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ABSTRACT. We consider a multi-scale, nearly integrable Hamiltonian system. With proper de-
generacy involved, such a Hamiltonian system arises naturally in problems of celestial mechanics
such as Kepeler problems. Under suitable non-degenerate conditions of Bruno-Riissmann type,
the persistence of the majority of non-resonant, quasi-periodic invariant tori has been shown in
[11]. This paper is devoted to the study of splitting of resonant invariant tori and the persistence
of certain class of lower dimensional tori in the resonance zone. Similar to the case of stan-
dard nearly integrable Hamiltonian systems ([14, 15]), we show the persistence of the majority
of Poincaré non-degenerate, lower dimensional invariant tori on a given resonant surface. The
proof uses normal form reductions and KAM method in a non-standard way. More precisely, due
to the involvement of multi-scales, finite steps of KAM iterations need to be firstly performed
to the normal form in order to raise the non-integrable perturbation to a sufficiently high order
for the standard KAM scheme to carry over.

1. INTRODUCTION

In this paper, we consider a multi-scale, real analytic, nearly integrable Hamiltonian system on
T™ x R™, associated with the symplectic structure dx A dy, whose Hamiltonian is of the form

(1.1) H(x,y,e) = Ho(y™) + ™ Hy(y™) + - + ™ Hy(y™) + €™+ P(x,y, ),

where ¢ > 0 is a small parameter, « is a positive integer, z = (21, ,2,)" € T",y = (y1,"** ,Yn) "
€ G with G C R" being a bounded closed region, n;,m;, ¢+ = 0,1,---,a, j = 1,--- ,aa +1
respectively, are positive integers such that ng < ny <--- <ng_1 <ng:=n, my <Mmg < -+ <
Mo < Mat1, Y = (Y1, Yn,) i =0,1,--- ,a, and P depends on & smoothly. We note with

the above notation that y™ =y.

Multi-scale, nearly integrable Hamiltonian systems of the form (1.1) arise naturally in many
problems of celestial mechanics, for instance, the perturbed Kepler problems in which several bodies
with very small masses are coupled with two massive bodies, resulting in different time scales (see
e.g. [18, 20, 25]). After certain regularization and normalization ([2, 6, 12, 13, 17, 20, 21, 24]),
they can be reduced from so-called nearly integrable, properly degenerate ones whose integrable
parts only depend on part of the action variables. Indeed, if & = 1, (1.1) can be reduced from a
properly degenerate one in the classical sense as described in [1], while a > 1 corresponds to the
case with higher order proper degeneracy considered in [11].
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Consider the integrable part of (1.1):
Ne(y) = Ho(y") +e™ Hi(y™) + -+ e Ha(y")
and denote
wi(y) = VN:(y) = (@e(y" 1), e Vina Ha(y™)) ", y€G.
Then the associated Hamiltonian system reads
&= wi(y),
y =0.
Hence T™ x G is foliated into invariant tori
T, =T"x{y}, yeq

with linear flows {zo+w*(y)t} x {y}, vy € G, which can be non-resonant (quasi-periodic) or resonant
depending on the resonant natures of the frequencies {w}(y)}.

Directly related to the stability of motions in applications arising in celestial mechanics, one
important problem in studying the multi-scale Hamiltonian system (1.1) is to identify suitable
conditions for the existence of quasi-periodic motions, or equivalently, the persistence, after per-
turbation by P, of some of the quasi-periodic, invariant tori or that of its lower dimensional sub-tori
split from resonance. This problem was first studied by Arnold ([1]) who showed the existence of
the majority of n-dimensional, quasi-periodic, invariant tori in the case & = m; = 1 under the
degeneracy-removing condition that Hy+eH; satisfies either the Kolmogorov or iso-energetic non-
degenerate condition. Motivated by the fact that the degeneracy-removing condition of Arnold
fails in many cases of perturbed Kepler problems which admit more than two time scales, the
existence of the majority of n-dimensional invariant tori of the Hamiltonian system (1.1) is proved
in [11] for the case with higher order proper degeneracy under the following degeneracy-removing
condition of Bruno-Riissmann type:

A™*) There is a positive integer N such that
Rank{@éQ(y); 0<|l|<N}=n, Vyeaq,

where

(1.2) Uy) = (Vgro Ho(y™), -+, Vigna Ha(y")) T,

and §70 =y, G = (Yn,_ 41> > Yn,) Vgni denotes the gradient with respect to g™, for each
i=1,2,--- , « respectively.

The persistence result in [11] has been shown to be useful in characterizing the stability of
certain perturbed Kepler problems ([20, 24]). We note that the condition A*) implies that the set
{y € G : wi(y) is non-resonant for all e sufficiently small} is of full Lebesgue measure in G. This
is in fact the main reason for the desired persistence result holds for Hamiltonian (1.1) showed in
[11].

For a standard nearly integrable Hamiltonian system
(1.3) H(z,y,e) = H(y) +eP(z,y,¢), (y,7) € G xT",
the stability problem also concerns the splitting of resonant tori and the persistence of lower
dimensional sub-tori in the resonance zone. When ¢ = 0, the phase space G x T™ of (1.3) is

foliated into invariant tori
Ty:TnX{y}v yEG
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with linear flows {zo + w(y)t} x {y}, where w(y) = %—Z(y), y € G. While the persistence of the
majority of non-resonant tori is guaranteed by KAM theorems under either Kolmogorov or Bruno-
Riissmann non-degenerate conditions on w(y), it is well-known that the unperturbed resonant
tori tend to be destroyed (under arbitrary generic perturbations) and give rise to a resonance zone
containing both regular orbits and stochastic layers. The existence of regular orbits in the resonance
zone is due to the fact that certain non-degenerate fractions of a resonant torus may still survive
from the perturbation. A mechanism for splitting a resonant torus and the persistence of certain
non-degenerate sub-tori first discovered by Poincaré ([22]) with respect to maximal resonance and
later considered in [3, 7, 23] with respect to minimal resonance. The case of general resonance types
was first studied by Treshchev ([26]) with respect to hyperbolic sub-tori under the Kolmogorov
and a so-called g-non-degenerate condition, where g is a subgroup of Z™ of rank 0 < d < n which
defines the g-resonant surface

0(9,G) ={y € G: (k,w(y)) =0, Vkeg}

characterizing a unique class of resonant tori associated with resonant type g. More precisely, let
K5 be the integer matrix representing ¢ and K7 be the complementary integer matrix such that
Koy = (K1, K3) is unimodular. Then K defines a symplectic transformation

Yy, wH(i)zKoTx,

where ¢ € T™, ¢ € T? such that for each y € O(g,G), the resonant torus T, is foliated into
invariant m-tori

Ty() =T" x {} x {y},  weT
with linear flows {pg + K; w(y)t} x {1} x {y}. Consider the function hg : T¢ x O(g,G) — R:

ho(hy) = | Ple.y)de,
where
Plb.ipa) = UKD (£) 0100
An m—torus Ty (¢) of (1.3) is said to be Poincaré-Treschev non-degenerate if ¢ is a non-degenerate

critical point of hg(-,y), i.e., %—}fﬁ(d},y) = 0 and %21;2‘) (1, y) is non-singular. It is shown in [26]

that if yo € O(g,G) is such that w(yg) is Kolmogorov non-degenerate, g-non-degenerate (i.e.,
det K ?Tg(yo)Kg # 0), and K, w(yp) is Diophantine, then any hyperbolic, Poincaré-Treschev
non-degenerate m-torus Ty, (¢) will persist. This result is later generalized in [5] with respect
to any Poincaré-Treschev non-degenerate m-torus on an almost full Lebesgue measure subset of
O(g,G). In [14], two of the authors of this paper show that the result of [5] actually holds without
the g-non-degenerate condition. A similar persistence result of Poincaré-Treschev tori is also shown
by two of the authors of this paper in [15] under the Bruno-Riissmann non-degenerate condition
of K w(y) on O(g,G) in which case the g-non-degenerate condition of the m-tori turns out to be
necessary.

