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ABSTRACT. We characterize a criterion for the existence of relaxation oscillations in planar
systems of the form

W gue), W o efu,v,2) +u R, v,2),

dt dt

where £ > 0 is a given integer and € > 0 is a sufficiently small parameter. Taking into
account of possible degeneracy of the “discriminant” function occurred when k > 0, this
criterion generalizes those for the case k = 0 obtained by Hsu [10] and Hsu and Wolkowicz
[12]. Differing from the case of k = 0, our proof of the criterion is based on the construction
of an invariant, thin annular region in an arbitrarily prescribed small neighborhood of a
singular closed orbit and the establishment of an asymptotic formula for solutions near the
v-axis.

As applications of this criterion, we will give concrete conditions ensuring the existence
of relaxation oscillations in general predator-prey systems, as well as spatially homogenous
relaxation oscillations and relaxed periodic traveling waves in a class of diffusive predator-
prey systems.

1. INTRODUCTION

This paper is devoted to the study of relaxation oscillations in planar systems of the form

. gj = g 0,),
1.1
dirlt) = Ef(uv v, 5) + uk+1h(u7 v, 5)7

where k£ > 0 is a given integer, € > 0 is a small parameter, and f, g, h are smooth functions.
Under suitable conditions on f, g, h, we will establish a criterion for the existence of relaxation
oscillations of (1.1) for any k.

A prototype of (1.1) with £ = 0 is the predator-prey system

!/ _ v
u-u(l U 1+u),
/I _ U
v—v( 5+—1+u>,

(1.2)

or more generally, the system

u' = p(u)(g(u) —v)
1.3 ’
13 R
where ¢ > 0 denotes the small death rate of the predator population v(t), and, with K > 0
being the carrying capacity for the prey population u(t), p(u) and g(u) are smooth functions
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satisfying p(0) = 0, p’'(0) > 0, p(u) > 0 for v € (0, K], g(K) = 0, and g(u) > 0 for u € [0, K).
An example of (1.1) with k£ = 1 is the predator-prey system

u/:uz(l—u— v )
v’:v<—£+7ﬁ“2 ),

where the term u?(1 — u) describes weak Allee effect on the growth of the prey population
[2] and the term u?/(a + bu + u?) is the generalized Holling-type IV functional response.

As a significant application of the criterion to be established, we will give concrete condi-
tions which guarantee the existence of relaxation oscillations in general predator-prey systems
of the form

(1.4)

?5 = uF ()l () — q(v) + R, v, )],

== hi(v,€)[—ef(u,e) + uFpi (u, €)].
We will also verify these conditions in diffusive predator-prey systems of the form

up = DyUgy + uk+1[g(u) - pO(“)U]v
vy = Dyvge + U( —&+ Buk+1p1 (u)>

to obtain spatially homogeneous relaxation oscillations and relaxed periodic traveling waves
whose profiles exhibit relaxation behaviors.

Among multi-scale oscillatory phenomena arising in many problems of science and engi-
neering, relaxation oscillations were first discovered in slow-fast planar systems of the form

du ( )

- =9\, , )
(1.5) gt

dt
where € > 0 is small parameter. These oscillations typically exhibit a “relaxed” behavior
characterized by alternating processes on different time scales, i.e., a long relaxation period
during which the solutions approach a branch of equilibrium points of (1.5) with e = 0,
followed by a short impulsive period in which the solutions jump to a different branch of
equilibrium points. The periods of such relaxation oscillations are mainly determined by the
relaxation time which go to infinity as ¢ — 0. A classical example of (1.5) is the van der Pol’s
equation

=cef(u,v,e),

du

gt

v

dt

in which the relaxation oscillation is a limit cycle, called relazation cycle, approaching, as

e — 0, to a piecewise smooth closed curve, called singular closed orbit, that consists of the

left and right arcs on the cubic curve v = u3/3 — v and two horizontal line segments joining

these arcs. We refer the reader to books [7, 27| for the rigorous study of the existence, orbital

stability, and asymptotic profiles of relaxation oscillations in the van der Pol’s equation, and

to [8, 17, 18, 19, 26] and the references therein for the investigations of relaxation oscillations

in nonlinear systems of the form (1.5) arising in the studies of networks of firing nerve cells,

coupled chemical reactions, the beating human heart, earthquakes, gene activation systems,
etc.

Motivated by applications arising in populations dynamics, many recent studies (see e.g.,

[1, 3, 4, 6, 9, 21, 24] and the references therein) are made towards relaxation oscillations in

= —&u
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planar systems of the form

B F g, v, e),
(1.6) gt
E - Ef(u,v, E)?

where £ > 0 is a given integer. A new feature of such a system is that the limit of its
relaxation cycles, as ¢ — 0, as the singular closed orbit I'g, now consists of an arc on the
curve {g(u,v,0) = 0}, a segment on the curve {u = 0}, and two horizontal line segments
joining these pieces. The entry-exit function that determines the piece of I'g on the v-axis was
introduced, and several methods such as the combination of geometric singular perturbation
theory and the exchange lemma, blow up techniques, and classical analysis arguments, etc.
have been used to study the entry-exit function and the existence of the relaxation oscillations
of (1.6).

The system (1.1) in the case of k = 0 has been extensively studied (see e.g., [10, 11, 12, 13,
14, 20, 22, 29]). In particular, using the geometric theory of singular perturbations [5, 15] and
the Exchange Lemma [15, 16, 25], general criteria for the existence of relaxation oscillations
of (1.1) in the case of k = 0 were established in [10, 11, 12]. These works have suggested that
relaxation oscillations in system (1.1) appear to be more complicated than the ones in the
slow-fast systems (1.5) and (1.6) in the sense that they approach a singular closed orbit I'y,
as € — 0, that consists of a heteroclinic orbit in the first quadrant of their limiting system

du
? = uk+lg(ua v, 0)7
dit) = h(u,v,0),

and a segment on the v-axis between the a- and w- limit points of this heteroclinic orbit (see
the blue curves in Figure 1 for a demonstration of I'y). An essential feature of such I'y is that
its segment on the v-axis is equal to an interval determined by the entry-exit function of the
slow-fast system (1.6) (see Section 2 for more explanations).

In this paper, we extend the results of [10, 11, 12] by establishing a criterion for the
existence of relaxation oscillations of (1.1) for any k. Differing from the geometric method
used in these works, our approach is more constructive following the classical method of
finding invariant regions (see e.g. [1, 7, 24, 27]). More precisely, we will construct a thin
invariant annular region U; in an arbitrarily prescribed small neighborhood of T'g, with U
being enclosed by two orbits of (1.1) and two segments connecting their own starting and
ending points respectively in a vertical transversal segment of (1.1) (see Figure 1 for an
illustration), together with the establishment of an asymptotic formula for solutions near the
v-axis. Not only does this approach yield a better estimate on the locations of relaxation
cycles than those in the case k£ = 0 but also it allows one to handle the possible degenerate
situations occurred in the “discriminant” function when k£ > 0 (see Remark 2.1 for more
detail).

We remark that our approach can also be used to find multiple relaxation oscillations for
(1.1) with any k£ > 0, as in [10, 12] for the case k = 0. We focus on the construction of one
relaxation orbit in this paper for the sake of simplicity.

The paper is organized as follows. In Section 2, we describe and states two results, i.e.,
Theorem 2.1 concerning the approximation of the orbits of (1.1) by their “limiting orbits”,
and Theorem 2.2, which is our main result, stating the existence of relaxation oscillations.
Various terminologies including singular orbit and entry-exit and“discriminant” functions
are introduced in this section. In Section 3, we present the complete proofs of Theorems 2.1
and 2.2. A main ingredient of the proofs is the establishment of an asymptotic formula for
the solutions of (1.1) near the v-axis, using an argument similar to the one made in [1] for



4 S. AT AND Y. YI

vi |

u u

FIGURE 1. The dotted blue curve is the singular closed orbit I'g that consists of
the heteroclinic orbit viv§ and the segment vgv] on the v-azis; two red curves

AO/P(IO) and BoP(By) are two orbits of (1.1); the region bounded by the outer

boundary AoP(Ap) U P(Ap)Ao and the inner boundary BoP(By)U P(By)By is
U, which is positively (resp. megatively) invariant for (1.1) in the left (resp.
right) figure. (For interpretation of the colors in the figures, the reader is
referred to the web version of this article.)

system (1.6). In Section 4, we apply Theorem 2.2 to two classes of predator-prey models, one
is a general class of planar models admitting relaxation oscillations and the other one is a
class of diffusive systems admitting spatially homogeneous relaxation oscillations and relaxed
periodic traveling waves.

2. DESCRIPTION AND STATEMENT OF MAIN RESULT

In this section, we make general assumptions, define the singular orbit I'g, introduce the
entry-exit function and a “discriminant” function A(vg) whose sign determines the relative
locations of the “Poincare return map” for the limiting orbits of (1.1), and construct the
annular region U.. Our main result will be stated at the end.

