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S U M M A R Y
Using a proper parametrization, the source displacement field of a seismic event can be
efficiently reconstructed by a redundant dictionary of Green’s functions based on sparse
representation theory. Then, by subjecting the pre-existing event records and pre-computed
dictionary of Green’s functions into a sparsity-promoting algorithm, it is possible to simul-
taneously evaluate the origin time, hypocentre coordinates and seismic moment tensor. The
proposed method is applicable to single- or multiple-source scenarios and, with minor ad-
justments, can be a valuable tool for real-time, automatic monitoring systems. This study
demonstrates the effectiveness and accuracy of the dictionary-based approach via (1) detec-
tion of microseismic events produced during the hydraulic fracturing of oil and gas wells and
(2) inversion of a small-magnitude, regional earthquake (2002 June 18 in Caborn, Indiana)
data. Our experiments based on numerical simulations and earthquake observations under-
score the largely untapped potential of dictionary-based approaches and sparse representation
theory in continuous source parameter recovery.
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1 I N T RO D U C T I O N

The recovery of origin time, hypocentre location and moment ten-
sor of seismic events is an inverse problem that has been widely
investigated in the study of earthquakes. On a global scale, fast
moment tensor inversions are routinely performed by institutions
like the Global Centroid Moment Tensor (Global CMT) project
(Dziewonski et al. 1981), the United States Geological Survey
(USGS, Sipkin 1982) and the Earthquake Research Institute (ERI,
Kawakatsu 1995). The CMT algorithm is mainly based on the pi-
oneering work of Dziewonski et al. (1981), which expresses the
source displacement field as a linear combination of ‘excitation
kernels’. These kernels are subsequently modified through pertur-
bations to an initial source model to minimize a misfit function.
This approach was later implemented by Kawakatsu (1995) for
the analysis of long-period body-wave data archived at the ERI in
Japan. Sipkin (1982) proposed two alternative methodologies, the
first of which was based on the theory of optimal filter design. Un-
der this approach, the seismic moment tensor is treated as a filter
that produces the recorded displacement field through convolution
with a set of Green’s functions. Using least-squares techniques, this
method determines the optimum values for the source mechanism.
The second methodology is a non-linear approach that seeks a set
of filters to convolve with the observed seismograms and produces

average values for each of the moment tensor elements. In all of
the aforementioned methodologies, information about location and
origin time is provided by an independent source and is required to
initialize the inversion process.

At regional distances, fast solutions are also determined close to
seismologically active zones. For example, in Northern and Central
California, the Berkeley Seismological Laboratory operates two
different systems for automatic determination of source mecha-
nisms. The first is a time-domain method based on the non-linear
relationship between the double couple (DC) source model and the
source displacement field (Dreger & Helmberger 1993). The second
is a frequency-domain approach designed to operate over surface
wave data (Romanowicz 1982; Romanowicz et al. 1993). These
two methods have been automated (Pasyanos et al. 1996) and the
time-domain approach has been integrated into the TDMT INV
distributable package (Dreger 2003); the latter is currently used
for moment tensor inversions by several institutions around the
world (e.g. Dreger 2003; Clinton et al. 2006; Scognamiglio et al.
2009). Bernardi et al. (2004) present a feasibility analysis of a sys-
tem for automatic, near real-time source parameters recovery in
the European–Mediterranean region. Similar to methods used for
global monitoring, the aforementioned regional inversion routines
are triggered only when pre-existing information about earthquake
occurrence is available. For instance, a lag time for the calculation
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of the information necessary to start the estimation of the source
moment tensor is implicitly required in all of these monitoring sys-
tems. The feasibility of a continuous, automatic, real-time source
parameter (origin time, hypocentre location and moment tensor)
monitoring system is examined by Tajima et al. (2002). The system
is based on the grid search algorithm (Kawakatsu 1998) currently
adopted for the monitoring of earthquakes in California (Guilhem
& Dreger 2010) and Japan (Tsuruoka et al. 2009). Also, the grid
search method using 3-D Green’s functions has been tested to moni-
tor seismic activity in Taiwan (Lee et al. 2010). The main difference
of the grid search approach from other monitoring systems, aside
from not requiring a priori information, is its capability to operate
over a continuous flow of seismic data. On the other hand, being a
grid-based approach, is limited by a maximum number of gridpoints
and station recordings that can be handled without compromising
real-time response.

Besides earthquake monitoring, fast estimations of the source
parameters can have an important impact on applied geophysics,
particularly the study of microseismic sources induced by hydraulic
fracturing of oil and gas wells. Oil and gas wells are fractured
to enhance production (Cipolla & Wright 2002). This is achieved
through the injection of fluids at high pressures, which percolate into
rock formations and potentially trigger microseismic events that are
recorded in nearby receiver locations (Maxwell 2005; Duncan &
Eisner 2010; Maxwell et al. 2010). By analysing the properties
of the induced seismicity, interpreters generate estimates of frac-
ture’s geometry, complexity, permeability and connectivity with
pre-existing faults and/or fractures (e.g. House et al. 1996; Shapiro
et al. 1999; Maxwell et al. 2002; Rothert & Shapiro 2007; Fischer
et al. 2008; Bayuk et al. 2009; Warpinski 2009). A thorough un-
derstanding of the fractures induced through hydraulic injection is
important for the planning and development of an oilfield (Cipolla
& Wright 2002). The source mechanism of microseismic events
can provide information to elaborate models of fracture propaga-
tion (Warpinski 1994; Warpinski et al. 2001), to study the state of
stresses in the neighbourhood of the injection well (House et al.
1996; Rutledge & Phillips 2003) and, in general, as a source of in-
formation to analyse the effectiveness of the induced fractures. The
importance in obtaining information about fracture propagation dur-
ing the injection process has been largely recognized (Maxwell et al.
2002; LeCampion & Jeffrey 2004; Le Calvez et al. 2006); however,
the estimation of source mechanisms is still usually performed in
a post-processing stage. Additionally, methodologies used for in-
version of moment tensors with microseismic data do not produce
simultaneous estimates of the three source parameters (e.g. Nolen-
Hoeksema & Ruff 2001; Rutledge & Phillips 2003; Jechumtalova
& Eisner 2008; Sileny et al. 2009; Godano et al. 2010). Hypocen-
tre locations and origin times are estimated independently, which
introduces a lag time for the purpose of real-time implementation.
Fast availability of source geometries is a valuable tool that can be
incorporated into the decision-making process during a hydraulic
injection.

