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ABSTRACT. Stochastic stability of a compact invariant set of a finite dimensional, dissipa-
tive system is studied in [20] for general white noise perturbations. In particular, it is shown
under some Lyapunov conditions that the global attractor of the systems is always stable
under general noise perturbations and any strong local attractor in it can be stabilized by a
particular family of noise perturbations. Nevertheless, not much is known about the stochas-
tic stability of an invariant measure in such a system. In this paper, we will study the issue
of stochastic stability of invariant measures with respect to a finite dimensional, dissipative
gradient system with potential function f. As we will show, a special property of such a
system is that it is the set of equilibria which is stable under general noise perturbations and
the set Sy of global minimal points of f which is stable under additive noise perturbations.
For stochastic stability of invariant measures in such a system, we will characterize two cases
of f, one corresponding to the case of finite Sy and the other one corresponding to the case
when Sy is of positive Lebesgue measure, such that either some combined Dirac measures
or the normalized Lebesgue measure on Sy is stable under additive noise perturbations.
However, we will show by constructing an example that such measure stability can fail even
in the simplest situation, i.e., in 1-dimension there exists a potential function f such that
Sy consists of merely two points but no invariant measure of the corresponding gradient
system is stable under additive noise perturbations. Crucial roles played by multiplicative
and additive noise perturbations to the measure stability of a gradient system will also be
discussed. In particular, the nature of instabilities of the normalized Lebesgue measure on

Sy under multiplicative noise perturbations will be exhibited by an example in 2-dimension.

1. INTRODUCTION

Consider a system of ordinary differential equations
(1.1) & =V(z), z € R",

where V = (V?) € C(R",R"). Adding multiplicative including additive white noise G (z)W
to (1.3), we obtain the following It6 stochastic differential equations

(1.2) dz = V(x)dt + G(x)dW, z e R",
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where W is a standard m-dimensional Brownian motion for some integer m > n and G =
(g“)nxcm is a matrix-valued function on R™.

Regarded as a physical model, system (1.1) is often subject to white noise perturbations
either from its surrounding environment or from intrinsic uncertainties of a coupling system
due to high complexity, large degree of freedom, lack of full knowledge of mechanisms, the need
for organizing a large amount of data, etc. Suppose that (1.1) generates a local flow on R".
Analyzing the impact of noise perturbations on the dynamics of the system is a fundamental
issue with respect to both modeling and dynamics. The study of this fundamental issue
from a distribution point of view naturally gives rise to the analysis of limit behaviors of
stationary measures of the Fokker-Planck equations associated with (1.2) as G — 0 under an
appropriate topology.

More precisely, consider noise coefficient matrices lying in the class

G ={G=(¢"):Rank(G) =n, g9 e W-P(R"),i=1,2,--- ,n,j=1,2,--- ,m}

loc
for some fixed p > n. The class G gives rise to the following class of diffusion matrices:

GGT

A={A=(a7) e WP(R",GL(n,R)): A= for some G € G}.

For each A = % = (a") € A, the stationary process generated by (1.2) is described by its
corresponding stationary measures {4} which are measure-valued solutions of the stationary
Fokker-Planck equation associated with (1.2) (see Section 2.1 for details).

Let A be furnished with the uniform topology of C(R™) and consider an admissible null
family A = {A,} C A, ie., Ais a directed net with A, — 0, and the Fokker-Planck
equation corresponding to each A, € A admits a stationary measure. Stability of dynamics
of (1.1) under the noise family A can be characterized by the behaviors of A-limit measures,
i.e., sequential limit points of all stationary measures {p4,} of the Fokker-Planck equations
corresponding to A = {A,}, as A, — 0, in the space M (R") of Borel probability measures
on R" endowed with the weak*-topology. We recall from [20] that a compact invariant set
Q of (1.1) is said to be A-stable if for any ¢ > 0 and any open neighborhood W of Q there
exists a § > 0 such that pa, (R™\ W) < e whenever |A,| < §. An invariant measure p of
(1.1) is said to be A-stable if any sequence of {u4,} converges to p in M(R") as A, — 0,
i.e., p is the only A-limit measure.

A-stability of a compact invariant set of (1.1) has been extensively investigated in [20].
In particular, it is shown in [20] that if (1.1) admits a Lyapunov function whose second
derivatives are bounded, then its global attractor is A-stable with respect to any null family
A, and moreover, if the global attractor contains a strong local attractor then there is an
admissible null family A such that the local attractor is A-stable. To the contrary, if the
global attractor contains a strong local repeller, then there is an admissible null family A such
that the local repeller is strongly A-unstable, i.e., no A-limit measure can be concentrated on
the repeller. Moreover, if the repeller is a so-called strongly repelling equilibrium, then it is
strongly A-unstable with respect to any so-called normal null family A.