In the present work, we would like to analyze similar Poincaré-Treschev mechanism for the multi-
scale, nearly integrable Hamiltonian (1.1) whose frequency map w?(y) depends on e. Following the
outline idea we introduced above, it seems necessary to consider resonance classes of w; which are
independent of e. More precisely, corresponding to each subgroup g of Z", let k"7 = (k1,- -+ , kn, )T
be the first n;-components of the vector k € g, for all j =0,1,--- , o, we will consider the following
g-resonant surface:

O0(9,G)={yeG: (K",V;H;(y")) =0,Vke€g,j=0,1,---,a}.

The g-resonant surface characterizes a unique class of resonant tori among {7 : y € G'}. Indeed,
for each y € O(g,G), we have (k,w*(y)) =0, Vk € g and ¢ sufficiently small.
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However, for a multi-scale, nearly integrable Hamiltonian like (1.1), the persistence of regu-
lar fractions of resonant tori following the Poincaré-Treschev mechanism similarly to the case of
standard nearly integrable Hamiltonian systems does not seem to be achievable with respect to
resonance which occurs in a lower e-order term of the frequency map, unless a special structure or
lower degree of freedom is considered (see Theorem B). Technically speaking, if some resonance of
the frequency map occurs in a lower order, then a resonance-splitting normal form (see Section 2)
will have some components of tangential frequency in a higher order of £ than that of its normal
frequency, resulting in an obstruction to the convergence of KAM iterations.

In this paper, we pay particular attention to unperturbed resonance tori of (1.1) whose resonance
occurs at the highest order H, of the Hamiltonian. This amounts to the characterizations of the
resonance among the last n, — n,—1 components of Q(y). To do so, we let g be a subgroup of
{0} @ Zne—na-r = {(0,k")T € Z" : k"> € Z"e~ne-1} of rank d. Denote § = {k"o € Zmo—me-1 ;
(0,k")T € g}. Then g = {0} @ §. Let Ky be an (nq — na_1) X d integer matrix whose columns
consist of a basis of § and let K7 be an (nq — na—1) X (Na — na—1 — d) integer matrix such that
det(K1, K5) = 1. Denote

I O O
K, = ( 5 > , Ko = ( 5 ) , Ko = (K1, Ks),
0 K nx(n—d) Ko, nxd

where O denotes a zero matrix and I denotes an identity matrix, of appropriate dimension. Then
0(9,G) = {yeG: (k" Ve Ho(y)) =0,Vk"™ € g} ={y € G: (k,Qy)) =0, Vk € g}
{yeG: R Vi Haly) =0} = {y € G: K] Q(y) = 0}.

Following [15], we first assume the following condition for the multi-scale Hamiltonian (1.1):

Al) H, is g-non-degenerate on O(g, G), i.e.,
T 32H(,

det K W(y)fﬁ #0, VyeO(g,G).

Under this condition, K’; VinaHy + G — R? is of maximal rank, and consequently, O(g, G),
being its kernel, is an m-dimensional, real analytic sub-manifold of G, called the g-resonant surface,
where m =n —d.

Then, we also assume the following non-degenerate condition of €2 of Bruno-Riissmann type on

O(g,G):

A2) There is a positive integer N such that
Rank{@f/KlTQ(y); 0<|I|]<N}=m, VyeO(g,QqG).

The resonant surface O(g, G) also determines a uniform splitting of the resonant tori {T; ty €
O(g,G)} as follows. If ™ € T™ denotes the conjugate variable of y™ for each ¢ = 0,1,--- , «, and
let " be the last (ny, — n4—1)-components of x, then

Yy, xH(i)ET”ded

with

xnafl

(‘p> =KJo=| Kjgm
¥ R e
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defines a symplectic transformation under which (1.2) becomes

‘? = wE(y)a
v =0,
y =0,
where _
we(y) = ( We(y™e) )
) eme K| Vgna Ha(ym)/)

It follows that for each y € O(g, G), the resonant torus 7T, y s foliated into invariant m-tori

Ty) =T x {¢} x {y},  ¢eT?
with linear flows {po + w-(y)t} x {¥} x {y}.

As for the perturbation, we consider the function hg : T¢ x O(g,G) — R:

ho(w) = [ P(.00)de,
where

Pbvip) = PUKT) ™ (£) 0) = Pl (KT K (2) 00)

P is the perturbation in (1.1) and ¢ = K] #"«. For each y € O(g,G), an m—torus T, () of N,
is said to be Poincaré-Treschev non-degenerate if 1) is a non-degenerate critical point of hg(-,y),

ie., %—%’(w,y) =0 and %Zg’ (1,y) is non-singular. It follows from the Implicit Function Theorem
that near each Poincaré-Treshchev non-degenerate m-torus, there is actually an analytic family of
them. Thus, instead of assuming the existence of one such torus, without loss of generality we
assume the following condition:

A3) There is a real analytic function ¢ : O(g, G) — T such that T} := T (¢(y)) is a Poincaré
non-degenerate m-torus for each y € O(g, G).

We will show the following result:

Theorem A. Assume the conditions Al) - A3) for a given subgroup g described as in the above.
Then there exists a €9 > 0 sufficiently small and Cantor sets O C O(g,G), 0 < € < g, with
|0(9,G) \ Oc| = O(e=~ ), where 0 < v < % is a fived constant, b = 4d*(N + 1), d is the rank of a
given subgroup g and N is as in A2), such that for each 0 < & < g¢ the Hamiltonian (1.1) admits
a CN=1 Whitney smooth family of invariant, quasi-periodic m-tori TyE, y € Og. Moreover, for
each y € Oc and 0 < € < gg, Tyg and its frequency are only slightly deformed from the unperturbed
Poincaré non-degenerate m-torus T,; and the frequency of Ty .

In application of the theorem, we note that specifying the subgroup g is the same as specifying
a matrix K; or K5. A special case which can dramatically simplify the conditions Al), A2) is
when ([A(l7 Kg) = the (Ng — Na—1) X (Nq — Ne—1) identity matrix. In this case, ¢ consists of some
components of 2"~ and 1 consists of the remaining components.

As remarked before, though the persistence of lower dimensional tori in the resonance zone
of N. does not seem to hold with respect to resonances occurred in lower order terms of ¢ in
general, there are exceptions in the case of lower degree of freedom with respect to special type of
resonances. Aiming at application to spatial three-body problems, we consider the following real
analytic Hamiltonian on T2 x R? associated with the symplectic structure dz A dy:

(14) H((E,y,&) = Ho(yo) + gmlHl(y) + €m2H2(y) + 67713]3(1,7:%5)’
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where ¢ is a small parameter, x = (29, 71,72) € T3, y = (yo,y1,¥2)" € G, G is a bounded closed
region in R3, m;, j = 1,2,3, are positive integers satisfying m; < mo < g3, the perturbation
P depends on e smoothly. Comparing with the general case (1.1), we note that the condition
My < Mg above is crucial for us to consider lower order resonances in (1.4).