2.1. Singular closed orbit. We note that outside any given neighborhood of the v-axis,
system (1.1), as € — 0, has the limiting system

o) g;j = g (u,0,0),
2.1
dit) = w1 h(u, v,0)

which has equilibira consisting of the points on the v-axis. As in [11], we assume the following
conditions:
30 < v} < v§ < oo such that: (i) g(0,v5,0) <0, ¢(0,v7,0) > 0; and
(H1) (77) (2.1) has a heteroclini orbit v(uv) lying strictly in the first quadrant
of (u,v)-plane connecting (0,v]) at t = —oo and (0, v§) at t = oo.

Since |g(u, v,0)] is strictly positive in small neighborhoods of (0,v{) and (0, v}]) respectively,
the system (2.1) can be written as the smooth scalar equation

dv  h(u,v,0)

du  g(u,v,0)
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in these neighborhoods. This together with (1) and the continuous dependence of solutions
of (2.1) on initial data imply that

there exists a small 6* > 0 and a smooth decreasing function

a: (vy— 0%, v5+ %) = (a(v§ + %), a(vi — %)) such that a(vf) = v},

and, for each v € (v — 0%, v + 0%), the system (2.1) has a heteroclinic orbit
v(vg) connecting (0, a(vg)) and (0,vg) at t = —oo and ¢t = oo, respectively.

G

We refer the reader to Figure 2 (a) for an illustration of three of these heteroclinic orbits.
On one hand, we will show in Section 3.3 that, for vy € (v§ — 0", v§ + %),

Q(O,U(LO) / gu(u,’u,O) hU(U,U,O)
2.2 a(vg) = ——=—Z—exp | — du + dv | .
( ) ( ) g(O’a(U0)7O) ¥(vo) g(u,v,O) h(U,U,O)
On the other hand, in the region 0 < u**! < ¢ and v > 0, system (1.1) can be written as
d
( ° ) g?_}

= e[f(u,v,e) + o(1)],

which is a slow-fast system with u being the slow variable and v’ changing the sign in this
region (at least once) because of (1) (i). We assume as in [11] that

() { (1)  f(0,v,0) <0, Vo e [vf, vl

.. vg ¢(0,s,0 vg ¢(0,s,0 %,k
(i7) fviﬁo chﬁovs,og ds =0, fvlo ?Eo,s,og ds < 0, Yoy € (vf,v]).

The assumptions (H;) (i) and (H2) together with the implicit function theorem yield that
there is a smooth function b(vg), vo € (v§ — 6*,v§ + 6*), such that b(vg) = v] and

“ 9(0,5,0) 0 9(0,5,0)
(2.4) /b(vo) £(0,5,0) ds =0, . 7(0,5,0) ds <0, Y1 € (b(vg), vo).
We note that if g(0,v,0) changes the sign only once in (v, v{), then the inequalities in (H2)
(ii) and (2.4) are automatically satisfied. We will show in Section 3 that given any (uo, o)
near (0,vg), for sufficiently small € > 0 the orbit of (1.1) starting from this point moves
downward slowly near the v-axis until reaching a point near (0,b(vg)) where it exits this
region (see Figure 2 (b)). The function b(vp) is referred to as the entry-exit function in the
literature. Differentiating the equation in (2.4) with respect to vy gives

9(0,v0,0) f(0, b(vo), 0)
£(0,v0,0)g(0, b(vo), 0)
For each vy € (v§ — 6%, v§ + 6*), we denote the segment on the v-axis between vy and b(vo)
by o(vo) and let To(vg) := o(vg) U~y(vg). It is clear that I'g(vg) is a closed curve if and only
if a(vg) = b(vp). Since a(v§) = b(v§) = v, T'o := Io(vg) is closed, which we refer to as a
singular closed orbit of (1.1).
Consider the “discriminant” function

A(vg) := a(vg) — b(vp), vo € (vg — 6", v5 +07).
It follows that A(vg) = 0. If A changes the sign exactly once in (v§ — 8%, v5 +0%), i.e., either
(2.6) (vo — vg)A(vg) < 0, Vg € (vg — 0%, v5 +0%) \ {vg},
or
(2.7) (vo — v3)A(vg) > 0, Vg € (vg — 0%, v5+6%) \ {vo},

< 0.

(2.5) b (vo) =
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Vo

VI b(Vo)

FIGURE 2. In the left figure, three read curves are heteroclinic orbits of (2.1).
In the right figure, two dotted blue curves are orbits of (2.1) starting from
(uo,0) and (0,b(vg)) respectively, while the red curve is the orbit of (1.1)
starting from the same point (ug, ) which as e — 0 approaches the union of
the two blue orbits and the segment on the v-azxis from vy to b(vp).

then I'g is an isolated singular closed orbit. Clearly, it follows from the mean-value theorem

that (2.7) holds if A’(vg) > 0 and (2.6) holds if A’(v§) < 0. We will show in Section 3.3 that
(28) A,(’U*) _ g(O>U070)f(07U170) (e—)\(yé) _ 1)’

7 9(0,v7,0)£(0,v5,0)
where
% f(O,vi‘,O) / gu(u,v,O) hv(u,v,())
2.9 ANvg) =In 0"~ —1= T Ldu+ ——"TLdw.
( ) ( O) f(O,US,O) v(vg) g(uvvv 0) h(u,v,O)

Note that, as the integral in the above formula is a line integral along the heteroclinic orbit
v(vg), if (w*(t),v*(t)) is a solution of (2.1) whose orbit is y(vg), then

f(()?vik)?()) > * k+1 * * * *
70 5.0 +/_Oo(u () g (0), 0% (1), 0) + By (u* (1), 07 (1), 0) | .
From (2.8) and the signs of f and g, we have A’(v§) < 0 if and only if A(vg) < 0.

Let dg > 0 be sufficiently small and also fix ug = ug(d) > 0 sufficiently small which satisfies
the requirements to be specified at the beginning of Section 3. For a given (ug, 0§) € v(vg)
near (0, (), we consider the short vertical segment

(2.11) Ls, := {(ug,50) : 5o € [ — o, + o]}

centered at the point (ug, 05). Since g(u,v,e) < 0 for (u,v) in a neighborhood of (0,v{) and
e > 0 is sufficiently small, it follows that L, is transversal to the flows of (1.1). Denote 1 (%)
as the piece of orbit of (2.1) from (ug,?g) to (0,vp), where vy := vo(Tp) is a smooth bijection
with vo(95) = v, and y2(v1) as the piece of orbit of (2.1) from (0,v;) with vy := b(vg) to a
point (ug, o) € Ls,. We note that v, (@), respectively v2(v1), is a portion of the heteroclinic
orbit of (2.1) connecting the point (0,vg) at ¢t = oo, respectively connecting the point (0, v1)
at t = —oo. It is clear that if b(vg) # a(vp), then 71(9y) and ~2(v1) do not lie in a same
heteroclinic orbit of (2.1). For vy := vo(?9), v1 := b(vp), and d € (0, §p) sufficiently small such
that Ls := {uo} x (0§ + 9,95 + 0) C Ls,, consider the curve

1:‘0(’17()) = "}/1(’170) U O'(Uo) U"}/Q(Ul), U9 € (178 + 0, 178 + 5)

(2.10)  A(vg) =1In
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FIGURE 3. The four red curves in above figures are four orbit curves of (2.1),
the piecewise smooth curves T'o(Ag) = AgA1 U A1As U A Az and T'g(By) =
ByB1 UB1ByU By Bs are the limits of the outer and inner boundaries of U, in

Figure 1, respectively. We assume (2.6) in the left figure and (2.7) in the right
one.

Note that Lo(t) = o(vg) only when it is closed. Therefore, under the assumption (2.7) or
(2.6), T'g(0) is not closed for any @ # 7, and moreover, 0y and 7y satisfy

(B0 — 03) (o — o) >0, if (2.7) holds,

(B — ) (70 — ) <0,  if (2.6) holds.
Inequalities in (2.12) characterize four possibilities of the curve I'g(2y), as illustrated in Figure
3. For instance, in the case that (2.7) holds, (2.12) implies that if 09 < 7§ (resp. To > 0f),
then A(vg) = a(vg) — b(vg) > 0 (resp. < 0), i.e., (up, Vo) lies below (resp. above) (ug, ¥p).

The following result shows that, as € — 0, I'g(0p) is the limiting orbit of that of (1.1) that
passes through the same starting point (ug,0o) € Ls.

Theorem 2.1. Assume (H1), (H2), and either (2.7) or (2.6). In the case k > 0, let o be
an arbitrary number such that 2k2T <o < % Then given an arbitrarily small dg > 0, there
exist ug € (0,80), 6 € (0,90) and constant My > 0 such that for sufficiently small ¢ > 0, if
(ug,ve) ts the solution of (1.1) with (u:(0),v:(0)) = (uo,¥0) € Ls, then there is a smallest
T(e) > 0 such that (us(t),ve(t)) is defined for all t € [0,T(g)] with (us(T(g)),ve(T(e)) € Ls,
and satisfies, fort € [0,T(e)],

(2.13) dist((us(t), v-(t)), To (o)) < Moo(e) := Mo {

(2.12)

e|lne|, if k=0,
gl—ko if k> 0.