In contrast to the case of compact invariant sets, not much is known about the A-stability
of invariant measures of (1.1). Of course, if an A-stable compact invariant set is uniquely
ergodic, then it is clear that the unique invariant measure is also A-stable. In general,
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stochastic stability of a non-ergodic invariant measure is much harder to be characterized.
We mention some well-known studies in this regard for flows on a 2-torus ([22]), flows on a
circle ([26]), flows whose w-limit sets consist of a finite number of fixed points and periodic
orbits ([27]), and flows on a compact manifold admitting SRB measures ([23], see also [11, 28]
for the case of random perturbations of maps on a compact manifold).

In this paper, we pay particular attention to the stochastic stability of compact invariant

sets and invariant measures of a gradient system
(1.3) &= -V f(z), z € R",

where f € C%(R").

As to be seen in this paper, not only does the stochastic stability of compact invariant sets
of (1.3) has very special natures, but also the stochastic stability of invariant measures of (1.3)
can be characterized in various situations. Besides analyzing the impact of noise perturbations
on a gradient system, the study of stochastic stability of invariant measures in a gradient
system is closely related to the problem of ergodicity when taking the thermodynamic limit
in a huge particle system ([1]) and the problem of noise stabilizing a multi-stable gradient
system ([10]).

It is well-known that if the gradient system (1.3) admits a weak Lyapunov function then it
always generates a positive semiflow in R"™. Another special property of a gradient system is
that when it is dissipative, its global attractor is typically simple by consisting of equilibria
together with connecting orbits among them. However, it follows from general results of
[20] that noise perturbations can remove all the connecting orbits among the equilibria in
the global attractor of a dissipative gradient system. More precisely, if (1.3) admits a C?
Lyapunov function whose second derivative is bounded, then a) the set E of critical points
of f is A-stable with respect to any null family A; b) any finite set Jy (resp. Rp) of isolated
local minimal (maximal) points of f is A-stable (resp. strongly .A-unstable) with respect to a
particular null family 4; ¢) any simple local maximal point of f is strongly .A-unstable with
respect to any normal null family A (see Theorem 2.1 for details). When either the set E or
Jo is a singleton, the A-stability of the corresponding Dirac measure obviously follows from
that of the F or Jy with respect to all or a particular null family A.

However, stochastic stability of (1.3) has very special natures under the additive white
noise perturbation v/2eW to (1.3), where ¢ > 0 is a small parameter. Under the condition
that

H) there are positive constants R and [ such that f(z) > flog|z| for all |z| > R,

the Fokker-Planck equation corresponding to

(1.4) dz = —Vf(z)dt + V2edW, z€R"

for each € > 0 admits a stationary measure p., called Gibbs measure, with density
u(x) = kee_ﬂ:), z € R",

called Gibbs state, where .
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Limit behaviors of (continuum) Gibbs measures have been explicitly investigated in many
situations (see, e.g., [3, 21]). These limit behaviors lead to various Ag-stability results of (1.3),
where Ag denote the family of diffusion matrices {el} corresponding to the additive noise
perturbations. More precisely, it follows from the limit characterizations of Gibbs measures
in [21] that if the condition H) holds, then the set Sy of all global minimal points of f is Ag-
stable (see Theorem 2.2 a)). This result actually reveals a special stochastic stability feature
of (1.3) under additive noise perturbations because it implies that any compact invariant set
of (1.3) consisting of relative minimal points of f as well as any invariant measure on the set
will not be Ag-stable though by Theorem 2.1 they can be A-stable with respect to some null
family A of multiplicative noise perturbations.

If Sy is a singleton, then the stability of Sy under additive noise perturbation implies that
of its Dirac measure. In the case that Sy is not a singleton, Ag-stability of a broader class of
non-ergodic invariant measures on Sy can also be studied using existing convergence results
of Gibbs measures ([3, 21]). It turns out that such measure stability depends on the nature
of absolute minimal points of f. For instance, there are Ap-stable invariant measures in the
following two special cases:

Cl) f e C?*(R"), Sy = {x1,22, -+ , Ty} for some m € N, and near each x;, i = 1,2,--- ,m,
f has the form
(1.5) f(@) = Pi(z — z;) + o(|x — z;|*™), r € By := Bs(x;),

where F; is a homogeneous polynomial of order 2k; for some natural number k; and
Bs(z;) is the open d-ball centered at x; for some § > 0.

C2) S admits positive Lebesgue measure.

More precisely, in the case C1), the Ag-stable measure has the form )", ¢;0,,, where, for
each i = 1,---,m, d,, denotes the Dirac measure at x; and ¢; depends on F;, and in the
case C2), the Ag-stable measure is precisely the normalized Lebesgue measure 11y on Sy (see
Theorem 2.2 b), c¢)). We note that (1.5) holds automatically when n = 1. In general, when
Sy consists of a finite number of points and each point is an isolated minimum point of f, it
is only know that the leading term of the Taylor expansion near each of these points must
be of even order.

