0

vi(θ)xi
1)

p∑

i=0

vi(θ)xi
1 +

p∑

i=1

vi(θ)xi−1
1

p∑

i=0

vi(θ)xi
1.

In case II, since λ = ±ε and f2 ≡ 0, the implicit function theorem can be applied to the
degenerate implicit equation (2.8) immediately to yield a smooth family of solutions x(ε) =
(±[fp0])

1
l−p + O(ε). To solve the degenerate implicit equation (2.8) in case I, we consider the

re-scaling x1 → ε
1

l−p x1 so that the equilibrium equation (2.8) becomes

H1(x1, ε) =: −λxl
1 + [fp0]x

p
1 +O(ε

1
l−p ) + ε

l−2p
l−p [f3(·, ε

1
l−p x1, 0)] = 0 (2.9)

which is perturbative because p < l/2 in this case. Since (H) holds, x∗ =: ( 1
λ [fp0])

1
l−p is well-

defined and satisfies

H1(x∗, 0) = 0,
∂H1(x∗, 0)

∂x1
6= 0.

It follows from the implicit function theorem that the equation (2.9) admits a smooth family of
solutions x̃(ε) = x∗+O(ε

1
l−p ). By tracing back the re-scaling in case II, we have obtained, in both

cases, a smooth family of solutions (x(ε), y(ε)) of (2.7), as ε sufficiently small, where y(ε) ≡ 0 and

x(ε) = (
ε

λ
[fp0])

1
l−p +O(ε

2
l−p ).

To eliminate the averaged term in the perturbation of the system (2.6), we consider the trans-
formation φ̃2 : D(s− σ/4, r − σ/4) → D(s− σ/8, r − σ/8),

x1 → ε
1

|l−p|x1 + x(ε), y1 → ε
l+1

2|l−p| y1

in both cases. We note that |l− p| is used in the above because p is allowed to be bigger than l in
case II. Then system (2.6) under this transformation becomes




θ̇ = ω,

ẋ1 = ε
l−1

2|l−p| y1 + F1(θ, x1, y1, ε),
ẏ1 = ε

l−1
2|l−p| (−lλx̃l−1(ε) + p[fp0]x̃p−1(ε))x1−λ

∑l
k=2

(
l
k

)
ε

l−1
2|l−p| x̃l−k(ε)xk

1

+[fp0]
∑p

k=2

(
p
k

)
ε

l−1
2|l−p| x̃p−k(ε)xk

1 + F2(θ, x1, y1, ε),
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where

F1(θ, x1, y1, ε) = ε
l−p−1
|l−p|

p∑

i=0

vi(θ)(ε
1

|l−p|x1 + ε
1

|l−p| x̃(ε))i,

F2(θ, x1, y1, ε) = ε
l−2p−1
2|l−p| f2(θ, ε

1
|l−p|x1 + ε

1
|l−p| x̃(ε))

+ εf1(θ, ε
1

|l−p|x1 + ε
1

|l−p| x̃(ε), ε
l+1

2|l−p| y1 + ε

p∑

i=0

vi(θ)(ε
1

|l−p|x1 + ε
1

|l−p| x̃(ε))i)y1

+ ε
3l−4p−1
2|l−p| f3(θ, ε

1
|l−p|x1 + ε

1
|l−p| x̃(ε), ε

l+1
2|l−p| y1) + ε

l−1
2|l−p| (−λx̃l(ε) + [fp0]x̃l(ε))

+ ε

p∑

i=1

vi(θ)(ε
1

|l−p|x1 + ε
1

|l−p| x̃(ε))i−1y1.

Now, with the composed transformations φ0 = φ̃1 ◦ φ̃2, the system (2.1) becomes (2.4) with
G(θ, z, ε) = O(|z|2) ∈ Cω,1(D(s−σ

4 , r−σ
4 )×(0, ε),C2), E(θ, ε) = (E1(θ, ε), E2(θ, ε))> ∈ Cω,1(Td

s−σ
4
×

(0, ε),C2), E1(θ, ε) = F1(θ, 0, 0, ε), E2(θ, ε) = F2(θ, 0, 0, ε), Q(θ, ε) = (Qij(θ, ε))1≤i,j≤2−([Qij(θ, ε)])1≤i,j≤2 ∈
Cω,1(Td

s−σ
4
× (0, ε), gl(2,C)),

Q11(θ, ε) = ∂F1(θ,0,0,ε)
∂x1

, Q12(θ, ε) = ∂F1(θ,0,0,ε)
∂y1

,

Q21(θ, ε) = ∂F2(θ,0,0,ε)
∂x1

, Q22(θ, ε) = ∂F2(θ,0,0,ε)
∂y1

,

and

A(ε) =
(

0 1
−lλx̃l−1(ε) + p[fp0]x̃p−1(ε) 0

)
+ ε−

l−1
2|l−p| ([Qij(θ, ε)])1≤i,j≤2. (2.10)

By (2.9), [E(θ, ε)] = 0. It is also easy to see that

‖Q‖s−σ
4 ,(0,ε) ¹ ε

l+1
2|l−p| , ‖E‖s−σ

4 ,(0,ε) ¹ ε
l−1

2|l−p| . (2.11)

By (2.10), (2.11), and the definition of x̃(ε), it is clear that A(ε) has the desired form. ¤

2.2. Improving the order of perturbation. As stated in the following result, the order of
perturbation in (2.4) can be raised to double that of the linear part.

