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ABSTRACT. The present paper is devoted to the investigation of an important family of absorbed
singular diffusion processes exhibiting long transient dynamics, namely, interesting and important
dynamical behaviours over long but finite time scales. We explore the multiscale dynamics by es-
tablishing the asymptotic distribution of the normalized extinction time, the asymptotic reciprocal
relationship between the mean extinction time and the principal eigenvalue of the generator, and
a sophisticated multiscale estimate of solutions. While information about the extinction time and
mean extinction time uncovers fundamental principles quantifying in particular the lifespan of in-
teresting dynamical behaviours combined and its natural connection with the principal eigenvalue,
the multiscale estimate characterizes the dynamics over different time scales. These are achieved
by examining quasi-stationary distributions (QSDs) that govern the dynamics before the eventual
absorption happens, and establishing the powerful sub-exponential large deviation principle (LDP)
for QSDs, which determines the quasi-potential function and prefactor in the WKB expansion,
and therefore, provides very fine asymptotic or concentration properties of QSDs. To the best of
our knowledge, this is the first time that the sub-exponential LDP for QSDs is established for ab-
sorbed singular diffusion processes. Our approach is analytic and elementary. As byproducts or
consequences, new results about QSDs near the absorbing state and infinity, the sub-exponential
asymptotic of the principal eigenvalue, and the asymptotic of the principal eigenfunction are ob-
tained. The sub-exponential LDP for QSDs is of independent interest and expected to have more
far-reaching consequences. Applications to logistic diffusion processes arising from chemical reactions
and population dynamics are discussed. In particular, Keizer’s paradox concerning the long-term
dynamical disagreement between a deterministic model and its stochastic counterpart, and diffusion
approximation of QSDs are rigorously justified.
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1. Introduction

A large number of experimental and numerical evidences show that complex processes in biology,
chemistry, fluids, etc. often exhibit transient dynamics, namely, intriguing and important dynamical
behaviours over a relatively long but finite time period. For instance, species in a community usually
coexist for a long period that may span dozens or even hundreds of generations before the extinction
of at least one species (see e.g. [37, 38, 67]). In a closed chemical reaction system, chemical oscillations
could last for a long period before the system eventually relaxes to the thermal equilibrium due to the
inevitable heat dissipation (see e.g. [69, 78]). In an open flow, transiently chaotic advective dynamics
can be generated to impact the spreading of pollutants, the population dynamics of plankton and
larvae, biological and chemical reactions and so on (see e.g. [50, 74]). In the dynamics of decision
making, the course of thinking or discussion could be complex and last for a long period before a
decision is reached (see e.g. [26, 73, 74]). The treatment of such dynamical behaviours is out of
the scope of traditional dynamical system theories focusing on long-term dynamics. Addressing long
but finite-time dynamical behaviors, transient dynamics has demonstrated its significance in many
scientific areas and been attracting an increasing amount of attention. Given more and more results
from experiments and numerical studies (see e.g. [50, 65, 38]), rigorous mathematical frameworks are
expected to classify transient dynamics of different mechanisms and further stimulate the investigation
towards a better understanding of transient dynamics.

In the present paper, we continue to study the transient dynamics and related properties of a family
of absorbed singular diffusion processes arising from chemical reactions and population dynamics
initiated in the works [70, 45]. More precisely, we consider the following randomly perturbed dynamical
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systems:

dx = b(x)dt + ev/a(x)dWy, x € [0,00), (1.1)
where 0 < € < 1 is a parameter, b : [0,00) — R, a : [0,00) — [0,00) and W; is the standard one-
dimensional Wiener process on some probability space. The equation (1.1) is often derived as the
diffusion approximation [19] of re-scaled birth-and-death processes modelling the evolution of some
species in a community or some type of molecules in a chemical reaction system (see e.g. [27, 17, 3]).
The reader is referred to Subsections 6.1 and 6.2 for a brief exposition. In this circumstance, the
unperturbed ordinary differential equation (ODE)

t=0b(z), x€]l0,00) (1.2)

is the classical mean-field approximation [18] and the small noise ey/a(xz)W; is often interpreted as
the demographic or internal noise.
We make the following standard assumptions on the coefficients a and b throughout this paper.

(H) The functions b : [0,00) = R and a : [0,00) — [0, 00) satisfy the following conditions:
(1) be CH(]0,00)) N C?((0,00)), b(0) = 0, b'(0) > 0, and limsup,,_, .. b(z) < 0;
(2) a € C*([0,00)) N C3((0,00)), a(0) = 0, a’(0) > 0, and a > 0 on (0,00);

(3) Ty % — oo, limsup,_,.. max{a(a:) la’ (‘ﬂ;z\x;c‘t (@)],I6" ()] } < o0, and there is m > 0

such that ‘b(w | < |f0$ st| for x > 1.

(H)(1) says that b is a loglstlc—type growth rate function that plays important roles in especially
biological and ecological applications. (H)(2) assumes that a is degenerate at 0 and behaves like
a’(0)z near 0. In particular, /a vanishes and is singular at 0, causing the non-integrability of the
Gibbs density near 0 that leads to substantial difficulties in the analysis of (1.1). The assumptions

limsup,_, ., b(z) < 0 in (H)(1) and lim,_ f((f)) = o0 in (H)(3) ensure the dissipativity of (1.1).

Other conditions in (H)(3) restricting the behaviours of a, b and the ratio g near oo are mild technical
assumptions, and they are sufficiently general for applications (see Section 6). For the time being, it
is beneficial to keep in mind the typical example:

dr = (1 — x)dt + ey/xdW;, =z € [0,00),

and to point out that (1.1) has two unpleasant features: (i) the vector field vanishes on the boundary,
and (ii) the noise is degenerate, that are often kept away from in the study of randomly perturbed
dynamical systems and known to cause essential difficulties in the analysis.

1.1. Quasi-stationary distributions. Let Xf be the stochastic process on [0,00) generated by
solutions of (1.1). For singular diffusion processes like (1.1), the strong uniqueness is ensured by the
well-known Yamada-Watanabe theory [30, 79]. Clearly, 0 is an absorbing state of Xf, and is often
called the extinction state in especially biology and ecology. Under (H), sample paths or trajectories
of Xf reach the extinction state 0 in finite time almost surely [10, 44]. This is mainly due to the
demographic noise, which drives a species to extinction when its density becomes low. Therefore,
the long-term behavior of X} tells nothing interesting, driving us to look at the dynamics of X
before hitting 0. Since the ODE (1.2) may contain multiple (local) attractors in (0, 00), the sample
path large deviation principle (LDP) [31] indicates with probability almost one that trajectories of X
sojourn around these attractors for a long period before going to extinction, demonstrating fascinating
transient dynamics. As in [70, 45], we adopt a distribution/observable-based viewpoint and use quasi-
stationary distributions (QSDs) (see e.g. [62, 18]), being initial distributions on (0, 00) such that Xf
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conditioned on the non-extinction or survival up to time t is independent of ¢ > 0, to capture the
transient dynamics of X;.

We mention that the theory of QSDs for absorbed Markov processes has a long history [68] and finds
numerous applications in especially population biology and chemical reactions (see e.g. [62, 18, 22]).
However, even for one-dimensional absorbed singular diffusion processes like (1.1), the fundamental
theory (i.e., the existence and uniqueness of QSDs and the exponential convergence to QSDs) is only
developed recently in the breakthrough [10] and subsequent works [56, 66, 40]. We refer the reader to
[11, 14, 15, 16, 41, 35, 30] and references therein for significant developments in higher dimensions.

Denote by T the extinction time of X§, namely, the first time that X hits 0. More precisely,

TS =inf {t > 0: X = 0}.

Then, P;[T§ < oo] = 1 as mentioned above (see also [14, Chapter VI, Section 3]), where P, denotes
the law of X with initial distribution p. The expectation associated with P}, is written as Ej,. When
p = 0z is the Dirac measure at =, we simply write P§ and E§ as Pg and Ef, respectively.

Definition 1.1 (Quasi-stationary distribution). A Borel probability measure p. on (0,00) is called a
quasi-stationary distribution (QSD) of X§ if

P [Xf € Bt <Tg] = pe(B), Vt>0, B e B((0,00)),

where B((0,00)) is the Borel o-algebra of (0, 00).

It is known from the general theory of QSDs (see e.g. [62, 18]) that if u. is a QSD of Xf, then
there is a unique positive number A1 such that T§ ~ exp(Ac,1) provided X§ ~ p.. For this reason,
Ac,1 is often referred to as the extinction rate.

We state in Proposition 2.1 the existence of a unique QSD . of X; with a positive and continuously
differentiable density u.. Moreover, the associated extinction rate A¢; is exactly the principal or first
eigenvalue of —L., where L. denotes an appropriate closed extension of the generator or diffusion
operator ¢ %a(b” +b¢’ of (1.1) (see Subsections 2.1 and 6.1 for details). In addition, the density u,
is a positive and integrable eigenfunction of the Fokker-Planck operator ¢ — %(aqﬁ)” —(bg)" associated
with the eigenvalue —\.; (see (2.3)).

In previous works [70, 45], the authors study the tightness and rough concentration estimates of
{ttc}e, as well as the exponential asymptotic of the first two eigenvalues of — L. in order to characterize
the transient dynamics of X;. The main purpose of the present paper is to investigate the multiscale
dynamics of X} by establishing the asymptotic distribution of the normalized extinction time, the as-
ymptotic reciprocal relationship between the mean extinction time E¢[T§] and the principal eigenvalue
Ae,1, and a multiscale estimate of the dynamics of X;. While information about the extinction time
and mean extinction time uncovers fundamental principles quantifying in particular the lifespan of in-
teresting dynamical behaviours combined and its natural connection with the principal eigenvalue, the
multiscale estimate characterizes the dynamics over different time scales. These are achieved mainly
by establishing the powerful sub-exponential LDP for the QSD g, or its density u., which captures
very fine asymptotic or concentration properties of u. as € — 0. That is, we rigorously justify the
Wentzel-Kramers-Brillouin (WKB) expansion (see e.g. [34, 2])

1

Ue = 56_6%1) [RO + €2R1 + tce + eann + O(€2n)] in (07 OO) (13)
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in the case n = 0, so that

Ue = &67%” and R.=Ryp+o(l) in (0,00),
€a

where v is often called the quasi-potential function or rate function, and the sub-exponential term 5;

is often referred to as the prefactor in physics literature. Determining the quasi-potential function
v via studying the limit lim._,o éln ue is the purpose of the LDP. We point out that the WKB
expansion (1.3) in the case n = 1 could fail (see Remark 1.1 (4) below for detailed comments). The

sub-exponential LDP for u. or u. is of independent interest and expected to have more far-reaching
consequences. Not only do results proven in this paper greatly improve many of those contained in
[70, 45], but also they widely broaden the scope of the study.

We state our main results in the following Subsections 1.2-1.4. In Subsection 1.5, we briefly discuss
about their applications to logistic diffusion processes.

1.2. Large deviation principle for QSDs. Consider the potential function:

)
V(z) = —/ —ds, x € (0,00). (1.4)
0 a
We follow [60] to define valleys of V', which reveal certain geometric properties of V.

Definition 1.2. An open interval I C (0,00) is called a valley (of V') if it is one of the connected
components of the sublevel set {x € (0,00) : V(x) < p} and satisfies V(9I) = p for some p € R. We
say I C (0,00) a d-valley if it is a valley of depth d, namely, sup; V —inf; V =d.

Set

sup V — V(z)
(0,z)

dy := sup
z€(0,00)

which is the depth of the deepest valleys of V. Since V(0+) = 0 and V (c0) = oo by (H), there exist
finitely many dy-valleys and no d-valley with depth d > d;.

> 0, (1.5)

The LDP is proven when there exists a unique di-valley, which is a generic case. Recall that u. is
the positive and continuously differentiable density of the unique QSD p. of X;.

Theorem A. Assume (H) and the existence of a unique di-valley (o, B). Then,
2
lim % Inue = —v  locally uniformly in (0, 00),

e—0

where v is a locally Lipschitz viscosity solution of the following Hamilton-Jacobi equation
b
(v')? + 5u' =0 in (0,00), (1.6)

and is given as follows:

e ifa=0,thenv=dy+V;
o if a >0, then
di +V(z)—supV, z € (0,ql,
v(z) = (0,7)
dy +V(z) = V(), z € (a,00).
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Obviously, in the case of a unique dj-valley (o, ) with a > 0, the quasi-potential function v
obtained in Theorem A is not continuously differentiable everywhere and could be non-differentiable
at many points depending on the geometry of V on (0,«). See Figure 1 for an illustration of V' and

v in the case a > 0.
//\\

0 /
.// \ " \/

FicURE 1. Illustration of a potential function V and the associated quasi-potential
function v in the case a > 0.

We point out that the Hamilton-Jacobi equation (HJE) (1.6) admits infinitely many locally Lips-
chitz viscosity solutions, giving rise to major difficulties in determining the quasi-potential function
v. It is the combined effect of the dynamics of (1.2) and the noise that allows us to uniquely select
the solution of (1.6), and therefore, determine v.

It turns out that the quasi-potential function v is a Lyapunov function for (1.2) in the sense of the
following result.

Corollary A. Assume (H) and the existence of a unique di-valley. Let v be the quasi-potential
function as in Theorem A. Then, for any solution xz(t) of (1.2) with x(0) € (0,00), the function
t — v(x(t)) is non-increasing on [0, 00).

Proof. As v is locally Lipschitz by Theorem A, so is v(z(t)). It is known that $ov(z(t)) = v'(2(t))2'(t)

for a.e. t € R with the understanding that v’ (z(¢))z’(t) = 0 when 2'(¢) = 0 even if v is not differentiable
at z(t). It follows from the equations satisfied by v and x(t) that for 0 < ¢; < to < 00,

tz t2

wlalte)) = o(alt) = [ o/ al)a’ (0t =~ [ aa(t) 1 (a(e))] e < 0
t1 tl

completing the proof. O

Let v be as in Theorem A. To establish the sub-exponential asymptotic of u. as ¢ — 0 (or to
determine the prefactor in the WKB expansion of u.), we set

2
R, := eauce"’ (1.7)

and examine the asymptotic of R, as € — 0.
Assuming (H) and the existence of a unique dq-valley («, 3), we see that the set

M = {x € (0, 8) : V() = min v}

is closed and contained in (v, 8). Note that M is exactly the set of global minima of V' when « = 0, and
it may not be when « > 0. For fixed 0 < §p < 1 so that M, := {z € (0,00) : d(z, M) < dp} C (e, 8),
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1
1 1
M, = 7/ e By . (1.8)
€ M50 a

Clearly, by Laplace’s method and the expression of v given in Theorem A, the asymptotic of M, is
determined by V|, and hence, is independent of the choice of 0 < §p < 1.
Throughout this paper, for positive numbers A, and B. indexed by €, we write

A~ B, A, <.B. and A

€ ~J€

we set

eNe

if lim_,q % =1, limsup,_,, % <1 and liminf._,q % > 1, respectively.

Theorem B. Assume (H) and the existence of a unique dy-valley (o, B).
(1) If a =0, then R, ~=. M, locally uniformly in (0,00).
(2) fa>0, V() >V in (0,a) and V' (a) > 0, then

R. M. —V“( )
= e oy 01) locally uniformly in (0, zq),
6 %E M / —V// / or 2 V- SUP (0, x) V]dz = [$07 Oé),
Re(z) ~. 7’ T

M. locally uniformly in x € (a, 00),
where xg € (0, ] is the smallest positive zero of V.

To determine the asymptotic of M, and obtain finer results about the asymptotic of R, we impose
the following stronger but generic assumption on M. Denote by N the set of positive integers.

