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ABSTRACT. In this paper, we consider the following one-dimensional, quasi-periodically

forced, linear KdV equations
ut + (1 + a1(wt))Uzae + a2(wWt, T) Uz + az(wt, )us + aa(wt, z)u =0

under the periodic boundary condition u(t, z+27) = u(t, z), where w’s are frequency vectors
lying in a bounded closed region I, C R® for some b > 1, a1 : T - R, a; : T x T — R,
i = 2,3,4, are real analytic, bounded from the above by a small parameter e, > 0 under a
suitable norm, and a1,as are even, as,as are odd. Under the real analyticity assumption
of the coefficients, we re-visit a result of Baldi-Berti-Montalto [4] by showing that there
exists a Cantor set Il., C IL. with |II. \ IL,| = O(ef) such that for each w € Il,,
the corresponding equation is smoothly reducible to a constant-coefficient one. Our main
result removes a condition originally assumed in [4] and thus can yield general existence and
linear stability results for quasi-periodic solutions of a reversible, quasi-periodically forced,
nonlinear KdV equation with much less restrictions on the nonlinearity.

The proof of our reducibility result makes use of some special structures of the equations
and is based on a refined Kuksin’s estimate for solutions of homological equations with

variable coefficients.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

Consider a quasi-periodic linear system

(1.1) X' =Awt)X, X eH,
where ' = %, H is a Hilbert space, A is an operator-valued function from T? into the space of
symmetric operators on H for some integer b > 1, and w = (w1, ws, - -+ ,wy) is & non-resonant

frequency vector. The reducibility problem for (1.1) amounts to finding a quasi-periodic
linear transformation with the same basic frequency vector w so that the transformed linear
equation becomes autonomous.

Motivated by the study of spectra, linear stability, the existence of quasi-periodic Bloch
waves etc, the reducibility problem has been extensively investigated in finite dimension for
linear, quasi-periodic Schrédinger-like equations and their discrete counterparts using either
KAM or renormalization techniques for both perturbative (i.e., small linear perturbations of
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a linear autonomous system) and non-perturbative cases. We refer the reader to [2, 3, 7, 8,
9, 11, 12, 17, 20] and references therein for history and some exciting recent developments in
quasi-periodic reducibility and almost reducibility in finite dimension.

In contrast to the finite dimensional case, the reducibility problem in infinite dimension
has not been widely studied. Even in the perturbative case, one would encounter some
mathematical challenges due to the possible unboundedness of perturbations. More precisely,
in typical infinite dimensional problems, H is often a Sobolev space H®, s > 0, consisting of
functions whose components z = (z;),cz with respect to an orthonormal basis satisfies

l2llz,s = > 257151 < oo
JEZL
for some fixed number a > 0. Suppose that the operator-valued function A(¢), ¢ € T, in
(1.1) is perturbative, i.e.,
A(¢) = A+B(¢), ¢eT,

where A is an operator and B(¢) is an operator-valued function on H®. Then in many infinite
dimensional situations images of A, B(¢) are expected to be different, say A : H® — H*™¢
and B(¢) : H® — H 5=0 ¢ € T’ in which d and § are respectively referred to as the orders of
A and B. The perturbation B(¢) is called bounded if § < 0 and called unbounded if § > 0. The
notation of bounded and unbounded perturbations is actually adopted from that of nonlinear
Hamiltonian PDEs

(1.2) w' = Aw+ F(w), weH*

in which the order of the nonlinear operator F' and its boundedness or unboundedness are
defined in exactly the same way as in the above.

There have been fruitful recent studies concerning either the reducibility of a quasi-periodic
linear system (1.1) or the existence of quasi-periodic solutions of a nonlinear Hamiltonian PDE
(1.2) that involves unbounded perturbations of order 0 < § < d — 1. Kuksin [14] established
a KAM theorem dealing with an unbounded vector field perturbation of order 0 < § < d— 1.
He proved the existence of KAM tori for the following perturbed Korteweg-de Vries (KdV)
equation

Ut = Fugae + Sung + €2 £ (u, ),
{ u(t, z) = u(t,z + 2m), 027r udzr =0
which corresponds to the case § = 1, d = 3, where 0 < € < 1. Using KAM techniques,
Bambusi-Graffi [5] successfully showed the reducibility of the abstract, quasi-periodic, per-
turbative linear Schrodinger equation

ity = (A4 eP(wi))v,
where A is a positive self-adjoint operator on a separable Hilbert space H, 0 < ¢ < 1, and P
is an operator-valued function from T into the space of symmetric operators on H which is

of order 0 < § < d — 1. By giving new estimates of solutions of the homological equations,
Liu-Yuan [15] improved a result contained in [13] by including the case 0 < 6 = d — 1.
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As a consequence, they showed the pure-point spectrum of the quasi-periodically perturbed
quantum Duffing oscillator

ity = =g + (ac4 + ox® + exV (wt)),

where o € R is a constant, 0 < € < 1, and V is an analytic function on T?. In a separate
work [16], Liu-Yuan also proved the existence of quasi-periodic solutions for the following
derivative-dependent nonlinear Schrédinger equation

subject to the Dirichlet boundary condition, which corresponds to the case § =1, d = 2. A
similar result was shown by Geng-Wu [10] for the equation

i — gy — i(|u*u), =0

with the periodic boundary condition.

The more challenging case of d — 1 < § < d is recently treated by Baldi-Berti-Montalto
[4] who showed the existence and linear stability of quasi-periodic solutions in a class of
quasi-periodically forced, quasi-linear or fully nonlinear KdV equations of the form

(1'3) Ut + Uggy +€f<Wtax7u7uzau$zvumxz) =0

under the periodic boundary condition. The equations correspond to the case d = 3 and
0 = 2 or 3 in which w = (w1, ,wp) is a b-dimensional, non-resonant frequency vector
for some b > 1 lying in a bounded closed region II, in R’. In particular, to obtain the
existence and linear stability of quasi-periodic solutions they showed a semi-reducibility result,
corresponding to a nearly full measure set of w’s in Il,, for the following quasi-periodic, linear
KdV equation

(1.4) { ug + (14 a1 (wt, z))uggr + ao(wt, ) Uy, + az(wt, z)u, + ag(wt, x)u =0,

u(t,x) = u(t,x + 2m),

where w € T, and a;(¢,x), i = 1,2,3,4, are C9 functions on T® x T = R?/(27Z)" x R/27Z
for some sufficiently large natural number ¢ which are small in some Sobolev norm related
to ¢ and satisfy
(1.5) / _adr) Lo
1+ ai(p, )

As remarked in [4], this condition puts some restrictions on the choice of nonlinearity f in
(1.3). In fact, this is a technical condition assumed in [4] in order to eliminate certain second
order derivative terms after a spatial transformation (see [4, Section 3.3]).

In this paper, we re-visit the linear, quasi-periodic KdV equation (1.4) by assuming the
real analyticity of a;’s and the spatial independency of aq, i.e., we consider the following real
analytic, quasi-periodic, linear KdV equation

(1.6) ur + (14 a1 (wt))ugre + a2(wt, )ugy + az(wt, x)uy, + ag(wt, z)u = 0,
' u(t,x) = u(t,x + 2m).

Under the real analytic assumptions on coefficients, we show a reducibility result for the
equation (1.6) with the removal of the condition (1.5). Such a result will allow a broader
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class of nonlinear perturbations in (1.3) (see Remark 1.1 for an example). We note that (1.6)
is equivalent to the operator form

u; = (A + B(wt))u,

where
A= _8933627 B(¢) = _[al (¢)6xw:v + a2(¢7 )axm + a3(¢7 )ar + a4(¢7 )]

In the case that aj(wt) # 0, we clearly have d = 6 = 3. As to be seen in Section 3
of this paper, the problem of the existence of quasi-periodic solutions of (1.6) reduces to
the solvability of a regularized linear KdV equation (3.11) which corresponds to the case
d=3,6=2.

Besides our mathematical motivation of treating the case d — 1 < § < d of unbounded
perturbations in infinite dimensional KAM theory, the consideration of linear, quasi-periodic
KdV equations (1.6) is of significant physical interests in its own right. As it is well-known,
the nonlinear KdV equation, exhibiting rich quasi-periodic dynamics, is a leading-order ap-
proximation of the free-surface shallow water wave equation and the governing equation in
the continuum limit of the Fermi-Pasta-Ulam system. Linear, quasi-periodic KdV equations
(1.6) naturally arise as linearizations of the nonlinear KdV equation about quasi-periodic
solutions or approximate quasi-periodic solutions, whose reducibility then implies the exis-
tence and linear stability of true quasi-periodic solutions (see [4]). Recent interests in various
areas of physical and engineering sciences including inhomogeneous fluids, anharmonic lat-
tices, superconductors, plasmas and optical-fibre communications also lie in generalized KdV
equations with variable coefficients in which the consideration of spatial-temporal varying co-
efficients through the vertical structure of the density and the background flow often leads to
more realistic models (see e.g. [1, 18, 19]). A linear, quasi-periodic KdV equation (1.6) then
arises in these generalized KdV equations as a linearization about a trivial or a quasi-periodic
solution.

Like in [4], we will consider (1.6) under the following reversibility condition:

(H) ai(¢),as(p,z) are even, az(p, x),as(p, x) are odd functions, i.e.,
al(_d)) = a1(¢)7 Cl,g(—d), _:I:) = a3(¢7 $),
a2(_¢7 —.’L’) = _a2(¢7 .'IZ‘), a4(_¢7 —.’L’) = _a4(¢7 .I‘)
for all ¢ € T?, x € T.

For given r > 0,7 > b, we let
TS = {¢p=(¢1, -, ) € CP/(27Z)° : |S¢s| < 7,5 =1,--- ,b}
and denote
9l = D" laule™, lgler = D" Mgl @7, gller = D laillilel”
lezb lezb lezb\{0}

for a sufficiently smooth function g on T® with Fourier coefficients {g;}. For any integer
vector k = (ki, ks, - ,kp) in a lattice Z°, we denote (k) = max{1, |k|}, where |k| = |k1| +
|ka| + -+ |kl
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Differing from [4], we will consider coefficients which are real analytic in Tﬁ* x T for some
r.« > 0, and look for non-trivial quasi-periodic solutions u(¢,z) in the Sobolev space
H* = HA(T) = {h = hyel™ € LA(T) : [h], =: (3 | 2(j)*)? < oo},
JEZ. JEZ
where s > 74+ A1 <A < 2.
We note that with such a choice of s, H*(T) — C’S*l’%(T) — 03’%(’]I').
For each coefficient a =: a;(¢, 2) = >,y a;(¢)eli® i = 2,3, 4, we denote

L . PV 2/:\25\3
Jal e, = (18l m)*5)*) 2,
JEZ
where | - \ﬁ stands for a Lipschitz norm with respect to w € Il to be defined in Section 2.
Our main result in this paper states as follows.