Lemma 2.3. Let 0 < σ ≤ min{r/4, s/4} be fixed as in Lemma 2.2 and consider system (2.4) in
D(s− σ

4 , r − σ
4 )× (0, ε∗) with ω satisfying (1.6), respectively (1.5), in the case λ̃ < 0, respectively

λ̃ > 0, satisfies (2.11), with respect to fixed γ > 0, 0 < η < s, and τ > d − 1. Then there exists a
family of real analytic transformations

φ̃ε : D(s̃, r̃) → D(s− σ

4
, r − σ

4
), ε ∈ D,

where s̃ = s− σ, r̃ = r− σ, D = Dε∗ is a Cantor set with meas(D)= O(ε∗) in the case λ̃ < 0, and
D = (0, ε∗) in the case λ̃ > 0, such that the following hold.

(a) φ̃ε, ε ∈ D, is a C1-Whitney smooth family in the case λ̃ < 0 and a C1-smooth family in
the case λ̃ > 0, having the form

z = (Id + u(θ, ε))z1 + v(θ, ε), θ = θ,

where u(θ, ε) ∈ Cω,1(Td
s̃ ×D, gl(2,C)), v(θ, ε) ∈ Cω,1(Td

s̃ ×D,C2) satisfying the estimates

‖u‖s̃,D, ‖v‖s̃,D ¹ δ.

(b) For each ε ∈ D, φ̃ε transforms (2.4) into (2.2).
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Proof. In the proof, we suspend the explicit dependence of all terms on ε for the sake of simplicity.
We intend to find a transformation φ̃ : (θ, z) 7→ (θ, z1) of the form

z = z1 + u(θ)z1 + v(θ), θ = θ, (2.12)

which transforms the system (2.4) into the system (2.2) with

Ă = A + [
∂G(θ, v(θ))

∂z
],

Ĕ(θ) = (I + u(θ))−1 (Q(θ)v(θ) + δG(θ, v(θ))) ,

Q̆(θ) = (I + u(θ))−1

(
Q(θ)u(θ) + δ(

∂G(θ, v(θ))
∂z

− [
∂G(θ, v(θ))

∂z
])u(θ)

)
, (2.13)

Ğ(θ, z1) = (I + u(θ))−1

(
G(θ, (I + u(θ))z1 + v(θ))−G(θ, v(θ))

−∂G(θ, v(θ))
∂y

(I + u(θ))z1

)
.

To achieve this, it is easy to see that functions u and v in the transformation (2.12) need to satisfy
the following homological equations

∂ωv(θ) = δAv(θ) + E(θ), (2.14)

∂ωu(θ) = δĂu(θ)− δu(θ)Ă + H(θ), (2.15)

where H(θ) = Q(θ) + δ(∂G(θ,v(θ))
∂z − [∂G(θ,v(θ))

∂z ]). Consider Fourier expansions

v(θ) =
∑

k∈Zd

vkei〈k,θ〉, E(θ) =
∑

k∈Zd

Ekei〈k,θ〉, u(θ) =
∑

k∈Zd

ukei〈k,θ〉, H(θ) =
∑

k∈Zd

Hkei〈k,θ〉.

Case 1. λ̃ < 0 (the elliptic case): Substituting the expansions of v and E into the equation (2.14)
yields

i〈k, ω〉vk = δAvk + Ek, k ∈ Zd. (2.16)

Since E0 = 0, we can choose v0 = 0. Consider the set

D1 :=
{

ε ∈ (0, ε∗) : |〈k, ω〉2 − det δA(ε)| ≥ γ3

|k|5τ
, ∀k ∈ Zd \ {0}

}
,

where δ = ε
l−1

2|l−p| . Then for each ε ∈ D1, the equation (2.16) is uniquely solvable for each k 6= 0 to
yield the solution

vk = (i〈k, ω〉I2 − δA)−1Ek =
adj(i〈k, ω〉I2 − δA)
det(i〈k, ω〉I2 − δA)

Ek,

where “adj” stands for the adjugate of a matrix, satisfying

|vk|D1 ≤
∣∣∣∣
adj(i〈k, ω〉I2 − δA)
det(i〈k, ω〉I2 − δA)

∣∣∣∣
D1

|Ek|D1 ≤
|k|5τ+1

γ3
|Ek|D1 .

It follows that, for each ε ∈ D1, the equation (2.14) admits a unique solution v(θ) satisfying

‖v‖s̃,D1 ≤
∑

k 6=0

|vk|D1e
|k|s̃ ≤

∑

k 6=0

γ−3|k|5τ+1|Ek|D1e
|k|s̃

=
∑

k 6=0

γ−3|k|5τ+1e−|k|
3σ
4 |Ek|D1e

|k|(s−σ
4 ) (2.17)

¹
∑

k 6=0

|Ek|D1e
|k|(s−σ

4 ) ¹ ‖E(θ)‖s−σ
4 ,D1 ¹ δ.
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Since

v−k =
adj(−i〈k, ω〉I2 − δA)
det(−i〈k, ω〉I2 − δA)

E−k =
adj(i〈k, ω〉I2 − δA)
det(i〈k, ω〉I2 − δA)

Ek = v̄k, k 6= 0, (2.18)

v(θ) is a real analytic function.
We note that the equation (2.15) is equivalent to

∂ωu(θ) = δÃu(θ)− δu(θ)Ã + H(θ), (2.19)

where Ã = Ă − tr(Ă)I2 with Ă being defined in (2.13) using the solution v(θ) of (2.14) solved
above. We regard a 2× 2 matrix X = (Xij)1≤i,j≤2 as a four-dimensional vector

(X)v = (X11, X12, X21, X22)>. (2.20)