(Hy) There are z1,...,zx5 € (0,00) for some N € N such that M = {z1,...,zn5} and ¥'(z;) <0
for each i € {1,...,N}.

It says that V|, gy attains its minimal value at only finitely many points and they are non-degenerate
equilibria of (1.2). Whenever (Hy ) is assumed, we denote

N 1 s o
My = (lz a(wD) V”(zﬁ) .

=1

Under (Hy ), we readily see from Laplace’s method that lim._,o M. = My, leading to the next result.

Corollary B. Assume (H), the existence of a unique dy-valley (o, 8) and (Hy).
(1) If a =0, then lim._,o R. = My locally uniformly in (0,00).
(2) Ifa >0, V(a) >V in (0,) and V' (a) > 0, then

R, M, -V
11_1)% — = 5y 8+ (a locally uniformly in (0, z),
/,V// / - 2 [V—sup(o,q) V]d z € [0, ),
0
lim R, (z) = 5 T
e—0

My locally uniformly in x € (o, 00),
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where xg € (0, a] is the smallest positive zero of V.

Remark 1.1. We make some comments about Theorem B (2) and Corollary B (2) regarding additional
assumptions and the asymptotic of Re in (0, ).

(1) As («,B) is the unique dy-valley, there must hold that V() >V in (0, ) with strict inequality
in (0,9) for some § € (0,a). If there is x. € (0, &) such that V(o) = V(x.), we need to impose
additional conditions on V at such a x,. in order to determine the asymptotic. While it is
certainly doable, the statement would be messy. That is why we assume V(a) >V in (0, ).

(2) The condition b'(c) > 0 is not a strong restriction, and can be replaced by a higher order
derivative condition at o if a and b, so V, have enough differentiability near .

(3) Note that V(a) > 0. When xg = « (if and only if V(a) = 0), the asymptotic of R. as e — 0 is
explicitly characterized. When xo < a (if and only if V() > 0), it is theoretically possible to
establish the explicit asymptotic of R.(x) for x € [xg, ) by means of Laplace’s method. But,
it 1s hard to state the result in a concise way because the asymptotic of fom e3 Vs Vg,
for x € [xg,a) depends heavily on the geometry of V. on [xo, ). As the explicit asymptotic is
not of much use, we do not pursue here.

4) Setting R1 = — o —V'(a) , we see that R. = eR1 +o(e€) in (0, xg), where o(e) is locally
} 2V (0F) = !
uniformly in (0,x0). Therefore,
1 _=2, .
ue = —e 2 [eR% + o(e)] in  (0,0),

gwing the “half-order” WKB expansion of u., and hence, saying in particular the failure of
the first-order WKB expansion of ue (i.e., (1.3) in the case n = 1) in (0, ).

It should be pointed out that establishing the sub-exponential LDP for stationary distributions or
QSDs is generally a very challenging problem as it relies heavily on the dynamical structure of the
unperturbed system, and the mathematical treatment often needs to solve badly behaved Hamilton-
Jacobi equations (HJEs) and singularly perturbed equations. To be more specific and for clarity, let
f be a smooth vector field on an open domain U C R¢ generating the flow ¢! and consider

dx = f(x)dt +edW; in U. (1.9)

Suppose u, is the smooth density of a stationary distribution or QSD in U of (1.9). Then, there is
Ae > 0 such that
2
%Aue =V (fue) = =Aeue in U. (1.10)

Assume further that U is contained in the basin of attraction of a normally hyperbolic and attractive
compact invariant manifold M of ¢! with dimension m < d — 1. Then, A, = o(e” ) for some
~v > 0. We look for v (the quasi-potential function) and R, such that u. = ef%me_e%” and R, = O(1).
Inserting this ansatz into (1.10), we find that v satisfies the HJE

IVo]? + f - Vo =0, (1.11)

and R, solves the following singularly perturbed equation

2
%ARG—(f—i—QVv)-VRE—(V-f—/\d—Av) R, =0. (1.12)

There are essential difficulties in solving (1.11) and (1.12).
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(i) The quasi-potential function v, if exists, must be a viscosity solution of the HJE (1.11), which
however admits infinitely many viscosity solutions. Therefore, one has to determine v from
a different perspective. This often requires additional dynamical assumptions on M, say, ¢
being transitive and uniquely ergodic on M.

(i) Observe that v € C%(U) is highly expected to studying R, but this is not the case in general
even if M is a singleton set (see [21]). The regularity in a small neighborhood O of M is
possible thanks to the dynamical structure of ¢ in O.

(iii) Establishing R. = O(1) in O is greatly challenged by the sign-indefiniteness of coefficients. In
fact, under the additional dynamical assumption mentioned in (i), Vv vanishes on M and Av
only vanishes along M. Hence, components of f 4+ 2Vwv and the term V - f + Av are generally
sign-indefinite, causing substantial troubles in deriving uniform-in-e estimates for R..

Given these difficulties, the sub-exponential LDP for stationary distributions or QSDs is only known
when ¢ has very simple dynamics, saying that M is a linearly stable equilibrium of the flow (¢, and
U is contained in the basin of attraction of M.

The situation is certainly much more complex if M is just a local or global attractor, or the additive
noise in (1.9) is replaced by a multiplicative noise that becomes degenerate and singular in part of
OU. Unfortunately, we run into such issues. In fact, in our case, M is just the global attractor of the
unperturbed ODE (1.2) in (0, 00) (generally consisting of equilibria and their connecting orbits) and
the noise is singular and degenerate at 0.

Now, we mention relevant works about the LDP for stationary distributions and QSDs, and compare
our approach with those contained in literature. For stationary distributions of randomly perturbed
dynamical systems of the form

dz = f(zx)dt + eo(x)dW;, z € RY,

where the unperturbed ODE & = f(x) admits a non-degenerate globally asymptotically stable equi-

librium and the diffusion matrix oo "

is uniformly positive definite, the LDP as in Theorem A has
been studied in [31, 72], the sub-exponential LDP as in Theorem B has been established in [71, 21, 7],
and the WKB asymptotic expansion in a small neighbourhood of the equilibrium has been justified
in [63, 64]. All of them build on the sample path LDP due to Freidlin and Wentzell [31], except the
work [7] in which the authors tackle the problem from a control theoretic viewpoint and are able
to prove the LDP for vector fields admitting finitely many asymptotically stable equilibria and no
other w-limit sets. In [72], the author replaces the positive definiteness of oo by some conditions
on the controlled trajectories (see the condition (A4) in [72, Theorem 1] for details), and therefore,
are capable of treating some degenerate cases. In [58], the authors study a family of continuous-time
symmetric random walks on the unit circle and establish the LDP for stationary distributions by
means of the Aubry-Mather theory (see e.g. [6, 29]).

As for the LDP for QSDs, there exist a few results [60, 12, 9, 17]. Consider the following reversible
diffusion processes or overdamped Langevin equation:

de = —Vf(z)dt + edW;, 2z ¢€R%

which is restricted on a smooth, open, bounded and connected domain €2 and killed on its boundary
2
-3
99. The density of the unique QSD is given by +—22=— in Q, where v, = —¢5— and ¢, > 0 in
fgz Pevedx fQ e <2 fdm
Q is the principal eigenfunction of the generator and is normalized to satisfy [, ¢?yedx = 1. In [60],

assuming the existence of a unique deepest valley D contained in €2, the author shows by a functional
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analytic approach that lim._,y ¢. = 1 locally uniformly in D, leading to the sub-exponential LDP for
the QSD in D. More precise asymptotic of the principal eigenfunction ¢, in a neighbourhood of a non-
degenerate local minimal point of the potential function f is obtained in [9] by a potential theoretic
approach exploiting the deep connection between capacities and exit times. Our sub-exponential LDP
for w, is relevant to the ones in [12, 17], where one-dimensional re-scaled absorbed birth-and-death
processes whose diffusion approximation has the form (1.1) are investigated. In [12], the LDP for the
QSD is established. The sub-exponential LDP is obtained in [17] only when the mean field ODE has
a unique asymptotically stable equilibrium. Both works heavily use the recursive formula satisfied
by the QSD. Therefore, not only can our sub-exponential LDP for u. be regarded as an extension
and improvement of those contained in [12, 17] as we allow the ODE (1.2) to have multiple stable
equilibria, but also it can be seen as a global version of those contained in [60]. To the best of our
knowledge, this is the first time that the sub-exponential LDP for QSDs is established for absorbed
singular diffusion processes like (1.1).

Our two-step approach is different from those contained in literature. The first step studying
the vanishing viscosity limit of the logarithmic transform v, := —% In(au,) is somewhat standard.
Establishing the local uniform boundedness of {v.}. and {v.}., we find candidates for the quasi-
potential function who are viscosity solutions of the HJE (1.6). Previous studies on the tightness and
rough concentration estimates of QSDs [70] give basic properties of the candidates (see Section 3 for
details). Due to the non-uniqueness of viscosity solutions of (1.6) (although some properties of the
candidates have been established), an approach to the determination of the quasi-potential function
is needed. This is the purpose of the second step. In literature, methods based on the Freidlin-
Wentzell theory, control theory, Aubry-Mather theory, etc. have been used to achieve this goal as
mentioned earlier. However, none of them can be easily adapted to treat out problem because we aim
at establishing the sub-exponential LDP in the whole half line (0, 00), where the unperturbed ODE
(1.2) could admit all types of equilibria. We tackle the problem from a completely different perspective
that takes full advantage of the one-dimensional structure and avoids studying the singularly perturbed
equation (1.12). More precisely, exploring the properties of u. near 0 and oo, we are able to establish
integral identities for u., v and v. (see Proposition 4.1 for details). Elementary analysis based on
these identities and Laplace’s method then allows us to establish the LDP as stated in Theorems A
and B.

As byproducts of the proof and consequences of Theorems A and B, we obtain new results about
uniform-in-e estimates of . or u. near 0 and oo, the sub-exponential asymptotic of the principal
eigenvalue A1, and the asymptotic of the positive eigenfunction ¢.; of —L. corresponding to the

principal eigenvalue A1 and satisfying the normalization [|¢c 1][z2(,e) = 1, where uf = %e_e%v is
the non-integrable Gibbs density. Note from (2.2) and Proposition 2.1 that u. and ¢. 1 are related by
_ ¢eaul
Ue = .
[PellLrus)

Theorem C. Assume (H). The following hold.
(1) There exist L> 1, C >0 and 0 < e, < 1 such that

Cef?fzgds in [L,oo), Vee€ (0,€6).

3
a4

(2) For each 0 <6 < 1, there are 0 < x5 < 1 and 0 < €5 < 1 such that

e~ 2 (d+d) <wu. < e (D=8 (0,25), Vee (0,€s).

Ue <
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(3) Suppose in addition the existence of a unique di-valley (a, 3).

(i) If a =0, then e)\e’lee%dl R, Z/’(((()))) M, and

lil’r(l) et (ueybe = 1 locally uniformly in (0, 00).
€e— €

(ii) Ifa>0, V(a) >V in (0,a) and b () > 0, then )\eJee%dl = %\/ #/(a) and

0, wuniformly in x € (0,&) for each & € (0, ),
lgl(l) H¢5,1||L1(u§)¢€71(x) = %7 r = aq,
1,

locally uniformly in x € (o, 00).
Corollary C. Assume (H), the existence of a unique dy-valley (o, ) and (Hy).

(1) If a =0, then lim._g 6)\5716€%d1 = Z//E?J; M.

(2) Ifa >0, V() >V in (0,«) and b/ (a) > 0, then lim._,o Ae,lee%dl = 1o V)

T

Conclusions like those in Theorems A, B and C (3) have fruitful and far-reaching consequences,
and have profound influences on the study of randomly perturbed dynamical systems. For instance,

in [21], the author used the sub-exponential LDP for stationary measures to rigorously justify an
important formula concerning the asymptotic exit distribution originally derived in [61]. In the works
[23, 24, 25] (see [55] for an exposition) studying exit events and the Eyring-Kramers formula on the

basis of QSDs for the overdamped Langevin equation, the sub-exponential asymptotic of the principal
eigenvalue plays a significant role in computing the asymptotic of transition rates and determining
the asymptotic exit distribution.

Here, we use them to establish the asymptotic distribution of the normalized extinction time,
the asymptotic reciprocal relationship between the mean extinction time E$[T] and the principal
eigenvalue A 1, and the multiscale estimate of the dynamics of X;. These results greatly benefit from
the limit lim 0 [|#e,1 21 (ue)@e,1 in Theorem C (3), which does not require (Hy).

We introduce some notations that are frequently used in the sequel. Let P((0,00)) be the set of
Borel probability measures on (0,00). In the case that («, ) is the unique di-valley with « > 0, we
set for p € P((0,0)),

pu = gl{ad) + p((a,00).

1.3. Asymptotic reciprocal relationship. We state results concerning the asymptotic distribution
of the normalized extinction time and the asymptotic reciprocal relationship between E$[T] and A 1,
generalizing respectively the fact that 7§ ~ exp(Ac 1) if X§ ~ pe, and its consequence A 1 Ef, [T5] = 1.

Theorem D. Assume (H) and the existence of a unique di-valley (o, 8). Let p € P((0,00)) have
compact support in (0,00).
(1) If @ = 0, then limc o P§,[A1T5 > t] = e* for all t > 0, and limc_o A1 ES[T5] = 1. In
particular, lim_,o P, {% > t] =e ! forallt > 0.
(2) Ifa>0, V() >V in (0,a) and b'(a) > 0, then lime_,o ¢ [N 1 T > t] = pue™" for all t > 0,
and im0 A 1ES[T§] = pp. In particular, if p, > 0, then lim. o P, {% > t] = pye Put
for allt > 0.
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Theorem D shows that as € — 0, the normalized extinction time ﬁ%ﬂ weakly converges to an
exponential random variable with parameter 1 when a = 0 and p, when o > 0. It also uncovers a
fundamental principle connecting the mean extinction time Eg[7§] and the principal eigenvalue A ;.
One of its importance is that it allows using information about one of them to analyze the other
one. In particular, given Theorem D and the asymptotic of A¢; in Theorem C, we readily obtain the
asymptotic of ES[T(] in terms of the quantity M.. More precise asymptotic can be derived under the
additional assumption (Hy ).

Corollary D. Assume (H), the existence of a unique di-valley (o, B) and (Hy). Let pu € P((0,00))
have compact support in (0,00).

ea’ 2
(1) If a =0, then E[T5] ~. W(,%)eez dy
(2) If a >0, V() > V in (0,a) and b'(a) > 0, then E[T§] =~ % /7_‘/35(&)66%”[1 provided
pu > 0.

The mean extinction time E4[T¢] is a special mean exit time, whose asymptotic reciprocal rela-
tionship with the principal eigenvalue is widely acknowledged and established in many situations (see
e.g. [09, 61, 20, 8, 9, 39, 42, 53]). In [59, G1], such a relationship is formally derived by means of
the asymptotic expansion. The first rigorous proof is provided in [20] dealing with randomly per-
turbed dynamical systems exiting from a bounded domain containing a unique asymptotically stable
equilibrium. In the case that V has multiple wells, the mean extinction time is closely related to
the transition rate among local minima. The sub-exponential asymptotic of the transition rate, of-
ten called the Eyring-Kramers formula (or law), and the principal eigenvalue are proven for regular
reversible diffusion processes in [8, 9, 39, 42, 53], leading directly to their asymptotic reciprocal rela-
tionship. We refer the reader to surveys [5, 55] for more details. Very recently, the Eyring-Kramers
formula is justified in [51, 54, 57] for irreversible diffusion processes having the Gibbs measure as the
unique stationary measure, and in [52] for irreversible random walks in a potential field.