In this study we present a method for the simultaneous recovery
of the three source parameters (origin time, hypocentre location and
seismic moment tensor). This ‘waveform fitting’ method is a mod-
ification of the Block Orthogonal Matching Pursuit (BOMP) from
sparse representation theory (Eldar et al. 2010). In the standard
BOMP methodology, the global maximum in the �2-norm function
of the correlation between the blocks of the dictionary and the cur-
rent residual is selected as the index of a new block that participates
in the representation of the input signal. With a modification pro-

posed in this work, the misfit for solutions in the nh positions with the
largest �2-norm function are computed, and the position of the new
block in the representation of the signal is selected where the misfit
is minimum. This modification permits the recovery of optimal so-
lutions in highly coherent dictionaries, which we will see is the most
common scenario for seismic source monitoring applications. Ad-
vantages of the proposed method with respect to others include: no a
priori information about event occurrence is required; potential for
continuous, automatic, real-time performance; multiple simultane-
ous sources can be inverted from the same set of observations; and its
suitability to perform in a particular scale of application is controlled
by the availability of appropriate Green’s functions to ‘match’ the
observations. In comparison, the inversion method proposed here
provides similar capabilities and fewer limitations than the grid
search algorithm from Kawakatsu (1998), in other words, where the
grid search approach can perform in real time our method can also
do. However, the most important relevance of the methodology pre-
sented here is that it can be used in conjunction with ‘compressive
sensing’ (Donoho et al. 2006; Baraniuk 2007; Candes & Wakin
2008) to increase the number of grid nodes that can be inverted
in real time, allowing also the use of a significantly larger number
of input recordings to the inversion system (Vera Rodriguez et al.,
2010b).

The manuscript is organized as follows. In Section 2 a
review on important definitions from sparse representation the-
ory is presented and this section is complemented with the for-
ward parametrization of the source parameter inversion. Sec-
tion 3 presents our two main contributions: the link between the
source parameter inversion and sparse representation theory, and a
methodology for the recovery of the source parameters based on
BOMP. Section 4 presents applications of the proposed method-
ology to both synthetic and real cases. The synthetic case corre-
sponds to the setting of a microseismic monitoring experiment.
The real data set is an earthquake scenario using records from
the 2002 June 18 Caborn Indiana earthquake. Finally, Sections
5 and 6 are devoted to the discussion and conclusions from this
study.

2 T H E O R E T I C A L B A C KG RO U N D

2.1 Block sparsity

We start our discussion by introducing some definitions from sparse
representation theory that apply to general signals. The description
that follows is rather general, hence the reader is referred to the
articles cited within the text to find further details on the definitions
introduced in this section. Later in Section 3, the connection between
this general theory and the problem of our interest is presented.
Suppose a discrete signal y ∈ R

L is a linear combination of a subset
of the functions ψ j ∈ R

L , j = 1, 2, . . . , N , that is,

y = �x , (1)

where � = [ψ1,ψ2, . . . , ψ N ] ∈ R
L×N , and x ∈ R

N is a vector
containing the coefficients representing the signal. By this defini-
tion, a coefficient x j with zero value corresponds to a function
ψ j that does not participate in the representation of y. Vector x
is said to be S-sparse (Baraniuk 2007; Candes & Wakin 2008) if
||x||0 ≤ S � N , where the symbol || · ||0 refers to the �0-norm of
the variable between vertical bars. The �0-norm is defined as the
count of the non-zero elements in the variable under consideration
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(e.g. if x = [1,0,3,0,0,−5,0,4], then ||x||0 = 4) (Mallat 2008). In
the signal processing community, matrix � and its columns are
generally referred to as dictionary and atoms, respectively (Mallat
& Zhang 1993). The dictionary is overcomplete or redundant if
L < N , which also corresponds to an underdetermined system of
equations (Mallat 2008). A vector x is said to display ‘block spar-
sity’ if its non-zero coefficients occur in clusters (Eldar & Bolcskei
2009). Under this consideration, the vector x can be expressed as a
concatenation of blocks,

x = [ x[1] x[2] · · · x[Nt] ]T , (2)

where x[l] = [xd(l−1)+1, xd(l−1)+2, · · · , xd(l−1)+d ] is the lth block and
Nt is the total of blocks in x. The length of each block is d , such that
N = Ntd . Correspondingly, the dictionary � is the concatenation
of the column blocks

� = [ �[1] �[2] · · · �[Nt] ] , (3)

where �[l] = [ψd(l−1)+1,ψd(l−1)+2, · · · , ψd(l−1)+d ] is the lth col-
umn block. The vector x is said to be block K -sparse if ||x||2,0 ≤
K � Nt, where || · ||2,0 denotes the mixed �2,0-norm (Kowalski &
Torrésani 2009; Eldar et al. 2010) that counts the number of blocks
with non-zero �2-norm. In sparse representation theory, an impor-
tant property that characterizes a dictionary is the measurement of
how alike are its atoms. A common metric to determine the simi-
larity between the atoms of a dictionary is called mutual coherence
(e.g. Tropp 2004). In the case of block sparsity, two different mea-
surements of coherence can be defined, one is the coherence within
a block or subcoherence and the second is the coherence between
different blocks. The subcoherence ν is computed as (Eldar et al.
2010, eq. 8)

ν = max
l

(
max
i, j �=i

∣∣ψT
i ψ j

∣∣), ψ i , ψ j ∈ �[l] . (4)

On the other hand, the block coherence is defined as (Eldar et al.
2010, eq. 6)

μB = max
l,r �=l

[
1

d
ρ(M[l, r ])

]
, (5)

where ρ(·) is the spectral norm (Strang 2006) of the matrix M[l, r ]
given by

M[l, r ] = �T [l]�[r ] . (6)

2.2 Recovery of block K-sparse solutions

The recovery of a block K -sparse solution x from a set of observa-
tions y is accomplished through modifications to Basis Pursuit (BP,
Chen et al. 1998) and Orthogonal Matching Pursuit (OMP, Pati et al.
1993) algorithms. We further propose a source parameter inversion
method based on BOMP (Eldar et al. 2010). BOMP is a greedy al-
gorithm that works iteratively selecting one by one the blocks of the
dictionary that participate in the representation of the signal. Using
least-squares criteria, BOMP selects after each iteration the block
of the dictionary that provides the best improvement in quality for
the signal representation. The details of BOMP are as follows:

Algorithm 1. BOMP

1. Initialize variables
residual r0 = y
index set �0 = ∅
counter l = 1

2. Identify the block that best matches the current residual
nl = arg maxn ||�T [n]rl−1||22
�l = �l−1 ∪ nl

3. Estimate the best approximation coefficients with the blocks chosen
so far
{xl [n]}n∈�l = arg min{a[n]}n∈�l

||y − ∑
n∈�l

�[n]a[n]||22
4. Update the residual and iterate

rl = y − ∑
n∈�l

�[n]xl [n]
l = l + 1

repeat 2 - 4 until the stopping criteria are met.

5. Ouput
solution vector x[n] = xl [n] for n ∈ �l and x[n] = 0 otherwise.

Using BOMP and considering a model as in eq. (1), a block K -
sparse representation x is uniquely recovered if (Eldar et al. 2010,
theorem 3),

K d <
1

2

(
1

μB
+ d − (d − 1)

ν

μB

)
. (7)

In these cases, the algorithm stops when the updated residual is zero.
In practical situations, however, we have models of the following
form:

ŷ = (� + �̂)x + n , (8)

where �̂ is a perturbation to the dictionary, n is additive noise and ŷ
is a set of inaccurate observations. Under the more realistic model
(8), one way to proceed is to look for an optimal block K -sparse
approximation, that is, the solution to

min
||x||2,0=K

min
x

||ŷ − (� + �̂)x||22 . (9)

In these cases, BOMP must be provided with a stopping criteria
after K iterations. In practical scenarios, we always look for having
dictionaries where the perturbation �̂ is small. If �̂ is negligible,
Donoho et al. (2006) show that the error in the estimation of y
depends directly on the level of noise n, and furthermore, that the
optimal approximation x̂ shares the same support as the sparse rep-
resentation x of the noiseless signal. If �̂ is not negligible, Herman
& Strohmer (2010) demonstrate both theoretically and numerically
that the error in the estimation of y increases linearly with the
amount of perturbation introduced to the dictionary but anticorre-
late with the sparsity of x. Up to this point, we have described results
from sparse representation theory that apply to general signals. After
introducing the source parameter inversion problem in the follow-
ing subsection, the connection between sparse representations and
the seismic source monitoring problem will become clear.