Stochastic stability of an invariant measure is a much restricted property than that of a
compact invariant set. One of the main goals of this paper is to show, even in the simplest
situation, that if an A-stable compact invariant set of a finite dimensional flow is non-uniquely
ergodic, then it can occur that none of its invariant measures is A-stable. We will demonstrate
such an instability phenomenon by giving a 1-dimensional example under additive noise
perturbation such that the condition in C1) fails in the simplest case m = 2 (Note that if
m = 1 then the Dirac measure on Sy is always Ag-stable). Main features of this example are

summarized as follows.

Theorem 1. (Measure instability under additive noise) In the case n = 1 there exists a
potential function f € C?*(R) for which the following properties hold under additive noise
perturbation /2eW .
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a) Sy consists of two points x1,x2 but neither is an isolated critical point of f.

b) The corresponding Fokker-Planck equation admits no stationary measures other than
the Gibbs measures {jic}.

c) There are two sequences €., ez — 0 such that fri = Aibgy + (1 —=X;)0z, as k — oo, for
i = 1,2 respectively, where A\1,\a € (0,1) are two distinct constants. Consequently,
no invariant measure on Sy is Ag-stable.

Theorem 1 is also a counter example when the condition in C2) fails. When the con-
dition in C2) holds, we note that the stability of the normalized Lebesgue measure on Sy
can be however destroyed by a multiplicative noise perturbation, indicating an impact of
multiplicative noise perturbations on the instability of non-singular measures. We will give
an example in 2-dimension to demonstrate such an instability phenomenon. Main features
of this example are summarized as follows.

Theorem 2. (Measure instability under multiplicative noise) In the case n = 2 there ezists
a potential function f € C%(R?) satisfying the condition in C2) and infinitely many null
families A satisfying the following properties:

a) Sy is A-stable.

b) Any A-limit measure differs from the normalized Lebesgue measure g on Sy, i.e., jif

15 A-unstable.

This paper is organized as follows. In Section 2, we review some basic results on stationary
measures and stochastic stability, and give some results on the stochastic stability of com-
pact invariant sets of (1.3) under both multiplicative and additive noise perturbations. In
Section 3, we construct a 1-dimensional example having the features described in Theorem 1
whose Gibbs measures are not convergent as ¢ — (0. In Section 4, we construct an example
of 2-dimensional gradient system having the features described in Theorem 2.

Through the rest of the paper, for simplicity, we will use the same symbol | - | to denote
the absolute value of a number, the norm of a vector or a matrix, and the Lebesgue measure

of a set.

2. STABILITY UNDER ADDITIVE V.S. MULTIPLICATIVE NOISES

In this section, we will discuss stochastic stability of invariant sets and invariant measures

of (1.3) under both additive and multiplicative noise perturbations. Through the rest of the
. . - . : _ 9 92 _ &

section, for simplicity, we will use short notions 0; = R 05 = 92,07 and we also adopt the

usual summation convention on 7,7 = 1,2,--- ,n whenever applicable.

2.1. Lyapunov functions and stationary measures. Adding multiplicative white noise
G(x)W to (1.3), where W is a standard m-dimensional Brownian motion for some integer
m > n and G = (¢¥),xm is a matrix-valued function on R", we obtain the following Itd
stochastic differential equations

(2.1) dz = =V f(x)dt + G(z)dW, =z € R"

Let A = @ = (a%) and consider the adjoint Fokker-Planck operator

L =a"0};— 0;f0;
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corresponding to A. A stationary measure corresponding to L 4 is a stationary measure of the

Fokker-Planck equation associated with (2.1), i.e., a Borel probability measure p satisfying

(2.2) LAF(z)du(z) =0, VF € Cg°(R"™).
Rr

A weak stationary solution corresponding to L 4 is a weak stationary solution of the Fokker-
Planck equation associated with (2.1), i.e., a continuous function u on R™ satisfying

/ LAF(z)u(z)dx =0, VF € C5°(U),
u
u(z) >0,  [pnu(x)dr = 1.

(2.3)

Corresponding to L4, if u is a weak stationary solution, then it is clear that p with du(z) =
u(z)dx is a stationary measure. Conversely, by the regularity theorem in [4], if A € A then a
stationary measure p corresponding to £4 must be regular in the sense that du(z) = u(x)dz
for a density function u € Wllo’f(]R") which is a weak stationary solution corresponding to £ 4.
We note that if ¥/ € CZQO’?(]R"), ,j=1,---,n,and f € C’fo’?(R”), for some a € (0, 1), then
it follows from the standard Schauder theory that a weak stationary solution corresponding
to L4 becomes a classical solution of the stationary Fokker-Planck equation

2.0 { 0% (a"u) + 0,(0; fu) = 0,
u(z) >0, [pou(z)de=1
associated with (2.1).

