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S U M M A R Y
Seismic discontinuities are fundamental to the understanding of mantle composition and
dynamics. Their depths and impedance contrasts are generally determined using secondary
phases such as SS precursors and P-to-S converted waves. However, analysing and interpreting
these weak signals often suffer from incomplete data coverage, high noise levels and interfering
seismic arrivals, especially near tectonically complex regions such as subduction zones. To
overcome these pitfalls, we adopt a singular spectrum analysis (SSA) method to remove
random noise, reconstruct missing traces and enhance the robustness of SS precursors and
P-to-S conversions from mantle seismic discontinuities. Our method takes advantage of the
predictability of time series in the frequency–space domain and performs rank reduction using
a singular value decomposition of the trajectory matrix. We apply SSA to synthetic record
sections as well as the observations of (1) SS precursors beneath the northwestern Pacific
subduction zones, and (2) P-to-S converted waves from southwestern Canada. In comparison
with raw or interpolated data, the SSA enhanced seismic sections exhibit greater resolution
due to the suppression of random noise (which reduces signal amplitude during standard
averaging procedures) through rank reduction. SSA also enables an effective separation of the
SS precursors from the postcursors of S-wave core diffractions. This method will greatly benefit
future analyses of weak crustal and mantle seismic phases, especially when data coverages are
less than ideal.

Key words: Time-series analysis; Fourier analysis; Mantle processes; Phase transitions; Body
waves; Subduction zone processes.

1 I N T RO D U C T I O N

Enhancement of the signal of interest and suppression of random
noise are crucial for achieving superior image quality and signal
coherency (Cadzow 1988; Sacchi 2009; Oropeza & Sacchi 2011;
Naghizadeh 2012). Over the past decades, different methods have
been proposed for data interpolation and noise attenuation by ex-
ploring the predictability of seismic signals. These methods may
be performed in the time–space (t–x) domain (Abma & Claerbout
1995) or by transforming the data to other domains such as
frequency–space (Canales 1984; Gulunay 1986; Spitz 1991), slant-
stack (also known as Radon domain; Sacchi & Ulrych (1995); Trad
et al. (2002)), and frequency–wavenumber (Naghizadeh 2012). A
method that has received significant recent attention is singular
spectrum analysis (SSA), a rank reduction-based technique (also
known as Cadzow filtering) for the simultaneous random noise
removal and data reconstruction in the case of missing samples
(Broomhead & King 1986; Cadzow 1988; Sacchi 2009; Oropeza &
Sacchi 2011). This technique was first introduced in time domain
in the analyses of experimental dynamical systems (Broomhead &
King 1986; Fraedrich 1986) in the 1980s. It was later adapted to

the frequency–space (f–x) domain and relied on the separation be-
tween coherent, linear signals and incoherent noise (Cadzow 1988;
Trickett 2003; Oropeza & Sacchi 2011; Yuan & Wang 2011).
This algorithm is predicated on the analysis of eigen/singular
values but incorporates additional phase or spatial information
(Golub & Van Loan 1996; Trickett 2008; Sacchi 2009). To date,
SSA has found successful applications in climatology/meteorology
(Vautard & Ghil 1989; Ghil et al. 2002), astronomy (Auvergne 1988;
Varadi et al. 1999), and economic data series analysis (Hassani &
Thomakos 2010; Kumar & Jain 2010).

Despite well-documented successes in seismic data processing
(Trickett & Burroughs 2009; Oropeza & Sacchi 2011; Chen &
Sacchi 2015), applications of SSA are rare in the analysis of earth-
quake records (Gu et al. 2015) and the potential of this method has
not been fully recognized. In this study, we present the basic the-
ory behind SSA and apply the SSA interpolation (an open source
Julia-based package) to mantle seismic imaging. The merits of this
method are demonstrated through high-frequency P-to-S conver-
sions (Vinnik 1977; Dueker & Sheehan 1997; Rondenay 2009) and
long-period shear wave reflections (Shearer 1993; Gu et al. 1998;
Deuss 2009) from mantle discontinuities, both of which are known
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to suffer from low signal-to-noise ratios (SNRs) and gaps in data
coverage.

