INTERIOR REGULARITY FOR REGIONAL FRACTIONAL LAPLACIAN

CHENCHEN MOU AND YINGFEI YI

ABSTRACT. In this paper, we study interior regularity properties for the regional fractional
Laplacian operator. We obtain the integer order differentiability of the regional fractional
Laplacian, which solves a conjecture of Guan and Ma [9]. We further extend the integer
order differentiability to the fractional order of the regional fractional Laplacian. Schauder
estimates for the regional fractional Laplacian are also provided.

1. INTRODUCTION

This paper is devoted to the study of interior regularity for the regional fractional Laplacian
operators. Given real numbers 0 < s < 2, € > 0, and an open set {2 C R", denote

(1.1) Aé,w(%) = A(n, —s) /ch W‘i%

)

where A(n,—s) = , Bc(x) is the open e-ball in R™ centered at x, and u €

w%r(l—é)
LY(Q, ﬁ l"(‘rn ~dxr < oo. The regional s-fractional Laplacian A2 on
P (L)t Q (L+]a)m* Q
is defined as
g s dz
. 1

provided that the limit exists. The regional s-fractional Laplacian can be also defined on
the closure  of © by talking Q in place of  in the above. We note that, if € Q, then
Agu(x) = Aéu(m)

When € is a bounded Lipschitz open set, the regional s-fractional Laplacian Aé is in fact
the Feller generator of the so-called reflected symmetric s-stable process (X¢);>0 on €2, i.e., a
Hunt process associated with the regular Dirichlet form (£, F) on L*(Q, dx):

E(uv) = 2 A(n, —s // wy) @) = o) 0

oy

F uem,//w—w))dm < ool
{ ) ala |z—y|nts Y }

It is first shown in [1] that if 0 < s < 1, then the censored s-stable process in €2 is essentially

the reflected s-stable process (X¢)i>0, and if 1 < s < 2, then the censored s-stable process
in Q is identified as a proper subprocess of (X¢);>o killed upon leaving €. Later, it is
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shown in [3] that (X¢);>0 can be refined to be a Feller process starting from each point of
Q which admits a Holder continuous transition density function. In [9], not only does the
Feller generator of (X¢)>0 on ) shown to be the regional s-fractional Laplacian, but also
a semi-martingale decomposition of (X;):>o is obtained by studying the differentiability of
the regional fractional Laplacian and its integration by parts property. For other studies
on regional fractional Laplacians, we refer the reader to [7] for a more general integration
by parts formula of the regional fractional and fractional-like Laplacian, and to [8] for some
boundary Harnack inequalities for the regional fractional Laplacian on C 1”3_1((2), s< B<2.

If Q@ = R"™, the regional fractional Laplacian Agn becomes the usual fractional Laplacian
—(—A)2 defined via Fourier transform: F((—A)2zu)(€) = |€|°F(u)(€) (see [4]). If we furtherly
let s tend to 2, then the fractional Laplacian —(—A)% becomes the classical Laplacian A,
and it is clear that u € C® for some integer o > 2 implies that Au € C®~2. In the case that
u € C* for some a > s with a — s not being an integer, one also has —(—A)zu € C*5 ([11,
Proposition 2.7]). A natural problem then is whether the regional fractional Laplacian shares
similar regularity properties as that of the classical and fractional Laplacian. This problem
is first investigated in [9] in which the following results are proved.

Theorem. Let 2 be an open set in R™ and u € L'(Q, W)
the following holds.
a) ([9, Proposition 8.3]) If u € C1¥(Q) for some a > s when 0 < s <1 or u € C*%(Q)
for some o > s — 1 when 1 < s < 2, then Aéu e C10(Q).
b) ([9, Theorem 8.1]) In the case n = 1, if r is a non-negative integer such that u €
C™*(Q) for some some a>s when 0 < s < 1 oru € C™1%(Q) for some a > s — 1
when 1 < s < 2, then AQU € Cm0(Q).

for some 0 < s < 2. Then

In the above and also through the rest of the paper, for each non-negative integer r and
0 < a < 1, we denote by C™(Q) (C™*(2)) the subspace of C"°(Q) (C™%(Q)) consisting
functions whose rth partial derivatives are locally (uniformly) a-Hélder continuous in (2.

It is conjectured in [9] that part b) of the above theorem should hold for higher dimensions
as well.

In this paper, we give an affirmative answer to this conjecture. More precisely, we will
prove the following result.

Theorem A. Let Q C R™ be an open set and u € L'(9, W) for some 0 < s < 2. If
r is a non-negative integer such that u € C™*(2) for some 1 > a > s or u € C™5%(Q) for
some o with 2 > 14 a > s > a, then Adu € C™0(1Q).

Unlike the fractional Laplacian, the differential operator and the regional fractional Lapla-
cian are not exchangeable in order. To overcome this difficulty in the proof of Theorem A,
we derive a class of integral 1dent1tles (see Lemma 2.1) and use them to conclude that all
possible singular terms of DT(AE2 .u) as e — 0T are in fact non-singular.