Then the linear operator LA : gl(2,C) → gl(2,C): LAX = XA − AX, induces a linear operator
LA : (X)v → LA(X)v on C4, where, for simplicity, we have used the same symbol to denote the
4×4 matrix corresponding to the operator LA. With the vector representation, the linear equation
(2.19) becomes

∂ω(u)v + LδÃ(u)v = (H)v. (2.21)

The characteristic polynomial of LδÃ is simply det(LδÃ−λI4) = λ2(λ2+4 det δÃ). By substituting
the Fourier expansions of u and H into (2.21), we find that (u0)v = 0 and

(i〈k, ω〉I4 + LδÃ)(uk)v = (Hk)v, k 6= 0. (2.22)

Consider the set

D2 :=
{

ε ∈ (0, ε∗) : |〈k, ω〉2 − 4 det δÃ(ε)| ≥ γ3

|k|5τ
, ∀k ∈ Zd \ {0}

}
,

where δ = ε
l−1

2|l−p| . For each ε ∈ D2, it is clear that (2.22) is uniquely solvable for each k 6= 0 to
yield the solution

(uk)v = (i〈k, ω〉I4 + LδÃ)−1(Hk)v =
adj(i〈k, ω〉I4 + LδÃ)
det(i〈k, ω〉I4 + LδÃ)

(Hk)v

satisfying

|(uk)v|D2 ≤
∣∣∣∣
adj(i〈k, ω〉I4 + LδÃ)
det(i〈k, ω〉I4 + LδÃ)

∣∣∣∣
D2

|(Hk)v|D2

≤
∣∣∣∣

adj(i〈k, ω〉I4 + LδÃ)
〈k, ω〉2(〈k, ω〉2 − 4 det δÃ)

∣∣∣∣
D2

|(Hk)v|D2 ¹
|k|15τ

γ3
|(Hk)v|D2 .

Thus, for each ε ∈ D2, the equation (2.21) admits a unique solution u(θ) satisfying ‖(u)v‖s̃,D2 ¹
‖(H)v‖s,D2 ¹ δ, which implies that {u(θ)}ε∈D2 is a C1-Whitney smooth family of solutions of
(2.15) satisfying

‖u‖s̃,D2 ¹ δ. (2.23)

Using identities similar to (2.18), we see, similar to the case of v, that u is real analytic.
Let D = D1∩D2. For the case λ̃ < 0, we have now obtained desired real analytic transformations

φ̃ defined by (2.12) which form a C1-Whitney smooth family as ε ∈ D varying.

Case 2. λ̃ > 0 (the hyperbolic case): In this case, A has two distinct real eigenvalues, say λ1,
λ2. Since E0 = 0, we can choose v0 = 0. For each k 6= 0, we have by substituting the Fourier
expansions of v, E into (2.16) that

vk = (i〈k, ω〉I2 − δA)−1Ek.
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Let P be a non-singular real matrix such that A = Pdiag{λ1, λ2}P−1. Then

(i〈k, ω〉I2 − δA)−1 = P−1

(
1

i〈k,ω〉−δλ1
0

0 1
i〈k,ω〉−δλ2

)
P, k 6= 0.

As ε∗ sufficiently small, we have by the non-resonant condition (1.5) that |(i〈k, ω〉 − λi)−1|<
|(i〈k, ω〉)−1| ¹ Ω(|k|) for all k 6= 0 and ε ∈ D =: (0, ε∗). This implies that, for each ε ∈ D, the
equation (2.14) admits a unique real analytic solution v(θ) satisfying

‖v‖s̃,D =
∑

k 6=0

|vk|Des̃|k| <
∑

k 6=0

|Ω(|k|)||Ek|De−
3
4σ |k|e(s− 1

4σ )|k|

≤ sup
|t|>0

e−ηtΩ(t)‖E‖s,D ¹ δ.

Similarly, Ă in (2.15) has two distinct real eigenvalues, say λ̃1 and λ̃2. Let P be a non-singular
matrix such that u = PũP−1. Then (2.15) becomes

∂ωũ(θ) = δÃũ(θ)− δũ(θ)Ã + H̃(θ),

where Ã = P−1ĂP and H̃(θ) = P−1H̆(θ)P . Writing ũ(θ) = (ũij(θ))1≤i,j≤2, H̃(θ) = (H̃ij(θ))1≤i,j≤2,
we have

∂ωũij(θ) = δ(λi − λj)ũij(θ) + H̃ij(θ), 1 ≤ i, j ≤ 2. (2.24)

Similar to the case of v(θ), for each ε ∈ D = (0, ε∗) with ε∗ sufficiently small, (2.24) is uniquely
solvable for each 1 ≤ i, j ≤ 2 whose real analytic solution uij satisfyies the estimate

‖ũij‖s̃,D ≤ sup
|t|>0

e−ηtΩ(t)‖H̃(θ)‖s−σ
4 ,D ¹ ε

1
2 .

This implies that the equation (2.15) is uniquely solvable for each ε ∈ D to yield real analytic
solution u(θ) satisfying

‖u‖s̃,D ¹ δ.

Thus, for the case λ̃ > 0, we have obtained desired real analytic transformations φ̃ defined by
(2.12) which form a C1 smooth family as ε ∈ D varying.

By (2.13), (2.17) and (2.23), we have

‖Q̆‖s̃,D ¹ δ2, ‖Ĕ‖s̃,D ¹ δ2, Ğ = O(|z1|2).
It remains to estimate the Lebesgue measure of D = D1 ∩D2 in the case λ̃ < 0. For each k 6= 0,

we let f1
k (ε) = 〈k, ω〉2 − det δA(ε) and f2

k (ε) = 〈k, ω〉2 − 4 det δÃ(ε) and consider sets

Ri
k := {ε ∈ (0, ε∗) : |f i

k(ε)| < γ3/|k|5τ}, i = 1, 2.

