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ABSTRACT. We consider a class of one-dimensional absorbed diffusion processes with small singular
noises that exhibit multi-scale dynamics in the sense that typical trajectories of the solution process
first quickly approach to transient states, captured by quasi-stationary distributions (QSDs), then
stay with transient states for a very long period, and finally deviate from transient states and slowly
relax to the absorbing state. The main purpose of the present paper is to give qualitative character-
izations of such multi-scale dynamics with particular interest in the intriguing transient dynamics
governed by transient states. This is achieved by the establishment of (i) noise-vanishing asymptotics
of the first eigenvalue and the gap between the first and second eigenvalues of the generator that are
respectively the rates for solutions to get absorbed by the absorbing state and attracted by QSDs;
(ii) sophisticated estimates quantifying the distance between solutions and convex combinations of
QSDs and the absorbing state. Applications to stochastic models arising in chemical reactions and
population dynamics are discussed.
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1. Introduction

Transient dynamics, roughly understood as interesting and important dynamical behaviors of real
or artificial systems that display only over finite time scales, arise naturally in chemical reactions (see
e.g. [49, 54]), population dynamics (see e.g. [24, 25, 45]) and many other scientific areas (see e.g. [37]).
In a closed chemical system, chemical oscillations could last hours and even longer, while the whole
system must eventually relax to the thermal equilibrium due to the disspation of heat and energy. In
population dynamics, although the eventual loss of diversity or extinction is inevitable due to limited
resources, mortality, etc., species of large numbers typically coexist or persist for a very long period in
comparison to human timescales. In spite of the ubiquity of transient dynamics in multi-scale systems,
there have not been many mathematically rigorous studies.

The present paper is devoted to the investigation of transient dynamics of a class of multi-scale
diffusion processes arising in chemical reactions, population dynamics, etc. More precisely, we consider
the following family of stochastic differential equations (SDEs):

dz = b(z)dt + ev/a(x)dWy, =z € [0,00), (1.1)

where 0 < € < 1 is a parameter, b : [0,00) = R, a : [0,00) — [0,00) and W} is the standard one-
dimensional Wiener process on some probability space. SDEs of the form (1.1) are often derived as
diffusion approximations of re-scaled Markov jump processes that model the evolution of chemical
substrates or species of large numbers [19, 1]. Throughout this paper, we make the following standard
assumptions on the coefficients a and b.

(H) The functions b : [0,00) — R and a : [0,00) — [0, 00) satisfy the following conditions:
(1) be C(]0,00)), b(0) = 0, b'(0) > 0, and limsup,,_, . b(z) < 0;
(2) a € C?(]0,00)), a(0) = 0, a’(0) > 0, and a > 0 on (0, 00);

(3) limg oo —If(%) = 00, and limsup,,_, . max{ a(e).la (\2!‘)7 @)1 @)1} < 0.

Clearly, b is a generalized logistic growth rate function, and the noise coefficient e/a vanishes and
is singular at 0. This latter fact causes substantial troubles in the analysis of (1.1). The reader is
directed to Section 7 for examples satisfying these assumptions. For the time being, it is beneficial to
keep in mind the typical one: dz = (1 — x)dt + e/xdW;.

We see from (H) that the state 0, often referred to as the extinction state, is an absorbing state of
the SDE (1.1). Denote by X7 the stochastic process generated by solutions of (1.1), and by T§ the first
time that X§ hits 0, namely, 7§ = inf {t > 0 : X7 = 0}. Under (H), it is a routine task to check (see
e.g. [30]) that Pg [T < oo] = 1 for all z € [0,00), where P, is the law of X with initial distribution
pand Pg = P§ . That is, trajectories or sample paths of X reach the extinction state 0 in finite time
almost surely, implying the non-existence of a stationary distribution with positive concentration on
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(0,00). This is in sharp contrast to the eventual dynamics of the unperturbed mean-field ODE:
& =0b(x), x€(0,00), (1.2)