It is clear that the resonance of the frequency map w} will not occur in the first term Hy
unless 0y, Hy = 0. Therefore, it is natural to consider resonances occurring in Hy, Ha. The case
that Hy, Ho are completely resonant corresponds to the resonant subgroup g = {0} x Z? and has
already been considered in [10]. We now consider the remaining case.

Let g be any rank 1 subgroup of {0} x Z2 and Ky = (2) be an integer vector such that (0, K3)"
is a fixed basis of g. Then

O(9,G) ={y € G: KJ9;H(y) = K, 93Hs(y) = 0},
where § = (y1,v2) . Let K, = (g) be an integer vector such that det (Kl,Kg) =1 and denote

(1.5) K1:<(1) 121) K2:(Ig2).

It is clear that such a choice of g does allow resonance in the lower order term Hy, for instance,
when K9 = ((1)) and K| = (_01).

Similar to Al), we assume the following condition:

A1)’ Either H; or Hj is g-non-degenerate on O(g, G), i.e.,

.+ O0?H 5 .+ 0%H.
either det K, ! (y)Ka # 0 or det K, 2

K. .
2 ayg 2 82:/2 (y) 2 #Oa Vy € O(g7G)

We have the following result:

Theorem B. Consider the Hamiltonian (1.4) and assume conditions A1)’, A3) with respect to
the rank 1 subgroup g above. Also assume condition A2) with respect to Ky in (1.5) and

(1.6) Qy) = (9yoHo(yo), 0y, Hi(y), 9y Hi (y)) -
Then the conclusion of Theorem A holds to yield a family of quasi-periodic invariant 2-tori of

(1.4).

Remark. (1) We remark that with more estimates involved in the proof both theorems actually
hold when the Hamiltonians in (1.1), (1.4) are of the class C°.

(2) Theorem A also holds on a submanifold M of G if conditions A1)-A3) are assumed on M
instead of G. In particular, if M is taken as an energy surface {Hy = ho, H1 = h1,-++ , Ho = hqa},
then this will lead to an iso-energetic version of persistence result for lower dimensional tori. The
proof of such a result more or less follows the arguments of [4] and the quasi-linear iterative scheme
contained in this paper. But in application the verification of assumptions A1)-A3) on M will be
a non-trivial matter, depending on a careful choice of M and g.

(3) Differing from the case of a standard nearly integrable Hamiltonian system considered in
[14, 15], the excluding measure for the persistence of lower invariant tori on a resonant surface of
the Hamiltonian (1.1) is of the order O(¢=~) for a pre-fixed small positive constant ¢, as shown
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in Theorem A above. This is due to the special nature of small divisor conditions required in
finding quasi-periodic solutions in the multi-scaled system (1.1). More precisely, as to be shown in
Section 2, for each £ € O(g, @), an initial normal form reduction of (1.1) yields

(17) H(z,3,2,6,9) = ee(€) + (we(6), 1) + 5h(y,6,€) + 5 (2, M(E,€) 2) + 57 P2, 5,5, &),

Mot1—Ma

(r,9,2) € T™ x R™ x R?? where § = ¢ 2 . However, in viewing the multi-scales of w,, the
small divisor conditions in order to carry out the KAM iterations requires that the perturbation
is of at least an order of O(e2(N+6)¢-) where

Cy = 4d2 Zmz(n, — ni—l)-
i=1

To overcome this obstacle to the application of the KAM method, we will adopt the approach
from [11] to first perform a finite step of iterations to push the perturbation to the desired order.
Another technical ingredient in proving our results is the derivative estimates, up to order N, of the
frequency map in each KAM step which is necessary in verifying the Bruno-Riissmann condition
and proving measure estimate of the persistent invariant sub-tori. Unlike the case of a standard
nearly integrable Hamiltonian, such derivative estimates cannot be done using Cauchy formula
simply because for the e-dependent frequency map its C° norm in a complex neighborhood of the
domain cannot be explicitly estimated. We note that if the perturbation is already in an order
of O(e2(N+6)ex) then a finite number of KAM iterations will not be necessary, and the excluding
measure for the persistence of invariant, quasi-periodic, m-dimensional tori can be improved to an
order of O(sw%) (see the measure estimate in Section 4).

(4) Similar to the Melnikov persistence problem considered for standard Hamiltonian systems, it
is meaningful to consider the persistence of non-resonant, lower dimensional tori for a multi-scale,
partially nearly integrable Hamiltonian system. For such a system, one would typically work with
the following Hamiltonian normal form

H(z,y,2,6¢e) = e(€)+ (&), y") +e™ (W (€),y™) + - + ™ (w(€),y™)
1 my Mo

+ §<22m0’M0(£)Z2m0>+ 52 <22m17M1<£)z2m1>+_._+ 52 <2:2m°‘,Ma<§)22m“>
(1.8) + Mot Px,y, 2,€),
where z € T™, nop < ny < -+ < Ng_1 < Ng :=m, M1 < M < -0 < Mg < May1, Mo <
my < -+ < mg = d are positive integers, y™ = (y1, -+ ,Yn,) , 22 = (21, 29, =+, Zom,)
i=0,1,--- ,a,y =y", z=2>" and £ € O C R™ is a parameter. Denote

Q(E) = ((‘00(5)7&)1(5)7 e adja(g))—r7

where ‘D’L(g) = (w;izi_lJrl(é-)a w;i_1+2(§)7 T w;i(g))—rv L= 1727 T, Oy @O(g) = wo(g)' It is clear

that the unperturbed part of (1.8) (i.e., when P = 0) admits a family of m-tori associated with
the relative equilibrium z = 0 which are mostly quasi-periodic if 2 satisfies a Bruno-Riissmann
condition on O. We note that unlike (1.7), the quadratic terms of (1.8) are of the same order of e-
scales as the linear terms. Inspired by the case of standard partially nearly integrable Hamiltonian
systems, the persistence of the majority of unperturbed m-tori should require the non-degenerate
and Melnikov non-resonant conditions that for each ¢ = 0,1, - | «, the lower right 2(m; —m;_1) x
2(m; — my;—1)-block M of M is non-singular on O, and that the set

{€ €0 V=1(k, &'()) = X;(&) = Ni(§) # 0, ¥k € Z™ ™= \ {0}, 1< j,1 < 2(m; —mi1)}
admits full Lebesgue measure relative to O, where \i(€), -, Aé(mi—mi,l)(@ are eigenvalues of

JiMi(f) with J; being the standard 2(m; — m;—1) x 2(m; — m;_1) symplectic matrix. In the
above, we take n_; = m_; = 0. We recall that the above non-resonant condition is the weak form
of Melnikov’s second non-resonant condition assumed in [16]. Under these conditions, it seems
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that the KAM scheme developed in [16] is applicable to the multi-scale Hamiltonian (1.8) but the
convergence of the scheme should require to push the perturbation to a sufficiently high order first,
similarly to the treatment contained in the present work. We leave the detail constructions in a
subsequent work.

The rest sections are organized as following. In Section 2, we will rewrite (1.1) and (1.4) into
a usual normal form. We will perform a finite step of KAM iterations in Section 3 to push the
perturbation term of the normal form to a properly high order of . Theorems A, B will be proved
in Section 4 by applying standard KAM method. We show in Section 5 an example contained
in [20] of a properly degenerate Hamiltonian system reduced from spatial three-body problem for
which our main results may be applicable to yield invariant lower dimensional tori in the resonance
zone.