We recall from [16, 17] that a non-negative continuous function U on R™ is a compact
function if U(x) < ppr, € R”, and limg_,oo U(z) = par, where ppr = sup,epn U(x) < 0o, It
is easy to see that a non-negative function U is an unbounded compact function if and only
if lim, oo U(z) = +00. A C? compact function U on R" is called a Lyapunov function with
respect to (2.1) or L4 if there is a constant p,, < pps and a constant v > 0, called Lyapunov
constant of U, such that

(2.5) LAU(z) < —7, whenever U(z) > pp,.

Let A = {A,} be a null family. Recall from [19] that a compact function U € C?(R")
is a uniform Lyapunov function with respect to the family {L4,} if (2.5) holds for constants
Pm, 7y that are independent of A, € A.

The concept of Lyapunov function above generalizes the usual one for a deterministic
system. Recall that a C'' compact function U on R is called a Lyapunov function of (1.3)
if there exist constants 0 < p,,, < par,y > 0 such that

(2.6) —Vf(z) VU(x) < —7, whenever U(z) > pp,.

If (2.6) holds with v = 0 and some p,,, < pas, then U is called a weak Lyapunov function of
(1.3). A weak Lyapunov function U is called an entire weak Lyapunov function of (1.3) if
pm = 0 in the above. In fact, the notions of compact, Lyapunov, weak Lyapounov, and entire
weak Lyapunov functions can be introduced on any connected open subset of R™ instead of
the entire R™ (see [17] for details). In particular, for a connected open set & C R", a compact
function U € C1(U,R) is called an entire weak Lyapunov function of (1.3) in U if

—Vf(x)-VU(x) <0, Tz eU.
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Remark 2.1. Let ¢' denote the local flow generated from (1.3). According to the general
theory of dissipative systems (see e.g., [18, Proposition 6.3]), if (1.3) admits a weak Lyapunov
function, then ! becomes a semiflow on R™, and moreover, if (1.3) admits a Lyapunov
function, then ¢! must be dissipative and hence admit a global attractor. Let E denote the
set of equilibria of (1.3). It is well-known that the global attractor of ¢!, if exists, equals the
unstable set of F, which, in typical situations, consists of equilibria of (1.3) along with their
connecting orbits. The global attractor of (! is actually invariant with respect to ¢!, i.e., ¢!
can be extended to a flow on it.

We note that for any null family A = {A,} a uniform Lyapunov function with respect to
{L4,} is necessarily a Lyapunov function of (1.3). Conversely, if (1.3) admits a C? Lyapunov
function whose second derivative is bounded, then with respect to any null family A = {A,},
this Lyapunov function is clearly a uniform Lyapunov function with respect to the family
{L4,} as |[As| < 1. In the case A = {el}, where € > 0 is a small parameter, it is easy to see
that if U is a Lyapunov function of (1.3), then it is a uniform Lyapunov function with respect
to the family {L} if either AU is bounded on R™ or U is sub-harmonic and a Lyapunov
function with respect to L.

For a given null family, the following result summaries important roles played by a uniform
Lyapunov function to the corresponding stationary measures.

Lemma 2.1. Consider a null family A = {A,} and assume that there is a uniform Lyapunov
function with respect to the family {La,}. Then the following holds.

a) (Admissibility) There is a stationary measure corresponding to each L4, which is

1,p
oc

regular with density function lying in the space W, )7 (R™). Consequently, A is admis-
sible.

b) (Tightness) As A, — 0, the family {ua,} of all stationary measures corresponding
to {La,} is relatively sequentially compact in M(R™).

c¢) (Concentration) Any limit measure of {pa,}, as Aq — 0, is an invariant measure of

@' supported on the global attractor of .

In the above lemma, a) follows from general existence results contained in [7, 17], and b),
c) follow from [20, Theorem B]. We refer the reader to [2, 6, 7, 17] and references therein for
more information on the study of the existence of stationary measures of a Fokker-Planck

equation in general.

2.2. Stochastic stability. The following equivalence result on A-stability is proved in [20,
Proposition 3.4].

Lemma 2.2. Let Q C R" be a compact invariant set of ¢* and A = {A,} C A be an
admissible null family. Then Q is A-stable if and only if as A, — 0, the set {ua,} of
stationary measures corresponding to {La,} is relatively sequentially compact in M (R™) and

all A-limit measures are supported on ).
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For an admissible null family A, denote

Ja = U{supp(p) : pis an A-limit measure}.
The following result follows from [20, Proposition 3.3 b)].

Lemma 2.3. (Stochastic LaSalle invariance principle) Let A be an admissible null family and
suppose that J 4 is contained in a compact set J and (1.3) admits an entire weak Lyapunov
function Uy in a neighborhood of J. Then any A-limit measure is supported on the set

{r e T :Vf(x) VUy(x)=0}.

We first give the following result concerning the stability of compact invariant set of (1.3)
under general noise perturbations.