Making further estimates, we are able to extend the integer order differentiability result in
Theorem A to a fractional order. Throughout the paper, for each j = (41,72 Jjn) € N, we

. . . . ; 151
denote |j| = j1 +j2 + -+ jn and du = @)t (852;;;---(6%)% . For any u € C"™%(Q2), where r
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is a non-negative integer and 0 < o < 1, define

U]y = SUPgeq,|j|=r |8ju(a:)|, _ ifa = 0;
ro;) = Y —i .
SUPzyeQ.ay,|jl=r % ifa > 0.
Then we have the follows result analogous to [11, Proposition 2.7] in the case of regional

fractional Laplacian.

Theorem B. Let 2 C R™ be an open set and u € L*(£2, W) for some 0 < s < 2. Then
the following holds.

(i) If u € C™(Q) for some positive number o with s < o < 1 and a non-negative integer
r, then Adu(x) € C"*~5(Q), and moreover,

[Ag)u]r,a—s;ﬁ < C[u]r,a;Q-
(il) If u € C™*(Q) for some positive number a with o < s < 1+ « < 2 and a positive

integer v, then Adu(z) € C"~1H1Ta=5(Q), and moreover,
[Ag)u]r—l,l—ka—s;ﬂ < C[u]r,a;ﬂ-

Schauder estimate is well-known for the classical Laplacian A (see [6]) as well as for the
fractional Laplacian (see [2, 5, 10, 11]). We refer the reader to [2, 5] for interior and boundary
regularity theory for more general fractional operators. Using Schauder estimates for the
fractional Laplacian, we are able to show a similar Schauder estimate holds for the regional

fractional Laplacian. For each v € C™(2), denote

) 2Yiolulio0, ifa = 0;
ullgra @)y = ’ e
||U||CT,0(Q) + [u)ra:0, ifa>0.

For simplicity, through the rest of the paper, we use the notation C*(2) (C*(Q2)), where
o > 0, to denote the space C™ () (C™*'(Q)), where r is the largest integer smaller than
a and @ = a —r. We note that if o is an integer r, then C%(Q)) = C*~11(Q) # C*0(Q)
(@) = Co (@) £ Co0(@)).

For a given open set Q in R™ with 9Q # 0, let

d, = dist(z,Q) and Q5 = {x € Q;d, < d}.
We denote C2°(Q2) as the space of C*° functions with compact support in €2, S as the Schwartz

space of rapidly decreasing C*° function in R", and A.(£2) as the Zygmund space of all
bounded functions on € such that

lu(z + h) + u(z — h) — 2u(z)]
[U]A*(Q) = sup n < 00.
z,x+h,x—heQ | |

We equip the space A (€2) with the norm [[ul|, ) = [Jull poo (@) +[ula, ). It is easy to see that
the regional fractional Laplacian Ag is well-defined for functions u € C%(Q)NL> (). We can

then extend the definition of the regional fractional Laplacian to the space L(£2, (H@%)

For any u € L(€, 0 =

d
W), we define

S

(1.3) < Aéu, p >qi= /Qu(y)Afch(y)dy, for any ¢ € C2°(Q).
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In Theorems C and D below, the definition of Ad is understood in the sense of (1.3).

Theorem C. Let 0 < a <1 and 0 < s < 2. If, for some w € C¥(Q), u € L>®() solves the

equation Adu = w in 2, then

[ullcots@y) < Clllullze @) + [wllce@),

where § > 0 is sufficiently small and C is a constant depending only on n, s, § and «.

Remark 1.1. The notions of C“%(Qs) and C*(Q) we defined earlier have unified different
cases for a, a+ s being or not being natural numbers in the statement of Theorem C. We note
that C1(§5) = CO1(Q5) # C1O(Qy), C1(Q) = C¥1(Q) # C1O(Q), and C*(Ss) = O (S5) #
CQ’O(Q(;).

Theorem D. Let 0 < s < 2. Suppose that, for some w € L*(Q), u € L®(Q) solves the
equation Aéu =w in Q. Then, for any sufficiently small § > 0, there exists a constant C' > 0
depending only on n, s, and § such that the following holds:
(i) If s # 1, then
[ulles@y) < Clllulles ) + lwllpeo @)
(ii) If s =1, then
[ulla, s < Cllullze @) + lwllze@))-

The rest of sections are devoted to the proof of these results. In Section 2, we will give
a class of integral identities and use them to obtain the integer order differentiability of the
regional fractional Laplacian Aé. Both Theorem A and B will be proved in this section. In
Section 3, Schauder estimate for the regional fractional Laplacian will be given and Theorem
C and D will be proved.

2. DIFFERENTIABILITY

In this section, we will study the differentiability of the regional fractional Laplacian in an
open set ) and prove Theorems A, B. The proof will be based on some integral identities in
R™,

2.1. Integral identities. Given n’ € N, z = (21,22, , zy) € R” and k = (k1, ko, -+ , k)
e N, we denote by z* the monomial H;il zfl Also, for each j = 1,2,--- ,n, we let ¢; to

denote the jth standard coordinate vector in R™.