2.2. The annulus region. We are now in the position to define the annular region U.
which contains an orbit of relaxation oscillations. Let (uZX(t),vE(t)) be the solutions of (1.1)

with (u£(0),vZ(0)) = (uo, 9§ + ) € Ls and T > 0 be their first return times T'(¢) to L,

rve

respectively as stated in Theorem 2.1. It follows from (2.12) and (2.13) that

v (T-) <o (0) and o (T4) > v (0), if (2.7) holds,
and

v (T-) >v-(0) and o (Ty) < v (0), if (2.6) holds.
As illustrated in Figure 1, we let U; be the annular region such that its outer boundary
consists of the orbit of (uf(t),v(¢)) with 0 < t < T, and the segment lying in Ls, be-
tween the points (ug, v (0)) and (ug,vF (T4)) and its inner boundary consists of the orbit of
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(uz (t),v7(t)) with 0 < ¢ < T_ and the segment lying in Ls, between the points (ug,v; (0))
and (ug,v7 (T-)). We have from (2.12) and (2.13) that U, is positively (resp. negatively)
invariant under the assumption (2.6) (resp. (2.7)), and moreover, the smallness of J ensures
that dist(Z/{a, Fo(v(’j)) < dp.

We note that for sufficiently small € > 0, only near the points (0, vg) where g(0, vp,0) = 0
and h(0,79,0) > 0, the system (1.1) may admit equilibria (4, 9:), which must satisfy that

- (= (0,80,0) ) Y/ EHD) ) B
(2.14) 9. =5 + o(1), { e = <7h((()7%?0))5> [1 + o(l)}, if h(0,70,0) <0,
G > et/ (k1) if h(0,7g,0) = 0.

For example, if g(0,v,0) changes the sign for v — 7y small, then the existence of at least one
(Ue, V) is guaranteed. In fact, we will show later that all these equilibria lie outside of Uz.

2.3. Main result. With above preparations and the Poincare-Bendixson theorem, we have
the following general criterion on the existence of relaxation oscillations of (1.1).

Theorem 2.2. Assume (H1), (H2), and either (2.7) or (2.6). Then the followings hold.
(i) For an arbitrarily small 69 > 0, if € > 0 is sufficiently small, then system (1.1) admits
a relazed closed orbit Tz of (2.6) in U: satisfying dist(T'z,To) < dg-

(ii) If, in addition, A'(v§) # 0, then Tz is the unique relazation cycle in the do-neighborhood
of T, which is asymptotically orbitally stable if A'(v§) < 0 and orbitally unstable if A'(v§) >
0.

Remark 2.1. (i) In the case k = 0 and A’(v) # 0, Theorem 2.2 was proved in [10, 11, 12]. It
is clear that the condition (2.7) or (2.6) include some degenerate situations such as A(vg) =
A'(vg) = A”(v§) = 0 and A" (v§) # 0.

(ii) Using the estimate (2.13) in Theorem 2.1, it can be shown that the period of I'; has

the asymptotic formula % ;}8 m dv(1+o0(1)) as e — 0.

(iii) In the definition of T'o(p), if we take @ := o + M ¢(¢) for a much larger constant M >
My, where My is given in (2.13), then from (3.3), (3.5), and the smoothness of a(vg) and b(vg)
we conclude that the ending point (ug, 7) of I'(#) satisfies 0g > @+ Motg. Let (ut (t),vF (1)),
0 <t < T(e), be the solution of (1.1) with (uf(0),vF(0)) = (0,05 + M¢(e)), where T'(¢) is
defined in Theorem 2.1. We conclude from (2.13) that 99 < v (T'(g)) < 99 + O(p(e)). We
now use the orbit (ul (¢),v7(t)), 0 <t < T(¢), as the part of outer boundary of the new Ue.
Similarly, we use the orbit (u_ (t),v7(t)), 0 <t < T(e), as the part of inner boundary of the
new U, where (uz (t),v7(t))) is the solution of (1.1) with (u_ (0), v (0)) = (ug, 05 — M ¢(e))
and 09 — O(¢(e)) < vZ7(T(g)) < ©o. Applying the Poincare-Bendixson theorem on this new
U. we can improve the conclusion of Theorem 2.2 (i) as follows: For sufficiently small € > 0,
the system (1.1) has an relaxation cycle I'. in U, that satisfies

‘ 1 if k=
dist(I'e,To) = O(¢p(¢)) = { gg‘l—%ﬂig)j 1if k >06.

3. PROOFS OF THEOREMS 2.1 AND 2.2

Let 09 > 0 be sufficiently small and R := R, the union of two rectangular boxes in the
(u, v)-plane near the points (0, vg) and (0, v}) defined by

Rsy = [0,50] X ([2}8 — 469, vy + 450] U [UT - 450,1}1k + 450]).

Denote

F(u,v,e):éz, H(u,v,a)zgz), (u,v) € R, € € [0,0d0].



RELAXATION OSCILLATIONS IN PREDATOR-PREY SYSTEMS 9

It follows from the assumption () that F' and H are smooth on R and there are constants
m and M with 0 < m < 1 < M such that for all (u,v) € R and ¢ € [0, dg],

(31) m < ‘F(U,’U,E” < M7 ’H(U,U,&)‘ < M: |Hv(u)va‘€)’ < M: |H5(U,U,€)’ < M.
Let ug > 0 be such that Mug < 6 and eM¥0 < 2. Also let Ls, be defined as in (2.11).

3.1. Orbits of the limiting system (2.1). Let v1(p), respectively ~2(v1), be the orbit
of the limiting system (2.1) that passes through a given point (ug,09) € Ls,, respectively a
given point (0, vy ), near (0,v]). We give some estimates to these orbits below.

Let (u(t,vg),v(t,00)), 0 <t < 00, be the solution of (2.1) with (u(0,7g),v(0,70)) = (uo, Vo)
whose orbit is 1 (0p). Since u'(t,79) < 0 and (u(t, o), v(t,79)) — (0,v9) as t — oo for some
vo = vp(0p) close to vj, we can parameterize 1 (%) in term of the variable u as the graph of
Vo(u, 99) := v(t,vp), t € [0,00). Then Vp(u,vy) satisfies

dVp

(3.2) = H(u,V},0), YVu € [0, ug], Vo(up, o) = 99, Vo(0,00) = vp.
It follows from (3.1) and (3.2) that
(3.3) [Vo(u, 90) — vo| < Mu,  |Vo(u, 0o) — Volu, 75)| < eM®|5g — 03], Yu € [0,uq],
where the last inequality follows from the estimate
d

‘/O(uv 60) - VO(U’ 'DS)” = ‘H(uv VO(U’ '50)7 0) - H(u’ Vo(u, 68)’ O)|
< M|Vo(u, 0o) = Vo(u, )]

and the Gronwall’s inequality. The estimates in (3.3) and (3.1) then yield

lvg — vg| < M|y — 35| < 2|50 — 5| < 200,

[Va(u, 50) — v < [Vl 7o) — Vo(u, 50| + [V (u, 5) — o] < 21 — 53] + 89 < 360,
implying that the orbits v1(09) and () lie entirely in R.

Similarly, let vy —vj| > 0 be small. Let (u(t,v1), v(t,v1)) be the solution of (2.1) connecting

(0,v1) at ¢ = —oo and a point (ug, ) € Ls, at some time 77 < oo, whose orbit for t €

(—00,T1) is 7y2(v1). Since u/(t,v1) > 0 on the part of y2(v1) with u(t,v1) < wg, we can
parameterize this part of v2(v1) as the graph of Vj(u,v1) := v(¢,v1) which satisfies

dVo

|5l

(34) Ty = 2w Vo,0),  VueOul,  Vo(0,v1) =1
This yields the estimates
(3.5) Vo(u,v1) —v1| < Mu, |Vo(u,v1) — Vo(u,v})| < eM®lvy —vf], Yu e [0,u).