2.3 Displacement field due to a seismic source

The far displacement field due to a point source is estimated using
the expression (Aki & Richards 2009, eq. 3.23)

un(x, t) = Mpq (t) ∗ ∂

∂ξq
Gnp(x, t ; ξ , 0) , (10)
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where x is the position of the recording station and ξ is the source lo-
cation. The term Mpq (t) is the moment tensor of the seismic source
and Gnp are ‘the point force’ Green’s functions containing informa-
tion about the wave propagation between x and ξ . The subscript n is
related to the ground motion component and the symbol ∗ denotes
convolution. Expression (10) holds for any type of media with the
appropriate use of Green’s functions. Assuming that the source ge-
ometry can be separated from its time variation (Madariaga 2007),
we can write

un(x, t) = Mpq gnp,q (x, t ; ξ , 0) . (11)

In eq. (11), the seismic moment tensor has been split into a
time invariant part Mpq and a source time function s(t), where
gnp,q (x, t ; ξ , 0) = s(t) ∗ ∂

∂ξq
Gnp(x, t ; ξ , 0). Arranging terms in ma-

trix form, eq. (11) can also be expressed as

u = Gm , (12)

where m contains the six independent elements of the time invariant
part of the moment tensor (from now on, the moment tensor) ar-
ranged in column vector form and the columns of matrix G are the
functions gnp,q (for short, the Green’s functions). The formulation
in (12) is developed for observations due to a single source recorded
at multiple stations.

3 U S I N G S PA R S E R E P R E S E N TAT I O N
T H E O RY T O I N V E RT F O R T H E S O U RC E
PA R A M E T E R S

The displacement field due to multiple sources can be expressed as

u =
∑

s

Gsms , (13)

where the subscript s refers to a particular source. One way to
implement eq. (13) is by setting a grid over the space where seis-
mic sources are expected to occur. Then, every node in the grid
can be considered a potential source location or ‘virtual source’
(Kawakatsu 1998). Following this approach, eq. (13) can be simpli-
fied to

u = Gm . (14)

In this case, the matrix G contains the six Green’s functions for
all node–station combinations, and vector m includes the moment
tensors for all the virtual sources in the grid (Fig. 1), that is,

G = [ G[1] G[2] · · · G[Nt] ] ,

and

m = [ m[1] m[2] · · · m[Nt] ]T ,

where the block m[l] = [ml
11, ml

12, ml
13, ml

22, ml
23, ml

33] is the seis-
mic moment tensor of the lth node (virtual source), G[l] the column
block of the corresponding Green’s functions, and Nt is the total
number of grid nodes. For a grid of Nt = Nx × Ny × Nz nodes,
the size of G is (L × N ), where N = 6 × Nt and L = number of
receivers × number of receiver’s components × number of samples
in one component trace. For a given time period, the blocks with
non-zero �2-norm in the vector m are those corresponding to the
node locations where seismic sources have actually taken place. If,
for example, in a set of observations u we only have the displace-
ment field due to one seismic source, then vector m is block 1-sparse
(||m||2,0 = 1 � Nt). Therefore, the connection between the block
sparse representation problem and (14) is straightforward. The ma-
trix G ∈ R

L×N is a dictionary of Green’s functions, while vector

Figure 1. Mapping between the subsurface grid volume and the dictionary
of Green’s functions. Every node in the grid has spatial coordinates (x, y, z)
and a linear index l ∈ [1, Nt] where Nt is the total of nodes in the grid.
Hence, the spatial coordinates of the lth node are (xl , yl , zl ). A set of six
Green’s functions corresponding to each of the independent elements of
the seismic moment tensor are computed at each grid node. Every set of
Green’s functions form a block of the dictionary of Green’s functions G in
eq. (14). Correspondingly, every block in the solution vector m is associated
to a location in the subsurface grid volume. Hence, the blocks in m with �2-
norm different from zero provide the location and moment tensor coefficients
where sources in the grid have taken place. An extension in time of the
dictionary provides also the origin times of the sources.

m ∈ R
N is a block sparse representation of the source displace-

ment field under that dictionary. By identifying the blocks m[l],
with d = 6, that have �2-norm different from zero, we are in fact
determining the source mechanisms (magnitudes of the elements in
each block m[l]), the hypocentre coordinates (corresponding to the
locations of the Green’s functions that expand the blocks m[l]) and
the origin times (given by the times where the blocks m[l] are found)
of the seismic events represented in u. An algorithm to accomplish
such purpose is proposed in the following section.

3.1 Algorithm to invert for the source parameters based
on a block sparse representation

The proposed methodology is a BOMP algorithm applied over an
augmented dictionary of Green’s functions. Hence, using the aug-
mented dictionary, a set of Green’s functions and a vector of ob-
servations are compared across a 3-D volume and time to estimate
optimal parameters for origin time and location of seismic events.
The augmented dictionary of Green’s functions is defined as

G = [ G0 G1 G2 . . . GNw−1 ] , (15)

where Gk is the dictionary of Green’s functions for the whole grid
delayed in time by k samples. Note that G0 is basically the same as
G from eq. (14) (for the rest of the exposition, the variable G will
refer to that of eq. 14 unless otherwise stated). To simplify the pre-
sentation the augmented dictionary G will be called superdictionary
and the delayed dictionaries Gk superblocks. Hence a superblock
Gk of G is a k samples delayed version of the dictionary G whose
column blocks are the sets of six Green’s functions G[l] for each
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node l in the grid. The superdictionary G can be seen either as
formed by the superblocks Gk specified by a single index k, or by
the blocks Gk[l] specified by the two indices (k, l). Considering its
physical meaning, sometimes we will refer to the block index l as a
position index and to the index k as a delay index (which is related
to the origin time). The maximum delay Nw − 1 is determined by
the processing window selected by the user as we will show in the
following paragraphs.

Consider a network of Nst three-component seismic stations
transmitting a continuous flow of seismic recordings to a computing
centre. At the computing centre the recordings are cut in windows
of duration tNu . If we consider a sampling rate of �t this results
in sets of 3 × Nst traces of Nu = tNu /�t samples. The subsurface
volume of interest is divided using a grid as established before.
Then, Green’s functions at each grid node are computed and stored
to form a dictionary G. The time duration of a Green’s function is
tNG , where tNG is determined by the longest arrival time for the wave
phases of interest between all possible combinations of grid nodes
and seismic stations. The number of samples in a Green’s function
is NG = tNG/�t . The row size of the dictionary of Green’s functions
G is L = 3 × Nst × NG. The length of a Green’s function is related
to the length of the observations by Nu = NG + Nw. To compute
the superdictionary G, the dictionary G is delayed and padded with
zeros to create Nw superblocks Gk with row length Nu . An efficient
implementation of this methodology does not require to create the
delayed dictionaries Gk . Instead, the input observation traces are
successively cut to the length of the original Green’s functions NG

simulating the required time delays. In fact, the concept of super-
dictionary and superblocks is only used here as a means to simplify
the presentation. The steps followed by BOMP for the recovery of
the source parameters can be summarized as follows

Step 1. Initialization of variables

The observations are arranged in a column vector u and a residual
r0 = u is initialized. Also, the index sets �0 and �0 are initialized
as empty, and the iteration counter i is set to 1.