Lemma 2.1. Consider an annulus domain Rse(0) := {z € R" : € < |z| < 0}, where 0 < € < 4.
Then for any i,j,m € N and k = (k1,ka,--- ,kn) € N, we have

1 Zk+26i 1 Zk-I—QB]'
—_— — dz = — dz.
ki+1 Jrs.0) 2] ki +1 Jrs.0) |2l

Proof. The lemma clearly holds if ¢ = j. Let i # j, and without loss of generality, we assume
that i = n— 1 and j = n. Denote Z = (21,22, -+ ,2n—2) € R" 2, k = (k1, ko, , kn_2),
and consider polar coordinate (r,0) in the (z,_1, z,)-plane. Then under the new coordinate
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Rsc(0) becomes Rs.(0) x (0,27) = {(3,7) € R" 2 x Ry : € < |Z]? + 72 < 62} x (0,2n), and
integration by parts yields that

Sk 2
/ 7;Llalz
Rsc(0) |2|

gl; 2
= / P Ty mrk"1+k"+3d2dr/ cos* =120 sinkr0do
Rse(0) (|2]* +12)2 0

~l;: 21

e (kn—l + ]_)/ ,',,knl“rkn-‘rgdgd,r/ COSknflesinkn+20d6
R(Sc (|Z|2 "I_ 7‘2) 0

~k 27
—k?n/ ~Zmrk"1+k“+3d2dr/ cos®n=11205in*n 040
Rse(0) (|27 +172)72 0

k 2 k.2
_ (kn_1+1)/ “in gy / F il
Rs.(0) |l Rs.(0) 7]

from which the lemma follows. O

Lemma 2.2. ([9, Lemma 8.2]) Let Q be an open subset of R™ and u € L*(Q). Suppose that u
is continuous in an open neighborhood U of zog = (x1,--- ,xy) € Q and dist(xg,0U) > € > 0.
Then the function f(x meBE (z) U u(y)dy is differentiable at x¢ and

af B "
o (a0) = /a R ) m(dy).

where m(dy) is the n — 1 dimensional surface Lebesgue measure.

2.2. Proof of Theorems A. We first prepare some technical lemmas concerning derivatives
of Ad u(z).

Lemma 2.3. Let Q be an open set in R™ and 0 < s < 2. Suppose that u € L*(€, W) N
C19(Q). Then for any x € Q, § < d, = dist(x,09Q), and 0 < € < §, we have

@ai A ulz)
P (P (y) = B () (g — @) (s — v
@.1) _ /R » 2155 ) ‘ffj(ﬁiﬁ ai—w)
—(n— 1)/3,;5(@ Luly) — ule )“LZ‘; iaa‘cnis)gj — yj))(x; —yi)dy
R
o+ [ e () e )y,

where Rse(x) := Bs(xz) N BE(x).

Proof. The proof follows from that of [9, Proposition 8.3]. O
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Lemma 2.4. Let §) be an open set in R™ and 0 < s < 2. Suppose that u € L*(£, W) N
C™9(Q) for some positive integer r. For any x € Q, € > 0, § < d, = dist(x,08), and
L= (l1,lay- - 1n), k= (k1,ko, - ,kn) € N", if k; =0 for some 1 < i <n, then

li[=m A;

0 fuly) — Em -0 ml( y — )0 u(x)
/Rae( )

k
o, [ — [T (e~ v)dy

hu(y) — S Sy — 2 0 u(a)

_ k+e;
= ~ntp-m-1) /R(S () |z — y[rrstapt2 @ ~v) dy
. =m A . gy
M uly) ~ ST G = 2P0 )
- Rs.(2) |$ _ y|n+8+2p+2 (y - SU) (‘T - y) dyv
5e\T

711

where A; m for each j = (j1,72, -+ yjn) € N and m,p € N are such that |l[|+m =7
and m + |k| = 2p.

Proof. Since k; = 0, we have by Lemma 2.2 that

mA . .
I = 8/ Ouly) ~ S5m0 G _x)jalﬂu(x)( )kd
BT @) |z — y|n+et2p r—y)ay

- I1+12+I37
where
1 Gltiter (y — ) (z —y)*
I = —m!Z A;0 u(z) P dy,
il=m

duly) = STy Gy — 2V 0 u(a)

y|rts w2

(‘/E - y)k—i—ei dya

I, = —(n+s+2p)/

Rse (I) |

P / duly) — ZI;I gl[jp( _m)jaHju(m)(x—y)k"'e"m(dy)
0Bc(x)

| — y|rtst2tl

(z — y)"im(dy).

