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Abstract

For a quasi-periodically forced oscillator, response solutions are quasi-periodic ones
having the same frequencies as that of the forcing function. Typically being the most
stable or robust ones, they form an important class of oscillatory solutions of the
oscillator. Since the introduction of the notion in the 1950, response solutions have
been extensively studied in regularly perturbed, quasi-periodically forced oscillators
with large, small, or zero damping coefficients with recent advances being made toward
some singularly perturbed and highly or completely degenerate cases. The aim of the
present paper is to make a general investigation toward the existence and stability
properties of response solutions in singularly perturbed, quasi-periodically forced
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oscillators of the normal form

6 =w,
{i =c%A(e)z+€* P f(0,z,¢), (0,2) € T¢ x R?,

where @ € R and 8 > 0 are constants, » € R? is the forcing frequency vector,
0 < € < 11is a parameter, and f is of a finite order of smoothness. The normal form
includes strongly damped oscillators of the form

1
X+ -x—gkx) =X f(wr), x eR!
€
and damping-free oscillators with large potentials of the form
.o 1
¥ = —g(x) =€ f(at), xeR,
€

where x1, x2 are constants. With respect to the normal form, we show the existence
of Floquet response tori for all or the majority of sufficiently small € > 0 in three
typical cases. Not only do our results on response solutions and their stabilities extend
some existing ones in both regularly and singularly perturbed cases by allowing finite
smoothness of potential and forcing functions, but also they provide new insides to
the nature of these solutions, for instance the coexistence of response solutions of both
hyperbolic and elliptic types in a given quasi-periodically forced, degenerate nonlinear
oscillator.

Keywords Response solutions - Degenerate oscillators - Quasi-periodic forcing -
Singular perturbations

Mathematics Subject Classification Primary 34J40 - 34C27; Secondary 34E20

1 Introduction

Consider quasi-periodically forced, perturbed second-order differential equations of
the form

X+cx+rgx) =X f(wt, x, X), x e R, (1.1)

where v = (w1, - -+ , wg) € R? is a d-dimensional forcing frequency vector for some
integer d > 1,0 < € <« 1 is a small parameter, x is a constant, ¢ and XA are either
constants or dependent on €, and f : T¢ x R? — R! and g : R — R! are smooth
functions with g(0) = 0. A solution of (1.1) is said to be a response solution if it
is quasi-periodic with the same frequency vector w as that of the forcing function f.
These solutions form an important class of oscillatory solutions of equations (1.1)
especially when they are oscillators. They are typically the most stable or robust
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oscillatory solutions, represent the simplest harmonic responses to the external forcing,
and reveal some synchronizing behaviors of the oscillators (Corsi and Gentile 2012).

Response solutions of (1.1) have been extensively studied when f, g are real ana-
Iytic and the equation is regularly perturbed, i.e., ¢, A, x are constants with x > O.
In the case that (0, 0) is a non-degenerate equilibrium of the first-order system corre-
sponding to the unperturbed equation of (1.1), the existence of response solutions of
(1.1) for € sufficiently small has been shown in classical works of Stoker (1950) and
Moser (1965) for cases |c¢| > 1 and ¢ = 0, respectively. The work Moser (1965) is
in fact among one of the pioneer works in KAM theory. While the existence problem
is simple in the former case because of the hyperbolic nature of the equilibrium, it is
however highly non-trivial in the later case because of the perturbation of the ellip-
tic equilibrium and the involvement of small divisor problems in KAM iterations, in
which Diophantine forcing frequencies, the reversibility of f in ¢, and a coupling non-
resonance condition between w and eigenvalues of the linearization at (0, 0) - known
as a Melnikov condition in the modern literature, need to be assumed, and a small
Lebesgue measure set of € in the vicinity of 0 needs to be excluded for the existence of
response solutions. The result in Moser (1965) was later shown to also hold in certain
cases when c is sufficiently small (Braaksma and Broer 1987; Friedman 1967). More
recent studies of response solution of (1.1) focused on cases when (0, 0) is a degen-
erate equilibrium of the first-order system corresponding to the unperturbed equation
of (1.1). In the degenerate cases, response solutions are found, as an important mech-
anism, by perturbing relative equilibria of certain averaged equation of (1.1). It turns
out that response solutions exist for all € sufficiently small if the relative equilibria are
hyperbolic and w is of Brjuno type, while they exist for all € sufficiently small, with
the exception of a small Lebesgue measure set, if w is of Diophantine type and the
relative equilibria are elliptic, without reversibility and Melnikov conditions (Corsi
and Gentile 2012, 2015, 2017; Gentile 2007; Hu and Liu 2018; Si and Yi 2020, 2022;
You 1998). We refer the reader to Broer et al. (2005, 2006, 2013, 1996), HanBmann
(1998, 2004, 2007), Lou and Geng (2017), Wang et al. (2017) for other studies relating
to response solutions under regular perturbations.

Comparing with the regular perturbation cases, response solutions are much less
known when (1.1) is singularly perturbed, i.e., when c or A depends on € in a singular
way and/or x < 0. One relatively well-studied singularly perturbed case of (1.1) is
the strongly damped oscillator

P éx ) =X f(wr),  xeR! (1.2)

with the so-called resistor-inductor-varactor circuit system (Matsumoto et al. (1984))
and ‘ship roll and capsize’ system (Thompson (1997)) as particular physical examples.
To be more specific, when f, g are real analytic, x; = 0, and the equation g(x)+[ f] =
0, where

1
[f]=w/wf(9)d9
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is the average of f, admits a root of odd order, it is shown in Calleja et al. (2013),
Corsi et al. (2013, 2014), Gentile (2010, 2012), Gentile and Vaia (2021) that response
solutions of (1.2) exists for all € sufficiently small. In the case that f, g are of finite
order of smoothness, it is shown in Wang and de la Llave (2020) that if [ f] = O,
g(0) = 0, and g’(0) # 0, then for sufficiently small o > 0, (1.2) admits a response
solution for each € € (o, 20'). Except these results on the strongly damped oscillator
(1.2), the existence of response solutions in singularly perturbed cases of (1.1) is
widely open, including the case of a damping-free oscillator with large potential

¥ — ég(x) = €2 f (1), x eR! (1.3)

which has roots in describing oscillatory standing waves of forced Kdv equations with
small dispersion (see e.g. Blyuss (2002)).