2 T H E O RY

We apply SSA, a frequency domain noise attenuation technique,
to increase the coherency of conversions or reflections from upper
mantle seismic discontinuities. SSA is a model-free method that
uses singular value decomposition (SVD) to reduce the rank of the
Hankel matrix (Golyandina et al. 2001; Sacchi 2009). To do so, we
first represent seismic events (d(t, x)) in a time–space (t–x) matrix

d =

⎛
⎜⎜⎜⎜⎜⎝

d1,1 d1,2 · · · d1,n

d2,1 d2,2 · · · d2,n

...
...

. . .
...

dm,1 dm,2 · · · dm,n

⎞
⎟⎟⎟⎟⎟⎠

(1)

where dj, i corresponds to the jth sample of the ith trace of the
data matrix composed of m samples in each seismogram for n total
traces. The data in the t–x domain is then transformed to the f–x
domain by taking the Fourier transform of each seismogram with
respect to time. The f–x transformed data matrix is now

D =

⎛
⎜⎜⎜⎜⎜⎝

D1,1 D1,2 · · · D1,n

D2,1 D2,2 · · · D2,n

...
...

. . .
...

DM,1 DM,2 · · · DM,n

⎞
⎟⎟⎟⎟⎟⎠

, (2)

where Dj, i corresponds to the jth frequency sample of the ith trace.
A related trajectory matrix, that is, the Hankel matrix where each
skew-diagonal is constant, can be constructed at a fixed frequency
fj as (Sacchi 2009):

M( f j ) =

⎛
⎜⎜⎜⎜⎜⎝

D j,1 D j,2 · · · D j,K

D j,2 D j,3 · · · D j,K+1

...
...

. . .
...

D j,L D j,L+1 · · · D j,n

⎞
⎟⎟⎟⎟⎟⎠

. (3)

In this expression L and K are chosen to be �n/2�+1 and n − L + 1,
respectively, to approximate the Hankel matrix as a square matrix
(Trickett & Burroughs 2009; Oropeza & Sacchi 2011). In the pres-
ence of a linear event, it can be shown that

D j,n = (e−i2π f j p�x )D j,n−1, (4)

where p is the ray parameter and �x is the distance between two
adjacent traces. In other words, for equally spaced traces, the event
becomes linearly predictable in the spatial direction (Sacchi 2009)

and the rank of the Hankel matrix equals to 1. Eq. (3) can be written
in a reduced-rank form as (Sacchi 2009):

M( f j ) =

⎛
⎜⎜⎜⎜⎜⎝

D j,1 W D j,1 · · · W K−1 D j,1

D j,2 W D j,2 · · · W K−1 D j,2

...
...

. . .
...

D j,L W D j,L · · · W K−1 D j,L

⎞
⎟⎟⎟⎟⎟⎠

, (5)

where W = e−i2π fp�x. For the input data, d(t, x) consists of k linear
events and the transformed data D(f, x) contain k complex sinu-
soids. Consequently, the rank of the Hankel matrix constructed
from the transformed data at each frequency is equal to k (Yang
& Hua 1996; Oropeza & Sacchi 2011). The rank of the trajec-
tory matrix increases with noise and the number of missing traces
(Sacchi 2009; Chen & Sacchi 2015). Furthermore, the SSA filter
relies on the approximation of the Hankel matrix by another matrix
of a lower rank (Golyandina et al. 2001). Assuming that the sig-
nal is linearly predictable in space (Oropeza & Sacchi 2011; Yuan
& Wang 2011), rank reduction techniques can be applied to the
Hankel matrix, M, to (1) separate the random noise from coherent
events and (2) reconstruct the missing observations by reducing the
rank of the Hankel matrix. Subsequently, the low rank approxima-
tion of the Hankel matrix can be estimated using SVD (Freire &
Ulrych 1988):