Main Theorem. Consider (1.6) under the condition (H). Assume that for some given
b

Ta?
n ']Tfi* x T, and \al\inH’H*, ]ai]f*@n* < €, 0 = 2,3,4. If €, 1s sufficiently small, then there
1

exists a Cantor set Il C IL, with |II, \ Ilo| = O(€+*), over which (1.6) is reducible. More
precisely, there exists a family {U,(¢), ¢ € T w € Ty} of linear, invertible, uniformly
bounded operators on H¥, with 4 < s < s —3—-A,1 < A < min{2, s — 7}, which is

real, C*°-smooth and reversibility-preserving in ¢ and Lipschitz continuous in w, such that,

constants 0 < ry, e, < 1, a1(@) is real analytic in T,_, a;(p,x), i = 2,3,4, are real analytic

for any w € M, the transformation w(t,z) = U, (wt)u(t,z) reduces (1.6) to the following
constant-coefficient partial differential equation

(1.7) wi + (1 + €1 (W) Waze + ie2(W)Wyr + e3(w)wy + ieg(w)w = 0,
where e; = O(e,) € R, i =1,2,3,4, and they only depend on w Lipschitz continuously.

We refer the reader to Section 2 for the notation of |- |f* +4+1.11, and reversibility-preserving
transformation stated in the theorem.

Remark 1.1. Combining our main result above with the Nash-Moser scheme and arguments
contained in [4], one is able to obtain a general result on the existence and linear stability of
small amplitude, w-quasi-periodic solutions for nonlinear KdV equations of the form

up + (14 efo% u%dl‘)uzm +ef(wt, z,u, Uy, Ugy) = 0,
u(t,z + 2m) = u(t, ),

where € is a small parameter, w € 11, and f(¢, z, 20, 21, 22) is a real analytic function satisfying
f(o,x, 20, 21, 22) = —f(—¢, —x, 20, —21, 22). More precisely, for each 0 < € < 1, one can show
that there exists an asymptotically full Lebesgue measure subset Il, of II, such that for each
w € Il the corresponding nonlinear KdV equation admits a small amplitude, linearly stable,
w-quasi-periodic solution.

Our reduction approach differs from that of Baldi-Berti-Montalto [4] in the following way.
Consider the linear operator

LO =W 8(1) + (1 + al(é))a:cma: + a2(¢7«’13)am + a3(¢7x)8w + CL4(§Z§,$), ((ba JI) € Tb x T
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associated with (1.6). The approach in [4] is to first semi-conjugate Lo (in which a; depends
on both ¢ and z), via a diffeomorphism ® of a suitable Sobolev space of functions on T? x T
and a quasi-periodic multiplier p, to the following third order differential operator

Li=w- 6¢ + 10242 + 202 + Ro,

where ¢1 = 1, co < 1,¢1,c2 € R are constants depending only on w and Ryg is of Oth order
which is a bounded operator. More precisely, it is shown in [4] that p® ! Lq® = L; through
changes of variables induced by diffeomorphisms of T and T, multiplication operator and
pseudo-differential operators. A Nash-Moser smoothing regularization is then performed and
a quadratic reducibility KAM scheme is adopted in [4] to decrease the size of the perturbation
Ro at each step. Finally, the conjugacy of L; to a diagonal operator is completed after the
verification of the second Melnikov conditions using the T6plitz-Lipschitz and quasi-Toplitz
properties. However, we note that the semi-conjugacy of operators above actually implies
the reducibility of the original quasi-periodic, linear KAV equation (1.6) because p~! times a
diagonal operator leads to a diagonal system of lattice equations in term of Fourier coefficients
which can be simply reduced to a constant-coefficient system over a Diophantine frequency
set by integrating individual scalar systems (see Section 5 of the present paper).

In our approach, the first step is to only reduce the coefficient a;(¢) of the dominant
perturbation term 0., to a constant, without eliminating terms like as(¢, x)0,, at all. We
then use the KAM techniques analogous to that in Liu-Yuan [15] to transform the resulting
reversible system to a diagonal one under a lattice setting. After that, two refined Kuksin’s
lemmas are proved to ensure the validity of the KAM iteration.

This paper is organized as follows. Section 2 is a preliminary section in which we recall the
notation of reversibility and introduce various weighted norms. In Section 3, we regularize
the linear operator and obtain infinitely many lattice equations. In Section 4, we describe
the KAM scheme and solve the small-denominator equations involving variable coefficients
and special structures. Our main result is proved in Section 5.

2. PRELIMINARY

“w»

Throughout the rest of the paper, we use in front of a function to represent a con-
stant multiple of that function. This will be particularly convenient when the constant is
independent of the iteration process.

For convenience, we consider the following skew-product system

{ wr + (14 a1(8))taze + a2(6, ¥)uar + az(¢, )ty + as($, x)u = 0,
¢t = Ww,

where ¢ € T, z € T, and w € IL,.

(2.1)

2.1. Reversibility. Let r,,s be given as in the Main Theorem. Consider a family of oper-
ators R = {R(¢)} : H*(T) — H*(T), ¢ € TS . For each ¢ € T2, Fourier expansions with
respect to the Fourier basis {€l/* : j € Z, x € T} yields the following matrix representation:

R(¢) ~ (Rij(9))ijez
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which defines a family of operators on

2(Z) = {x = ()jez € @) : Ixlle@ = O ;2()*)2 < oo}
JEZ
We note that H*(T) and Eg(Z) are isometric. The operator family R(¢) or (R;;(9))i ez,
¢ € T, is said to be reversible if R; j(¢) = —R_; _j(—¢), Vi,j € Z, ¢ € T?_; reversibility-
preserving if R; j(¢) = R_;_j(—¢), Vi,j € Z, ¢ € ’]I‘T ; and real if R;j(¢) = m,
Vi,j € Z, ¢ € T,

Remark 2.1. Consider the skew-product differential system

v = R(p)u, weH(T),
¢ =w, ¢eT,

where R = {R(¢)}, ¢ € ’]I‘T , is a reversible family of operators on H*(T). It is easy to
see from the above definition and Fourier expansion that the skew-product system is time-
reversible with respect to the involution G : H*(T) x T6_ — H*(T) x TS_: (u, ¢) — (Su, —¢),
where S : H¥(T) — H*(T): Su(z) = u(—=x), i.e., G maps a solution to a solution with time
reversed.

Lemma 2.1. Composition of a reversible and a reversibility-preserving operator is reversible.

Proof. 1t follows immediately from above definitions. O

Lemma 2.2. Consider an operator family R = {R(¢) ~ (R; j(¢))ijez, ¢ € T2} on H*(T)
or R = {R(¢) = (Rij(®))ijez, ¢ € T} on (%(Z). For each i,j, also consider the Fourier

exTpansion:
=D Ryt geT
kezb
Then the following holds.

(1) R or R is reversible iff R- = —R”F

T Vi, jeL kel

2) R or R is reversibility- presem)mg iff Rk =R*  VijeZkezb

( ) —1/ ]7
(3) R orR is real zjj”Rk = R_ f _js Vi, j EZ,kEZb.

(4) If R or R is real and reversible, then R(¢) = —R(—¢) and R;;(0) = —R_; _;(0) =
R_;_;(0), Vj € Z. In particular, R;;(0) € iR, Vj € Z.

(5) If R or R is reversible such that R(—¢) = —R(¢), then R or R is real.

Proof. Properties (1),(2),(3) follow immediately from definitions of reversible, reversibility-
preserving and real operators. Property (4) follows easily from properties (1) and (3).

To show property (5), we note that the condition R(—¢) = —R(¢) implies that RT =
k

—RE Vi, j €Lk € 7>. By reversibility and property (1) above, we also have R_ f = _Rm”
Vi,j € Z,k € ZP. Tt follows that Rk = R_f _p Vi,j €Lk e ZP. Hence by property (3), R is

real. O
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Remark 2.2. (1) Asin [4], one can consider the following spaces of complezx-valued functions
on ']I‘?* x T:

Z =A{u(é,z) = u(¢,2)},
X =A{u(¢,z) = u(—9¢, —x)},
Y = {u(p,z) = —u(—9¢, —x)}

and view R = R(¢) ~ (R; j(¢))ijez, ¢ € T as an operator acting on these spaces via

(Ru)(¢,2) = R(@)u(d,2) = 3 Rig(6)iy(¢)ei™,
©,JEZL
where
u(p, ) =Y i(¢)e”.
JEZ

Using arguments of [4, Lemma 2.6, Lemma 4.4], one concludes that R is reversible if R :
X =Y, reversibility-preserving if R: X — X, Y =Y, and real if R: Z — Z. In fact, these
are how reversibility, reversibility-preservation, and real properties of an operator are defined
in [4], while definitions adopted in this paper are stated in [4] as equivalent properties.

(2) We note that if R is reversibility-preserving and R(—¢) = R(¢), then it is easy to see
that R: X — X orY — Y is real, and consequently, e is real.

2.2. Weighted norms and estimates. Let A = diag{--- , (j)%,--- } ez and s > 0 be given.
For § > 0, we denote by B° the Banach space of all bounded linear operators T' on £2(Z) with

the norm
5 )
(2.2) ITI5" == sup A" aTx|lem).
Xlezz)=1

We denote by Bs the Banach space of all bounded linear operators T' on ¢2(Z), with the

norm

(2.3) IT]s == sup  [[Txle2(z)-
||XH£§(Z):1

We also denote by By the Banach space of all bounded linear operators T on ¢2(7Z), with
the norm
(2.4) ITllo == sup  [Txlle2z)-
HX”g?(m:l

For s > 0, let G be the Banach space of all the bounded linear operators T on ¢2(Z) such
that A=a7 and A~4TA4 can extend to bounded linear operators on ¢2(Z). The norm in G
is defined as

(2.5) IT)|9 = max{||T||Z", |A"5TA%|}, VT €.

For simplicity, we will denote HTH?, 179, s >0, by | T, IT||9, respectively.
For any r > 0 and any analytic function f from T2 to a Banach space B, we define the

norm

(2.6) 17117 = sup | ()5,
6 T?