Then the Diophantine condition (1.6) implies that there is a constant C > 0 such that |f i
k(ε)| ≥

γ2

|k|2τ − Cε
l−1
|l−p| and |dfi

k(ε)
dε | > Cε

l−1
|l−p|−1, k 6= 0, i = 1, 2. If γ2

|k|2τ ≥ 2Cε
l−1
|l−p| for some k 6= 0, then

|f i
k(ε)| ≥ γ2

|k|2τ
− Cε

l−1
|l−p| ≥ γ2

2|k|2τ
≥ γ3

|k|5τ
,

implying that meas Ri
k = 0, i = 1, 2, where ‘meas’ denotes the Lebesgue measure of a set. If

γ2

|k|2τ < 2Cε
l−1
|l−p| for some k 6= 0, then

meas Ri
k ¹ γ3

|k|5τ ε
l−1
|l−p|−1

¹ ε
2(l−1)
|l−p|

|k|τ ε
l−1
|l−p|−1

¹ 1
|k|τ ε1+

l−1
|l−p| , i = 1, 2.

It follows that

meas (
⋃

k∈Zd\{0}
Ri

k) ¹ ε1+
l−1
|l−p|

∑

k∈Zd\{0}

1
|k|τ ¹ ε1+

l−1
|l−p|
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for i = 1, 2. Therefore,

meas D ≥ ε∗ −meas(
⋃

k∈Zd\{0},
1≤i≤2

Ri
k) ≥ ε∗(1− Cε

l−1
|l−p|
∗ )

for some constant C > 0. ¤

Proof of Proposition 2.1: It is an immediate consequence of Lemmas 2.2, 2.3, by letting φε =
φ0 ◦ φ̃ε. ¤

3. KAM Iterations

In this section, we use KAM iterations to prove the following theorems, one for the hyperbolic
case and the other one for the elliptic case, from which the Main Theorem and Corollaries A, B
will follow.

Theorem 3.1. Consider the system (2.1) in the domain D(s, r) × (0, ε∗) for fixed r, s, ε∗ > 0.
Assume λ̂ > 0, the condition (H), the condition (H1) in case I, the condition (H2) in case
II, and that ω satisfies the Brjuno-like non-resonant condition (1.5) with respect to fixed γ > 0
and 0 < η < s. Then for ε∗ sufficiently small, there exists a C1 smooth family of real analytic
transformations

Φε : D(
s

2
,
r

2
) → D(s, r), ε ∈ (0, ε∗)

such that each Φε transforms the system (2.1) into the form
{

θ̇ = ω,
ż = Aε

∗(θ)z + Gε
∗(θ, z),

where z = (x, y)>, Gε
∗(θ, z) = O(|z|2) and each Aε

∗(θ) is a matrix-valued, real analytic function.
Consequently, for each ε ∈ (0, ε∗), the system (2.1) admits a real analytic, quasi-periodic response
d-torus with the frequency vector ω.

Theorem 3.2. Consider the system (2.1) in the domain D(s, r) × (0, ε∗) for fixed r, s, ε∗ > 0.
Assume λ̂ > 0, the condition (H), the condition (H1) in case I, the condition (H2) in case II,
and that ω satisfies the Diophantine condition (1.6) with respect to fixed γ > 0 and τ > d − 1.
Then for ε∗ sufficiently small, there exist a Cantor set Eε∗ ⊂ (0, ε∗) with limε∗→0

Meas(Eε∗ )
ε∗

= 1
and a C1-Whitney smooth family of real analytic transformations

Ψε : D(
s

2
,
r

2
) → D(s, r), ε ∈ Eε∗

such that each Ψε transforms the system (2.1) into the form
{

θ̇ = ω,
ż = Aε

∗z + Gε
∗(θ, z),

where z = (x, y)>, Gε
∗(θ, z) = O(|z|2) and each Aε

∗ is a constant matrix. Consequently, for each
ε ∈ Eε∗ , the system (2.1) admits a real analytic, Diophantine response torus with the frequency
vector ω.

Through the rest of the section, for the sake of simplicity, we suspend the explicit dependence of
all terms on ε. To begin with the KAM iterations, we set A0 = Ă,Q0 = Q̆,G0 = Ğ, E0 = Ĕ, r0 =
r̃ = r − σ, s0 = s̃ = s− σ in (2.2), i.e., we start with the system

{
θ̇ = ω,
ż = (δA0 + Q0(θ))z + E0(θ) + δG0(θ, z),

where z = (x, y)>, (θ, z) ∈ D(s0, r0). We recall from Lemma 2.3 that

A0 = A +O(δ), ‖Q0‖s0,D ≤ C0δ
2, ‖E0‖s0,D ≤ C0δ

2, G0 = O(‖z‖2),



14 WEN SI AND YINGFEI YI

where C0 > 0 is a suitable constant. Fix a 0 < σ0 ≤ min{ r0
4 , s0

4 }, δ0 = C0δ and consider the
iterative sequences

{
δν+1 = δ

6
5
ν , σν+1 = σν/2,

sν+1 = sν − σν , rν+1 = rν − σν ,
(3.1)

ν = 0, 1, · · · . It is clear that limν→∞ sν =: s∗ ≥ s0/2, limν→∞ rν =: r∗ ≥ r0/2, and limν→∞ εν = 0.