The present work aims at making some general studies of response solutions of
(1.1) in the singularly perturbed cases. For the sake of generality, we will consider the
following finitely smooth, first-order normal form

0 =0, (1.4)
i=A€)z+€*Pf 0, 7, 0), 0,z) e T x R?, '

where € R? is a Diophantine frequency vector with Diophantine constants y > 0
andt >d —1,1i.e.,

14

TR Vk € 7%\ {0},

[k, )| >

o € Rand 8 > 0 are constants, f € Cm“l(TI‘d x B, x I, R2) for some natural
number m and real number 0 < i < 1, with B, := {z = (z1,22) € R? : |z] < r}
for a fixed r > 0 and Il,, = (0, €,) for some €, > 0 sufficiently small, and A
is a 2 x 2 - matrix-valued function of € with possible singularity at ¢ = 0. We
refer to an invariant, quasi-periodic d-torus of (1.4) with the frequency vector w as
a response torus. In applying the normal form to the problem of response solutions
of (1.1) in the singularly perturbed cases, one first reduces the oscillators, in the
vicinity of appropriate relative equilibria, into the normal form whose response tori
then correspond to response solutions of the original oscillators.

For the normal form (1.4), we will consider the following canonical cases of the
matrices A(€):

o

(C1): A(e) = (e 1A01(€) Eaz)?z(e)>’Wherea]’a2 € Rsuchthatmax{oy, ap} = «

and A;(¢) € C'[0, 1] with 2;(0) #0,i = 1,2;

. o (&) Ao ‘ 1 I
(C2): A(e) = € <_)\1(€) A2(6)>’ where A;j(e) € C'[0, 1] with 1;(0) # O,
i=1,2;
0 X(e)

(C3): A(e) = ¢* (—)»(6) 0

is assumed in this case.

),wherek(e) e C10, 1] with A(0) #0ando # 0
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We note that the matrices are hyperbolic in both cases (C1) and (C2), and are elliptic
in the case (C3). Our main result of the paper states as follows.

Main Theorem Consider (1.4) and assume m > 3d in cases (C1), (C2) and m >
67 + 5 in the case (C3). Denote

. |m-—2d, in cases (C1), (C2);
“ | m —4[r] =5, inthe case (C3).

Then, there exists a €, > 0 sufficiently small and a C" family of invertible, C"™ -smooth
transformations ®¢ : T¢ x B, — T x B, 2, € € Ec,, where E, equals (0, €,) in cases
(C1), (C2) and is a Cantor subset of (0, €,.) with Lebesgue measure meas(&e,) ~ €x
in the case (C3), which, for each € € &, transforms (1.4) into the system

6=w
. o - 1.5
{Z=A2+H(9,Z,€), (1.5

where A = A + O(€**P) is a constant matrix for each € € &, and H = O(lz?).
Consequently, for each € € &, (1.4) admits a Floquet, C™ -smooth response torus.

Remark

(1) We remark that the theorem above holds in the real analytic context, i.e., if (1.4)
is real analytic in 6, then so are the transformations and response tori stated in the
Main Theorem. This can be easily seen from our proof of the theorem.

(2) The theorems will be proved via KAM iterations and analytic approximation tech-
nique. Concerning cases (C1) and (C2) in particular, we do so in order to obtain
Floquet response tori which not only characterize their stabilities but also their
nearby dynamical behaviors. We remark that the existence of response tori in
cases (C1) and (C2) can be proved simply via the uniform contraction mapping
principle by considering the family of maps

0
T.x(0) = e*th / e M PF(x(O + ws)), 0 + ws)ds

o0

0
+eotP f e MU = P)F(x(0 + ws), 0 + ws)ds
—0oQ

on an appropriate function space in C?(T?, R?), where P denotes the project to
the stable eigenspace of A. For cases (C1) and (C2), not only will this approach
requires no Diophantine condition on w, but also it will yield response tori of the
class C™ (see e.g. Yi (1993a) for a much more general situation).

(3) With the Floquet form (1.5), the stability of the response tori can be analyzed. Using
certain stability results of parameterized, normally hyperbolic invariant manifolds
(see e.g. Yi (1993b)) after a time re-scaling if necessary, one can conclude that
a response torus obtained in the Main Theorem is asymptotically stable (resp.
unstable) if both A1(0) and A, (0) are negative in the case (C1) or A2 (0) is negative
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in the case (C2) (resp. one of A1(0) and X, (0) is positive in the case (C1) or A, (0)
is positive in the case (C2)). In the case (C3), the stability type of response tori will
depend on the nature of eigenvalues A (¢) of A(e) fore € &,,i.e.,foreache € &,
the response torus is asymptotically unstable (resp. stable) if ReA(e) > 0 (resp.
Rei(e) < 0), and if Red(¢) = 0, then A(e) is elliptic and only linear stability of
the response torus can be concluded.

(4) For finitely smooth Hamiltonian systems, KAM theory has been well-developed
using the Jackson-Moser-Zehnder analytic approximation technique (see e.g.,
Salamon and Zehnder 1989; Salamon 2004; Zehnder 1975, 1976 for nearly inte-
grable cases and Chierchia and Qian (2004) for partially nearly integrable cases).
The proof of the Main Theorem above will use the same approximation technique.
However, due to the multi-scale nature of (1.5), special cares are needed for both
analytic approximations and KAM iterations in the proof.

We will show under certain conditions that the Main Theorem above indeed yields
the existence of response solutions for singularly perturbed oscillators (1.2) and (1.3)
when f, g are sufficiently smooth and w is Diophantine. More precisely, with respect
to (1.2) with x; € (—1, 00), we will show that if w is Diophantine and the equation
g(x) +€X1[ f] = 0 admits a non-degenerate root for each 0 < € < 1, then (1.2) hasa
response solution for each 0 < € < 1. In the case x; = 0, this result partially extends
those of Corsi et al. (2013, 2014), Gentile (2010, 2012), Gentile and Vaia (2021) to the
finitely smooth case, and those of Calleja et al. (2013); Wang and de la Llave (2020)
to allow a wider range of parameters. With respect to (1.3) with x» € (—1, 00), we
will show that if g(xg) = 0, g’(xp) > O for some xq, then (1.3) admits a response
solution for each 0 < € « 1, and if g(xg) = 0, g'(x¢) < 0 for some x, then there is
an almost full Lebegue measure Cantor subset D of 0 < € <« 1 such that (1.3) admits
a response solution for each € € D. Besides singularly perturbed problems, the Main
Theorem above can also be applied to regularly perturbed, degenerate oscillators of
the form

5é+kxl:ef(wt), xeRI,

where A # Oisaconstant,0 < € < 11isaparameter,/ > 1 isaninteger,and w € RY s
Diophantine. Not only does such an application extend the results of Si and Yi (2020,
2022) to finitely smooth cases, but also it asserts the coexistence of both hyperbolic
and elliptic types of response solutions for the same A.