Theorem 2.1. (Set stability under general noise) Consider (1.3) and assume that it admits

a C? Lyapunov function whose second derivative is bounded. Then the following holds.

a) The set E of critical points of f is A-stable with respect to any null family A;

b) For any finite set Jo (resp. Ro) of isolated local minimal (maximal) points of f, there
is a null family A such that Jo (resp. Ro) is A-stable (resp. strongly A-unstable).

c) Any simple local mazimal point of f is strongly A-unstable with respect to any normal

null family A.

Proof. Let A = {A,} be a given null family. Since (1.3) admits a C? Lyapunov function U
whose second derivative is bounded, U becomes a uniform Lyapunov function with respect
to {La,} as |[As| < 1. By Lemma 2.1 a), A is admissible.

Let {p1a,} denote the set of all stationary measures corresponding to {L4,}. It follows
from Lemma 2.1 b) that {ua,} is relatively sequentially compact in M(R") as A, — 0, and
from Lemma 2.1 ¢) that the set J4 is contained in the global attractor J of (!. It is easy to
see that there is a neighborhood of J and a constant ¢ > 0 such that Uy =: f + ¢ is an entire
weak Lyapunov function of (1.3) in that neighborhood. It follows from Lemma 2.3 that any
A-limit measure is actually supported on the set

{reJ:Vf(x) Vl(z) =0} = {z €T :|Vf(2)] =0}

which is precisely the set E. By Lemma 2.2, E is A-stable. This proves a).

b) follows from [20, Theorem C a), b)] because the set Jy (resp. Rp) is a strong local
attractor (resp. repeller) of ¢'.

c) follows from [20, Theorem C c)] because each non-degenerate local maximal point of f
is a strongly repelling equilibrium of ¢! in the sense of [20, Definition 6.4] when taking U = f
in that definition. g

In the above theorem, a normal null family is a restricted null family defined in [20]. We
now consider additive noise perturbation v/2¢W to (1.3).

Lemma 2.4. Assume the condition H). For each € > 0, denote the Gibbs measure by fic.
Then the following holds.
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a) (Tightness) There exists an eg > 0, depending on n and (3, such that {fefo<e<e, @S
relatively sequentially compact in M(R™).
b) (Concentration) As e — 0, any limit measure of {u.} is supported on the set Sy of

global minimal points of f.

In the above, a) follows from [21, Proposition 2.3] and b) follows from [21, Corollary 2.1].
We note that, under the condition H), f itself is a weak Lyapunov function of (1.3). Hence
¢! becomes a semiflow on R™.

Theorem 2.2. (Stabilities under additive noise) Assume the condition H). Then the fol-
lowing holds.
a) Sy is Ag-stable.
b) In the case C1), the measure §, =: > .*, ¢i0y, is Ag-stable, where, for each i =
1,---,m,
0, if ki <k,
Jan e Filv)qy

if ki = k,

with k = max{k; : i =1,2,--- ,m}.
c) In the case C2), the normalized Lebesque measure piy on Sy is Ag-stable.

Proof. For each € > 0, an application of [8, Example 5.4], with A = €I and b = (3, 4 there,
shows the uniqueness of stationary measures corresponding to L.;. Hence the Gibbs measure
e is actually the unique stationary measure corresponding to L.;. Let p be a limit point of
{1e} as € — 0. By Lemma 2.4 b), supp(u) C Sy. It follows from Lemma 2.2 and Lemma 2.4
a) that Sy is Ag-stable. This proves a).

In the case C1), it follows from [3, Theorem 5.2] that lim_o pte = dx, and in the case C2),
it follows from [21, Proposition 2.2] that lime_q pe = pty. This proves b) and c). O

Remark 2.2. 1) The proof of [8, Example 5.4] actually implies that the Gibbs measure e,
for a fixed € > 0, is an invariant measure of the semigroup generated by the closure of the
operator Ly on LY(R™, 1i.) (see also [5] for some interesting discussions in this regard). In
fact, it can be further shown that if (1.4) generates a diffusion process then . is an invariant
measure of that process.

2) We would like to make some comments about the measure 0, in Theorem 2.2. By
the expression of ¢; in the above, we see that among the global minimal points of f, {iuc}
are eventually concentrated only on the most degenerate ones, i.e., those with the greatest
order 2k in the dominated terms of their Taylor expansions. If there are more than one most
degenerate global minimal points, then {x} are eventually concentrated on all these points
with certain weights ¢; determined by the coefficients of P;. For instance, consider the case
n = 1. Then P;(z) = A;2%* for some A; > 0. Hence the Taylor expansion of f in Bg(;)
reads

fla) = Agx — )M + |z — ),
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from which it is not hard to see that

0, if ki < k,

S if ki = k.
Z 2%
jikj=k A
Hence it is clear that {u.} are eventually concentrated with larger probability on those global
minimal points having smaller coefficients A;.

3. AN EXAMPLE OF NON-CONVERGENCE

In this section, we construct an example of potential function f so that the set of stationary
measures {ue} corresponding to {L.;} admits more than one limit measures as ¢ — 0. In
virtue of Theorem 2.2 b), c), such a potential function thus satisfies neither condition in
C1) nor condition in C2). Main features of this example have already been summarized in
Theorem 1 of Section 1.