S ik Ukl
0Bs(z)

|.T _ |n+s+2p+1

Using the identity m + |k| = 2p, integration by parts yields

6
I, = —(n+s+2p) / roTSTR Ty / Pt (g ke
€ 9B (z)

lj
™ A5 )0 () m(ay)

Ou( +r(y - 2)) - o

0

¥

5 lil=m . ' ‘ .
= / r"+2p*m*1{ / [0'u(z +r(y — ) — Z A—J'(y — x)Jalﬂu(x)rm]
e 2B (x) e Wil

(z — y)k+€im(dy)}dr_(n+3+2p)

0
= —Iz—(n+2p—m-—1) / / P2 (g )Rt
e JOBi(x)
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3
0 u + r(y — ) -
:

/ / pome 1-s ( y)k-I—ei
0B (x)

i(y — )7 0wz m(dy)dr

!
gl

ljl=m—1
) y A P A
Z [aH—] w(z +rly —z)(y — ) — Z ﬁ(y — z)f Highti +Ju(x)r\ﬂ\]m(dy)d7"
711 =0 VT
=m A; i al+j
duly) = S50 Gy — 20 () |
= —L—-(n+2p-—m-— 1)/1?, " z — U= "‘rz—‘i-s+2p+2 ()" edy
Se\T
8l+j/u(y) _ lelzm—l ﬁ(y _ w)jalﬂ“rju(x) A
|5]=0 5] ( 7’ k+e;
/ y—xz) |(x—y)"dy.
_ oy|lnts+2p+2
Rse(x U = |z —yl P }
Therefore,
I+ Iy = I + 1) + I},
where

Lu(y) — S A (g — )i 0 ()
Z|J|—0 il ($ _ y)kJreidy’

Iéé):—(n—f-Qp—m—l)/

Rse(z) | — y|rtst2pt
n+2p (y — x) (x — y)k+e
@__" Ao / dy,
23 (m + 1) ’ |Zm:+1 Ro(x) |z — y|ntet2pe?
7® / 0 uly) - Spi Gy — 2P o +ju(w)( )/]( )Freid
== y—z) |(z—y)"“dy.
“ Rec(@) [ — y|rrerert
Observe that
I+ I3
Ca I+j+e; (y — 2
- - Z ﬁ Z Aj*jieia / elu('r)/ |.%' _ y|n+s+2p+2 Z J dy
teNE<Z T |jl=m, =2t Rse(a) l7/1=1
n+2p (y — x) (x —y)*+e
a (m+1)! Z Cf,fﬂ Z Aj- Jzezal+] (z )/ |z — y|ntst2r+2 dy
CteNt<T |j|l=m+1,j;=2t+1 Rse(x)
o241 .
- Z miﬁ Z Ajjie (2t + 1)6l+j+6iu(1’)
teN<Z (m+1) |jl=m.ji=2t
(y — e
dy
/ ey Y-
n+ 219 2+1 ! (y — x)i (z —y)kte
o Z Cﬂ’fjr_l Z A] ]zeza + ( ) o |nts+2p+2 dy7
teN t<m lj|= = Rse(a) 1T =l
jl=m+1,5,=2t+1

where j = (j1, 72, ,Jn). An application of Lemma 2.1 yields
I+ I
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02t+1 )
= 2 Ajmjies [+ 20 = (K] n 4 m) |91 “ru(a)

m+ 1)!
teN,tg%( ) |j|=m.ji=2t

VI (4 \k+2e;
/ (y — ) (x 1/2) g =0,
Rs.(z) |7 —y|mtstat

Thus, I = I%) + Iég) and the lemma is proved. O

Lemma 2.5. Let Q be an open set in R™ and 0 < s < 2. Suppose that u € L' (€, W) N
C™0(Q) for some positive integer r. For any x € , € > 0, § < d,, = dist(x,08), and

L= (1,2, 1ln), k::(kl,kzg,--- Jkn) €N if ki £ 0 for some 1 <i <mn, then
9 / du(y) - S0 w( y — 2y 0 u(x) (
(z)

k

\j\:erl Aj

- k/ 81“(3/) - Zm:o W(y - x)jal+ju($)
- Rse(x)

’m — y’n+5+2p

(z —y)Fcidy

uly) — SHT i — 20 u(a)
|71=0 7! k+e;
_m+2p_m_124u@ @ — y|ret 2t (& =y
O uy) — S A (y — 2y 9 Hu(x)
jl=0 Tjir\¥Y ( 5 kte;
- p y—x) | (z—y) " dy,
~/R§e($) =1 ’1’— ’ +s4+2p+2

where m,p € N are such that |l| +m = r and m + |k| = 2p.
Proof. Since k; # 0, we have by Lemma 2.2 that
I=L+0L+1L+Is,

where I and I;, 1 = 1,2, 3, are as in the proof of Lemma 2.4 and

] duly) — YLy Sy — 20 u(x)
L = kz/ I (x —y)*cidy.
Rs.(x) |z — y[rtstep

By the proof of Lemma 2.4, we have
I + I3 = Ié? + IQ(? + IQ(:;).
where 12(?, i =1,2,3, are defined in the proof of Lemma 2.4. Write

Il - ]Tl(l) + f1(2)7

where
i|l=m-+1 A; : ;
JAC Y Puly) = SH= " Gl — 2V 0 () (- y)heid
b ZRM) o — |t v
= (2) _ I+ (y —x)i (x —y)he
I, A;0%u(x j/ dy.
H§;L1 Rp(w) @ —y[rrere
Note that