In applying the Main Theorem to some of these oscillators in the hyperbolic cases,
a novelty of our normal form reduction is to solve finitely smooth homological equa-
tions using Diophantine conditions instead of hyperbolicity of eigenvalues at relative
equilibria, simply because these eigenvalues can depend on the parameter in a singular
way.

The rest of this paper is organized as follows. Section?2 is a preliminary section in
which we summarize some notions, recall the analytic approximation technique for
smooth functions, and establish some technical lemmas. We prove the Main Theorem
in Sect. 3 using analytic approximations and KAM iterations. In Sect. 4, we consider
applications of our Main Theorem to three type of quasi-periodically forced nonlin-
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ear oscillators, i.e., strongly damped oscillators, damping-free oscillators with large
potentials, and degenerate harmonic oscillators.

2 Preliminary

In this section, we give some notations, review the classical approach of analytic
approximations, and establish some technical lemmas.

2.1 Notations

For simplicity, we use the same symbol | - | to denote both absolute values of a real
number and a norm in an Euclidean space. Let U be a region in a Euclidean space R”.
For any bounded function f on U valued in an Euclidean space R™, we use | f|y to

denote the sup-norm of f on U. For any C* function f on U with respect to some
real number £ > 0, if 0 < £ < 1, then we denote

|f(x) = f)
[fletwy = sup ————— — tsup |f (ol
x,yelU, O<|x—y|<1 |x - y| xeU

and if £ > 1, then we denote

[Fleewy = Y 10" flerw),

lkl<[¢]
where @ = £ — [£] < 1, and for each multi-index k = (k,--- ,k,) € N, |k| =

ki +---+k,.If f also depends on a parameter € in an open set D C (0, 1) and is C!
in €, then we denote

af
| flceny.p = sup( fleewy + €|8—|cf(u))-
eeD €

Let T¢ = RY /(27 Z)? be the standard d-torus. For given r, s > 0, we denote
T := {0 = b1,...,00) € CU/QnZ) : Imb;| <s, j=1,2,...,d)
as the complex s-strip neighborhood of T¢, denote
B, :={zeC": |z] <r}

as the complex extension of the r-ball B, := {z € R" : |z| < r} in an Euclidean
space R", and denote

D(s,r) =T x B,.
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For any analytic function F on D(s, r) valued in some complex vector space C", we
define

|Flls,, = sup [F(6,2)l,
(0,2)€D(s,r)

and, if F also depends on a parameter € in a set D C (0, 1) C!-Whitney smoothly,
then we define

oF
IFlls.r D =sup (lIFls,r+ IIGB—II” ,
eeD €

where the derivative with respect to € is taken in the sense of Whitney. For any n x m
matrix-valued function P = (P;;) on D(s, r) x D whichis analyticin (9, z) € D(s, r)
and C 1-Whitney smooth in € € D, we define

m

1P 5.0 = max Y ||P;lls..D-
1<i<n 4 1
]:

If F or P is independent of z, then we define || F'||,, p and || P||, p similarly.

2.2 Analytic Approximations

The following approximation result is commonly referred to as the JMZ (Jackson-
Moser-Zehnder) Lemma, whose proof can be found in Chierchia and Qian (2004),
Salamon and Zehnder (1989), Salamon (2004), Zehnder (1975), Zehnder (1976).

Lemma 2.1 Let K be a radially symmetric, C* function in R" which is compactly
supported in a ball B, and satisfies

1, ifa =0,

KO = {o, if o # 0.

Foreach 0 < r < 1 and F € COR"), consider the family of convolutions
1 xX—y
S F(x)=— | K(——)F(y)dy,
r R~ r

where K is the inverse Fourier transform of K. Then, S,, 0 < r < 1, is a family of

operators from CO(R") into the linear space of entire functions on C" satisfying the

following properties for any £ > 0:

(1) There exists a constant ¢ = c(£, n) > 0such that foreach0 < r < 1, F € C{(R"),
and a € N" with |a| < £, we have

Jats F (Rex) (ilmx)#
B!

| <c|F|eert™, xecCn,

sup [9(S, F(x) — Y

g
x| <r IBl<t—la|
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sup 9% (S, (x)) — 3%(Ss(x))| < ¢|Fleer™, xeC", 0<8<r,

[Imx| <8
IS F — Flcr@ny < ¢l Fleegmr ™, 0<p <,
ISy Fler@ny < el Floenyr™, p <t

(2) If F € CYR") is periodic in some variables, then so are the approximating
functions S, F in the same variables.

In performing KAM iterations to a finitely smooth differential system, one needs to
use a sequence of real analytic approximations to its vector field, for which estimates
on the convergent rate of the approximations are ultimately important. To approximate
the e-dependent vector field in (1.5) under the norms defined above, we will use the
following convergent rate result which is a reformulation of that in Chierchia and Qian
(2004) (see also Li et al. (2023)).

Lemma2.2 Let F : T¢ x B, x D — R™ be a function which is of the class Ct in
@,z2) € T x B, and of the class C' in€ € D, where B, is the r-ball in R" for some
r > 0andD C (0, 1) is an open set, and d, n, m > 1 are integers. Then for any given
deceasing sequence {r, : v =0,1,---} withr, — 0as v — oo, there is a sequence

L va X ]Rfv x D — C", where]R:’v ={yeC":|lmy|l <r}v=01,---,
which are real analytic for each fixed € and of the class C' in €, such that

14
|F¥ = Fleprixp,),p < cIFlceraxp,) pry, 0= p=¢,

v+1 v 4
IE = Follry iy D S ClF | cterascp,y Drys1s
v=20,1,---, where c is a constant depending only on €,d, n, m.