1.4. Multiscale estimate. We introduce some notations before stating the multiscale estimate of
the dynamics of X5. For d > 0, let N(d) be the number of d-valleys. It is easy to see that d — N(d)
is a non-negative, non-increasing and left-continuous function on (0, 00). For each ¢ € N, we define

d;=inf{d>0:N(d) < i}. (1.13)

Since V(0+) = 0 and V'(x) > 0 for > 1, for each i € N there always exists d € (0,00) such
that N(d) < 4, and hence, d; is well-defined. Intuitively, d;, ¢« € N are the points where N(d) has
jump discontinuities. This definition of dy coincides with the one given in (1.5). Clearly, d; > 0 and
dy > dy > ds > --- > 0. Moreover, if there is only one d;i-valley (the generic case that we focus on),
then d; > ds. It is shown in Lemma 2.3 that d; is exactly the exponential asymptotic rate of the i-th
eigenvalue A, ; of —L..

Our result regarding the multiscale estimate of the dynamics of X is stated as follows. Denote by
| - [|7v the total variation distance.

Theorem E. Assume (H) and the existence of a unique dy-valley (o, B). If k € N is such that dy >
dy > -+ > dy > dgy1, then for each compact K C (0,00), there are positive constants v = vy(k, K),
C =C(k,K) and e, = e.(k, K) such that the following hold.
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(1) If a =0, then

k k
sup PLIXE € o] — Z et (o e+ (1 - 26_/\”%#7 Qeyi) | do
HEP((0,00)) i=1 i=1 TV
supp(u)CK

a2
e Akl vt S 9 and 0 < € < €,

where a.; = <]]_,¢€71'>L2(M€G)¢67i, (W, e i) = fooo aeidp satisfies supgooo.. |(p, aci)| < C,
,uG .
Mf;’;ﬁdﬂﬁ and satisfies supg.., [[{p, e ipellrv < C.
Moreover, pie1 = pre and lime_,o(p, ae1) = 1.
(2) If a>0, V(a) >V in (0,a) and b/'(«) > 0, then the same conclusion as in (1) holds except

lirne—>0 <N’a O55,1> = Pu-

and . ; s defined by dp.; ==

Since d; > dy under (H), we immediately have the following result that is of particular interest.

Corollary E. Assume (H) and the existence of a unique dy-valley (a, 8). Then for each compact
K C (0,00), there are positive constants v = y(K) and €, = €,.(K) such that the following hold.

(1) If a =0, then

sup  ||POIXy € o] — [e7 M (e )pe + (1 — e (1, v 1)) S HTV
HEP((0,00))
supp(pu)CK

< ee%’/\f’2t7 Vt > 2 and 0 < € < €,

where a1 = ||¢en ‘Ll(uec)(be,l and (p, ce1) = fooo o 1dp satisfies lime_o(u, e 1) = 1.
(2) If a > 0 and V(a) > V in (0,«) and b'(a) > 0, then the same conclusion as in (1) holds

except lime_,o (1, e 1) = Py

Remark 1.2. We make some comments about Theorem E and Corollary E.

o Theorem E builds on the eigenfunction expansion of the semigroup associated with X{ before
it reaches the extinction state 0 (see Lemma 2.1). The primary achievements of this theo-

ekt yniform-in-e bounds of the coefficients (1, e i) and

(i, Qe i) poe,i, and the limit ime_,o(p, ae1), making the dynamical estimate meaningful. To

obtain these results, it is necessary to extract information from the expansion and involved

eigenfunctions, which only have natural meanings in the weighted space L?(uS)
acy and singularity of the noise results in the non-integrable singularity of the weight uS near
0, complicating the situation.

e We comment on the definition of p; for i > 2 in Theorem E. If (1, ¢ci)r2us) # 0, then
Ue,i s a signed measure satisfying e ;((0,00)) = 1. Otherwise, we can set e ; to be any fived
measure satisfying pe;((0,00)) = 1 since (u, ;) = 0. We choose to use pe; for that the
conclusion then quantifies at least formally the total variation distance between IP’;[X; € o

rem include the tail estimate e

. The degener-

and the convex combination of the measures pic;, © € {1,...,k} and do.
o Lemma 2.3 and conditions in Theorem E ensure that the eigenvalues Ac;, © = 1,...,k are
exponentially small, and Ac; is exponentially smaller than Ac ;11 fori=1,...,k. The recip-

rocal of these eigenvalues gives rise to multiple time scales, which together with the estimate
established in Theorem E characterize the multiscale dynamics of Xi governed by the measures

Kei, 1 €4{L,...,k} and d.
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o The QSD p. plays a special role in characterizing the dynamics of X{. Whenever involved
(depending on the initial distribution in the case o > 0), X spends most of the time with it
before reaching the extinction. The limiting behavior of a1 (addressed in Theorem C) allows
us to describe this in a more precise way as follows:

— if t is such that t > ﬁ, then IPf, [ X € o] ~ do;

— if t is such that ﬁ <t < )\ji, then P{[Xf € o] ~ u. under conditions in (1),

and P;[X§ € o] ~ pupe + (1 —py)do under conditions in (2), that is, the probability
that X; experiences transient dynamics captured by pe during the period [ﬁ, ﬁ} 1
approximately p,,. , ’

It is interesting to see that under the conditions in Corollary E (2), the QSD p. plays no
role in describing the dynamics of X5 if the initial distribution p is supported in (0, «) so that
pp = 0. The reason is that trajectories are more likely to exit from (0, ) through 0 instead
of a, that is, lime o P}, |:T(6O,a) = 0} =1, where T(, == 1inf{t > 0: X7 ¢ (0,a)} is the first
time that X§ exits from (0, ), while the QSD p. is mainly concentrated in a neighborhood of
the set of global minima of V| g) (see Theorem A). This actually is a delicate issue when
V(a) =0 (= V(04)), in which case, (0,a) is a valley. Exiting from (0,«) through 0 is then
a result of the fact that V'(0+) < 0 =V'(a).

Theorem E (1) or Corollary E (1) covers a fundamentally important case in biology and ecology
that b is a standard logistic growth rate function, namely, b(z) = bjz — box? for some by, by > 0. In
this case, V is a single-well potential function with the unique global minimal point non-degenerate,
and the second eigenvalue Ao satisfies lim._,oAe2 = b1 (see [45, Theorem B]). The solution X;
conditioned on survival [t < T§] converges exponentially fast with rate Ac 2 — A1 (e Ac,2) to the QSD
e as t — oo. Therefore, X; stays very close to j. over a time scale that the conditioned process has
been staying with the QSD and most trajectories are alive. Such dynamics with sharp time scales
is stated in the next result for a vector field that is slightly more general than the standard logistic
growth rate function.

Recall that a function w : [0,00) — [0,00) is called a modulus of continuity if w is increasing and
continuous at 0 with w(0) = 0. For any zy € (0,00), we denote by w[zg] the set of all continuous
functions f : [0,00) — R having w as the modulus of continuity at o, namely, |f(z) — f(zo)| <
w(|x — x¢|) for all z in a neighbourhood of x.

Theorem F. Assume (H), {x € (0,00) : b(z) = 0} = {z.} and b'(x,) < 0. Let w : [0,00) — [0, 00)
be a modulus of continuity. Then, for each compact K C (0,00), M > 0 and sequences {t }e, {tc}e in

g 2 T

(0,00) satisfying t. < t. for each €, lim._,ot, = 0o and lim._,o %e*? I3 ads — 0, there holds

oo
lim sup sup  sup [EL[f(X])] —/ fdue| = 0.
€0 supp(u)CK t, <t<f. fewlz.] 0
lfllo <M

We highlight that time scales ¢, and t. appearing in Theorem F are sharp in the following sense.
Since the spectral gap A2 — A¢,1 satisfies lime yo(Ae2 — Ae;1) = b1 > 0 (see [15, Theorem B)), a
time scale ¢, satisfying lim¢_,ot, = oo is required to observe the QSD p.. Recall that Ac; is the
extinction rate and its reciprocal /\—11 is essentially the mean extinction time (see Theorem D (1)).
Under conditions on the vector field b in Theorem F, we see from Corollary C (1) that A1 =

%e_e% o gds, where C = 2;%8)) \/ —ﬂb(i?;j). If the time scale . is such that lim._,of.\c = 0 (equivalent
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to lim¢_,q %e_e% Jo™ @45 — 0 thanks to the asymptotic of A1), then most trajectories of X; are alive
by ..

1.5. Applications. Results in Subsections 1.2-1.4 are applied to logistic diffusion processes:

dr = (bix — boa?)dt + e/arx + agax2dW;, 2z € [0,00), (1.14)

where 0 < € < 1 is a parameter, by, bo and a; are positive constants, and as > 0. Such an equation
arises for instance from chemical reactions and population dynamics and can be derived as diffusion
approximations of relevant birth-and-death processes (BDPs). See Section 6 for details.

On the basis of Theorems A-F, we obtain in particular the following.

e The unique QSD of (1.14) tends to concentrate on the Dirac measure at Z—; as € — 0 in
a Gaussian manner under both the total variation distance and Wasserstein distances (see
Theorem 6.1 (6)-(7)).

e As aforementioned, (1.14) can be derived as diffusion approximations of BDPs, which however
are valid only over finite time intervals in general. In order for the validity over longer time
intervals, it is necessary to verify the diffusion approximation for special dynamical states,
especially the QSD in the current context. This is shown to be the case in Theorem 6.2 for a
class of logistic BDPs.

e We resolve Keizer’s paradox [40] regarding the long-term dynamical disagreement between
deterministic and stochastic models modelling the same process. In terms of (1.14) and its
unperturbed ODE & = by 2 —by2?, we show their dynamical agreement from observables’ point
of view over a “maximal” time horizon. Details are given in Remark 6.1.

1.6. Organization of the rest of the paper. The rest of the paper is organized as follows. In Sec-
tion 2, we collect some preliminary results, including diffusion approximations, spectral theory of L.,
Liouville-type transform of L. and the resulting semi-classical Schrédinger operators, and concentra-
tion estimates for QSDs. As mentioned earlier, our approach to establishing the sub-exponential
LDP for {u.} consists of two steps. The first step addressing the vanishing viscosity limits of
Ve = —gln(aue) is contained in Section 3. The second step including proving the crucial integral
identities for u., v. and v, and completing the proof (of Theorems A, B and C) is presented in Sec-
tion 4. Section 5 is devoted to the multiscale dynamics of X;. In Subsection 5.1, we establish the
asymptotic distribution of the normalized extinction time and the asymptotic reciprocal relationship
between E[T§] and A 1. In particular, we prove Theorem D. In Subsection 5.2, we establish the mul-
tiscale estimate of the dynamics of X; and prove Theorems E and F. Applications to logistic diffusion
processes are discussed in Section 6.

2. Preliminary

In this section, we recall and establish some preliminary results for later purposes. We assume (H)
throughout this section. Subsection 2.1 is devoted to the rigorous formalism of the generator L. of X,
the spectral theory of L. and the stochastic representation and dynamics of the semigroup generated
by L. In Subsection 2.2, we derive the Schrédinger operator that is unitarily equivalent to L. In
Subsection 2.3, we present basic results about QSDs of X} including the existence and uniqueness,
previous concentration estimates away from oo and new ones near oo.
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2.1. Generator, spectral theory and dynamics. In this subsection, we discuss the spectral theory
of the generator of X;, and the dynamics of the Markov semigroup associated with X;.
Consider the symmetric quadratic form &, : C§°((0, 00)) x C§°((0,00)) — R defined by

2 o0
e60) =G [ advuldn, vo.v e O (0.,
0
where u& = %eil?v is the non-integrable Gibbs density and the potential function V is defined in

(1.4). That is, u& is the unique (up to constant multiplication) solution to %(au)' —bu =0in (0, 00).
In particular, it solves the stationary Fokker-Planck equation
2
%(au)" — () =0 in (0,00).
The quadratic form &, is Markovian and closable [32]. Its smallest closed extension, again denoted by
&, is a Dirichlet form with domain D(E,) being the closure of C§°((0, c0)) under the norm ||¢||2D(5€) =
161172 (ucy + (8, ¢), where L2(ul) := L?((0, 00), u¢dx). Denote by L. the non-positive self-adjoint

operator in the weighted space L?(u&) associated with & such that
€E(¢7 11[}) = <_£€¢7¢>L2(u§)’ V(b € D(‘Cs)a 7/) € D(ge)a
where
D(Le) :={ue D(E):3f € L*(uf) s.t. E(u, ¢) = (f, &) 12(u0), Y € D(Ec)}

is the domain of £, and contained in particular in L?(u&). Note that

2
Lop = %a¢” +b¢ for ¢ € C((0,00)),

that is, L. is a self-adjoint extension of the generator of (1.1).
We present the following results about the spectrum of —L, and the semigroup generated by L..

Lemma 2.1 ([10, 45]). For each 0 < e < 1, the following hold.

(1) —L. has purely discrete spectrum contained in (0,00) and listed as follows:
)\6,1 < AC’Q < )\6’3 < .-+ — 00.

(2) Each A is associated with a unique eigenfunction ¢.; € D(L)NL (u€)NC3((0,00)) subject
to the normalization ||¢e i||p2(uey = 1. Moreover, ¢ 1 is positive on (0, 00).
(3) The set {¢c;,i € N} is an orthonormal basis of L*(uS).
(4) L. generates a positive analytic semigroup (Pf)i>o of contractions on L?(uS) having the sto-
chastic representation Pff = ES[f(X)Leere] for all f € L*(u€) N Cy([0,00)) and t > 0.
(5) For each k €N, f € L*(uf) and t > 0,
k—1

Pif=> e Mf, bei)a(ue)bei + PEQL T, (2.1)
i=1

where Qf, is the spectral projection of L. corresponding to the eigenvalues {—Ac ;};>r. More-
over,
1Pf Q5| L2 uey—r2(usy < €24, > 0.
(6) For each f € Cy([0,00)), the stochastic representation in (4) and (2.1) hold pointwisely.

The next result concerning L>° estimates of (Pf);>¢ is proven in [45].
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Lemma 2.2 ([15, Lemma 6.1]). For each k € N, the following statements hold.
(1) There exists C > 0 such that for each 0 < e < 1,
|PfQLf| < ga}le%e ev’“t||f|\L2(u§) in (0,00), VfeL?*uf) andt>1.
(2) There exists v > 0 such that for each 0 < e < 1,
+

IPEQSf] < afe = et fllae in (0,00), Vf e Cy([0,00)) andt > 2.

The following result regarding the exponential asymptotic of the eigenvalues A ;, ¢ € N is proven
in [45]. Recall from (1.13) the definition of d;, ¢ € N.

Lemma 2.3 ([45, Theorem A]). For each i € N, lim,_,o+ § InA; = —d;.

We point out that the notations r;, ¢ € N used in [45] correspond to 2d;, i € N used in the present
paper. Since d; > 0, Lemma 2.3 says that A ; is exponentially small in e.