whose solutions are attracted by the global attractor A4, which is a compact interval with its left
and right endpoints being respectively the smallest positive zero and largest zero of b, and has the
compact dissipativity property in the sense that for each compact K C (0,00), sup,, ¢ s dist(z¢, A) — 0
as t — 0o, where x; is the solution of (1.2). On the contrary, the sample path large deviation principle
(see e.g. [20, 15]) says that X{ stays close to the solutions of (1.2) during a finite time period, which
is long enough to ensure that X; spends considerable amount of time with the global attractor A.
Hence, X exhibits multi-scale dynamics. Our goal is to characterize the multi-scale dynamics of
X7, in which, the transient dynamics, living on the timescale that is longer than the large deviation
timescale and shorter than the extinction timescale, is of particular interest and importance.
Because of the almost sure extinction in finite time of Xy, it is natural to examine X; before it
hits the extinction state 0 in order to understand in particular the transient dynamics of X;. Quasi-
stationary distributions (see e.g. [12, 13]) have been widely used in literature to achieve this goal.

Definition 1.1 (Quasi-stationary distribution). A Borel probability measure p. on (0,00) is called a
quasi-stationary distribution (QSD) of Xf if

P [Xf € Bt <Tg]l = pe(B), Vt>0, B e€B((0,00)),
where B((0,00)) is the Borel o-algebra of (0, 00).

General theory of QSDs (see e.g. [12, 13]) tells that each QSD p. of X7 is associated with a unique
positive number A., often called the extinction rate, such that if X§ is distributed according to .,
then T§ is exponentially distributed with rate A, namely, P}, [T§ > t] = e At for all t > 0.

It is shown in [5] (also see Proposition 2.3) that X admits a unique QSD p. with the associ-
ated extinction rate A, being the first eigenvalue of —L., where L. is essentially the generator of
X§. Moreover, X conditioned on non-absorption, i.e., the event [t < T§], converges to the QSD p,
exponentially fast with rate Ac2 — A¢1, where Ac o is the second eigenvalue of —L.. Thus, X{ is
simultaneously exponentially attracted by the extinction state 0 and the QSD g with rates A, and
Ae,2 — Ae 1, Tespectively, suggesting the importance of comparing A.; with A2 — A¢,1. By doing so,
we roughly conclude:

(i) if Aeq < A2 — A1, then X first approaches to and then spend considerable amount of time
with the QSD pu. before eventually relaxing to the extinction state; in this case, X; exhibits
multi-scale dynamics, and . is a true physical state governing the transient dynamics;

(ii) if Ae;p > A2 — Acj1, then most trajectories of X have already reached the extinction state
before the conditioned process approaches to e, saying that X; exhibits simple extinction
dynamics, and the QSD p. does not play an interesting role.

The scenario described in situation (i) is expected. To obtain this piece of information, we study the
asymptotics of Ac; and Ac 2 as e = 0.
To put our study in a rigorous framework, we consider for each 0 < ¢ < 1 the symmetric form
Ee 1 C§((0,00)) x C§°((0,00)) — R defined by
2

g0 =5 [ advulde. Vo€ CF((0.50))

0
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a 1.2 [y, . . . . . a
where u = ~e<? /o <« is the non-integrable Gibbs density. More precisely, u,
to constant multiplication) solution of the stationary Fokker-Planck equation %(au)” —(bu) =01in
(0,00), and satisfies fooo udr = oo due to its singularity near 0, that is, u& behaves like % near
x = 0. Tt is known (see e.g. [22]) that & is Markovian and closable. Its smallest closed extension,
still denoted by &, is a Dirichlet form. Denote by L. the non-positive self-adjoint operator in the

weighted space L?(uf) := L?((0,00),uf (v)dz) associated to & such that
56((2571/)) = <_‘CE¢’ q/}>L2(u§)7 ¢J/’ € D(£€)7 (13)

where D(L,) is the domain of £, and has C§°((0,00)) as a dense subset. It is informative to mention

is the unique (up

2
Leb = Fag" +bd'. o € CF((0.00)),

that is, £ is a self-adjoint extension in L?(u&) of the generator of X{ or (1.1). In particular, £, is
degenerate at the extinction state 0.