3.1. Transformations for the case λ̃ > 0. We implement a KAM scheme to iterate the following
sequence of C1-smooth family of real analytic systems

{
θ̇ = ω,
ż = (δA0 + Qν(θ))z + Eν(θ) + δGν(θ, z),

(1ν)

where z = (x, y)>, (θ, z) ∈ D(sν , rν), ε ∈ (0, ε∗), ν = 0, 1, · · · , whose terms on the right hand side
satisfy the following properties:

‖Qν −Qν−1‖sν ,(0,ε∗) ≤ δ
1
2
ν , (3.2)

Gν = O(|(x, y)|2),
‖Gν −Gν−1‖sν ,rν ,(0,ε∗) ≤ δ

1
2
ν , (3.3)

‖Eν‖sν ,rν ,(0,ε∗) ≤ δδν , (3.4)

for all ν = 1, 2, · · · .

Lemma 3.1. Consider the case λ̃ > 0 and assume conditions of Theorem 3.1. Then, as ε∗ suffi-
ciently small, for each ν = 0, 1, · · · , there exists a C1-smooth family of real analytic transformation
Φν : D(sν+1, rν+1) → D(sν , rν), ε ∈ (0, ε∗), satisfying

‖Φν − id‖sν ,rν ,(0,ε∗) < δ
1
2
ν ,

‖DΦν − Id‖sν ,rν ,(0,ε∗) < δ
1
2
ν ,

(3.5)

which transforms (1ν) to (1ν+1).

Proof. Consider the homological equation

∂ωV (θ) = (δA0 + Qν(θ))V (θ) + Eν(θ),

which is equivalent to
(T + Wν)V = Eν , (3.6)

where T, Wν : Cω,1(Td
sν
× (0, ε∗),C2) → Cω,1(Td

sν
× (0, ε∗),C2) are operators defined by

T (V (θ)) := ∂ωV (θ)− δA0V (θ) =
∑

k∈Zd

(i〈k, ω〉I2 − δA0)Vkei〈k,θ〉, V =
∑

k∈Zd

Vkei〈k,θ〉,

Wν(V (θ)) = −Qν(θ)V (θ).

We note that A0 is hyperbolic in this case with real distinct eigenvalues λi, i = 1, 2. Thus,
there is a non-singular matrix P such that A0 = Pdiag{λ1, λ2}P−1 and a constant c > 0 such
that |i〈k, ω〉 − δλi| ≥ cδ, i = 1, 2, k ∈ Zd. It follows that T−1 : Cω,1 (Td

sν
× (0, ε∗),C2) →

Cω,1(Td
sν
× (0, ε∗),C2):

T−1(V (θ)) =
∑

k∈Zd

(i〈k, ω〉I2 − δA0)−1Vkei〈k,θ〉

=
∑

k∈Zd

P−1

(
(i〈k, ω〉 − δλ1)−1 0

0 (i〈k, ω〉 − δλ2)−1

)
PVkei〈k,θ〉
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exists, and

‖T−1‖ = sup
V (θ)∈Cω,1(Td

sν
×(0,ε∗),C2)\{0}

‖T−1(V (θ))‖sν(0,ε∗)

‖V (θ)‖sν(0,ε∗)

¹ sup
V (θ)∈Cω,1(Td

sν
×(0,ε∗),C2)\{0}

δ−1‖V (θ)‖sν(0,ε∗)

‖V (θ)‖sν(0,ε∗)
¹ δ−1.

Since ‖Qν‖sν ,(0,ε∗) ≤ δ
∑ν−1

l=0 ‖Gν(θ,Vl)
∂z ‖sν ,(0,ε∗) ¹ δ

3
2 , we have

‖Wν‖ ≤ ‖Qν(θ)‖sν(0,ε∗) ¹ δ
3
2 .

Thus, ‖T−1Wν‖ ≤ ‖T−1‖‖Wν‖ ¹ δ, which implies that the operator T + Wν is invertible and

‖(T + Wν)−1‖ ≤ ‖(1 + T−1Wν)‖‖T−1‖ ¹ δ−1.

It follows that the equation (3.6) is solvable to yield a unique solution Vν(θ) = (T +Wν)−1(Eν(θ))
satisfying

‖Vν‖sν ,(0,ε∗) ¹ δ−1‖Eν‖sν ,(0,ε∗) ¹ δ−1δδν ¹ δν . (3.7)

Let Φν : (θ, z) 7→ (θ, z+) be the transformation such that

z+ = z − Vν(θ).

Then it is clear that, as ε varies, Φν is a C1 smooth family of real analytic transformations, which,
for each ε ∈ (0, ε∗), transforms (1ν) to (1ν+1) with

Qν+1(θ) = Qν(θ) + δ Gν(θ,Vν(θ))
∂z ,

Eν+1(θ) = δGν(θ, Vν(θ)),
Gν+1(θ, z+) = Gν(θ, Vν(θ) + z+)−Gν(θ, Vν(θ))− Gν(θ,Vν(θ))

∂z z+.

(3.8)

By making ε∗ sufficiently small if necessary, we have rν+1 + ‖Vν(θ)‖sν ,(0,ε∗) ≤ rν , which implies
that

Φν(D(sν+1, rν+1)) ⊂ D(sν , rν), ε ∈ (0, ε∗),
and moreover, (3.5) holds.