Step 2. Identification of the best origin time and source location

For each superblock Gk[l], the function f (k, l) = ||GT
k [l]ri−1||22

is computed for all the column blocks l ∈ [1, Nt] and delays k ∈
[0, Nw − 1]. For the next step, we identify the delay index k (origin
time), and position index l that corresponds to the global maximum
in the function f (k, l). In other words, we find the indices

ni = arg max
k

[ f (k, l)], k ∈ [0, Nw − 1], l ∈ [1, Nt] ,

mi = arg max
l

[ f (k, l)], k ∈ [0, Nw − 1], l ∈ [1, Nt] .

The identified origin time and source location indices are then saved
with those found in previous iterations,

�i = �i−1 ∪ ni ,

�i = �i−1 ∪ mi .

After step 2 of the i th iteration, each of the sets �i and �i contain
a total of i indices. Step 2 is the most time consuming part of the
method.

Step 3. Updating of the source mechanisms

The source mechanisms for all identified sources are updated. For
such objective, a matrix Ai is formed with the Green’s function
blocks specified by the index sets �i and �i . These Green’s func-
tions correspond only to the locations and origin times of the sources
identified in the previous step, hence, the matrix Ai has a much
smaller number of columns than matrix G. The matrix Ai is defined
as (for i > 2)

Ai = [
G�i [1][�i [1]] G�i [2][�i [2]] . . . G�i [i][�i [i]]

]
.

For i = 1 or 2, matrix Ai is formed by only the first one or two
blocks, respectively. Then, the moment tensors from all sources so
far identified are simultaneously updated,

m̃i = (AT
i Ai )

−1AT
i u .

In this step a constraint can also be imposed to the inversion. For
example, the deviatoric constraint is linear and can be easily incor-
porated (Aki & Richards 2009).

Step 4. Update the residual and iterate

The contributions to the displacement field corresponding to all the
sources found up to the current iteration are subtracted from the
original observations to generate a new residual vector,

ri = u − Ai m̃i .

Finally, the counter is updated to i = i + 1. Steps 2–4 are repeated
until a stopping criteria is met. Every iteration of the code finds 1
seismic event.

Step 5. Output

The output from the inversion code are the origin times given by
the index set �i , the hypocentre locations given by the index set �i

and the updated moment tensors m̃i .

3.2 Proposed modification to the BOMP algorithm

Consider the ideal case with accurate Green’s functions and no
additive noise in the observations. If comparing the blocks Gk[l],
the superdictionary G meets inequality (7), then BOMP will al-
ways find an optimum set of source parameters. In other words,
the origin times, locations and source mechanisms that correspond
to the sparsest representation of the displacement field in terms
of G. Origin time and location will also correspond to the correct
source parameters for the actual seismic events, however, the cor-
rectness of the source mechanisms will depend on the conditioning
and constraint applied to the inversion in step 3. In practical terms,
inequality (7) states that the columns of the superdictionary G have
to be sufficiently different to allow the algorithm to identify the
correct set of Green’s functions at each iteration. The subcoherence
and coherence are the way to quantify how alike are the columns
within a block, and between different blocks of G, respectively. It is
immediately obvious that the coherence between blocks correspond-
ing to the same node nl at different time delays (e.g. Gk1 [nl ] and
Gk2 [nl ], where k1 �= k2) will in general have very high coherence.
In this case, a possible alternative to reduce the coherence would be
to increase the amount of time delay k · �t between superblocks,
however, this still does not guarantee compliance of inequality (7),
while the resolution in origin time estimation would be negatively
affected. The coherence between blocks of the same superblock nk

C© 2012 The Authors, GJI, 188, 1188–1202

Geophysical Journal International C© 2012 RAS



Sparsity-promoting source parameter recovery 1193

(e.g. between Gnk [l1] and Gnk [l2], where l1 �= l2) is influenced by
the frequency content and distance between the grid nodes. For the
same distance between nodes, the lower the frequency content, we
expect the coherence between blocks to increase due to the overlap-
ping of wave arrivals. Equivalently, fixing the frequency content, the
coherence between blocks should increase if the distance between
nodes is reduced. In a practical scenario, it is desirable to have
combinations of node distance–frequency content where the wave
arrivals between adjacent nodes overlap, otherwise, a considerable
amount of error in the estimated moment tensors is introduced for
seismic sources whose real location is not coincident with one of
the grid nodes. The subcoherence within a block is always high,
since energy arrivals are located at similar times in the six Green’s
functions forming the block. It has to be pointed out, however, that
while meeting inequality (7) is a guarantee of success, not meeting
it is not a guarantee of failure. In other words, inequality (7) is a
guarantee of success in the worst case scenario (Eldar et al. 2010),
which means that even if G does not comply with it, there will
be multiple cases where BOMP will still be able to pick optimum
solutions. The key to be in these scenarios, is to create a G where
the chances of success are much higher than the chances of failure.
Additionally, BOMP can also be modified to increase its chances
of finding optimum solutions. Here, we introduce a modification
that splits step 2 in Section 3.1 into different substeps, these are as
follows:

Step 2.1

Compute the function f (k, l) = ||GT
k [l]ri−1||22 as presented before

(Fig. 2a). Take the indices (k, l) of the nh largest values in f (k, l)
and save them into a new variable h[p] = [kp, l p], p ∈ [1, nh]
(Fig. 2b). Then, moment tensor solutions at each index pair h[p]
are calculated with

s̃k p [l p] = (
GT

k p
[l p]Gk p [l p]

)−1
GT

k p
[l p]ri−1, p ∈ [1, nh] .

If a constrained inversion is to be used, then it should also be
considered at this substep.

Step 2.2

For every solution s̃k p [l p] a normalized misfit (NM) measure is
estimated, this is

NMk p [l p] = ||Gk p [l p]s̃k p [l p] − ri−1||22
||ri−1||22

, p ∈ [1, nh] .

Finally, the indices (kp, l p) corresponding to the solution s̃k p [l p]
that minimizes the NMk p [l p] function are the ones saved in the
index sets � and � (Fig. 2c). In general, nh � Nt to reduce the
impact of this modification over the processing time. The search
of minimum misfit solutions over the NMk p [l p] function allows
BOMP the determination of optimum solutions in highly coherent
dictionaries, making it suitable for source parameter determination.