REDUCIBILITY OF QUASI-PERIODIC LINEAR KDV EQUATION 9

where || - ||5 is the norm in B. If f has an additional dependence on w € II, where IT C R is
a compact set, then we define the norm

B,li
(2.7) IS Bl
where 1£6.0) — 0.
B,li W) — , W B
1150 = sup |12, [Ifloy" == sup sup - .
well 0ET? w,w' €11 |w — |

For simplicity, when B = C,C™ 62(2) 62( ), G, we will often suspend the dependence of
these norms on B and denote ||f||7,H, ||f|| g5 sunply by || f I, Hf”rrp respectively. If B = B,

we will then denote

o o1 110 respectively.
For given r > 0, s,7 >0 and a real analytic function u(¢,z), (¢, z) € T x T, we expand

it into the Fourier series

p) =Y (@) = N uyelteHY (g a) e T x T,

JEL (L.g)ezbtt

where
1 , 1 . )
7. —ijz R —i(l-¢p-+jz)
@8 iylo) = 5= [uene Vs wy= gy [ w0 D dsds

are Fourier coefficients. We consider the following weighted norms:

il = > wgle

lezb

@il = > gl )7,
lezb

lijller = > Jugllimer,
lezb\{0}

uly =Y i),

JEZ

ulre =) il
JEZ

lullrr = > lillrr,
JEZ

lullrrs = > lu (D7)
(Lj)ezb+t

It is clear that

HuHTﬂ’,S = ij|r,7'<j>sa
JEZL
lulro = lule, ullrro = lulrs

and if v is independent of x, then

If uw ranges in a Banach space B, then we define \u\f;, HUHET as in (2.6), for 7 = {r}, {r,7}

similarly to the above by replacing the sup-norm with the B-norm of the coefficients. In case
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that u also depends on w € II, then we define ]u@’lﬁp, Hu||leZf-’I, |u]‘7H7 Hu||ffn as in (2.7) by

making use of |u]?n, Hu||ff:T’1-I and their Lipschitz norms in respective places.
For mappings x = (X;)jez : T2 — (2(Z) and T : T — B°, we define x| 7.2, 1T,
where J = {r},{r,7}, as
A\ 25\ L
Ixllr 2@ = Q xsl7()*)2,
JEZ
_s
T, =  sup A 1Tx| 7,222
HX||\77[§(Z):1
For simplicity, we will denote HT||8J, s >0, by ||T]|%.
For a linear operator T(¢) = (T} ;(¢))ijez on ¢2(Z),s > 0, we define
IT)ls.7:=  sup  |Txll7,em@
||X||jﬂg%(z):1
Obviously,
5 ) 5 _3
ITNls = IA"aT s, TNs,7 = A7 4T s,z

We also define the s-decay norm as

1R =3 (s 1Ti51) (k>

ez, IR
2
T2y =3 (s [Tisly) (k).
kez, PI=R

For simplicity, we will denote |7,

s> 0, by |T|,|T|7, respectively.
Let x be the Fourier coefficients vector of u(¢,x) = 3,y 0j(¢)e” € H*, we also have
Tu € 'H*® with

ITlls == sup  [[Txllez) = sup [Tuls,
HX”[%(@ZI |u|s:1

where [ul? = 3707 [i512(7)%, [ull 7 = 2 ez 517 (5)*

Lemma 2.3. For linear operators A(¢) = (A;j(P))ijez, B(¢) = (Bij(¢))ijez defined on
2(Z),s > 0, we have

[ABs < C(s)|Als|Bls,  [ABlsg < C(s)|Als.g[Bls,7-

Proof. We only need to verify the second inequality. Similar to [4, Lemma 2.2], we have

AB2; = > sup [ Y AimBml%(k)*

kez " I=k ez

< > < sup [Aimly Y sup \Bm,j\5>2<k1+/€2>25

k€Z ki +ho=k =k MEZ,m—j=ky M I=k2
2
< 3 (s imly DD s [Bugly) (k) (k)
k€L k1 +ho=k M=k MEZ,m—j=ky MI=k2
2 2
< 3 (s Aimls) R0 ( swp [Buls) (k)
kiez = im=k1 kocz, M I=k2

< |A|§,J : |B|§,j

The lemma follows. O



REDUCIBILITY OF QUASI-PERIODIC LINEAR KDV EQUATION 11

Lemma 2.4. For a linear operator T(¢) = (T ;(}))ijez defined on (2(Z), s > 0, |T|s,
respectively |T|s 7, is equivalent to ||T||s, respectively ||T||s, 7.

Proof. We only need to verify the equivalence between |T'|s 7 and ||T']|s,7.

On one hand, we can regard u € ‘H® as an multiplication operator h — wuh represented by
the T6plitz matrix U; ; = 4;—;. Hence |Ul|s 7 = |uls,7. By viewing the collection of Fourier
coefficients of u as an infinite-dimensional matrix U, we have

Ty = 3 (s [Tls) 0% = 3 (sup Tiicsls) (0%

kez I=k kez = €%
= sup Y |Thixl7(k)> = -sup | Ty ;1% (i — 5)*°
€L keZ ZEZ]EZ
= suleT,g\y )% =Y 1T 5 — )™
zEZ iE€EZ

It follows from Lemma 2.3 that

IT|?7 = sup |Tuz;= sup |(-- 7ZTi,jUj,0a"')|sj
luls,7=1 [Uls,7=1 JEZ
= sup > [(TU)iol5()* < sup |TUJZ; <|T2,

|U|sJ 1z€Z | ‘SJ_
On the other hand,

= suwp Y| Tl (i)

luls,7=15¢7 jez

()72 D T 56 > 3 T 70 = 3 = T

1€EL 1€EL

Y

The lemma follows. O

Lemma 2.5. The following hold for any analytic functions u,v in T2 x T, r > 0.
(1) Forany 1,8 >0,0<r <r,0<7 <7,0<s <s,

max {|ulr, [ullyr} < Julrr < ullrrs,  Julr
[ulyr < fulr, fuly 7 < uleg, ullv s < fluflrs,

|wvly < lul, o], < 27[[ulyr|v]r s

lwvllyr < 27{[[ullrr|v]-

s

where

X 1
0 = Gy /Tbuw,x)cw:: [u(,2)], il = Juogl

JEZ
for ug j being defined in (2.8).
(2) For any ™ > 0,8 > 1,

uglr < [lu

‘ux|r > r,1,05

||u$”r,7',s—1 < HUHT,T,Sa Hu¢||r,7'—1,s >
(3) For any 1,5 > 0,

< 2T+S+1[H“”T,T,S‘U|ﬁf + ‘U|T7THUHT,T,8}-
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Proof. The lemma follows from straightforward estimates using definitions of various norms

defined above. O

Lemma 2.6. Let F(¢) = (Fij(9))ijez, R(®) = (Ri;(®))ijez, be two families of linear
operators on (2(Z),s > 0, with analytic entries {F; ;j : T — C}, {R;; : T — C} respectively,
where 0 < v’ < r. Assume that R;; =0 and

1

‘R >~ ’ ” z,]( )|r o,7+1; 'L?é]a i .7 EZ

zj(¢)

for all0 <o <r—r'. Then

||R||sr ,T+1 < bHFng,T—f—l

forall0<o<r—r,5>0.

Proof. We note from [6, Page 22] that

1
(2.9) 3 2o < (g) (4o, o>0az0.
kezb

Thus, for fixed i € Z, ¢ € T?__, the above inequality implies that

r—o?

1
|Rij (@) 741 < H|Fz',j(¢)|rfa,r+1
l T llo
e LT i
J lezb lezb
(2 + 2e)®
(2.10) W| Fi j(0)rrt1-

Therefore, for § > 0, by (2.10), Lemma 2.4 and the proof of it, we have
(1RO - 1) < Supz ) IR (D) ria (i =

1€Z
< sup( )sup 2‘SF o) (i — )%
pSUp Z‘ _j’2 meZ<> 1Fii (D)7 rra (i — J)
< ﬁ(HF( )”STT+1) :
The lemma, follows. O

Lemma 2.7. Let U(¢) = (U; j(#))ijez, V(¢) = (Vij(9))ijez, ¢ € T2, be two families of
linear operators on (%(Z) for some s > 0, such that U € G and V € B°. Then for any
r>0, 7>0,

IOV 7 < U1 VIS 7,

where J = {r,7 + 1}. In particular, if U(¢),V(¢) are bounded for each ¢ € T2, then so is
V(¢) for each ¢ € TC.

Proof. In the case s = 0, it is easy to see from (2.4) that By is a Banach algebra. Hence

IUVI[5.7 = [IA"0UV][o.s < ||A4UAT
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In the case s > 0, from (2.2), (2.3), Lemmas 2.3 and 2.4, we also have
[UVI[S g = [A=FUV[s.7 < [[A~7UA

The lemma follows. U

3. REGULARIZATION OF THE LINEARIZED OPERATOR

In this section, we regularize the equation (2.1) to obtain a simpler form in order to perform
desired KAM iterations. Let 4, €4, s be given as in the Main Theorem and fix a 7 > b. Define
constants
1

y Qo = 6600’ oo = %7
where ¢ = 50(47 + 5b + 3) and ¢, > 1 is a constant to be specified at the end of the section.
We take d = 3 and § = 2 in the weighted operator norms || - ||°, ] - ||9 defined in Section 2.2.

Onim

(3.1) €0 = Cx€x, TQ =€

3.1. Eliminating the ¢-variable in the coefficient of 0,,,. To take advantage of the
real analyticity of coefficients of (2.1), we extend the ¢ variable to the complex domain ']I‘f,*
and rewrite it as

—_ S
(3.2) { ug + Lo()u =0, wu e H?,

(bt = W, (b € Tg*a
where for each ¢ € T® , Lo(¢) : H® — H* 3
£0(¢) = (1 + a1 ((Z)))a:m:z + a2(¢a )ax:p + a3(¢> )aﬂ? + a4(¢7 )

It is easy to see that the condition (H) implies that Lo = {Lo(¢) : ¢ € T2 } is a reversible
family.
For each ¢ = 2,3, 4, we expand a;(¢, z) into Fourier series a =: a;(¢,z) = ZjeZ a;j(o)e

ijx

. L
Since |a]r*7s7n* < €4, we have

a5 1, < (§) Fes,  VjELZ

It follows that there exists a constant 1 < A < min{2, s} such that

L ~ L A A
(|ar*,0,s—A,H*)2 = ( Z lajlm m, (3)°7 7 + Z r*,H* ) 72)?
JEZ,|j1<1 J€Z|J|21
~ L A s—A As—A
<20 LG laglh o ()
JEZ,|jI<1 JEL,|j1=1
~ L . YN N —A
< Y (alE )G E ()] Gy Y)e
VIS/AVIES! JEZ|j|>1

2 . 2
< (’a|m,s H*) + € < €.
Let 7 = %. Then it is easy to see that there exists a constant c(rs,7,b) > 0 such that

(3.3) | <c(ro, 0 aillf geenm, <€, i=2,3,4

Consider the Diophantine set

(3.4) Iy ={well,: |k- w\>W ke 78\ {0}}.
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For each w € Iy, it is clear that

1 -1 b
. = (w- — T
(3.5) o) =17 o] (w- )" (a1(¢) — [am]), ¢ €T3
is well-defined, real analytic, and odd, where
) il-¢
(w- 0y) " Lelld = iﬁ 1eZP\ {0}, (w-9) '1=0

and
1

1] = o [, w0

a(¢) = 1 > (dilll.ei;?