We show in Proposition 2.1 that the spectrum of —L. consists of simple eigenvalues A ;, i € N :=
{1,2,3,...} listed as follows: 0 < A1 < Ac2 < Acg < --- — oo0. To study their asymptotics, in
particular, that of A1 and A2, as € — 0, we follow [41] to define valleys revealing the geometry of
the potential function

“ 0(s)
V(z) = —2/ ——=ds, x € (0,00). (1.4)
o a(s)

Some basic properties of V' are collected in Lemma 2.1. For I C (0, 00), set v(I) :=sup; V —inf; V.

Definition 1.2. An open interval I C (0,00) is called a valley if it is one of the connected components
of the sublevel set {x € (0,00) : V(x) < p} and satisfies V(OI) = p for some p € R. We say I C (0,00)
a r-valley if it is a valley and has depth r, namely, v(I) = r.

As V(0+4) = 0, it is possible that a connected component of {z € (0,00) : V(z) < p} for p > 0 takes
the form (0, ¢) with V' (¢) = p > 0 = V(0+). The condition V(9I) = p in the definition of a valley is
to exclude such possibilities. Hence, (0, ¢) is a valley if and only if £ is the smallest positive zero of V.

For r > 0, let N(r) be the number of r-valleys. Clearly, r — N (r) is a non-negative, non-increasing,
left-continuous and bounded step function on (0, c0). For each i € N, we define

ri:=inf{r >0: N(r) <i}. (1.5)

Note that since V' (04) = 0, for each ¢ € N, there always exists » > 0 such that N(r) < i, and hence,
r; is well-defined. Intuitively, r;, i € N are the points where N(r) has jump discontinuities.

Remark 1.1. We make some remarks about r;, i € N.

(1) If there is v > 0 such that N(r) > i, then r; =sup{r > 0: N(r) > i}. Otherwise, r; = 0.
(2) Obuiously, 1 > 1y >1r3>--->0 and r1 > 0. Moreover, r1 has the representation:

ry = sup inf sup V(£(t) —V(x)|,
2€(0,00) | §€C te[0,1]
where for each z € (0,00),

Cp ={£:]0,1] = [0,00) : & is continuous and satisfies £(0) = x and (1) = 0}.
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(3) There is at least one ri-valley, but not a single r-valley with r > ry exists. Note that r1 > ry
if and only if there is a unique r1-valley, and ro = 0 if and only if b changes its sign once in
(0,00) (or equivalently, V' has a single well).

(4) There is i, € N such that r;, > 0 =1r;, 1. This i, is nothing but the number of wells that V'
has. Hence, if i, € N\ {1}, the ODE (1.2) has multiple stable equilibria separated by unstable
ones, and thus, X; exhibits metastability (see e.g. [23, 10]).

Our first result studies exponential asymptotics of the eigenvalues A¢;, € N as e — 0.
Theorem A. Assume (H). Then, lim._,o€e?In\.; = —r; for each i € N.

We mention that exponential asymptotics of eigenvalues associated to non-degenerate, regular and
reversible diffusion processes with small noises have been studied in [20] by large deviation methods,
and in [41, 43] by variational formulas. When local minimal points of the potential function are non-
degenerate, much refined results are established in [1] by a potential-theoretic approach developed
in [3], and in [26, 27, 38] by a Witten complex approach. For the asymptotic of the first eigenvalue,
special attention has been attracted due to its connections with the first exit time or first passage time
(see e.g. [53, 21, 16, 33, 34, 17, 29, 40]). Because of the degeneracy and singularity of noises at the
extinction state 0 resulting in in particular the degeneracy of L. and the non-integrable singularity
of u¥ at 0, known results do not directly apply in our case. Addressing difficulties caused by these
unpleasant facts, we manage to adapt approaches in [29, 40, 41, 43] all based on variational formulas
for eigenvalues.

