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In this paper, we study limit behaviors of stationary measures of the Fokker-Planck equations associated
with a system of ordinary differential equations perturbed by a class of multiplicative noise including
additive white noise case. As the noises are vanishing, various results on the invariance and concentration
of the limit measures are obtained. In particular, we show that if the noise perturbed systems admit
a uniform Lyapunov function, then the stationary measures form a relatively sequentially compact
set whose weak*-limits are invariant measures of the unperturbed system concentrated on its global
attractor. In the case that the global attractor contains a strong local attractor, we further show that there
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Fokker-Planck equation exists a family of admissible multiplicative noises with respect to which all limit measures are actually
Stationary measure concentrated on the local attractor; and on the contrary, in the presence of a strong local repeller in the
Limit measure global attractor, there exists a family of admissible multiplicative noises with respect to which no limit
Concentration measure can be concentrated on the local repeller. Moreover, we show that if there is a strongly repelling

Stochastic stability

equilibrium in the global attractor, then limit measures with respect to typical families of multiplicative
White noise perturbation

noises are always concentrated away from the equilibrium. As applications of these results, an example
of stochastic Hopf bifurcation and an example with non-decomposable w-limit sets are provided.
Our study is closely related to the problem of noise stability of compact invariant sets and invariant
measures of the unperturbed system.
© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Regarded as a physical model, a dynamical system generated
from ordinary differential equations is often subject to noise per-
turbations either from its surrounding environment or from intrin-
sic uncertainties associated with the system. Analyzing the impact
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of noise perturbations on the dynamics of the system then becomes
a fundamental issue with respect to both modeling and dynamics.

There have been many studies toward this dynamics issue
using either a trajectory-based or a distribution-based approach.
The trajectory-based approach is often adopted under the frame-
work of random dynamical systems, i.e., skew-product flows with
ergodic measure-preserving base flows. By assuming vanishing
noise at a reference equilibrium, noise perturbations of essential
dynamics of a dynamical system are studied under the random
dynamical system framework with respect to problems such as
noise perturbations of invariant manifolds [1-4], normal forms
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[5-8], and stochastic bifurcations (see [5] and references therein).
For a system of ordinary differential equations subject to white
noise perturbations vanishing at a reference equilibrium, we refer
the reader to [9] for some study of stochastic stability of the
equilibrium (see also [ 10] for similar studies in infinite dimension).

With respect to general noise perturbations, the distribution-
based approach is useful and seemly necessary to adopt under
both frameworks of random dynamical systems and Itd stochastic
differential equations. Due to its essential differences from deter-
ministic dynamical systems, much less is known in this direction
comparing with cases using the trajectory-based approach. For
some import pioneer works on noise perturbations of dynamical
systems on a compact manifold from the viewpoint of distribu-
tions, we refer the reader to [11,12] for stochastic stability of flows
on a 2-torus or a periodic cycle, to [13] for stochastic stability
of essentially a finite number of equilibria and periodic cycles
by introducing large deviation theory, to [14-17] for stochastic
stability of SRB measures, and to [18] for some global stochastic
stability characterizations.

In this paper, we adopt the distribution-based approach to
study the impact of white noises on basic dynamics of a system
of ordinary differential equations in an Euclidean space. More
precisely, we consider a system of ordinary differential equations

x=V(x), X €U CRY, (1.1)

where U/ is a connected open set which can be bounded, un-
bounded, or the entire R", and V = (Vi) € C(u, R"). We assume
throughout the paper that (1.1) generates a local flow ¢* on /. The
generality of domain ¢/ does allow a wide range of applications
because many physical models (e.g., those concerning populations
and concentrations) are not necessarily defined in the entire R".
Adding general multiplicative (i.e., spatially non-homogeneous)
including additive (i.e., spatially homogeneous) white noise per-
turbations, we obtain the following It6 stochastic differential equa-
tions (SDE in short)

dx = V(x)dt + G(x)dW, X €U CR"Y, (1.2)

where W is a standard m-dimensional Brownian motion for some
integer m > n, and G = (g¥),xm is a matrix-valued function on
U, called noise coefficient matrix. For generality, we assume that
gl e WhPu),i = 1,2,...,n,j = 1,2,...,m, for some fixed
constantp > n.

The stochastic differential equations (1.2) arise naturally as a
non-isolated physical system subject to noise perturbations from
its surrounding environments, in which the impact of noises on dy-
namics is often physically measured in term of distributions. They
can also arise naturally from the study of a large scale deterministic
but seemingly stochastic system, for instance a so-called meso-
scopic system which is partially structured but contains intrinsic
uncertainties in a fast time scale due to high complexity, large
degree of freedom, lack of full knowledge of mechanisms, the need
for organizing a large amount of data, etc. Under some exponen-
tial mixing assumptions on the fast dynamics, such a mesoscopic
system can have a stochastic reduction of the form (1.2) over
any finite time interval in which V represents the structured field
and G encompasses all dynamical uncertainties (see e.g., [19,20]).
Very recently, such stochastic reduction theory is systematically
extended to the case of partially hyperbolic fast-slow systems
(see e.g., [21-23]). It has been argued for a mesoscopic system
that in the case of sufficiently high uncertainty, a trajectory-based
approach using either deterministic or random dynamics modeling
would not provide much information to its dynamical description.
Instead, a distribution-based approach using stochastic differential
equations like (1.2) is necessary to adopt in order to synthesize the
typical patterns of dynamics (see [24] and references therein).

An important distribution-based approach for studying diffu-
sion process generated by (1.2) is to use its associated Fokker-
Planck equation (also called Kolmogorov forward equation)

ou(x, t)
= Lau(x,t), xeu,t>0,
at (1.3)
u(x,t) >0, / u(x, t)dx =1,
u

where A = (a¥) = g called the diffusion matrix, and Ly is the
Fokker-Planck operator defined as

Lag(x) = 07 (a"(x)g(x)) — 0:(V'(x)g(x)),

We note that @ € W, (1), i,j = 1,2,...,n. It is well-known

g € C*U).

that if the stochastic differential equation (1.2) generates a (local)
diffusion process in ¢/ (e.g., when both V and G are locally Lipschitz
in ¢«), then its transition probability density function, if it exists,
is actually a (local) fundamental solution of the Fokker-Planck
equation (1.3).

In the above and also through the rest of the paper, we use

i 8 a2 @
short notions 9; = o 0 = 0% and we also adopt the usual
summation conventiononi,j = 1, 2, ..., n whenever applicable.

Long time behaviors of solutions of the Fokker-Planck equation
(1.3) is governed by the stationary Fokker-Planck equation

Lau = 37 (a"u) — 3;(V'u) = 0,
(1.4)
u(x) >0, u(x)dx =1,
u
which, in the weak form, becomes
/ Laf(X)u(x)dx = 0, forallf € C5°(U),
u (1.5)
u(x) >0, f u(x)dx =1,
u

where C5°(2/) denotes the space of C*° functions on 2/ with compact
supports and

La = a'fa,i + Via,'

is the adjoint Fokker-Planck operator corresponding to A. Solutions
of (1.5) are called weak stationary solutions of (1.3) or stationary
solutions corresponding to L£4. More generally, one considers a
measure-valued stationary solution w4 of the Fokker-Planck equa-
tion (1.3), called a stationary measure of the Fokker-Planck equation
(1.3) or a stationary measure corresponding to £, which is a Borel
probability measure satisfying

/ Laf (x)dpa(x) =0, forallf € C°(U). (1.6)
u

If a stationary measure u4 is regular, i.e., dua(x) = ua(x)dx for
some density function uys € C(U), then it is clear that uy is
necessarily a weak stationary solution of (1.3), i.e, it satisfies (1.5).
Conversely, according to the regularity theorem in [25], if (a¥) is
everywhere positive definite in ¢/, then any stationary measure
corresponding to £, must be regular with positive density func-
tion lying in Wh])’f(u). In the case that (1.2) generates a diffusion
process on U, it is well-known that any invariant measure of
the diffusion process is necessarily a stationary measure of the
Fokker-Planck equation (1.3), but the converse need not be true.
However, under some mild conditions a stationary measure of the
Fokker-Planck equation (1.3) is always a sub-invariant measure
of some generalized diffusion process (see [26-28] for discussions
in this regard in particular with respect to the uniqueness of
stationary measures and their invariance). In this sense, stationary
measures of (1.3) may be regarded as generalizations of invariant
measures of a classical diffusion process.
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The existence of stationary measures of Fokker-Planck equa-
tions in R" has been extensively investigated (see e.g., [9,25,26,29-
31,39] and references therein). In our recent work [32,33], such
existence is investigated for a general domain under certain re-
laxed Lyapunov conditions. In addition, results concerning non-
existence of stationary measures of Fokker-Planck equations in a
general domain are also obtained in our work [34] under some
anti-Lyapunov conditions, which, together with the existence re-
sults in [32,33], lead to both sufficient and necessary conditions for
the existence of stationary measures of Fokker-Planck equations.

While the non-existence of stationary measures of Fokker-
Planck equations associated with a family of noise perturbations
reflects a strong stochastic instability of the unperturbed deter-
ministic system with respect to these noises, stochastic stability
and instability of the deterministic system at a dynamics level can
often occur with respect to noise families for which stationary
measures do exist for the corresponding Fokker-Planck equations.
In order to study the impact of noises on such stochastic stability
of the deterministic system when it generates a local flow, a funda-
mental problem is to classify basic dynamics subjects like compact
invariant sets and invariant measures of the local flow that can
“survive” from a given family of noise perturbations. This is in fact
our main motivation for the present study.

To be more precise, for a fixed drift field V € C(u,R"), we
consider noise coefficients matrices lying in the class

G ={G= (g : Rank(G) = n, g € W) (1),
i=1,2,...,n,j=1,2,...,m}

for some fixed p > n. The class G gives rise to the following class
of diffusion matrices:

" » GGT
A={A=(d") e WPu,GLn,R)): A= ——

loc

for some G € G}. (1.7)

To consider small noise perturbations, we will pay particular at-
tention to the so-called null family (resp. bounded null family) A =
{As} C A, i.e. adirected net of A which converges to 0—the zero
matrix, under the topology of W1P-convergence on any compact
subsets of ¢/ (resp. L>°-convergence on ¢/). Then with respect to the
system (1.1) and a given null family A = {A,} C A, our study
amounts to the characterization of behaviors of .A-limit measures,
i.e., sequential limit points, as A, — 0, of stationary measures {, }
corresponding to {£,,} under the weak*-topology. Our particular
attention will be paid to issues such as invariance and concentra-
tion of A-limit measures, stochastic stability of compact invariant
sets under uniform Lyapunov conditions, and the role played by
the multiplicative noises A to the stabilization of a strong local
attractor or de-stabilization of a strong local repeller.
Our main results of the paper are as follows.

Theorem A. Let A = {A,} C A be a null family. Then the following
holds.

(@) (Invariance of limit measures)If V € C'(14, R") and ' is a flow
on U, then any A-limit measure must be an invariant measure
of ¢'.

(b) (Stochastic LaSalle invariance principle) If (1.1) admits an en-
tire weak Lyapunov (resp. anti-Lyapunov) function Uy, then any
A-limit measure with compact support is concentrated on the
set So ={x eu : V(x)- VUy(x) = 0}.

(c) (Local concentration of limit measures) If V e C'(u, R") and
&o is either a strong local attractor or a strong local repeller
of ¢, then there is a neighborhood Wy of & in U such that
uWo \ &) = 0 for any A-limit measure .

Thus, when both V and A);s are smooth in#/, it follows from part
(a) of Theorem A that the stationary measures {x, } corresponding
to {£4,}, by having smooth density functions, can be regarded as
smoothers of their limit invariant measures.

We note that parts (b), (c) of Theorem A do not require ¢* be
a flow on U, in which case there is no guarantee that an .A-limit
measure is an invariant measure of ¢'. However, in the case that
@' is only a semiflow on %/, the invariance of an A-limit measure
can be also shown under certain conditions (see Theorem 3.1(c)
and Theorem B).