1+ ] 125\ {0}

where (ay);’s are Fourier coefficients of a;. By Lemma 2.5, it is easy to see that |[a1]] < e

In fact,

and hence

la1(9) = [a]ll -1, = la1 (@) = [a][f i1, < la1(9)
This, together with Lemma 2.5, implies that
@i = la(@lra < (L+-e) Y ag U™ (@)
1ezb\ {0}
(3.6) < (14 -e)ag Hlar(g) — [a1]
Since rp < 7 as €, < 1, we can use the Fourier series (3.5) and arguments in (3.6) to deduce
that

c
Freim T la]] < e

—1
o+l <O Ex.

(3.7) |w - 04¢(¢)’£0,T+1,H0 = flw- a¢(¢)”7§0,r+1,ﬂo = H_:[al””al(@ - [al]HfO,TH,HO < €.
Denote

(3.8) p(0) =: p(6,w) = 1+ w-ag(T1(6)).

By [4], for each w € Il, the invertible torus transformation

(3.9) 0="T(¢) = ¢+wal(p), ¢eT:

and the change of time variable

(3.10) t=t+ a(wt)

will reduce the coefficient a;(¢) in (3.2) to the constant e; =: [a1] with |e;| < e,. More

precisely, the transformed equation under (3.9), (3.10) reads

(3.11) Ug—l-,cl(@)u:(), u € H?,
’ 95 =w, 0O€ ngo’
where
El(a) = (1 + el)aaza:w + b2(07 )83050 + 63(97 )aa: + b4(97 ')7
with

L (T 0),2), =234

bi(g, l’) = m
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In fact, due to (3.2) and (3.10), we have
0
wpo= e = —Lo(@hu- (14w ag(9)
= - [(1 + al(qb))umcx + 02(¢a $)U:1:a: + a3(¢a x)ux + a4(¢, x)u] : (1 tw: a¢(¢))_1'
Hence by (3.5), we can deduce that

1+ai(9) 1 + a1(¢) B 3
L+w-ag(d) 1+%—[]aﬂ =1+[a]:=1+e.
ai

Combining (3.8) and (3.9), we immediately obtain the form of b;(0, x),i = 2, 3,4, i.e., (3.11)
is obtained.

Since ais odd and oy is even, we have that 7 (—¢) = —7 (¢) and p(—0) = p(T (—¢)) = p(0).
It follows that b3(6, x) is even and by (0, z), by (0, z) are odd. Consequently, {L£1(6)} remains
a reversible family of operators.

Lemma 3.1. ’bi|5§o,r+1,1‘[o < HbiH7E'0,7+1,sz,Ho <e€, 1=23,4.
Proof. The lemma follows easily from (3.3), (3.7) and Lemma 2.5. O

3.2. Lattice setting. To prepare for the desired reduction, we would like to further convert
(3.11) into an infinite dimensional lattice system. Consider Fourier expansions

(3.12) u(t,z) = a; (D, bi(0,x) = bi(0)eVT, i=2,3,4,
JEZ JET

where )

b;(0) = 7 /Tbi(ﬂ,x)e_‘”daz, JEL, i=2,34.

Denote
_ 4
S dt ,

Substituting (3.12) into (3.11) and equating the coefficients of each mode eV*, j € Z yields
(3.15) iy = i(1+ e1)%iy + Xy AV (O)ity,  j € Z,

0= w,
where

AL (0) = 5282 (0) —if' B2 (0) — b1 ,(0), 4, f €.
Let x = x(£) = (-+- ,@;(f),---)". For each , since u(%,-) € H?, we have x() € ¢2. Denote

Ao(f) = diag(~- A0 +u§?(9),--.)

PO) = ((P")i;(0))

jez’

ijez’
where for each i,j € Z,

A = i(1+er)s?

Il
=
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Then equations in (3.13) form the following infinite dimensional, skew-product lattice system

{ X = (Ao(0) + PY(O))x,  x € 2(2),

3.14 .
(3:.14) 0=w, 6 6’]1‘20.

In the above, we have written Ayg = Ap(f) for the sake of generality though it is actu-
ally independent of 6 in (3.14). However, as we apply KAM iterations to reduce (3.14),
f-dependency will occur in the new diagonal part after each KAM iteration.

Lemma 3.2. Ay, P° are real, analytic, and reversible, and moreover
) ) y )
< €0,

||PO||3 ,ro,7+1,IIp —
where 4 < s’ <s—3—-A,1 <A <min{2,s —T7}.
Proof. By Lemma 2.2 (1), (3), it is clear that Ay is real and reversible.
Since b3(0, z) is even, b2 (6, x), ba(0, z) are odd, and ba(0, x), b3(6, x), ba(0, z) are real-valued,
we have
7 _ P20\ _ 32 73 oy _ 230y _ 33 A () — PApy — 34 :
b2,(0) = b3(0) = —b= (=), b2;(0) = bj(60) = b7 ;(=0), bL;(0) = b;(6) = —bZ;(=0), j € Z.
It now follows from the definition of P° and Lemma 2.2 (1), (3) that P? is real, analytic, and

reversible.

Since by Lemma 3.1, ||bk||£077+1,8—A,H0 <€, k=2,3,4, we have
k(L A\ s—A L .
(315) |bj "I’o,TJrl,HO <]>S < kuHTQ,T+1,SfA,HO < €, k= 27 3747 J € Z.
Consequently,

L .
|(P0)i,j|ro,7+1,l—[0 < <]>2 max |b'L ]|r0,‘r+1 IIg

. . N —(s—A
< =37 max (1061 oo amg

(3.16) < ()Hi—g) e,

Now, we replace 1 < A < min{2,s} with 1 < A < min{2,s — 7} and choose 4 < s’ <
s — 3 — A, by using Lemma 2.4, we can get

1) -\ 25’
(HPOHS ro,TJrl 2 < Supz -2 | PO J|r0 T+1< =7>2S

’LEZ
< sup (1Y) - Rl
JEL i€Z
of () \to
< Sup 7 — j e Ter T a— €y
up) (=)
1 1 4
. N—2 2 2
< sup 11— Tt ) €& <€
JEL %; ) <<Z> (Z—J>>

Thus,
P12

where €9 = c,¢, for an appropriate constant c, > 1.

s’ ,ro,T+1, IIg S 60’
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Remark 3.1. For each j € Z, since )\(; =i(l+ 61)j3,,u?(0) = 0, we clearly have [,u?] =0,
and for each j € 7,
Ui A\ 0
INF I, << {3) e
L A\ 0
H/"I’?HT(),T-F].,HO < <]> Ex-

4. KAM SCHEME

In the following sections, the weighted operator norms || - ||%, || - |9 are in the sense of
(IR I

o 7, see s’ in Lemma 3.2. Our goal is to use KAM iteration to conjugate the

quasi-periodic system (3.14) to a diagonal system. Then a straightforward integration of the
diagonal system will further reduce it to a constant-coefficient system.

The aim of this section is to describe one KAM step in this iteration process. Suppose
for some v = 0,1, ---, we have arrived in the following co-dimensional, skew-product, lattice
system on £2(Z) x T for some r > 0 at the vth step:

(4.1) { C=(A0) + PO, xe L)
| f=w,  6HeT,

where w = (w1, -+ ,wp) € II, II is a bounded closed region in II,, and A(f) = A(0,w),
P(0) = P(0,w) satisfy the following conditions:

(H1) A(0) = diag(--- ,\j(w) + p;(0,w), - )jez is real, analytic, and reversible in 6,
Lipschitz-continuous in w such that [p;(-,w)] =0, Vj € Z, w € IT and
Ui .
1% = Aol TN 4 lF 1m0 < () e
(H2) P(#) is real, analytic, reversible in 6, Lipschitz-continuous in w, and there exists

€ > 0 such that

5.
1Pl < €

Remark 4.1. (1) Since A, P are real and reversible, it follows from Lemma 2.2 (4) that
(42) A(=0) = —A®),  P(=0) = —P(0).
Moreover, it also follows from Lemma 2.2 (4) and (4.56) that
Aj € iR, Vj € Z.
(2) Consider the involution S : (2(Z) — (%(Z): x — X. Since by (4.2),
So (A=) + P(-0)x() = (A(-8)+ P(—O)(D
= —(A(0) + P(0))x(t) = —(A(0) + P(9)Sx(?),

we see that (4.1) is time-reversible with respect to the involution G : (2(Z) x T — (%(Z) x

T®: (x,0) — (Sx,—0), and consequently it generates an oco-dimensional, G-time-reversible
dynamical system in the usual sense, i.e., G maps a solution to a solution with time reversed.
(3) It follows from ||PH‘E7 = ||A_§P||j and Lemma 2.4 that

_8
1PlI = [A74 P,
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which implies that

Puls < L P15, ijez
1,51 <7, _ ])S NE ) )
and consequently, by (H2), we have
(4.3) ‘Pj,j’f,rﬂ,n <(j)’, jeL.

We would like to find a reversibility-preserving transformation under which (4.1) is trans-
formed into a new system which satisfies properties similar to (H1) and (H2) but with much
smaller perturbation.