Since Gν+1 = O(|z|2), we have by (3.7), (3.8), and Cauchy estimate that

‖Eν+1‖sν+1,(0,ε∗) ≤ ‖δGν(·, Vν(·))‖sν+1,(0,ε∗) ≤ δδ2
ν ≤ δδν+1,

‖Qν+1 −Qν‖sν+1,(0,ε∗) ≤ ‖δGν(·, Vν(·))
∂z

‖sν+1,(0,ε∗) ≤ δ
1
2
ν ,

‖Gν+1 −Gν‖sν+1,rν+1,(0,ε∗) ¹ ‖Gν(·, Vν(·))‖sν+1,(0,ε∗) + ‖Gν(·, Vν(·))
∂z

‖sν+1,(0,ε∗)

+ ‖Vν‖sν ,(0,ε∗) ≤ δ
1
2
ν ,

i.e., (3.2)-(3.4) hold with ν + 1 in place of ν. ¤

3.2. Transformations for the case λ̃ < 0. Setting γ0 = γ, we consider a new sequence {γν}
defined by γν+1 = γν/2, ν = 0, 1, · · · , in addition to sequences in (3.1). For each ν = 0, 1, · · · ,
denote Eν := E1

ν ∩ E2
ν , where

E1
ν := {ε ∈ D : |〈k, ω〉2 − det δAν(ε)| ≥ γ3

ν

|k|5τ
,∀k ∈ Zd \ {0}},

E2
ν := {ε ∈ D : |〈k, ω〉2 − 4 det δÃν+1(ε)| ≥ γ3

ν

|k|5τ
,∀k ∈ Zd \ {0}}

with Ãν+1 = Aν+1 − 1
2 tr(Aν+1)I2. We would like to implement a KAM scheme to iterate the

following sequence of C1-Whitney smooth family of real analytic systems{
θ̇ = ω,
ż = (δAν + Qν(θ))z + Eν(θ) + δGν(θ, z),

(2ν)
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where z = (x, y)>, (θ, z) ∈ D(sν , rν), ε ∈ Eν , ν = 0, 1, · · · , whose terms on the right hand side
satisfy the following properties:

|Aν −Aν−1|Eν
≤ δ

1
2
ν , (3.9)

‖Qν‖sν ,Eν
≤ δδν , (3.10)

Gν = O(|(x, y)|2),
‖Gν −Gν−1‖sν ,rν ,Eν ≤ δ

1
2
ν , (3.11)

‖Eν‖sν ,Eν ≤ δδν , (3.12)

ν = 1, 2, · · · .
Lemma 3.2. Consider the case λ̃ < 0 and assume conditions of Theorem 3.2. Then, as ε∗
sufficiently small, for each ν = 0, 1, · · · , there exists a C1-Whitney smooth family of real analytic
transformation Φν : D(sν+1, rν+1) → D(sν , rν), ε ∈ Eν , satisfying

‖Φν − id‖sν+1,rν+1,Eν+1 ≤ δ
1
2
ν ,

‖DΦν − Id‖sν+1,rν+1,Eν+1 ≤ δ
1
2
ν ,

(3.13)

which transforms (2ν) to (2ν+1).

Proof. Consider the homological equations

∂ωV (θ) = δAνV (θ) + Eν(θ), (3.14)
∂ωU(θ) = δAν+1U(θ)− δU(θ)Aν+1 + Hν(θ), (3.15)

where Hν(θ) = Qν(θ)− [Qν(·)] + δ ∂Gν(θ,Vν(θ))
∂z − δ[∂Gν(·,Vν(·))

∂z ]. Substituting Fourier expansions

V (θ) =
∑

k∈Zd

Vkei〈k,θ〉, Eν(θ) =
∑

k∈Zd

Eν,kei〈k,θ〉

into (3.14), we have

i〈k, ω〉Vk = δAνVk + Eν,k, k ∈ Zd,

which admit solutions

Vk = (i〈k, ω〉I2 − δAν)−1Eν,k =
adj(i〈k, ω〉I2 − δAν)
det(i〈k, ω〉I2 − δAν)

Eν,k, k ∈ Zd.

Clearly, if k = 0, then

|V0|Eν
≤

∣∣∣∣
adj(δAν)
det(δAν)

∣∣∣∣
Eν

|Eν,0|Eν
¹ δ−1|Eν,0|Eν

,

and if k 6= 0, then

|Vk|Eν
≤

∣∣∣∣
adj(i〈k, ω〉I2 − δAν)
det(i〈k, ω〉I2 − δAν)

∣∣∣∣
Eν

|Eν,k|Eν
≤ |k|5τ+1

γ3
ν

|Eν,k|Eν
.

It follows that the equation (3.14) is solvable to yield a unique solution Vν(θ) satisfying

‖Vν‖sν+1,Eν ≤
∑

k∈Zd

|Vk|Eν e|k|sν+1 ¹ δ−1|Eν,0|Eν +
∑

k 6=0

γ−3
ν |k|5τ+1|Eν,k|Eν e|k|sν+1

¹ δ−1
∑

k 6=0

γ−3
ν |k|5τ+1e−|k|σν |Eν,k|Eν e|k|sν

¹ δ−1 1
γ3

νσν
‖Eν(θ)‖sν ,Eν

¹ 1
γ3

νσν
δν . (3.16)

Since

Vν,−k =
adj(−i〈k, ω〉I2 − δAν)
det(−i〈k, ω〉I2 − δAν)

Eν,−k =
adj(i〈k, ω〉I2 − δAν)
det(i〈k, ω〉I2 − δAν)

Eν,k = V ν,k, k 6= 0, (3.17)
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Vν(θ) is a real analytic function.
We note that the equation (3.15) is equivalent to

∂ωU(θ) = δÃν+1U(θ)− δU(θ)Ãν+1 + Hν(θ),

which is further equivalent to the vector form

∂ω(U)v + LδÃν+1
(U)v = (Hν)v, (3.18)

where the vector representation (·)v of a matrix and the operator LδÃν+1
are defined in (2.20) and

(2.21), respectively. We note that the characteristic polynomial of LδÃν+1
is simply det(LδÃν+1

−
λI4) = λ2(λ2 + 4det δÃν+1). Substituting the Fourier expansions

U(θ) =
∑

k∈Zd

Ukei〈k,θ〉, Hν(θ) =
∑

k∈Zd

Hν,kei〈k,θ〉

into (3.18) yields
(i〈k, ω〉I4 + LδÃν+1

)(Uk)v = (Hν,k)v,

i.e.,

(Uk)v = (i〈k, ω〉I4 + LδÃν+1
)−1(Hν,k)v =

adj(i〈k, ω〉I4 + LδÃν+1
)

det(i〈k, ω〉I4 + LδÃν+1
)
(Hν,k)v, k ∈ Zd.