Through the rest of the paper, unless specified otherwise, we will use the same symbol | - | to
denote an equivalent (finite dimensional) vector norm and its induced matrix norm, absolute value,
and measure of sets etc., and use | - |p to denote the sup-norm of functions on a domain D. For
each r, s > 0, we denote

D(r,s) = {(z,y,u,0) € T" x C" x CTx C*: [Im & <, |y < s, |u| + o] < s},
which is a complex neighborhood of T™ x {0} x {0} x {0}.

2. NORMAL FORM

In this section, with respect to a given resonant type, we convert Hamiltonians (1.1), (1.4) into
a normal form near a family of Poincaré non-degenerate sub-tori in their resonance zones. First
let g, K1, K3 be given as in Theorem A and v(y) be as in A3).

For each & € O(g, G), Taylor expansion of (1.1) at £ reads

* 1 -
H('ray7€> = <wa(§)7y_§>+§<F(€7€)(y_§)7y_§>
(2.1) +emet Pz, y,e) + O(ly — £)
up to a constant. Write w? () into the following form
WI(€) = (WIO(§),e™ G (§), -+ e™ G (€))T,
where ) )
Wi (&) = Vyno Ho (") + €™ Vyno H1 (€™ ) + - - - + €M Vyno Ho (™),
and
G19(6) = Vs Hy(€"9) 4+ ™1 ™™ o Hyp (€7557) 4 - €™ M5V gy o (€7),
where £% = (&1,-+-&,;) ", 7 =0,1,--+ ,a. Note that the matrix (£, ¢) in the second term of (2.1)
can be expressed as

- >N,
P(f,&?) = Tyg(g"g)
(2:2) = Do) 4+ Da(e™),

where
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Consider the linear symplectic transformation:

y—§& = Kop,
(2.3) ¢ = Kz
Then (2.1) can be re-written as
H(p.p,q.6 €)
(2.4) = (we(&):p) + %ﬂ:(f’ e)p,p) + ™ Pp, . €,¢) + O(Ipf),

where p is the first m-components of p, w. (&) = K{ w?(€), T'(&,¢) = Ko 'T(&,€)Ky, and P(q,p, &, ¢)
= P((Ko ")~ 'q,& 4+ Kop, ). We rewrite w, as follows:
we(€) = (WEO(E), - ETRLIE), - Mo e (€), M KT 0 ()T
(2.5) = (W2(E), -, e™RL(E), - M2 T (€), M2 (€)) T
To decompose the matrix T'(€, ), we have by (2.2) that
D(¢e) = Kq Do(€") Ko + -+ + ™ Ky [a(€") Ko
It is easy to verify that

Kérf](fnj)](b:( 6y"12(£ 1) g) 7vj:Oa17"'aa_17
nxn

where O denotes a zero matrix of appropriate dimension. As for the last term, write
e i pi2
Ky Lo(§")Ko = < 2l P22 > )
T2 T2 T22 are (n—d) x (n—d), (n—d) xd, dx (n—d), d x d matrices, respectively. We
clearly have
(OH

2 = K2 F Ko = Em“K2 8 5

By A1), I'?2 is nonsingular for all ¢ € O(g,G).

K2 = Emak 7[%2 = EMQFQQ.

With respect to the Hamiltonian (1.4), similar calculations based on the resonant type Ko
defined in (1.5) yields that

w;(f) = (ayoHO(f) + EmlayoH1<£) + Em28y0H2(€>7
6mlayllfl(g) + €m28y1H2(£)7€m18y2H1(§) + aﬁLQayzHZ(f))T € Rg

and
[(,¢) = Do+ ™Iy 4 ™21y,
where
gil(e) 0 0
. 5290 . 82Hi )
Iy = 0 0 0 ,Fi=32(£),z=1,2-
0 00 y

Under the same linear symplectic transformation (2.3), we then obtain (2.4) with p = (po,p1) ",
L(¢€) = Ko I'(¢,€)Kp, and
wg(f) = (8@0]‘[0(5) +6m16g0H1(£) +€m28g0H2(§),5m1 <Z, V,ng1> +5m2<l:, VQ2H2>)T
= (Wl e™uwl)T

)
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where gO = Yo, gl = QZ = (ylayQ)Ta i=
have

(i1,i2)". Decomposing the matrix ' as in the above, we

PHy | g OPHa
<82 nl >+5 <77—77>7

where 7 = (71,7) . By Al)’, we have (%fﬁ% 7y #0, or { 22@ 7Y£0 1f<
case, ['?2 #£ 0.

f\22

7° ,7) = 0. In any

Let p = (p,p?) T € R™ x R? and q = (p, % +1(€)) 7. The Hamiltonian (2.4) in both cases above
becomes

_ I . _
H(p,,pp",6,8) = (we(€),0) + H{e™ T (&, e)p", p%) + (B, €, )
(2.6) +O(™ |pllp?| + ™ [p) + €™ P, 90, 5, p", & ),
where
h(p.&e) = O(p™ |+ et gt [P + ™ pf),
ﬁnj = (pl,"',pnj)T,j:O,l,"',Oé—l,
P(o,0,p,p%€e) = Plo,v+v(€),p,p% & e).

As to be seen later, lower order terms O(¢™i|p"|?), j = 0,--- ,a — 1, in the above will play an

important role during the iteration process in order to control small derivatives. Hence they cannot
be simply included in the perturbation by rescaling.

Denote
Qe(8) = (W), -+, L&), -~ @271 (), 02 (€) T, €€ 0(g, Q).
Then it is clear that
(2.7) QL (€) = LK, Q)+ O(e),  1=0,1,---,N
uniformly for £ € O(g, G), where, (), is as in (1.2) in the case of (1.1) and equals in the case of
(1.4).

For fixed positive constants vy, 7 > max{m(m + 1) —1,N(N + 1) — 1}, consider sets

O. = {£€0(3,G): |(k,we(€))] > - VO#keZ™},

IkIT ’

Ao = {€€0(g,G): |k Q)] > |k|  MOAKEZ™,  O0<e< 1.

It follows from A2), (2.7), and the measure estimate under Bruno-Riissmann conditions ([27, 28],
see also Section 3 of this paper) that

1
(2.8) [0(9,G) \ Ac| = O(rg")-
Moreover, it is easy to see that
A, C O, D<ex 1.

For each ¢ € A., we can separate the first-order resonant terms from the perturbation P as
follows. Using the Fourier expansion, we have

P(p,hp.&e) = > hi(ih,§)eY 18 1 O(|p|?)

kezm

= k(0,0 + 3. TEON + Y g

kezm\{0}

O(Ip*) + O(l¢l*),
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where T := ;Zgo (&).

Consider the family {S¢ : £ € O.} of functions on (T™ x R?) x R™ defined by
Se(a,Y) = (Vi) + ™t Y SpeV 1R,

kezm™\{0}

where Sj = ‘/;}(lg)(li)& and hy (1, &) = fw (p,1,0,8)e V=Ik9) do, for each &€ € O.. We note that

{S¢ : £ € O.} is a Whitney smooth family of real analytic functions. It follows that

95(¢,Y) 95(¢,Y)

defines a Whitney smooth family of real analytic, sympletic transformations on (T™ x RY) x R"
such that
p=Y +V=Iemett D" kSpeV 1RO = ¥ 4 O,
kezm
and
p? =Y 4 /—1egMat Z 1 %eﬁﬂwp) =Y 4 O(eMa+r),
oy (@) 00

where Y = (Y, Y4)T € R™ x R% Under this family of transformations, the Hamiltonian (2.6)
becomes

H(@? 11[}7 }77 Yd7 €7 E:)
= (@) F) TR YY) 4 L (e T ) + A(Y€,2)
FOEM =Y ) + O(740) + O [P) + O™ V][V )) + 0= V).

