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a b s t r a c t

This study reviews the theory, programming designs and merits of two new Matlab-based routines for

the forward and inverse Radon transform. These routines offer users flexible choices of integration path

functions to take advantage of improved Radon-domain identification and isolation of seismic phases.

Least-squares inversion of frequency components and judicious choices of regularization techniques

enables additional noise suppression and signal enhancement in the Radon domain. The forward Radon

transform routine has the added benefit of spatial interpolation for irregularly sampled data. The

accuracy and applicability of these two new routines are demonstrated using data sets containing long-

period SS precursors and high-frequency receiver functions. With minimal modifications these two

highly portable, carefully documented Radon-transform routines could be easily adapted for a broad

range of applications.

& 2012 Elsevier Ltd. All rights reserved.
1. Introduction

The Radon transform (from here on RT) was originally for-

mulated as an integration of a 2D function along a set of straight

lines expressed by orientation angles and distances to the origin

(Radon, 1917). This problem has since been extended to more

general functions and laid the foundation for applications in

astrophysics (Bracewell, 1956), computed axial tomography

(Cormack, 1963), seismic tomography (see Liu and Gu (in press)

for review) and reflection seismology (Sacchi and Ulrych, 1995;

Trad et al., 2003). More recently, earthquake-based seismic

structure analysis also utilized RT in both traditional (An et al.,

2007; Gu et al., 2009; Gu and Sacchi, 2009) and more generalized

(Cao et al., 2010) forms. Within the context of seismology,

the integration paths are typically constrained by ray parameter

(alternatively called slowness and denoted by p), a conserved

quantity along a potentially curved trajectory in a heterogeneous

medium. Some applications may adopt the form

t¼ tþpD, ð1Þ

where seismic arrival time (t) is linearly dependant on epicentral

distance (D). The ability of RT to project move-out (spatial) data

Mðt,DÞ to the Radon domain Rðt,pÞ allows for the identification

and differentiation of unique phase arrivals. Extraneous arrivals

may be conveniently isolated and attenuated in the Radon

domain. The forward operator can also be applied to a filtered

Radon domain, effectively minimizing obfuscating phases in the

spatial domain. This property has been instrumental in explora-

tion seismology for the removal of multiple reflections (Thorson

and Claerbout, 1985; Hampson, 1986; Beylkin, 1987). With the

advent of increasingly dense regional seismic arrays (e.g., USArray

and Hi-Net, Japan) as well as convenient access and dissemina-

tion of geophysical data, it is becoming more feasible to extend

techniques such as RT to interrogate reflectivity structure at

global or regional scales (An et al., 2007; Gu et al., 2009).
In this study we document the theory, implementation and
usage of Radon_inverse and Radon_forward, two open-source
Matlab-based routines. These functions have been designed under
the premise of simplicity and flexibility, consistent with the built-
in Matlab functions (e.g., fft and interp1). Radon_inverse imple-
ments a frequency-based inversion and includes regularization
methods pertaining to ‘2 and ‘1 norms as well as a Cauchy-based
(Sacchi and Ulrych, 1995) cost function. Both the forward and
inverse routines include linear and parabolic path functions, and
the ambitious user may incorporate additional path functions,
regularizations or inversion techniques as needed. The routine’s
functionality has been tested on long-period shear wave reflec-
tions from mantle interfaces (e.g., Shearer and Masters, 1992)
and high-frequency receiver functions (see Rondenay, 2009
for review). Our method and algorithm remain general and are
easily adaptable to other applications, both within and outside of
seismology.
2. Theory

RT represents an integral transform that in its original context
described an integration along the lines parameterized by dis-
tance to the origin and angular orientation. This parameterization
leads to Radon inversions commonly referred to as sinograms in
computed axial tomography. In seismology, discrete approaches to
this problem have been estimated using a summation known as
slowness slant stacking. The equation governing the summation-
based approximation to the Radon domain (vespagram) is expres-
sible as

Rðtk,piÞ ¼ ð1=NDÞ
XND

j ¼ 1

MðtkþTðpi,Dj,dÞ,DjÞ: ð2Þ

For each parameter of slowness pi, a summation is performed
over all seismograms with offsets/distances Dj in the move-out
domain. Each seismogram is shifted in time by the function
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Fig. 1. A caricature depicting the Radon transform. Linear path-functions are

focused around the distance parameter d in the spatial domain (left panel).

Integration paths defined by ray parameters p1, p2 and p3 intersect in the spatial

domain at ðt,dÞ (left panel), which are projected to the Radon domain as energy

foci (right panel). Integration along ray parameter p3 maps the high-amplitude

phase in the spatial domain to an energetic signal in the Radon domain (dark solid

circle). A weaker Radon signal results from integrating along parameter p1 (gray

circle, right panel), due to smaller amplitude phase move-out, while an integration

path devoid of arrivals (see p2) yields minimal Radon energy (white circle). It

should be noted that these three paths only intersect at the designated distance

parameter d, whereas any other choice would result in distinct t arrivals in the

Radon domain.
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Tðpi,Dj,dÞ that describes the path of integration in the spatial
domain. Coherent signals along these paths (see Fig. 1) will stack
constructively and potentially increases signal-to-noise ratio by
a factor of

ffiffiffiffiffiffiffi
ND

p
(Shearer, 1991), where ND is the number of

seismograms. Integration methods are distinguished by their path
function as linear, parabolic, hyperbolic or generalized. In our
path function formulation, a phase’s intersection in time with the
distance parameter d determines the t arrival in the Radon
domain.