It follows from the estimates in (3.3) and (3.5), the continuity of b, and the continuous
dependence of solutions on initial data that if § > 0 is sufficiently small, then

dist(To(%0)), To(73)) < d0/2, V1o € [0 — 9§, 75 + 0]

Using the relationship between a(vg) and b(vg) and the relative positions of the corresponding
heteroclinic orbits of (2.1) starting from (0,a(vo)) and (0,b(vo)), we easily conclude the
properties of ¥y and ¥y stated in (2.12), as illustrated in Figure 3.
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3.2. Proofs of Theorem 2.1 and Theorem 2.2 (i). We first prove Theorem 2.1 with four
lemmas below by assuming (H1), (Hz2), and either (2.7) or (2.6). Recall the function

[ ellng|, it k=0,
¢(5) - { Z_:l—kza’ if k>0,
from (2.13) and define
2 if k=0,
R if k>0,

where for each k > 0, o is an arbitrarily chosen number in (ﬁ, %)
For given up = up(d) > 0 sufficiently small and 9y € (0§ + 6, 0§ + J) with (ug, 0o) € Ls, let
(ue, ve) be the solution of (1.1) satisfying (u-(0),v:(0)) = (uo, Vo). We prove in these lemmas
that there are 0 < tg < t1 < ta < T'(¢) such that u.(t9) = €* and (u(t),ve(t)) is close to
1 (?o) for t € [0,to], us(t1) = €® and (uc(t),ve(t)) is close to o(vg) for t € [to,t1], us(t2) = wo,
ue(T'(e)) = up and (ue(t),v(t)) is close to vy2(v1), with v1 = b(vo(0p)), for all ¢t € [t1,T(e)].
Denote [0, t,) as the maximal interval such that u.(t) < ug and v} —4dp < v<(t) < v§+4dp
for all ¢ € [0,t,). Then as long as (uc(t),v:(t)) € R for t € [0,t.), ul(t) < 0, so the
function v = u.(t) admits an inverse ¢t = t.(u) in [0,¢.). Let V.(u,0g) := v:(t-(u)) whenever
— 409 < ve(t) < vj + 46p for t € [0,t,). We note that V. satisfies Vz(ug, 0p) = vp and
d‘/s - Ef(ua‘/sas) h(U,Vsﬁ) _ €
du B uk+1g(uv ‘/576) g(ua ‘/558) B uk+1
Lemma 3.1. There is to € (0,ts) such that
ues(to) = €%,
e* < ua(t) <wug, Vte (O,to),
UO<U€(t) <US+507 Vit e (OvtO]v

(3.7) [Va(u, @o) — Vo(u, 0o)| < Mig(e), V¥ u € g% uo),

where My > 0 is a generic constant independent of the solution (ug,ve).

(3.6) F(u,Vz,e)+ H(u, Ve, e).

Proof. Let to = inf{t > 0 : ue > €, 0§ + dp < v < v+ dpon (0,¢)}. It follows that
(ue(t),v:(t)) € R for all t € (0,tp). Hence —m. < ul(t) < 0 for all t € (0,ty), where
me = min{u**g(u,v,¢) : e* < u < g, v§ + 5o < v < vE + dp}. This implies that tg is finite
and tg < t..
For simplicity, denote V(u) := V:(u, vo) Vo(u) = Vo(u,vp), and Z(u) = V(u) — Vy(u),

u € [ue(to), ugl. It follows from (3.2) and (3.6) that

dz €

= WF(M’ V(u),e)+ H(u,V(u),e) — H(u, Vo(u),0), u € [ue(to), uo].
Note by the mean value theorem that

H(u,V(u),e) — H(u, Vo(u),0) = Hi(u,e)Z + Ha(u,e)e,

where, for i = 1,2, w; = v and wy = ¢,

H;(u,e) = Lon — (u, 0V (u) + (1 — 0)Vy(u), Oe) db.
0 3wl
Hence
dz €
i WF(U, V(u),e) + Hi(u,e)Z + Ha(u,e)e.

Since both (u, V(u)) and (u, Vp(u)) lie in R for all u € [us(to), wo], |F| and |Ha| are bounded
from the above, in R x [0, 0] by a constant independent of the solution. Hence, there ia a
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constant M7 independent of the solution such that
dz 1
|@ - Hl(U,E)Z| S MlE <uk+1 + 1> .

An application of the variation of parameters formula to the above, together with the fact
that Z(up) = 0, yields that

ug 1
(3.8) |Z(u)] < Mls/ (77“1 + 1) e~ Ji Hi&e) de gy u € [us(to), ug).
u
Consequently, when k£ > 0, using the fact that u > ¢ in (3.8) gives
1 1
|Z(u)| < Mie (k - — +up — u) < Myel=he,
u ug

and when k = 0, using the fact that u > €2 in (3.8) gives
|Z(u)| < Mie (Inug —Inu +up — u) < Mie|lne|.
These estimates together with the fact that v§ — do < Vo(u) < v§ + do for all u € [0, up] and

the definition of ¢ imply that u.(tg) = ¢* and (3.7) holds. This proves the lemma.
O

Lemma 3.2. There is t; € (to,t.) such that
ue(t) < e, Vte (to,t1), us(t1)=2e",
v(t) <0, Vte (to,t],
(3.9) v=(t1) = Vo(e®, b(vo))| < Mag(e),
where Vo (u, b(vg)) is the solution of (3.4) with vy = b(vg) and My > 0 is a generic constant

independent of the solution (ue,ve).

Proof. Let t; = sup{t > to : us < €%, vj —dy < vz on (to,t)}, My := max{f(u,v,¢) :
(u,v,€) € R x[0,60]}, and My, := max{|h(u,v,e)| : (u,v,e) € R x [0,d]}. Since My < 0 and
a(k+1) — 1> 0, we have on [tg,?;) that

1
vl < Mye + Mye®* ) = (M + Mye@*+D=1) < §Mf€ <0.

It follows from the definition of ¢; that #; < oo and v, < 0 on [tg,t1]. Thus, we can
parameterize the orbit of (ue,ve) for ¢ € [to, 1] as the graph of Us(v) := u.(t-(v)) for v €
[ve(t1),ve(to)], where t = t-(v) is the inverse function of v = wv.(t) for t € [to,t1]. We note
that U := U, satisfies
W UR(U,e)
dv  ef(U,v,e) + UFIn(U,v,¢)’

Let v € [v:(t1),ve(to)]. We first consider the case k¥ > 0. Then a = o. Since 0 <
(k+1)c—1<o, (Uw),v) € R, and U(v) <&, we have

ef(U(),v,e) + u*h(U(v),v,e) = &f(0,0,0)[1 +O(U(v) +¢)] + O(u**)
= f(0,0,0)[1+ O] + O(E™D7) = ef(0,0,0)[1 + O™,

Hence, letting G(v) := ?28’2’8)), the differential equation in (3.10) can be written as

1 dU _ 9(0,v,0) + O(e7) _ 1 (k+1)o—1
Uktl dy ef(0,v,0)[1 + O(ek+Do—1)] T G(v) +0(e )|

(3.10) U (ve(to)) = £°.
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whose integrating over [v, vs(to)], by noting |, Ug(t(%o G(s)ds = 0, yields that

Eka

(3.11)  UF(v) =
Lok (R0 [0y —Gls5) ds + O(eCH+1o-2))

. itk >0

for all v € [ve(t1),v:(tp)). For the case k = 0 using & = 2 and the above argument we obtain
for all v € [ve(t1), ve(t0))

52

3.12 Uv) = 5 , ifk=0.
( ) () e*%fb(ug(to))a(s)dﬁo(l)

When k > 0, since (2k + 1)o > 2, by making dp further small if necessary, we can assume
without loss of generality that the O(e®*t1)7=2) term in the above is bounded, in absolute
value, from the above by 1/4k. When k = 0, we let Ky > 0 be the upper bound of the absolute
value of the O(1) term above. We let m > 0 such that |G(v)| > m for v € [v] — dg, v} — o).
Denote

g—elko if k> 0,

vt = b(ve(t)) =
Hoe if k= 0.

We claim that v_ < v:(t1) < vy. If vo(¢1) > vy, then

ve(tr) or Sk
/ —G(s)ds > / —G(s)ds > m(vy — b(ve(to))

b(ve(to)) b(ve (to)) 2Kpe, k=0,

4.k

5¢

which, together Wlth (3.11) and and (3.12), implies that U¥(v. (1)) < 2e¥ < ¥ when k > 0
and U(ve(t1)) < e2e K0 < 2 when k = 0. If v.(t;) < v_, then

1—ko

ve(t1) b(ve(to)) —55— k>0,
/ —G(s)ds < / G(s)ds < —m(b(v:(to)) —v_) =
b(ve(to)) v— —2Kpe, k=0,

which, together with (3.11) and (3.12), implies that U*(v.(t1)) > %5’“’ > k9 when k > 0
and U(ve(t1)) > €502 > £2 when k = 0. In both cases, we obtain a contradiction to the fact
that U(ve(t1)) = us(t1) = €, according to the definition of ¢;.

It follows from this claim and the definition of ¢; that U(v.(¢1)) = e® and v.(¢1) € (v, v4),
ie., us(t1) = e and

etk if | > 0,
(3.13) |ve(t1) — b(ve(to))| <

oz if k= 0.