3.3 Stopping criteria

In practical scenarios, both BOMP and the modified BOMP have
to be provided with a stopping criteria after Ns iterations. Since the
algorithms find the source parameters of a seismic event at every
iteration, it is natural to set Ns equal to the number of maximum
expected sources in each input observations vector. For example, in

Figure 2. Real data example of the modification introduced to the BOMP
algorithm. (a) Function f (k, l) = ||GT

k [l]r0||22, the total number of nodes in
the grid of this example is Nt = 2205, hence l ∈ [1, 2205], the processing
window is Nw = 30, hence k ∈ [0, 29]. (b) Plot of the nh largest values
in (a), in this example nh = 100, therefore p ∈ [1, 100]. (c) Normalized
misfit for solutions computed at each (kp, l p) indices that correspond to
values of f (kp, l p) displayed in (b). The delay index kp and position index
l p where the NM is minimum are considered the optimum origin time and
location for a seismic source, and therefore saved in the index sets � and
�. In the regular BOMP workflow the indices (k, l) that correspond to the
global maximum in (a) are taken as the optimum origin time and location
of the seismic source.

an earthquake scenario a straightforward value is Ns = 1. However,
the algorithms will always output a solution after Ns iterations even
if no seismic events are recorded in the observations at all. To
discriminate between valid and spurious solutions, a detectability
threshold αd is implemented (Fig. 3). In each iteration i , a NMi is
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Figure 3. Idealized representation of the NMi variable along time. The
parameter αd is the detection threshold. In this example, the maximum
number of iterations is set at Ns = 1. Note that in the limiting case Nw = 1,
a seismic source would be declared at all time positions where NM1 < αd

producing multiple spurious sources. On the other hand, if Nw is for example
four times bigger than it is showed, Ns must have a minimum value of 2 to
detect the two sources appearing as valleys in the NM1 function.

computed using the updated residual ri , in other words

NMi = ||ri ||22
||u||22

.

Then, if NMi > αd the algorithm stops iterating and restarts com-
putations with a new observations vector. The seismic traces that
form the new observations vector contain the last NG entries from
the previous input traces plus Nw newly recorded samples. In this
way, the algorithm looks for seismic sources at all possible align-
ment positions allowed by the spatial and temporal sampling rates
of the system (see example in Fig. 3). For multiple simultaneous
sources where Ns > 2, the fitting of the solution with the obser-
vations is shared between the contributions from each source. In
these cases, a detectability criteria requires a more elaborated ap-
proach. One possibility is to set a second parameter β defining a
minimum improvement in fitting required to declare a new source
for all i > 1. The parameter αd would still be the minimum fitting
required to accept the whole solution. Multiple sources scenarios
are not analysed in detail in this work. However, a synthetic ex-
ample of multiple sources solved with the same fundamental ideas
presented here can be consulted in Vera Rodriguez et al. (2010a). In
the following section, the modified BOMP is tested in a synthetic
scenario pertaining to the microseismic monitoring of a hydraulic
fracture in an oil well, and with a real data set from the 2002 June 18
Caborn, Indiana, earthquake. In both cases, the computational work
was performed using a desktop computer with processor speed of
2.93 GHz and 8 GB in direct access memory. The code has not
yet been parallelized, hence, all the computations were performed
using a single core of the computer.

4 A P P L I C AT I O N T O S Y N T H E T I C
A N D R E A L DATA E X A M P L E S

4.1 Hydraulic fracturing in an oil well

Oil and gas wells are fractured through the injection of fluids at high
pressures to enhance production (Cipolla & Wright 2002). Moni-
toring and processing of the microseismic activity generated during
the injection process is a tool to study the properties of the induced
fractures (Maxwell 2005; Warpinski 2009). For such objective, ar-
rays of recording stations are positioned either on the surface or

Figure 4. Geometry of the microseismic monitoring experiment used to
test the modified BOMP. The treatment well passes through the monitored
volume, which is outlined by a grey box. The monitoring well is where the
receiver locations are displayed.

inside nearby wells (Duncan & Eisner 2010; Maxwell et al. 2010).
In this synthetic example, we consider the case of recording stations
positioned downhole. In the following, the well subject to hydraulic
fracturing will be referred to as the treatment well, while the well
where the recording stations are positioned will be called the mon-
itoring well. Both, treatment and monitoring wells in this example
are vertical (Fig. 4). The injection point in the treatment well is lo-
cated at a depth of 2000 m, which also corresponds to the centre of
the grid where the algorithm will detect seismic events. Discretiza-
tion of the subsurface using a grid introduces error in the estimated
seismic locations. In a regular grid this error is at most a

√
3/2,

where a is the distance between nodes, constant in all coordinate di-
rections. This maximum discretization error corresponds to a source
with actual location at the centre of a grid cell, and whose estimated
location can only be attributed to one of the nearby nodes. Although
there is no restriction on the location of the nodes for the purpose of
running the algorithm, the use of a regular grid simplifies the cal-
culations. Three different combinations node distance–maximum
frequency content are used in these experiments, they are: a
= 10 m, fmax = 100 Hz (model 1), a = 10 m, fmax = 400 Hz
(model 2) and a = 40 m, fmax = 400 Hz (model 3). The maximum
errors due to spatial discretization in these three models are con-
sidered reasonable given the magnitude of location errors usually
expected in a microseismic monitoring application (Eisner et al.
2009, 2010; Kidney et al. 2010). Furthermore, the maximum fre-
quency content allowed in each model is also consistent with what
could be expected for receivers located at the horizontal distances
defined in these experiments (e.g. Shemeta & Anderson 2010). Ad-
ditional simplifications in the design of the experiment are the use of
a homogeneous isotropic (ISO) medium and a relatively small num-
ber of grid nodes (Nx = Ny = Nz = 9). The total number of nodes
in the grid is Nt = Nx × Ny × Nz = 729, which depending on the
distance between nodes, corresponds to an also different monitored
volume. The monitoring well is located at a horizontal distance of
400 m in the N35◦E direction. An array of eight receivers with
equal separations of 30 m between them, spans a longitude of 210
m from 1700 to 1910 m of depth in the monitoring well (Fig. 4).
All these parameters reflect realistic geometrical settings for ac-
tual monitoring applications (see e.g. Eisner et al. 2010). Green’s
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functions and synthetic sources are computed using ray tracing the-
ory and correcting for the source radiation pattern (Aki & Richards
2009), all traces are compared as velocity seismograms, rotated
to a vertical-transverse-radial system and low-pass filtered to the
maximum frequency content referred in each model. Moment ten-
sor inversions using a vertical array of receivers cannot resolve the
dipole perpendicular to the plane formed by the source hypocentre
and the receivers (Nolen-Hoeksema & Ruff 2001; Vavrycuk 2007),
therefore, a deviatoric constraint is applied to all cases in these
synthetic experiments.