Let B = (B;;(8))i jez be a solution of the equation

(4.4) [A,B] —w-DyB+ (P — diag(P)) — R =0,
where [A, B] = AB — BA. Denote P = (P; ;(0));,jez and
o gond
10 (o)

Let R = (R; )i jez be the truncation matrix whose entries are defined as

0, ‘i3 3| < 1+e
Rij = 3 _ 3 4K1
(= Ts) ((2s(0) — s O) Big + Pig), 10— 7% > £,
where
(4.5) Crf)O0) = > fue® Vf=>" fre*?
|k|<K kezb
is the truncation operator.
Define
(4.6) Ay = A+ diag(P),
PY = R+ (eBAeP — A—[A B))

(4.7) + (e BPeP — P)+ (w-DyB — e Buw - DyeP).

Then the transformation x = e?@¢ transforms (4.1) into

¢ = O 50 ((a00) + PO - L))

di
B B g d

= (74P 4 PP P (e))

- ((A+dmg(P))+([A,B} 45 (P)—R)

4 R+<e*BAeB—A—[A,B]>+<e*BPe —P>+(Cf Bi(e ))¢

= (A:(0) + PH(O))(D).
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4.1. Solvability of the homological equation. We observe that (4.4) can be split into
the following cases:

Case 1: i = j: B;; = 0;

: 3 AK .
Case 2: 0 < |i® — 53| < Trer:
(4.8) —w - OpBij + (Ai = Aj)Bij + (i(0) — p5(0))Bijj + Piy = 0;
13 3 > AK .
Case 3 |i° — j°| > 1o

(4.9) —Ww - 8931'73‘ + ()\1 — )\j)Bi’j + FK ((m(é) — ﬂj(@))B@j) + FKPZ‘,J' = 0, FKBi,j = B¢7j.

The solvability of these equations will rely on the following two refined Kuksin’s lemmas
for reversible linear KdV equations which are modifications of Theorem 1.4 and Lemma 2.6
in [15]. In these lemmas as well as in the equation (4.4), we suspend the parameter w in
all coefficients for the sake of simplicity. Such w-dependency will be added back when we
actually solve the equation (4.4).

Let f be an analytic function on T% and denote by fk the kth-Fourier coefficient of f for each
k € Z°. For any y € R® with |y| < r, define fk(y) = fre kY, ke 7, fuly) = fo_e= =Dy,
k1 eZb. We call

kezb
the Fourier coefficients vector of f on T® + y and

F@) = (Fu®)neze
the Téplitz matriz of f on T 4 y.

Lemma 4.1. Consider the first-order partial differential equation

(4.10) —w - Ogu + M+ p()u = p(H), 6 e TP,

where X € iR is a constant, and p,p are analytic functions on TY such that u(0) = —u(—0),

1(T?) C iR, p(f) = —p(—0),

(4.11) [ tllrr41 < Cy
for some constant C > 0, and w € 1l is such that
(4.12) k- w| > \%IO ke zb\ {0},

. . ary b
4.13 k-w+i(A+ > , kel
( ) | w 1( /LO)|— 1+’k"T

for some constants g, o,y > 0, where iy = (2+)b Jo 11(0)d6.

Then (4.10) admits a unique solution u() in a narrower domain T%__ for some 0 < o <
min{1,r} which satisfies

c(r,b
(4.14) lulr—y < (726207?/&0 p,
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for some constant ¢(7,b) > 0. Moreover, u(f) = u(—60) and

e(,b)

2C
(4.15) [tulr—g i1 < We 10|l i1

Proof. Let

~

. Hk ik
vey= > oo
kezb\{0}
By (4.11) and (4.12), U(0) is a well-defined analytic function in ']I‘? and the transformation

u = eYv transforms (4.10) into

—w - Ogv + (A + f19)v = g(0),

where g = eUp. Using Fourier expansions, we see that the Fourier coefficients {05} of v
satisfy

(4.16) (—ik - w + A+ f10)0, = Gr, k€ Z°,

where {gx} are Fourier coefficients of g. This yields a unique solution u of (4.10). Since,

by conditions on A, i, p, u(—0) is also a solution, it follows from the uniqueness that u(f) =
u(—0).

For any given y € R® with |y| < r, let a(y),9(y),p(y), §(y) be the Fourier coefficients
vectors of u, v, p and g on T? +, respectively, and let U be the Toplitz matrix of U on T? 4.
Then - - i

a(y) = e Uply) = e U(y)ply) = e "Wip(y).

Since p(0) satisfies fi, = —fi_p, we deduce that U(0) is an anti-selfadjoint, bounded linear
operator on ¢%(Z"). Hence eV is a unitary operator on (%(Z%). Tt is also easy to see that
U(y) commutes with U(0). As a result,

”0(3/)_0'(0)”22(21))*,22(2% ||2§(y)

||g(y)||€2(Zb) <e ||€2(Zb)'

Since

U B
@) - TO)u=14 h--w® D kFL
0, k=1,

we have by (4.11) and (4.12) that

1U@y) = UO)le@y—e@y < Y 1(UW) = U0)kol
kezb
< Y B e < D < 2.
|k - wl ap ’ Qo
keZb\ {0}
Therefore,
1)l e2zy < €70 1B(Y) |2 z)-
Taking y = r'x, where & is a b-vector whose entries are £1 and r’ = r — %, we have

HQ(T%)H?Q(Z,J) < CQCW/QOHﬁ(T%)H?z(Zb) < 207r/a0 Z (|22l
kezb
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It follows that

SR < S e = 3 07
kezb K,k K
(417) < 21)620’)/1”/040 Z ’ﬁk‘2€2|k|r"
kezb
Let 7" =r — 22 =/ — 2. We have by (4.13), (4.16), and the fact o < 1 that
~ 1" |gk|2 Z‘k‘ 1
ek — Y —
kezb i | Tk @A ol
< | sup (U ke HTR] 5 gy e
7 Lie kezb
1 ~to/3, 2 2kl
< 72027 [igg(l +t7)e } > lgwf?e™™
kezb
1+ ( &
(4.18) < 2027 Z x| 2T
7 kezb
Hence by (4.17) and (4.18),
(3 linfe2Hr)E < obeCrion( 3 [gy 26 )}
kezb kezb
2C'yr/a0 1+ i
< PTG (5 ke,
ayo
kezb

(4.14) now follows from the following inequalities contained in [15, Page 1166]:

b "
ul—o < (L+€)2(2)72( Y Jag[2eH™)3,
kezb
1 g,_b
(O 3elPe)z < (14 €)% (3) 72 ply-
kezb

Using (2.9), we have

’u‘r—cm'-i-l < ‘u‘rfgze_lk%(ky—kl
kezb

_lklg
= Julog (14 e 5T
kezb

< Julog (14 P )0 4 0

C(T7 b) 2C
a’)/0'27'+2b+1 € /e ’p"'“,T-i-lv

i.e., (4.15) holds.

Lemma 4.2. Consider the first-order partial differential equation

(4.19) —w - Ogu+ M+ T (u(@)u) = Tp(d), 6 e T,

21
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where I'ic is the truncation operator defined in (4.5) with 0 < K < W, well, A €iR, and
w,p are analytic functions on T such that u(0) = —u(—0), p(0) = —p(—0), and

— Aol kT m
il =D L™ <

kezb

for some v > 1. Then (4.19) admits a unique solution u(0) satisfying u = T gu, and there is
a constant c¢(b) > 0 such that

c(b)
. r—0 S YA T
(1.20) - < S5
c(b) _oxo
(4.21) (1= D) () r—o < LEIb)e Wa10)p),

for any 0 < o < r. Moreover, u(f) = u(—0) and

o(,b)
(422) ‘U‘fr o,7+1 < ’)\’ T+ 2b+1 ’p‘TT—‘rlv
c(r,b) _
(4.23) (1= Tg)(pu)|r—grt1 < Me 9K0/20|p’r,r+1

for some constant c(1,b) > 0.

Proof. 1t is clear that a solution u of (4.19) satisfying u = I' kv must have the form

— Z ﬂkelk-e.

k| <K
Substituting this trail solution into (4.19) yields
(4.24) (A+ p)a = p,

where A = diag(—ik-w + X |k| < K), i = (fe—0) k), y<i> & = (fir) k)<, D = (Pr)jk|< k- Since
for |k < K < | |
Al

| —ik-w+ N> o
we see that A is invertible, hence (4.24) admits a unique solution which leads to a unique
solution u of (4.19) satisfying u = I'xu. Since it is easy to see that u(—6) is also a solution,
the uniqueness implies that u(0) = u(—0).

Denote Q = diag(el*"" : |k| < K), where 1/ = r — 15+ Then
QaQ ™ = (jue—ge =Y i< e

and hence

19292 |2 z0)— 2 zey < max > [T <N gl <

= K\k\<K kezb
ez
On one hand, since ¢ > 1, we have
192/ zey = [QUA+ @)l (zey > QMG 2oy — (1204 1 72y
> [|AQal g zv) — QL g2 25)— 02 (2) 1280 1 20
|Al Al Al
(4.25) 2 o Qe 2y = 1R ey 2 7190 20y
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On the other hand, it follows from (2.9) that

20e + 20)°
(4.26) 19201 (20 Z |pe|e™™ < Z e IMe/10) p, < (i:,)lplw
|k|<K k| <K

Combining (4.25) and (4.26) yields that

X / X 4 4(20e + 20)°
ulyr—o < ulyr < Z i | eFI” = €217y < W”QPHél(Zb) < W'ph?
k|<K
(=T ()l < > 1D frineM=7) < e 9RO N" 1N iy |eF
kI>K |I|<K kI>K [II<K
_ o R ’ R ’ 20e + 20 b _ o
< ORNOS ) (3 el < 202N ooy
kezb |k|<K
i.e., (4.20) and (4.21) hold. The proof of (4.22) and (4.23) follows from a similar argument
as that for (4.15). O
Let
ali® — 5|
(427) H+:{WGH ‘k) W+IAZJ’>W,O<U€‘<K Z]GZZ%]}
where

)\ij = )\Z(w) — )\j(w), VZ,] €.

Proposition 4.1. Under conditions (H1), (H2) the equation (4.4) admits a unique solution
B :Tb x I, — G such that B(0,w) is analytic, anti-selfadjoint, reversibility-preserving, real
in 0, Lipschitz continuous in w, and satisfies the following properties

(4.28) B(0,w) = B(—0,w), (6,w) € T x T,

9
€10

(4.29) IBI i rirm, < 3arisors:

Proof. Let i,j € Z be given. Since B;; = 0, we only need to consider the case i # j.

In view of equations (4.8) and (4.9), we note that with A =: \j(w) — \j(w), p = pi(0,w) —
wi(0,w), andp =: —P; j(0,w), u =: B;; satisfies (4.10) or (4.19) in the case 0 < |i*—j3| < ff;
or |i% — j3| > 2 +€ , respectlvely.