Given a null family A = {A,} C A, if there exists a uni-
form Lyapunov function in &/ with respect to the family {£,,}
(see Section 2), then there must exist a stationary measure i,
corresponding to each £,, (Proposition 2.1) and ¢" is necessarily a
dissipative semiflow on ¢/ (Proposition 2.4) whose global attractor
necessarily admits a flow extension (Proposition A.1).

Theorem B. Let A = {A,} C A be a null family. Assume that there
is a uniform Lyapunov function in U with respect to the family {La4,}
and denote by {u} the set of all stationary measures corresponding
to {La, }. Then the following holds.

(a) (Tightness of stationary measures) {1} is A-sequentially null
compact in M(U)—the space of Borel probability measures on
U, i.e., for any sequence {A,};2, C AwithA, — 0, {u,}g, is
relatively compact in M(U).

(b) (Global concentration of limit measures)If V e C'(u, R"), then
any A-limit measure is an invariant measure of ¢ concentrated
on the global attractor of ¢*.

Concentration of .A-limit measures on a compact invariant set
of ¢! is a primary feature of stochastic stability of the invariant set
with respect to the noise family .A—the so-called .A-stability which
we will define in Section 2. For instance, Theorem B actually implies
that the global attractor of ¢' is .A-stable if A is a so-called invariant
null family. Such A-stability is also closely related to the so-called
A-stability of an invariant measure of ¢'. We refer the reader to
Sections 2, 3 for more discussions in these regards.

Multiplicative noises actually play important roles in stabilizing
a local attractor or de-stabilizing a local repeller of ¢'. To ana-
lyze such roles played by multiplicative noises, we assume that
(1.1) admits a Lyapunov function in &/ whose second derivatives
are bounded. This Lyapunov function then becomes a uniform
Lyapunov function with respect to a bounded null family in A
(Proposition 2.5) for which Theorem B is applicable.

Theorem C. AssumeV € C'(¢4, R") and that (1.1) admits a Lyapunov
function in U whose second derivatives are bounded." Then the
following holds.

(a) (Noise stabilization of local attractors) If the global attractor of
¢ contains a strong local attractor, then there exists a normal
null family A = {A,} C A such that stationary measures cor-
responding to {L4,} exist, form an A-sequentially null compact
set in M(U), and any A-limit measure is an invariant measure
of ¢' concentrated on the local attractor.

(b) (Noise de-stabilization of local repellers) If the global attractor
of ¢ contains a strong local repeller, then there exists a normal
null family A = {A,} C Asuch that stationary measures corre-
spondingto {L,, } exist, form an A-sequentially null compact set
in M(U), but all A-limit measures are concentrated away from
the local repeller.

(c) (Noise instability of repelling equilibria) If the global attractor of
@' contains a strongly repelling equilibrium, then with respect

1 This condition can be weakened in some sense, see Remark 4.1 for details.
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to any normal null family A = {A,} C A onU, stationary mea-
sures corresponding to {L,,} exist, form an A-sequentially null
compact set in M(U4), but all A-limit measures are concentrated
away from the equilibrium.

In the above theorem, a normal null family is a more restricted
bounded null family defined in Section 2. For definitions of a strong
local attractor or repeller and strongly repelling equilibrium of
(1.1), we refer the reader to the Appendix.

The proof of Theorem C actually contains explicit conditions on
the noise family .4 under which (a) or (b) above holds. For instance,
in the case of (a), these conditions actually quantify how strong
the noises should be away from the local attractor in order to
achieve the desired stabilization. We refer the reader to Section 4
for details.

We note that Theorem C can actually be re-stated as such that
the strong local attractor in (a) is .A-stable with respect to some
invariant, bounded null family .4, the strong local repeller in (b) is
strongly .A-unstable with respect to some invariant, bounded null
family A, and the repelling equilibriumin (c) is strongly .4-unstable
with respect to any invariant, normal null family A.

This paper is organized as follows. Section 2 is a preliminary
section in which we mainly review some fundamental proper-
ties of stationary measures of Fokker-Planck equations associated
with (1.2) and introduce various notions of stochastic stability for
compact invariant sets and invariant measures of ¢*. In Section 3,
we study behaviors and concentration of limit measures. Possible
local concentration of a limit measure on a strong local attractor
or repeller will be studied and invariance of limit measures will
be discussed. Theorems A, B will be proved in this section. In
Section 4, we prove Theorem C by characterizing noise families
that stabilize a strong local attractor or de-stabilize a strong local
repeller. In Section 5, we demonstrate applications of our main
results by considering an example of stochastic Hopf bifurcation
in which the existence of a stochastically stable cycle is observed
and an example with non-decomposable w-limit sets in which
the complexity of stochastic stability for invariant measures is
witnessed. In the Appendix, we summarize some basic notions and
dynamical properties for a system of dissipative ordinary differen-
tial equations.

We remark that if the system (1.1) is defined on &/ x M, where
M is a smooth, compact manifold without boundary, then one can
modify the definitions of uniform Lyapunov and anti-Lyapunov
functions by replacing the domain &/ C R" with &/ x M so that
all results in Sections 3, 4 hold with respect to such a generalized
domain.

Through the rest of the paper, for simplicity, we will use the
same symbol | -| to denote the absolute value of a number, the norm
of a vector, a matrix, and the Lebesgue measure of a set. For any
connected open set £2 C ¢/ and any integer 0 < k < oo or k = oo,
we denote by CX(£2) the set of functions in C¥(£2) with compact
supports in £2 and by C,’,‘(Q) the set of functions with bounded
derivatives up to order k. When k = 0, we denote CJ(£2), C)(£2)
simply by Co(£2), Cp($2) respectively.

2. Preliminary

In this section, we will review some fundamental properties
of stationary measures of the Fokker-Planck equation associated
with (1.2) from [32,35] and define various notions of stochastic
stability for compact invariant sets and invariant measures. We
will also recall some characterizations of invariant measures and
a Harnack inequality to be used in later sections.

2.1. Lyapunov function and stationary measures

Let A = (a¥) be a given everywhere positive definite, n x n

matrix-valued function on ¢/ such that a/ e W,l’cp ), i,j =

1,2, ..., n. The matrix-valued function corresponds to an adjoint
Fokker-Planck operator:

Ly = a'jag + Viai

which defines a weak form of stationary Fokker-Planck equation
(1.5).

Let £2 be a connected open subset of ¢/. We recall from [32,35]
that a non-negative function U € C($2) is a compact function if
(i) Ux) < pum, X € £2; and (ii) limy_30U(x) = pu, where
PM = Sup,coU(x) is called the essential upper bound of U. For each
p € [0, py), wedenote 2, = {x € 2 : U(x) < p} asthe p-sublevel
setof Uand U™ (p) = {x € £2 : U(x) = p} as the p-level set of U.
In the above, the notion 92 and limitx — 062 are defined through
a unified topology which identifies the extended Euclidean space
E" = R" U dR" with the closed unit ball B" = B" U dB" in R"
so that dR", consisting of infinity elements of all rays, is identified
with dB" = S"~! (see[32,35] for details). Therefore, when 2 = R",
the limit x — 9R" is simply equivalent to x — oo.

We also recall from [32,34,35] the following notions of
Lyapunov-like and anti-Lyapunov-like functions.

Definition 2.1. A C? compact function U is called a Lyapunov
function (resp. anti-Lyapunov function) in §2 with respect to L, if
there is a p, € (0, py), called essential lower bound of U, and
a constant y > 0, called Lyapunov constant (resp. anti-Lyapunov
constant) of U, such that

LaU(x) < —v,

(resp. > y), x€R2 =2\ 2,,, (2.1)

where £ is called essential domain of U.If y = 0 in the above,
then U is referred to as a weak Lyapunov function (resp. weak anti-
Lyapunov function) in §2 with respect to £a.

Proposition 2.1 ([32, Theorem A]). If there is a Lyapunov function
in U with respect to L, then a stationary measure j corresponding
to L, exists and is regular in the sense that dua(x) = ua(x)dx for
some weak stationary solution u, € W,l’cp (U) corresponding to L.
Moreover, if the Lyapunov function is unbounded, then the stationary
measure is unique.

Below, we recall from [32,35] some measure estimates which
are derived based on the level set method introduced in these
works. In fact, these estimates only require the weaker regularity
condition on the drift field V that V' € L}, (u),i=1,...,n.
Proposition 2.2. Assume that there is a Lyapunov function U in £2
with respect to £, with Lyapunov constant y, essential lower bound
pm and upper bound py. Let §2, denote the p-sublevel set of U
for each p € [pm, pm). Then the following holds for any stationary
measure (. corresponding to Ly:

(a) ([32, Lemma 4.1]) For any po € (pm,oum), there exists a
constant C,,, ,, > 0 depending only on py, po such that

KU\ 2p0) < ¥ o 1Alc(2,0\2om)
x |VU|(2f(on\me)M('on \ £20p,)-
(b) ([35, Theorem A (b)]) If, in addition,

VU(x)#£0, VxeU Yp) for ae. p € [pm, pm), (2.2)
d(x)aU)JU(X) < H(p), x€df,,
p € [Pm: om) (2.3)

for some non-negative measurable function H defined on
Lom, om), then

.y [P 1
U\ 2,) < e Im e pe o pu).
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Proposition 2.3 ([35, Theorem B (a)]). Assume that there is an anti-
Lyapunov function U in $2 with respect to £, with anti-Lyapunov
constant y, essential lower bound py, and upper bound py. Let £2,,
denote the p-sublevel set of U for each p € [pm, pm). If U satisfies
(2.2), (2.3) with respect to a non-negative measurable function H
defined on [pm, pm), then the following holds for any stationary
measure ( corresponding to La:

P 1 g

W82, \ 25 ) = (2, \ 27 Ye” Jro 7O p € (Po. o).

where 2% = 2, UU ' (pn) = (x €U : U(X) < pm).

2.2. Null family
Consider the class A of diffusion matrices defined in (1.7).

Definition 2.2. (1) A null family (resp. bounded null family) A =
{A,} C Ais a directed net of A which converges to 0—the zero
matrix, under the topology of WP-convergence on any compact
subsets of ¢/ (resp. L°°-convergence on U{).

(2) Abounded null family {A, = (a!)} C Ais said to be a normal
null family if for any pre-compact open subset £2 of ¢/,

S Ay(£2)
u <
o 3l 2)
where, for each «,

Aa(g) = sup Aa(x)’

00, (2.4)

Ae(£2) = inf Ag(x)

Xef xeQ
. o 2 . T
Wlth Alx(x) =\ Ziqu(lg(Xﬂ and )\a(X) = lnfgeRn\{Q}% fOr
eachx € £2.

We note that in the above A,(x) is just the smallest eigenvalue
of A,(x) and A, (x) is strictly bigger than the largest eigenvalue of
Ay (x).

On 4, the topology of W!-P-convergence on any compact sub-
sets of ¢/ is metrizable. Through the rest of the paper, we denote an
equivalent metric generating this topology by d and denote the L
norm on the subspace of bounded elements of A by |-| for short.

Remark 2.1. By Sobolevembedding W P(£2) < C(£2)for any pre-
compact open set £2 C ¢/ with C! boundary 382, if A = {A,} C Ais
a null family, then A, — 0 uniformly on any compact subsets of 4.
This is because ¢/ can be approximated from inside by pre-compact
open subsets with smooth boundary.

Definition 2.3. Let A C A be a null family.

(1) Aissaidtobeinvariant ifforeachA = g € A,Uisinvariant
with respect to the diffusion process corresponding to G or A,
i.e., with probability one, any solution of (1.2) starting in ¢/
remains in ¢/ for all positive time of existence.

(2) Aissaid to be admissible if foreachA = % € A, there exists

a stationary measure corresponding to L.

Remark 2.2. Let A be a null family.

(1) With our assumptions on V and G € ¢, local existence of
solutions of (1.2) is guaranteed. The invariance of a null family .4
only requires that such solutions corresponding to eachA = % €

Ado not escape / when time evolves, and local uniqueness of them
is not even required.