Since ‖(U0)‖sν+1,Eν
¹ δ−1 1

γ3
νσν

‖(Hν,0)‖sν ,Eν
and

|(Uk)v|Eν
≤

∣∣∣∣∣
adj(i〈k, ω〉I4 + LδÃν+1

)

det(i〈k, ω〉I4 + LδÃν+1
)

∣∣∣∣∣ |(Hν,k)v|Eν

≤
∣∣∣∣∣

adj(i〈k, ω〉I4 + LδÃν+1
)

〈k, ω〉2(〈k, ω〉2 − 4 det δÃν+1)

∣∣∣∣∣
Eν

|(Hν,k)v|Eν
¹ |k|15τ

γ3
ν

|(Hν,k)v|Eν
, k 6= 0,

we obtain a unique solution Uν(θ) of (3.15) satisfying

‖Uν‖sν+1,Eν
¹ 1

γ6
νσ2

ν

δν . (3.19)

Using an identity similar to (3.17), we also see that Uν is a real analytic function.
Let Φν : (θ, z) 7→ (θ, z+) be the transformation such that

z = z+ + Uν(θ)z+ + Vν(θ).

Then it is easy to see that Φν is a C1-Whitney smooth family of real analytic transformations,
which, for each ε ∈ Eν , transforms (2ν) into (2ν+1) with

Aν+1 = Aν + δ−1[Qν(·)] + [
∂Gν(·, Vν(·))

∂z
],

Eν+1(θ) = (I + Uν(θ))−1 (Qν(θ)Vν(θ) + δGν(θ, Vν(θ))) ,

Qν+1(θ) = (I + Uν(θ))−1((Qν(θ)− [Qν(·)])Uν(θ) (3.20)

+ δ(
∂Gν(θ, Vν(θ))

∂z
− [

∂Gν(·, Vν(·))
∂z

])Uν(θ)),

Gν+1(θ, z+) = (I + Uν(θ))−1

(
Gν(θ, (I + Uν(θ))z+ + Vν(θ))−Gν(θ, Vν(θ))

− ∂Gν(θ, Vν(θ))
∂y

(I + Uν(θ))z+

)
.

By making ε∗ sufficiently small if necessary, we have

rν − ‖Vν + (I + Uν)z+‖sν+1,rν+1 > σν − δ
1
2
ν > 0,

which implies that
Φν(D(sν+1, rν+1)) ⊂ D(sν , rν), ε ∈ Eν ,
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and moreover, (3.13) holds.
Since Gν+1 = O(|z|2), we have by (3.16), (3.19), (3.20), and Cauchy estimate that

|Aν+1 −Aν |Eν+1 ≤ δ
1
2
ν+1,

‖Eν+1‖sν+1,Eν
≤ ‖(I + Uν)−1‖sν+1,Eν

‖(QνVν + δGν(·, Vν(·))‖sν+1,Eν

≤ 2(δδνδ
1
2
ν + δδνδ

1
2
ν ) ≤ δδν+1,

‖Qν+1‖sν+1,Eν
≤ ‖(I + Uν)−1‖sν+1,Eν

(‖(Qν − [Qν ])Uν‖sν+1,Eν

+ ‖δ(∂Gν(·, Vν(·))
∂z

− [
∂Gν(·, Vν(·))

∂z
])Uν‖sν+1,Eν

)

≤ 2(δδνδ
1
2
ν + δδνδ

1
2
ν ) ≤ δδν+1,

‖Gν+1 −Gν‖sν+1,rν+1,Eν ≤ ‖(Gν(·, (I + Uν(·))z + Vν)−Gν‖sν+1,rν+1,Eν

+ ‖Gν(·, Vν(·))‖sν+1,rν+1,Eν
+ ‖∂Gν(·, Vν(·))

∂y
‖sν+1,rν+1,Eν

+ ‖Uν(θ)‖sν+1,rν+1,Eν
≤ δ

1
2
ν ,

i.e., (3.9)-(3.12) hold with ν + 1 in place of ν. ut
3.3. Proof of Main Results. For simplicity, we use the same notions Eν , ν = 1, 2, · · · , to denote
the parameter sets during the KAM iterations for both cases of λ̃ > 0 and λ̃ < 0, i.e., we let
Eν ≡ (0, ε∗), ν = 1, 2, · · · , when λ̃ > 0. For each ν = 0, 1, · · · , let

Φ̃ν = φ0 ◦ φε ◦ Φν ,

where φ0 and φε are transformations defined in Section 2 and

Φν := Φ0 ◦ Φ1 ◦ · · ·Φν : D(sν+1, rν+1)× Eν+1 → D(s0, r0)× E0

with Φj ’s being given by Lemmas 3.1, 3.2. Since, by (3.5) and (3.13),

‖DΦ̃ν−1‖sν ,rν ,Eν ≤
∏

ν≥0

(1 + ε
2n+3
4n

ν ) ¹ 1,

we have

‖Φ̃ν − Φ̃ν−1‖sν+1,rν+1,Eν+1 = ‖Φ̃ν−1(Φν)− Φ̃ν−1‖sν+1,rν+1,Eν+1

≤ ‖DΦ̃ν−1‖sν ,rν ,Eν
· ‖Φν − id‖sν+1,rν+1,Eν+1

≤ δ
1
2
ν ,

ν = 1, 2, · · · . It follows that, as ν →∞, the sequence {Φ̃ν} converges uniformly on
⋂