By Remark 4.1 (1), we also see that A € iR. Under the conditions (H1), (H2) and noting
that figp = 0, it is clear that all conditions of Lemmas 4.1, 4.2 are satisfied for w € II;. It

follows that B;; exists, is unique, and B; (0, w) = B; j(—6,w). Since it is easy to see that
B_; _j(—0,w) is also a solution, it follows from the uniqueness of solution that B; ;(6,w) =
B_; _j(—6,w). Now by considering all i,j € Z and applying Lemma 2.2 (2), we obtain a
unique solution B(f,w) of (4.4) on T® for each w € II, which is reversibility-preserving and
satisfies (4.28). It follows from Remark 2.2 (2) that B(f,w) is real.

To show that B(f,w) is Lipschitz-continuous in w and satisfies the estimate in (4.29), we
again consider fixed i,j € Z, i # j. We note from (H1) and (5.7), (5.9) that there exists a
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constant ¢* > 1 such that

(4.30) INij — i1+ e1) (@ — 5%)| < (D) + (5))c e,
e < () + ()eten.

l1aijllr i1 = s

Denote
5 = (= + G))e"
Then
(431) sl = ltighran < e

It follows from Lemma 4.1 that
(i — j) (625*%'1'(7"—0)/@0) =
avij o2T+2b+1

(4.32) | B j

r—2o0,7+1 < ‘B,j‘r—a,’r—&-l-

By examining separate cases of i = —j, i # —j (fori =0,7 # 0;i # 0,7 = 0;and i # 0,j # 0)
and using the facts that ¢* > 1,§ = 2,e; = 0, it is easy to see that

o . o133 4]
4. 2li —j| < (i — 2 2) = J4 g3 — g3 < 2L
(4.33) =31 < 6= )G + ) = L <2 - ¥ < 22
In the case 0 < |i* — j3| < %, for fixed i,j € Z, we can deduce from (4.30) that

|Aij| < MW — j3| < 6K. Using the facts that e, < ap,c* > 1,e; ~ 0, we have by (4.33)
that

72c%ex|Njlo 432c* x| In €] 1
€2e*wij(r—cr)/ao — 6186*%]'0/010 <e (Itep)ey < e (fen)ag < ¢ 20,

For sufficiently small €, > 0, it is easy to see that
<i _ ]> (626*%j(7‘—0)/a0)ﬁ < 626*'Yij(T—o')/a0 < 6_2%.

Thus (4.32) can be further estimated as
6_2710

ijo2T 2o+ [P jlr—o.r 1

(4.34) |Bijlr—2074+1 < 5

In the case |i® — 53| > f:;, we have by (4.33) that K < HZ%H?’ -3 < sl

It follows from (4.31) that

) Yii i
(4.35) > (i wle™ < pilrrn < el < |4”|,
kezb <Z - .7> L
where ¢, 1= % Hence by Lemma 4.2,
1 1
(450) |Bislr—2ori1 < et Palr—or i1 < =g Pl o1,
1 ij
—9K/20 9
€x€ €4€20
(4:37) 1= )i Big)lr—2om1 < gy =y Pailrorin < Coppr— 1Pl

Combining (4.34) with (4.36) and applying Lemma 2.6, we have

_ 1
€20

5 5
(4.38) 1B7—20,741 < WHPHWH-
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Combining (4.34) with (4.36) again and using (4.33) as well as the estimate in the proof
of Lemma 2.7, we have for each i # j that
5
|(BAd);jlr—20741 = |Bij

1
€ 20 1 N
< 40&02T+2b+1 ij |]Dz',j |T’*O’,T+1 <]>

r—20,7+1 <]>5

1

€ 20 Y
< Piilr—
a4 ) e
1
20 1
(4.39) <« —

Qo2 2L |j — | | P jlr—or+1-

Hence by Lemma 2.6, (4.39) implies that

_ 1
€ 20

S8 _9 8 5
(4.40) [BA4[[7 o5 741 = AT BAd[|r 20741 < WHPHWH-

Combining (4.38), (4.40) and using (2.5), we immediately have

_ L
€20

5
(4.41) IBI7 20741 < s u [ IESSE

Denote AB = B(#,w) — B(6,w’) for fixed 6 and AB;; = B; j(w) — B; (') for fixed i, j.
Applying (4.8) and (4.9), we have

—OMABM + )\Z'j(w)AB@j + Nij(W)ABiJ

(4.42) = OpwBij(W') — (ANijj + Auij)Bij (W) — AP j = Qi
: -3 -3 4K
if 0 < [i° = j°| < 13, and
—8WABZ‘,J' + )\Z‘j(w)ABZ‘J + P(Mij(w)ABi7j)
(4.43) = 8AwBi,j (w') — F((A/\ij + Aﬂij)Bi,j (w/) + ABJ') = E,j

iels . AK
if |13 —]3] > Tier-

In the case 0 < |i% — 53| <
conclude that

4K
14+eq

, we apply (4.42) and use the same reasoning as (4.34) to

_ 1
€ 20

(4.44) !ABi,j r—do,r+1 < W|Qi,j’7"—30,7+1'

Since (4.33) implies that
1 S A5 0 . 1 Y N5 O . 1

wipy L oGO 1 e+ 0100) 1, o
Vij Yij 2¢ i —j| e (i =)@ +()°) 2

we have

Qijlr—30r+1 < |Aw]- ‘8031',]'(“)/) 3ot

li li
+ (Nl P aom, + 101 50 i1 )AW] - 1 Bijle—sar+1 + |AP jlr—30,r4+1

< 18wl (14 0@ + ())0()) 1Biy

r—20,7+1 + ’AP’i,j‘T—QU,T+1

_ L
€20

—— 1 [P
7-]
Oé’}/z'jO'ZT+2b+1

1 . .
< ;|AW| (1 + o (i) + <]>5)O(€*)) r—or+1 + |AP; jlr—20741
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_ 1
€ 20

|Aw| : ’Pi,j’T—O',T-‘rl + |A-Pi,j’7’—0',7'+1)'
It then follows from (4.44) and (4.46) that

1

€ 10
(4.47) |ABijlr—tor41 < —

WUAW\ 1B

r—o,7+1 + ‘Api,j |7"—a,7'+1)~

In the case [i3 — j3| > ff;, we apply (4.43) and use the same reasoning as (4.36) to

conclude that

1
(4.48) |AB; jlr—t07+1 < W|Ti,j|r—3o,r+l-
Applying (4.36) and (4.45), we have
1
T:jlr—307+1 < ;|Aw| “|Bijlr—20r+1

+ (<Z>5 + <]>6)O(6*)|Aw‘ : |Bi,j|r720,7+1 + |APi,j|7'720,7'+1

1
(’Yij‘Aw’ : |Bi,j‘7‘—20,7'+1 + ‘Apiyj|7‘—20',7'+1>

< J—
g
1
(4.49) < WUAW’ |Pijlr—or4+1 + AP jlr—or41)-
It then follows from (4.48) and (4.49) that
1
(4.50) |ABi jlr—40,r4+1 < W(\Aw’ |Pijlr—ort1 + |APjlr—0r11)-
ij

By Lemma 4.2, (4.35) and (4.49), we also have
o—9Ka/20

‘(1 - F)(ﬂijABi,j)’T—4U,T+1 < (Ite1)(i—j) 27 4bt3 (‘Aw| ’ ‘Pi,j‘T—U,T-H + ’APZ'J‘T—U,T-H)

16c*ex
9
€4 €20

(4’51) 0-27-+4b+3<l' _ ]>

([Aw[ - [P jlr—or+1 + |AP; jlr—0r+1)-

In view of (4.47) and (4.50) and applying Lemma 2.6, we have

_ 1
€ 10

24T +5b+3
It now follows from (4.38) and (4.52) that

L

(4.52) IABI 45741 < (1AWl P17 71 + AP -1)-

5,.L € 10 5 5,li
1Bl Zag 1, < W@HPHWH + 1Pl )
1

€1 5,C
(4.53) < WHP|’T,T+1,H+-

Proceeding in the same way as (4.40), we also have

1

_s 8 li € 10 0,L
(4.54) 1A BALE 4 i, < o grraprs 1P I,

It now follows from (4.53) and (4.54) that

1

G li € 10 5.
(4.55) 1BI o1y < aamrmprs 1P,
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Combining (4.55) and (4.41), we finally have

1 9
g}l: 6_ 10 6,[, €10
HB||7’—4U7T+17H+ < a2gdT+5b+3 ||P||r,r+1,H+ S a2gAT+5b+3

g

4.2. Reversibility of the transformed system. For simplicity, we will not specify the
w-dependency in B, A, P,A,,P™.

Lemma 4.3. ¢80 js reversibility-preserving and real.

Proof. By Proposition 4.1, B is reversibility-preserving. It follows from Lemma 2.2 (2) that
Bij(0) = B-i—j(=0), Vi,j € Z.

It follows from Lemma 2.2 (2) again that B" are reversibility-preserving for all n € Z*, and
consequently, e? is reversibility-preserving.

Since by Remark 2.2 (2) B is real, we immediately conclude from the Taylor expansion of
eBO) that it is also real. O

Lemma 4.4. Both A, (0) and P*(0) are reversible.

Proof. We first note from (H1), (H2) that both A(#) and P(0) are reversible. It immediately
follows that A () is reversible.

To show the reversibility of P (), we first observe via repeated applications of Lemma 2.2
(1) that R_; _;(—0) = —R;;(0) for all i,j € Z, and consequently, R is reversible. By
Lemma 4.3, we also see that w- DgB(6) and w - DgeB?) are reversible. Hence by Lemma 2.1,
each term in the expression of PT, either as a reversible operator or a composition of a
reversible operator with a reversibility-preserving operator, is reversible. Thus PT is re-
versible. O

Lemma 4.5. A, (—0) = —-A.(0), Pt (—0) = —P*(0).
Proof. Since B() is anti-selfadjoint, both e? ®) and e=B®) are unitary operators. It also fol-
lows from the reversibility-preserving property of B(6) that R(—0) = —R(0), w - Dy B(—0) =
—w-DyB(h), and w - DpeB(0) = —uy . DyeBO),

The lemma now follows easily from definitions of A, PT in (4.6), (4.7). O

Lemma 4.6. A () and P*(6) are real.
Proof. It immediately follows from Lemmas 4.4, 4.5 and Lemma 2.2 (5). O

4.3. Estimate of the transformed system. We note that

Ay =diag(- X @)+ (0.0), )

where for each j € Z,
(4.56) M= \(w) + [Py,
(4.57) ui o= p(0,w) + Pj;(0,w) — [Pyl
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Lemma 4.7. For each j € Z and all w € I, we have )\j € iR, [Mj(',w)] =0, and
1A = A, < ()%,
li A\
I I, < (),
\G
|’lLLjH£+,T+1,H+ < <j> 6*'

Proof. For each j € Z and w € II;, we clearly have [,uj(-,w)] = 0. Since P(-,w) satisfies
(H2), it follows from Lemma 2.2 (4) that [P; ;] € iR. Hence )\;r € iR. For simplicity, we will
denote (P¥);j(v > 0) by Py;. Recall from (3.16) and (4.3) that

PRl ren < ()2, 1Plrrn < ()0 < ()6, v 21,
The lemma now follows from (H1) and definitions of A;r, Mj- O

Next, we estimate the matrix R.