It remains to show (3.9). Below, constants involved in the big “O” asymptotic notations are
all independent of the solution. Since, for vy € [v§— 3, vg+ 3], b(vo) is close to v§, g(0, b(vp), 0)
is bounded away from zero, which, according to the formula (2.5), implies that |V'(vo)| is
bounded from the above by a constant independent of the solution. Thus, b(v-(t9)) — b(vo) =
O(|ve(to) — vo|). Applying Lemma 3.1 and (3.3) and £° < 1759 when k > 0, we have

[ve(to) —vo| = |ve(to) — Vo(e®, Do)| + [Vo(e®, o) — vo|
= [Ve(e®, vo) — Vo(e™, 0)| + [Vo(e®, Do) — vol

[ O R, ik > 0,
N O(e|lnel), if k= 0.
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Hence ( 1—k )
o B O(er7F9), if k > 0,

This, together with (3.13) leads to (3.9).

Lemma 3.3. There is ty € (t1,t.) such that

e* < ’U/E(t) < wug, Vte (tl,tg), UE(tQ) = uop,

UT—(SO < vg(t) <’UT+50, Vit € [tl,tQ],
(3.14) [Ve(u, ve(t1)) — Vo(u, b(vo))| < Msg(e),  Vu € [e% ug],
where Ve (u,ve(t1)) is the portion of Ve(u,0g) for u € [us(t1), us(t2)] = [e%, uol, Vo(u,b(vg))
is the solution of (3.4) with vi = b(vg), and Ms > 0 is a generic constant independent of
(e, V).
Proof. Let ty = inf{t > t; : €* < us < wg, vy —d < v < vj + dp on (¢1,t)}. Then
(ue(t),ve(t)) € R for all t € (t1,t2). It follows that u.(t) > m. > 0, for all t € (¢1,t2), where
me = min{uFt1g(u,v,e) 1 e* < u < up, v — 0o < v < vf +dp}. Hence t9 is finite and ¢y < t,.

We note that V.(u,v:(t1)) is the solution of (3.6) with V(% v.(t1)) = ve(t1). By an

argument similar to that in the proof of Lemma 3.1 and the estimate of |v.(t1) — Vo(e%, b(vo))|
in Lemma 3.2, we see that there is a constant M3 > 0 independent of the solution such that

[Ve(u, v2(t1)) = Vo(u, b(vo))|

u u ]_ u
< Jos(t1) = Vo(e®, bluo)Jelé F1E) 4 dy 4+ My / (nkﬂ + 1) el & gy

for all u € [e*, u:(t2)]. In the case that £ > 0, we use the fact that u > €7 to obtain
1 1
Vet 0c(00)) = Vol (on))| < Mae' ™ M (i = =27 < et
IS 1}
and in the case of k = 0, we use the fact that u > €2 to obtain
IVe(u, ve(t1)) — Vo(u, b(vo))| < Mse|lne| + Mze (Inw — 2Ine +u — 62) < Mse|Ine|.

These estimates, together with the fact that v — do < Vo(u, b(vo)) < v§ + do, u € [0, upl, and
the definition of ¢o, imply that u.(t2) = up and (3.14) holds. This completes the proof.
O

Lemma 3.4. Let (u(t),v(t)) be the solution of (2.1) with (u(0),v(0)) = (ug, Vo(uo, b(vo))),
where Vo(u, b(vg)) is the solution of (3.4) with vy = b(vg). Denote Ty > 0 as the first time
when this solution orbit intersects the segment Ls,. Then there is T'(e) = to +To + O(e) such
that (us(t),ve(t)) is defined for all t € [t2,T(e)] and satisfies (us(T'(¢)),v(T(€))) € Ls, and
(3.15) |(ue(ta + 1), ve(t2 + 1)) — (a(t), 0(t))| < Mag(e),  t€[0,T(e) — tal,

where My > 0 is a generic constant independent of (ue,ve).

Proof. Fix a small number p > 0 and denote (u(t),v(t)) := (us(t2 + t),v-(t2 +t)). Since
u(0) = ue(ta) = u(0) = up and |v(0) — 9(0)| = |ve(t2) — Vo(uo, b(vg))| < Msp(e) by Lemma
3.3, the continuous dependence of solutions on initial data implies that (u(t),v(t)) is defined
for all ¢ € [0,Tp + p], and there is Tp(e) = Tp + o(1) such that u(Tp(e)) = up. On the
interval [0, Ty + pl, it follows from the mean value theorem that there is a generic constant
M, independent of the solution such that

[u'(t) — @ ()] = [ (g (u(t), v(t),€) — a" (B)g(at)
< Mae + Ma(Ju(t) — a(t)| + Jv(t) — o(1)|

,0(t),0)]
)7 Vt€[07T0+/J']7
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and
|0/ (t) = ' (8)] = lef (u(t), v(t), €) + u* T (D)h(u(t), v(t),e) — @ (E)h(a(t), 5(t), 0)|
< Mye + My(jut) — a(t)| + [ot) — 5®))), Vi€ [0,Ty + 4]
Using the fact that ¢(e) > ¢, direct integrations of the above yield that

[(u(t),v(t)) = ((t), (1)) < Mag(e) + M4/0 (lu(s) = a(s)| + |v(s) = v(s)]) ds,

which concludes (3.15) by applying the Gronwall’s inequality.
Using the fact that u(Tp(€),e) = up and the implicit function theorem, we have

7i(e) = - 240D fopiye), ),

Since u/(Ty(¢),e) = ul™g(uo, v(To(e),€),¢) is bounded away from zero, we see from the
above identity that T}(¢) = O(1), which, together with the mean-value theorem, yields that
To(e) = Tp + O(e). The proof is now completed by setting T'(¢) := ta + Tp(e).

O

Proof of Theorem 2.1. Theorem 2.1 follows directly from Lemmas 3.1-3.4 and the definition
of FO (QNJo) ]

Proof of Theorem 2.2 (i). From Theorem 2.1 and the construction of U, in Section 2, we
see that dist(U;,I'g(v§)) < do, and moreover, U. is negatively invariant if (2.7) holds and
positively invariant if (2.6) holds.

Let (ug (t),uz (t)) the the solution defined in Section 2.2 which is a portion of the inner
boundary of U.. If (4., 0.) contains an equilibrium, say (4., 0:), of (1.1) in U., then it must
satisfies properties described in (2.14). Let £ € (t1,t2) be such that v= () = 0.. We have
by (3.11) that uZ (f) = O(¢'/*) in the case k > 0 and by (3.12) that uZ (f) = O(2e~1/%) in
the case k& = 0, which, together with (2.14), imply that uZ () < 4. in both cases. This is
a contradiction because (u_ (t),uZ (t)) lies in the inner boundary of U.. Hence U. does not
contain any equilibrium point of (1.1).

Now, an application of the Poincare-Bendixson theorem shows the existence of a closed
orbit T'. of (1.1) in U, which is relaxed due to its closeness to I'g. This proves Theorem 2.2
(i). O

3.3. Derivative of the “discriminant” function. We show below that the derivative

A'(v§) of the “discriminant” function satisfies the formula (2.8). The major part of the proof
is devoted to deriving the formula a/(vp) given in (2.2).
For convenience, we consider the time-reversed system (2.1), i.e.,

u' = _uk+lg(u7 v, O)a
(3.16) { v = —uF T h(u,v,0).
For each vy € (v§ — 6", v§ + 0%), we use —y(vp) to denote the heteroclinic orbit of (3.16)
connecting (0, vg) and (0, a(vg)), at t = —oo and t = oo, respectively, and let (u(t, vg), v(t, vo))
be a solution of (3.16) that parameterizes —(vg). For a fixed small uy > 0, since g(u,v,0) < 0
near (0,vy), there is Ty € (—oc,00) such that u(7T1,v9) = up and v’ = —uF*1g > 0 along
—v(vp) for all ¢t € (—oo,Ty]|. Similarly, there is Ty € (T1,00) such that u(Th,v9) = ug and
v = —uFTlg < 0 along y(vg) for all t € [T2,00). To make separate treatments on the analysis
of (u(t,vg),v(t,vp)) near t = +o0, we divide —v(vp) into the following three parts:

A1 (vo) = {(u(t,vp), v(t,vg)) : —oo < t < T},
F2(vo) = {(u(t,vo), v(t,v0)) : T1 <t < T},
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3(vo) = {(u(t,vp),v(t,vg)) : To < t < o0}.
On the part 41 (vp), since v’ > 0 on [0, ug], we can parameterize its orbit as the graph of
V(u,vg) := v(t,vg) which satisfies
av. h(u,V,0)
du — g(u,V,0)’
with the initial condition V'(0,v9) = vg. The smoothness of the system (3.17) implies that
V(u,vp) is differentiable on both uw and vy. By differentiating both hand sides of (3.17)

(3.17) u € [0, ugl,

and the initial condition with respect to vy, we obtain an initial value problem for %ﬁ(’:}o)
whose solution is simply %Z:’O) = exp ( Ou % (%) ds), u € (0,up]. Hence, letting

v1(vo) == v(T1,v0) = V(uo,vo), we have

= ([ 5 (Gevinga) )