(2) When &4 = R", it is obvious that any null family A is
automatically invariant. When ¢/ admits a boundary in R", the
invariance property of a null family .4 naturally leads to suitable
boundary conditions (on V orA € A orboth) of reflection, stopping,

or general Wentzell types (see [36-38]) for (1.2) or (1.3). For
instance, if (1.1) admits a Lyapunov function in ¢/ and each A € A
satisfies A(x) — 0 as x — dU, then it is not hard to see that A is
invariant.

(3) For a null family .4 to be both invariant and admissible,
certain uniform Lyapunov-like conditions (see below) are usually
needed. When/ is bounded, it is true by the theory of elliptic equa-
tions that if each A € A is positive definite on Z/ then there exists a
stationary measure in/ corresponding to each £4 [32,39]. But such
a null family will fail to be invariant. To ensure the admissibility of
a null family A in the case of degeneracy of A € A on i/, uniform
Lyapunov-like conditions are still necessary (see [32]).

Definition 2.4. Let A = {A,} C A be a null family and 2 C U«
be a connected open set. A C> compact function U is a uniform
Lyapunov function (resp. uniform anti-Lyapunov function) in §2 with
respect to A or {La,} =t {La}aec.a ifitis a Lyapunov function (resp.
anti-Lyapunov function) in §2 with respect to each £4, A € A, and
the essential lower bound p,;, and Lyapunov (resp. anti-Lyapunov)
constant y, of U, are independent of A € A.

Remark 2.3. (1) It follows immediately from Proposition 2.1 that
if there is a uniform Lyapunov function in ¢/ with respect to a null
family A4, then A is admissible.

(2) Consider Ac = €A, 0 < € < 1, forafixed A = (a¥) € A. Then
itis clear that {A.} is a null family, and in fact a normal null family
if A is uniformly positive definite on /. We note that a uniform
Lyapunov function can be easily obtained with respect to such a
null family. Assume that U is a Lyapunov function in 2 C ¢« with
respect to the operator £, with Lyapunov constant y. If U is quasi-
convex (i.e., the Hessian matrix D?U is positive semi-definite) near
052, then
L, = ed (x)37U(x) + V'(x)3;U(x)

3

< aU(x)35U(X) + VIx)aUx) < —y

for all x € $2 sufficiently close to 952, i.e., U becomes a uniform
Lyapunov function in §2 with respect to the family {£,_}.

A uniform Lyapunov (resp. anti-Lyapunov) function with re-
spect to a null family is actually a Lyapunov (resp. anti-Lyapunov)
function of the system (1.1).

Proposition 2.4. Suppose that U is a uniform Lyapunov (resp. anti-
Lyapunov) function in a connected open set 2 C U with respect to
a null family A = {A,} C A. Then U must be a Lyapunov (resp.
anti-Lyapunov) function of (1.1) in §2. Consequently, (1.1) generates
a positive (resp. negative) semiflow which is dissipative (resp. anti-
dissipative) in 2.

Proof. We only prove the case when U is a uniform Lyapunov
function in £2 with respect to {4, }.

Denote p,, respectively py, as the essential lower, respectively
upper, bound of U, y as a uniform Lyapunov constant of U, and £2,
as the p-sublevel set of U for each p € [pom, om). Then

Lp,U) = dd(x)FUR) + VI(x)GUR) < =y, x€ R\ 2,
By taking limit A, — 0 in the above, we have
V(x)-VUX) < —y, xe€R\£2,, (2.5)

i.e,, U is a Lyapunov function of (1.1) in £2. It follows from Proposi-
tion A.2 that (1.1) generates a positive semiflow which is dissipa-
tivein 2. O

Conversely, with respect to a bounded null family, a uniform
Lyapunov function can be naturally obtained from a Lyapunov
function of (1.1).
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Proposition 2.5. Let 2 C U be a connected open set and suppose
that (1.1) admits a C?> Lyapunov (resp. anti-Lyapunov) function U
whose second derivatives are bounded in §2. Then U is a uniform
Lyapunov (resp. anti-Lyapunov) function in §2 with respect to any
bounded null family A = {A,} C Awith |A,| < 1.

Proof. We only consider the case that U is a Lyapunov function of
p'in 2, ie,

V(x)- VU(X) < —v, xe 2,

where £2, y are essential domain, Lyapunov constant, of U, respec-
tively. Let A = {A,} = {(a!)} C A be a bounded null family. Then
with |4, < 1,

£4,U0) = a}33UG) + V(x) - VUG) < — 2.

o

xe R,

i.e,, U is a uniform Lyapunov function in £2 with respect to A =
{Ay}when |A,| < 1. O

2.3. Limit measures and stochastic stability

For a Borel set 2 C R", we denote by M($2) the set of Borel
probability measures on 2 furnished with the weak *-topology,
i.e., ux — p if and only if

/f Yu(x —>ff Ydu(o)

for every f € Cp(£2). It is well-known that M(£2) with the weak*-
topology is metrizable.

The following result is well-known (see e.g., [40, Chapter II,
Theorem 6.1]).

Proposition 2.6. Let {1¢}72 , be a sequence in M(£2
Then the following statements are equivalent.

Yand u € M(£2).

(1) limg_ oopt¢ = p under the weak*-topology.

(2) limsup,_, o, ue(C) < u(C) for any closed subset C of £2.

(3) liminf, o (W) > (W) for any open subset W of £2.

(4) limy_ ooue(B) = u(B) for any Borel subset B of §2 whose
boundary has zero w-measure.

By Prokhorov’s Theorem (see e.g. [41, Theorem 5.1]), a subset
M C M($2)isrelatively sequentially compact in M($2) if it is tight,
i.e,, for any € > 0 there exists a compact subset K. C §2 such that
w($2 \ K.) < e forall u € M. We note that if £2 is compact, then
any subset of M(£2) is tight.

Definition 2.5. Let A = {A,} C A be an admissible null family
and £2 C U be a Borel set. Consider the set {u,} of all stationary
measures corresponding to {La,}. For each p,, we denote u¥? =

;lfa(lrfzz) when u(£2) > 0, called a normalized stationary measure

in $2.

(1) An A-limit measure u* in £2 is a sequential limit point, as
A, — 0, of the set {/L;f} in M(£2). The set of all A-limit
measures in §2 is denoted by Mﬁ. If 2 = U, then we simply
denote szl by M4 and call each measure © € M4 an
A-limit measure.

(2) Theset{u} issaid to be A-sequentially null compactin M(£2)
if any sequence {M;Q} in the set with A, — 0 is relatively
compact in M(£2).

Remark 2.4. Let A = {A,} C A be an admissible null family on 2/
and £2 C U be a connected open set.

(1) By the aforementioned regularity theorem in [25], uq($2) >
0 in this situation.

(2) We note that when 2 = «/, the normalized stationary
measure p4 coincides with the original stationary measure p,
corresponding to £,,, for each .

(3) If the set {Mf} is A-sequentially null compact in M(£2), then

Mﬁ is clearly non-empty. In general, Mﬁ can be an empty set.
However, when 2 is a pre-compact open subset of ¢/ (i.e., its clo-
sure in R" is a compact subset of /), it follows from the regularity
theorem again that each statlonary measure corresponding to Ly,
is regular, hence each 2 is also a probability measure on £2. This
enables us to consider the set /vl‘2 of all A-limit measures of {?}
in M(£2), which is always non-empty because {[La } is tight, hence
relatively sequentially compact in M(£2).

(4) If a sub-domain £2 C U is considered in (1.6) instead of
U, then one can speak of a stationary measure corresponding to
La in 2. A normalized stationary measure 42 in £2 is necessarily
a stationary measure corresponding to {£,,} in £2. When £2 is a
pre-compact open subset of ¢/, stationary measures corresponding
to {£a,} in 2 other than the normalized ones {uf} also exist.
In fact, depending on the boundary conditions imposed, there
are infinitely many such stationary measures in §2 (see [32,39]
for details). Though most of our results in this paper hold for all
stationary measures corresponding to {£a,} in £2, we only work
with the normalized ones {; 21 because they are noise or diffusion
relevant.

We now define the following notion of stochastic stability with
respect to a given admissible null family of noise perturbations.

Definition 2.6. Let 2 C U be a connected open set and A =
{A.} C A be an invariant and admissible null family. Let {11, } be
the set of all stationary measures corresponding to {£,,} and {ua }
be the set of normalized stationary measures on £2.

(1) A compact invariant set 7 C £2 of ¢* is said to be relatively
A-stable in §2 if for any € > 0 and any open neighborhood W of 7
in U there exists a § > 0 such that £2(2 \ W) < € whenever
d(Ay,0) < §. An invariant measure u of ¢' in £2 is said to be
relatively A-stable in $2 if {/Lf} converges to u in M(£2)asA, — 0.

(2) A compact invariant set or invariant measure is said to be
relatively A-unstable in $2 if it is not relatively .A-stable in £2.

(3) A relatively .A-stable (resp. relatively .A-unstable) compact
invariant set or invariant measure in ¢/ is simply said to be .A-stable
(resp. A-unstable). A compact invariant set 7 is said to be strongly
A-unstable if supp(u) N7 =@ forall u € M4.

Remark 2.5. (1) Clearly the admissibility of a null family A is
necessary in defining (relative) A-stability, otherwise the (relative)
A-stability is void.

(2) The consideration of stationary measures instead of in-
variant measures allows a general characterization of stochastic
stability because they often exist regardless whether (1.2) gener-
ates a diffusion process or (1.3) generates a generalized diffusion
process, not talking about the fact that even when a diffusion or a
generalized diffusion process can be defined its invariant measures
need not exist. Such a consideration is natural in the sense that
compact invariant sets, respectively invariant measures, of (1.1)
are indeed stationary with respect to its induced flow on compact
sets, respectively on the space of Borel probability measures.

(3) The invariance of A is also necessary in defining (relative)
A-stability because for such a stability one would like to only
restrict the consideration to “noise relevant” stationary measures.
This is particularly so when ¢/ is bounded. In this case, stationary
measures corresponding to £, for any A € A always exist, but
depending on the boundary conditions imposed, many of which
need not be associated with true stationary processes if A fails to
be invariant (see also Remark 2.2(2) and Remark 2.4(4)).
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(4) Relative A-stability of a compact invariant set or an invariant
measure of ¢! in £2 only says that the normalized stationary mea-
sures {,uf } rather than the restricted stationary measures {(iy|o}
are “attracted” to the set or the measure as A, — 0, i.e,, it
can happen that eventually all or part of the original stationary
measures {{t,} corresponding to {£,4,} still “escape” from £2 and
concentrate elsewhere. To ensure the eventual concentration of all
restricted stationary measures {uy|o} in £2, an additional condi-
tion supp(u) N £2 # B, u € M 4 needs to be applied.

2.4. Harnack inequality

Consider the differential operator

Lu == 3;(a"(x)dju + b'(x)u) + ¢'(x)du + d(x)u, (2.6)
where da¥, b, ¢!, d,i,j = 1,...,n, are measurable and bounded
functions on a connected open set £2 C R". Assume that

d(x)EE = MEP,  xeQ, EeR (2.7)

for some constant A > 0, and there exist constants A > 0,v > 0
such that

3 laix)” < A2,
ij
723 (B + 1) + 27T d(] < v?

forallx € £2.
The following Harnack inequality is well-known (see Theo-
rem 8.20 of [42]).

Proposition 2.7 (Harnack Inequality). Assume that the operator L
satisfies (2.7) and (2.8). Let u € WU'2(£2) be any non-negative
solution of

Lu(x) =0, X e 2.

Then for any ball B4r(y) C 2, we have

supu < C inf u,
Br(y) Br(y)

where the constant C can be estimated by

C< CéA/A+vR)

for some constant Cy = Co(n) depending only on n.

2.5. Characterization of invariant measures

The following characterizations of invariant and semi-invariant
measures of ¢' in a subset of R" (see Section 6 for their definitions)
via the weak form of the Liouville’s equation should be well-
known. As we cannot find an appropriate reference, we include the
proof for the sake of completeness.