M̂( f j ) = UkSkVH
k , (6)

where Sk represents a diagonal matrix containing the k largest
singular values of the Hankel matrix M sorted in descending
order, and Uk and Vk are the associated eigenvectors of M(fj)
(Trickett 2003). While the low-rank matrix M̂( f j ) is not a Hankel
matrix and the structure of the original trajectory matrix is gener-
ally not preserved (Chen & Ma 2014), one can obtain the closest
approximation to the Hankel matrix by averaging the anti-diagonal
elements of each low rank trajectory matrix, M̂( f j ), and reconstruct
the ith row of the transformed data in the f–x domain. The afore-
mentioned process is carried out for all frequencies fj in the band of
the seismic signal. Finally, an enhanced seismic image is obtained
by transforming data back to the t–x domain. An iterative algorithm
similar to the one suggested by Oropeza & Sacchi (2011) is used to
recover the true amplitudes of the missing traces:

Di = αDobs + (1 − αT)FSSA[Di−1], i = 1, 2, 3, . . . , i trmax. (7)

In this equation, Di and Di − 1 are the interpolated data in the current
and previous iterations, respectively, and Dobs denotes the input data
matrix with missing observations. The operator T is a sampling ma-
trix (with the size of the original data), within which the elements
equal to 1.0 (where data exist) or 0.0 (otherwise). The operator
FSSA represents the SSA filter and the denoising parameter α is a
scalar (between 0 and 1) associated with the noise level. FSSA is
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Figure 1. (a) Theoretical ray paths of P and P-to-S conversions at a 60◦ epicentral distance. (b) Ray paths of SS and its precursors at 130◦ distance. These ray
paths are computed using PREM (Dziewonski & Anderson 1981). The stars and triangles denote the earthquake and seismic station locations, respectively.
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Figure 2. Application of SSA on a decimated record section of synthetic receiver functions contaminated with random noise. (a) Original data. (b) Noise-added
data decimated to ∼70 per cent of the original number of traces. (c,e,g) Results of SSA filtering at k values of 1, 2 and 3, respectively. (d,f,h) The corresponding
differences between the reconstructed (c, e, g) and original (a) data.

formed by concatenating the following operators: data Hankeliza-
tion, rank-reduction and antidiagonal averaging. Finally, because
a true amplitude recovery is usually not achievable after a single
iteration, we employ an iterative algorithm that terminates when the

maximum number of iterations itrmax is reached or when the nor-
malized error function ‖Di − Di − 1‖2/‖Di − 1‖2 < ε with ε = 10−6.
Examples of SSA in mantle interface analysis will be provided in
Section 3.
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Figure 3. Distributions of singular values for (a) noise-free synthetic receiver functions and (b) noise-added, decimated data presented in Fig. 2. (c) Quality of
the reconstruction (Q) versus the rank of the Hankel matrix (k). The input data show a Q value of 1.4 dB. The maximum value of Q is achieved at k = 3.

Figure 4. Partially stacked radial receiver functions calculated for six seismic stations in southwestern Canada. Approximately 40 per cent, 2 per cent,
30 per cent, 25 per cent, 21 per cent and 3 per cent of data are missing at stations CZA, EDM, NOR, PER, SLEB and WALA, respectively. The dashed lines
indicate the PREM predicted differential traveltimes of P410s-P and P660s-P (Dziewonski & Anderson 1981).
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Figure 5. Reconstructed and spatially resampled receiver functions by applying the SSA interpolation. SSA is designed to reduce the rank of the Hankel matrix
to 3. The dashed lines indicate the PREM predicted differential traveltimes of P410s-P and P660s-P (Dziewonski & Anderson 1981).