2.2. Semi-classical Schrédinger operators. We derive the semi-classical Schrédinger operator
that is unitarily equivalent to the generator £. of Xj. It plays important technical roles that we
comment at the end of this subsection

Consider the transform y = = Iy == dz for x € (0,00). Assumptions on a ensure that £ > 0
on (0,00) and £(0+) = 0. Set Yoo = &(00 ) (0, 00]. In particular, £ : (0,00) — (0,yso) is invertible.
This transform converts the SDE (1.1) to the following SDE with constant noise coefficient:

dy = —qe(y)dt + edWy,  y € [0,ys0),

where g = _(ﬁeg) 0 5_1~
G
Let v&(y) := %@ —  /a(z)ul (z) and set L2(v€) := L2((0,ys0 ), vCdy). Define

&' ()
2 72
y _€d d . 2., G
=0 L= L2(u%).
Ve G el i )
It is not hard to check that U.L. = LY U, where U, : L?(uf) — L2(vY), f — fo ¢! is a unitary
transform. Consider the semi-classical Schrodinger operator
e & 1[q(y)
Lli= 5 — 5 757 — 4. in L2((0, o))
S Saam s | —dw] w20
It is easy to verify that U.LY = L5U,, where U, : L?>(v.) — L?>((0,ys)), f — f1/vC is a unitary
transform. Hence, U.U.L. = LU U,, that is, L. is unitarily equivalent to £7.
We include the following commutative diagram for readers’ convenience:

L2(u€) —Ys L2(u8) —Z 12((0,y00))

lge la: lﬁf

L2(uf) T L2(08) —T L2((0,yx0))

We mention that the rigorous definition of £Y and £ can be done using quadratic forms as it is done
for £, in Subsection 2.1.
2
Denote by V. the potential of the Schrédinger operator £, namely, V. = % (Z—z — qé)

Lemma 2.4. The following hold.
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(1) There exist C1 > 0 and y1 € (0, yoo) such that

C 2
VEZ% in (0,y1], Y0<e<1l and inf((i)nf]VE>0;
€ sY1
(2) For each ya € (0,yoo) with €~ 1(y) > 1, there exists Co = Co(y2) > 0 such that
02 b2 o 5_1 .
Z T .
Vez 2 qof! n o [Y2,¥s0), VO <e<1

(3) The family {Vc}. is uniformly lower bounded, that is, inf. ming , ) Ve > —oo.

Proof. The proof of this lemma is given in [15, Lemma 2.2]. The only difference is that in (2), we
fixed a ya € (0,yoo) there, while we do not fix it here. O

Remark 2.1. The semi-classical Schrédinger operator L2 plays important technical roles. Due to its
unitary equivalence to L., properties of L2 can be easily passed on to that of L.. These include in
particular the following.

o In [10], the authors established the spectral theory of Le as stated in Lemma 2.1 (1)-(3) ap-
pealing to the well-known spectral theory of LS (see e.g. [1]).

o The semigroup estimates in Lemma 2.2 is established in [15, Lemma 6.1] by exploring solutions
of ug = L3u.

o In Lemma 2.6 below, we prove tail estimates of ue by means of the classical decaying properties
of eigenfunctions of LZ.

2.3. Concentration estimates and tightness of QSDs. Recall from Definition 1.1 the definition
of QSDs of X, and from Lemma 2.1 the positive eigenfunction ¢, ; of —L. associated with A ;. Set

¢6,1U€G

= ———<— and dpc:=ucdz. (2.2)
¢e1llzrue)

U
Lemma 2.1 (2) ensures pu. € P((0,00)), where P((0,00)) is the set of Borel probability measures on
(0,00).

Proposition 2.1 ([10]). For each €, . is the unique QSD of X§ with extinction rate A 1.

We point out that . being a QSD of X follows directly from Lemma 2.1. Moreover, it is straight-
forward to check that the density wu. satisfies

2
%(aue)" — (bue)' = =Aeque in (0,00), (2.3)

that is, u. is a positive and integrable eigenfunction of the Fokker-Planck operator ¢ %(a(b)’ "—(bo)
in (0, 00) associated with the eigenvalue —A. 1.

Proving the uniqueness result in Proposition 2.1 is however much more involved. In [10], the
authors achieve this by exploring the so-called “coming down from infinity” saying that oo is an
entrance boundary for X7, and obtain a necessary and suflicient condition. As a result, they show
that for any € P((0,00)) the conditioned dynamics Pf,[Xf € e[t < T] converges to the QSD p.
as t — oo. This can be improved to exponential convergence with rate Ac2 — A1 if 4 is compactly
supported in (0,00). More precisely, it is proven in [10, Proposition 5.5] that the following holds for
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each e: for each p € P((0,00)) with compact support in (0, 00),
lim e(e2= A0t (P¢ [Xf € Blt < T§] — pe(B))

t—o0

e.2d

= /0 oot <]IB7¢€’2>L2(UEG) _ <]IB’¢671>L2(u§)<]1’¢6,2>L2(u§)
/OO d)e 1du ||¢€,1||L1(u§) ||¢671||%1(u§)

0 >

where B((0,00)) is the Borel g-algebra of (0,00). It is worthwhile to mention that acquiring informa-
tion about the dynamics of X§ from the conditioned dynamics P{,[X} € |t < T§] is not straightforward
as it is generally hard to study the survival event [t < T¢] for an arbitrarily given initial distribution.

Under the assumptions on b, the ODE (1.2) restricted on (0, 00) is dissipative, and therefore, admits
the global attractor \A. By definition (see e.g. [36, 75]), A is the largest compact invariant set of the
flow ¢ generated by solutions of (1.2) and has bounded dissipation property in the sense that

) , VB e B((0,00)),

. . + o
tlggo disty (¢'(B),A) =0, VB CC (0,00),

where disty denotes the Hausdorff semi-distance on (0,00). In the current one-dimensional case, it
is easy to check that A is just a closed interval (being possibly a singleton set) with its left endpoint
and right endpoint being respectively the smallest positive zero and largest zero of b. The structure of
A is fairly simple. It consists of either a single point, or equilibria, or equilibria and their connecting
orbits.

We recall from [70] concentration estimates of {u.}. away from A and co.

Lemma 2.5 ([70]). The following hold.
(1) For each O CC (0,00) \ A, there are yo > 0 and 0 < ep < 1 such that

SUp ue < 6717(297 Ve € (0,€e0).
o
(2) For each k € (0,1), there are z,, € (0,1) and 0 < €, < 1 such that
1
ue(r) < —, Vo€ (0,1,), € € (0,¢4).
x

The proof of Lemma 2.5 (1) in [70] is based on the sub-level set approach developed in [13] and
the construction of uniform-in-noise Lyapunov functions. Lemma 2.5 (2) is the most important result
in [70]. Tt addresses the tightness of {uc}. near 0 by circumventing the difficulties caused by the
degeneracy and singularity of the noise at 0.

In the rest of this subsection, we establish concentration estimates of {u,}. near oo that turn out
to be very useful in the sequel. Recall from Subsection 2.2 that y = £(z) and yoo = £(00).

Lemma 2.6. Let L > 1. The following hold for each 0 < e < 1.
(1) If yoo = 00, then

(L)

3
re%,L[saL)]ejzfz w5 L, 00),
a

ue < u(L) [

where Y, = \/6%(% — Ae1). In which, Cp = Cyinflgry ) b;fgig__l, where Cy = Co(&(L)) is

given in Lemma 2.4 (2).
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(2) If yoo < 00, then

D ] — ey i [L00),

a(L)} i erenle—vs] _ v rlve—el Y Jp Lds
a

e < ue(L) {
where e 1, is as in (1).
3
In particular, if L > sup A, then u. < {@} tem L ads gy [L, o).

Proof. The “In particular” part follows directly from (1), (2) and Lemma 2.5 (1). We prove (1) and (2)
by exploiting decaying properties of eigenfunctions of the Schrédinger operator £, which is unitarily
equivalent to the generator L. (see Subsection 2.2).

Note that w. := & satisfies fooo wfufdm < o0 and Lwe = —Ac1We, and W, = U.U.w, satisfies
f0°°(V€ + M)w2dy <€oo and L3, = — A 1., where M = |inf,inf V| < co due to Lemma 2.4 (3).
We readily check that w,(y) = we(z)/vE(y) = V/a(x)we(z)\/u& (x). Thus,

W = w.(@)ul (2) = uc(a). (2.4)

Fix L > 1 and set y, := £(L). We distinguish between the cases Yo, = 00 and Yo, < 00.

Case Yo, = 00. Consider the following problem:

{ESWGN - %We = _)\5,1We in (yLa 00)7
We(yr) = we(yr), We(oo) =0,

where C, is as in the statement. The unique solution is given by W,(y) = w.(yr)e 7= ¥=vL) for
Y € [yr,00), where 7, 1, is given in the statement. Since V. > % > Aeq on [yr, 00) ensured by Lemma
2.4 (2), we find from the comparison principle (see e.g. [, Chapter 2, Section 2.3]) that @, < W, in
[yL,00). This together with (2.4) implies that for x € [L, c0),

W) Vul (@) _

3
L e LlE@ =D F I hds,
Va(z) [a(2)]3

Case Yo, < co. Consider the following problem:

2~ - .
{ngel/ — %WE = _)\g,lwe m (yLayoo)v

We(yL) = d}e(yL)a We(yoo) =0.
The unique solution is given by

Ve L(U=Yoo) _ o¥e,L(Yoo—Y)

We(y) = we(yL)e’Ye,L(yL*yoo) — ever(Woo—yr)’ Y€ [yL7yoo)

To apply the comparison principle, we verify

We(Yoo) = lim w(y) = 0. (2.5)
Y= Yoo
To see this, we first claim for fixed K > 1,

Yoo
/ Vedy = oc. (2.6)

§(K)
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Indeed, we see from Lemma 2.4 (2) that fgy(";() Vedy > y(}"() ba:§ rdy = % [ d:L‘ where
Cy = C3(£(K)). Since limg, o l;((;:) = oo by (H)(3), there is ¢; > 0 such that

bQ
——dzx > ¢ [{z € (K,0) : a(z) < 1}]. (2.7)
AzG(K oo):a(z)<1} a\[

As limsup,_, o “;Ei))‘ < 0o by (H)(3), there is ¢o > 0 such that ‘ZEQI < ci for all z > K (making K
larger if necessary). It follows that

2 2
/ b dr > \/E<b) dx > c3|{x € (K,0) : a(z) > 1},
{ze(K,00):a(

a(xz)>1} a\/& {ze(K,00):a(x)>1} a

which together with (2.7) yields [ b—}daﬁ = oo and thus, (2.6) holds.

Now, we show (2.5). It follows from [ (V. + M)w2dy < oo, (2.6) and the positivity of @, that
liminf, , - we(y) = 0. Suppose for contradiction that lim supyﬂyf We(y) > 0. Then, there exists
Y« (which can be chosen to be arbitrary close to y) such that @, has a local maximum at y,. In
particular, w”(y.) < 0. This together with %u?é’(y*) — Ve(yu)We(yx) = —Ae1We(ys) implies that
Ve(ys) < Aea. Since Ve(y) — o0 as y — y,, we arrive at a contradiction. Hence, (2.5) is true.

Due to (2.5) and V; > % > Ae1 on [yr,00), we apply the comparison principle to conclude that
W (y) < We(y) for all y € [yr,00). This together with (2.4) implies

1 G 2 Ve LlE(T)—yoo] _ pVe, LYoo —E(2)] »
(o) < VOVAEG) _ o eerlé ] g b
/a(x) [a(z)]3 eYe.L[6(L)—yos] — Ve, L[yo—E(L)]
for all € [L,00). This completes the proof. O

The following result is a direct consequence of Lemma 2.5 and Lemma 2.6.

Corollary 2.1. For any open set O containing A, there holds lim._ pu.(O) = 1. In particular, the
family of QSDs {pc}. is tight.

We end this section by pointing out the difference between [70] and the present paper in treating
the tightness of {u.}. near infinity. Assuming the existence of a uniform-in-noise Lyapunov function
near oo, the authors proved in [70] the exponential smallness in € of the tail estimate appealing to
the sub-level set approach put forward in [43]. Here, explicit assumptions on a and b allow us to use
decaying properties of eigenfunctions of the Schrodinger operator £ (which is unitarily equivalent to
L) to establish exponential decaying estimates for the density u.. Corresponding results, presented
in Lemma 2.6, turn out to be crucial in applying the identities in Proposition 4.1 to derive sharp
asymptotic of {u,}e.

3. Vanishing viscosity limits

To study the exponential asymptotic of u. as € — 0, we introduce the logarithmic transform:

vE:—Eln(aue) in (0,00). (3.1)

It is well-defined as both a and u. are positive on (0,00). Moreover, since a,u. € C3((0,00)), there
holds v, € C3((0,00)). Clearly, the local uniform convergence of —% Inu, to some v € C((0,00)) as
€ — 0 is equivalent to the local uniform convergence of v, to v as € — 0.
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It is straightforward to check that v, satisfies the following singularly perturbed equation:

2 b 210\ A
_%UQJF(UQ)HEUQ . l(a) _ al] in (0, 00). (3.2)

The next result addresses the local uniform boundedness of {v.}. and {v!}.. Its proof is postponed
to the end of this section. Recall from Subsection 2.3 that A is the global attractor of & = b(z) in
(0, 00).

Lemma 3.1. The following hold.
(1) For each O CC (0,00), there exist v5 € R, 73 >0 and 0 < €¢p < 1 such that

76 < iléfv6 <supv. <75, Ve (0,¢0).
o

Moreover, if O CC (0,00) \ A =10, then v, > 0.
(2) For each O CC (0,00), there exist T'o > 0 and 0 < ep < 1 such that supy |v.| < To for all
e€ (0,e0).

Denote by V the set of limit points of {v}. under the topology of locally uniform convergence
in (0,00) as € — 0. By Lemma 3.1, we apply the Arzeld-Ascoli theorem and standard diagonal
argument to conclude V # @) and V C C((0, 00)). Moreover, the well-known result on the stability of
viscosity solutions (see e.g. [19]) ensures that each element of V is a viscosity solution of the following
Hamilton-Jacobi equation:

(v')?* + gv’ =0 in (0,00). (3.3)

Unfortunately, (3.3) admits infinitely many viscosity solutions.
‘We prove some properties of functions in V.

Proposition 3.1. Each v € V is locally Lipschitz continuous and satisfies
b
(v')?* + av’ =0 a.e. in (0,00).
Moreover, v > 0 on (0,00) \ A, v(0+) € (0,00), v(o0) = 00 and ming v = 0.

Proof. Let v € V. By Lemma 3.1 (2), v is locally Lipschitz continuous. Since v is a viscosity solution
of (3.3), it is well-known (see e.g. [19]) that if v is differentiable at z¢ € (0,00), then (v/)* + 20/ =0
holds at @o. Hence, v satisfies (v')? 4+ 20/ = 0 a.e. in (0, 00).

Lemma 3.1 (1) ensures that v > 0 on (0,00) \ \A. Since b > 0 in (0, inf A), we see from the equation
that v" < 0 a.e. in (0,inf A), and thus, v is non-increasing on (0, inf A). It follows that v(0+) € (0, o0].
Since v’ > —2 a.e. in (0,inf A), v(0+) must be finite, and hence, v(0+) € (0, 00).

b(s

We see from Lemma 2.6 that v(x) > —% Lm Z((zg ds for all x > L. Since sz a(s)) ds — —o0 as T — o0,

we conclude v(oc0) = oo.

It remains to show min4 v = 0. Let I be an open interval such that A C I CC (0,00). Corollary
2.1 ensures that lim._,q fI uedr = 1, or lim._,o f[ %efs%vedx = 1. This together with the uniform
convergence of v. (up to a subsequence) to v on I as e — 0 implies that inf;v = 0, and hence,
ming v = 0. O

The rest of this section is devoted to the proof of Lemma 3.1.
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Proof of Lemma 3.1. (1) Let O CC (0,00) be open. It follows from the classical interior estimates
for elliptic equations (see e.g. [33]) that there exists 7o > 0 such that supy u, < e%, which together
with (3.1) leads to infp ve > —32.