Proposition 2.8. Assume V € C'(i4, R") and let 2 C U be an open
invariant set of ¢'. Then u € M($£2) is an invariant measure of ¢' on
£2 if and only if

/ V(x)- Vh(x)du(x) =0,  he (). (2.9)
2

Proof. It follows from Riesz Representation Theorem that v; =
v, € M(£2) if and only if

/ h(x) dvi(x) = / h(x)dva(x),  he Cy(2).
2 2

(2.10)

Asany v € M(S2)is a Borel regular measure, (2.10) is equivalent to

/ h(x) dv(x) = / h(x) dva(x),
2 2

Foragivent € R, define u' € M(£2): u*(B) =: u(p~t(B))forany
Borel set B C £2. Then the invariance of . is equivalent to u = u'
forany t € R, which, by (2.10) and (2.11), is equivalent to

f h(x) du(x) = / h(x) dpct(x) = / (g (x)) dua(x),
2 2

2

h € Co(£2). (2.11)

t eR,

forallh € Cy($2)orall h € Co(£2).
Foranyh € C(}(.Q), consider the function

(2.12)

filt) = / Mot () du(x),  teR.
2

Then, for any ¢, s € R, we have by the flow property that

filt +5) = / h () du(x) = / h o ¢! (¢*(x)) du(x)
2 2
=fho(pt(s)-

It follows that

fh/(t) =fl‘:o(p[(0)’

If u is an invariant measure of ¢ in 2, then for any h € C(}(.Q),
(2.12) implies that fy(t) = fy(0) for all t € R. Taking derivatives
yields that f;(t) = 0. In particular, f;(0) = 0, i.e., (2.9) holds.

Conversely, suppose that (2.9) holds. Forany h € C(}(Q) and any
t € R, using the fact that ¢' : 2 — £ is a C! diffeomorphism, it
is easy to see that h o ¢ € C(}(.Q). Applications of (2.13) and (2.9)
with h o ¢! in place h yield that

he(C(R), teR. (2.13)

O = Fr 0 = [ V00 Vlto 6 ) =0,

2
ie.,

/ h(x) du(x) = / h(e"(x)) du(x), heCl(R), teR.

2 o)

Since C(}(Q) isdense in Cy(£2),(2.12) holds. Hence y is an invariant
measure of ¢' in 2. O

Proposition 2.9. Assume V € C!(u,R") and let 2 C U be an
open, pre-compact, positively (resp. negatively) invariant set of ¢".
Then u € M(£2) is a positively (resp. negatively) invariant measure
of ¢* on £2 if and only if

/ V(x)- Vh(x)du(x) = 0, h e C}(R2).
2

Proof. The proof follows from the same argument as that of
Proposition 2.8 with Cp(£2), C}(£2), R+ (resp. R_) in places of Co(2),
C,(£2), Rrespectively. O

3. General properties of limit measures

In this section, we consider some general limit properties of
stationary measures of a family of Fokker-Planck equations as
diffusion coefficients tend to zero. Among these properties, the
concentration of limit measures will play an important role in
characterizing stochastic stability of compact invariant sets of the
corresponding unperturbed deterministic system at both local and
global levels.

For a fixed vector field V € C(u, R") in (1.1), we consider the
class A of diffusion matrices defined in (1.7). When V e C!(i/, R"),
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(1.1) generates a C! local flow on ¢/ which will be denoted by ¢*
through this and the next section.

This section (as well as next section) uses some basic dynamics
notions of a local flow such as dissipation and anti-dissipation,
(strong) attractors and repellers, (entire, weak) Lyapunov and
anti-Lyapunov functions, and invariant measures. The definition
of these notions and some of their fundamental properties are
reviewed in the Appendix.

3.1. Invariance of limit measures

Part (a) of Theorem A follows from part (b) of the following
result when taking £2 = u.

Theorem 3.1. Let A = {A,} C A be an admissible null family and
§£2 C U be a connected open set. Then the following holds for any
n e Mﬁ.

(@) [, V(x)- Vh(x)du(x) =0 forallh € Cj(£2).

(b) Suppose that V e C'(u, R") and that £2 is an invariant set of
@". Then w is an invariant measure of ¢' on £2.

(c) Suppose that V e C'(u, R™), and that there exists an open, pre-
compact, positively (resp. negatively) invariant set of ¢' in 2
containing supp(u). Then w is an invariant measure of ¢' on
2.

Proof. Denote {17} as the set of all normalized stationary mea-
sures corresponding to {L4,} in 2. Let {4} = (a;])} C A and
{w = uf?} C {n8} be sequences such that A, — 0 and p; —
in M($2),asl — oo.

We note by the definition of stationary measures that
/ (a]35h(0) + VIgh(x) du(x) =0, h € (), (3.1)

Q

for all I. Using the uniform convergence of (a;'j) to 0 on any compact
subsets of ¢/ and the weak*-convergence of y; to u, we have by
simply taking limit [ — oo in (3.1) that

/ V(x)- Vh(x)du(x) =0,  he ().
2

It follows that (a) holds because C;°($2) is dense in C(}(Q).

When £2 is an invariant set of ¢!, the invariance of u follows
from Proposition 2.8. This proves (b).

To prove (¢), we let §2 be an open, pre-compact, positively (resp.
negatively) invariant set of ¢ in £2 containing supp(u). For any
h € C}(£2), we let h € C}(£2) be an extension of h. Then by (a), we
have

/ V(x) - Vh(x) du(x) =/ V(x) - Vh(x) du(x) = 0.

2 Q

It follows from Proposition 2.9 that u is a positively (resp. neg-
atively) invariant measure of ¢’ in 2. It follows from Proposi-
tion A.5 that p is an invariant measure of ¢' in £2 supported on the
w-limit set (£2) (resp. a-limit set «(§2)) of £2. It follows that w is
an invariant measure of ¢! on £2 because u(2 \ 2)=0. O

3.2. Stochastic counterpart of the LaSalle invariance principle

For a deterministic dynamical system, the classical LaSalle in-
variance principle (see Proposition A.3) is an important tool in
locating w-limit sets using a Lyapunov-like function. For the
stochastic system (1.2), we show below that a similar principle can
be obtained for locating the support of a limit measure.

For a Borel set £2 C ¢/ and an admissible null family A = {A,} C
A, we denote

T = Ulsupp(u) : p € MG} (32)

In the case 2 = U, we simply denote jﬁ{ by J4.

Proposition 3.1. Let A = {A,} C A be an admissible null family
and 2 C U be a connected open set. Then the following holds.

(a) If (1.1) admits an entire weak Lyapunov (resp. anti-Lyapunov)
function U in $2, then any u € Mﬁ with compact support
satisfies

supp(u) CS={x € £ : V(x) - VU(x) = 0}.

(b) If the set Jf{ is contained in a compact set J C 2 and there
is an entire weak Lyapunov (resp. anti-Lyapunov) function Uy
of (1.1) defined in a neighborhood of 7, then any u € Mﬁ
satisfies

supp(p) C So = {x € J : V(x) - VUp(x) = 0}.

Proof. To prove (a), we let pg > 0 be such that the pg-sublevel set
£2,, of U contains the support of 1. Applying Theorem 3.1(a) to a
function h € C&(Q) satisfying h = U on £2,,, yields that

0= / V(x)- Vh(x) du(x) = f V(x)- VU(x) du(x)
2 2

00
ffz NR\S)

00
Since V(x) - VU(x) is of constant sign on £2,) N (£2 \ S), u(£2,, N
(£2\5))=0,ie,supp(u) C £2,, NS CS.

To prove (b), we note by (a) that supp(n) C So = {x €
20 : V(x) - VUp(x) = 0}, where £2¢ is a neighborhood of 7 in
which Uy is defined. By the definition of Jf in (3.2), we also have
supp(u) C J. It follows that supp(u) C J N Sp, from which (b)
follows. O

V(x) - VU(x) du(x).

We note that part (a) of Proposition 3.1 with £2 = ¢/ is precisely
the part (b) of Theorem A.

3.3. Some general properties on A-stability

We first give an equivalent condition for a compact invariant set
of ¢' to be relatively .A-stable or .4-stable.

Proposition 3.2. Let 2 C U be a connected open set, 7 C £2 (resp.
J C U) be a compact invariant set of ¢, and A = {A,} C A be an
invariant and admissible null family. Then 7 is relatively A-stable in
§2 (resp. A-stable) if and only if the set {uf} of all normalized (resp.
the set {114} of all) stationary measures corresponding to {L,,} in 2
(resp. in U) is A-sequentially null compact in M(§2) (resp. in M(U))
and J§ C J (resp. Ja C J), ie, supp(u) C J forall p € M%
(resp. ;L € M)

Proof. To show the sufficiency, we suppose for contradiction that
J is not relatively .A-stable in £2. Then there exists an ¢y > 0, an
open neighborhood W of 7 in £2 and a sequence {A;} C A such
that A, — 0 but sz(.Q \ W) > ¢ for all L. Since {Ml‘z} is relatively
sequentially compact, we may assume without loss of generality
that ,ufl converges, say, to some p € Mf‘. Since £2 \ W is a closed
subset of £2 under the restricted topology, Proposition 2.6 implies
that (2 \W) > lim sup;_, oo i1 (2 \W) > €. Thus, supp(u) 7,
a contradiction to the fact that jX c J.

To show the necessity, we let {A;} C A be a sequence such
that AA — 0. Let ¢ > 0 be given. We also take any compact
neighborhood W of 7 in £2. Since 7 is relatively .A-stable, there
exists a positive integer N such that
£>N,

HE(R\W) <e, (3.3)

i.e, g (W)= 1—eforall¢ > N.Since each 11§ is a Borel regular
measure, there is a compact subset B of £2 such that /,Lfe (B)>1—¢
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forall1 < ¢ < N.Let K = BU W. Then K is a compact subset of
2 and pf (K) = 1 — e for all £. This shows that {ug }32, is tight,
hence relatively compact in M(£2). '

Let u € Mﬁ. Then there exists a sequence {A;} C A with
A; — 0 such that lime_wo,ulﬂ2 = u under the weak*-topology.
Again, using the relative A—staf)ility of 7 in £2, we see that for any
¢ > 0 and any compact neighborhood W of 7 in £2, (3.3) holds
with the present €, W, and {/Lff[ }. Since £2 \ W is an open subset of
£2, Proposition 2.6 implies that

w2\ W) < li[minfuf‘i(.(z \ W) <e.
— 00 g

Since € and W are arbitrary, we have u(2 \ J) = 0 by the
continuity of probability measures, i.e., supp(u) C J. O

Corollary 3.1. AssumeV € C'(u,R"). Let A = {A,} C A bean
invariant and admissible null family and §2 C U be a connected open
set. If jj{" (resp. J4) is a relatively A-stable set in $2 (resp. A-stable
set), then it is the smallest relatively A-stable set in §2 (resp. A-stable
set), i.e., it contains no proper relatively A-stable subset in $2 (resp.
A-stable set).

Proof. It follows from Proposition 3.2 immediately. O

The following result establishes some connections between
(relatively) A-stable sets and measures.

Proposition 3.3. Let A = {A,} C A be an invariant and admissible
null family and §2 C U be a connected open set. Then the following
holds.

(a) Let u € M(£2) (resp. w € M(U)) be an invariant measure of
@' with compact support. If 1 is relatively A-stable in §2 (resp.
A-stable), then so is supp(u) as a compact invariant set.

(b) AssumeV e C'(u, R™). Let 7 C 2 (resp. 7 C U)be acompact
invariant set of ¢' which is uniquely ergodic and contained in
an open, pre-compact, positively or negatively invariant subset
of ¢t in Q2 (resp. inu). If 7 is relatively A-stable in £2 (resp.
A-stable), then so is the unique ergodic measure on J.

Proof. Denote {17} as the set of all normalized stationary mea-
sures in §2 corresponding to the family {£,,}.

(a) We note that supp(y) is a compact invariant set of ¢ in £2.
Since p is relatively .A-stable in £2, {,ug} converges to  in M($£2)
as A, — 0.Let W be an open neighborhood of supp(u) in §2. Then
it follows from Proposition 2.6 and the fact «(£2 \ supp(u)) = 0
that
limsup g (2 \ W) < u(2 \ W) =0.

Ag—0
Thus for any € > 0, there exists § > 0 such that u2(2 \ W) < ¢
whenever d(A,, 0) < 8, i.e., supp(u) is relatively .A-stable in £2.