Consider the rescaling Y — e~ 5"V The re-scaled Hamiltonian reads

7 H 71/}7 5ma+12_ﬁm Y; 5ﬁba+12_ﬁza Yd7 ga € /
g - M e ) w0 7)
€ 2
6771&_'_17%0‘ Er?z,a+12—ﬁla
Mat+1—Ma _ _ -~
+ e T Y o) b (TR YY) b (€™ T, Y))
Eﬁxu+12—ﬁlu .
L M
+ (0 ¥]) + 0 )
cx+1+ma Proy |5 d . 3
+ Ofe W) + O™ YY) + O™ Y ).

With ¢, Y, Y4, w,fl,aw in place of =, y, u, v, H, ¢ respectively, we obtain the
following normal form

(2.9) H(x,y,2,&,e) = N+6™P,
where
0, m
N = (el€)) +0h(y,:6) + 5 (€™ M (6,07, 2),
(2.10) Wy, &e) = O(y™ P +--- Mty > 4 Mo y|?),
ynj = (y17"'7ynj)—r>j:0717"'704_1,
_ r2 o _ T
(2.11) M(e) = ( 0 1—ﬂ>,,2—(u,v)7
171a+1+r71,1 ma+1+ma
P(r,y,2,§,e) = O(e I( uw|)+0(E™ 7 )

u+1

+0(e 1)+ O(lyllul) + O((y, w) ).
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Let 0 < g < 1 be given and define sg = e~ 5 for small £ > 0. Then the Hamiltonian (2.9)
is real analytic in (z,y,2) € D(ro, so) and Whitney smooth in £ € O., and it is easy to see that

Ma41—Ma

(2'12> |8éID‘D(T07so)><OE = 0(5 2 )a VI <N.
3. IMPROVING THE ORDER OF PERTURBATION

In this section, we will use a finite step of quasi-linear KAM iterations to improve the normal
form (2.9) by pushing the perturbation to a desired higher order. We re-label the real analytic
Hamiltonian (2.9) as

0 _ _
(3.1) H(2,y,2& ) = ()@l (©), y) +0h°(y, &, )+ 5 (2, M (§, €) 2) +0e™ PO, y, 2, €, €),
where (z,y,2) € D(ro,80), £ € A := A, e =0, wl := w., M? := M, h° := h, and P := P, as
defined in (2.5), (2.11), (2.10), (2.12) respectively. We note that MY is invertible on its domain of

(Mgt 1—Ma) (1=30) (Mg i1 —Ma)
definition and |(M°)~!| = O(1). Denote 4 =&~ 2, pg=e— 6, where 0 < ¢ < 3
is fixed and b = 4d?(N + 1). It follows from (2.12) that
(32) ‘32P0|D(T0,SQ)XAO < 7858N07 |l| S N

We will use the quasi-linear iterative scheme introduced in [14] to iterate the Hamiltonian (3.1)
so that after each iteration the term h° is kept essentially unchanged.

Assume that, after a v-th iterative step, we have obtained the following Whitney smooth family
of real analytic Hamiltonians

) . _
(3.3) H(z,y,2,& ¢) = e(§) + {we(€),y) + 0h(y, &, €) + 5{z,e™*M(&, ) 2) + 0™ P(z,y, 2,€ ),

where (z,y,2) € D(r,s) for some smaller 0 < r < 79, 0 < s < 59, £ € A for a subset A C O(g,G),
we, M, h are of the same forms as in (2.5), (2.11), (2.10) respectively, and

|8éP|D(r,s)><A < 7b52,ua |” <N
for some constant 0 < p < po. For each £ € O(g, G), we write
we(€) = (W2(€), -+, €™MBL(E), - €M D2 TH(E), e 02 (€))

and denote

For + =: v + 1, we will find a symplectic transformation ®*, such that, on a smaller phase
domain D(ry, s; ), Hamiltonian (3.3) is transformed to a new Hamiltonian

HT=Hod" =¢el (&) + (wl(&),y) + 5hT (y,&,¢) + g<z,am”M+(§,e) 2) + 6™ Pt (z,y, 2,€,€)

of the same form as (2.9), in which M T is invertible on its domain of definition, |(M )~ = O(1),
and the perturbation P is much smaller on D(r,,sy).
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Define
r + To
r+ = -+ —
+ 2 4 y
- XY,
T+ = 2 + 4 )
L 3
S = —as, a=us3,
+ 3 K
py = prtt for some fixed i € (0,1),
1
K. = ([llog—]+1)%
I
i—1 1 .
Dia = D(T-‘r—’— (T—T+),§Oé5), 221727"' 787
Dy = Da=D(ry,s4),
A 7
Dls) = Dlrs+ glr=r4).5)
g
At = {Ee A (B Q:())] > W}’
Lr—ry) = Z |k|N+(N+1)4dzTe_‘k‘Tﬁ&wf.
0<|k|<K4
Through the rest of the paper, all constants ¢;, ¢ = 0,1---,10 are positive constants and

independent of ¢ and the iteration process. We also use ¢ to denote any intermediate constant
that is independent of € and the iteration process. For simplicity, we will also use the asymptotic
notions “O, 0” whose involving constants are understood to be independent of the iteration process
as well.

3.1. Truncation. We first express P into the following Taylor-Fourier series
Pe Y puyre T

kEZmJEZi ,]EZid
and let R be the truncation

R= " (proo + (Pr10,y) + (pro1, z) + (y, Pr2oy) + (2, proaz))e¥ ~1F),
[k|<K4

Lemma 3.1. Assume that
oo

(H1) [ et dt < p.
Ky

Then, there is a constant c1, such that for any |I| < N, £ € A, we have
0L(P = R)|p,, < a1’s’1?,  |0¢R|p,, < c17’s’p.

Proof. The proof is similar to that of Lemma 3.1 in [14]. O
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3.2. Homological equations. Next, we eliminate the resonant terms in R by constructing a
symplectic transformation generated by a Hamiltonian F' of the form

(3-4) o= Z (Fx00 + (10, 9) + (Fro1, 2) + (U, Frooy) + (2, fronz))e?~1ED
0<|k|I<K
+(foo1, 2),

where fi;;’s are (matrix valued) functions of (§,¢) and fro2 is symmetric for each k. The main
idea of the elimination scheme is to solve the following homological equation

(3.5) {N, F} + Jema (R — [R] + <p001, Z>) =0,
where
1

Substituting (3.4) and (3.6) into (3.5) yields
= > VIl we () + 00yh) (froo + (Fr10,y) + (fror, 2) + (U, fr2oy) + (2, frozz))e¥ 1 F®

O<[|k|<K4
6 D (M M(E )z, J fron) + 2(e™ M(E, )2, T frozz))eY TN 4 §(eMe M(E, )2, J foon)
0<|k|<K 4
= - Z 3™ (proo + (Pr10:Y) + (Prot, 2) + (U, Praoy) + (2, Prozz))e” ~HE — e (pooy, 2).
O<|k|<K 4

Comparing the coefficients in the above, we deduce the following quasi-linear equations for all
0<|k|SK+,£EA+Z

(3.7) Lokfroo = 0™ proo,
(3.8) Lorfrio = 6™ prao,
(3.9) Lokfrao = 0™ prao,
(3.10) Lirfror = 0™ prot,
(3.11) Lokfroz = 0™ prog,
(3.12) M(&,€)foor = —poot,
where

LOk - ﬁ(kawa(f) + 681/h>7
Ly = V-1(k,we(€) +09yh) Iog — 6™ M(E, ),
Lo = V=1{k,we(§) + 00yh)Lage — (0™ M(€,)J) @ Ing + Toq ® (8J€™ M (€, €)).