Since r; > 0 as mentioned in Remark 1.1 (2), Theorem A implies that A ; is exponentially small in e.
The exponential smallness of A 2 in € follows if 75 > 0. But, 7, = 0 takes place in typical applications.
For instance, it is the case when b is a logistic growth rate function, that is, b(z) = bz — box?
for b1,b2 > 0. In this case, Theorem A only says that the leading asymptotic of A2 in € is non-
exponential, and does not tell any further information about A 2. In Proposition 5.2, upper bounds
of the eigenvalues A ;, ¢ € N are established to complement Theorem A.

Our next result aims at investigating in particular the non-exponential asymptotic of Ac 2 as € = 0
when 7o = 0. Note from Remark 1.1 (3) that ro = 0 if and only if b only changes its sign once.

Theorem B. Assume (H). Suppose, in addition, that
o there is x* € (0,00) such that b >0 on (0,2*), b <0 on (z*,00) and b'(z*) < 0;
e b is twice continuously differentiable near x*.

Then, lime_,o Ae ; = V' (x*)(1 —4) for each i € N.

We remark that Theorem B has been essentially proven in [14, 51, 35]. Indeed, if we consider the
Schrédinger operator —L2 that is unitarily equivalent to —L. (see Subsection 2.2), then the operator
—2€2£9 is in the form used for studying semi-classical limits of eigenvalues, except that there is an
extra term of negligible order e*, which however blows up at the extinction state 0. Fortunately, this
term can be absorbed into the main part of the operator, allowing us to apply classical results to
Schrodinger operators that are comparable in the sense of quadratic forms to the original one. See
Subsection 5.2 for more details.

Combining Theorem A and Theorem B, we obtain the following result.

Corollary A. Assume (H). Suppose, in addition, that
o there is * € (0,00) such that b >0 on (0,2*), b < 0 on (z*,00) and V' (x*) < 0;
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e b is twice continuously differentiable near x*.
Then, lime o€ In A1 = —2 f;* Z((:; ds and lime_,o A2 = b'(x*)(1 — @) for each i € N\ {1}.

We discuss some implications of Theorem A and Theorem B.

e The exponential smallness of A.; asserts the exponentially long lifetime of X{. On average,
it takes ﬁ long for X to get absorbed by the extinction state 0.

e Aslong as r; > ro (if and only if there is a unique ry-valley), Theorem A yields that A1 <
A2.e — ALe(® Ae2) for all small €, implying the multi-scale nature of the dynamics of X§ as
mentioned earlier. When ry > 0, the gap Ay — A1 is also exponentially small, saying that
X7 needs to spend exponentially long time ()\26%/\1 long on average) in order to get close
to the QSD p.. This happens because of the metastability as mentioned in Remark 1.1 (4)
that trajectories of X are trapped in potential wells of V' for exponentially long times before
transitions can be made. Nonetheless, X begins to interact with p at a much earlier time.

o In the situation of Theorem B or Corollary A, the gap Ae.2 — Ac1 is of order O(1), and hence,
X; quickly approaches to the QSD ..

Our last result, establishing an upper bound on the distance between X and a convex combination
of the QSD p. and the extinction state, gives a qualitative characterization of the multi-scale dynamics
of Xf. Denote by Ef, the expectation with respect to IPf,, by || - |7y the total variation distance, by
P([0, 00)) the set of Borel probability measures on [0, 00), and by ¢, 1 the positive eigenfunction of —L,
associated to A satisfying the normalization |[¢c 1([z2(ue) = 1. We point out that ¢, 1 also belongs
to L'(uf) (see Proposition 2.3). Recall that A is the global attractor of (1.2), and the uniqueness of
ri-valleys is equivalent to r1 > .

Theorem C. Assume (H) and there exists a unique r1-valley.