The construction of the example will be divided into several steps as follows.

Step 1. A simple computation shows that

=< 1 X111
; 2% . ) — il
Jim V2D e ) = V2R )
J=—00 7=1
1 =1
= z = = . L
\@(1+e)<2 Z . :Cll)rfoo Z e 2%
7=0 j=—00
1
Thus there exists a constant M, > 0 such that for any a > M,, if A := ;fioo e a2 . 2—] and
1
B = ;:‘ioo e a2FT . %, then V24 < B, i.e., AJFiB < ﬁ.

Fix a > max{8, M,}. We first consider a measurable function f(z), x € R, defined in the
following way:

For x € F; =: (—%, —%), f is a step function attaining minimal value at x = —1 and the
graph of f is symmetric with respect to the line x = —1. More precisely, for all ¢ € N,

Fl-1+1) =

{ ﬁa te (%_Z;:I 23%7%_23 112]+1] [ +Z] 123+1> %+Z;:1 2]%)1
0, t=0.
For x € FEs =: (%, %), f has a similar shape, i.e., for all i € N,
F1+t)=
{ a6 (3= Tioi g 3~ Tt gl Ul-3 + X500 g — 5 + S ),
0, t=0.

On the set £ =: R\ (Ey U Ey), f is C* smooth and smoothly connecting at the points

—%, —%, %, % Moreover, f(x) > a% on E, and, f(z) = 2 when |z| > 1.
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For each 7 € N, we let ¢; = #, 0; = aTl,l, and denote by pu;, v; the Gibbs measures

!
. . % 5 . .
associated with u., =: %, us, =: ——5—, respectively; i.e., du;(z) = ue,(x)dz,
Jpe Fidax Jre % dx

dvi(x) = us,(x)dx. Then, as i — +o00, we have

1
o0 T 27, 1
Zj:le gy

,U'L(El): _% ) _% 1 f(z)
00 Je; o AAREY B
Zj:le @ El'i—i_z,j:le @ sz.f—*—fEe o dx
1
© L TaGoh . L
_ Zj:le a0
= - 1 f
S0 e @00 L S e L Ly [ e X
=1 27 j=1 ¥ e
_ 1
B 3 Do © T g
1o ——5 1, 1\ —aer L L -
—_ * a7 91 T 97 K
57 2j=1—i € ¥ 55 T % ijl—z'e o 2j+fEe Cde
o 1
_ ijl—ie gy
_ 1 - @)
o — 1 0o —oorT . L i B
Zj:1—ie SRy +Zj:1—ie o 3 2 fEe dr
A
 — 9
A+ B
and
T
o) 255, . 1
2jme gy
vi(Er) = i - b ~4
Z;ile a2]5i 2%—’—2;116 a2]+161‘ 2%+fEe 0; d.CE
1
© L ToaG-+1 . L
_ djoie 207 27
_ _ . @)
© TG . L ® e «2G-7FD . L K
Zj:le 20-0 2j+zj:1e 2G—i+1) 2‘7.—|—fEe i dx
1
Tl b Loy o ] B
1 +1 . 4 - or .
21 Zj:l—ie o 57 T 3T Zj:Q—ie o +fEe L
1
00 —ozFr . L
_ djm1i€ @ 27
0 ——grr . 1 9§ 27 . L 21 _f‘gg':)d
Zj:l—ie a Ty T Zj:Q—ie gy T Jpe T da
B
Hi-
2A+ B

Step 2. Fix two C*° functions g1, g2 : R — [0, 1] satisfying

0, forx <0, 1, x<0,
g2(x) =

() = 1, forxz>1, 0, x>1,

and sup,cr max{|g ()|, |g5(x)], |g1" ()], ]g92" (z)|} < M for some constant M > 0. For given
L,R,z € R,d> 0 with L # R, consider the function gr g4 : R — [min{L, R}, max{L, R}]:

(R— L)1 (3%)+ L, when L < R;

_ d
9L.Rdz(T) (L — R)gQ(HCdZ) + R, when L > R.
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Then it is clear that
(z) = L, x<z,
9L.R.d,z = R z>z+d,
R-L R—-L
19, pa- (@) < EZEM, and |97 pa-(a)] < ESE M

For a fixed small constant 7 > 0, we now use the function g7, g 4. to construct a function

[ € C*(R) satisfying the following properties:
Pl) fy=fonFEand f, > fon E;,i=1,2;
P2) f, attains global minima at {+1} which are however not isolated critical points of fi,;
P3) For each constant ¢ > 0,

/ e ndz > (1 - 77)/ e~ du, i=1,2.
E;

E;