Since, by a straightforward calculation,
/uo g <h’(37 V(Sv UO), 0)> ds = —1In 9(“0, ’Ul(’l)()), O)
o Ov \ g(s,V(s,1),0) 9(0,v0,0)
. /uo (hv(s,V(s,vo),O) . gu(S,V(S,vo),0)> ds,
0 g(S7V(8aU0)70) g(S,V(S,Uo),O)

we have
/ 9(0,v9,0) </uo (hv(S»V(S,Uo)aO) gu(S,V(S,UQ),O)> >
— A0 T d
vilto) 9(u0,v1(10),0) "\ Sy \g(s,V(s,00),0) * g(s,V(s,00),0) ]
(3.18) - Me— 11 uFH gy +ho]dt

~ g(uo, v1(v0), 0)
On the part 42(vp), we note that (u(t,vo),v(t,vo)) satisfies (3.16) with

w(T1,v0) = uo, v(T1,v0) = vi(vo), u(Tr,v0) = uo, v(T,vp) =: va(vo).
Differentiating these equations with respect to vg yields
d s ou ou ov
LN e+ Dk ki 190 1, OV
dt(@vo) [( +Dutg +u g}ﬁvo “og Ovg’
dovy _ k k+1 Iu k1, OV
and
/ / Ou / / v /
u'(T1,v0)T7(vo) + aT)O(TLvo) =0,  v(T1,v0)T7(vo) + %(Tlavo) = v} (vo),
/ y ou / / v /
u (TQ, 7)0)T2(U()) + %(TQ, 1)0) =0, v (TQ, Uo)TQ(Uo) + %(TQ, UQ) = U2(U0).

Using these equations and the Abel’s formula for the Wronskian, we obtain

%(TQa UO) ov

—(T:
U,(TQ,'UO) +8’U0( 271}0)

vy(vo) = —v' (T, vo)

]‘ /
— (T
u!(ta, vo) [u (T2, vo)
1

' (T, vo)

aTJO(Tz,Uo) — v (T, v0) —

v'(T2,v0) g (T2, v0)
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u'(T1, vo) Bvo (T, vo)
v'(T1,v0) 5% (T1, vo)

_ u/(TlvUO),U ( ) fT [(k+1)uFg+ubtlg, +ubt1h, ) dt
w' (T, v9) '

o fgﬁ [(k4+1)uFg+ubtlg,+ubT1h,) dt

Using (3.16) and the fact that u(T1) = u(T2) = up, we see that that
Ts uk+1(T2)
— kE+1) dt = (k 1 =ln———=0.
/Tl( + 1)uPyg / + nu"f“(Tl) 0
It follows from (3.18) that
(319)  vh(op) = LUTLY0) sy = It gutholar _ 900, 00,0) T kg, nar,

u' (T, vo) 9(ug, v2(vo), 0)
On the part 43(vg), since v’ < 0 on (0, ug], we can parameterize its orbit as the graph of
V(u,v9) := v(t,vp). Similar to the case for 41 (vg), V(u,vo) satisfies (3.17) with the initial
condition V' (ug,v9) = va(vg), and, differentiating both sides of this equation and the initial

condition with respect to vg yields an initial value problem. By noting that a(vy) := V(0, vp)

and 8V(uo ,Uo)

T = vh(vg), solving this initial value problem gives

o =ty ([ 2 (HoT ) o).
Since

/uo 0 <h(s,V(s,v0),0)> s — —In g;zgg,vi(v()))b()))
0 ,alvo),
Y hy(s,V(s,v0),0)  gu(s,V(s,vg),0)
+A (9(37‘/(5’”0)30) * 9(87‘/(5’”0)?0) ) dS’

we have by (3.19) that
g(u07 UQ(UU)a 0) exp |:/0 <hv(sv V(S’ UO)a 0) + g’u(37 V(Sa UO)? 0)) d8:|
g(O,CL(’Uo),O) u g(S,V(S,’UQ),O) g(SaV(SvUO)7O)
9(u0,v2(v0),0) — et tigurhiiat _ 9(0,00,0) > wktifg,in) it
g(O,CL(’Uo),O) g(O,CL(’Uo),O)
which is the desired formula stated in (2.2).
Now, by using the fact that b(vj) = a(vg) = v}, (2.2), (2.5) and the definition of A(vg) in
(2.9), we have

. s 9(0,07,0) _f(O,vi‘,O) B gu(u,v,0) hy(u,v,0)
[a’(vg) — b (UO)]g(O,US,O) = 750, 0,0) + exp ( /v(v*) o(u,0,0) du + h(,v,0) dv)

= — )\(’U*) _ gu(u,U,O) hv(u,v,o)
<1 “ >exp< /y(vg) 9(u,v,0) du h(u,v,0) dv )

which leads to the desired formula of A’(v§) stated in (2.8).

a'(vo) = vy(vo)

= v5(vp)

3.4. Proof of Theorem 2.2 (ii). In order to establish the local uniqueness and orbital
stability of the closed orbit of (1.1) in a small neighborhood I'y as guaranteed by Theorem
2.2 (i), we have the following result concerning its non-trivial Floquet exponent.
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Lemma 3.5. Let I'c be a closed orbit of (1.1) in U.. Then its non-trivial Floquet exponent
M) satisfies

A(:2) = Alvg) + O(do),
where |O(dp)| < M6y for some constant M > 0 independent of 8y and «.
Proof. We fix a small 6o > 0 and ug € (0,0) such that e“ < 2 where M is defined at
the beginning of Section 3. Let L;, and U: be constructed as in Section 2 and (u(t),v(t)) :=
(ue(t),ve(t)) with (u(0),v(0) € Ls, be the periodic solution of (1.1) with orbit I'. and the
lease period T' := T'(¢). Since, by the fact that u(¢) > 0 and (1.1), fOT uF (t)g(u(t),v(t),e) dt =
OT % dt =Inu(T) —Inu(0) = 0, it is easy to see that

T
ATe) = /0 [(k + D)t (D) g(u(t), v(t), €) +u" T (B)gu(u(t), v(t), )

+ e fo(u(t), v(t), &) + uF T hy (u(t), v(t), &) dt

T
(3.20) = /0 [P () (gu(u(t), v(t), €) 4+ ho(u(t), v(t), ) + e folu(t), v(t),e)] dt.

To estimate A\(I'z), we recall from the proofs of Lemmas 3.1-3.4 that there are 0 < ¢y <
t1 < ta < T such that u(tg) = u(t1) = €%, u(0) = u(t2) = w(T) = up. These times divide I'.
into the following four parts:

[yo={(u(t),v(t) : 0 <t <tp}, To:={(u(t),v(t)): :to<t<t1},

Uy :={(u(t),v(t)) : t1 <t <ta}, Ty:={(u(t),v(t)): ta <t <T}.
We also recall from the proofs of Lemmas 3.1-3.3 that there are constants 0 < m < M
independent of ¢ such that

g<-m, f<-m, |v—uvl<M(uy+dy) <2Mdy, on I'y,

f<—-m, v<0 onTy,

g>m, f<-m, |v—vj|<M(uy+d)<2Mjy, onljs.

On I'y, since €7 < u(t) < ug and o' = uF*1g < —mur*+1, we have
to u(to) h
(3.21) / (g, + hy) dt = / g“‘;“ du = O(ug) = O(&),
0 uQ
and
. ") _ef, W1 0E) _ e
(322) 0 5f’l) dt = ” m du = 0(5) . uk+1 du = €k‘0‘ =& == 0(50)

On I'y, since u < 7, uFt1h < et « ¢ and
V=ef +uFTh =ef[1+ ORI,

we have

t1 1 v(to) , k+1 h
(3.23) / U (gy + hy) dt < — W gt ol g
to

m Jo(ty) e O(e™H7=1) = 0(dy),
v(l1

and

! d v efv d
v dt = .
/to ef. /v(to) é‘f[l + O(E(kJrl)Ufl)] v

Note that, since u(t) < e’ and (k+ 1)o — 1 < o, we have
fu(t),v(t),€) = f(0,0,0) + O(u(t) +&) = f(0,0,0) + OHTV7™),
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Folu(®),v(t),e) = f,(0,v,0) + O(u(t) + &) = f,(0,v,0) + O(e*+Dr=1y,
It follows from the facts v(to) = v§ + O(do) and v(t1) = v] + O(dp) that

1 v(t1)
/t efydt = / ' M dv + O(E(k’ﬂ)a—l) —In M + O(6)

to v(to) f(O,U,O) f(O,U(to),€)
f(0,07,¢)

.24 =In—F77"—"-—= .
(324 " F0.g.e) 00

On I'g, a similar argument as that for I'; yields

to 1)
(3.25) / W gy + hy) dt = O(6), / e dt = O(6y).
t1 t1

On I'y, we note from the definition of t3 that |v(t2) — viy| < 26, where v, is such that
(uo,v3y) lies in I'g(vg) near (0,v7). Let (u*(t),v*(t)) be a heteroclinic solution of (2.1) with

(u*(0),v*(0)) = (uo,vyy) whose orbit is y(v§). Then

0
/ (u* (8))"H [gu(u™ (), 0% (2), 0) + ho(w*(8), v*(2), 0)] dt

—0o0

_ uo Ju (77, U*(t)7 0) + hv (77’ U*(t)’ 0) = Upg) =
/ s O = O

and

/OO (w* (1)) gu(u” (1), 0 (£), 0) + ho(u*(t), 07 (2), 0)] dt

T—ts
— ‘ gu(”av*(t),()) + hv(n,’l)*(t),(]) Ol B
B /UU(T—tz) g(n,v=(t),0) dn = O(ug + 6) = O(dp).