(1) For each compact K C [0,00), there are C = C(K) > 0 and small e, = €,(K) > 0 such that

sup [|PLIXF € o] = [ac(p)e ™ e + (1= ac(p)e )]
HEP([0,00))
supp(pn)CK

lrv

< exp {g - )\67225} , Vt>0andee€ (0,€),
€

where ae(p) := ||pe,1ll L1 o)l Pe,1ll L1y satisfies

sup  a(p) <1+ e~ 5T , Vee (0,e).
HEP([0,00))
supp(p)CK

(2) For each 0 < § < 1 and compact sets Ki,Ko C (0,00), there are T = T(K;y,6) > 0,
C; = Cl(Kz) > 0, Cy = C’Q(Kl,é) > 0, C3 = C3(K1,($) > 0, Cy = C4(K1,§) > 0 and
€x = €x(K71) > 0 such that for each continuous function f : (0,00) — R with supp(f) C Ko,
there holds

sup \Ez[ﬂx;)]de(u,@ew | sa
0

HEP([0,00))
supp(p) C K1
C sup 4. V —infg, V
g;exp{ A LIS et =) Il

C A1t =T
+C’gexp{623 — 1(04)} Iflloo, VE>T 42 ande € (0,€.),
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where As is the 6-neighborhood of A and ée(p, 6) := [|¢e 1l L1 (uo) an beaduserr T with pg =
Pf [ X5 € o] satisfies

sup sup Ge(p,d0) <l+e S, Vee (0, €4).
peP([0,00)) 0<8<1
supp(p) C Ky
If, in addition, K, is contained in the basin of attraction of a local attractor A'°¢ of (1.2),

then the same estimate holds with As replaced by AY°, the §-neighborhood of A"°.

Results in Theorem C can be interpreted as follows.
e If ¢ is such that t > ﬁ, then HIP’;[X; €eo|— §0||TV < 1.
e If ¢ is such that ﬁ Lt K %17 then

[P51X5 € o] — [ae(p)pte + (1 — ae(1))do | 1y < 1.

More precise interpretation requires more detailed knowledge of the term a.(u), which is
expected to be very close to 1, and therefore, ||IF’;[X§ ceo|l— 'uEHTV < 1. Since p, tends to
concentrate on the global attractor A and approaches to the set of invariant measures of (1.2)
as € — 0 (see [50, Theorem A and BJ), transient dynamics of X{ has to have a close relation
to the structure of A4, that we explore in future works.

Showing a.(p¢) = 1 amounts to proving

Pe.1llL1 (uoyPenr — 1 locally uniformly in (0,00) as € — 0, (1.6)

which turns out to be far-reaching. In Appendix A, we justify (1.6) as well as the limits of
ae(p) and &(p, 8) in the case that b changes its sign only once appealing to results established
in the forthcoming work [47].

e The estimate in (2) for the dynamics of compactly supported observables can be interpreted
in the similar way, can be made much more concise if the constants are allowed to depend
on all of K;, K and §, and has an advantage over that in (1) if sup4, V < infg, V, or
sup gloe V < infg, V. In which case, the estimate in (2) begins to tell useful dynamical
information of Xy when ¢ > 1 (independent of 0 < ¢ < 1). In contrast, the estimate in (1)
does not tell anything until ¢ > ﬁ

We point out that when the global attractor A is a singleton set {*}, the potential function
V' has a unique local minimal point at x*, and hence, the condition sup 4, V' < infg, V is
true as long as As N Ky = (. More generally, if the local attractor A'°° is contained in
E :={x € (0,00) : V(z) = min V'}, then for each compact K C (0, c0) satisfying Ko NE = (),
there is 0, = d,(K2) > 0 such that sup gi.c V < infg, V for all 6 € (0,6.).