4.1.1 Influence of noise content on the solutions

We gauge the effect of noise through the signal-to-noise ratio (SNR),
which is defined as SNR = max(|u|)/σn , where σn is the standard
deviation of n, a zero mean gaussian noise vector, and max(|u|)
is the maximum absolute value of the amplitudes in the current
observation vector. At each node of the grid, five random sources
are modelled for a total of 5 × Nt = 3645 realizations in each of
the three previously described models. Each set of realizations is
then subjected to the required values of SNR = 0.1, 0.5 and 1. The
average location error (ALE) for a given model-SNR combination
is computed by

ALE =
Nt∑

n=1

(∑ks
k=1 ||ξ n − ξ k ||22

ks

)/
Nt , (16)

where ks is the number of sources that the algorithm was able to
resolve at node n (i.e. ks ∈ [1, 5]). ξ n is the actual source (node)
location and ξ k is the source location estimation for the kth source.
Similarly, the error in the moment tensors is estimated by an average

normalized mean squared error (ANMSE),

ANMSE =
Nt∑

n=1

[(
ks∑

k=1

∥∥mk
n − m̂k

n

∥∥2

2∥∥mk
n

∥∥2

2

)/
ks

]/
Nt , (17)

where m̂k
n is the inversion output for the kth source at n and mk

n its
actual value. In this calculation we only consider the five elements
of the moment tensor that are constrained by the monitoring geom-
etry (Jechumtalova & Eisner 2008). The average origin time error
(AOTE) is computed from

AOTE =
Nt∑

n=1

(∑ks
k=1 |OTn − OTk |

ks

)/
Nt , (18)

where OTn and OTk represent the groundtruth and estimated values
for the kth source at node n, respectively. As expected, increasing
the SNR would improve the accuracy of the results. For moderate
SNR levels (e.g. SNR = 1 and 0.5, Fig. 5), the three models display
low errors in all estimated source parameters. The higher errors
and standard deviations for location and origin time estimates are
observed in models 1 and 2 with 10 m separation between nodes
(Figs 5b and c). Between these two models, model 1 with 100 Hz
frequency content present slightly higher magnitude of errors and
standard deviations. These results can be analysed in the context of
the coherence between Green’s functions. The lower the frequency
content and smaller the distance between nodes, the Green’s func-
tions between different nodes in the grid are more alike, hence
the modified BOMP has more trouble identifying the correct solu-
tion. In the case of the source parameters, the behaviour reverses
(Fig. 5a), now it is model 3 which presents the higher magnitude
of errors and standard deviations. This effect is in response to the
higher separation between nodes (40 m) and frequency content
(400 Hz) with respect to the other models. The higher overlapping
of Green’s functions in models 1 and 2 produces better estimates

Figure 5. Average source parameter inversion errors for different levels of SNR. Crosses corresponds to model 1, dashes to model 2 and circles to model 3.
(a) Error in moment tensor estimation, the percentages relate to the number of realizations resolved by the algorithm in each SNR level (top values correspond
to model 1, followed by models 2 and 3), (b) error in origin time, (c) error in location and (d) average value of the index p ∈ [1, nh ] where the solutions were
found. Vertical bars are standard deviation.
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Figure 6. Effects of inaccurate Green’s functions in the inversion output. The inaccuracy in the Green’s functions is due to source locations not coinciding
with the grid nodes. (a) Error in moment tensor estimation, (b) error in origin time, (c) error in location and (d) average value of the index p ∈ [1, nh ] where
the solutions were found. Vertical bars are standard deviation.

of moment tensors for slightly mislocated sources as compared to
model 3 where the overlap is less. Additionally, this lack of overlap-
ping increases the value of the NM in mislocated events, generating
more missed sources in model 3 (see percentages in Fig. 5a). Hence,
there is a trade-off in the amount of overlapping between the Green’s
functions, which on one hand helps to obtain more robust moment
tensor estimates, but on the other, makes it harder for the modified
BOMP to identify the optimum locations and origin times. In the
presence of very low SNR (e.g. SNR = 0.1, Fig. 5), the algorithm
has difficulties detecting the synthetic events (see percentages in
Fig. 5a). The only case where a considerable amount of events is
resolved is model 1. However, this effect is only a result of the high
overlapping between the Green’s functions in this model. In other
words, since the Green’s functions from multiple nearby nodes are
highly coherent (alike), then, the solutions can have large errors
in location and origin time and still produce a NM that will pass
the detectability threshold. The less the overlap between Green’s
functions, the less the number of sources detected by the algorithm
(with nh constant), however, the quality of the source parameters of
the sources that are detected is improved. For sources that pass the
detectability criteria, the number of the index p ∈ [1, nh] where the
solutions are found remains stable in all the experiments (Fig. 5d).
In general, a possibility to increase the number of detected sources
is to increase the value of nh , in this case, a trade-off exists with
respect to the associated increase in processing time.

4.1.2 Influence of inaccurate Green’s functions on the solutions

The effect of inaccurate Green’s functions is examined using two
examples. First, we compute Green’s functions and a set of 400 ob-
servations vectors, both using the same velocity model. By design,
the source location of these observations does not coincide with any
of the grid nodes. In the second scenario, we introduce perturbations
to the Green’s function computations and adopt a set of 400 sources

that overlap with the grid node locations. For actual source locations
that do not coincide with the grid nodes, the errors in the estimated
source parameters increase as the overlap between Green’s func-
tions of different nodes is reduced (Figs 6a–c). The effect is similar
for inaccurate Green’s functions that result from an inexact velocity
model (Figs 7a–c). As one would expect, the more inexact the veloc-
ity model, the higher the errors in the estimated source parameters.
Again, the number of the index p ∈ [1, nh] where the solutions are
found remains stable in all cases (Figs 6d and 7d). These results
suggest that a highly coherent dictionary provides estimations that
are more robust to errors introduced by inaccuracies of the dictio-
nary itself. On the other hand, highly coherent dictionaries present
a difficulty for the modified BOMP to find optimum solutions. In-
creasing the variable nh would help the algorithm, however, this
would be at the expense of increasing computing time. A practical
way to design a dictionary of Green’s functions for a real applica-
tion is through numerical experiments like the ones just presented.
Following the results from our experiments, model 2 with distance
between nodes of 10 m and maximum frequency content of 400 Hz
seems to provide a good trade-off between detectability and errors
expected in the solutions. Furthermore, these properties can also be
improved by setting the variable nh at a level that is reasonable in
terms of the required speed at which solutions have to be output.

4.2 Application to the 2002 June 18 Caborn, Indiana,
earthquake

The 2002 June 18 Caborn, Indiana, earthquake is a moderate-sized
earthquake with a well-studied source location and seismic mo-
ment tensor. The event occurred in the Wabash Valley Seismic
Zone (WVSZ), located in the central eastern United States shared
by the states of Indiana, Illinois and Kentucky (Langer & Bollinger
1991, Fig. 8). Considering its seismic activity, the Wabash Valley
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Figure 7. Effects of inaccurate Green’s functions in the inversion output. After computing the observations, the velocity model is perturbed by 5 per cent
(circles) and 3 per cent (dashes) to compute dictionaries of Green’s functions. (a) Error in moment tensor estimation, (b) error in origin time, (c) error in
location and (d) average value of the index p ∈ [1, nh ] where the solutions were found. Vertical bars are standard deviation.