Proof Without loss of generality, we letm = 1. Using a standard C* cut-off function,
we can easily obtain an extension F of F to TY x R" x D such that F is C¢ in
0,2) €T x R" and Cl in e € D, and

|F|clet(pdxrry D < CIFlcloi(raxp, py» Yo € Zy, |a| <€,

where C is a constant depending only ¢, d, n.
For a monotone decreasing sequence r,,, v =0, 1, ---, with r, — 0, let

V:Ser, ]):0’1’...'
Using Lemma 2.1 and the fact that
S, F) s IF

de T 9e
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we have

) I(F’ — F)
Sup |F — F|Cp(TdXBr)+€|

d
b ge e XB”}

¢
< ¢|Flceraxp,)pry: 0=p=r,

9 Fv+1 —_ FV
sup sup  |F'T'—F'|+¢  sup |¥|
€D | 7, < RE 4 T ¥R g
¢
< clFlcerixp,),Dlys
v=20,1,---, where ¢ > 0 is a constant depending only on ¢, d, n. O

2.3 A Finitely Smooth Homological Equation

The following lemma will be used for reducing a finitely smooth, quasi-periodically
forced nonlinear oscillator into a normal form.

Lemma 2.3 Consider the homological equation
3V (©O)—AV(@O) = F@©), 6eT,

where d > 1 is an integer, A is a real constant, 9, = ® - % for some Diophantine
vector w € R? with Diophantine constants y > 0O and t > d — 1, F € C"T*(T?)
with average [ F] = 0 for some integer m > d + [t] + 2 and real number 0 < pu < 1.
Then, the equation admits a unique solution V- C"~4=171=1(T) with zero-average
such that

IVIlem-d-tmi-1 = ClIFllcmtu,
where C = % Z?o:o 12,(+m) with C4 > 0 being a constant depending only on d.

Proof Substituting Fourier expansions V(0) = Zkezd\{o} Viel®:9) and F@®) =

Ykezivo) Fre®?
we have

into the homological equation and comparing the coefficients,

Fr

_ d
S x FEENO

Vi

implying that V is uniquely solvable from the homological equation if its Fourier
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series converges. Now,

F
Wllensin = 3 IVl =100t < 37 L gt
|k[>0 k|>0

T
- Z 1 E'll om a1k [ m—d-Trl=1

- k=0 v k™

©
d—1 .— m—d—Tt]—1
||F||Cm+/4(’1[‘d)z7]d j m+tjm d—[r]
j=0

Cy S !
—SNFllemsnersy Y 5o
y -0/

IA

IA

Hence, the Fourier series of V converges and the lemma is proved. O

Remark 2.1 We note that if 1 # 0, then the solution V' of homological equation above
can be solved and estimated without assuming a Diophantine condition on w, so that
both lower bound of m and the regularity of V can be significantly improved. However,
in our applications considered in this paper, XA typically depends on a small parameter
and we would like to have a parameter-independent upper bound of an appropriate
norm of V in order to obtain a desired norm form (1.4).

3 Proof of Main Theorem

In this section, we prove the Main Theorem by using analytic approximations, KAM
iterations, and Whitney extensions. For simplicity, we make the e-dependence of all
e-dependent functions implicit and use the symbol ‘<’ to denote ‘<’ up to a positive

constant multiple that is independent of KAM iterations.
We fix 0 < pu; < min{B, i1} and 0 < €, <« 1, and denote

£ 2 n m=2 £
M, =0,€,), §=¢€,s=nm, r=s5 " guchthatns 2 r =¢}.
Then for each € € I, (1.4) becomes

0 = o,

m— 3.1
ize“A*z—l—e“(Snstrf(@,Z), G-b

where A, = e YA.
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3.1 KAM Iterations

Inthe case (C3), wefixal < ur < %M.Then,m > 671—1,wheret; = T+1+uo.
Let i > 0 be given such that

min | 2oL m=2dtn mA1=3d 42 ] , incases (C1), (C2),

o< m4pq m-4pq m—1
min r:l";i‘l -1, m_nffr‘;:’“ , m+1:n6_”1+2“1 } , in the case (C3).

Setting no = n, so = s, ro = r, we consider the sequences

2
1+ m 1+
Mol =0, 8, sy =nit, ry = 5,71,

(s =Sv41)i

@) S = S TadE i=0,1,---,m—2d+ 2, in cases (C1), (C2),
SV =

sy — Sl = 0,1, m — [47y],  in the case (C3),
v=20,1,---.In the case (C3), we also let yy = y2 and consider the sequence
_»
Yv = Z_U

According to Lemma 2.2, we can rewrite (3.1) as

6 =w,
Z = AZ =+ €*s Ziio fv(ea Z)’

where, as € € Il is varying, f, : ’]I‘?V X R%V — C? is a smooth family of real analytic
functions satisfying

” m=2 m=2  mtj
1Y fi=ns" 7 rfllemicraspyn,, > Wllsor.m, <ns' 2 rsy e,
i=0

forallv=0,1,---.

The KAM iterations concern the construction of a sequence of invertible transfor-
mations ¢, @1, - - - such that foreachv = 0, 1, - - -, the inverse of the transformation
@Y = Py o ¢y oo ¢, transforms

I=o, 0)
=€YAuz+ €8 Y0, fi(6, 2), !

to a system of the form

0=w,
{z' = (€¥Ay+€%80,(0))z + €8 F,(0) + €3 H,(0,2), (0,2) € D(3. 1), € €&y,
(1)
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where &, = I, in cases (C1), (C2) forallv =0, 1, ---, and

Hg*, if v =0, .
& = Elnegl ifv>0; with

1 i “y;
E, i=1€€ll, : [{k, w) — e*ImA}_(e)| > e

,VkeZd\{O},izl,Z},

2

2 e i o 6&]/
Ef =€ ellg, : [(k, w)—€*ImA; +€ Im)J|z iR

,VkeZ\ {0}, i,j=1,2}

in the case (C3), in which )J'v, i =1, 2, are eigenvalues of A, foreachv =0,1,---,
anda =0ife > 0and @ = a if ¢ < 0. Moreover, forallv =1,2, ---,

A, — Av_tlle, <5070, (3.2)
m -2
1Qullsy e, = mosv” (3.3)
m—2
”Fu”%",gv = NSy : Ty, (3.4)
|Hy — Hy—y ||%,r‘,,gv = S:njp (3.5)
H, (0, z) = O(|z|%) uniformly in 6, €, and v, (3.6)
where
.= M= 2d + 1, incases (C1), (C2), 3.7
* 7 | m — 41 4+ 5, in the case (C3). :
3.2 Transformations and Homological Equations
We now construct the transformations ¢,,, v = 0, 1, - - -, by solving suitable homolog-

ical equations. We do so by taking advantage of the special nature of A and considering
diagonalizations of the coefficients matrices of the homological equations in order to
obtain a better lower bound of the smoothness order of ¢,’s.