3 A P P L I C AT I O N

A wide range of secondary seismic arrivals has been utilized to
determine the structure surrounding mantle seismic discontinuities.
Two prominent examples are P-to-S converted waves, often calcu-
lated from ‘receiver functions (RFs)’ (Ammon et al. 1990; Kind
et al. 1996; Ligorria & Ammon 1999; Lawrence & Shearer 2006;
Rondenay 2009; Chen et al. 2015), and long-period SS precursors
(Shearer & Masters 1992; Flanagan & Shearer 1998; Gu et al. 1998;
Deuss & Woodhouse 2002; Houser et al. 2008; Fig. 1). The for-
mer phase group is usually examined at high frequencies, targeting
the seismic structures beneath the receiver (Cassidy 1995; Song
et al. 2004; Schaeffer & Bostock 2010; Gu et al. 2015) or source
(Wicks & Richards 1993; Castle & Creager 2000) location. In
comparison, SS precursors are ‘global phases’ less dependent on

path geometries (Shearer & Masters 1992; Gu et al. 1998; Zheng
et al. 2015). Results from these two approaches are generally com-
plementary, especially in major subduction zones (Li et al. 2000;
Gu & Dziewonski 2002; Lawrence & Shearer 2006). The section
below investigates the effectiveness of SSA in the waveform anal-
yses of RFs and SS precursors for the imaging of mantle transi-
tion zone (MTZ) discontinuities (Ringwood 1975; Dziewonski &
Anderson 1981).

3.1 P-to-S receiver function

RF analyses have been widely conducted to determine the properties
of upper mantle interfaces (Vinnik 1977; Langston 1979; Lawrence
& Shearer 2006; Tauzin et al. 2008; Schaeffer & Bostock 2010;
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Figure 6. Application of SSA on synthetic SS precursor waveforms contaminated with random noise. (a) Noise-free synthetic records. (b) Noise-added data
with 30 per cent of the traces randomly removed. (c,e) Reconstructed data from (b) using k = 1 and 2, respectively. (d,f) Differences between the reconstructed
data (c,e) and the original input waveforms (a).

Gu et al. 2015). The primary conversions from mantle disconti-
nuities are often difficult to identify due to low SNR and potential
effects of multiple reverberations or interfering phases (Schaeffer &
Bostock 2010). Hence, stacking is generally performed to enhance
the SNR and reduce the random noise, but its effectiveness can be
compromised under severe noise levels and/or a non-Gaussian noise
distributions. Fig. 2(a) shows a record section of synthetic RFs con-
taining P-to-S converted phases from mantle interfaces, calculated
using a propagator matrix approach (Kennett 1983; Shearer 2009)
based on PREM (Dziewonski & Anderson 1981) for source-receiver
distances ranging from 45 to 95 degrees. After normalizing and
aligning each seismogram by its peak amplitude, the move-out
of the converted phases becomes approximately linear across the
record section. We then decimate the data by randomly removing
34 per cent of the traces and contaminate the selected records with
10 per cent Gaussian noise (Fig. 2b). A comparison between the

reconstructed data (Figs 2c–h) suggests that the best performance
of the SSA interpolation is achieved using the 3 largest singular val-
ues; in other words, the optimal desired rank of the Hankel matrix
is k = 3. On the other hand, the presence of random noise increases
the non-zero singular values of the trajectory matrix (Figs 3a and
b). To assess the quality of the reconstructions for different ranks,
we define

Q = 10log
‖d0‖2

‖d0 − d̂‖2
(8)

where d0 and d̂ denote the noise-free and reconstructed data, respec-
tively, in the t–x domain. By this definition, Q approaches infinity
in the case of perfect data reconstruction. In this experiment, the
calculated Q values for the interpolated data using rank k = 1, 2 and
3 are 2.3, 3.6 and 4.6 dB, respectively, suggesting that the highest
quality of reconstruction is achieved when k = 3. Further increases
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Table 1. Polynomial Coefficients of linear and parabolic regressions of SdS traveltimes and path functions using PREM (Dziewonski & Anderson 1981) and
IASP91 (Kennett & Engdahl 1991). The coefficients p0, p1 and p2 are sorted in an ascending order, that is, SdS differential times are calculated as p0+p1x+p2x2

(where x represents the source-receiver distance in degrees). The coefficient of determination, R2, indicates the goodness of fit of each trajectory. R2 is the
normalized variance reduction (Gu & Shen 2015) that reflects the performance of the regression curve in predicting the variations in the original data.