(b) Let v be the unique invariant measure of ¢' on 7. Suppose
for contradiction that v is not relatively .4-stable in §2. Then there
are sequences {A; = (a})}%°, C Aand {f?} C {u} such that
A — 0 but //L[Q is not convergent to v in M(£2), as | — oo.
Since 7 is relatively .A-stable in £2, Proposition 3.2 implies that
{ uf{ } is relatively sequentially compact. Without loss of generality,
we assume limg_,ocuf\zl = v* # v. By Theorem 3.1(c) and
Proposition 3.2, v* is an invariant measure of ¢‘ on 7. But since
J is uniquely ergodic, we must have v* = v, a contradiction. O

We now consider the case when there exists a uniform Lya-
punov function corresponding to {£,,} in £2. In this case, we recall
from Proposition 2.4 that ¢ must be dissipative in £2, in particular,
£2 is a positively invariant set and contains a maximal attractor of
@* (Proposition A.1).

Lemma 3.1. Let A = {A,} C A be an admissible null family and
£2 C U be a connected open set. Suppose that there is a uniform
Lyapunov function in §2 with respect to {La,} with essential lower
bound p, and upper bound py. Then the following holds.

(a) The family {1*?} of all normalized stationary measures in §2
corresponding to {L,, } is A-sequentially null compactin M($2);

(b) supp(u) C $£2,, forany u € M=, where £2,,, denotes the
pm-sublevel set of U.

Proof. Denote y as the uniform Lyapunov constant of U and £2,, as
the p-sublevel set of U in §2 for each p € [pom, oum).

To prove (a), we let {A; = (ag)} C Abe asequence withA; — 0
as | — oo, and denote u; := w;° for all . For a fixed pg € (om, pm),
we have by Proposition 2.2(a) that

(2 \ 2p0) < 12\ 2,) < ¥ Copo g Al c(2,0\2m)
X |VU|g(9p0\_me)Ml(~Q,oo \me ),

foralll = 1,2,..., where C,, ,, is a constant depending only on
£2, po, pm. It follows that for any € > 0, there is a natural number
Iy such that

w2\ 2,,) < €, I=lh+1,....

Foreachl = 1,..., Iy, clearly we can find a compact set S; C £
such that p(2\S)) < €.LetK, = 2,,U(UJ,S). Then 1 /(2\K.) <
€ for all I. This shows that the sequence {1} is tight, hence relatively
sequentially compact in M(£2). _

To show (b), we note that £2 \ £, is open. Applying Proposi-
tion 2.6, we have by taking limit | — oo in (3.4) that

(3.4)

0= liminf (2 \ 29) = (2 \ 2p). (35)
This implies supp(n) C fz,,m by the continuity of probability
measures and the arbitrariness of pg € (om, pu). O

Note that Theorem B(a) is just Lemma 3.1(a) when taking 2 =
U.

Theorem 3.2. Assume V € C!(u,R"). Let A = {A,} C A be an
admissible null family and §2 C U be a connected open set. If there
is a uniform Lyapunov function in 2 with respect to {L,,}, then the
following holds:

(a) M% # @ and each u € M% is an invariant measure of ¢' in
2 supported on J—the maximal attractor of ¢ in £2.

(b) If Ais invariant, then Jf{ and 7 are the smallest and largest
relatively A-stable sets in 2, respectively.

Proof. (a) Denote by {,uff } the set of all normalized stationary
measures in £2 corresponding to {£,, }. By Lemma 3.1(a), Mﬁ #+ 0.
Let 4 € M. Then there is a sequence {u; = pj } such that

= lim_ oo u;, where {4, = (a;j)} C A is a sequence such that
A} — 0as | — oo.Denote U as a uniform Lyapunov function in £2
with respect to {£4,}, pm as an essential lower bound of U, py as
the essential upper bound of U, and £2,, as the p-sublevel set of U
for each p > 0. By Lemma 3.1(b), we have supp(u) € £2,,,,.

For fixed p € (pm, pom), by Proposition 2.4, §2,, is an open, pre-
compact, positively invariant set of ¢ in £2 containing supp(u),
so it follows from Theorem 3.1 c¢) and Proposition A.5 that u is
an invariant measure of ¢' supported on the maximal attractor
J = o(£2,,,) of " in 2,,, which is also the maximal attractor of
o' in 2.

(b) We note by the invariance of any u € M that 7% is a
compact invariant set of ¢¢ in £2 and by (a) that Jf C J.Itfollows
from Proposition 3.2, Lemma 3.1(a) and Corollary 3.1 that both .7;2
and J are relatively .A-stable sets in £2 with J° f being the smallest
relatively .A-stable set in £2. Since the maximal attractor 7 is the
largest compact invariant set of ¢* in £2, the proof is complete. O
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Note that Theorem 3.2(a) immediately implies Theorem B (b)
when 2 =u.

Corollary 3.2. AssumeV e C'(u, R"). If (1.1) admits a C? Lyapunov
function whose second derivatives are bounded on U, then the global
attractor J in U is A-stable with respect to any invariant, bounded
null family A.

Proof. It follows from Proposition 2.5, Remark 2.3(1), and Theo-
rem3.2with2 =u. O

3.4. Local concentration of limit measures

For a given admissible null family A = {A,} C A, if there exists
a uniform Lyapunov function with respect to {£,,}, then when
§£2 = U Theorem 3.2 asserts that any limit measure u € M is
an invariant measure of ¢' supported on the global attractor .7 of
¢*. In this case, a possible local concentration of x is clear because
any invariant measure of a flow defined on a compact metric space
is supported on the closure of the recurrent set of the flow [43].

In case that a uniform Lyapunov function is not known on ¢/, in-
formation may still be obtained about possible local concentration
of a limit measure © € M_4 on a compact invariant set £ C U of
¢!, i.e., there is a neighborhood W of £ in/ such that u(W\ £) = 0,
provided that a uniform Lyapunov or anti-Lyapunov function is
known on W.

We first consider a pre-compact set £2 C ¢/ in which a uniform
anti-Lyapunov function with respect to {£4, } exists. We note that
M is always non-empty (see Remark 2.4) even if M is empty.
We also note by Proposition 2.4 that, with the existence of a
uniform anti-Lyapunov function in £2 with respect to {£a,}, ¢*
must be anti-dissipative in £2. In particular, §2 contains a maximal
repeller of ¢°.

Lemma 3.2. Let A = {A,} C A be a null family. Suppose that 2
is a connected, open, and pre-compact subset of U and that there is a
uniform anti-Lyapunov function U with respect to {L,,} in §2. Then
the following holds.

(a) The family {11?} of normalized stationary measures in $2 corre-
sponding to {L,,} is relatively seqLientially compact in M(£2).

(b) Forany u € Mﬁ, supp(p) C £2,,, U 982, where py, is the
essential lower bound of U and $2,,, is the pn-sublevel set of
uU. )

(c) If V e CY(u,R"), then for any 1 € Mf\, supp(u) C R U
082, where R is the maximal repeller of ¢t in 2. Moreover,

. I . .
if wW(R) # 0, then % is an invariant measure of ¢ on

R, and consequently, w is an invariant measure of ¢' in £2 if
n(082)=0.

Proof. (a) holds because {MD‘Z}, as a family of Borel probability
measures on the compact set £2, is tight.

To prove (b), we let {A, = ()} C Aand {u = p’} be
sequences such that Ay — Oand u; —> u € M(2)asl — oo.
Denote py as the essential upper bound of U, y as the uniform
anti-Lyapunov constant of U, and 2, as the p-sublevel set of U in
2 for each p € [pm, pm)-

For each p € [pm, pum), we have

Q/(RUEGUR) < WAllea)| VU g ) X €082,

Thus, for a given pg € (om, pum), it follows from Proposition 2.3 that

vCp vCp

Wi 20\ 25,) < (2, \ 25,)e @ <e (36)

where 2% = 2, UU (pm), a1 = |Allgq) and C, = L0

p € (po, Pm)- _ _

Since Ay — 0and L4 U(x) > y forallland x € 2 = 2\ £2,,,
taking limit | — oo yields that V(x) - VU(x) > y in £2. Hence
V(x) - VU(x) > y on the closure of §2 in £2, i.e., on the set {x €
£2 : U(X) = pm}. Forany p € [pm, pu) and x € 352,, the Implicit
Function Theorem implies that in the vicinity of x, 32, is a local C?
hypersurface which coincides with a portion of the level surface
U~1(p). Since 082, is a compact set, it consists of finitely many c?
components, each of which is oriented. Thus, £2, is a C> domain
and

32, =U""(p), foranyp € [pm, pm). (3.7)

In particular, 2% = £,,. Since a — 0, an application of
Proposition 2.6 to (3.6) yields that u(£2,, \ £2,,) = 0 for any
po € (Pm. pm). It follows that 44(£2 \ £2,,,) = 0. Hence supp(n) C
R UL,

To prove (c), we observe that if M(me) = 0, then by
(b), supp(n) C 9£2. Now suppose u(£2,,) # 0 and let
P, o € (om, om) be fixed such that p, < pg. We have by
(b) that w(9£2,,) = 0. It follows from Proposition 2.6 that
limy_, oo ti(£2,,) = 1(£2,,), and therefore

,U«l|.(2/)o
' M[(on)

is a sequence of stationary measures corresponding to {£y } in £2,,,
which converges to

M|9p0
M(‘Q,Oo)

as | — oo. We clearly have supp(jt) C £2,, because pn, < p..
Since V(x) - VU(x) > yin{x € £ : Ux) > pm}, 2, isa
negatively invariant, pre-compact open subset of £2,,. It follows
from Theorem 3.1(c) with £2 in place of &/ and £2,, in place of
£2 that fi is an invariant measure of ¢' on £2,,. Moreover, by
Proposition A.5, fi is supported on «a(£2,,) = R—the maximal
repeller of ¢' in £2. Therefore, supp(it) C R. By (b), supp(u) C

f=

R U 0£2. Since % = /1‘71' the proof is complete. O
Theorem 3.3. Assume V € C'(u,R"). Let A = {A,} C A be an
admissible null family, © € M4, and 2 C U be a connected open
set. Then the following holds.

(a) Ifthere exists a uniform Lyapunov function in 2 with respect to
{La,}, then u($2 \ J7) = 0, where J is the maximal attractor of
o
otin 2.
(b) If £2 is pre-compact in U and there exists a uniform anti-
Lyapunov function in §2 with respect to {La, }, then uW(2\R) =
0, where R is the maximal repeller of ¢" in $2.

Proof. Let {A; = (a}])} C Abeasequence such thatA; — Oand {u}
be a sequence of stationary measures corresponding to {£4 } such
that u; — € M(i) as | — oc. Also let U be a uniform Lyapunov
function in £2 in the case (a) and a uniform anti-Lyapunov function
in 2 in the case (b), with essential lower bound p,;, and upper
bound py. For each p € [pm, pm), denote 2, as the p-sublevel
set of U.

If u(£2) = 0, then the theorem holds automatically. We now
suppose that u(£2) # 0. For any po € (om, om), applications of
(3.4),(3.6),(3.7)to

- e
wi($2)
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in place of y, for the case (a), (b) respectively yield that

(82 \ 2,,) = 0, in the case (a), (3.8)

W(2p9 \ £2,,,) = 0, in the case (b), (3.9)

for any pg € (om, pm). Now let p, € (om, o) be fixed. Then (3.8)
and (3.9) imply that

w(082,,) =0.
Hence it follows from Proposition 2.6 that

Milg,,
Ky =
MI(‘Q/J*)

is a sequence of stationary measures corresponding to {£4 } in £2,,
which converges to

M|.op*
/L(“Qﬂ* ) ’

We note that U is also a uniform Lyapunov function in £2,, in the
case (a) and a uniform anti-Lyapunov function in £2,, in the case
(b), with respect to {L,, }.