In the above, ® stands for the tensor product of matrices.

To solve equations (3.7)-(3.9), for each k = (k% --- k%, .-+ k*)T with 0 < |k| < K, where
kt € Z"~™i-1 for each i = 0,1,--- ,a — 1 respectively and k® € Z™ -1, We let k7, for some
j=0,1,---  «a, be the first nonzero components of k. Then

Low = €™ (k7,&1(€) + O(8s)) + -+ + ™ (£, 02 (€) + O(3s)).

We assume that

H2) max{e, §s} KT = o(y9),
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for all £ € AT. Then

Loel = ™ |(K,00)] — (€™0(5s) + O(™+))K
= |k, Q)] — (€ O(3s) + O™ ) K
> Emj’y.
= o

Thus Lo is invertible. Combining the estimate
|0t Log| < e™iclkl|, I| <N

with the inductive equations

l
A== CLOT Lok L)Ly Il < N,
I'=1

we have
‘k|(\l|+1)T+|ll

|8§ L < [I| < N.

e+l
It follows that for each 0 < |k| < K4, & € AT, equations (3.7)-(3.9) are uniquely solvable to yield
solutions froo, fr10, frk20 Which satisfy the following estimates

(3.13) |8éfk00| < 65|k|Il|+(ll\+1>rs2ue—|k|*’
(3.14) |aéfk10| < BRI g eIkl
(3.15) |0k fr2o] < el UIHDT eIk g < N

To solve the equation (3.10) for each k = (k%,---  k7,---  k*)T with 0 < |k| < K, we again
let k7, for some j = 0,1,--- ,c, be the first nonzero components of k. Then L, can be re-written
into the form o

Ly = €™ Ly,
where
Ly = \/f1<];J7@g + O(0)) Ioq + €™+ 7™ \/_71<f€j+1 ST 4 0(68)) [ag + - -
M T/ TR, O 4 O(68)) ag + €™ M.
= V=1(k, Q. + O(ds)) + ™™ §M J.
Then (3.10) becomes
(3.16) Lk fror = 6™ "™ ppos.
For each £ € AT, we note by H2) that

|(k, Q(€) + O(9s))] = [(k, Q)| = |O(9s) K| >

2\kIT
It follows from the definition of determinant that
2d TS Mo —M; T S -Ma—MMj
- vy 2|k|T oMM, 2|k|T 6T
detL > — L
|detLug| > 22d|k|2d~r( ( ~y +o v )™)
2d

i
= 20+ | |2d7

Hence Lqj is invertible and
|fe[2d7+2d-1

oy 2l
= <ec
det Ly 2

The above together with the estimate
OLul <clkl. <N,
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yields that
|k||l\+(|l\+1)2d7—

171
0Ly SCW’ ] <N.

Hence (3.10) or (3.16) is uniquely solvable on A™ for any 0 < |k| < K and some calculations show
that the solution fo; satisfies

(3.17) |0k fron| < cd|k|IHHIIFD2dT g o =IRIT = 7] < N

Similarly, (3.11) is uniquely solvable on AT for any 0 < |k| < K, and the solution fxo satisfies
(3.18) |08 froa| < colk|IHHIIFDAET o= IR 1) < N
The unique solvability of (3.12) on AT is obvious and it is easy to see that the solution foo; satisfies
(3.19) |0t foor| < cdsp, I| < N.

Lemma 3.2. Assume H2) and let F be as in (3.4). Then there is an positive constant co such
that on D(s) x AT,
||, |Fel, s|Fy|, s|F.| < cads®ul(r —ry),
and
|8é8;6(5:Z;F| < cooul'(r —ry)
for all 0 < ||, ]i| <N, 0 < |p|+q|] < 2.

Proof. The lemma follows easily from (3.13)-(3.15) and (3.17)-(3.19). O
Lemma 3.3. Let ¢% be the flow generated by F and assume

H3) copul(r —ry) < g(r —r4),
H4) codspl'(r —ry)p < s4.

Then the following holds.

1) Forall0<t<1,
¢ : D3 — Dy
are well defined, real analytic and depend smoothly on € € AT.
2) Let ® = ¢}.. Then for each & € AT,

ot :D, — D.
3) There is a constant c3 such that
|0t(¢% — id)|p, xa+ < czsul(r—ry),
0: DY (T —id)|p, xa+ < espl(r—ry)
for all Il <N, 0<t <1, i=0,1, where D = 0

T,y,2)

Proof. 1t easily follows from Lemma 3.2. d
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3.3. New Hamiltonian. Lemma 3.3 shows that for each £ € AT, ®* : D(r, s.) — D(r,s) is
a well defined, real analytic, and symplectic transformation. Applying this transformation to the
Hamiltonian H, we obtain the new Hamiltonian

HT = Hod®" =Ho¢l =(N+6™R)o ¢k + 5™ (P —R)odh
= el (&) + (Wl (€).y) +nt(y, &)+ g@aw(ae)@ 2) 4 6™ Pt

on D(ry,sy) x AT, where e is a smooth function on A and
(3:20) wi(€) = we(&) + ™ poro,
(321) M+(§7€) = M(€75) =+ Poo2,
(322) h+(y7£,5) = h(y,f,s) =+ 5771.1 Z pO]Oyja
l71=2
1
(3.23) Pt = / {(1 = H)(R = [R] + (poo1, #)) + R, F}dt + (P — R) o 6.
0
We note that
h+(ya€7€):h(ya§,€)+ ( M | ) (‘yn0|2+”'+€mj|ynj|2+'”+€ma y|2)
Denote wt := (00, ,emeo) T where &1 is an n; — n;_; dimensional vector for each

j=0,---,a—1,and ®7* ia an m — n,_1 dimensional vector, let

QF (&) = (@), , o))"

Lemma 3.4. There exits a constant ¢y > 0 such that the following holds for all0 < |I| < N:
0w () —we(O))ar < cade™ysp,

(L (E) = Qe(€))lar < caysh,
O (M (€,6) = M(£,0))la+ < carm,
OLR* (1.6,6) — by &elar < ea™
Proof. It follows from (3.20)-(3.22). O

Lemma 3.5. Assume that
H5) csysuKiH <y —ny.
Then, for all 0 < |k| < Ky, £ € AT,

.
(3:24) k.95 )] > 7

Proof. Let 0 < |k| < K, £ € AT. By Lemma 3.4 and H5), we have

Lemma 3.6. There exists a constant cg such that
0 PF Dy sar < e’ (s°p°T(r —ry) + °p? + $2p?), Il < N,

consequently, if
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b(o3,2 3,2 b 2
H6) coy’(s°pI(r —ry) + s707%) < ysipg,
where cg = max{1l,cy, -+ ,cg}, then

|aép+|D+><A+ < ’VQSi,qu, lI]| < N.