To see the upper bound of v, on O, we let O; be an open interval satisfying AUO C O; CC (0, 00).
Fix 0 < § < 1. Since Corollary 2.1 ensures |O1|supp, ue > fol uedxr > 1 — 0, we see from Harnack’s

Yo

inequality that there exists yo, > 0 such that infp, ue > 677’17 which together with (3.1) yields
SUpp Ve < SUpp, Ve < 'Y%

For the “Moreover” part, we let O CC (0,00) \ A. Then, Lemma 2.5 (1) yields the existence of
Yo > 0 such that supy u. < 6_%, leading to infp ve > A’TO > 0. This completes the proof of (1).

(2) The proof is inspired by the Bernstein-type estimate in [28, Lemma 2.2]. The key point here
lies in the non-negativeness of the term (v))? in (3.2). Let I;, I be open intervals and satisfy
0 #1, cC I, cC (0,00). Let : (0,00) — [0,1] be smooth and satisfy n = 1 in I; and n = 0 in
(0, OO) \ IQ.

Consider the auxiliary function z. = n*(v.)?. We claim that

Sup max z. < 00. (3.4)

If this is the case, then sup sup;, |v{| < oo, leading to the conclusion.

It remains to show (3.4). Since z,. is continuous and compactly supported in 5, there exists z, € I
such that z.(z.) = maxz.. We may assume, without loss of generality, that maxz. > 0. Then,
n(ze) > 0 and vl (x.) # 0.

We calculate

2= diPy (V)2 4 2ol 2 = () ()2 4 167 vl + 20t (0!)? + 25 0l

Multiplying the expression of z/ by —< and setting ¢, := % [(9)/ — %] (i.e., the right hand side of

a
(3.2)), we find from (3.2) and stralghtforward calculations that
2 2

-S>z = —%(774)”(02)2 —8e’n* /vl — nt(v])? + 20t

, b\’ ab
a2l — o ( ) (w1)? — 2 2ol

At the point z, there holds z! = 0, namely, 4n3n’(v.)? + 2774 ‘v = 0. Since n(xz.) > 0 and
vl(ze) # 0, we find

(3.5)

nl! = =2nv] at =z (3.6)
As 2/ (z.) <0, we find from (3.5) and (3.6) that at the point z. there holds

€2
62774(1}2/)2 < _5

62

< =5 (") (W)? = 8t vl (=20/v;) + 0 (v)? + 0 ()’

b\’ b
(1) (000 = 8Pl + 2l — ant et = 20" () i = 2 Lot
a a

b\’ b
— a2l l) = 20t (1) 007 - 2 Lol

= 8n°n/(v))® + Cen?(v))* + n*(c))?,
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where (. in the equality is given by
e b\’ b
Ce = =5 (120" + 4nn") + 16 (n)* + n* — 2 (a> + 'y
Thus, setting Cy := 8 max |n'[, Cy := sup, max |(.| and C5 := sup, max [¢*n*(c.)?], we find
Ent!)? < CiPlul]P 4+ Con*(v))* + Cs at ..
3
Since Con?(v!)? < % + 2n%v/|® by Young’s inequality, we arrive at
Ent)? < omP]P+Cs  at x, (3.7)

where Cy = C; +% and C5 = 72+C3
As (3.2) gives (v)? = cc — bv’ + v’ and Holder’s inequality gives | | < % (,) + %(1}6)27 we

deduce $(v/)% < Sv +co+ 1 (g) : Thus,
2
b 2
)]
a
This together with (3.7) implies that n*(v))* < 2e2Cyn®|v.|® + Cs at z., where
2
b 2
2ce + () ]
a
4

Let k > 0 be such that K3 % Applying Young’s inequality, we find

116 804 1
¢ + 774( )+C6 at  z,

2
b 2
o)t <t | ol + 2e+ (> ] < 2¢'* (v)? + 21"
a

Cg = sup 2¢2Cs 4+ max 2n*
€€(0,ex)

2e2Cy
4/, 1\4 31,.713
0 (ve)” < o [ve]” + Cs < ZT 5

leading to n*(v/)* < C7 := 862402 +2C6 at x.. It follows that max z. = n*(z.)(v!)?(z) < v/C7maxn?.

As the right hand side of this estimate is independent of €, we conclude (3.4), and hence, complete

the proof. d
4. Large deviation principle for QSDs

In this section, we study the LDP for QSDs { . }.. In Subsection 4.1, we derive important identities
for ue, ve and v.. Subsections 4.2, 4.3 and 4.4 are respectively devoted to the proof of Theorems A, B
and C.

4.1. Identities. Recall u. and v, from (2.2) and (3.1), respectively. We derive identities for u., v,
and v/ that play crucial roles in proving the LDP for {u.}..

Proposition 4.1. Assume (H). For each e,

ue _ 2)\61 7—‘// 522V(z) (/ U€d§> dZ,
€2a 0 2

2 2 2 2 L] o
Ve = —%ln? - %ln)\e,l - %ln/ eév(z) (/ uedg) dZ+ V?
0 z

b 2 *1 2
f= 2 — A e’ ZeT V(.
a ’ R

<
o
Il

a
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We establish several lemmas before proving Proposition 4.1. Recall from the proof of Lemma 2.6
that we = /&

we(z) —Y)

Lemma 4.1. For each €, lim,_, We < =0.
alx

Proof. 1t is a byproduct of the proof of Lemma 2.6. Indeed, since

we(@) -vp _ Ya@we(@)1/ul (z) = 0. (E(x)) < We(E(z)), Vo> 1,

Va(x)
the lemma follows immediately from lim, ,,  W.(y) = 0 and y = £(x). O
!/
Lemma 4.2. For each e, é (wéefe%v) = —Xe1uc in (0,00). In particular, w. > 0 in (0,00) and
we(0+) = 0.
Proof. Note that w, satisfies Lcwe = —A¢1w,, namely, %awé’ + bw, = —A.1w.. Multiplying this

equation by uf, we readily derive the identity as in the statement.

We show w. > 0. Suppose for contradiction that there is z, € (0,00) such that w.(z.) < 0. Fix
Tix > Ty Integrating the identity over [z, Z..] yields w.(z.) < 0. We then integrate the identity
OVer [Ty, x] to find

2 2
wh(z)e”=2V® < 0y 1= w (2)e” 2V @) <0 for x> 2.,

It follows that wl(x) < —Cre=V® for ¢ > x,,. Since V(z) — o0 as © — o0, there exists Cz > 0 such
that wl(z) < —Cjy for all z > 1, which implies that w. < 0 for all z > 1, leading to a contradiction.

It remains to show w(0+) = 0. Since w.u& = u. € L'((0,00)), we conclude from the behavior of
G

€

ug (x) near x = 0 and the monotonicity of we that w.(0+) = 0. O

Lemma 4.3. For each ¢, lim,_, wé(x)e_e%v(w) =0.

Proof. By Lemma 4.2, wée_s%v is positive and decreasing. So, C := lim,_, wé(az)e—e%v(x) >0. It
suffices to show C = 0.

Suppose on the contrary that C' > 0. Then, there is x, > 1 such that wéefe%v > % in (x,00),
and hence,

x C x 2
We(z) = we(x4) +/ wi(s)ds > we(wy) + 5/ exV®ds, Vi >, (4.1)
x T x

s

Since (H)(3) ensures V'(z) < V™(z) for z > 1, we derive

< e=V ) s B 9252V () N 92052V (@)
dieﬁV(m) - 3V/(x) T 3Vm(a)

— 00 as x — 00,

2
. Vis
T ee? (s)ds
T

= o0, which
v !

where we used lim, o, V(z) = oo in the limit. It follows that lim, .
together with (4.1) yields

C
we(@) > we(z.) + 5e%”$>, vz > 1. (4.2)

Thanks to Lemma 2.6 and w, = aueee%v, we find Cy > 0 such that w,(z) < Cla%ee%v(r) for x > 1.

By (H)(3), there is Cy > 0 such that a7 (z) < €2 and V() > Cox for all z > 1. As a result,

we(x) < Clecﬂee%v(z) < Cleﬁv(r), Vo > 1.
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This contradicts (4.2) due to lim,_, V(z) = co. Hence, C' = 0. O
We are ready to prove Proposition 4.1.

Proof of Proposition 4.1. Integrating the identity in Lemma 4.2 over [x,Z] C (0, 00) yields

62 2

5102(:%)67%‘/(5:) - %wé(x)ef%v(z) = —)\671/ Uedz.

Passing to the limit £ — oo, we deduce from Lemma 4.3 that §w267%V = A1 f.oo ucdz, which
together with w.(0+) = 0 (by Lemma 4.2) gives w, = 21—21 f(; ez V(@ (f:o ucdz) dz. As ue = weul,
we derive the formula for u.. The formula for v, then is a direct consequence of its definition.
2 ’ 2 2
Note v, = —%(L;“Te) Integrating S (aue)” — (bue)' = —Ae1ue gives S (aue)’ — bue = A f.oo uedz,
)\e,l

o f.oo uedz. The conclusion follows readily from u. = %e_e%ve. O

leading to v, = —2 +

The formula for u. in Proposition 4.1 leads to refined estimates of {u,}. near 0 in comparison to
those given in Lemma 2.5 (2).

Lemma 4.4. Assume (H). For each 0 < § < 1, there are 0 < x5 < 1 and 0 < €5 < 1 such that
e~ E@H) <y (1) < em E D0 ya e (0,24), €€ (0, €5).

Proof. We only establish the lower bound; the upper bound follows in a similar manner. Consider
the formula for u. in Proposition 4.1. Note that for each 0 < § < 1, there is 0 < z5 < 1 such
that |V (z) — V(y)| < $ for all 2,y € (0,25). By Corollary 2.1, there exists 0 < €; < 1 such that
f;; ucdZ >1— 46 for all € € (0,€5). Then, for each z € (0,x5) and € € (0, ¢€5),

() > 2(1 = 6)Ae 1 /r L2 V@V, 2(1— 6)A5,1x€§[v<x)—v(s)],

e?a(x) 0 e2a(x)
where we used the mean value theorem in the equality and £ € (0,z). The desired inequality then
follows from Lemma 2.3 and the facts that a(0) = 0 and a’(0) > 0. O

The next result, improving Corollary 2.1, is a simple consequence of Lemma 2.5 (1), Lemma 2.6
and Lemma 4.4.

Corollary 4.1. Assume (H). For each open set O satisfying A C O CC (0,00), there exist yo > 0
and 0 < ep < 1 such that p.((0,00) \ O) < e E for all € € (0,¢0).

4.2. Proof of Theorem A. Let (a,3) C (0,00) be the unique d;-valley. We focus on the case a > 0;
the case a = 0 can be treated in the same way and is easier.

Up to a subsequence, we may assume without loss of generality that lim¢_,¢ v. = v locally uniformly
in (0,00). We determine v within three steps.

Step 1. Let xo be the smallest zero of v. By Proposition 3.1, ¢ exists and belongs to [inf A, sup A].
We show

v(e)=dy +V(z)—supV =
(0,z)

{dl + V(I) — SUP(0,2) Vv, T € (0701], (4 3)

diy +V(z) = V(a), x € (a, zg],
and

%o = min {x € (0, 0) : V() = min v} . (4.4)
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Fix = € (0,20). Note that Proposition 3.1 and the definition of z ensure min , v > 0. The locally
uniform convergence of ve to v as € — 0 and Lemma 4.4 then imply lime ¢ inf.c(,x) fzoo uedz = 1,

2 x [e’s)
lim & ln/ eV () (/ u€d2> dz = sup V.
e—~0 2 0 z (0,z)

This together with the formula for v, in Proposition 4.1 and Lemma 2.3 yields lim._,o ve(z) = dy +
V(x) = supg ) V. From which and the continuity of v, the first equality in (4.3) follows readily.
Since v(z9) = 0 by the definition of zq, we see from the first equality in (4.3) that sup(g ,,)V —
V(xg) =di. As (a,3) is the unique di-valley, there must hold zo € {z € (o, 8) : V(2) = min¢, 5 V' }
and (4.4), otherwise v attains 0 in (0, zg).
Observing that V(a) = max( gy V, we deduce the second equality in (4.3).

and hence,

Step 2. We prove that for any x1,z9 € (0,00) with 1 < 9, there holds

€2 w2 2 4. (2 1 2, .

21_{%2111/301 Ae1€? -(2) </z ae 2 ‘dz) dz = —dy + y(x1, x2), (4.5)
where

Y(z1,22) = sup  sup [v(z) —v(Z)]. (4.6)

z€[x1,22] ZE(2,00)

To see this, we fix z1, 29 € (0,00) with 27 < x5 and split the integral

o % 1 T2 ) Z1q 1
/ /\67165%1}6(2) (/ i ”Edz> dz :/ /\5,166%U5(Z) (/ e @3 +/ e_e%vedi) dz,
Xy z a xr z a zZ1 a

where 21 > x5 is such that inf.inf(,, .)v. > sup, SUD (4, 2,) Ve- Such an z; exists due to Lemma 2.6
and the locally uniform convergence of v, to v as € — 0. It is then easy to see from the dominated

convergence theorem that lim._,o fff )\6,166%”5(2) (foo le” vfdz) dz = 0.

Z1
Since z; > 1 and lim,_, v(z) = co by Proposition 3.1, we may assume without loss of generality
that v(21,T2) = SUP, ¢y, 4,) SUPze(2,2,)[V(2) — v(2)]. Thanks to the locally uniform convergence of v,
to v as € — 0, we find for any ¢’ > 0, there exists 0 < ¢ < 1 such that

11
Aese 2 / / 1 2pe—@) s,
zZ1 1
< / A, 16%v «(2) </ o3 7J‘dz) dz
Xy z a

CoTrL .
< )\6,16%2 / / aej[v(z)fv(z)]didz, V0 <e<e€.

Note that Laplace’s method yields lim,_,o & “In f 7 Le =0 dzdz = ~ (21, x5), which together
with the above two-sided inequalities, Lemma 2. 3 and the arbitrariness of 6’ > 0 leads to (4.5).

Step 3. We finish the proof by showing
v=di+V -V(a) in (xg,00). (4.7)

Integrating the formula for v/ in Proposition 4.1 over (x1,z2) CC (a, o) yields

z2 2 z o 1 2
Ve(22) — ve(x1) = V(z2) — V(21) — / Ac ez (/ eezvedz> dz. (4.8)
T ; a

1
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Since the above inequality holds for any 1,z € («, 00) with &1 < x2, the definition of v in Definition
(4.6) ensures that y(z1,22) < dy. As a result, we let € — 0 in (4.8) and apply (4.5) to conclude that
v(za) = v(x1) + V(x2) — V(21). Letting 1 — ot and setting 2o = = € (9, 00), we conclude (4.7)
from (4.3) and the continuity of v.