In the case (a), it follows from Theorem 3.2 with £2 in place of
U and £2,, in place of 2 that u*(£2,, \ J) = 0, implying that
w(82,, \ J) = 0.In the case (b), since u*(92,,) = 0, we have
by Lemma 3.2 (c) with £2 in place of &/ and §2,,, in place of £2 that
w*(£2,, \ R) = 0, implying that u(£2,, \ R) = 0. This completes
the proof because p, € (om, pm) is arbitrary. O

*

W=

Part (a) of the following result is precisely part (c) of Theorem A.

Corollary 3.3. Assume V € CYu,R") and ¢' admits a strong
local attractor Jy (resp. strong local repeller Ry) with an isolating
neighborhood Wz, (resp. Wg,). Then the following holds for any
admissible null family A = {A,} C A.

(a) Forany u € Ma, Wz, \ Jo) = 0 (resp. w(Wg, \ Ro) = 0).
(b) Jo is relatively A-stable in W, if Ais invariant.

Proof. We note by the proof of Proposition A.4 that (1.1) admits a
C? Lyapunov (resp. anti-Lyapunov) function U in W = W To» WRe-
Since W is a pre-compact subset of ¢, all second derivatives of
U are bounded in W. Let A = {A,} C .A be any null family.
Without loss of generality, we assume d(A,, 0) < 1.1t follows from
Proposition 2.5 that U is a uniform Lyapunov (resp. anti-Lyapunov)
function in W with respect to {£,, }. By Theorem 3.3, u(W\ J) = 0
(resp. (W \ Ro) = 0). This proves (a).

Using the uniform Lyapunov function U in W, with respect to
{£a, } and the fact that 7 is the maximal attractor of ' in W, (b)
follows from Theorem 3.2 with 2 =Wg,. O

4. Stabilization and de-stabilization via multiplicative noises

Throughout the section, we assume V € C!(i/, R") and that
(1.1) admits a C? Lyapunov function with bounded second deriva-
tives on /. For any bounded null family A4 = {A,} C A, it follows
from Proposition 2.5, Remark 2.3(1), and Theorem 3.2 that A is
admissible, M4 # ¢, and any limit measure u € M4 is an
invariant measure of ¢' supported on the global attractor .7 of ¢!,
i.e,, J is A-stable if A is also invariant. Moreover, by Corollary 3.3,
if 7 contains a strong local attractor [J (resp. repeller Rq), then p
may be locally concentrated on 7, (resp. Ro). In fact, we believe
that local concentration on a strong local repeller can be expected
only when it further contains a sub-local attractor, as suggested by
Theorem 4.2.

In this section, we will demonstrate an important role played by
multiplicative noise perturbations. We will show that if 7 contains

a strong local attractor J, of ¢!, then one can design a particular
invariant, bounded null family A =: {A,} C 4 by adding stronger
noise away from the local attractor such that any u € My is
(globally) concentrated on 7y, i.e., Jo is .A-stable. On the contrary,
if 7 contains a strong local repeller R of ¢¢, then one can design
a particular invariant, bounded null family 4 =: {A,} C A by
adding stronger noise on and near the repeller such that any i €
M 4 is (globally) concentrated away from Ry, i.e., R is strongly
A-unstable.

In the case that Ry is a strongly repelling equilibrium, we will
show that it is strongly .A-unstable with respect to any invariant,
normal null family A C A.

4.1. Stabilizing a local attractor and de-stabilizing a local repeller

Let & be either a strong local attractor or a strong local repeller
of ¢' in ¢4. We denote the isolating neighborhood of & by Wy.
Then by the proof of Proposition A.4 there is a positive function
Uy € C?(¢4) and constants yp, p > 0 such that dWy = {Up(x) = p}
and

[V(x) - VUo(X)| > yolVUo(x)l, X €Wy = 0923, (4.1)

where (22 denotes the p-sublevel set of Uy for each p > 0. By
modifying Uy away from 9y, we can assume without loss of
generality that Up(x) < p for all x € Wy, so that Uy becomes a
compact function in Wy. We note that Wy = .(_Zg = .Qg U U, (p).

Lemma 4.1. Let &, Wo, Uo, p, Yo, §2) be as in the above, and A =
{Ay} C A be a null family on U. Then there are positive constants
P, p*, depending only on Wy, Uy, with p, < p < p*, such that as
d(Aq, 0) < 1,
C
1a(20 \ W) = 11a(20 \ Wp) < & @l
when &g is a local attractor,

taWo \ £20,) = pa(Wo \ 20,) <€ @,
when & is a local repeller

]
(o

for all stationary measures {j,} corresponding to {L,, }, where

VO(Ia - P*) minxegg)g |VUO(X)|

G = 5>

2max,, <uyw<p | VUo(X)]
ai(a) = max |Au(x)l,

p«<Up(x)<p

700" — ) min,cy 0 VU (x)|

G =

2 max; <yy=p* |VUo(X)I?
G(e)=_max [Ay(x)].

p=Up(x)=p*

Proof. By (4.1), there are p,, p* with p, < p < p* such that, for
allx € 29\ 29, VUp(x) # 0and

)

) Yo min, _, 50|V Up(x)|
£, Uo(X)| = 1al05Uo(x) + V(x) - VUp(x)| = >
as d(Ay, 0) < 1. Since Wy is connected, by making p,, p* suf-
ficiently close to p if necessary, we may assume without loss of
generality that .Qg is a connected open set for each p € (ps, p*). As
in the proof of Lemma 3.2, the Implicit Function Theorem implies
that £ is a C* domain and (_22 = 20U Uy '(p) for each p €
(s> P*).
In the case that & is a strong local attractor, the remaining part
of the lemma follows from Proposition 2.2(b) with .Qg* in place of
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£2 and
Yo minxeagg |VUo(x)|

2

oM =P, P =Py pP=p, Y =
|V Uo(x)[.

)

H =a;(@¢) max
px=Up(x)=p

In the case that & is a strong local repeller, the remaining part
of the lemma follows from Proposition 2.3 with W) in place of §2
and

P =1p%, pm=ps Po=p, Y=
IVU)PP. O

Yo minxe{iﬂg |VU0(X)|

2

’

H = ay(¢) max
p=Up(x)=p*

Theorem C(a), (b) follow from the following result.

Theorem 4.1. Assume V e C'(u, R") and that (1.1) admits a C?
Lyapunov function with bounded second derivatives on U. Then the
following holds.

(a) For any strong local attractor [Jy lying in U, there is a normal
null family A C A on U which is both invariant and admissible
such that M 4 # @ and each limit measure @ € M4 is an
invariant measure of ¢' supported on J,. Consequently, 7y is
A-stable.

(b) For any strong local repeller Ry lying in U, there is a normal
null family A C A which is both invariant and admissible such
that M 4 # O and each limit measure u € M4 is an invariant
measure of ¢' supported on the maximal attractor 7, of ¢' in
J \ Wq, where 7 is the global attractor of ¢ and Wy is an
isolating neighborhood of Ro. Consequently, 7, is A-stable and
Ry is strongly A-unstable.

Proof. Let & denote either a local attractor 7y or a local repeller
Ro, and W, be an isolating neighborhood of &;. We note that since
U is dissipative, & must lie in the global attractor 7 of ¢t.

First of all, we fix a pre-compact, connected open neighborhood
2o of Jinu. Let A = {A,} = {(a!)} C A be any bounded null
family. We have by Proposition 2.5 that there is a uniform Lya-
punov function with respect to {£,, } in /. Hence by Remark 2.3(1)
A is admissible. Denote {1} as the set of all stationary measures
corresponding to {4, }. It follows from Lemma 3.1(a) that {4}
is A-sequentially null compact in M(2/) and hence M 4 # . By
Theorem 3.2,any u € M_4 is an invariant measure of ' supported
on the global attractor 7.

Ifur = R", then Ais clearly invariant. Otherwise, one can modify
each A € A near ou such that A(x) — 0 as x — JuU. Since
(1.1) admits a Lyapunov function in 2/, it is not hard to see that the
modified normal null family .4 becomes invariant.

Let py, p*, P, Qp, p € [ps, p*], be as in Lemma 4.1. Recall that
Ox < P < prand Wy = Q .By taking p* further small if necessary,

we can assume £2°, C .Qo

For fixed p* € (p, p*), p« € (p«, p), we consider sets

D — |0\ 2., wheng = 7,
o Qg*, when & = Ry,
D* — Qg* \ .Qg, when & = Do,
QS\QO*, when & = Ro,

D _ Qg \ 220, when & = o,
* 5_22* \ .Q-O, when & = Ro,

and fix a fixed small neighborhood £2 of D in ¢/ with 2ND, = 0.
Positions of the sets Wy, D, D*, D,, 2, & in U are illustrated in
Figs. 1and 2.
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Fig. 1. The attractor case.
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Fig. 2. The repeller case.

Let {Bﬁ(yk)}ﬁ’:], for some integer N and small real number R > 0,
be balls of radius R centered aty, € D,k = 1, ..., N, such that their
union covers D and

N
[ Blen) € £2
k=1

Using the facts that fzg* C $20, £20 is connected, and 522 is a con-
nected open set with oriented C? boundary for each p € (py, p*),
we see that D has finitely many components, say, Dy, D5, ..., D;.
Since 327, C int(20, \ 29)and 327 C int(2) \ £29), it is not
hard to see that |D; ﬂD*| >0foralli=1,2,.

We now restrict {A,} to be a normal null famlly satisfying Ay €
C'(u, GL(n, R)) for each « and

sup Al(2) < 1, (4.2)

where, for each «,

Aq(£2) = sup|dAq(x)|.

xe2
For each «, denote u, as the weak stationary solution correspond-
ing to L4, that is associated with the measure u,. We also let
Ag, Ay be the quantities defined as in Definition 2.2 on each pre-
compact open subset of ¢/ for the restricted family {A,}.

Note that the above neighborhood £2 of D can be chosen such
that the number of components of §2 is at most I. Therefore,
applying Proposition 2.7 in £ with b' = §al — Vi, ¢/ = d = 0,
i=1,...,n, wehave

2k )
sup ug(x) < C “ "‘(Q inf ug,(x),
Br(y) Br(yi)

i=1,..,N,

where Cy > 1 is a positive constant depending only on n and §2,
C1 = sup, ‘A‘“((g)) < o0,and G, = 2n(supa/~XO,(.Q)+supx€9|V(x)|) <

2n(1 + supyeo|V(x)]) < oo.
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Let C3 =

(z)vcl and C, = NGRInCy. Then for eachi = 1,2,

Cy . Cy .
sup Uy (x) < Cze*e infu,(x) < Cze*®@ inf uy(x)
D; D; D;ND*

< Lexcg n (DrmD*)
— |D1 ﬂD*| o 1

Cse
< ————e%n@ y,(D"). 4.3
= DD Ma(D7) (4.3)

By Lemma 4.1, there is a positive constant C* depending only
on Up and D, such that

5

Mo(D¥) < & Aalli, (4.4)

as |Aq| < 1.
It now follows from (4.3) and (4.4) that

Z|D1| sup g (x

Therefore, if we further restrict {A,} to be such that
«(£2) - Ce+1
Aq(Dy) c

I
Z |D;|C3
DiND*|°

C Cx
e ZaDs) Tia(D)

(4.5)

for all &, then po(D) — 0asA, — 0.Since D = 20 \ .Qg* when

&o is a local attractor and D = (_22* when & is a local repeller, it
follows that

1a($20 \ £23.) — 0, when & is a local attractor,

1a(£25,) = 0, (46)

when & is a local repeller,

as A, — 0. As £2 and D, are separated by a positive distance, it is
easy to construct a null families, still denoted by .4, such that both
(4.2) and (4.5) hold simultaneously.

Let u € M 4. Then it follows from Proposition 2.6 and (4.6)
that u is supported on QO in the case (a) and on £2¢ \ .{29 in the
case (b), both of which are positively invariant set of ¢°. It follows
from Proposition A.5 that u is actually supported on a)(QEJ* ) which
equals Jp in the case (a) and on w($29 \ .Qg ) which equals J« in the
case (b). By Proposition 3.2, both 7y and 7, are A-stable. O

The above theorem naturally applies to families of the form
{eA} C A, where € > 0is a small parameter and A is a bounded,
everywhere positive definite, n x n matrix-valued C' function on/.