L0412
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_ I+j+e; (y — 2j
= T Z A; 07 (e )/ y|n+s+2p+2 Z y) dy

R55($ |$ -

\J\ l7/|=1
0 Gt :
Z A; aH—j / (y — ) Z (z — y)zj dy
_ a|nts+2p+2
m+ 1 | |_m+1 RSE(I) |.’L' y‘ |j/‘:1
_nt2p S A0 / (y — )/ (x —y)*te dy
(m +1)! Ry () @ —y[rrsteetz o

ljl=m+1

First let k; be an even number. Then

Ln+40% 4
ch I+j+e; (y — y)%'
- Z ml Z Ajjie,0 U(ﬂf)/ B _y|n+s+2p+2 Z T dy

teENAST T |jl=m,gi=2t Rse(a) /=1
s > O Y A0 ()
teN t<m ljl=m—+1,j;=2t+1
(y =z (z -yl 25
(x—y)7 dy
/R(;em [ =yl |J"Z:1
n+ 2p Z 241 I+j (y — x) (x —y)ite
B Cm+1 Z AJ Jea Tu(z) oy dy
i€ _ |ntst2pt2

(m+D" & r<m ljl=m+1,4i=2t+1 Rs(x) 1T =Yl

2+ '

= - X mfﬁ Y Ajgie 2+ ki + 1) ()
tENt< T (m+1)! |j|=m.ji=2t
(y — 2
/ — n+s+2p+2 Z J dy
Rse(a) = ’ l7/1=1
C?%fi% I+j+e; (y — x)] (.’L’ — y)k+26i
+ Z m+1)! Z Aj_jiei(n+2p)o™ elu(ﬂﬁ)/R |z — y|rtst2pt2 dy.
teN, t<m lj|=m,js=2t se()
It follows from Lemma 2.1 that
L+40%+ 1)
02t+1 -

- Z (m n:ri) Z Aj—jie; [(" +2p) — (k| +n+ m)} Oty ()

tEN,tS% |]|:m7]1:2t

(y—a) (@ -yt
() | — y|TeTRRE y="u.

Now let k; be an odd number. Then
n+ L%+ 13

02t+1 i
m e;
- - Z m! Z Aj—jiez‘a Iy (x)
teN< ML ljl=m.ji=2t+1
- Y
dy
/Rm) |z — y!“*S“P“

l7'1=1
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k; .
o 2 O Y Aad )

teNp< L |7l=m41,5;,=2t
(y —x)i (x —y)he 25/
— d
— qy|nts+2p+2 Z (x y) Y
Rs(z) T =l bt
n+2p ot I+ (y — x) (x — y)~re
B ! Z Cm""l Z AJ Jzeza ! ( ) _ y|nts+2p+2 dy
(m + 1)t teNt< mEL ldl=m+1,j=2t Roew) 12 =]
ki I (y —a) (z —y) e ’
_ ki A;0"u(z) / (x —y)%dy
(m+ 1) |j|:m§,ji:o ’ Roclo) |7 —ylrrerne j'%l
(n + 2p) 1+ (y —a)) (x —y)te
— A0 () dy
| Z J _ oy|nts+2p+2
R e Roe(w) 17—
2+
o Z ml Z AJ ]zezal+]+61u(x)
m!
teN < Il lil=m,ji=2t+1
(y 2]
/R = y|n+s+2p+2 Z dy
se(@ l5"[=1
ki 2t+2 147
T 2 Ot 2 Amed (@)
teNt<mL ljl=m+1,ji=2t+2
(y —a)(z —y)he 25/
— d
o [ntst2pt2 > (=) dy
Rs(x) 17— Yl o
n+2p 242 I+j (y — ) (z — y)hte
N 1)! Z Crit Z Ajjie, 0 u(z) — rstoprs Y-
(m+ 1) teN,t< L =1, ji=2t+2 Roe(w) 12 =]

It again follows from Lemma 2.1 that

I + f1(2) + Ig)

1 ,
= o X Aimnt k= (0 20) |0 ue)
" |il=mt1,5i=0
(y =) (z —y)*+e
Rs. () ‘:E — ’n+s+2p+2 Y
02t+2 A
> % Yo Ay (2424 k)T ()
teNt<m=t " jl=m.gi=2t41
(y — )
/Ra |z — ‘n+8+2p+2 Z dy
« l7/1=1
02t+2 4
' G Y A 20 u)
teNt<met ljl=mgi=2t+1

(y — @) (x —y)*2e
() @ — Y[R Y
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02t+2

— Z % Z Aj*jiei [(n+2p) — (|k=’ +n+m) al+j+eiu(x)
teNr<mL " jl=m,gi=2t4+1

- i _ k+2e;
/ (y —z) (x 92) =0,
Rs(z) |z —y|mtstaet

Thus, for any k; #0, I = I_l(l) + IQ%) + Iég) and the lemma is proved. O
Lemma 2.6. Let Q be an open set in R™ and 0 < s < 2. Suppose that u € L*(£, W) N
C™0(Q) for some positive integer r. Then for any x € Q, € > 0, 7 = (r1,72,+-+ ,7,) € N*

with |F| =r, § < dy = dist(xz,0), all e-dependent terms of 8TAA5’EU($) have the form

/ Ouly) — STy Sy — 20" u(x)
Rse(z)

’IE . |n+s+2p (.’IJ - y) dy7

where | = (I1,la, -+ 1y,), k = (k1,ko, -+ ,kn) € N*,m,p € N are such that |l| + m = r and
m+ |k| = 2p.