Lemma 4.8. Assume
(C1) €30 < o 25043

(C2) gl <.

S.L 7
Then |||, 25, ;41 11, < €3-

Proof. Write R = R' + R? + R3, where R! and R? have entries

(7 = { r ST
(1 =T)(uij Big), i° = 3°1 2 e
<R2>z~f{ AL A b
0, ‘Z _]|21+61 or =17,

and R3 = (1 — T')(P — diag(P)). We recall that p;; = p1;(6) — p15(0) in the above.
For any function v on I} and fixed w,w’ € II1, we denote Av = v(w) — v(w’). Then for
any given ¢, j, we clearly have
A(pij Big) = ij(W)AByj + (Apij) Bij(w)-

By (4.51), to estimate A(ui;B; ;), we only need to estimate (1 —T) ((Auij)Bi7j(w)). Since

—Ko
(458) Z 6_2|k|0 < 671),
|k|>K g

(4.36) and Lemma 2.5 yield that

(1-T)((Apij)B; j(w) < Z €_2|k|0|(A,Uzij)Bi,j(W)|r72cr,7'+1
ja-( )

r—4o,7+1 > K
e Ko €
< 3 |ALijlr—20741 * | Bijlr—207+1 < ;!Amﬂr—%,rﬂ | Bi jlr—20,r+1
£
< ” T30+ 1 ‘Aﬂij|r72o,‘r+1 : |Pi,j|rfa',7'+1
ij
£

lip

W‘Mi]’|r72a,r+l|Aw| : |B,j|r70',‘r+1
)
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|Pijlr—ort1
(4.59) < 7'+3b+1 |Aw| Z|JZT_;|T :
Combining (4.37), (4.51), (4.59), (C1) and applying Lemma 2.6, we have
9 29
1 €4E20 €,E20 7
(4.60) IR i, < m”P”wH I ﬁ <D,

To estimate R?, we consider (K) := max{[i — j| : 0 < |i* — 73| < 2£}. Obviously,

= 1+e
n(K) < 4K . On one hand, due to (4.58), we have
I)

’(R )z’,j‘r—?;cf,ﬂ-—l—l - ‘( zg"r 3o,7+1 — ‘ Z ik.e‘r—i’)oﬂ——i—l
|k|>K
< Y Pl eFTBN YT <Pl grn Y e
|k|>K |k|>K
—Ko
€ EU(K) |f)7l,j|r—o',‘r+l
(461) <7|]Diaj|7”_0'77+1 < s ’Z — ]| .
Since by (C1),
et < o2t
we have by Lemma 2.6 and (C2) that
5K 4 5
(462) HR2HT‘ 3o,7+1 < m” ”TT+1 2b+1 ”PH ,T+1 < E5||PHT,T+1'
Using estimates similar to (4.61), we also have
—Ko
e en(K) |AP; jlr—or+1
|A(RY)ijlr—307r41 = [(1 = T)AP; jlr 30741 < 5 1ALl < néb )| ,ZZ]|_T jc|m+ :
Hence,
4 6
(4‘63) ”ARQH’I" 3o,7+1 <és HAPHT,T+1'
It follows from (4.62) and (4.63) that
9
(4.64) IR? ]~ 3074101, < €5 HP||TT+1 q, <E€°-

To estimate R3, we note that

(R*)ijlr—s0741 = |(L=T)(Pij — (diag(P))i;)lr—30,r+1
= |(1 - F)Pi,j|7"—30,7’+ |( ) 7]'|7“—30,T+17

for 0 < |i% — j3| <

1+61
Hence the estimate of R? in this case follows from similar arguments as that of R2. In the
case |i® — j3| > ff;, we have

3 3

_ e
[(R%)ijlr—30,741 < | Pijlrrs1 Z e 3k <
|k|>K

€2
g1 = 'E!Pi,ﬂr,ﬁtl-

Consequently,
3

||R3||r 30,741 < b||P||rT+1 < i,T—f—l'
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Finally, estimates in w similar to those for R? yield that
3
(4.65) IR0 i, < 5.

The proof is complete by combining estimates (4.60), (4.64) and (4.65). O

Lemma 4.9. Under the condition (C1),

12 23

1
le"BAeB — A —[A, B} < —e7T <egl,
o

r— 40’ ,7+1,114

Proof. Using the identity
1 s
e BAeP — A—[A B]= / / e *1B[[A, B], Ble*'Bdsds,

where [A, B] = AB — BA, we only need to estimate [A, B] and [[A4, B], B]. From (4.4), (5.2)
and Lemma 2.7, we deduce that

1[4, B

+ 2| PllyE

r—4o,7+1,111 < ’

r 4JT+1 JIy r—4o,7+1,111 r 4JT+1 JIy
b
< EHBHT 3UT+1H++2HPHT 40,741,114 'r 40’T+1H+
b s 7 b
< —e7 4 2e4¢5 <—67,
o
b 12
1A B B Ly rinmy, < A BIE o, - 1B i, < e
By (C1) and the fact that b > 1, we have
The proof follows. O

Lemma 4.10. ||e~BPeB PHT Ao +1004 <e7.

Proof. For simplicity, in the proof below we omit the suffix {r — 40,7 + 1,11} } in the norm
|+ [lr—40,7+1,m, - Consider the function P(t) = e~*BPe!B. Then

(4.67) e BpPeP — P =P(1) - P(0),

(4.68) P'(t) = —[B,P(t)], P(0)=P.
Hence by Lemma 2.7, we have
IP'#6)11° < | BIC I PP

which yields that
TLOIRE=TE T
By (4.68), we also have

P(t)— P = —/0 (B, P(s)]ds.
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Applying (4.67), Lemma 2.7 and using the fact that 0 < r <1 and ||B\|Tg’_io i, < £% as

in (5.2), we have
le#Pef —P|° = | - /Ol[BJP(S)]dSH‘S < [I[B, P()]I°
< |BIFIP(s)]° < ||B]|9eB1% Pl
(4.69) < 1BI%1P|°.
For any two points w,w’ € II, denote
AP(t) = P()(t) — P(/)(t) = e~ P@) P(w)e!Be) — =B p(y)etB),
Then
(4.70) (AP) = —[AB, P(w)] — [B(W), AP].
By Lemma 2.7, we have
IAP@) [ < |AB|7 - [P +-1BI¢ - |AP(#)]°.
It follows from the Gronwall’s inequality that
|AP@° < [ABI7IP@)° - I
< [|ABo P - WPI%t < | AB]T - |1P|)°.
Note that (4.70) also implies that
AP(t) — AP(0) = / (IAB, PW)(s)] + [BW), AP(s)))ds.
We thus have 0
A(eBPeP —P) = A(P(1) - P(0)) = AP(1) — AP(0)
= /1([ABaP(W)(S)] +[B(w'), AP(s)])ds.
By Lemma 2.7, it follows that 0
(4.71) le"BPel — P|%% < ||B
Combining (4.69) with (4.71), we obtain
le=P PeP — P|*£ < | BI|9% - | P||I* << 7.

The proof follows. 0

GEP P+ BIIS - || P

23

-B B||6:L 1,12 23
Lemma 4.11. |lw- DyB — e Pw - Doe® |7, 11y, <567 <e€ld.

Proof. Denote 9,, = w - Dy. Then
d
IR

Consider the function Q()\) = e 29, (e*?), 0 < XA < 1. It is clear that Q()\) satisfies

Q) =[O, Bl + B, Q(0) =2.(1) =0

d,(e*P)) = 9,(e’P)B + P9, B.
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which yields that

A
(4.72) QN = Q) = Q) = [ [@W). BIaX + (2B

Hence by Lemma 2.7, we have

HQ( )Hr 4o, 7+1,I11 < HBHT 4o, 7+1,I11 / ”Q Hr 40,741 H+ ,
+ Ha BHT‘ 4o,7+1,114 - A

Applying the Gronwall’s inequality and using the facts that HB|| <7 asin (5.2)

and 0 < A <1, we have

[[eley] s sorii, < 110w B|>* o101, A

Since, by (4.72),

r—4o,7+1,111

||B||

r— 4UT+1 H+ < 2Ha BH A

r—4o,7+1,111

0.8 — e Bo,(eP) = 0,8 — Q(1) = — /Ol[Q(X),B]d)\’,

we have by (4.66) and Lemma 2.7 that

—-B
HawB —€ aw( )Hr 4o, 7+1,I14 < HBHr 4o, 7+1,I14 / ||Q )\, ||r 40,741 H+ ,

< HBHr 4o,7+1 H_;,_Ha BHr 4o,7+1,I14 N
1 12 23
2 12 23
< (||B||T 30’T+1H+) <—e7 <l
The proof follows. 0
Proposition 4.2. Assume (C1), (C2) and let e = 5%,74 =5 If
(C3) ry <r—4o,
then
||P+||r+77'+1 H+ < €+
Proof. The proof follows from Lemmas 4.8, 4.9, 4.10 and 4.11. O
5. REDUCTION THEOREM
Foreachv = 0,1, - -, we label all index-free quantities in Section 4 by v and all ” +”-labeled

quantities by v + 1. This yields the following sequences:

(4y 70 T, |Ine,| oo
v ) v — 5. v — T Kl/: 9 v T 5,
€ € r o O 10 p o o
(51) X = (Aw.0)+P w0y, §=w (x.0)€RZ)xT well,

Ay, = diag(--- N (w) + pi(0,w), - )jez,

= {we k- w+iA] > vl — 7

1, I, : |k - —
+1 1+ |kl

where A, = A/ =AY, i,j € Z, v =0,1,---, €,70, 00, a0 are as in (3.1), and Iy is as in (3.4).