Corollary 4.1. Assume V € C'(¢4,R") and that (1.1) admits a C?
Lyapunov function with bounded second derivatives on U. Then there
are bounded, everywhere positive definite, n x n matrix-valued C!
functions A;, i = 1,2, on U, such that (a), (b) of Theorem 4.1 hold
respectively for the family {€A;},i =1,2,as€ — 0.

Proof. For any bounded, everywhere positive definite, n x n
matrix-valued C! function A on#, {€A} is clearly a normal null fam-
ily. In the case that &/ # R", the invariance of {€A} is guaranteed if
A(x) — 0asx — ou.The corollary now follows from Theorem 4.1.

In fact, by the proof of Theorem 4.1, we just need to choose
A = (a¥) such that

infg )\.A(X) C* +1
>
maxp, Aa(x) C*

)

where 2, D,,, C,, C* are as in the proof of Theorem 4.1, As(x) =

NOIRIe9]

xeu. o

and A4(x) is the smallest eigenvalue of A(x) for each

4.2. Uniform de-stabilization of a locally repelling equilibrium

We note that if R is a strong local repeller, then in general
not every normal null family A C A can de-stabilize Ry. This is
because R may be further decomposed to contain a strong local
attractor for which Theorem 4.1(a) is applicable.

We now show that if Ry is a strongly repelling equilibrium (see
Definition A.4), then it is de-stabilized by any normal null family
A C A.This particularly implies part (c) of Theorem C.

Theorem 4.2. Assume V e C'(u, R") and that (1.1) admits a C>
Lyapunov function with bounded second derivatives on U. Let X be a
strongly repelling equilibrium of ¢' contained in the global attractor
J of @' and W be an isolating neighborhood of xo. Then with respect
to any normal null family A = {A,} C A, M4 # ¥, and moreover,
each u € My is supported on the maximal attractor 7, of ¢' in
J \W. Consequently, with respect to any invariant, normal null family
A, J. is A-stable and {xo} is strongly A-unstable.

Proof. Let A = {A,} = {(ag)} C A be any bounded null
family such that |A,| < 1. By Proposition 2.5, {£4,} admits a
uniform Lyapunov function in ¢. By Proposition 2.1, for each «,
there exists a stationary measure p, corresponding to {£4, } which
is also regular, i.e,, duy(x) = uy(x)dx for some stationary solution

o € W,ocp (1) corresponding to Ly, inif.

Without loss of generality, we assume x, = 0. In virtue of
Definition A.4, let U be an entire weak anti-Lyapunov function
associated with W that satisfies (A.3)-(A.5). We note that since
W C J, it is a pre-compact set in ¢«. For each p € [0, py),
where py is the essential upper bound of U, we denote £2, as the
p-sublevel set of U. We note by (A.5) that 082, = U~1(p)and hence
2, ={xew:U(x) < p}forany p € (0, pm). _

Fix p € (0, pu). Let A} := infyeq, ho(x), A = inficq, lu(x )
where Aq(x), Ay(x) denote the smallest eigenvalues otﬁA
D?U(x), respectively. Then for each parameter o,

L4,U(x) = al(x)5U(x) + V(x) - VU(x)
> al(x)0;U(x) = tr(Aa(x)DZU(x))
> MM =yl xe

i.e., U is an anti-Lyapunov function with respect to {£4,} on £2;
with the essential lower bound p,, = 0.
By (A.3), (A.4) and the Taylor’s expansion of U at the point 0, it

is easy to see that there is a constant G, > 0 and p,. < p such that
IVUMI? < QUK),  x€Q,,.

Since U is of the class C! and U(x) > 0 on the compact set £2; \ £2,,,,
we can make C, larger if necessary so that

VU@ < QUK),  x€ 25\ 2,
i.e., there exists a constant C; = C3(p) > 0 such that
VU < GU(x),
It follows that

al()U)U(x) < G Agp = H*(p),

X € 82;.

x€ R, pelo,pl

where A, = Ay(p) = SUPyep, |Ax(x)]. We note that, since each

e is a regular stationary measure and £2,,, = {0}, 1o(£2,,,) = 0.
Applying Proposition 2.3 with respect to the stationary measure

- 1224 |.Q;,
/,L =
“ Ma(*Qﬁ)
corresponding to £4, in W, we have

— _C P ld
1a( ) = 1al( R \ ) < € Hr0 2%



14 W. Huang et al. / Physica D 369 (2018) 1-17

P

5 _
where C = C(p) = %infa%, which is a positive constant

since A = {A,} is a normal null family.

It follows from Theorem 3.2 that M4 # @, and that any
A-limit measure is an invariant measure of ¢! supported on the
global attractor 7. Let u € M 4. Since £2,, is open, we have by
applying Proposition 2.6 to (4.7) and taking limit A, — 0 that

—c [P 14 _
w(2y) <e ¥ o e 0, p).

By letting pp — 0 in the above, we have

u({0}) = 0.

For any given p € (0, p), we have by (A.5) and Proposition 2.5
that {£,,} admits a uniform anti-Lyapunov function in £2,,. It also
follows from (A.5) that {0} is the maximal repeller of ¢ in £2,.
Applying Theorem 3.3(b) and (4.8), we have

1(2,) = u(£2, \ 0}) = 0.

Since p is arbitrary, u($2;) = 0. Since p € (0, pu) is also arbitrary,
u(w)=0.

Since supp(u) C J and J \ W is a positively invariant set of
@', it follows from Proposition A.5 that w is actually supported on
the w-limit set 7, = w(J \ W). The A-stability of 7, follows from
Proposition 3.2, Remark 2.3(1), and Lemma 3.1(a). O

(4.8)

Corollary 4.2. Assume V e Cl(u,R") and that (1.1) admits a C?
Lyapunov function with bounded second derivatives on U. Let xq € U
be an equilibrium of ¢" such that all eigenvalues of DV(xo) have
positive real parts. Then xq is a strongly repelling equilibrium, and
consequently the conclusion of Theorem 4.2 holds for xy.

Proof. By standard theory of dissipative dynamical systems
[44, Sections 17 and 18], xo is a strongly repelling equilibrium. In
fact, there is a positive definite n x n matrix B such that

(DV(x0)) "B+ B(DV(xo)) = I.

Let U(x) = (x — xo)"B(x — Xo). Then U is a desired entire weak
anti-Lyapunov function satisfying (A.3)-(A.5) in the vicinity of
Xo. O

Corollary 4.3. Assume V. e C'u,R") and that (1.1) admits a
C? Lyapunov function with bounded second derivatives on . Then
Theorem 4.2 and Corollary 4.2 hold for any family of the form {eA}
when € — 0, where A € A is such that sup,.,|A(X)] < oo and
A(x) - 0asx — oU whenUd # R".

Proof. Theorem 4.2 and Corollary 4.2 clearly hold because {€A} is
an invariant normal null family. O

Remark 4.1. In Theorems 4.1 and 4.2, we have assumed that (1.1)
admits a C? Lyapunov function with bounded second derivatives
on U, which is easy to understand and to use since we only make
restriction to the unperturbed system.

(1) By observing the proof of Theorem 4.1, for any given invari-
ant null family A = {A,} (need not to be bounded) satisfying (2.4),
if {£4,} admits a uniform Lyapunov function U (need not to have
bounded second derivatives on ¢/) and (4.2) and (4.5) hold, then
the results of Theorem 4.1 remain valid, i.e., (a) the strong local
attractor Jy is .A-stable; (b) the strong local repeller Ry is strongly
A-unstable.

(2) By observing the proof of Theorem 4.2, for any given null
family A = {A,} (need not to be bounded) satisfying (2.4), if {£a, }
admits a uniform Lyapunov function U (need not to have bounded
second derivatives on /), then the results of Theorem 4.2 remain
valid, i.e., M 4 # 0, each u € M4 is supported on the maximal

attractor J, of ¢ in 7 \ W, and consequently 7, is A-stable and
{xo} is strongly A-unstable if A is invariant.

These observations allow more flexible applications of our re-
sults, see e.g., the examples in Section 5.

5. Examples

In the presence of bounded multiplicative noise coefficients,
the application of our concentration and de-concentration results
to stochastic stability problems is rather straightforward because
many dissipative deterministic systems are known to have Lya-
punov functions which then become uniform Lyapunov functions
for the noised perturbed systems.

In this section, we demonstrate by two examples the ap-
plications of our concentration and de-concentrations results to
stochastic stability problems under multiplicative white noises
with non-Lipschitz, super-linearly growing coefficients, to which
the large derivation theory does not seem to apply at least not
directly.

5.1. An example of stochastic Hope bifurcation

Consider stochastic differential equations

dx = (bx — y — x(x* + y*))dt + Jeg'(x, y)dW,
+ Veg 2 (x, y)dWs,

dy = (x+ by — y(x* + y*))dt + /eg*' (x, y)dW;
+ Veg®(x, y)dWs,

where b, ¢ are parameters, g/ € W/ P(R?) for some p > 2,
lgi(x, y)| < c(x*> + y*) for some positive constant ¢ outside some
ball in R?, i,j = 1,2, and G(x,y) = (g¥(x,y)) is everywhere
non-singular. Denote Vy(x, y) = (bx—y —x(x*> +y?), x+by —y(x*> +

¥*)NT and A(x,y) = %T(”) Also denote the adjoint Fokker-

Planck operators associated with (5.1) by Ly, ca.
Let U(x, y) = x* 4+ y?. Then it is clear that

(5.1)

Vp- VU =2U(b —U) (5.2)

which approaches to —oo as x* + y*> — oo. It follows that, for
each b, the unperturbed system of (5.1) is dissipative; in particular,
it generates a (positive) semiflow ¢} on R? which admits a global
attractor J,. Moreover, it follows from (5.2) and the assumption
lg¥| < cU,1i,j=1,2,that U is in fact a uniform Lyapunov function
in R? with respect to the family {Ly,.ca) Wwhen 0 < € < 1. We
have by Proposition 2.1 that each Ly, <4 admits a unique stationary
measure [y s, by Lemma 3.1(a) that the set of limit measures of
{ip.ca} as € — 0is non-empty, and by Theorem 3.2 that each limit
measure is an invariant measure of ¢} supported on Jj.

When b < 0, 7, = {0}. Hence upea — 8o ase — O.
Consequently, {0} and 8 are {€A}-stable.

When b > 0, 7, = 2,—the closed disk of radius ~/b centered
at the origin. We note that U is also an entire weak anti-Lyapunov
function in £2, satisfying (A.3)-(A.5) for xo = 0. An application of
Remark 4.1(2) in the open disk §2; yields that each limit measure
of {up.ca} is supported on 952, =: Cp,—the circle with radius Vb,
as e — 0. Since Gy is a periodic invariant cycle of ¢}, it is uniquely
ergodic with the Haar measure w;, as the only invariant measure.
Therefore, jp 4 — 1y as € — 0. Consequently, C, and (i, become
{eA}-stable in this case.

This example thus demonstrates an interesting phenomenon of
stochastic Hopf bifurcation in which the repelling equilibrium {0}
is invisible when b > 0 under noise perturbations.
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5.2. An example with non-decomposable w-limit sets
Let f e C%(R) be such that
1 3
0, o =kl=g,

2 =" =7
x4 x| > 2,

fl) =

f(0) > Ois alocal maximum, f(x) > 0 when |x| < %and |x] >
and f'(x) # 0when 0 < |x| < 1 and |x| > 2.

We consider the gradient system
x=—f"(x)

and its noise perturbed system

3
2

(5.3)

dx = —f'(x)dt + /€ g(x)dW,

where g € W,l’f(R) for some p > 1, g(x) # 0 everywhere and
lg(x)| < cx? for some positive constant ¢ when |x| > 1. We note
that in this example the w-limit sets of the unperturbed system
cannot be decomposed into a finite number of equivalent classes
as assumed in the Freidlin-Wentzell theory (see [13, Chapter 6]
for details).