Since the same argument as in the proof of Lemma 3.4 yields that
(ult + t2), 0t + 1)) — (W (1), 0" ()] < M(e+8) = O(d), L€ [0,T —ta],
we have by also noting the fact u*(t) < ug+9, t € (—o00,0) U (T — t2,00), that

T
/ [P () (gu(u(t), v(t), &) + ho(u(t), v(t), €)) + e folu(t), v(t),e)] dt

to

_ /T_tz[uk—&—l(t_|_t2)(gu(u(t+t2)zv(t+t2)a€) +ho(u(t +t2),0(t +12), €)] dt
0

T—t2
= /O [(w* ()5 (gu(u™ (8), 07 (1), 0) + hy (u* (£), v*(1), 0)] dt + O(bo)

3.26) = /Oo [(w* ()" (gu (™ (), v*(1), 0) + ho(w* (1), v* (1), 0)] dt + O(6p).

—0o0

Now, the proof is completed by substituting estimates (3.21)-(3.26) into (3.20).

O

Proof of Theorem 2.2 (i): If A’(v§) < 0 (resp. > 0), then Lemma 3.5 implies that A(I';) < 0
(resp. > 0) by taking dp sufficiently small, and consequently, A\(T'c) is asymptotically orbitally
stable (resp. unstable). In both cases, the stability and instability imply the local uniqueness

of I'..

O
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4. PREDATOR-PREY SYSTEMS

In this section, we apply our main result Theorem 2.2 to obtain relaxation oscillations in
diffusive predator-prey systems of the form

{ up = Dytge + uk+1[g(u) - pO(u)v]a

(4.1) vt = Dy + u( —e+ ,Buk“pl(u))a

where t is the time variable, x € R is the spatial location, u, v are related to population
densities of the prey and the predator populations respectively, D,, D, are positive diffusive
coefficients of the two populations, k£ > 0 is an integer, and 0 < € < 1 is a parameter. Denote
K > 0 as the carrying capacity of the system. We assume that g, py and p; are C! functions
on [0, K] satisfying that g(K) =0, g(u) > 0 in [0, K), po(u) > 0 in [0, K], and pi(u) > 0 in
[0, K). We note that when k > 0, the growth rate u«**!g(u) of the prey population and the
functional response u*+1pg(u) of the predator represent the weak Aleen effect.

Under certain explicit conditions, we will show the existence of spatially homogenous relax-
ation oscillations and relaxed periodic traveling waves in (4.1). By extending the arguments
contained in [10, 12], our analysis is based on the verification of conditions of Theorem 2.2
(ii) with respect to a general class of planar predator-prey systems.

4.1. Relaxation oscillations in a general class of planar predator-prey systems. The
verification of the conditions A(vg) = 0, A'(v§) # 0 in Theorem 2.2 (ii) can be a nontrivial
task in general. However, we would like to show that these conditions can be replaced by some
easily verifiable conditions for the following general class of planar predator-prey systems:

u = uF T po(u, €)[g(u) — q(v) + R(u,v,)],
(4.2) { o = (0, &)z, 2) + 0 p 2],

where k > 0 is an integer, po, g, ¢, R, h1, f and p; are C' functions satisfying

R(u,v,0) =0, ¢(0) =0,9(K) =0, for some K >0,

g(O) > O, f(0,0) > 0, pO(O’O) > 07 pl(oa()) >0,
(HS) pO(ua 0) > Ov pl(u’ 0) > 07 g(u) > 07 Vu € (OvK)v

q is strictly increasing on [0, 00),

h1(0,0) =0, hi(v,0) >0 for v > 0.

The limiting system of (4.2) simply reads

o = uF o0 (u W) — alv
- L o™

The nontrivial u-nullcline of (4.3) is g(u) — g(v) = 0, i.e. the graph of v = ¢~ !(g(u)) for
u € [0, K], which intersects the u-axis and v-axis at the points (K,0) and (0, vg) respectively,
where ¢(7g) = g(0) (see Figure 4). It is clear that «’ > 0 below this graph, ' < 0 above this
graph, and v" > 0 as long as v > 0. One can show that for any ug € (0, K) the orbit of (4.3)
through the point (ug, ¢ (g(up))) is a heteroclinic orbit that connects a pair of equilibrium
points (0, a(vg)) and (0, vg) for some vy > vy and a(vg) € (0,7p), and moreover, vyg — L and
a(vg) — 0 as ug — K for some finite number L > 0, and vg — 9y and a(vg) — v as ug — 0.
Since ug and vg have one to one correspondence, the function vy := vg(ug) defines a bijection,
so that we can still denote the heteroclinic orbit through (ug,q '(g(ug))) by v(vo). Also
denote the arcs of y(vg) above and below the graph of v = ¢~ (g(u)) by v = V, (u,ug) and
v =V_(u,up), u € (0,uq], respectively. We note that Vi (u,ug) is decreasing and V_(u,ug)
is increasing with g(V_(u,u0)) < g(u) < ¢(Vi(u,up)) for u € (0, up).
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v v

a, U, Ug \ u

FIGURE 4. The dotted lines are the curves g(u) —g(v) = 0 and the red curves
are the heterolinic orbits of (4.3) with x(ug) = 0.

Consider the function
ug
p1(u,0) 1 1
X (ug) = g(u) —g(0 + du,
)= |, ey 0 =00 7y o * s e o)
up € (0, K) and denote I'g(vg) := o(vg) U y(vg), where o(vg) is the segment on the v-axis
between vy and b(vy) with b being the entry-exit function associated to (4.2). We have the
following result.

Theorem 4.1. Under the conditions in (Hs), the following hold for system (4.2):
(i) For some uf € (0,K), A(vy) = 0, where v§ = vo(ug), is equivalent to x(uy) = 0.
Moreover, if x(u§) =0, then A(vg) defined in (2.9) can be expressed as

o ug lu 1 1 u
o) = [0 gt + = v

(ii) Assume that there is 4 € (0, K) such that ¢'(u) > 0 on (0,4) and ¢'(u) <0 on (4, K).
Let ug € (4, K) be such that g(ug) = g(0) > 0. Then there exists ufy € (ug, K) such that
x(ug) = 0, Av§) < 0, where v§ = vo(ug), and consequently, as € > 0 sufficiently small,
the system (4.2) admits a unique relazation cycle in a small neighborhood of T'o(vy) which is
asymptotically orbitally stable (see Figure 4 (a)).

(ili) Assume that there are 0 < 4 < uy < uf < K, where g(ug) = ¢(0), such that ¢’(u) < 0
on (0,4) and ¢'(u) > 0 on (G,uf]. If x(uy) = 0, then A(v§) > 0, where v§ = vo(ug), and
consequently, as € sufficiently small, the system (4.2) admits a unique relazation cycle in a
small neighborhood of T'o(v§) which is orbitally unstable (see Figure 4 (b)).

Proof. (i) It follows from (4.2) that the delay of stability loss along the v-axis is characterized

by the equations
w = uFpo(u,0)[g(u) — q(v)],
v/ = —ef(u,0)hi(v,0).
This motivates us to consider the function
Hw) = _0(0,0) / 9(0) —a(n) ,
f(ov O) o] hl (77’ 0)

n.
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It is clear that H(v) = 1}’(%)’(?)) (v — 99 — o ln %) when h1(v,0) = g(v) = v. By the definition

of b(vg), we have

~ po(0,0) [ g(0)—q(n) , o e (5
H(b{u0)) — H(a) = S0 /b(vo) pdn =0, Vu€ (i, L)

For given ug € (0, K), let (u(t),v(t)) be a solution of (4.3) on the heteroclinic orbit 7(vy),
where vy = vo(up). Then, along v(vp), we have

d Po(0,0) [ pi(s,0)
- (H(U(t)) + £(0,0) /u po(s,0) ds)

_ _p0(07 ‘E) [9(0) _ q(v)]uk—i-l v p0(07 O) pl(“? O) /

f(0,0) hi(v,0)  £(0,0) po(%())u
— ]}0((8:8)) [9(0) - q(’”)]uk"‘lpl (u7 O) + ]?;)(((?”g)) [g(u) o q<v)}uk+lp1 (u7 0)
= g (. 0)lg) ~ 9(0),

whose integration over (—oo, 00) yields

H(w) ~ H(a(o) = 2 [ o1 01 (), 0)g(u(t) ~ 9(0)]
_ pU(O)O) 1o pl(u70) w) — 1 1 U
- f<o,o>/o po(u, 0) EORKC) [Q(V+(U7uo))—9(u)+9(U)—Q(Y—(Uauo)) 4
PO(O,O) (1))
£(0,0) X1