0 < |k| < Ky, i,j € Zyi # j},
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5.1. Iterative Lemma.

Lemma 5.1. The following holds for allv =0,1,---.
(a) A,, P? satisfy conditions (H1),(H2).
(b) There exists B : T

ro—do, X Myt1 — G, which is anti-selfadjoint, real, reversibility-

b

o —do,» Lipschitz-continuous in I, 41,

preserving for fived w € 11,41, analytic in 0 € T
satisfying
6

(5:2) IBYII7~ <&l

ry—4oy, 7+1,I1, 41

such that the unitary transformation e=B"0«) transforms (5.1), to (5.1),41.

Proof. 1t is easy to see by the choice of r,, 0, that the condition (C3) holds for all v =
0,1,---, also by the choice of €y, 79,09 and the fact ¢ = 50(47 + 5b + 3) > 50(27 + 5b + 3)
that conditions (C1), (C2) hold for v = 0, if €, is sufficiently small. Since

20 (3)" 5 1

€0 W< (10 . 21/)2T+5b+3’ vz 0

and |Ine,|—(1+e1)ey i decreases in v, if €, is sufficiently small, then conditions (C1), (C2)
also hold for all v = 1,-- - . It follows that the KAM step described in the previous section is
valid for all » =0, 1,---. Hence (a) holds.

The existence of the operator BY for each v follows from Proposition 4.1. Moreover, by
(4.29), we have

9
10
18”1175 «
ry—4oy,7+1,11, 41 algjaé‘r+5b+3 .
1
S

We note that o, = —0 for all v > 0. Since ¢ is sufficiently small and ¢ = 50(47 + 5b + 3),

10-27
we have s (101 ) 1
650 3 25 <47(10_2V)47'+56+3’ v > 0.
It follows that .
€0 g
W <L €y, v > 0.
Hence (5.2) holds and (b) follows. O

5.2. Measure estimates. Let [l = ()5 .

‘ -
S

Proposition 5.1. |IL, \ Il | = O(ap) = O(ei™).

Proof. We note from (4.27) that

I, \ I = (1L, \ Ip) U ( fj U sz> C (IL \ Tlp) U ( [j U RZij)v

v=14,j€Z,i#j,[k|<K, v=14,jeL, i keZb

where 5
al/|1’ —J ‘

bien it ket
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For each i,j € Z with i # j, we have by (4.33) that |\};| > 1+61 i3 — j3|. Tt follows that if
k| < He2]i® — 5], then

Lt+e R
k- Al > —_
|k w + 1A 1 — B =53 > L
Thus,
4051/“47‘ .o . . b
RE {wGH:k-w+1)\”< },z, eZ,i#+j, keZ.
. U . kij v ‘ | (1+€1)(1+‘k|7—) J 75.]
1#5,kEZ

Since 7 > b, we have

U ka|<zl+|k|7<a :%

i#j,keZb kezb

oo
| U U RZUI = O(ao).
v=1i#j kezb
It now follows from the standard measure estimate that

ITL A To| = O(aw),

i.e., the proposition holds. O

and consequently,

5.3. Convergence. Let

UY = UZI(G’ w) — eBO(G,w)eBl(H,w) . eB”(O,w)’ 0 e Tb

Tv41)

wellyy, v=0,1,---

By Lemma 5.1, for each v, UY(0,w) : ¢2(Z) — ¢%(Z) is unitary, uniformly bounded, real
and reversibility-preserving for fixed w, and depends on 6 analytically and on w Lipschitz-

continuously.

Proposition 5.2. There exist U®(0,w) : £2(Z) — (2(Z), (0, w) € T® x [, functions AP (w),
u;-’o, j € Z, which depend on 0 C°°-smoothly and on w Lipschitz-continuously, such that the
following hold:

(1) U°(0,w) is unitary, um’formly bounded, real and reversibility-preserving for fized w,

and satisfies U — 14|95, o <€l
(2)F0rallj€Z,X;° IR[j( w)] =0, w ey, and
X = (14 e1)s® + 72[03) — B8] — ] + (Y O(ed): i = (3)Oe).
(3) Asv — 0,
0" = UG E s I = AR 6 = 132161 ., — 0 uniformly in j € Z;
(4) The transformation x = U (0,w)( transforms (3.14) into
(5:3) () = A (8, 0)¢(E), 6=w,

where
Aoo(aaw):diag("' m)\] ( )+,u] (97w)a"')jEZ-
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Proof. We note that for any M, N : (2(Z) — (2(Z),
1
(5.4) eM — N =N / AM=Ng\) (M — N).
0

It follows from (5.2) that
o - 1d|| 7~

ry—4oy,7+1,11, 41

= /0 expAY_ B O g, o111, )AA D [1B7(6)

v>0 v>0
2(3) 23 2
(5.5) < exp(z ) Z € <e€f.
v>0 v>0
By (5.4), we also have

7‘1, —40,, T+,

1
Ul/+1 _UY = UV(/ 6ABV+1dA)BV+1.
0
It follows from (5.2) and (5.5) that
||Ul/+1 _ UV|

ry+1—40y4+1,7+1,11, 42
1
N[BY |9~
||UVHT'V74O'V,T+1 II,41 (A €
< (140" - Id||

6 ()1/+1
< (1—|—~e*) €py <€’

IN

r —40 ,7+1,I1 v+1
vp1—4ou 41, V42 d)\) | B HTV+1 oy 1T 0

B

ry—4oy,7+1,11, 41 ry+1—4oy11,7+1I01, 42

Thus as v — 0o, {U"} converges uniformly on T? x II.,. It follows that the limit U satisfies
all desired properties. In particular, its C°°-smoothness in 6 follows from arguments in [15,
Pgs. 1159, 1163].

For each v, we have by Lemma 5.1 that P¥ satisfies (H2), i.e.,
4\v
<e¢g, = 683) )

1P o,

Hence, P¥ — 0 and ) ,_, P converges as v — oo uniformly on T® x II.,. Since from (4.56)
and (4.57), for each j € Z,

(5.6) A =AY+ i[PJ’g]
k=0
(57) Wy =2 (P~ IF)))
k=0

for v > 1 and
(5.8) N =i(1 +ep)5°,
0 _

we see that AY Y, 1y, converge, as v — 00, to some )\J s 13° respectively, uniformly in 0 €
T, w € Iy, j € Z. The limits A%, p3e are easily seen to satisfy the desired properties.
The proof is complete by applying Lemma 5.1 (b) and passing limit v — oo in (5.1),. O
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5.4. Reducibility. Let
F6,w) = 14w+ ag(9).
By tracing back the transformations (3.9), (3.10), the limit system (5.3) can be re-written as
"=A €z
(5‘10) X, (¢>W)X7 b X S( )?
¢=w 9T,

r_ d
where = g

A(¢7w) = ﬁ(QS?w)AOO(T((ZS)a w) = d’L(Lg( T ,’I’]j(@,(,«)), T )jGZa
i (¢, w) = p(¢,w)(Aj* (W) + ui*(T(9),w)), J € L
For each j € Z and w € 11, expanding n; into the Fourier series in ¢ yields that

nj(¢,w) =) (w) + Z Uj(k)(w)eik.¢'

keZb\{0}
Let ®
n (W)
mj(¢,w) = Z m(ekd) -1)
kezZb\{0}
and

M(p,w) = diag(- - - e (Pw) L )iz
Then M(¢,w) : €2(Z) — (*(Z), ($,w) € T® x M, depends on ¢ C-smoothly and on w
Lipschitz-continuously, and it is clearly invertible and uniformly bounded.

Proposition 5.3. For each w € 1o, M(¢p,w) is reversibility-preserving and real. Moreover,
the transformation x = M(¢,w)z transforms (5.10) into

2= A (w)z, z € 12(7),
(5.11) { gw em

where
Ay (w) = diag(-+ ) (W), )jez
with
(5.12) n?(w) =i(1+e1)j> +iegj? — iez] — iey, jEZ

for some e; = e;(w) = O(ex) € R, i =1,2,3,4, which are Lipschitz continuous in w € Il.

Proof. A straightforward verification shows that M(¢,w) transforms (5.10) into (5.11).

For fixed w € T, since 7 is odd, p is real and even, and A (#,w) is reversible and real,

we see that A(¢,w) is reversible and real. Hence by Lemma 2.2 (1), (3), n§k) = —n(__jk),

n" =0T jez,k ez’ 1t follows that

n(k) 77(_-k) n(k) T
: = I = | 2 €z, kezh\{o}.
ik-w (k) w  ik-w (i(—k)-w)’ jEZ, keZ’\{0}

By Lemma 2.2 (2), (3), M(¢,w) is reversibility-preserving and real.
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For each j € Z, since by Lemma 4.7, [Pfj] €iR,k=0,1,---, and |Pfj‘f,7+1,n <(j)er, k =
4\k
0,1,---, we have that [P]kj] = i(j)9¢, for some &, € R, & < efﬁ) ,k=0,1,---.
It follows from (5.6), (5.8) and Proposition 5.2 (2) that

(5.13) AP (w) = i1+ e1)® + 5°[bp) — (B3] — [Bo] + (1)1 + -+ + Eco)-

Using facts that [p(,w)] = 1, [N?O] =0, [(w-ag(®)) ,ujoo] = 0, the desired asymptotic orders
of n?(w), j € Z in (5.12), follow from (5.13) by taking

e1 = [a1], ex = —i[i)%], €3 = [58], €4 = —i[%] -G+ +éx), JEZ,j| LT,
e1 = lay], ex = —i[b3] + (E1+ -+ éx0), e3=[b7], es = —ib}], jeZ, |j|>1.

Since by (3.15), |B’g fo,TJrl,Ho < e,k = 2,3,4, and €, can be chosen sufficiently small, the
proof is complete. 0

5.5. Proof of Main Theorem. Denote Z : H*(T) — (2(Z): u(z) = > it i€l v () ez
as the isometry, and let

Us(@) =T o M(¢,w) 0T H(p)oUX0T0T(9), ¢€T’ wellx.

It is clear that w(t,x) = U,(¢)u(t,x) € H*(T), w € Iy, is the family of transformations
satisfying all desired properties stated in the Main Theorem. In particular, asymptotic orders
of coefficients e;’s of (1.7) follow from that of e;’s in Proposition 5.3. O
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