4.3. Proof of Theorem B. Recall M, from (1.8) as well as the set Ms, appearing in the definition
of M..
(1) The formula for u. in Proposition 4.1 and the definition of R, (see (1.7)) give

2 2 * o
R = €eAcqezh 2 ezV () ucdz | dz. (4.9)
’ 62 0 z

We claim
lim 2 [ eZV() h udz | dz = 1 locally uniformly in (0, c0) (4.10)
50 62 0 R € V/(0+) y y I’ I’ *
and
2 b'(0)
A je2® M. 4.11
€ €, 1€¢ € a,(o) ( )

These together with (4.9) lead to the conclusion.
We prove (4.10). Let [€1, 0] C (0,00) and fix z, € (0, min{inf Ms,, ¢1}). For = € [¢1,{s], there
holds

2 [ 2y 2 [T 2y * -
Ci(e)= e’ dz < — ez ucdz | dz
€ Jo € Jo z
2 Ty . 2 52 oo
< —2/ ee%vdz—&— —2/ ezV() (/ ued2> dz,
€ 0 € T4 z

where Cy(€) := inf_c(g,z,) f:o uedZ — 1 as € — 0 thanks to Corollary 4.1 and Theorem A. Since Vo 5]

has the maximum value 0 attained only at z = 0 and V/(0+) = — Z/,((g)) < 0, we apply Laplace’s method

. . 2
to find lim_,o 2 fom ezVdy = —

ﬁ. Therefore, (4.10) follows immediately if we show

2 52 2 o
lin% —2/ eV (/ u€d2> dz = 0. (4.12)
e—0 € T 2

Since the integral is increasing in f3, we assume without loss of generality that ¢5 > (§. Take
x* € (sup Ms,, 3). Then,

2 [ Ly > 2 [" 2y 2 [ Ly >
—2/ eZVE) (/ ued2> dz < —2/ exV@dy 4 —2/ eV (/ u€d2> dz. (4.13)
€ /. . € /. € e .

Since supy,, .+ V(z) < 0, we find lim,_,q 6% f;* eV dy = 0. Note that Lemma 2.6 ensures the
existence of some z, > f5 such that lim._,o = = fZQ 2V (f:o uedé) dz = 0. Moreover, Theorem A
and the fact that V(z) —min, .V —d; < 0 for z € [2%, 2] (otherwise, there are more than one

dy-valleys) yield

2 Zz 5 Zx [2
lin% —2/ ezV(?) (/ ued,§> z = hrr(l) —2/ / ()=ve@gzq, = 0.
e—0 € T* 2 e—0 €

Then, (4.12) follows from (4.13). This proves (4.10).
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Now, we show (4.11). Corollary 4.1 and Theorem A ensure the existence of v > 0 such that
fMa uedxr =1—o(e %) It follows from the formula for u. in Proposition 4.1 and (4.10) that
0

- 2AE,1/ L 3ve /EEE%WZ) /OO ucdidzdzx
€2 M, a(z) 0 z

~. )\e 165%(11 O,/(O) / 167‘%(d1+v)df£
’ b’(O) M50 a

m'\"“z

1—o(e”

resulting in (4.11).
(2) The proof follows from similar arguments, but the mechanism is slightly different. We break

the proof into three steps. Set Cy, := , /+,(a) for convenience.

Step 1. We prove

1 [ ] o0
lim - [ ezlVE-V()] / u6d2> dz = C,, locally uniformly in (o, 00). (4.14)

ce—0 € 0
Let [¢1,42] C (o, 00) satisfy M, C (£1,¢2) and l3 > 8. Fix z. € (o, ¢1). Then, for each x € [¢1, {2],

1 [*
04(6)2 /0 ezlV-Vilg,

1 [* 2 z)—V(a > =
< E/0 e FVE)-V(@)] (/ uedz) d (4.15)
1 [ 2 1 [2 > >
< ,/ CEVV@I g, ,/ o3V (2)-V(a)] (/ uedg) i,
€Jo € Jg z

where Cy(e€) := inf¢(g,0.) fzoo ucdzZ — 1 as € — 0 thanks to Theorem A and Corollary 4.1.
We claim

1 [
lim - [ exV-V@lg, = c,. (4.16)
e—0 € 0
Recall the assumption V(a) > V in (0, ). In particular, V() > 0. If V/(«) > 0, then the function z —

V(z)—V(a) on [0, z.] has the maximum value 0 attained only at z = a. Moreover, V" (a) = — b,(z)) <0

by assumption. Laplace’s method then yields (4.16). If V(«) = 0, then the function z — V(z) — V(a)
on [0,x,] has the maximum value 0 attained only at z = 0 and z = «. Since V’(0) < 0, we find
from Laplace’s method that the integral [j e 2=Vl gz is dominated by fa:r; e V=V@lgy for
any fixed 0 < 6 < 1. Hence, (4.16) holds.

Arguing as in (1), we deduce that the second integral in the last line of (4.15) tends to 0 as € — 0.
Then, (4.14) follows readily.

Step 2. We show

2.4 ME
2)\6’1662 ! e .
Ca

By Corollary 4.1 and Theorem A, there exists v > 0 such that f/\/l(s uedr =1 — o(e_el?). Given the
0
formula for u. in Proposition 4.1, we derive

1—o(e &) = LAE’l/ L 3ve-v /me%W@*V(“” /Ooue(é)dédzdx
€ M50 a 0 z

(4.17)

(z)

~ QCOLAE71 / le—e%[\/—\/(a)]dx —_ 20(1)\6 166%(111/ 16—6%[(11+V—V(a)]dx7
€ Ms, @ ’ € JMs, @
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where we used (4.14) in the approximating equality. (4.17) follows readily.
Step 3. We prove the limit for R.. By the formula for u. in Proposition 4.1 and the definition of R,

hee%dl / e =V =510 V] (/ ued,Z) dz, z€(0,a),
0 z

€
L/\E’lee%dl/ ez lV(x)-V(a) (/ uedé) dz, x € [a, 00).
€ 0 z

By (4.14) and (4.17), we find R, ~ M, locally uniformly in (a, 00). Obviously, lime_q [ ucdz =1
uniformly in z € (0,a). Arguing as in Step 1 yields lim._,o 2 [ eZ V)=V (7 uedz) dz = S
This together with (4.17) leads to Re(a) ~ 1 M..

For z € (0,a), we see from (4.17) and lim_,o .~ ucdZ = 1 uniformly in z € (0, @) that

M. [®

Re(z) = (4.18)

2
R.(x) =~ ez V(2)=supo,0) V] g,
@) eCo Jo
Let zg be as in the statement. Clearly, zg € (0, «). It remains to show that

Re M.
e ¢ 20,V'(0+)
Indeed, given (4.17) and the fact that lime_ [ ucdZ = 1 uniformly in z € (0, @), it suffices to study
the asymptotic of the integral [ eV Vg, as e — 0. Clearly, sup(q ) V = 0. Since V(0+) >
V(z) for all z € (0,z] and V'(0+) = —Z/,((g; < 0, Laplace’s method yields lime_,o % [ exVdy =
1

— o7y Which is locally uniformly in z € (0,20). The limit follows.

locally uniformly in (0, o).

4.4. Proof of Theorem C. (1) It follows from Lemma 2.6. (2) It follows from Lemma 4.4.

(3) The limits concerning A in (i) and (ii) follow from (4.11) and (4.17), respectively. It remains
G
to show the limit of ||¢¢ 1|11 (ue)de,1. Recall that u, = Peanl g G = Lem 3V,
’ € ’ |‘¢‘v1‘|L1(u§) € a

OO’U.E

-1
(1) AS 61 = [detllzrugy 2 and 9 llzaugy = 1, we see 62,0y = (S5~ Sda) , and thus,

[e'e] u2 -1 Ue [e'e) —1
I6eallzsug)den = (/ d) G = </ Re“edz) R,
0 Ue Ug 0

where we used the fact u, = Ijaﬁ e EY = %efe%dlug ensured by the definition of R, and Theorem A.

Since R, ~. M. locally uniformly in (0, 00) by Theorem B (1), the result follows if we can show

/ Reucdr = M.. (4.19)
0

2
2

Fix K > 1. Corollary 4.1 ensures the existence of v > 0 such that f(o ERYY uedr < e 2.
'K

(K,00)
Hence, Theorem B (1) yields ff Roucdx ~. M, ff uedr =, M. Tt is obvious from (4.9) that R, is
K K

1 1 ~
increasing, leading to [* Reucdr Se M [N uedr S Mee™ 2.
We claim that there is v/ > 0 such that f;o Reuedr < Meefe%. Then, (4.19) follows.

It remains to prove the claim. Fix 1 <« L < K. We distinguish between y,, = 0o and y, < 0.

e If yo, = 0o, then Lemma 2.6 and u (L) = %e_e%”(m give

E S L‘Ll)aei%v(l’)e_'yelz[f_g([‘)]ei fL., gds 1n [L’ OO),
a(L)Fad
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where v, = 3(% = Ae1). In which, Cr := Coinflery ) 1;;(:575:11’ where Cy = C(&(L)) is

given in Lemma 2.4 (2). It follows that

2
/oo Reuedr < /OO RADE e~ BV D)2 lb@) €W E JT Gds o v(@) gy
K

k ey/a(L)y/a(x)

2 oo
_ [Re(L)] 6—6%1;@)66%@@)/ L oenleew) gy
K a

ev/a(L)
2 o0 2
_ Mgﬁ%vm/ el Wlgy < M ~zuw) 1 o letm) e,
ev/a(L) ¢(K) ev/a(L) 29,1,
o If yoo < 00, then Lemma 2.6 and u.(L) = %e—ﬁv(L) give
< R.(L) 2 (L) eYe. Ll Yool _ Ve, LYoo —E] 6%2 Je bds i (L.oo)

ela(L)]iat eVe.LlE(L)=Yoc] — gVe,L Yoo —E(L)]
where ., 1, is as above. It follows that

2

oo [R(L)]? 2D Yoo eYe.Lly=Yoo] _ oVe,L[Yoo—Y]
/K Reuedw < =7y ° /é(K) o ED vl —gomcor ) W

_ [—Re(L)]2 7%1}([1) Yoo 6276’L[y°°_y] €2VE’L[y_y°°] —1 2d
- a(L)e ‘ () €27 e €] \ @27 )yl — 1 y

2 . oo 2 .
< B 20w /y e reli—€mlgy < _Me  ~zow) L oy em)-ew)
3

e
" ey/a(L) (K) ev/a(L) 27,1

By the definition of M., it is clear that M, <. e for any v > 0. Hence, f;o Reucdr <. Mee_%2 for
some v' > 0, proving the claim.

(ii) As in the proof of (i), we calculate

g2 - Ue © Re 2(_, _lRE 2,
Hgbe’l”Ll(ueG)(bE’l = (/ qu;)j) 5= (/ ?652( +V)u6dl‘> ?662( +V)’ (4.20)
0 € € 0

where we used the fact u. = R—a‘e_e%” ensured by the definition of R, and Theorem A. Fix K > 1.

€
We claim that

[eS) K
/ %ee%(_”"'v)ued:c e / &ee%(_”"'v)uedo:. (4.21)
0 € a+% €
Suppose (4.21) for the moment. Theorem A and Corollary 4.1 ensure
a—i—% 2y K
/ ucdr < e < for somey>0 and lim Ue = 1, (4.22)
0 e—0 CH-%

and
—d V, xe(0,a],
_'U(Z') + V(x) — 1 + Sup(oﬁx) €T ( O(]
—di +V(a), z € o, 00),

It follows from (4.21) and Theorem B (2) that

(4.23)

* Re 2 M, - K M, >
ie§(7v+v)u6dm‘ ~ € ez [~ditV ()] Uedy ~2. —< ejz[*lerV(Oé)]7
0o € € otk €
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which together with (4.20) leads to

[Pe.1llt (ue)yPer () ~

€

R
&es%[dlfv(a)]eflz[—v(x)+v(a:)] ~ M x € [067 OO);
€ %ee%[—\/(a)+sup(o,z) V]) z € (0,q).

An application of Theorem B (2) then yields the desired result.
It remains to prove (4.21). Since lim._,o f(fii uedr = 1, we see from Theorem B and (4.23) that
K

K
/ &ee%(_v+v)uedx R %ee%[_dﬁv(a)]. (4.24)
atd € €
Note that [, %ee%(_'wv)uedx = %ee%[_dﬁv(a)] [ Reuedz. Arguing as in (i) yields

’
a
€

o0
/ Roucdr <. Me™ <2 for some 7/ > 0. (4.25)
K

Given (4.17), we deduce from (4.18) and the fact sup(g )V = V(a) for = € [a, o + +] that for any
fixed 0 < v1 < 7,

[e3%

2>\5 2 - — Me 271 . .
R.(z) < 221 exh / eV =m0 Vg, <. ol < uniformly in z € [0, + 9],
0

which together with (4.23) and (4.22) leads to

atg 2 ot
&ee%(ﬂ’*v)uedx Se Me et ezlditsupon Vig,
0 € ~ 620(1 0

at L
< é\/[e ee%[“*l‘dﬁv(“)]/ K udr < éw€ ee%[—dﬁ‘v(a)]e—e%ﬁ—’h)'
~e € Ca 0 € T € Ca

This together with (4.24) and (4.25) leads to (4.21).

5. Multiscale dynamics

This section is devoted to the investigation of the multiscale dynamics of X;. We prove Theorem
D in Subsection 5.1, and Theorems E and F in Subsection 5.2.

5.1. Asymptotic reciprocal relationship. In this subsection, we establish the asymptotic distri-
bution of the normalized extinction time and the asymptotic reciprocal relationship between the mean
extinction time ES[T§] and the principal eigenvalue A ;. That is, we prove Theorem D.

Proof of Theorem D. By Lemma 2.1 (6),

Pt < Tg] = et (1 agy) +/ Q5 ldu, V' >0,
0

where e 1 = ||¢e,1HL1(u§)¢671 and <p’a ae,1> = H¢E,1| L' (u&) fOOO ¢e,1d/j“ In particular, Setting t= t>‘e_,%

for t > 0 yields
PCIALE < Tg) = e, ) +/0 Pj -1 QsLdp. (5.1)

Thanks to Lemma 2.2 (2), we find 7 > 0 (independent of ¢),

o] Xe 2 00 Xe.2
— &2y 1 V+iy — =t 1
‘ / P;—;andu‘g [l < e N e e V), (5.2)
0 € 0
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where C), = Supg,,p(.) ai. )
dy — dy > 0, resulting in lim._q fooo PtE/\,IQg]ldu = 0. Letting ¢ — 0 in (5.1), we derive the limit
lim o P, [t/\;ll < Tg] from Theorem C. -

Now, we study lim. 0 Ac1Ej, [T§]- Note that for ¢ > 0,

toA, ] 0
At ES (TS = Ao / Pt < TE]dt + A,y / Pt < Tg]dt. (5.3)
0 t

-1
0/\e 1

Obviously, limy, o sup, Ac1 foo o Pr [t < T§]dt = 0. Integrating (5.1) over (tg,00) yields

o0

e P [t < Tgldt :/ PN T < Tgldt = e " (p, acq) / / A1 Q5 Ldpdt,

toA;i to
which together with (5.2) leads to

A
)\6’1 _th

1
<Cu—=e et 0 GWPapp) VEY 50 as € — 0.

Mex / PS [t < Te]dt — e (1, 1)
t

-1
OAe,l 6,2

Letting ¢ — 0 and then ¢y — 0 in (5.3), we conclude lim,_,q A1 Ef, [T5] = lime—yo (1, e ,1). The results
follow readily from Theorem C. g

5.2. Multiscale estimate. In this subsection, we establish the multiscale estimate of the dynamics
of X5. In particular, we prove Theorems E and F.

The proof of Theorem E is in need of the following lemma regarding the boundedness of coefficients
appearing in the expansion of semigroup Pf given in (2.1).

Lemma 5.1. If k € N is such that di > do > --+ > dy, > dg+1, then for each compact K C (0,00),
there exist C = C(k,K) > 0 and e, = e.(k, K) > 0 such that

o0
(b [ dusi] < Cllsl

0

sup sup
HEP((0,00)) 0<e<ex
supp(pn)CK

for all f € Cp(]0,00)) and i € {1,...,k}.