Denote A(x) = ‘#. It is immediate to check that the unper-
turbed system (5.3) admits the global attractor 7 = [—3, 2], the
function U = x? is an entire weak Lyapunov function for (5.3) and
is a uniform Lyapunov function with respect to the family {4}
when 0 < € « 1. By Proposition 2.1 each £.4 admits a unique
stationary measure 1.4, by Lemma 3.1(a) the set of limit measures
of {itea} as € — 0 is non-empty, and by Proposition 3.1 each
limit measure is an invariant measure of (5.3) supported on the set
S1={x: —f'(x)-U'(x) = 0} = {0}U[—3, —2U[3, 2]. However, as
{0} is strongly repelling, we have by Remark 4.1(2) that all the limit
measures are only supported on the set S = [—3, —1]U[4, 3].

Note that both [—2, —1]and [], 2] are strong local attractors of
(5.3), so if we decrease the amplitude of g in a small neighborhood
of [, 2] such that (4.5) holds, then by Remark 4.1(1) all the limit
measures of {4} will be supported only on [%, %]. The same holds

when we decrease the amplitude of g in a small neighborhood of
_3 1

22 2+

(5.4)

Remark 5.1. In general, knowing where the limits of station-
ary measures will concentrate on, additional information is still
needed to determine what the limit measures are, even for systems
as simple as gradient ones (see [45] for details).
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Appendix

In this section, we will summarize some general notions and
fundamental properties of dynamics of ordinary differential equa-

tions including dissipation and invariant measures. Some materials
concerning dissipation are taken from the Appendix of [34] for a
general domain/ C R".

Consider (1.1) for a continuous V. Throughout the section, we
assume that solutions of (1.1) are locally unique (e.g., V is locally
Lipschitz continuous). Then (1.1) generates a (continuous) local
flow ¢* : 14 — U, where for each & € U, ¢'(&) is the solution
of (1.1) for t lying in the maximal interval Z; of existence in ¢/. A
set B C U is called an invariant set (resp. positively invariant set,
resp. negatively invariant set) of ' if 7 = R (resp. Zz D Ry,
resp. Z: D R_)forall ¢ € B, and ¢'(B) = Bforallt € R (resp.
¢'(B) C Bforallt € Ry, resp. ¢'(B) C Bforallt € R_).If¢/ itself
is an invariant set (resp. positively invariant set, resp. negatively
invariant set) of ¢t, @' is called a flow (resp. positive semiflow, resp.
negative semiflow). We note that if ¢! is a flow, then foreach t € R,
@' : U — U is a homeomorphism.

A.1. Dissipation vs. anti-dissipation

Forany set B C U such that Uicr, ¢"(B) (resp. Uier_¢"(B)) exists
and is pre-compact in ¢, we recall that the w-limit set of B (resp.
«-limit set of B)is defined as

@(B) = NyoUr=¢'(B) (resp. a(B) = Nr<oUi<:¢'(B)).
Definition A.1. Let £2 C ¢/ be a connected open set.

(1) ¢* is said to be dissipative (resp. anti-dissipative) in £2 if 2
is a positively (resp. negatively) invariant set of ¢* and there exists
a compact subset B of £2 with the property that for any £ € 2
there exists a to(§) > 0 such that ¢*(§) € Bast > ty(&) (resp.
t < —to(§))

(2) When £2 is a positively (resp. negatively) invariant set
of ¢, the maximal attractor J (resp. maximal repeller R) of ¢*
in £2 is a compact invariant set of ¢! which attracts (resp. re-
pels) any pre-compact subset K of €2, i.e., w(K) C J (resp.
a(K) C R), or equivalently, lim,_, ;o dist(¢'(K), 7) = 0 (resp.
lim;_, _dist(¢'(K), R) = 0), where for any two subsets A, Bof R",
dist(A, B) denotes the Hausdorff semi-distance from A to B.

(3) Suppose that the maximal attractor J (resp. maximal re-
peller R) of ¢! exists in 2. If 2 = U, then we call 7 (resp. R) the
global attractor (resp. global repeller) of ¢'. Otherwise, it is called a
local attractor (resp. local repeller) of ¢'.

It is clear that maximal attractor or repeller of ¢! in £2, if exists,
must be unique. Consequently, global attractor or repeller of ¢' is
unique.

Proposition A.1. Let 2 C U be a connected open set.

(1) ¢* is dissipative (resp. anti-dissipative) in £2 if and only if £2
is a positively (resp. negatively) invariant set and admits a maximal
attractor (resp. repeller) of ¢".

(2)If ¢" is dissipative (resp. anti-dissipative) in 2, then the maxi-
mal attractor 7 (resp. maximal repeller R) of ¢' in £2 equals

J = U (resp. R = U

BC$2 pre-compact BC$2 pre-compact

(B) a(B)).

Proof. See Proposition 5.2 in [34]. O

Definition A.2. Let £2 C ¢/ be a connected opensetand U € C!(£2)
be a compact function with essential upper bound py. For each
p € [0, py), denote £2, as the p-sublevel set of U.

(1) U is a weak Lyapunov function (resp. weak anti-Lyapunov
function) of (1.1) in 2 if

V(x)-VU(x) <0 (resp. >0), xe2=20\2,,, (A1)
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where pr,; € (0, pm) is a constant, called essential lower bound
of U, and £2 is called essential domain of U in £2.
If (A.1) holds for all x € §2 instead of §2, then U is called an en-
tire weak Lyapunov function (resp. entire weak anti-Lyapunov
function) of (1.1) in £2.

(2) U is a Lyapunov function (resp. anti-Lyapunov function) of
(1.1) in £2 if there exists a constant y > 0, called a Lyapunov
constant of U, such that

V(x)- VU(x) < —y
xe2=0\2,,

where o, € (0, o) is a constant, called essential lower bound
of U, and 2 is called essential domain of U in £2.

(resp. = y), (A2)

Proposition A.2. Let £2 C U be a connected open set.

(a)If (1.1) admits a weak Lyapunov (resp. anti-Lyapunov) function
in £2, then §2 must be a positively (resp. negatively) invariant set of
'

(b) If (1.1) admits a Lyapunov (resp. anti-Lyapunov) function in
§2, then it must be dissipative (resp. anti-dissipative) in §2, with the
maximal attractor (resp. repeller) in $2 being w(S2,,,) (resp. «(82,,,)),
where py, is the essential lower bound and 2, is the pm,-sublevel set
of the Lyapunov (resp. anti-Lyapunov) function.

Proof. See Proposition 5.3 in [34]. O

The following is a strong version of the well-known LaSalle
invariance principle ([46, Chapter 2, Theorem 6.4]) for locating
w-limit sets in a domain which admits an entire weak Lyapunov
function.

Proposition A.3. Let £2 C U be a connected open set. If (1.1) admits
an entire weak Lyapunov function U in £2, then for any xy € £2,

w(Xo) C S,
whereS = {x € £2 : V(x)- VU(x) = 0}.

We note that the original LaSalle invariance principle does not
require U be a compact function (in this case, the conclusion of
Proposition A.3 only holds for points which have bounded positive
orbits).

Definition A.3. A compact invariant set 7 C U (resp. R C U)of ¢*
is called a strong local attractor (resp. strong local repeller) of ¢t if
there is a connected, positively (resp. negatively) invariant neigh-
borhood W of 7 (resp. R) in U, called an isolating neighborhood,
with oriented C2 boundary such that

(1) J attracts W (resp. R repels W);
(2) V(x)-v(x) < O (resp. V(x) - v(x) > 0),x € oW, where v(x)
denotes the outward unit normal vector of W at x € oW.

Remark A.1. The neighborhood W in Definition A.3 is indeed an
isolating neighborhood in the usual sense, i.e., any entire orbits of
@' lying in W must lie in 7 (resp. R).

Proposition A.4. A local attractor (resp. repeller) of ¢' is a strong
local attractor (resp. repeller R) if and only if it has an isolating neigh-
borhood on which (1.1) admits a Lyapunov (resp. anti-Lyapunov)
function.

Proof. We only treat the case of a local attractor 7 of ¢°.

To show the necessity, let W be an isolating neighborhood of
J satisfying properties described in Definition A.3. Using smooth
partition of unity, we can parametrize the boundary 9w by a
positive C? function U in the vicinity of W so that 9w = {U(x) =
po} for some py > 0. By modifying U away from 9, we can

assume without loss of generality that U is defined everywhere in
the interior of W and U(x) < pg for allx € W, i,e, U is a compact
function in W.

Let y = mingeyw|V(x) - v(x)|. Then y > 0. Since v(x) =
VU(x)/IVU(x)],
V(x)- VU(x) < —y|VU(X)| < —y min|VU(x)| = —y
xedWw

for all x € 9. It follows that there is a neighborhood W of 9\ in
W such that

V(x)- VU(X) < —g, Xew,
i.e,, U is a Lyapunov function of (1.1) in W.

To prove the sufficiency, we let W be an isolating neighborhood
of 7 on which a Lyapunov function U of (1.1) exists. Using C?
approximation, we may assume without loss of generality that U is
of the class C? in a connected open set W O W on which U remains
as a Lyapunov function of ¢'. Then it is clear that Definition A.3(2)
is satisfied on oW. 0O

Definition A.4. An equilibrium xq of (1.1) is called a (local) strongly
repelling equilibrium if there is a connected open set W containing
Xo, called an isolating neighborhood of xo, and a compact function
U e C%(W) such that

the Hessian matrix D*U is everywhere positive
definite inw,

U(xo) =0, VU(X0)=0; U(x)>0, xeWwW\ {xo},
and (A.4)

V(x)- VU(X) > 0, x € W\ {X0}. (A.5)

(A3)

Remark A.2. (1) We note that a strongly repelling equilibrium x,
of (1.1) is necessarily a strong local repeller.

(2) By a time reversing application of Converse Lyapunov The-
orem (see e.g., [47, Theorem 4.2.1], [48, Theorem V.2.12]), if xq is
a (local) repelling equilibrium in the usual sense, then there is a
Lipschitz continuous function U in a neighborhood of xo which
is an almost everywhere entire weak anti-Lyapunov function and
satisfies (A.4), (A.5) almost everywhere.

A.2. Invariant measures

For a Borel set 2 C R", we denote by M($2) the set of Borel
probability measures on §2 furnished with the weak*-topology.

For an invariant (resp. positively invariant, negatively invariant)
Borel set 2 C U of @', u € M($2) s said to be an invariant measure
(resp. positively invariant measure, negatively invariant measure) of
¢" on £ if for any Borel set B C £2,

1 (9~ (B)) = w(B),

where ¢ 7'(B) = {x € 2 : ¢'(x) € B}.

We note that if £2 is an invariant Borel set, then it follows
from the flow property that any positively or negatively invariant
measure on §2 must be invariant.

An invariant measure u is an ergodic measure if any invariant
Borel set has either full u-measure or zero p-measure. A compact
invariant set admits at least one ergodic measure. It is said to be
uniquely ergodic if it admits only one invariant measure.

teR (resp.t e Ry, teR_), (A6)

Proposition A.5. Let 2 C U be a positively (resp. negatively)
invariant Borel set in U which admits a positively (resp. negatively)
invariant measure u of ¢'. Then the following holds.
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(1) If 82 is pre-compact in U, then w is an invariant measure of ¢*
supported on w($2) (resp. a(£2)).

(2) If £2 is a connected open subset of U and ¢' is dissipative
(resp. anti-dissipative)in 2, then w is supported on the maximal
attractor (resp. repeller) of ¢ in £2.

Proof. (1) can be easily seen from the definitions of invariant
measures, positively (resp. negatively) invariant measures, w-limit
(resp. a-limit) sets.

To prove (2), we first consider the case that ¢' is dissipative
in 2. Let 7 denote the maximal attractor of ¢' in £2. Since 7 is
a compact invariant set, it is sufficient to show that u(J) = 1.

For any given € > 0, we have by the Borel regularity of u that
there exist a compact subset B of £2 and an open neighborhood W
of 7 lying in £2 such that u(B) > 1— ¢ and w(W \ J) < €. Since J
attracts B, there exists t > 0 such that ¢‘(B) € W. Thus,

WT) = (W) — € > u(p'(B)) — e
=u((¢") ' (@'(B) — € = u(B)— e = 1—2e.

Since € is arbitrary, u(J7) = 1.
The case when ¢! is anti-dissipative in 2 is similar. O
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