Lemma 3.1 For given 0 < €, <K 1, there exists a smooth family of real analytic
transformations ¢, : D(s,/2,r,) — D(sy—1/2,rv—1), € € E,, v = 0,1, -+, such
that, for eachv =0, 1, - - -, the inverse of " = ¢y o ¢1 o - - - o ¢, transforms (0,) to
(1,) and ¢" satisfies
6" —idllsy ,, e, <51 (3.8)
1D$" — Idllsy e, < 507, (3.9)
1D (¢" —qb”*‘)ll%v,,vg <M j=0,1, @, v>1,  (3.10)

where my is as in (3.7).
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Proof We use induction argument. For v = 0, we let Ag = Ay, Q9 =0, Fp =0, and
Hp = fo. Then, we can simply choose ¢g = id. Now suppose that for some given
v=1,2,---,¢;,i =1,2,---,v— 1, are already constructed as stated in the lemma,
i.e., the inverse of ¢”_1 =¢oo¢)o---o¢,_1 transforms (0,_1) to (1,_1) and q‘)”_l
satisfies (3.2)-(3.6) with v — 1 in place of v. Consider the homological equations

I Vo (0) = €Ay 1 Vi (0) + €6 F,—1(0), (3.11)
duUy(0) = €*A,UL(0) — €* Uy (0) Ay + €3G -1 (9), (3.12)

where Gy 1(8) = Qy_1(6) — [Qy_1()] + Lot CIO) _ [ CVaO) g

Ay = Aut +810,-1 ()] 48 [w} '

3z (3.13)

If the equations are solvable, then the transformation ¢,: (8, Z) — (6, z):

1=+ U0)Z+ V,(0)

transforms (1), _ to

9= @)
Z = (A, +€%50,(0))Z + €*5F,(0) + €*5H, (0, Z), v

where A, is as in (3.13) and

Fo(0) = (I + Uy (0) "1 (Qu-1(0) Vo (8) + Hy—1(6, V1 (9))),
0,0) = (I +Uy(0) ' ((Qu-1(0) — [Qu_1()D U, (H)

N <aHU_1<e, V,(6) [aHU_lo, vv(~>)D U, (0)),

0z 0z
H,6,2) = +U,©)"! (Hvl O, I+ U, (0)Z + V,(0)) — H,_1(8, V,,(6))

dH,_1(0, V, (0
. v 1( v( ))(I—FUV(@))Z).
0z
Let
Gy(0,2) = (D) (f1(60,2) 0 ¢"|-—pv(z) = GY(O) + GL(OVZ + G1(6. 2),
where G0(0) = G,(0,0), G}(0) = 2% and G20, 2) = G, (8, Z) — G(0) +
Gl(6)Z = O(|Z|?). Then it is clear that the inverse of ¢” = ¢p 0 -+ 0 Py_1 0 Py
@, Z2) — (0, z), transforms (0,) to (1,) with A, being defined in (3.13) and
0.(0) = 0,(6) + G (0),
F,0) = Fv(e) + G8(9),
Hy(0,Z) = H,(0, Z) + G%(0, Z).
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We now analyze the solvability of homological equations (3.11), (3.12) and
conduct the corresponding estimates. Let B,_; be such that B _llAv_le_l =

dzag{kv 1 %_1}. As |[Ay—1 — Aplle, < 1and Ag is a2 x 2 diagonalizable matrix,
we can choose B, _1 such that

IBo—tlle, 1B, llg, < 1.
Denote VV = Bv__l1 V. Then, (3.11) becomes

du Vo (0) = €“A, 1V, (0) + €“8F,_1(6), (3.14)

where A,_ 1—dzag{xv A2 Yand Fy_ 1(9)— B! F,_1(6). By witting V,(§) =
(V1©), VX)) and F,_1(0) = (F_,0), F 1(9))T (3.14) is equivalent to

I ViEO) = €A Vi) +€*SF_(0), i=1,2. (3.15)

To solve (3.15), we consider Fourier expansions

Vj(e):Z\?j’keiW% E6) = Z _ipe

keZd keZd

Substituting these Fourier series and comparing coefficients in (3.15) yields

. €“SE!
~ 1.k .
= ————, =12 keZ’
ik, ) —€*Al_,
Hence
IIVV"IIX@]
V2 ‘EV

) Z sup
rezd €eé,

€a|ﬁ~571k| a+1|3Fu lkl
— +
litk, w) — €2l | litk, ) —€*Al_ |

20(+]|Fl 1k| |)\v 1| l()llkl
lik, w) 76"‘)»' 4P

2a+1 i (o
€ € : |)" _ | Sy—17%v—1
< 8||F} lllxv Lg, § sup [ - — 4+ - vil - eI

rezd €€E litk, w) —€*A)_,| litk, w) —€*2; |

O)
m=2 P 20l i (w>\k\
v—1
<8n— 15V|rvlzsup - - R - |2 e

vz €€ litk, w) —e*A! | litk, w) —€*A;_,
m+l’«l €? 20+1 Ml | ( v l —sy_ I)\k\
sup + - .
ngeg litk, ) —€rl || lilk, w) — €@l |2

@ Springer



114  Page 16 of 28 Journal of Nonlinear Science (2023) 33:114

In cases (C1), (C2), since foreachi = 1, 2, Af)_l is a small perturbation of Af) which
has non-zero real part, we have by noting &, = Il that

(i —1 Sv—1
Vil = ssm W Z (I
2=lg, infeery,, [Red vz
m+iy 1 mpy—d
ﬁ 8 v—1 4 = 8SU71
Sy—1

In the case (C3), we have by definition of &, that

A . 60{
IVl o, 5 ssim sup
Vs (k, *TmA!
2 E Zdeegu | w —e71lm 1|

T(l) —Sp—1
e+l 2=l ) k|
+ e

|(k, ) — e*ImA! ||

)
Z Tl 204171271 (@)W
< 8s m+u1 1+ sup (e k| +€ k| )e .