PREM IASP91

p0 p1 p2 R2 p0 p1 p2 R2

S410S Linear −120.8 −0.2523 0.0 0.9988 −123.5 − 0.2588 0.0 0.999
Parabolic −111.6 −0.3956 0.00055 1.0 −114.9 − 0.3947 0.000523 1.0

S660S Linear −169.7 −0.4887 0.0 0.9985 −167.9 − 0.479 0.0 0.9987
Parabolic −149.6 −0.8035 0.00121 1.0 −150.0 − 0.7606 0.00108 1.0

Figure 7. (a,b) Partially stacked SS precursor waveforms sampling the upper mantle beneath the Wudalianchi hotspot in northeastern China. The running
average window sizes are 0.5◦ and 1.0◦ , respectively, for (a) and (b) with 25 per cent overlaps among the adjacent windows. (c,d) Reconstructed SS precursor
waveforms from (a) and (b), respectively, using k = 2.

of rank k lead to systematic decreases in Q due to the elevated levels
of recovered noise in the data (Fig. 3c).

In the second experiment, we utilize a data set of 1563 high-
quality RFs, collected from six broad-band, three-component seis-
mic stations from the Canadian Rockies and Alberta Network
(CRANE; Gu et al. (2011)) and Canadian National Seismograph
Network (CNSN). This data set has been previously examined by
Gu et al. (2015) to map the mantle stratigraphy beneath the Western
Canada Sedimentary Basin (WCSB). The availability of the pub-
lished results enables us to quantitatively assess the performance
of SSA in noise reduction and reflectivity imaging. We group the
RFs into common receiver gathers and sort them by source-receiver
distances. The resulting source-receiver distances are not regularly
spaced, which do not satisfy the spatial sampling requirement of
SSA (Oropeza & Sacchi 2011). Hence, prior to SSA, we par-
tially stack the traces using a 1-degree running average window.
Figs 4 and 5 show the comparison between the raw RFs and the

reconstructed data using the SSA interpolation. The rank of the tra-
jectory matrix, k, is determined based on the synthetic experiments
and the number of expected linear arrivals in the data section. The
input partial stacks (especially those observed at the stations CZA,
NOR, PER and SLEB) show no discernible mantle conversions due
to low SNRs and gaps in the sections of partially stacked RFs. Aside
from the successful removal of data gaps, the SSA reconstruction
generally enhances the signals associated with mantle conversions
(i.e. P410s, P660s and converted phases from mid-MTZ depths)
while effectively reducing the random noise.

3.2 SS precursor

Similar to converted phases, the SSA algorithm can also be directly
applied to the waveforms of long-period reflections from mantle
interfaces. To illustrate this, we calculate a record section of 60
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Figure 8. Stacks of depth-converted SS precursor waveforms before (panels (a) and (b)) and after (panels (c) and (d)) SSA. The stacked seismograms are
calculated using the data presented in Fig. 7. The centre locations of the data gathers are as indicated. The shaded areas show the 95 per cent confidence
intervals calculated using the bootstrapping resampling algorithm (Efron & Tibshirani 1990).

transverse-component seismograms with source-receiver distances
ranging from 100◦ to 160◦ using PREM (Dziewonski & Ander-
son 1981; Fig. 6a). After the precursor (SdS) waveforms are aligned
on the peak amplitudes of SS, the relative traveltimes of SS pre-
cursors can be accurately represented using parabolic functions of
epicentral distance (Gu & Sacchi 2009). Based on statistical mea-
sures of the goodness of fit (which is defined as R2 in Table 1),
however, the differential traveltimes of SdS-SS can be further ap-
proximated using linear path functions (where the quadratic term is
essentially zero).

In the first experiment, we randomly remove 30 per cent of
traces and add 10 per cent Gaussian noise to the input section
(Fig. 6b). After the SSA interpolation, the main linear arrivals (e.g.
S410S and S660S) and nearly 93 per cent of their original ampli-
tudes are properly recovered using k = 1 at well sampled distances
(Figs 6c and d). The topside reflections from the mantle discontinu-
ities (S410sSdiff/SdiffS410s and S660sSdiff/SdiffS660s, also known
as Sdiff postcursors (Zheng et al. 2015)) that interfere with SdS
at distances <130 degrees, are clearly associated with the second
largest singular values of the trajectory matrix (Figs 6e and f). Un-
like converted waves, only two singular values are needed to recover
the key arrivals within the precursor time window.