Estimates as in Theorem C (1) have been established in [11, 12] for absorbed birth-and-death
processes whose mean-field ODEs, restricted to the interior of the phase space, have simple dynamics
in the sense that the global attractor is a non-degenerate fixed point. If we further explore certain
uniform-in-e “coming down from infinity” of X§ as did in [11, 12], it is possible to release Theorem
C (1) from the dependence on the compact set K. Since no additional dynamical information can be
obtained from doing so, we do not pursue here.

In Theorem C (2), supp(u) being contained in the compact set K7 plays an important role. In
fact, in the proof, we first use the compact dissipativity property of the dynamical system generated
by (1.2) to find T, which is the smallest time such that (J, ¢, Upsr @ C As (resp. AZ%OC)) where
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2y is the solution of (1.2), and then apply the sample path large deviation principle to conclude that
the distribution of X5 mainly concentrates in A (resp. Af;oc). From where, better estimates can be
derived.

The rest of the paper is organized as follows. In Section 2, we collect some preliminary results for
later use. In Section 3, we prove Theorem A in the case ¢ = 1. In Section 4, we prove Theorem A in
the case i € N\ {1}. Section 5 and Section 6 are respectively devoted to the proof of Theorem B and
Theorem C. In Section 7, we discuss some applications. We justify (1.6) in Appendix A.

2. Preliminaries
This is a service section. We collect preliminary results for later purposes.

2.1. The potential function. Basic properties of the potential function V' defined in (1.4) are sum-
marized in the next lemma.

Lemma 2.1. The following hold.
o Ve C%(0,00)) NC((0,00)), V(0+) := lim,_,o+ V(z) =0 and V(o) := lim,_, V(x) = 00.
e V(z) <0 for all 0 < x < 1. In particular, the minimum of V is negative and attainable.

If, in addition, that zeros of b in (0,00) are isolated, and there is a zero x* € (0,00) of b such that
b>0on (0,2*), b<0 on (z*,00) and b/'(z*) < 0, then V has a unique local minimal point at x*, and
satisfies V" (xz*) > 0.

2.2. Semi-classical Schrédinger operators. Consider the change of variable

r 1
Yy = f({E) = /0 md% S (0,00)

Assumptions on a ensure that £ > 0 on (0,00), lim,_,g+ £(z) = 0 and Yoo := lim,_, &(z) € (0, 00].
In particular, £ : (0,00) — (0, yoo) is invertible.

Let v%(y) := u;((f)) and define

2 72
y_cd oL
where g = —(L£:£) 0 ¢! and L2(v9) = L2((0,¥00),vE(y)dy). It is straightforward to check that
UL = LYU,, where U, : L?(u) — L*(vY), f — fo &' is a unitary transform.
Consider the following semi-classical Schrédinger operator
2 72 2
S e d 1 qc (y) ! 2 2

= —— — — — . L 00 L y Yoo ) )+ 2'1
£ =G 5 | ] 20.0)) > (0.0 (2.1)
It is easy to verify that U.LY = L£3U., where U, : L*(vC) = L*((0,9s0)), f — f1/vC is a unitary

transform. We include the following commutative diagram for readers’ convenience:

L2(vg) = L2(v7),

L2u€) —Ys L2(u8) —Z 12((0,y00)

€

lﬁe lﬂf lz:f
L2(uf) Y 12(08) —Y 12((0, yor))

Denote by V. the potential of the Schrédinger operator fLES , namely, V, = % (—2 — qé)

Lemma 2.2. The following hold.
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a(x) ’ a’(x a’(z)b(z b2 (z
W 2wt = { g - L2 v - g a0
(2) There exists y1 € (0,Yo0) sSuch that

62

)
(3) There exists ya € (0,Yo0) such that

1R W)
~ et ald(y)’

(4) The family {Ve}o<e<t is uniformly lower bounded, that is, info<ce1 ming,, ) Ve > —o0.

Yy € (0,y1], 0<e<1 and inf inf V. > 0.

Vi(y) >
(y) 2 odnf | inf

Yy € [12,Ys0), 0 <e< 1.