Slant stack methods (Rost and Thomas, 2009) offer a simple,
effective technique to estimate the Radon domain. Other non-
linear stacking techniques such as N-th root (Kanasewich et al.,
1973) and phase-weighted (Schimmel and Paulssen, 1997) have
been employed with slowness slants to detect coherent, low
amplitude arrivals and increase slowness resolution. However,
these alternatives tend to distort the signal’s amplitude informa-
tion, a potentially fatal flaw for some applications. Inversion-
based methods have been suggested as a more robust and reliable
approach (Beylkin, 1987; Sacchi and Ulrych, 1995). Formulating
RT as an inverse problem requires the forward relationship
between the spatial and Radon domains

Mðtk,DjÞ ¼
XNp

i ¼ 1

Rðtk�Tðpi,Dj,dÞ,piÞ: ð3Þ

To condition Eq. (3) into a form that is conducive to inversion, we
perform the Fourier transform

Mðok,DjÞ ¼
XNp

i ¼ 1

expð�iokTðpi,Dj,dÞÞRðok,piÞ, ð4Þ

where the shift theorem modifies the discrete Radon equation
into a more tractable form. For a single, constant frequency ok,
this equation may be expressed in the matrix notation as

MðDjÞ ¼AðDj,piÞRðpiÞ, ð5Þ

and AðDj,piÞ denotes a matrix of time shifts with magnitudes
determined by the path function (Sacchi and Ulrych, 1995; An
et al., 2007; Gu and Sacchi, 2009). Alternative Radon methods
based on spline convolution have been utilized in medical
tomography (La Rivi�ere and Pan, 1998; Horbelt et al., 2002). The
use of the Fourier transform in our implementation enables a
least-squares inversion estimate of the Radon domain, which is
expedited by solving multiple, smaller linear systems. Unfortu-
nately, inverse problems are often ill-posed such that uniqueness,
existence and stability of the solution are not guaranteed
(Tikhonov and Goncharsky, 1987), and RT is no exception
(Kuchment, 2006). These concerns are alleviated by the addition
of an a priori assumption (regularization). The simplest regular-
ization is based on the ‘2 norm (Parker, 1994) of the Radon signal,
which is achieved by minimizing the cost function

J¼ JMðDjÞ�AðDj,piÞRðpiÞJ
2
2þmJRðpiÞJ

2
2: ð6Þ

The Lagrange multiplier m determines the trade-off between the
least-squares fit of the data (first term in Eq. (6)) and bounding
the energy in the Radon domain (second term in Eq. (6)). In our
implementation, solutions to linear systems are solved directly,
which is sufficient for moderately sized matrices. In the case of
large matrices, conjugate gradient methods could be implemen-
ted to make computation more feasible.

Regularization methods based on other assumptions include
Cauchy-based minimum entropy (Sacchi and Ulrych, 1995) and
sparseness approaches associated with the ‘1 norm of the
Radon signal. However, these regularizations are more compu-
tationally expensive since their cost function minimizations are
not closed form solutions; instead, iterative methods which
converge to the solution are often employed. Earlier solutions
to this problem are based on descending the gradient of the
cost function (Landweber, 1951). Subsequent algorithms based
on proximal gradients (Daubechies et al., 2004) are known for
slower convergence rates (sub-linear), though more efficient
alternatives have been proposed in recent literature (Bioucas-
Dias and Figueiredo, 2007; Beck and Teboulle, 2009). Our
inversion code utilizes the Iteratively Reweighted Least Squares
(IRLS) method (Daubechies et al., 2010), with linear conver-
gence rates for ‘1 norms and quadratic convergence in the limit
of ‘0 ensures timely computation. The IRLS method assumes a
starting model (the ‘2 norm solution in our implementation)
and updates the Radon solution to the next iteration based on
the equation

Rlþ1 ¼ ðA
HAþlQ lÞ

�1AHM: ð7Þ

In Eq. (7) l is a hyperparameter, Q l is a diagonal matrix based
on the current Radon solution Rl, AH refers to the Hermitian
transpose of A and subscripts refer to the iteration step, with
iterations continuing until relative changes to the cost function
become negligible. The diagonal entries Qmm ¼ ð9Rm9þbÞ�1 and
Qmm ¼ ð9Rm9

2
þbÞ�1 are non-linear due to non-quadratic cost

functions for ‘1 and Cauchy regularizations, respectively.
Within these diagonal elements, a second hyperparameter b

has been imposed; this ensures the continuity of the penalty
function’s gradient and enforces the degree of sparsity in the
final solution. The choice of regularization is at the discretion of
the researcher depending on, but not limited to, the nature of
the application and availability/quality of data.