The construction is a smoothing process. At each point of discontinuity z = —1 — % +
23:1# € (—%,—1), we let L = ﬁ, R = m, and d = 7 - 21'%; at each point of

discontinuity z = —1—1—%—2;:1 QJ% € (-1, —%), we let L = ﬁ, R= ﬁ, and d = n'ﬁ;

at each point of discontinuity z = 1 — % + Z;Zl ﬁ € (%, 1), we let L = QQ}H, R= az(i+11)+1a

and d = 7 - 22‘%; and at each point of discontinuity z = 1+ § — > im1 ﬁ € (1,3), we

let L = a2(i+711)+1’ R = ﬁ? and d = 7 - Ziﬁﬂ. We let f,(x) = g Rra-(x) for = lying in
each interval of the form [z,z +d] C (=2, -1) U (3,1), f4(z) = g1,Rd,.—a(x) for z lying in
each interval of the form [z — d,z] C (—1,—3) U (1,2), and f,(z) = f(z) for z lying in the
complement of these intervals.

The function f; is C°° everywhere just with possible exception at the points x = —1
and 2 = 1. Note that when z € [-3 + > i ST —3 + > iz 541 + 1+ 353, we have
gz < |o — (=1)| < 5. Using the fact a > 8, it follows that, when |z — (=1)] < 1,

L—R| L M24+2) M
()] < | M< <M= <z — (1)
(@)l < — - a2 e = |z — (=1)]%,
IL — R 5 16M (2\% 220+2) pf )
1) ()] < M< M= ~) oy < Sl (CDIR
n d2 772 . 22(i1+2) 772 a 92(i+2) 772

Therefore f;(—1-0) = 0 and f”;(=1-0) = 0. Similarly, f;(~1+0) = 0 and f”,(~1+0) = 0.
Thus both f}(—1) and f,"(—1) exist and equal 0. By the definition of f,, we have
1
(@) = Fo(=D) = f5(@)] £ — <o = (=D

when |z — (—1)| < 1. Hence f, is continuous at —1. Since

|ﬁm—m@m=umogfm—em3

when |z — (=1)| < 1, f," is continuous at —1. The same arguments show that f;(1), f,"(1)
exist, both equal 0, and f, f," are continuous at 1.
It is clear that f, so constructed satisfies all properties P1)-P3) above.

Step 3. Consider the noise perturbed gradient system
(3.1) i=—fi(x)+V2eW, axeR.
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We note that with f; being a weak Lyapunov function the unperturbed gradient system
corresponding to (3.1) generates a semiflow on R!, which we denote by .
For each € > 0, an application of [8, Example 5.4] shows that the Gibbs state

_ f’r](z)
e

Jwe

is the unique stationary solution of the Fokker-Planck equation associated with (3.1). This

ul(r) = f»,](z)

also follows from [8, Example 5.1] because U(z) =: f,(z) = z? as |z| > 1, is an unbounded,
uniform Lyapunov function with respect to the family {L.;} of the adjoint Fokker-Planck
operators corresponding to (3.1) (see Remark 2.1). By either Lemma 2.1 b) or Lemma 2.4
a), the set of limit measures of the corresponding Gibbs measures as € — 0 is non-empty.

For each i € N, we let ¢; = ﬁ, 5 = aTl,l be the sequences used in Step 1 and let 4, v} be
the stationary measures associated with the Gibbs states u,, ugi, respectively. Choose any
limit measure p of {u]} and any limit measure v of {1}, as i — oo. We have by Theorem
2.2 a) that both y and v are invariant measures of ¢ supported on Sy, = {—1,1}.

Using the properties P1)-P3) of f,,, it is easy to see that, as i — oo,
fEl e_fn.a%dl'

E _ :
i (BL) = S, eI d:v+fE2 e~ e dx + [pe fra*dy
fEl _fﬂQidx
- fEef“ dm—i— 1—n fEefa dx+fEe fa® qg

1 A
SN . 7
(1-n) A+ B

Iz, e~ gy
fEl e*fn'am_ldx + fE2 e*fn'a%_ldx —+ fE e*fn‘am_ldx
B — foa2i—1
> . 1) Jp, ¢ , i ,
T fp el dr + [ el e 4 [l e

v (E1) =

B
— (=55
It follow that
1 A B
2 Ep) < . 1—mn)- < vy(E

when 7 is sufficiently small. Hence u # v.

This shows that the family {ud} of all stationary measures corresponding to {Ed} admits
at least two limit measures as ¢ — 0. Consequently, no invariant measure of ¢! can be
{el}-stable.