Fig. 7 shows the SSA reconstruction of SS precursor waveforms
from northeastern China. This data set was recently analysed by
Dokht et al. (2016) in imaging the upper mantle beneath the Chang-
bai/Wudalianchi hotspots. The input record sections (Figs 7 a and b),
which are obtained from partial stacking, show a series of secondary
reflections (i.e. SS precursors) prior to the surface reflections. The
reconstructed waveforms adequately recover the missing traces in
the data gap between the 140◦ and 145◦ (Figs 7c and d). Strong
signals are also observed between S410S and S660S, in potential as-
sociation with a mid-MTZ reflector near 520 km depth (see Fig. 7c;
Gu et al. 2012). The depths of the discontinuities from the stacks
of depth-converted SS precursors, calculated using the waveform
data presented in Fig. 7, agree to 99 per cent before (Figs 8a and b)
and after (Figs 8c and d) SSA. In comparison with stacks from the
original data, SSA enhances the amplitudes of the mantle reflec-
tions by an average of 33 per cent and significantly improves their

accuracy (see Fig. 8). The reconstructed data properly recover the
major depth anomalies on the discontinuities, that is, depressions
of the MTZ boundaries under the Wudalianchi hotspot, that can be
directly linked to the dynamic processes in association with plate
convergence.

3.3 Limitation and complication

Like most noise reduction/data reconstruction methods, the effec-
tiveness of SSA is strongly dependent on the data condition (e.g.
receiver density/spacing and noise characteristics). To examine the
performance of SSA in recovering missing traces, we generate a
synthetic seismic section with a single linear event (Fig. 9a) and
reduce the data density to 50 per cent by (1) removing every other
trace (Fig. 9b) and (2) random decimation (Fig. 9c). The resulting
Hankel matrix from the regularly decimated data at a constant fre-
quency of 0.04 Hz (i.e. case 1, Fig. 9e) is of rank 2. Only the first
two singular values of the Hankel matrix are non-zero, although
the amplitude of largest singular value is approximately half of the
original one (see Figs 9g and h). The second largest singular value
at each frequency is associated with zero skew-diagonal elements
of the Hankel matrix due to the alternate removal of the input traces
(see Figs 9e and h). In comparison, the Hankel matrix constructed
from the randomly sampled data shows a higher rank than both the
original and uniformly decimated data (see Figs 9g–i). However, the
Hankel matrix is less structured than the case of regular data gaps,
and is therefore able to preserve the desired signal. The inability of
SSA in recovering the regular data gaps is further illustrated by the
results of data reconstruction (Fig. 10a). The amplitudes of the in-
terpolated missing traces are approximately zero for all distances. In
comparison, the reconstruction in the case of irregular data gaps is
more accurate (Fig. 10b). A proper application of SSA on regularly
decimated data will require more advanced techniques such as anti-
aliasing Cadzow reconstruction (Naghizadeh & Sacchi 2013). For
the majority of solid Earth applications, the SSA algorithm exam-
ined in this study is sufficient since the distributions of earthquakes
and seismic stations are rarely uniform.
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Figure 9. (a) Original data containing a linear event. (b) Modified data with regular gaps (50 per cent decimation). (c) Modified data after 50 per cent random
extraction. (d–f) The corresponding Hankel matrices from (a) to (c) at 0.04 Hz frequency. (g–i) Distributions of the singular values calculated from (d) to (f).

Figure 10. A comparison between the SSA interpolation results for (a) regularly and (b) randomly decimated data using k = 1. The dashed lines in panel (a)
represent the interpolated missing traces.
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Figure 11. The effectiveness of SSA under increasing numbers of missing data traces. (a) Original data. (b) Quality of the reconstructed data versus the
percentage of missing traces. (c,e,g) Input data with 30 per cent, 50 per cent and 70 per cent empty entries, respectively. (d,f,h) The corresponding interpolated
data from (c), (e) and (g) using k = 2.