Proof. We note that [R] = O(6c™«). The lemma follows easily from the expression of Pt as (3.23)
and Lemma 3.2. O

This completes one cycle of KAM iterations.

3.4. Finite steps of KAM iterations. We now show that the general KAM iterative step
outlined above can be carried over for a finite number of steps starting from v = 0 to some v = v,
to yield a new Hamiltonian normal form with a sufficiently high order of perturbation. Recursively
applying the definitions of quantities right before Section 3.1 with v 4+ 1 in place of “ + 7 for

vr=20,1,---, we obtain the following iterative sequences:
1
o= (1= o)
i=1
1 3
Sy = SO0y_1Sp—1, Oy = Uy,
3 1 1 1%
p, = plTh for some fixed i € (0,0),
1
K, = ([log(—)]+1)°
/~LV71
v v— v— Yv—1
A = {Ee ATV (B QU] > i 0< |kl <K,},
forv=1,2,---.
It is easy to deduce that
(3.25) py = p§ T = FFE e (1407 < SR 1

from which the hypotheses H1), H3), H4), H5), H6) can be verified for all v = 1,2,--- as ¢ is
sufficiently small. One part of hypothesis H2) can be also verified form (3.25), i.e.,
8s, 1 K7 <5, 1 K7 = o(v)
for all v = 1,2,---. However, the other part of H2), i.e., eK7™1 = 0o(y) only holds for a finite
number of v’s. More precisely, define
2 (1=3¢)
_ log(2(N + 6)c. +1log8d*(N + 1) + 1) — log 5=

(3.26) Vs log(1+ 1)

+1,
where ¢, = 4d* >"% | mi(n;—ni_1), [z] denotes the maximum integer less than z. Some calculations

show that H2) holds as long as (1 + ) (1 — 3t)e!~2* bounds above by a constant independent of
v, consequently, H2) holds as e < 1 for all v = 1,2, -+ | v,.

Hence the iteration scheme can be performed inductively to generate a sequence of Hamiltonians

HY = HY ™ 0 @ = e2(€) + (£ (€),4) + h(4,£,€) + S (™ MY (6,2)z, 2) + 0™ P (2, 2.6,)
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defined on D(r,,s,) x AY, for all v = 1,2,--- ,v,. When v = v,, we obtain the new Hamiltonian
normal form

(B2T)H" =: H” = eZ(§) + (wi(§),y) + 0h™(y,§,€) + é<M*(€,E)Z,Z> + 0P (2,y,2,¢,¢€)

2
defined on D(r.,s.) X A*, where 7. = r,,, S« = Sy, €& = ¥, w* = WY, h* = b, M* =
m Vi * __ Mo PVs * Vi
gMa MV, P* = gMa PV« A* = AVx.

Since, by (3.26),
ué1+2)"* < 5“ 30 (144)7 < 516d2(N+1)(N+6)c*+1

Hv, =
we have
2
R N A /- U
where v, = %, p, ="

3.5. Measure estimate. By A2) and (2.7), we have
Rank{0:Q2: 0< || <N} =m, V€A
It follows from Lemma 3.4 that
Rank{9(QL: 0< || < N}=m, VEEA i=1, v,

Using Lemma 3.5 and the standard measure estimate under Bruno-Riissmann condition (see [27]
or see Lemma 4.2 in section 4) that

* i— i Vi L * Mol —Ma)
A%\ A7) Z|A VRS ODS () ¥ =068 =0 F).

i=1 K;<|k|<Ki1
This, together with (2.8), yields that

(3.29) [0(g,G) \ N[ = O(e

L

sz)_

4. PROOF OF MAIN RESULTS

In this section, we will perform an infinite number of steps of standard KAM iterations to the
normal form (3.27) to prove our main results Theorems A,B. To do so, we consider the following
rescalings

8d2(N+1)(N+6 4d?(N+1)(N+6 . o
Y = Y« N+ )M*y, Z = /Y i )Zv H - 8d2(N+1)(N+6)
e M

to the normal form (3.27). The re-scaled Hamiltonian reads

H* 1)
78d2(N+1)(N+6)M = 60(676) + <w0(€a€)7y> + §<M0(£,€)Z, Z> + 6P0(1’,y, Z7£a5)a

HO =

defined on new region D(rg, so) X Ao, where 1o =: 1y, o =: i, Ao = A*, eo(+,8) = €, wo(-, €)
My =: M*, and

|
&

B (9,6,6) + P*

PO
d2(N+1)(N+
’Yf ( ( 6)/~L*

Denote b =: 4d2(N + 1), 7o =: 2N 1 = p,.. Using (3.28) and the fact that
(Y &6) = O(y™ [ + - +e™ [y P 4 - ™o lyl?),
we have
|08 Pol D(ro,50)x A0 < VoS0 105 I <N.
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4.1. Iteration and convergence. We consider the following sequences

1
ry=ro(l=) 51 )

=1
1
Sy = 50y —_15v—1,
8
1
— ,,3
Qy = Uy,

6
— 5
Hy = Colby,_q,

v

=Y 5%

i=1

= (log(——)] + 1)

Ligy1=vV-Ukw,—1(§ ) I2a — M, 1(§,6)J, 0<|k] <K,
Lo y—1=V—1{k,wy—1(§,€)) Lag2 — (0M,—1(§,)J) @ Iag +I2d ® (0JM,_1(§,¢)), 0<Ik| <Ky,

1

Tv—1 7oy
A, = {f cA,_1: \(k,wy_1)| ‘2|‘r s \detleV 1| > ‘szdT
4d?
|det Loy 1| > =L 0 < [k < K}
2k, v—1 |k|4d2 ) = v
v=12,---, where n > % is a fixed constant.

The following iteration lemma and convergence result are special cases of those contained in [14,
Section 4].

Lemma 4.1. Let € be sufficiently small. Then the following holds for allv =1,2,---

1) There is a sequence of smooth families of symplectic, real analytic, near identity transfor-

mations
¢ D(ry,8,) = D(ry—1,50-1), § €A,
such that
H, = H,_ ;o0 @g =N, +40P,,
Ny = (0 +(nlEe) )+ a(ME )z 2),
where
|aéwu - aéwo|A, < Vg,ltoa
|OLM,, — 0t My|a, < Yopo,
|aéPV|Du><Au < Vﬁsyuy
for all ]l < N. .
N A, ={€€ Ay |(hwi) > % |det Ly 1| > Z”Tjdi | det Loj_1| > @ﬁii

K,_1< |k‘| < KV}.
3) The Whitney extensions of

U’ = Piodio- 0P
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converge CN uniformly to a Whitney smooth family of symplectic maps, say, ¥, on

D(%2, %) x Ay, where

27 2

Aoo = ﬂAuv

v>0
such that
1)
H,=HyoU" ' - H = HyoUX® = ey + (Weo, y) + §<Mooz,z> + 0P
wWith eo = limy,_ o0 €y, Weo = limy_ow,, My = lim, oo M, P = lim,_,o P,, and
moreover,

0, . Polpeoyxa, =0, il <2

The iteration lemma above shows that, for each 0 < |e] < 1 and £ € Ay, T™ x {0} x {0} is an
analytic, invariant, Diophantine torus of H, of Diophantine type (Yoo, T), Where oo = lim, o0 Vo
Moreover, these m-tori form a Whitney smooth family.