Ve(y)

Proof. (1) Note that g.(y) = —L&(x) and ¢.(y) = —%. Straightforward calculations give

(L& (x) _ @] 1d(@b) 1)
€ 16 a(x) 2 a(x) €2 a(z)’
(L)'(@) _ € Eld @) |, oy Ld'(@)b(z)
I B S T B A T

The formula for V. follows.
(2) Let 1 € (0,1) and 0 < § < 1 be such that the following hold for = € (0, z1]:

0<a(z) <(d(0)+d0)x, d(x)€ld(0)—464a(0)+6, da(z)<a"(0)+3,
b(z) € [(b/(0) —8)x, (b (0) +0)z], ¥(x)>V(0)—24.
Then, for each = € (0,21] and 0 < € < 1,

2V.(¢(z)) > 2 {136 ((Z/I(((())))_i_;))m - a”(()i + (5} L(0) -0

@O+ PO+ 1 (H(0) - 6)”a? (2.2)
(@' (0) 4+ 0) x €2 (a’(0)+9)x
— ¢2 ﬂ_w —25+%262£_35+%’
x 4 €2 x €2
where ¢; = %% and ¢y = %. The estimate (2.2) gives Vc(&(x)) = % for all = € (0, ]
and 0 < € < 1. Moreover,
. . 1 . €3¢ CoT 30
> £a e e}
0<1£1£<1 (éﬂcfl] Veol 2 2 0<112£<1 xé?ol,rzlcl] ( T 30+ €2 ) 2T >0

The results follow by setting y1 = £(x1).

(3) It is a simple consequence of (H)(3).

(4) Let y; and yo be as in (2) and (3), respectively. We may assume, without loss of generality,
that y1 < y2. Then,

1
inf min V. > =

. . ( 620/” , al >
inf min — - — | > —o0.
0<ex1 [y1,y2] 2 0<e<1 [¢=1(y1),6 1 (y2)] 4 a

This together with (2) and (3) yields the result. O
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Remark 2.1. As £71(y) — 0 as y — 0", Lemma 2.2 (2) implies that for each 0 < € < 1, there holds
Ve(y) — oo as y — 0. But, it is an unpleasant fact that this blowup is not uniform in 0 < ¢ < 1. In
fact, for x = 0, there holds

/ 2 a" a a"(0)2) b (0)z ’ 2:L‘2
L R
_ 2 {3 a'(0) a”(O)} _ a"(0p(0) ('(0)? =
16 =« 4 a’(0) a'(0) €%’

leading to

_3d/(0)  €a”(0) €a”(0)b'(0)  (¥'(0)* _ 3a'(0)  (¥'(0))*
WD m =~~~ - a'(0) 70 T 16 T a0

2.3. Spectrum and semigroup. We present the following result on the spectrum of —L,. and the
semigroup generated by L.

Proposition 2.1. For each 0 < € < 1, the following hold.

(1) —Lc has purely discrete spectrum contained in (0,00) and listed as follows:
)\671 < )\5,2 < )\6,3 < --r = 00.

(2) Each A ; is associated with a unique eigenfunction ¢.; € L*(uS)NLY (u¥)NC?((0,00)) subject
to the normalization ||¢e i||p2(uey = 1. Moreover, ¢. 1 is positive on (0, 00).

(3) The set {¢;,i € N} is an orthonormal basis of L*(uS).

(4) L. generates a positive analytic semigroup (Pf)>o of contractions on L*(uS) satisfying

Pif =E{[f(XD)Licrg), VS € L2 (ug) N Cy([0,00)), t>0.

(5) For each k € N,
k—1
Ptef = Z 67)\€’it<fa ¢e,i>L2(uf)¢e,i + P;Q;f7 vt > 0 and f € LQ(ueG)7 (23)
i=1

where Q, is the spectral projection of L. corresponding to the eigenvalues { ¢ j}j>k. Moreover,

1Pf Q5 fllz2uey < € *If lrequg),  VF € L2(ul).
(6) For each f € Cy([0,00)), (2.3) holds pointwise.