It is worth noting that the accuracy of data reconstruction is
strongly dependent on the percentage of missing traces (i.e. non-
regular data gaps). For a seismic section consisting of two linear
arrivals (Fig. 11a), the quality of the results decreases linearly from
∼6.5 dB at 10 per cent data gaps to ∼5.3 dB at 50 per cent (Fig. 11b),
below which the quality of the reconstruction drops off more rapidly
(see Figs 11b and h). For instance, when 70 per cent of data are miss-
ing, SSA is only able to properly recover the timing of the seismic

arrivals while the amplitudes of the interpolated traces within data
gaps are considerably underestimated (see Figs 11g and h).

To further quantify the performance of SSA in the presence of
noise, we contaminate the synthetic section containing a single
linear event (Fig. 12a) with random noise at SNR values of 1–
6. In all cases, the qualities of the filtered sections are improved
through the application of SSA (Figs 12b–f). The improvement in
the image quality is especially significant at SNR = 1 (see Fig. 12f)
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Figure 12. Applications of SSA in filtering data that have been contaminated with additive random noise. (a) Original noise-free data. (b) Quality of the input
and filtered data for different SNR values. The filled and open circles show the respective qualities of the input noisy data and the reconstructions. The noise
added data with SNR = 3 and 1 are shown in panels (c) and (d), respectively, and their corresponding filtered sections (using k = 1) are shown in panels (e)
and (f). (g,h) Differences between the filtered and noise-free data.

where SNR after filtering is improved by nearly threefold. Just
as importantly, no coherent arrivals are observed on the residual
section (Figs 12g and h), which suggest minimal systematic biases
during the reconstruction. Further examinations of the α parameter
and spurious outliers are provided in the supplementary information
(see also Supporting Information Figs S1–S3).

4 C O N C LU S I O N S

In this study, the upper mantle discontinuities are imaged using
SSA, a rank reduction approach that simultaneously removes ran-
dom noise and reconstructs missing data traces. This method relies
on the predictability of mantle conversions and reflections, and it
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is implemented in the frequency–space domain. The reconstructed
seismic images of the upper mantle show more laterally coherent
observations of MTZ discontinuities on both the waveforms of SS
precursors and RFs. In addition to consistent MTZ phase bound-
aries, strong signals near the 520 km discontinuity are successfully
identified beneath western Canada and NE China. When utilized
properly, this method could be a powerful tool for future analyses of
any weak seismic phase from the Earth’s interior. Scripts to perform
SSA in the frequency–space domain are presented in Julia, which
provides free access to open source libraries and the portability
between different platforms (see Appendix A).
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Figure S1. Application of SSA when arrivals are locally delayed by
5 s. (a) Input data. (b), (d) and (f) Reconstructed data using k = 1 and
α = 0.2, 0.4 and 0.6, respectively. (c), (e) and (g) The corresponding
differences between the reconstructed and input data. The dashed
box outlines the time-shifted signals.
Figure S2. Effect of large amplitude arrivals on the SSA interpo-
lated data. (a) Original data consisting of two linear events. The
steeper event shows higher amplitude signals in the middle of sec-
tion. (b) Decimated input data. (c) and (e) Reconstructed images
using α = 0.4 and 0.8, respectively. Only the first two singular values
are used to reconstruct the data. The average amplitude recovery of
the missing traces is shown on the reconstructed sections. (d) and
(f) Differences between the SSA interpolated and original data.
Figure S3. Effect of a high amplitude outlier on the SSA recon-
structed results. (a) Input section containing two linear events with
a large amplitude outlier in between. (b), (c) and (d) The SSA inter-
polated sections using k = 2 and α = 0.2, 0.4 and 0.6, respectively.
The amplitude recovery of the input outlier is shown on the re-
constructed sections. (e), (f) and (g) The corresponding differences
between the interpolated and input data.
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