Optimization of regularization terms is required to ensure
fidelity and stability during inversion. If prior information is
known about the noise in the spatial domain, then optimization
may be achieved through a w2 test. This is particularly advanta-
geous for the ‘1 and Cauchy inversions as the relationship
among m,l and b parameters will reduce this problem into the
optimization of a single parameter. In the case of real data, little
is often known about the noise level and optimization must be
achieved empirically based on a trade-off curve (L-curve). More
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detailed discussions of damping parameter and its optimization
can be found in Engl and Grever (1994), Sacchi (1997) and
Hansen (1998).
3. Applications

A suite of transverse-component synthetic seismograms is
used to demonstrate the effectiveness of RT. Fig. 2A shows a
record section of simulated SS precursors (Shearer and Masters,
1992) consisting of � 1000 source-station pairs used in the
investigation of mantle stratification beneath South America
(Contenti et al., 2012). These synthetics were computed using
the reflectivity method based on PREM (Dziewonski and
Anderson, 1981) and Global Centroid Moment Tensor solutions
(Dziewonski et al., 1981) of the associated earthquakes. Differ-
ential times between SS and its precursors provide a proven
means for constraining the depths of mantle discontinuities
(Shearer and Masters, 1992; An et al., 2007; Gu et al., 2009, see
Deuss, 2009 for review).
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Fig. 2. Radon transform of a simulated record section containing SS and its precursors

been aligned on SS. Precursors resulting from discontinuities at 220, 410 and 660 k

discontinuities are 400 and 670 km, respectively, in PREM. (B) Instantaneous amplitude

d� 125. Distinct peaks in Radon domain are attributed to each ray parameter and their

using (C) ‘1 and (D) Cauchy methods. Sharper signals are observed in these two cases,

was kept constant to ensure a fair comparison of the inversion methods.
Each seismogram is aligned on the arrival of the SS surface
reflection and sorted according to the epicentral distance. Then,
the Radon_inverse routine is applied to the record section (see
Fig. 2) while assuming linear path functions in each of the three
regularizations: ‘2, ‘1 and Cauchy. To ensure a fair comparison,
we restrict the variance of the residuals (observation-prediction)
to a constant value for all regularization approaches. Radon-
domain signals are identified for all reflections and the depth
errors of the 660, 410 and 220 km discontinuities are less than
0.2%. The emphasis on the sparseness of the solution is apparent
in the Cauchy and ‘1 Radon solutions; as the most prominent
arrival, SS is most significantly affected by the sparseness criter-
ion (Sacchi, 1997).

As suggested by Fig. 2, Radon_inverse constructs the Radon
domain and enables accurate assessments of the strength
and depth of a given seismic reflection. The opposite operation,
Radon_forward, transforms the Radon image back to the
spatial domain (Fig. 3). During this process it re-samples SS
and its precursors at regular intervals and interpolates phase
move-outs within a gap in receiver coverage in the distance
range of 110–1171 (see Fig. 3). In addition, the ability to mute
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other seismic phases greatly facilitates the examination of
S220S and S660S in the spatial domain.

The two routines detailed in this study are directly applic-
able to other geophysical data with a simple change in
the input record section (in a matrix form). As an example,
we apply RT to radial-component receiver functions (e.g.,
Langston, 1979; Rondenay, 2009 for review) that were com-
puted based on the broadband seismic data from EDM, a station
within the Canadian National Seismic Network. The input
record section (Fig. 4A) was obtained using iterative deconvolu-
tion (Ligorria and Ammon, 1999) and shows a series of secondary
reflected and converted phases after the first arrival. The RT is
based on parabolic path functions and an ‘2 norm, the preferred
modeling choices due to nonlinear move-out curves. Strong
signals are observed at the expected times/ray parameters for
first-order crustal reverberations and P-to-S conversions from
mantle seismic discontinuities (Fig. 4B). Signal corresponding to
conversions at the 410-km discontinuity (see Fig. 4B) is best
resolved due to coherent time-domain wave amplitudes along the
highlighted, de facto move-out curve. The ability to isolate and
constrain small, secondary arrivals such as P-to-S conversions in
Radon domain could greatly assist the imaging of solid Earth
seismic structures.
4. Conclusions

We have presented two Matlab-based routines, Radon_in-
verse and Radon_forward, that perform discrete inverse and
forward Radon transforms. These frequency-based methods
offer the user flexible choices among multiple regularization
methods and path functions. They are designed for simplicity
and flexibility, and the Matlab foundation ensures portability
between platforms. Both Radon_inverse and Radon_forward
could be readily adapted or modified for a broad range of
geophysical applications. The Matlab codes and their instruc-
tions are available for download at http://www.ualberta.ca/
�rjs10/Software/.
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