4.2. Measure estimate of A,,. Let O, = A. We now estimate the measure |O(g,G) \ O.|.

Lemma 4.2. ([28, Lemma 2.1]) Suppose that g(x) is a p-times differentiable function on the
closure I C I, where I is a finite open interval. Let I, = {x : |g(z)] < h, x € I}, h > 0. If on

I, |g®P)(z)| > D > 0, where D is a constant, then |I,| < C7h%, where ¢c; =2(2+3+4---+p+D71).

For each v =0,1,--- and k € Z™ \ {0}, denote

where

Then

(4.1)

RZ+1(§) — Rzzl URZ,JEI URZ7+21’

RS = g€t VI < ),
2d

RAL = (€€, |detL1k,y|S‘7€”|TT.llT}’
4d?

R = {eeh,: |detL2k,u|§‘Z|l:17;2lf}'

M= U BTN

v=0 K, <|k|<K, 1

Consider functions

91?,0(5) = (kw. (&),

g,’;,z(ﬁ) = detLjp,, 1=1,2.
By Lemma 4.1 1) and Lemma 4.2, it is easy to see that there are positive constants cg, cg such that
gy o
| 0§N7 |av > cse”,
2
84d Nglz,i

| 2 6956* 9

| 8§4d2N
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where a = Y% | m;(n; —n;—1) and ¢, = 4d? Y mi(n; — n;—1). It follows from Lemma 4.2 and
Fubini’s theorem that there exists a positive constant ¢y depending only on d such that

12cy4

ETN
Rl’+1 <C —_—
‘ k |— 10‘]{,‘|W

Hence by (4.1),

TRVWE D SR EIES S e

v=0 I(u<:‘k‘fgl<uﬁfl v=0 I{u‘<|k‘f;}(v+ﬂ

Recall that Ag = A,. Combining the above with (3.29) yields that

009, G) \ O] < [Ag \ Acc| +[0(g,G) \ A*| < O(77) + O(77) = O(e 7).

Now, tracing back all symplectic transformations involved in Sections 2,3 and this section, the
proof of Theorems A,B are completed.

5. AN EXAMPLE

In this section, we give an example from celestial mechanics applications to show the validity
of conditions of Al), (or Al)’) A2) with respect to certain resonant type. The validity of the
condition A3) in this example depends on the particular form of its perturbation.

Consider the following normalized Hamiltonian in [20] derived from a spatially restricted three-
body problem:

&3

_ﬁ(

3e"(1 — u)u(

8IS
where I = (Ig, I, 15)" € R3, 0 = (0y,01,02)" € T2, and pu is a fixed constant. The sigh “ 7
appears in an expression involving Iy, the upper sigh applies for Iy > 0 and the lower sigh applies
for Iy < 0. This Hamiltonian is valid and real analytic in the neighborhood of a relative equilibrium

and depends on ¢ smoothly. The existence of a positive measure set of quasi-periodic invariant
3-tori of (5.1) is shown in [20] based on the main result of [11].

(5.1) H. = -1 I1+IQ)(5(I1+IQ)3$4I()(I1 +12)2+3Ig(l1 +IQ)$2IS)

2012 + 2011 Iy + 412 F 2Io(31, + 1)) + 1 P(1,0,¢),

To examine the possible existence of lower dimensional tori in the resonance zone, we rewrite
(5.1) as

H. = Hy(Iy) + 3H(I) + " Ho(I) + €' P(1,0,¢),

where
Ho(ly) = —lo,
1 [
H(I) = —ﬁ(h + L)(5(I1 + I2)? — 4Io(I + I2)* + 3I5 (11 + I2) — 215),
0
_ 3(1— p)p 2 2
Hy(I) = ———=2(2917 + 201115 + 413 — 21y(31; + I)).

815
Here we take the upper sigh of “F” which implies I € G with G being a bounded region closed in
R* x R2. Hence (5.1) is a particular case of Hamiltonian (1.4) with m1 = 3, ma =7, m3 = 11.
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Denote
0Hy OH; O0Hs ,0H; O0Hs ,0H; OH>
I = 3 7 3 7 3 7 T
welD = Gt Y anan T an f an T° an )
0Hy 0H, 0H; T
Q) = (——,—,—)=(95,07,Q93) .
() ((9]0’8[1,612) (Ov 1» 2)
We note that, since %Ii? = —1, the resonance of w, cannot occur at the first integrable term Hy.

We pay particular attention to the following resonant type occurring in Hi, Ho. Let g be a
subgroup of Z?* spanned by K> = (0, K3) ", where Ky = (1,—1)T. Let

1 0
Ki=10 0
0 -1

Then det(K;, K2) = 1.

Let G be an appropriate bounded open set in R. Since

OH,  0H,

o, 0l

0H, 3u(l —p)

— = ———= (5811 + 2015 — 61
ol ng (5811 + 2 0),
OH, 3u(l — )

— = —————>(201; + 815 — 21
812 8]5 ( 1+ 2 0)7

the g-resonant surface in G reads

O(g9,G) ={I € G: Ky Q*(I) =0} ={I € G: 381 + 12I, — 41, = 0}.

To verify the g—non-degeneracy of Hy on O(g,G), we note that

(5.2) OH, _ *H, _ 9*H,
' oI, OLOI,  OI,*’
0?Hy 174p(1 — ) 9*Hy  60p(1 — p)
oL 8IS 'onoL,  8IF
PHy  60u(l—p) 0*Hy  24p(1 - p)
oLoI, 81§ ' 9L,?  8I§

It follows that

. 0%Hy .. 0?°Hy 0O*H, _92H,
det K) ——= Ky = — 0, VIeO(g,G
S e T or "9z oL, #0, € 09,6,

where I? = (I;, I,)". Hence A1)’ holds on O(g,G).

To verify the Bruno-Riissmann condition on O(g, G), we let (Q9,Q1) " := K Q* = (Q5, —Q5) T.
Since, by (5.2),

Qg O
o o,
ol ol
Rank % % =2
ol o6
Qo o

oL, 0y
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on O(g,G), the condition A2) holds with N = 1.

Though validation of assumption A3) depends on the particular expression of P(I,,0), one can
be more specific about this condition in term of Fourier series

P(1,6,0) = > Py kg (DY 1RO,
k=(k1,ka,ks)EZ?
Using the form of K7, K5, we have
© = <‘p1) =K 0= (90 ) €T?, Y==K, 0=0,—06,¢T.
©2 —b
Hence the function hy : T x O(g,G) — R can be expressed as

mo(.D) = [ PloDdo = [ Plonv = en—pa .00

Z Pk1 ko ks (I) e\/jl(klvl—(k2+k3)@2+k2w)d(p
kez3 T2

- Yo Paka(DeY =3 Py (T)eY Y
k1=0,ka+k3=0 jez

To verify A3), one only needs to find, for a fixed Iy € O(g,G), a non-degenerate critical point
o of ho(+, Ip), because the Implicit Function Theorem then implies the existence a neighborhood
Up, of Ip and a real analytic family ¢(I) of non-degenerate critical points of ho(-,I) for I € Uy,.
Having done so, it then follows from Theorem B that for each e sufficiently small there exists a
Cantor subset O. C Oy(g,G) := O(g,G) N Uy, such that the unperturbed quasi-periodic 2-tori
TE((I)) = T? x {I} x {4(I)}, I € O, of the Hamiltonian (5.1) will persist. Applying Theorem
A with ¢+ = i, N =1, d=1,m9 =7, msg = 11., the excluding measure can be estimated as

[00(g,G) \ O:| = O(eTs).
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