We now show that u,r have the desired forms. Since both p and v are supported on
St ={-1L1} and p # v, p = A\d_1 + (1 — A\1)d1 and v = X201 + (1 — A2)d1 for some
constants A1 # Ao. We note that, as i — oo,

fEl e~ fnra® dg
[, e~ de + [ e~fra¥de + [pe~fra*de

i (Er) =
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- (1—n)- fEl A

T et dn + [ e f et de + [pe St da
A

A+ B’

— (1=n)-

and

[ e e dg
V;](El) = 2i—1 El 2i—1 2i—1
fEl e—Jfna dx + sz e—fna dx + fE e—fna da
_ f.n2t—1
< ' fEl e~/ de | |
>~ (1 — 7”) . fEl e_f~a2z—1dx + (1 — 17) . fE2 e—f.a21—1dx + fE e,fn,am—ldx

1 B
1-n 2A+ B’
It follows that
A 1 B
FE{)>(1—mn)- d < — ———
plB) 2 (A =—n): 57—  an V<ﬁ—1—n2A+F

which, together with (3.2), yields that A;, A2 € (0,1) when 7 is small. This completes the
proof.

4. DE-STABILIZATION OF NORMALIZED LEBESGUE MEASURE VIA MULTIPLICATIVE NOISES

For stochastic stability of singular measures, we have seen from Theorem 2.2 that those
concentrated on relative minimal points of f are never stable under additive noise perturba-
tions, though they can be stable under some multiplicative noise perturbations according to
Theorem 2.1 b).

The situation with absolutely continuous measures is more complicated. We see from
Theorem 2.2 c) that if the condition in C2) holds, then the normalized Lebesgue measure
on Sy is stable under additive noise perturbations. Below we give an example of a gradient
system in 2-dimension satisfying the condition in C2) for which there are infinitely many
null families {A} of multiplicative noise perturbations such that with respect to each family
A the set Sy remains A-stable but any A-limit measure differs from the normalized Lebesgue
measure on Sy, i.e., the normalized Lebesgue measure is A-unstable. In fact, this example
contains more information than that stated in Theorem 2.

We consider (1.3) with n = 2 for a potential function f € C?(R?) such that

f(x) _ { 0, |x| < 1;

2, el =2
and f(z) >0, Vf(z) #0, 1 < |z| <2. It is clear that F = Sy which is precisely the closed
unit disk in R? centered at the origin. We note that f itself is an unbounded C? Lyapunov
function of (1.3) whose second derivatives are bounded in R2. Hence for any null family
A={A,} C A, fis a uniform Lyapunov function with respect to {£4,} and it follows from
Theorem 2.1 a) that Sy is A-stable.

Now consider the noise perturbed system

dz = =V f(z)dt + \/2ea(z) I dW,



STOCHASTIC STABILITY OF MEASURES IN GRADIENT SYSTEMS 15

where a € C?(R?) is a bounded positive function. We then obtain the stationary Fokker-
Planck equation

eAau) + V- (uVf) =0,
(4.1) { u(z) >0,  [pnu(z)dr =1.

Since f is an unbounded uniform Lyapunov function with respect to the family {Leqr},
Lemma 2.1, together with [8, Example 5.1], implies that, for each a and € > 0, (4.1) admits a
unique classical, positive solution u¢ which gives rise to a stationary measure ¢ corresponding
to Leqr with density u?. Moreover, by Lemma 2.1 b), the set of limit measures of {u?} as
€ — 0 is non-empty.

Consider the function

1
flp)i= [ autds,
P JoB,

where B, is the ball with radius p centered at the origin for each p € (0,1]. Using the radial

coordinate r = |z| and letting w = E, we have u?(z) = u(rw). Moreover,
r

Oaug) o 9(aug) w)ds = Olaue) w)dw
/E)Bp aﬁds_/é?Bp o (P p/|w|—1 o

_ 9 au®)(pw)dw = 9, au?)(z)ds
‘pap/|w|:1( oo = p <p /an ) >d>,

iy L[ 9aug)
f(p) = /MP ) as.

i.e.,

p
But the Divergence Theorem together with (4.1) imply that

/ a(a%)ds = V(au?) - iids = A(aud)dz = —1/ V- (u¢Vf)dz = 0.
o, On B, B, €JB,

Hence
fi(p) =0, for all p € (0,1].

It follows that there is a positive constant C', depending on a and ¢, such that
/ aulds = Cp, for all p € (0,1],
8B,

from which we deduce that

T T 1
/ auldr = / / auldsdp = / Cpdp = =Cr?,
B, o Jos, 0 2

for any 0 < r < 1. Thus, for any 0 < r < R < 1, we have
fBr adp® fBr auldz r2
fBR\Br adpé B fBR\BT auddz TR
Let u® be any limit measure of {u?} as € — 0. Then
[y odit 2
fBR\Br adpe  R?2 —r2

for any 0 < r < R < 1. The following properties follow immediately from (4.2):

(4.2)
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i) Each p® is supported on B; but not on any proper compact subset of it.

ii) For any two fixed number 0 < 7 < R < 1 and any two functions aj,ay with a;(z) <

as(z), © € By; a1(x) = as(x), x € OB,; and a1(x) > as(x), * € Br \ B,, any limit measure

u™ corresponding to a; is different from any limit measure p*? corresponding to as.

In particular, by varying a, we obtain infinitely many limit measures differing from the

normalized Lebesgue measure on B; = S I

1]
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