Proof. We will prove the lemma by induction. In the case of r = 1, we observe that the only
e-dependent terms on the right hand side of (2.1) are its first two terms. They clearly have
the form (2.2) with the first term corresponding to |I| =1, m =0, |k| = 2 and p = 1, and the
second term corresponding to |[| =0, m =1, |[k|=1and p = 1.

Now suppose that (2.2) is satisfied when r = ¢, where ¢ is a fixed positive integer. We
want to show that it is also satisfied when r = ¢+ 1, i.e., for any [,k € N with |I| + m = ¢
and m + |k| = 2p, all e—dependent terms of

=m A ; ;
-2 / ouly) ~ Timg G _x)mlﬂu(x)( )rd
pr— xi
0z: J (o) |z — y|n st y)yay
have the form
o' () ZIJI =m' A; i (y —x)jﬁllﬂ'u(a:)
jl=o0 I\ %
(2.3) / ; (z —y)" dy,
Rs. (2) |z — y|rrst2p

where |[I'| + m' = ¢+ 1 and m/ + |K'| = 2p'.

If k; = 0, then, by Lemma 2.4, we have [ = I§3) Ig), where I%), Ig) are as in the proof
of Lemma 2.4 which clearly have the form (2.3) with [I'| +m' = ||+ m+1 = ¢+ 1 and
m + K| =m+k|+2=2(p+1).

If k; # 0, then, by Lemma 2.5, we have I = fl(l) + Iézl))) + Iég), where fl(l) is as in the
proof of Lemma 2.5 which is clearly of the form (2.3) with ' +m/ =|l|+ m+1=¢+ 1 and
m' + |k =m+k=2p. O

Proof of Theorem A. For any ¢ > 0, z € Q, 7 = (r1,r2,-+ ,r,) € N” with || = r, and
d < dy = dist(x,00), we have by Lemma 2.6 that all e-dependent terms of 8’2Aé76u(az) have
the form (2.2).

In the case 1 > a > s, we note that any integral of the form (2.2) is bounded above in
absolute value by a constant times fj p*~5~1dp which is convergent as ¢ — 0. It follows that
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8”AA3 .u converges uniformly on any compact subset of 2 as € — 0. Thus, 6fA3u e C(),
ie., Adu e C™0(Q).

In the case 2 > 14+« > s > «, we again consider an integral I;’,fmp(x) of the form (2.2) for
some [,k € N, m,p € N satisfying |I| +m = r and m + |k| = 2p. Since m+ 1+ |k| =2p+1
is an odd number, we have, for any j € N” with |j| = m + 1, that

— )i (x — )k
[yt
Rée(x)

‘aj — y‘n+8+2p

Hence I°

Lk.mp(Z) can be re-written as

jl=m+1 A P
/ duly) — ST Gy — 2) 0 ()
Rs. (v) |z — y[rtstep

(z —y)kdy

which is bounded above in absolute value by a constant times fj p*%dp that is convergent
as € — 0. It follows again that 872A3 u converges uniformly on any compact subset of 2 as
€ — 0. Thus, 8" A2u(z) € C(Q), i.e., Adu € C™O(Q). O

2.3. Proof of Theorem B. Let u € LY(Q, W
and some real numbers 0 < s < 2, 0 < a < 1. For each € > 0 sufficiently small, z € 2, and

) N C™*(Q) for some positive integer r

any 7 € N with |F| < r, we write
3TAA6,Eu(x) = I (x) + L(x),

where I.(x) denotes the e-dependent term of OfAé u(z) and I,(x) denotes the remaining

term.

Lemma 2.7. Let u,s,r,a be as in the above. If either 1 > a > s or2>1+a > s> «a, then
" Aju(a) = Io(@) + L), if |7l <,
where Ip(x) = lime_0 Ic(x) which consists of terms of the form

duly) — SPI=0 Ay — 2) 0 ()
9.4 P, (2 :/ ljl=0_Tjl! v — )y,
( ) Ik, ,p( ) B;(x) |x_y‘n+5+2p ( y) Y

for any § < d, = dist(x,08) and some | = (l1,l2,---1y), k= (k1,k2, -+ ,kn) e N"m,peN
with [l| +m = |F| and m + |k| = 2p.