Since H(b(vg)) = H(vg), we have H(b(vg)) — H(a(vg)) = x(vo). It follows from the strict
monotonicity of H(v) on (0,7p) that, for any u§ € (0, K) and v§ = vo(uf),

A(vg) = blvg) —a(vg) =0 <= H(a(vg)) — H(b(vg)) =0 <= x(ug) = 0.
For some uj; € (0, K), assume A(vg) = 0, where vj := vo(uf), and let v} = a(vg). Since

/ av(hl(va O)pl(uv 0))d’U — / avhl(vv 0) dv = In hl(v(3<70)’
~y(vE) hl(UaO)pl(Uao) y(vg) hl(’U,O) hl(vho)

Duloo(0)lglw) —a()) [ rh(w0) g
/M) po(us, 0)[g(u) — q(v)] d“‘/wg)po(u,md +/W<U3> o) — q(0)"

we have by (2.9) that
Y N O N L !
M) ‘/wa) o el AL ooy e ey e e e

(ii) Since g(u) > g(0), u € (0,up), the expression of y(ug) implies that y(ug) > 0 for all
uo € (0,p). Since hy(v,0) = [88};} (0,0) +o(1)Jv = O(v) as v — 0, g(0) > 0, ¢(0) =0, vg — L

—_
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and a(vg) — 0 as up — K, we have H(vg) — L as up — K, and

_ p0(0,0) 1™ ¢(0) —q(n)
H(a(v)) := 0.0 /a(vo) hi(n.0) dn — oo, aswvg — L.
It follows that
x(ug) = ]j;((%’,%)) (H(vo) — H(a(vg)) — —o0, as ug — K.

Hence there is a first ufy € (o, K) such that x(uj) = 0.
We now show that A(v§) < 0. Since Vi (u) := Vi (u,uy) is decreasing, V_(u) = V_(u, ,uj)

is increasing, |:q(V+(u§)—g(u) + g(u)—q%‘/,(u))] > 0, and ¢'(u) < 0 in (4, uf], we have

“o 1 1
4.4 Avd) < / J (u + du.
- @< ) 9O vy * e
The monotonicity of ¢, Vi, V_ and constant signs of ¢'(u) on intervals [0, 4] and [, 1] yield
that for u € [0, o),

g'(w)| 1 + : |
(Ve (@) —g(w) T alw) — o(V-(w))
, 1 1
(45) <0 = s @)
Using the fact that ¢(0) = g(ug), we then have
* 17‘0 ! 1 ]'
i) < [0 o @) ™

(iii) The proof follows from that of (ii) by reversing the inequalities (4.4) and (4.5).
U

4.2. Spatially homogeneous relaxation oscillations of (4.1). It is clear that spatially
homogeneous solutions of (4.1) satisfy the planar predator-prey system

(4 6) u' = uk"'l[g(u) - po(u)v],
' v = v[—e + BuFtip (u)].
We assume the following condition:

(H4) Thereis a @ € (0, K) such that I*?O(—E;)) is increasing on (0, %) and decreasing on (4, K).

Upon re-writing the first equation of (4.6) as
U = uk+1p0 u [g(u) _ U},
an application of Theorem 4.1 (ii) concludes the following result.

Theorem 4.2. Assume (H4). Then for sufficiently small e > 0 the system (4.6) has a unique
orbitally stable, relaxation cycle near the singular orbit.

We note that Theorem 4.2 with £ = 0 is one of the main results in [10] which has been
applied to several concrete models in [10, 12]. Below, we give two new examples of such
application for both cases of k =0 and k = 1.
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Example 4.1. Consider the following predator-prey model contained in [29] with Holling
type II functional response and weak Allee effect growth in prey:

@7 v =u|(u— K)(u;—c) - U’T;J,

I _ - mu
v=v 8+u+n

where K, m,n,c are positive constants. This system is a special case of (4.6) with k& = 0,
g(u) = (u— K)(u +¢), and p1(u) = po(u) = . Let G(u) = g(u)/po(u) = 5 (u— K)(u+
c¢)(u-+n). A straightforward computation gives G’ (u) = —3u?+2(K —n—c)u+ [(n—i—c)K—ce],
and solving G'(u) = 0 yields that

1
ui:§(Kfnfc )+ V(K —n—c)2+3[(n+c)K —nd|.

Hence, if (n + ¢)K > nc, then G'(u) = 0 has a unique positive root u; which clearly lies in
(0, K). By setting @ := uy, it follows from Theorem 4.2 that for sufficiently small £ > 0,
(4.7) has a relaxation cycle which is asymptotically orbitally stable. We note that in [29],
except the condition (n + ¢)K > nc, an additional condition K < n + ¢ is required for the
same conclusion.

Example 4.2. Consider the system (1.4) which is also a special case of (4.6) with k =1, K =

1, g(u) =1—u, po(v) = o7z, and p1(u) = m Let G(u) == g(u)/po(u) = (1—u)(a+
bu+u?). Then G'(u) = —3u?+2(1—b)u+b—a = 0 has rootsui—f<\/(1—b) +3(b—a)+

1-— b). Hence, if b > a > 0, then G'(u) = 0 has a unique positive root u4 which clearly lies

n (0,1). By setting @ := u4, it follows from Theorem 4.2 that for sufficiently small e > 0,
(1.4) has a relaxation cycle which is asymptotically orbitally stable.

4.3. Relaxed periodic traveling waves of (4.1). Let u = D, /c?, § = D, /D,,. We assume
that
(H5) 0< p <1 and @ is a fixed real number independent of p.

Replacing z in (4.1) by the moving coordinate ( = x — ct, we obtain

{ Dyuce + cue +uFg(u) — po(u)v] = 0,

(48) Dyvee + cve + v( — e+ BuFtip; (u)) =0.

Then the existence of relaxed periodic traveling waves of (4.1) is equivalent to that of relax-
ation cycles of (4.8). We note that, since the system (4.8) is invariant under the transforma-
tion (¢, ¢) — (—(, —c), it suffices to only consider the case ¢ > 0.

Under the change of coordinate z = (/c, (4.8) is transformed to

{ pzz +uz + uF g (u) — po(u)v] = 0,

(4.9) wlv,, + v, + v( —e+ Buk“pl(u)) =0

whose first order reduction is the following slow-fast system

(4.10) do—wy, p = —wy — () — po(u)o],
. Dy = Ly, $v< — &+ BuFtp (u)

when treating p as the singular parameter. In term of the fast time variable s = z/u, (4.9)
becomes

(4.11) o=y, W= —wy — M g(u) — po(u)],
' @ = g, %:—éwz—%“(_EJrﬁ“kal(u))'
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When g = 0, (4.10) admits a two-dimensional critical manifold

My = {(u, wi, v, w) : w; = —uF T [g(u) — po(u)v], ws = —v( —e+ Buk+1p1(u)>}
whose dynamics is described by the system

{ & = —u"g(u) - po(u)],

(4.12) dv _ _U( —e+ ,8Uk+1p1(u))'

With respect to the fast system (4.11) when p = 0, each point of My is an equilibrium whose
linearization has two zero eigenvalues and two negative eigenvalues —1, —1/6. Therefore, M,
is a normally hyperbolically stable manifold of system (4.11) when p = 0. It follows from the
geometric theory of singular perturbations [5] that M, is persistent under the perturbation,
i.e., there exist locally invariant manifolds M, 0 < u < 1, which are diffeomorphic to M,
such that M,, = Mo+O(u) as p — 0. Hence the restriction of (4.11) to M,,, up to its lowest
order, has the form

= ) — po(u)e] + Ow)
(4.13) % - —v( — e+ Buttip (u)) +O(p).

Since system (4.12) is just the time-reversed form of (4.6), it follows from Theorem 4.2
that if (H4) holds then it admits an asymptotically orbitally stable relaxation cycle, which we
denote by I'’(¢). Then by the persistence theory of normally hyperbolic invariant manifolds
(see also argument given in [1]), we conclude that for a fixed sufficiently small ¢ > 0, if u > 0
is sufficiently small, then the system (4.13) has a unique relaxation cycle I'*(¢) such that
dist(TH*(¢),T%e)) — 0 as u — 0. We note that jg(g) may go to 0 as ¢ — 0.

Summarizing up, we have the following result.

Theorem 4.3. Assume (H4) and (Hs). Then for given e sufficiently small, there is a suf-
ficiently small po = po(e) > 0 such that for every 0 < p := D,/c < o, system (4.1)
has a periodic traveling wave solution (u(x — ct),v(x — ct)) whose profile exhibits relaxation
behaviors.
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