Proof. Set Aci(f, 1) = (f, Pe.i) L2 (ug) J5° beidp. Let k and K be as in the statement, € P((0,00))
satisfy supp(p) C K, and f € Cp([0,00)). By Lemma 2.1 (6), we have for £ € {1,...,k},
¢

ELlf (X)) Lierg] = Ze “UAei(f5 ) / PFQS5. . fdu, Yt > 0. (5.4)
We first estimate A1 (f, p). Settlng £=11n (5.4) gives

Aealfop)] = (B ] — [ PtEstdu‘SeW(lf||m+ / |P;Q;f|du>, vt 0.
0 0

An application of Lemma 2.2 (2) yields the existence of 74 > 0 such that

/ PEQSfldu < 2| flloo / akeF (8 ay < et B L i 2,
0 0

where 5 := maxg V + 4 + 1. Thus, |Ac1(f, p)| < [e)“ﬂ —|—e*()‘5=27)‘6'1)t+z%} | flloo for all ¢ > 2.

Setting t = % yields [Ac1(f, 1)] < [exp {%} +e - } I/ llco- Note that Lemma 2.3
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and dy > ds ensure lim._,o % = 0. We then see the existence of e, = €;(K) > 0 such that
[Aea ()] < 2|l for all 0< ¢ < cr.

Next, we treat A o(f, ) if k > 2. It follows from (5.4) with £ = 2 and |A¢1(f, )| < 2||f|lco that

A, )] < ot <3||f||oo+ / IPfQéfdu>7 w2

Since do > d3 implies that A, o is exponentially smaller than A. 3 (by Lemma 2.3), we can argue as
above to conclude the existence of €3 = e2(K) € (0, €1) such that Ac o(f, 1) < 4| f]lo forall 0 < € < €.

Following the above arguments, we see that for each ¢ € {2,...,k}, establishing the upper bound
for |Ae;(f, )| requires the condition d; > d;41 and the upper bound for |Ac;—1(f,)|. Hence, we
conclude the lemma by repeating the above procedure. O

Now, we prove Theorem E.

Proof of Theorem E. (1) Let k and K be as in the statement, u € P((0, 00)) satisfy supp(p) C K,
and f € Cy([0,00)). We pretend (1, ¢e i) r2(uc) # 0 so that p; is well-defined. By Lemma 2.1 (6),

k 0o oS
Bl f(X0)Liers) = e_A""t<Maae7i>/0 fdpe,i +/0 P{Qiy1fdp, Vt>0, (5.5)
i=1
where ., (i, ;) and p.,; are as in the statement. In particular, pe; = pe. Noting that a1 =
|fe.1ll 21 (ug)Pe,1, we apply Theorem C (1) to find limeo(p, ave1) = 1.

The bound for (i, aee ;) is proven in Lemma 5.1, which also yields the existence of C = C(k, K) > 0
and €; = e1(k, K) > 0 such that supg_ ., |(tt, @e;i) [y~ fdpte,i| < Cllf]loc, leading to || (1, e i) pre.illrv <
Cforallie{l,...,k}.

Lemma 2.2 (2) yields the existence of v, ; > 0 such that

o0

o0
/ P;Q;Hfdu‘ge*«k+1t||f||oo/ ate VI dy, v > 2.
0 0

Set Yg11 1= maxg V + 1, + 1. Clearly, there is e; = ea(k, K') > 0 such that for 0 < e < e,

Vk+

/0 Pszﬂfdu‘Se”"’““” F N flloer VE>2. (5.6)

Setting f = 1 in (5.5) yields Pf,[t < T¢] = E?Zl e it (o) + [ PrQS 1 1dp, which together
with (5.5) gives for t > 0,

BLIA (XD = ELLf (X)) Licrs] + f(0)(1 = PL[E < T5]) = pa () + /OOO PEQi i1 [f = £(0)] dp,

where g, (f) == 32 e it (u, ;) JoS fdpei+ (1 — Sk ety aCJ-)) £(0). It then follows from
Vh41

(5.6) that [ES[f(X5)] — pue(f)| < 2e ekttt T f|l for all t > 2 and 0 < € < €, := min{e, ez}
The conclusion follows.

(2) We only need to show limeo(g, ae,1) = pyu. Recall that ac1 = (¢ 1ll1(ug)Pe1- Since p is
compactly supported in (0, 00), Theorem C (2) implies that for any 0 < § < 1,

. . 1 .
elg% oos Qe1dp =0, P_rﬂ% ae1(a) = 3 ll_r)r(l) s aendp = p([a+ 6, 00)). (5.7)

Thus, liminfe_,o{u, ae1) > 2p({a}) + p(la+6,00)) for 0 < § < 1, leading to liminfe_,o(u, e 1) > pp.
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To show the reverse inequality, we fix 0 < 0, < 1 and set for each 0 < § < J,,
o SRy W@ dat )\ (ah #0
0, otherwise.

Obviously, either supp(ps) C (—0., a+4.) or supp(ps) = 0 for each 0 < § < d,.. Hence, an application
of Lemma 5.1 yields the existence of M = M (d,) > 0 such that sup,supy.s.s, (its,e1) < M.

Therefore,

€

sup/ ae1du < Mu((a—6,a+0)\ {a}), V0<d <,
(a—d,a+6)\{a}

which together with (5.7) results in

lim sup{p, ae,1) = lim sup / +/ +/ ae1dp + p({at)ac (@)
e—0 e—0 (0,a—4] (a—8,a+8)\{a} [a+6,00)

1
< Mp((a = 6,a+8) \ {a}) + p([a+9,00)) + Su({a}), V0 <d <o
Letting 6 — 07 yields limsup,_, (i, @,1) < py,. This completes the proof. O

We prove Theorem F in the rest of this section. The following result, confirming Theorem F over
a shorter time scale, is needed.

Proposition 5.1. Assume (H), {x € (0,00) : b(z) = 0} = {z.} and b'(z.) < 0. Let w : [0,00) —
[0,00) be a modulus of continuity. Then, for each compact K C (0,00), M > 0 and sequences {t_},

{te}e in (0,00) satisfying t, < te for each €, lim,ot, = oo and lim._,o tee_el2 =0 for each v > 0,
there holds
o0
lim  sup sup  sup [EL[f(X])] —/ fduc| = 0.
E_>0511pp(u)CK§€§t§t6 fewlz,] 0
| flloo <M

Proof. Let K, t., t. and w be as in the statement. Let u € P((0,00)) have compact support in K.
Fix 0 < 0 < 1. Let f € Cy([0,00)) have modulus of continuity w at z.. We write

B [A(XD)] = EL[f(X7) Licrg] + £(0) (1= PL[t < Tg]) =: Ei(t) + E5(t), ¥t >0.
We first treat Ef(¢). Obviously, z, is the global asymptotic stable equilibrium of & = b(x) in (0, c0),

generating the flow ¢'. Hence, ¢'(K) C A; = (2. — 8.z, +3) for all t > ¢_. An application of the
sample path LDP (see e.g. [31]) yields the existence of v; > 0 such that

Inf PLIX] € As] 21— e . (5.8)

Denote by py the distribution of X; with X§ ~ p. Then, the strong Markov property and time-
homogeneity of X; ensure that

ES(t) = B, [EG[f(X)iery]

x|

:/ Ei[f(XtiL)]lt*£6<T5]dﬂi +/ Ei[f(Xffgg)]lt7§€<T§]d/i§(
As ' (0,00)\ A5 '

=: Ef, () + Ef,(t), Vit
It follows from (5.8) that

|Ef,(t)] < e

[flloo < 0l fllocs V=1L (5.9)
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cled <Tq, <e?]=1,
where T, = inf{t > 0: X§ ¢ Ass} is the first exit time from Ass. As t. grows sub-exponentially in

€2 to 0o as € — 0, we find

Applying [31, Theorem 4.4.2], we find 72,73 > 0 such that lim. o sup,¢ 4, P§

sup sup sup Pyt >1T5, ] <. (5.10)
€ t.<t<t.zed;

Note that for any t > ¢,

EL@) — flz) = | Ef(Xig )lims, <re Iy +

. Ef(Xie )rs <1, <msldpg — f(x)
S5

As

-/, B[ ~ 1@ egems, | o, + /. BNy e <yl

=) [ Bl bz TR~ Fleu (0,000 As)
As
We find from (5.8) and (5.10) that

B120) = £@)] < w(28) + (If oo+ 1)) [ Bt > T Y+ | )le -

<w(20) + 3| fllecd, Vi <t <t
Thanks to Corollary 4.1,

f) — / " fdud < /A 1) = S@dne+ /(Om)\AS (@) — F@)ldpe < w(8) + 201 flloob,

which together with (5.9) and (5.11) leads to

‘Ef(t) */ fdpe| < BT () — f(@)] + 'f(z*) */ fdpe| + | Ef,(1)]
0 0 (5.12)
< 2w(20) + 6| f|locd, Vit <t <t
Now, we treat Es(t). The proof of Theorem E implies the existence of v4 > 0 such that
B[t < Tg] — e M, )| < e M2t v > 2. (5.13)
Since lim,_,q % InX¢1 = —di <0 (see Lemma 2.3), lim_,0 Ac 2 = —b'(24) > 0 (see [45, Theorem B])

and lime_,o(u, ac1) = 1 (see Theorem E), we deduce P5[t < Tg] > 1 —26 for all & <t < exh Tt
follows from the monotonicity of ¢ ~— Pf [t < T¢] that Pt < T§] > 1—25 for all 0 < ¢ < t.. Asa
result, |ES(t)] < [f(0)] (1 —P¢[t < T§]) < 26]|f|loo for all 0 < ¢ < t.. This together with (5.12) yields

E (X)) / " fdue

The desired result then follows from the arbitrariness of 0 < § < 1. O

<2w(26) + 8| fllecd, VE. <t <t..

Now, Theorem F is almost a direct consequence of Corollary E (1) and Proposition 5.1.

Proof of Theorem F. Let K, t_, . and w be as in the statement. Let t. satisfy lim._,q €*t, = oo

and lim._,q tse_el? =0 for each v > 0. We may assume without loss of generality that ¢, < t. < t..
A direct application of Proposition 5.1 yields the conclusion over the time scale [t,,t.]. It follows

from Corollary C (1) that Ae1 = %e_e%fom* gds, where C = Z:((g;\/—ﬂb;'(x;j), and from [15, Theorem

B] that lim. o Ac 2 = —'(x4) > 0. We then apply Corollary E (1) to arrive at the conclusion over the
time scale [t,t.]. The theorem follows. O
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6. Applications

This section is devoted to some applications of our main results. In Subsection 6.1, we roughly
discuss about diffusion approximations leading to SDEs of the form (1.1). In Subsection 6.2, we
study logistic diffusion processes arising particularly from chemical reactions and population dynamics.
Subsection 6.3 is devoted the diffusion approximation of QSDs.

6.1. Diffusion approximation and SDE. In this subsection, we briefly review the diffusion ap-
proximation giving rise to SDEs of the form (1.1), and present the associated Fokker-Planck equation
(or Kolmogorov forward equation) as well as the Kolmogorov backward equation.

Denote by Ny the set of non-negative integers and consider a continuous-time Markov jump process
Z)/ on §¢ := {2 :n €Ny} with transition rates gy (-,-), where V >> 1 is a scaling parameter. Note
that the notation V' has been used for the potential function defined in (1.4), but this should not
cause any confusion. The main reason for using V' as the parameter here is to follow the convention
or tradition, as V is often interpreted as the generalized volume.

We assume for simplicity that for each m € Z \ {0}, there is b, : [0,00) — [0, 00) such that

v (3”;’”) = Vb, (%) VneNy, n+meN. (6.1)

In treating chemical reaction systems, the condition (6.1) needs to be replaced by a limiting condition:

%qv <‘7;,n+vm) — by, (%) -0 as V = o0
with certain uniformity with respect to n € Ny and n + m € Ny. Under appropriate assumptions on
b, m € Z\ {0}, the central limit theorem (see e.g. [19, 27]) ensures that as V — oo, Z converges
to solutions Xf of (1.1) with € = ﬁ, b= 0mbn and a = 37, m?2b,,. More precisely, if
limy o Zy = 29 = X§, then for any T > 0, SUPc(o,7] |ZY — X§| — 0 in probability as V — oc.
A convenient way to see that the process ZtV approaches a diffusion process of the form (1.1) as
V — oo is to examine the closeness between their generators. Note that the generator Ly of Z) reads

n n n+m n+m n
o) B () b)) ven
We expand Ly ¢ (%) up to the second order and use (6.1) to find

cvo () =0 () () + e (7) ' (7).

which corresponds to the generator of the diffusion process (1.1) with € = %, that is, the second-

a¢” + bg'. Tts formal L?-adjoint, namely, ¢ — - (a)” — (bg)', is

order differential operator ¢ — %
called the Fokker-Planck operator.
The Kolmogorov backward equation and Fokker-Planck equation (or Kolmogorov forward equation)
associated with (1.1) are respectively given by u; = %aum + bu, and u; = %(au)m — (bu)z. They
respectively govern the dynamics of observables and the evolution of distributions of Xy.

6.2. Logistic diffusion processes. Consider the following family of SDEs:
dx = (b1 — boa®)dt + ev/ayx + agx2dW;, =z € [0, 00), (6.2)

where 0 < € < 1 is a parameter, by, by and a; are positive constants, and ag > 0. We roughly describe
two typical situations giving rise to (6.2) via diffusion approximations (see Subsection 6.1).
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Chemical reactions. Consider the following chemical reactions:
k
A+X 22X, X LENYo? (6.3)

where k1, k_1 and k5 are reaction rates. The concentration of A molecules, denoted by x4, is assumed
to remain constant. We assume kix4 > ko.

Let V > 1 be the generalized volume of the system and X be the continuous-time Markov jump

is the concentration process on Y. and its

. XV
process counting the number of X molecules. Then, =+ 2

v
transition rates are given by

kixan, m=1,

n n+m n(n—
qv (V7 Vv ) = k712§/ ). + k2na m=—1,
0, otherwise,
whenever n € Ny and n +m € Ny. The law of large numbers [27, 1] ensures that as the volume V

\4
grows to infinity, the re-scaled process )ij converges to the solutions of the following mean field ODE
for the concentration of X molecules:

k_
= —71372 + kizaz — kox, 1z €[0,00). (6.4)
\4
The fluctuation of )i/’ around solutions of (6.4) is captured by the central limit theorem [27, 1],
leading to the diffusion approximation of )iﬁv :

k_ k_
do = (21:52 + kizar — kgas) dt + e\/21x2 + kizax + koxdWy, x € ]0,00), (6.5)

where € = # and W, is a standard one-dimensional Wiener process.

It is not hard to check that solutions of (6.5) almost surely reach the extinction state 0 in finite
time, while solutions of (6.4) with positive initial data converge exponentially fast to the unique

positive equilibrium. Such a dynamical disagreement between deterministic and stochastic models is

often referred to as Keizer’s paradox [16], which is often formulated in terms of the chemical master
\'4
equation satisfied by the distributions of X} or X?‘ (see e.g. [47, 76, 13]). Examining the QSD of

(6.5) bridges the dynamics of (6.4) and (6.5) (or more generally, (6.2) and the associated unperturbed
ODE & = byx — byz?), and successfully resolve Keizer’s paradox. See Remark 6.1 for details.

Logistic BDPs. Let A > p > 0. Consider a continuous-time birth-and-death process (BDP) Y;X on
the state space Ny with birth rates AX = An, n € Ny, and death rates XX =n (u + %), n € N, where

K
K > 1 is the scaling parameter, often called the carrying capacity. The transition rates of % is

given by
/u’n ) m = 17
n n+m
QK<K’K )— ME m= 1,
0, otherwise,

whenever n € Ny and n + m € Ny. By the law of large numbers and central limit theorem, for
K
sufficiently large K, the process % stays close to solutions of the following SDE:

dr = Az — px — 22)dt + e/ x4 px + 22dW;, x € [0,00), (6.6)
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where € = \/% The SDE (6.6) is the diffusion approximation of %7 and is in the form of (6.2).