Figure 8. Epicentral location of the 2002 June 18 Caborn, Indiana, earthquake and distribution of seismic stations considered in this work (black triangles).
The beach ball corresponds to the solution obtained by Kim (2003). The Wabash Valley Seismic Zone (WVZS) is delimited by the dotted line. The Wabash
Valley Fault System (WVFS) is enclosed by the dashed line. The black square is the surface projection of the grid used in this work.
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Figure 9. Source parameters of the 2002 June 18 Caborn, Indiana, earth-
quake determined by Kim (2003). The source mechanism is represented by
the beach-ball diagram (lower hemisphere projection).

is a prominent region of Illinois, since it is the only part that does
not behave as an intraplate region (Kontar et al. 2010). A focus
of seismic activity in the WVSZ is the Wabash Valley Fault Sys-
tem (WVFS), which is a system of subsurface normal faults that
run parallel to the Wabash River Valley. The faults are high angle,
trending north–northeast and have been mapped down to more than
7 km penetrating the Precambrian basement (Bear et al. 1997). The
WVFS covers an approximate area of 90 × 50 km (see Fig. 8), the
faults have been interpreted to split upwards outlining horsts and
grabens (Nelson 1991). Kim (2003) infers that the WVFS could
have initiated during the Iapetean, while the region was rifting,
however Kontar et al. (2010) point out that timing and origin of the
deep faults remain unknown. Based on an analysis that includes the
2002 June 18 earthquake, Kim (2003) suggests the reactivation of
a possible Precambrian rift system by the contemporary regional
stresses. A description of the source parameters of the 2002 June 18
event determined by Kim (2003) is presented in Fig. 9. These results
were obtained from the use of a 1-D velocity model (Table 1) and the
recordings from 15 seismic stations with epicentral distances in the
range 129–585 km. The epicentral location, source mechanism and

Table 1. Velocity model used
in the Caborn, Indiana, earth-
quake inversion (Kim 2003).

Depth V p V s
(km) (km s−1) (km s−1)

7 5.9 3.4
28 6.5 3.7

8.0 4.5

depth of the event were determined separately. The source mecha-
nism and depth were estimated using a waveform fitting method that
looks for the best DC solution within a grid spanning the (strike, dip
and rake) space, and the best depth within a range of values (Zhao &
Helmberger 1994). The depth of the event was further corroborated
by analysing teleseismic P waves (∼19 km). The dominant phases
in the filtered regional seismograms are fundamental Rayleigh and
Love waves, although body waves (P) from the eight closest sta-
tions were also considered. The epicentral location was ultimately
refined using P- and S-wave time picks from 20 local and regional
seismic stations and the depth from the source mechanism inver-
sion. To test our inversion algorithm, we formulate a hypothetical
monitoring system around the WVFS to detect and invert for the
source parameters of the 2002 June 18 event.

4.2.1 Description of the monitoring system

The hypothetical system consists of eight broad-band seismic sta-
tions in the approximate distance range of 100–300 km from WVFS
(Fig. 8, Table 2). The monitored volume is divided using a grid of
21 × 21 × 5 = 2205 nodes or virtual sources. The distance between
the nodes is 5 km both in the horizontals X(North), Y(East) and
depth directions. The surface projection of the grid covers an area
of 100 × 100 km outlining practically all WVFS. The node depths
range from 5.5 to 25.5 km, which also cover the maximum proposed
depth of the seismogenic region (∼20 km). Following Kim (2003),
the frequency range considered is 0.01–0.1 Hz. Similar combina-
tions of distance between nodes and frequency content are used
in the GridMT system (Tsuruoka et al. 2009), and for the study
of earthquakes offshore Northern California (Guilhem & Dreger
2010). In these two latter works, the detection threshold is set using
a variance reduction (VR) measurement defined as

VR = 100(1 − NM) . (19)

In the GridMT system the detection threshold is VR ≥ 65.0, solu-
tions present VRs of similar magnitude in the offshore California
system. Considering the relationship between the VR and the NM,
the detection threshold in our system is set at αd ≤ 0.35. For each set
virtual source-recording stations, six Green’s functions correspond-
ing to each of the elemental force couples in the seismic moment
tensor are computed and arranged in a dictionary. Both the Green’s
functions and observations are frequency filtered, rotated to a radial,
transverse, vertical system and processed to be compared as velocity
records. Furthermore, amplitudes are normalized, hence no scalar
moment estimate is provided for this example. The Green’s func-
tions are computed using the velocity model displayed in Table 1
using the reflectivity method from Randall (1994). The duration of
the Green’s functions is 150 s, which considering a sampling rate

Table 2. List of seismic stations used in
the hypothetical monitoring system.

Lat Lon Elevation
Name (◦) (◦) (km)

SIUC 37.71 −89.22 120
WCI 38.23 −86.29 210
BLO 39.17 −86.52 246
UTMT 36.35 −88.86 110
WVT 36.13 −87.83 153
SLM 38.64 −90.24 186
CCM 38.06 −91.24 222
PLAL 34.98 −88.08 165
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of �t = 1 s is equivalent to 150 samples. The total response time
(tR) of the system is

tR = tNG + tNw + tT + tp , (20)

where tNG = 150 s is the duration of the Green’s functions, tNw

is the length of the processing window, tT is the transmission time
from the recording stations to the computing centre and tp is the
processing time of our algorithm. The duration of the observation
vectors that input the inversion is tNu = tNG + tNw . A new vector
of observations enter the inversion every tNw + �t seconds. Our
objective is that tp ≤ tNw + �t , in other words, the system must
provide an answer before new information is available to be inverted.
The inversion is set to look for a maximum of 1 source at each input
observation vector (i.e. Ns = 1). The search for optimum solutions
in the modified BOMP is set to nh = 200.

4.2.2 Inversion of the 2002 June 18 earthquake records

To simulate the detection and inversion of the 2002 June 18 earth-
quake, the seismic recordings of the event are cut from 60 s before
the origin time determined by Kim (2003) and up to 240 s after.
The processing window is then set as Nw = 30 samples. Given the
length of the Green’s functions and the sampling rate, this means
that a set of five observation vectors u will input the inversion
process. The required processing time to guarantee a real-time re-
sponse is tp ≤ 31 s. The average processing time observed during
the tests was t̄p ∼ 4 s, corroborating the feasibility of real-time
monitoring using the hypothetical system, and furthermore that a
bigger number of grid nodes and/or recording stations can be used.
A disadvantage in the use of adjacent processing windows is the
possibility to detect the same seismic event more than once when
its origin time is close to the limit of the processing window. Al-
ternatives to overcome this limitation are the use of overlapping
windows and/or the comparison of results between different adja-
cent windows (e.g. Tsuruoka et al. 2009). To analyse with more
detail the estimated source mechanism the inversion is run twice,
once applying the deviatoric constraint and the other allowing a full
moment tensor recovery. The percentages of ISO, DC and compen-
sated linear vector dipole (CLVD) for each solution are presented
in Table 3 (Knopoff & Randall 1970; Vavrycuk 2001). In the devi-
atoric solution, the percentage of ISO component is negligible, on
the other hand, in both results the source mechanism is predomi-
nantly DC. The amount of CLVD percentage in both solutions is
associated to the angle that the slip vector deviates from the fault
plane (α). The small magnitude of α supports agreement between
our results and the assumption of pure DC mechanism used by Kim
(2003). Furthermore, the existence of an α �= 0 might be in part
due to the presence of noisy components in the input records. In its
current version, our algorithm does not have a mechanism to filter
out of the inversion traces with low SNR, which can introduce bias
into the inversion results. The origin time and hypocentre location
in both of our solutions is the same. Although the grid was designed

Table 3. Decomposition in percentages of isotropic (ISO), double couple
(DC) and compensated linear vector dipole (CLVD) of source mechanism
solutions for the 2002 June 18 Caborn earthquake. Negative percentages in
ISO and CLVD components are associated to compressive faults, α is the
angle formed between the fault plane and the slip vector (Vavrycuk 2001).