20 4,2
kezi(o) €8 \E T

Sy—1
k|
2 m‘HLl 27 ( 2 ) 2 m+u1 —27;
<8y, E sup |k|“"le <8y, 55,1 s, 2!
kezd\(0) €&V
_ -2 m—211+“—l
_5)/ 2 m+u1 71 53sv—1 2

Thus, in all three cases, (3.11) is uniquely solvable to yield a solution V,, which is
smooth in € € &, and analytic in 6 € T {0 such that |V, || =< SSSLI. It

follows that A, in (3.13) is well-defined and satlsﬁes (3.2). 3
Similarly, we let B, be the matrix such that By 1A, B, = diag{»! ,12_,} = A,
and

1
s /2,6,

I1Bulg, 1B, g, < 1.
Denote U, = B,U, B, = (U} (6))1<i.j<2. Then (3.12) becomes
0,0, (0) = A,Uy(0) — Uy(0)Ayi1 +€*8Gy_1(0). (3.16)
where GU_I(G) = Bv’lGV_l(@)B,, = (é’;"(e))lf,-,jsz, which, in components, reads

58 —AJ)U’J(9)+6“5G 1(9) i #J,

9,Ul (0) =
o e*8GyL,(0), i=J

(3.17)
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i,j=1,2.Since[G,-1] = 0, asolution U, of (3.16) must satisfy [U,] = 0. Consider
Fourier expansions

O = Y O, e = Y Gt

keZd\{0} kezd\{0}

Then, substituting these Fourier series and comparing coefficients in (3.17) yields

80,01 i #
i ik, ) — €Al — €2}
vk — L
€“8G " .
ik, o) =

foralli, j =1,2andk € Zd\{O}. Similar to arguments for V,,, we see from the above
Fourier coefficients that (3. 16) is solvable to yields a solution U,, which is smooth in

€ € & and analyticin 6 € T @ 1 such that ||U,,|| N < 5sal_1

By making e, further small 1f necessary, one can check that

nd+10lle H)+IVile  =<r-,
“v—1 & “v—1 £

7 Cv 7 Cv

which implies that

Sp—1

2

¢U:D(%,rv)—>D( ,r‘,_l), ecé,.

It also follows from the estimates of V,,, U, and Cauchy’s estimate that

gy —id|l o <54

v—1°
1€y
-1
| Doy — Idll @ <5
2
D! ol Gi+v =< Svl__lj, J=2,,m,
%»rvfl!gv

where

ar = m — 2d + 1, incases (C1), (C2),
"= Ym =21 + &L, in the case (C3).

Since ¢” = ¢" "' o ¢y, (3.8)-(3.10) follow easily from (3.18)-(3.20) and the induction
hypothesis. Properties (3.3)-(3.6) can be also shown by the definitions of Q,, F,, H,,
the estimates of V,,, U,,, and the induction hypothesis. O
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3.3 Whitney Extensions and Convergence

Consider the sequence §, = Z}’zo 2V_v’ v =0, 1, ---. By Whitney extension theorem
(Poschel 1982; Stein 1970), foreachv = 1,2,--- and e € &, ¥¥ =: ¢V — qb”’]
can be extended Cﬁ—smoothly from D(s, /2, r,) to a function on D(s, /2, B,/2), still
denoted by ¢V, satisfying

1Dl <D/ sy pye, 25077 =01, om, v=1,2,- -

$.5.8,
This, foreach v = 1,2, - - -, results in extensions of " = ¥ + ¢y " +.. .+ ¢! +id
from D(s, /2, ry) to D(s, /2, By/2) which we still denote by ¢". By making e, further

small if necessary, it follows that

. B
v — Sy v v < i .
lp¥ —idlly g Z 19 Ly sy g, = Zj > (3.18)
v i m*—l
D" = Id|lsy gy g, < le 1DV Iy sy g, = Z < Bu, (3.19)
1= :
ID/@" =" Dy g0 o, = IDTY Iy 50 g <5077 j =010,
(3.20)
for all v = 1,2,---. Consequently, for each v = 0, 1, ---, the inverse of ¢" :

D(sy/2, Bv/2) x &, — D(so, Bo) x & transforms (0,) on D(sp, By) x & to

0 =w,
{z = (€A, +€%80,(0))z+€*5F, (0)+€*8H, (6, 2), (0,2) € D(2, 2) eecé,
(1,)

where, in virtual of the extension of ¢*, H, is a C"! extension of H, from D(%“, ry) X
& toD(z, 2)><£ Denote

500 = ﬂoo:()gv .

v

Then, (3.18)-(3.20) also imply that ¢" is convergent on T4 x B, 2 xExoinC .1_norm
in the sense of Whitney to an invertible transformation ¢ : T¢ x B, 2 X Eoo —
T¢ x B, x &. By noting that the vector field of (0,) converges to that of (4.5) in
C"™1_norm and lim,_ o Q, = 0, limy_, o F, = 0 by (3.3), (3.4) respectively, it is
clear that the inverse of ¢ transforms (4.5), on T x B, x &, to

0=w
{z' = €% Anoz + €“8Hoo(0,2), (0,2) € T x B, 2, € € Exc,
where Ao = limy_ o0 A, and Heo = lim,_, oo H,. Itis clear that Ho (6, 7) = O(lz%).
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3.4 Measure Estimate

It remains to estimate the measure of £ = N2 ,&, in the case (C3). For each

keZi\{0}andv =0, 1, ---, consider

f\fk(e) = (k, w) — €*TmAl (¢), i = 1,2,

f (e) (k, w) — €*TmA! vp1 T € Im)»vﬂ,

and, in the case o > 0, also consider

2
: : vl
Ry, = {e €& |fie < |k|vt| } i=1,2,

y2
|k|™

RY = {e &Sl <

Since

d(det A, (e)) _ d(det(Ag + Y1 (1Qi(6)] + [FCHGLENY))

},i,j:l,z.

i,j=12,

de - de

there is a constant ¢ > 0 such that

I T

| > ce’
de

forall k € Z4\{0},v=0,1,---,andi = 1, 2.
For giveni = 1,2andv =0, 1,---,ifk € Zd\{O} satisfies ﬁ

2
Ifie] = —— — Y N e

a
|k|f = T

implying that R! vk =9 Therefore, i < 2ced, and consequently,

2 2 « 2
< € €
measR!, < Y < Yy € < W&

It follows that

clfmes ™ 7 [k|lHraed ™! T k|

ecé&,

> 2ce

)

¥, then

o0
. 1
2 2 .
meas || R, je*g vy E |k|1—+“2§y €, i =1,2.