Proof. Tt follows immediately from Lemma 2.6 and the proof of Theorem A. U
Lemma 2.8. Let u,s,r,« be as in the above. Then the following holds.
a) If 1 > a > s and || = r, then there exists a constant C > 0 such that
[L(2) = L(y)] < Clulragle —y|**, 2,y € Q, Jr —y| < 1.
b) If2>14+a > s>« and |F| =r — 1, then there exists a constant C' > 0 such that

|I(x) — L(y)| < Clulr,a0lz — y\HO‘_S, z,y €Q, |z —y| < 1.



INTERIOR REGULARITY FOR REGIONAL FRACTIONAL LAPLACIAN 13

Proof. The function I, can be derived simply by taking higher order derivatives of the right
hand side of (2.1) and identifying all e-independent terms of the derivatives. As these terms
involves only regular integrals, the lemma follows from straightforward estimates. U

Proof of Theorem B. Let x,y € Q and take 0 < d,, = min{ds,d,}. For given | =
(li,lo, 1), k= (ki,ka, -+ ,kn) € N",m,p € N, consider

5 5
J = mp(®) = L (Y),

where Il(fk:,m,p is as in (2.4). It is clear that

J=J + Ja,
where
l=m A; i a4
o / [alu(x +2z) — ZI?’IZO ﬁzjalﬂu(x)
1=
By(0) ‘Z|n+s+2p
fl=m A; _j ol
duly +z) — Zm:o |Tf!,zjal*hi(y) N
— PREEE }z dz,
fl=m A; _inle;
J / [alu(:c +z) — ZB{:O ﬁz%)lﬂu(az)
2 =
Re (0) |z|ntst+2p

Fdz,

l=m A: .
du(y + z) — ZI;I:? Vﬁz@”%(y)
o | z|nts+2p }

and n = |r —y| <.
(i) In this case, we let |[|+m = r and m+|k| = 2p in J;, J2. On one hand, since |l|+m =r
and u € C"*(Q), there exists a constant C; > 0 such that

ljl=m

A . ) .

0l + 2) — du(y +2) — ﬁ(alﬂu(m) — "u(y)) ] < Cilulyanlz|™T, 2 € B,(0).
ljl=0 "
Using the fact m + |k| = 2p, it follows that

Z|2p+o¢

Cl [U]r,a;Q
|J1‘ < ‘ ‘Z’n+s+2p

dz|

By (0)
< 02 [u]r,a;Qna_s = 02 [U]T,Q;Q‘x - y‘a_s
for some constant Cy > 0. On the other hand, we also have

ljl=m

|0'u(z 4 2) — du(y + z) — Z S‘J'!(@lﬂu(:n) — 81+ju(y))zj|
71=0

m m
< ClulraY |l —yl™ 72+ ™ e — gl 2 € By(0),
i=0 i=1
where C3 > 0 is a constant. It follows that

Colulrann (ol —y™ =il + S Jo™ i —yl)
’z‘n—i-s—f—m

[ Jo| < |
B5(0)



14 C. MOU AND Y. YI

m
< raQ an m— S|l‘ |m+a i Zna—s—z|$ _ y|z) < C4[“]r,a;ﬂ|13 _ y|o<—s

=1
for some constant Cy > 0. Hence
(255) || < |l + [ 2| < (C2+ Cu)lulraolz —y[*°.
Let Iy be as in Lemma 2.7. Then Lemma 2.7 together with (2.5) imply that

[lo(z) = Io(y)| < Cs[ulrale —y|*™*

for some constant Cs > 0. With this estimate, the proof is now complete by Lemma 2.7 and
Lemma 2.8 a).

(ii) In this case, we let |l|+m = r—1 and m+ |k| = 2p in Jy, Jo. Since m+1+|k| = 2p+1
is an odd number, we have, for any j € N with |j| = m+ 1, any w € €, and any p < d,, that

Ltk i
————-dy = 0.
/Bp(w) ’z‘n+s+2p Yy

It follows that

n= [8lu(x+z)‘2|§| = (@)
B, (0) |zt t2p
duly +2) — XU T0H Bed o u(y),
o |z|nts+2p 2" dz,
Ou(w + 2) — L I 0 u(a)
2 = /RM( ){ 2| tst2p

duly +2) = Sy Laed 0 u(y)

‘ |n+s+2p

2Fdz.

The rest of the proof is similar to that of (i). We only note that using facts |l| + m =r — 1
and u € C"*(Q), the estimate of J; follows from the inequality
ljl=m~+1 A ' ‘
|0Mu(z 4 2) — du(y + 2) — Z ' L (0" u(x) — 0" u(y)) 2| < Cs[ulrasnl2)™ T,
s !
z € By(0), where C5 > 0 is a constant, while, using facts m + |k| = 2p and s < 1 + a, the
estimate of Jy follows from the inequality

ljl=m+1
A; . .
0wz +2) = du(y+2)— i L (0" u(z) — 0" u(y)) |
151=0
m+1 . A m+1 ‘ .
< Colulrasa(D |z —yl™ T2+ ) M e — ylf), 2 € BE(0),
i=0 i=1

where Cg > 0 is a constant. O
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3. SCHAUDER ESTIMATES FOR THE REGIONAL FRACTIONAL LAPLACIAN