Going back to (6.2), we let a(z) = a1z + asz? and b(z) = byx — bex?. Clearly, (H) is satisfied. Let
V be as in (1.4). Denote by X§ the solution processes of (6.2) and by T§ the associated extinction
time. Set z, := g—;. Note that we have used the notation V for both the generalized volume and the
potential function. Its meaning should be clear in the context, and thus, no confusion shall be caused.

Theorem 6.1. Consider (6.2).
(1) For each €, (6.2) admits a unique QSD p. with a density ue € C*((0,00)).

(2) ue = %e_e% 1 %ds, where lim,_0 Re = a(x4)4/— o (I ) locally uniformly in (0,00).
(3) For each K CC (0,00), there are positive constants v =75(K) and €, = €.(K) such that
sup H]P);[Xt6 €eo|— [e © 1t<ﬁ‘a Qe,1) pe + (1 - e_/\e'ltw’ af»1>) 50] HTV
r€EP((0,00))
supp(p)CK

<eZ M WS 2and0<e<e,,

(uG)Pe,1 and (M, Q1) = fooo e 1dp satisfies lime_o(p, e 1) = 1.
(4) Let w be a modulus of continuity. For each compact K C (0,00), M >0 and sequences {t.}e,
{t.}e in (0,00) satisfying t. < t. for each e, lim._,ot, = oo and lim._,q L= e —F Jor ads — =0,

there holds

oo
lim sup sup  sup [EL[f(X])] —/ fdue| =
2O supp(p)CK ¢ <t<I, few[z.] 0
1 flloc <M
(5) For any p € P((0,00)) with compact support, E[T§] ~e G+ —mei% " ads gnd

lim, o P, [Ee ey > t} =e7 ! for allt > 0.

(6) hmeﬁo ||,Ufe ge
' (2) (o—20)? }

tional to exp{ IR

v = 0, where G, is a probability measure on (0,00) whose density is propor-

(7) For any p € [1,00), lim._o Wp(tte, Ge) = 0, where W, is the p- Wasserstein distance.

Proof. (1) See [10]. (2) It follows directly from Theorem A and Corollary B (1). (3) It follows from
Corollary E (1) and the fact lim. 0 A2 = b1 (see [15, Theorem B]). (4) It follows from Theorem F.
(5) It is a direct consequence of Corollary D (1) and Theorem D (1).

e

,(93*)
(6) Denote the density of G by G.(z) = % = , where Z. is the normalization constant.
Fix 0 <y < 1 and k € (2,1). Set I, := (. — €%, + €*) and I5, := (z, — 8o, z« + ). Split

2distry (pte, Ge) = / +/ +/ lue — Ge|dz.
(0,00)\ 75, Iso\Ie I

It remains to treat the integrals.
By Corollary 4.1 and the tail of G, there exists v; > 0 (independent of €) such that

a:—w*)2

1

/ |ue — Geldx < e 2. (6.7)
(0,00)\ T3y
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Clearly, there is 0 < n < 1 such that V(z) — V(z.) > [% - 77} (x —z,)% for all x € Is,. It
follows from (2) that

/ |ue — Geldx < / &e*e%[v’v(w*)]dx —|—/ G.dx
Isg\Ie Is,\I. €a Isg\Ie

V" (x4)
gcl/ 15[ —’7}<x—“*)2dx+/ G.dr,
I Iso\I.

s\ €

where €y =1+ supy, M\/ % Note that there is 72 > 0 (independent of x and €) such that

a

1 2 [V’ ir—n)? 72
max / e [ 2 n]( *) dx, Gedr ) <e 20-m,
Isg\Ie € Isg\ I

Hence,
/ e — GJdz < 2y~ T (6.8)
Iso\1e
Since V € C3((0, 00)), there holds
V// N V/// N
V(z) =V(z,) + %(m — )%+ #(x — 2%+ oz — z. ), Vre€ls,.

Then,
[ e Galdz = [ Catwe e TER e o < [ sup o)
. Ue el = . 2\T, € 66 € T = VN({E*):EEE 2\, €),

where

Re(z) € 3[YE @) rolo—z.l®)]| —F [0 (—aa) +ol(lo—z. )]

e ¢

2
Note that £ > Z gives sup,¢; €<
the fact that Zi = —:;((Z**)) implies that lim. o sup, ;. Ca2(x,€) = 0. Hence, lim,_,o er |ue —Geldx =

0, which together with (6.7) and (6.8) yields lim¢—,q ||pte — Gc|l7v = 0. This completes the proof.

2 P
VI (zy) 6(:"*) (zfa:*)‘ero(

3
el )| — 1 as € — 0. This together with (2) and

S

(7) Let p € [1,00). By [77, Theorem 6.15], Wp (e, Ge) < 277 (J57 1z = 24P [ue(z) — Ge(w)| dx) *,
where p’ is the dual exponent of p. It follows from (6) and the tails of u. (see Lemma 2.6) and G,
that lime_,o W (e, Ge) = 0. O

Remark 6.1. We comment on Keizer’s paradox and its resolution by QSDs. Keizer’s paradoz, in
terms of the diffusion process (6.2) and the associated unperturbed ODE

i =bx—ba®, x€0,00), (6.9)

refers to the long-term dynamical disagreement of (6.2) and (6.9) when they are used to model the
same system. More precisely, for any xo € (0,00), solutions X§ and p'(xo) of (6.2) and (6.9),
respectively, with X§ = zo = ¢°(z0) satisfy lim;_, . Xf = 0 almost surely and

lim ¢'(zo) =z, exponentially fast. (6.10)
t—o0
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However, from an observable’s viewpoint, (6.2) and (6.9) are well-matched because the same phe-
nomenon is observed over any reasonable periods when either of them is used. This is clearly seen
from Theorem 6.1 (4) (6) and (6.10) (being locally uniformly in xy € (0,00)), which imply that

lim sup sup  sup [E [f(X7)] - f(¢'(20))] =0,

€70 20€K t <t<t. fEw[z]
Ifllee <M

where K, t., t., wlz.] and M are as in Theorem 6.1 (4). Intuitively, for the time scale t, < t < .,
X5 is governed by the QSD p., which is almost Gaussian and concentrated at x..

Remark 6.2. It is worth noting that the metastability in the chemical system (6.3) shares some
similarities in phenomena with that in equilibrium statistical mechanics, meaning that there exists a
state in which the process remains trapped over macroscopic time scales before moving to the state
with the lowest energy. But, they differ in mechanism.

For a closed chemical system whose mean-field model exhibits multiple stable equilibria, the concept
of metastability in its stochastic counterpart bears a resemblance to that in equilibrium statistical
mechanics. These systems exhibit noise-induced transitions among stable equilibria. In this scenario,
stationary distributions represent equilibrium steady states in which there is no reaction flux (more
precisely, reactions do not stop, but are balanced), and the equilibrium associated with their zero-noise
limit (if exists) can be regarded as “the state with the lowest energy”.

However, due to the fact that the reaction A — C' is assumed to be irreversible, the chemical system
(6.3) can be realized in an open system in which C' molecules are constantly removed from the system
while A molecules are constantly supplied to the system. Noise-induced transitions occur from the
sole stable equilibrium to the extinction state 0, but there are no transitions back. The QSDs can be
seen as nonequilibrium steady states with fluzes in reactions, resulting in the eventual extinction of X
molecules.

These were more or less discussed in [76, Section 4], and pertain to the fundamental distinctions
between open and closed chemical systems.

6.3. Diffusion approximation of QSDs. We further examine logistic BDPs with the focus on the
distance between QSDs of XX := % and that of (6.6). This concerns the compatibility of the birth-
death process X/ and the diffusion process (6.6) as models for the evolution of the same species, as
well as the diffusion approximation of QSDs.

It is well-established (see e.g. [62, 15]) that for each K > 1, X[ admits a unique QSD p on 7.
In [17], the authors proved the following asymptotic of u’* as K — oc.

Proposition 6.1 ([17]). The following hold.
(1) There is Co > 0 such that ||p — GE||ry < % for all K > 1, where GK = {G¥ (%)}

. .. N . K (n 1 77(£7M)2
is a probability measure on 5 given by G (f) = g€ P\K K

neN
with ZX being the
normalization constant.

(2) For any p € [1,00), there exists C, > 0 such that W,(u,GE) < 5”? for all K > 1.
Proposition 6.1 (2) is not stated in [17]. But, it is a simple consequence of Proposition 6.1 (1),
the tails of u® given in the proof of [17, Theorem 3.7], and the control of Wasserstein distance by

weighted total variation distance (see [77, Theorem 6.15]).
We identify u® and G¥ with their natural extensions to probability measures on (0,00). In par-
ticular, they are singular with respect to the Lebesgue measure on (0, 00).
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Recall that € = \/% Denote by px := p. the unique QSD of (6.6). As the total variation distance

between € and pg is 1, we use somewhat weaker distances.

Theorem 6.2. The following hold.
(1) For any p € [1,00), limg 00 W, (1", puxc) = 0.
(2) limg oo dist o (U, ur) = 0, where distg o denotes the Kolmogorov metric.

We need some elementary results. Let Gx be a probability measure on (0, c0) with density

Ce(a) = ZlKexp{—jjm— (A )2 } (6.11)

where Zg is the normalization constant.

Lemma 6.1. The following hold.
(1) limg oo 7 = 1.
(2) For each p € [1,00), limg_, o0 ZneN |% —(A= p)|p GX (%) — 0.

Proof. (1) Write
2K = 37 a0 S o s (e )T e K

WhereNK:{nGN: o -

L}?)m‘ < #} and N5, = N\ Ng. Since I > 1 and

K
n g1 2e” =
e < N e BKE o T oK R, K>,
LK™ 7
n>Ki 1—e72
neN

where we used the fact that 1 —e™ > £ for 0 <z <1In2 in the last inequality, we find
X =o(1®) as K — oo (6.12)

and ZK =1¥ +0(e’§) as K — oo.
Now, we treat Zx. Split

n41
K

n+1
ZK:Z e 2x (F= (=) dm+2/ e~ @O gy = Tpe 4+ Tk

n n

neENg ¥ K neNG
Noting that for z € [£, L) and n € NS, there holds

A=K n A— K 1
T P i S T

K
for all K > 1, we deduce

HK</ o B a—(-m)? g
{lo—(A—p)[= 4K~ 1)

/2 / Ki 8\
/2K4 K4 eXp{ 2)\ Y K%e

Then, it follows from

\ﬁZK_\ﬁ/ o= 0= (A=p)? dm_f/ e Fdr — V2TA as K — oo

VEO-p

[z —(A—p)l =

Al
=
vV

[N}
=
N

K

-
[N
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that lim g0 VEIx = V27) and
g =o(lg) as K — oo. (6.13)

Note that if n € N and @ € [#, %), then |( — (A= ) — (3 — L0522} < 2, and thus, for

all K > 1,
o { gt -0 - (- L5y
Sexp{i x—(/\—M)Jr;—W\_KM’}SeXp{i (Ki +12{)}§8Xp{)\;i}'

As a consequence, we find from the mean value theorem that

1 K 2 1 4,.-1 K (n_ LO-wK] 1 a4
Ik=— Y e BEI-0mm < Z 3K (R ) = ZAKTAK
KnENK K neENg
o= & T e -0 > e
neNg K

Wherex € [” "+1)

for each n € Ng. Therefore, lim g _, oo - K = = 1, which together with (6.12) and

(6.13) leads to limg KZZ = limg Kf =1

(2) Since ZX > 1, we derive

neN neN
P p
< sz < % _ L()‘_KN)KJ + ’ LA — K] — (A —p) )eg(ﬁm—;)mf
neN
n\P 1 12
<2} ((K) *m)e PR
neEZ
Note that for each n € N and K > 0, there hold
1 me 1 12 nil
o B [T B L (1) e R < [ e B an,

It follows that

Ze mrn <K/ 7% - dfo/ e%‘/’“’dx

neN

Z(%)pe 2y e <K/ xPe™ 35 (= %)2(11'

> 1
*K/ <x+ ) e %IQdISQPK/ (mp+> e~ 357 dy,
0 Kr
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Therefore,
5t -0 () <202k [ [
0 0
> z2 P P o0 22
=21+ Qp)\/ﬁK%_p/ e~ zdr+ 22”(2)\)#[(%—5 / xPe” T dx
0 0
—+0 as K — oo.
This completes the proof. 0

Now, we prove Theorem 6.2.

Proof of Theorem 6.2. Recall that G is a probability measure on (0, 00) with density G given
n (6.11). Theorem 6.1 says that

lim ||px —Gkllry =0 and  lim W,(uk,Gkx) =0, Vpe [l 0). (6.14)
K—oo K—oo

(1) Let p € [1,00). Note that W,(u®, ur) < W,(u™,G5) + W, (GE,Gr) + Wy(Gx, puxc). Tt follows
from Proposition 6.1 (2) and (6.14) that limg o Wy (1%, ux) = 0 holds if we show

. K _
Klgr{l)o Wp(G™,Gk) =0. (6.15)
To show (6.15), we note that

WP(gKa gK) < Wp(gKa 5>\—#) + Wp(ék—ua gK)

(Bl-o- o @) ([ o)

By Laplace’s method, limg o0 [y |# — (A — p)[PGk (x)dz = 0. This together with Lemma 6.1 (2)
gives (6.15).

(2) Due to Proposition 6.1 (1), (6.14) and
dist gor (1%, i) < |0 = G¥|lrv + distka(G™, Gk) + 19k — k| Tv,
the limit limg_, oo dist o1 (1, ur) = 0 follows if we show
lim distgxn(G",Gx) = 0. (6.16)
K—oo
Denote by Fgx and Fg, distribution functions of GX and G, respectively. Clearly,
0, te(0,%),
F —
o ZGK( ). t=[g.m), nen,

By the definition,

dist g o1 (G%,Gx) = sup |Fgx — Fg,.| < sup sup |Fgr — Fg, |, sup |Fgx —Fg,|, n€N5.
(0,00) 0,% [, 41y
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Obviously, limg 0 sup(g, Ly [Fgx — Fg, | = 0. Recall Nk and Nf from the proof of Lemma 6.1. Note
that

t
sup sup |[Fgx — Fg, | =sup sup Z GK( )—/ Grdx
neN[% n1) neN [ nl) 0

n e o
Z + Z GK (?) —/;2 Ggdx —|—sup/}é Ggdx.

neNg neNg neN

IA

It is easy to see that limg o SUp,cy f GKd(E = 0. The exponential tails of GX and G ensure

that the sum over N% vanishes as K — co. To treat the sum over Ny, we set xx := M and
estimate for n € N,
1LI<{<»1 C
K ("1 K K (o _g 2
G <?) - /ﬂ Greda| < e 25 (f-wx)” (6.17)

n+1 _L 2 n _ 2
where C, = ‘ B % ke [(x =)= (f —ox) ]dx . Note that

K

sup sup
neNk ge (&, EL)

K n n
5y Sup  sup ‘ — —Tg +rx —(A—p)+ —= — K
2)\ neNg IE(%,"TH) K K

K 2 /2 2
<—Z(=Z+= )= K — .
_2)\K< + 1) 0 as 00

K Kz
This together with Lemma 6.1 implies limg o0 SUp, ey, Cn,x = 0. Hence, we see from (6.17) that
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This proves (6.16), and completes the proof of the theorem. O
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