Type of constraint Per cent ISO Per cent DC Per cent CLVD α (◦)

No constraint −4 67 −29 −14
Deviatoric 0 70 −30 −14

on purpose not to coincide with the hypocentre determined by Kim
(2003), our algorithm determined the event location at the node
that was closest to Kim’s solution. Particularly, our results show the
depth of the event at 20.5 km, which agrees better with the event’s
depth determined from teleseismic waves (∼19 km). A summary of
the solution using the deviatoric constraint is presented in Fig. 10.

4.3 Comparison with other real-time inversion
methodologies

The introduction of this work presents a rough overview of source
parameter inversion methods in earthquake seismology and mi-
croseismic monitoring in oil and gas wells. The list of available
methodologies to invert for the source parameters is even longer if
we consider other areas of applied geophysics, for example, mining
applications (Gibowicz 2009). Although the methodology presented
in this work has not been tested as extensively as the methodologies
mentioned in the Introduction, it presents capabilities that are ap-
pealing for the development of new more powerful source parameter
inversion techniques using the theory of sparse representations. As it
was mentioned earlier, most source parameter inversion techniques
require the calculation of origin time and location (either epicentre
or hypocentre) before starting the estimation of the source mecha-
nism, since this is usually performed by independent algorithms, a
waiting time is implicitly required for the estimation of the moment
tensor. The BOMP method proposed here overcomes this limitation,
making it suitable for the continuous automatic real-time recovery
of the three source parameters simultaneously. Another method-
ology that presents these capabilities is the grid search approach
proposed by Kawakatsu (1998). Similar to BOMP, the grid search
approach is input with a continuous flow of seismic recordings, it
does not require a priori information about event occurrence, and
the output from the systems are the three source parameters (origin
time, hypocentre location and moment tensor). Additionally, in both
cases the monitored volume is divided using a grid. It is also this
parametrization of the subsurface into a grid that imposes the main
limitations for both systems, which are related to the maximum
number of grid nodes (virtual sources) and recording stations that
can be inverted in real time. Kawakatsu’s method is currently imple-
mented in the ERI of Japan under the name GridMT (Tsuruoka et al.
2009). GridMT divides the subsurface using a grid and then solves
the system in (12) at each grid node. The least-squares solution to
(12) is mn = (GT

n Gn)−1GT
n u, where n is a node index. To reduce

computational effort during the inversion, matrix An = (GT
n Gn)−1

is computed for all the grid nodes and saved in memory. Hence, at
each time step, matrix An is multiplied by the product bn = GT

n u
between the observations u and the Green’s functions from each
node Gn . Then, GridMT performs a grid search for the node with
the solution mn that gives the highest VR. From this description,
two differences between BOMP and GridMT are immediately ob-
vious. First, since matrix An is already computed in GridMT, it is
not possible to alternate between deviatoric and full moment tensor
solutions, unless two different versions of An are pre-computed and
saved. In our method, the constraint for deviatoric solutions is easily
switched on and off at step 3 (and 2.1 in the modified BOMP). Fur-
thermore, in single source scenarios like earthquake monitoring, a
non-linear pure DC constraint could also be incorporated in step
3 by replacing the least-squares source mechanism determination
with an algorithm that performs a search over a (dip, rake and strike)
solution space (e.g. Zhu & Helmberger 1996). The second differ-
ence is related to the comparison between Green’s functions and
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Figure 10. Source parameters of the 2002 June 18 Caborn, Indiana, earthquake determined by our hypothetical monitoring system. The source mechanism is
represented by the beach-ball diagram (lower hemisphere projection). Solid line: observed records. Dotted line: synthetic records obtained from the forward
modelling of our solution.

observations. In both methodologies the product bn is computed
at each node (consider a single time step in both cases). This is
the part of the process that takes the highest computational cost.
In our method an extra step determines the �2-norm of each bn .
GridMT then calculates the product Anbn for all nodes, while our
method computes this product for only the nh nodes that present
the highest ||bn||22 values, where nh is much smaller than the to-
tal number of nodes in the grid. This provides a subtle advantage
in terms of computational speed to the modified BOMP. Addition-
ally, an extra capability of BOMP-based methods is the possibility
to identify more than one source contained in the same vector of
observations u.

5 D I S C U S S I O N

Despite the differences mentioned, perhaps the most important rel-
evance of the modified BOMP is that being based on sparse repre-
sentation theory gives the possibility of using compressive sensing
to push the limits of real-time applicability. Compressive sensing is
a relatively new field of signal processing and applied mathematics
that studies sampling and recovery conditions for signals that ad-
mit a sparse representation in a known basis or dictionary (Donoho

et al. 2006; Baraniuk 2007; Candes & Wakin 2008). Based on com-
pressive sensing theory, Vera Rodriguez et al. (2010b) change the
problem in (14) to the problem of solving

�u = �Gm , (21)

where � is called a sensing matrix. The result of multiplying both
sides of eq. (14) by the sensing matrix � is a dimensionality re-
duction of the system of equations. It is this dimensionality reduc-
tion that allows a significant decrease in processing time and for
instance, the use of a larger number of grid nodes, and also a con-
siderably larger number of input records to the inversion without
compromising the real-time response. A detailed description on the
implementation of compressive sensing with our inversion method
is the subject of ongoing research.

6 C O N C LU S I O N S

Through a convenient parametrization of the seismic source for-
ward problem, we showed that the source mechanism is a sparse
representation of the source displacement field under a dictionary
of Green’s functions. Hence, sparse representation theory provides
alternative strategies for simultaneously inverting for the origin
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time, hypocentre location and seismic moment tensor of seismic
events. The modified BOMP is suitable to enforce block sparsity in
the solutions and to identify optimal source parameters in the pres-
ence of highly coherent dictionaries. The BOMP method used in this
work follows essentially the same workflow of the regular BOMP
algorithm. The main difference comes from the physical meaning of
the superdictionary used in the source parameter inversion, where
solutions are found after matching the input observations both in
3-D space and time. Although, without giving consideration to its
physical meaning, the superdictionary G could be treated as a regu-
lar dictionary, the high coherence between its columns makes diffi-
cult the identification of optimal solutions using the regular BOMP
method. Hence, a modification based on a search over the largest
values of the �2-norm of the correlation between the blocks of the
dictionary and the current residuals makes the algorithm more suit-
able to work in highly coherent dictionaries such as those that arise
in seismic monitoring applications. Although the BOMP method
has not been tested as extensively as other methodologies currently
in use in different areas of geophysics, it presents capabilities that
are of great interest for the development of improved source param-
eter inversion systems. One characteristic that differentiates BOMP
from most other source inversion approaches is that it is specifically
designed to be implemented as a continuous monitoring system.
Also, it can potentially solve for multiple sources in the same set
of observations that input the inversion. The most important con-
sequence of using sparse representation theory is the possibility to
integrate our method with compressive sensing. Using compres-
sive sensing the limits for real-time implementation of the modified
BOMP can be pushed further than those of other available real-time
monitoring systems. This brings the possibility to monitor larger
subsurface volumes with denser networks of recording stations.
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