keZd\{0} v=0  kezd\{0}
v=0,1,-
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Similarly,
ad 1
ij 2 2 .
meas U R;’k je*ZyV Z ij €, 1 =1,2.
keZ\{0} v=0  kezd\{0}
v=0,1,--

Thus, there is a constant ¢; > 0 such that

00 i
measE™ > measll,, — meas U vk
keZ\{0},i=1,2
v=0,1,--
—meas U Rlvjk > e, (1 — c1y2).

kezZ\{0},i,j=1,2,
v=0,1,-

In the case o < 0, we consider sets

i i GQVVZ .
= fe e e O] < T i = 1.2

2
€y
k|7t

RY = {e e, : |f7 ()] < } ij=1,2,

k € Z\{0},v =0, 1, - - -. Then similar arguments as the above yield that
measE™® > e, (1 — czyz)

for some constant ¢; > 0. In both cases, we see that meas€> ~ ¢, as y sufficiently
small.

The Main Theorem is now proved by taking ®¢ = (¢°°)’1, Ee, = E, A= %A,
and H = €*SHoo.

4 Response Solutions in Quasi-Periodically Forced Nonlinear
Oscillators

In this section, we consider applications of our Main Theorem to three classes of
quasi-periodically forced nonlinear oscillators: (1) strongly damped oscillators; (2)
damping-free oscillators with large potentials; (3) degenerate harmonic oscillators.

For a forced nonlinear oscillator with d-dimensional frequencies, we refer the
smoothness order of a response solution as that of the response torus of the corre-
sponding reduced system in T¢ x R2. The response solution is said to be Floquet if
its corresponding response torus is.
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4.1 Forced Oscillators with Strong Dampings

Consider the following strongly damped, quasi-periodically forced oscillators
N 1
X4+ —x—gkx) =X f(wr), x eR, 4.1)
€

where f (wt) is a quasi-periodic forcing function, w € R? is a Diophantine frequency
vector with Diophantine constants y > 0 and 7 > d — 1, 0 < € < 1 is a parameter,
X1 € (—1,00) is a constant, and g € C"A(R!), f € C"™H(T¢) for some integer
m > 4d + [t] and real number 0 < @ < 1.

Extending existing results Calleja et al. (2013), Corsi et al. (2013, 2014), Gentile
(2010, 2012), Gentile and Vaia (2021), Wang and de la Llave (2020) on strongly
damped oscillators, we consider more general cases of (4.1) by allowing not only
finite smoothness, a full range of small parameter €, but also the possibility of large
forcing when x; € (—1,0). Our result will also provide stability information of
response solutions.

Consider the equivalent reduced system

6= o,
i=y, 4.2)
J=—Lly+g)+enf(o)

corresponding to (4.1) and assume the following condition:
(H1) The equation g(x) + €X![ f] = 0 admits a smooth family of solutions x = c(¢)
for 0 < € « 1 such that w # 0.

Remark 4.1 We note that if x € (—1,0), then for (H1) to hold it is necessary that
[f1=0.

We have the following result.

Corollary 1 Assume the condition (H1). Then, there exists a0 < €y < 1 such that, for
all € € (0, €y), (4.1) admits a C' family of Floguet, C"™34~1T1= _gmooth response
solutions x(t, €) = c(€) + X(wt, €), Cl—uniformly close to c¢(0) as € — 0, such that
their corresponding response tori of (4.2) are asymptotically stable (resp. unstable)
if 8CO) ) (resp, 48O -

dx P~ dx > 0).

Proof For simplicity, we suspend the explicit dependence of c(¢) on € and denote
’ dg .
g = 7>. We first rewrite (4.2) as

6 = o,
=y, i (4.3)
V=g () (x —¢) — Ly +h(x — )+ X1 £(6),

@ Springer



114  Page 22 of 28 Journal of Nonlinear Science (2023) 33:114

where £(6) = f(0)—[flandh(x—c) = g(x) —g(c)—g'(c)(x—c). Leths = Ai(e) =

11— / 2 _ /4 o 2
% and Ay = A (€) = %. Then, the transformation ¢1:

xX=x1+y+ec,
y = tax1 + A1y
transforms (4.3) to
0=w,
X1 = Mx) — ————— (X1 f(0) + h(x1 + y1)).
N 14+4g' (c)e? 4.4

O — € (X1 F
i =2ty + W(f £+ h(xy + y1).

Consider the homological equations

I+x1 5
0pv1(0) — Av1(0) = —————f(0),
v1(0) — Av1(0) Wf( )
I+x1 B
0pv2(0) — Aov2(0) = f(@).

J1+44(c)e2

By Lemma 2.3, these homological equations can be solved to yield solutions v; €
cm—d-lrl-1 (Td), i =1, 2, which alsodependone C 1-smoothly. Moreover, it follows
from Lemma 2.3 and simple estimates on derivatives with respect to € that

I+x1
V1 44g'(c)e?

where C > (01is a constant only depending on d and 7. Using v1, v2, the transformation

P2e:

10 (@)l em-d-tr1-1 11, < C I fllemsncraym,, =12 0<e<1,

0 =0, xi =x2+v1(0), y1 = y2+ v200)
transforms the system (4.4) into

0 =ow,
€

- B ’ _ €
X2 = A1xp \/Wh (vi(e) + v2(0)) (x2 + y2) Wh(vl(e)
- €
+U2(9)) \/Wh(JQ + ¥, 6),
€

Y2 w2t == e O0 (vi( ) +v2(0))(x2 + y2) + [EvyTE (v1(8)
+172(0)) — ———=h(x72 + 7, 0),
2(0)) T od (x2 +y2,0)

where /' = 4 and h(x; + y2.0) = h(v1(0) + v2(0) + x2 + y2) — B (V1(0) +
1+ 1+
v2(0))(x2 4+ y2). Now consider the re-scaling ¢z : xo — e%xz, V) — e%yz
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and let pe = @1e 0 Pae 0 P3e. Then (@ Jo<e is a C! family of C"~4~71=1_smooth,
invertible transformations whose inverses transform (4.2) to

0 =0,

45
z=A(e)z +el+”%F(9, z,€), (0,2) € T? x R?, (4.5)

where A(e) = diag{(€), A2(¢)}. The existence of C"~3¢~171=1 Floquet response
tori of (4.5) for all 0 < € <« 1 follows from the Main Theorem in the case (C1)

with ¢ = —1 and a» = 1. By noting that A(e) = —% + O(¢) and Ay(e) =
g (c(0)e + O(€?), the stability of these response tori follow from Remark (3) after
the Main Theorem. O

4.2 Forced, Damping-Free Oscillators with Large Potentials

Consider the following quasi-periodic forced, damping-free oscillators with large
potentials:

- ég(x) =l f(wr), xeR!, 4.6)

where f(wt) is a quasi-periodic forcing function, w € R? is a Diophantine frequency
vector with Diophantine constants y > O and 7 > d — 1, 0 < € < 1 is a parameter,
X2 € (—1,00) is a constant, and g € C"A(R), f € C"™(T¢) for some integer
m > 1 and real number 0 < & < 1. We note that, like the case of strongly damped
oscillators, the forcing coefficients of (4.6) are also allowed to be large when y; €
(—1,0).