ν≥0

D(sν+1, rν+1)× Eν+1 = D(s∗, r∗)× E∞,

where E∞ = ∩∞ν=0Eν , say, to a parametrized family of invertible, real analytic transformations Φ̃∗ε ,
ε ∈ E∞, which depends on ε C1 smoothly when λ̃ > 0 and C1-Whitney smoothly when λ̃ < 0. By
(3.2)-(3.4) and (3.9)-(3.12), we also see the convergence of all coefficients of (1ν) and (2ν) on the
same domain, as ν →∞, to the respective forms stated in Theorems 3.1, 3.2.

We are now ready to prove our main results, i.e., Theorems 3.1, 3.2, the Main Theorem, and
Corollaries A, B.

Proof of Theorems 3.1, 3.2: As λ̃ and λ̂ have the same sign, all results in this and the previous
section hold with λ̂ in place of λ̃. With the convergence results above, the proof of Theorem 3.1 is
already completed. To finish the proof of Theorem 3.2, we note that, by considering sets

Ri
νk := {ε ∈ D : |f i

νk(ε)| < γ3
ν/|k|5τ}, i = 1, 2,
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where

f1
νk(ε) = 〈k, ω〉2 − det δAν(ε),

f2
νk(ε) = 〈k, ω〉2 − 4 det δÃν+1(ε),

k 6= 0, ν = 1, 2, · · · , measure estimates similar to that in the proof of Lemma 2.3 can be conducted
to conclude that the Lebesgue measure of the Cantor set Eε∗ =: E∞ is of the order of ε∗ as ε∗
sufficiently small. This completes the proof of Theorem 3.2. ¤

Proof of Main Theorem and Corollaries A, B: The Main Theorem (1) and (2) are direct conse-
quences of Theorem 3.1 and Theorem 3.2, respectively.

Corollaries A, B follow from the Main Theorem by examining the signs of λ̂. Indeed, when l

is odd, (λ[∂pf(·,0,0)
∂xp ])

l−1
l−p > 0 and hence λ̂ has the opposite sign as that of λ, and when l is even,

(λ[∂pf(·,0,0)
∂xp ])

l−1
l−p and λ[∂pf(·,0,0)

∂xp ] have the same sign and hence λ̂ has the same sign as that of
−λ(λ[∂pf(·,0,0)

∂xp ]) = −λ2[∂pf(·,0,0)
∂xp ]. ¤

4. Non-existence of response solutions

In the case that the condition (H) fails, i.e., l − p is even but λ[∂pf(·,0,0)
∂xp ]<0, we have the

following result which implies that the system (1.2) admits no response solution of amplitude in
the scale which is greater or equal to (ε/λ)

1
|l−p| for any ε sufficiently small, independent of λ.

Proposition 4.1. Let l − p be even and assume that λ[∂pf(·,0,0)
∂xp ]<0. Then for any x∗ > 0, there

exists an ε(x∗) > 0 such that the system (2.1) admits no invariant torus, in particular no response
torus, in the region |x| > ε

1
|l−p|x∗ for any ε ∈ (0, ε(x∗)).

Proof. Since [fi0] = 0, i = 0, · · · , p− 1, we see that the transformation

x = x1, y = y1 + ε

p∑

i=0

vi(θ)xi,

where vi(θ) is the solutions of equation (2.5), transforms the system (2.1) to




θ̇ = ω,
ẋ1 = y1 + ε

∑p
i=0 vi(θ)xi

1,
ẏ1 = −λxl

1 + ε[fp0]x
p
1 + εf2(θ, x) + εf1(θ, x1, y1 + ε

∑p
i=0 vi(θ)xi

1)(y1 + ε
∑p

i=0 vi(θ)xi
1)

−ε
∑p

i=1 vi(θ)xi−1
1 (y1 + ε

∑p
i=0 vi(θ)xi

1),

which, under the re-scaling x1 = ε
1

|l−p|x2, y1 = ε
l+1

2|l−p| y2, becomes




θ̇ = ω,

ẋ2 = ε
l−1

2|l−p| y2 + ε
|l−p|−1
|l−p|

∑p
i=0 vi(θ)(ε

1
|l−p|x2)i,

ẏ2 = ε
l−1

2|l−p| (−λxl
2 + [fp0]x

p
2 +O(εα))

(4.1)

for a suitable constant α > 0. For any x∗ > 0, the conditions that l− p is even and λ[fp0]<0 imply
that

|−λxl
2 + [fp0]x

p
2| > |xp

∗[fp0]|,
for all |x2| > x∗. Thus, there exist an ε∗ = ε(x∗) such that, for any ε ∈ (0, ε∗), we have

|ẏ2| > ε
l−1

2|l−p| (|λxl
2 + [fp0]x

p
2| − |O(εα)|) > ε

l−1
2|l−p|

|xp
∗[fp0]|
2

> 0,

as |x2| > x∗. This implies that the system (4.1) admits no invariant torus in the region |x2| > x∗.
By tracing back the re-scaling, we see that the system (2.1) admits no invariant torus in the region
|x| > ε

1
|l−p|x∗ for any ε ∈ (0, ε∗). ¤
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