In this section, we will show the Schauder estimates for the regional fractional Laplacian
using those for the fractional Laplacian. Recall that the fractional Laplacian (—A)? is well-
defined in S, the Schwartz space of rapidly decreasing C'*° functions in R™, and we can then
extend its definition to the space L!(R", Mﬁ%) by

(3.1) <Biug = [ uy)-A)kel)dy, Voes,
1 n dzx
for any u € L*(R ’W)'

3.1. Schauder estimates for the fractional Laplacian. In the following Lemma 3.1 and
3.2, the definition of (—A)? is understood in the sense of (3.1). We refer the reader to [11]
for a more general definition of the fractional Laplacian.

Lemma 3.1. Let 0 < a« < 1 and 0 < s < 2. If, for some w € C*(Q), u € L®(R™) solves
the equation (—A)%u = w in , then for any § > 0 sufficiently small there exists a constant

C > 0 depending only on n, s, § and o such that
[ullcatsay) < CllullLoc®ny + lwllca@y)-
Proof. The proof follows from that of [11, Proposition 2.8]. O

Lemma 3.2. Let 0 < s < 2. Suppose that, for some w € L>®(Q), u € L>®(R"™) solves the
equation (—A)%u =w in . Then, for any sufficiently small § > 0, there exists a constant
C > 0 depending only on n, s and § such that the following holds:
(i) If s # 1, then
[ull s gy < Cllull Lo @n) + lwll Lo (@))-
(i) If s =1, then
lulla, @5) < CUlull Lo @) + lJwll Lo ()-

Proof. We first use the argument in the proof of [11, Proposition 2.8]. By covering and
rescaling arguments, we only need to consider the case Q5 = B 1 (0) and Q = B;(0). Let
n € C°(R) be such that range(n) C [0, 1], supp(n) C B1(0), and n(x) =1 for any x € B% (0).
Denote () w(y)
ny)wly _s
up(zx) := A(n, s / ———"dy = (—=A) " 2nw(z).
(@) = Aln,s) [ POy = () (o)
Then (—A)2uy = w = (—A)2u in B% (0). It follows that u — ug € CQ(B% (0)) and
|u — UOHC2(B (0)) <Cllu— U0||L<><>(Rn) < C(||“”L°°(JR”) + Hw”Lw(Bl(o))),

1
2

(0)) = CH1(BL(0)) #
(0)). The lemma now follows from [2, Proposition 5.2]. O

where C' > 0 is a constant depending only on n. We note that C?(B
20

N|=
N|=

1
2
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3.2. Proof of Theorems C and D. Let 0 < s <2, w € L*(Q), and u € L*>(Q) solves the
equation Adu = w in Q. Also let @ € L°(R™) be such that & = u in Q and @ = 0 outside of
Q. Then for any ¢ € S,

1

/ ) ( — A a(z) + A(n, —s)a(x) / Wdy)gp(x)dx

Qe\Bc(x) |z —
u(x) — u(y)

) y
— A, — / / ule) = uly) 4 o2y
(n, =) n JR\B.(z) [T —y|"TS yple)de
_ A, _S)(/ / ﬂ(w)w(ri) dydx_/ / u(y)p(x) dmdy>
n Jrn\B.(2) [T — [T n Jr\B.(y) T — y|"T*
_Am_3/ / “@ﬂ@dwi//' wu@)ey) 4o
( )< n JR\B.(z) [T — Y| TS Y n JR\B.(2) [T — y|"TS Y )

A5 | e o) —olw),
= A(n, )/n()/ﬂ&@)u_mdew.

In particular, for any ¢ € C2°(2), we have

s 1
_ / w(x)Ag p(x)dr + A(n, —s) / u(z)e(z) / e dydzx
9 ’ supp() Q\Be(x) [T — Y|

:‘/X—AaM@+Am¢@M@%A&@m_;Mﬂ@w@m
= A(n, —s)/nu(m) /R”\Be(x) Wdydx.

Letting € — 0 in the above, we easily obtain that, for any x € €Q,

(3.2) (—Aﬁa@):—w@ﬂ+AUu—$u@X/ L

——dy.

Qe |z —y["ts Y

Proof of Theorems C, D. Let 6 > 0 be sufficiently small. We have by Lemma 3.2 and (3.2)
that there exists a constant C' depending on n, s, and ¢ such that

1

[ulles@yy < Clullzocgny + |l —w+A(”7—S)U/ WdyHLOO(Q%))

< Clllullpe(e) + llwll e (o))
when s # 1. Similarly,
[ulla, @5 < Clullpeo@) + lwllzee@))-
when s = 1. This proves Theorem D.

Using bootstrap arguments, Lemma 3.1 and (3.2) for both cases of a, & + s being or not

being natural numbers, we have, similarly to the above, that
[ull gats @) < ClllullLoo () + lwllca@)),

where C > 0 is a constant depending on n, s, § and «. This proves Theorem C. O
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