We assume the following condition:
(H2) The equation g(x) = 0 admits a non-degenerate real root cg.

Consider the reduced system

b=ow,
=y, 4.7
y=1g(x)+exf(o)

dg

corresponding to (4.6) and denote g’ = 3%

. Then, we have the following results.

Corollary 2 The followings hold under the condition (H2).

(@) If g'(co) > 0 and m > 3d, then there exists a 0 < €y < 1 such that for all
€ € (0, €), (4.6) admits a C' family of Floguet, C"™~>?-smooth response solutions
x(t,€) = co + X(wt, €) which are C* uniformly close to co as € — 0. Moreover,
the response tori of (4.7) corresponding to these response solutions are unstable
(in fact, they are of saddle type).

(b) If g'(co) < 0 and m > 6(t + 1), then there exists a 0 < ¢y < 1 and a Cantor
set D C (0, €g) with almost full Lebesgue measure such that for all € € D, (4.6)
admits a C' family of Floguet, C" "= _smooth response solutions x(t, €) =
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co+ X (wt, €) which are C' uniformly close to cq in the sense of Whitney as € — 0.
Moreover, the response tori of (4.7) corresponding to these response solutions are
linearly stable.

Proof We first re-write (4.7) as

6 = o,
=y, (4.8)
= Lg'(co)x —co) + Lh(x —co) + €22 £(0),

where h(x — co) = g(x) — g(c) — g’(co)(x — cp). Then the transformation

x = x1 + co,

1
y= ﬁ)ﬁ
transforms system (4.8) to
6 =w,

= ﬁ}’l, (4.9)
1
Vi = 728/ (co)xt + Jzh(x) +e2 P2 f£(6).

I+x 1+x
Under the re-scaling x| = €2 2 X2, y1 = € 2y, system (4.9) then becomes

b =o.
1
X1 = 7=V,
e e
Vi = g o + e P 4 LT (),

which, under a linear, constant transformation in x1, yj, becomes

6 =w,
1420 J 5 (4.10)
z=A(e)z +¢€ 26 2 F(Gze) @,2) € T* x R~

where F (-, €) € C’””‘(Td x R?) and is of the class C! in 0 < € « 1, and

A= Ae) = 0 ﬁ 1£(co)]
=AO= wew it 0 )

Applying the Main Theorem to (4.10) with o = —%, we obtain (a) corresponding
to the case (C1) and (b) corresponding to the case (C3). We note in the case (b) that,
because (4.6) is damping-free, its corresponding limiting matrices A(e) asin (1.5) are
of elliptic type. The stability of the resulting response tori now follows from Remark
(3) after the Main Theorem. O
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4.3 Forced, Degenerate Harmonic Oscillators

Consider the following degenerate harmonic oscillators with small quasi-periodic forc-
ing:

¥—axl=ef(wr), xeR!, (4.11)

where A # 0 is a constant, f(wt) is a quasi-periodic forcing function, @ € R? is
a Diophantine frequency vector with Diophantine constants y > O and 7 > d — 1,
0 < € < 1is a parameter, and f € C"+#(T?) for some integer m > 7[t] +d + 8
and real number 0 < 1 < 1.

When f is real analytic with [ /] # 0, the existence of response solutions of (4.11)
of hyperbolic, elliptic types is shown in Si and Yi (2020, 2022), respectively, for either
positive or negative A values. Now applying the Main Theorem, not only can we treat
the finitely smooth case of f, but also we can show the co-existence of both type of
response solutions for a given A when € is sufficiently small.

We assume the following condition that
(H3) liseven and A[ f] < O.

Consider the reduced system

6 =w,
=y, (4.12)
y=xxl+ef(©®)

corresponding to (4.11). Then, the following result holds.

Corollary 3 Assume that the givenl, ., f satisfy the condition (H3). Then there exists
a0 < ¢y < 1and a Cantor set D C (0, €p) of almost full Lebesgue measure such
that (4.11) admits two C! families of response solutions: (a) {Xe1 (wt)}ee(0,e9), Which
are hyperbolic (hence unstable) and of the class C™~34~171=1 and (b) {Xf (wt)}eeD,
which are elliptic (hence linearly stable) and of the class C™—4=71=6,

Proof Under the condition (H3), it is clear that the equation
axl+e[f1=0

admits two roots x4 = :I:(%m)%. The Jacobian matrices of (4.12) at the relative
equilibria (x4, 0) read as

L 0o 1
ST\ o)

among which A is hyperbolic and A_ is elliptic. By translating the relative equilibria
to the origin and using a normal form reduction similar to that in the proof of Corol-
lary 1, we can construct a C! family of invertible, C™ —d—I7]-1_gmooth transformations
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which, for € > 0 sufficiently small, transform (4.12) to the form

0 =w,

- 4.13
t=As()z+eFi(0.z,€), (0,2) €T x R2, *413)

where

i . 0 1
Az(€) =™ w1 o)

The corollary now follows from an application of the Main Theorem to (4.13) by taking
o= 1;_11, with the cases (C1) and (C3) corresponding to ‘+’ and ‘-’ cases of (4.13),
respectively. Again, in the ‘-’ case, because (4.11) is damping-free, its corresponding
limiting matrices A(e) as in (1.5) are of elliptic type. Hence, the stability properties

of the response tori follow from the Remark (3) under the Main Theorem. O

Remark 4.2 We have not considered applications of the Main Theorem in the case
(C2). Such applications should naturally arise when some appropriate damping terms
are incorporated in oscillators (4.6) or (4.11).
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