Proof. Fix 0 < ¢ < 1. By Lemma 2.2, V. is lower bounded and satisfies V.(y) — oo as y — 07 and
y — Y. As a result (see e.g. [2]), the spectrum of —LZ is purely discrete and consists of simple
eigenvalues. The associated normalized eigenfunctions {®. ;}ien are twice continuously differentiable
and form an orthonormal basis of L?((0, ys)). The eigenfunction ®, ; associated to A. 1 can be chosen
to be positive on (0, Y ). Moreover, {®. ;}ien C L?((0,yoo), (Ve + M)dy) for some M > 0 satisfying
inf V., + M > 0.

As L, and L2 are unitarily equivalent, all conclusions in (1)-(3) except A1 > 0 and ¢, ; € L' (u%)
follow, where ¢ ; := U-'U-'®.;. Obviously, A\.; > 0. Suppose A\.; = 0 for contradiction. Then,
—Lepe1 = 0. It follows from (1.3) that % I al¢l  [Pufdx = 0, which implies that ¢, is a positive
constant function on (0,00). As u¢ is non-integrable on (0,00), we find [;* fJueGd:c = 00, which is

contradictory to ¢. 1 € L? (uf) Hence, Ac;1 > 0. The decay of uf near oo ensures floo d)e,iufdm < 00,
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and the combination of ®.; € L?((0,ys), (Ve + M)dy) and the behavior of V. near 0 guarantee
fol pe iuldr < oo (see [5, Proposition 4.3]). Thus, ¢.; € L'(u&).
Due to the self-adjointness of L.,

1
A—L) Y120 2oy = —————— < —_ YA e C with R\ > 0.
Therefore (see e.g. [48, Theorem 2.5.2]), L, generates an analytic semigroup (Pf);>o of contractions
on L?(u%). The pOblthIty of (Pf)>o follows from the maximum principle. The theory of symmetric

Dirichlet forms (see e.g. [5]) gives the following stochastic representation of Pf:
Py f(2) = B5[f(X{)Licrg], Vo € (0,00) and f € Cy([0,00)) N L2 (ug).

This proves (4). The statements in (5) follow from general theory concerning the asymptotic behaviors
of analytic semigroups (see e.g. [18, Theorem V. 3 1]) and the simplicity of eigenvalues A ;, ¢ € N.
Since {pei}tien C L' (u&) and Qk =id — Z ( s @e,i) L2 (uG)Pe,is €ach term on the right-hand side
of (2.3) is well-defined. Standard appr0x1mat10ns then ensure that (2.3) holds in the pointwise sense
for each f € C(]|0,00)). This proves (6), and finishes the proof of the proposition. O

As a result of Proposition 2.1, the following variational formulas for A¢;, ¢ € N hold:

G
Lot ) 12, */ al¢'|* ufdx
At = inf (L0 O gy _ inf (2.4)
€05 (0000} (011720, $eCE (0,50 (0} / 62uC
< £e¢a ¢>L2(UG)
Aesi = inf ————<= 1€ N\{1},
T secs (. R P Vb (2:5)

¢Lo e_])je{17 =1

where the orthogonality L is taken in L2(u& )

2.4. Uniform estimate of the first eigenfunctions. We prove the following result asserting that
the normalized eigenfunction ¢ 1 given in Proposition 2.1, as an element of L2(u&), has uniform-in-e
positive concentration away from 0 and oo.

Proposition 2.2. There are k € (0,1) and K > 1 such that f(o SN (,K) @2 ulde < K for all
0<ex 1.

Set ¢, ;1 := UEU€¢5717 where U, and UE are the unitary transforms defined in Subsection 2.2. The
next result is a simple consequence of the definitions and Proposition 2.1.
Lemma 2.3. The following hold:

(1) @1 € L2((0,950)) N C2((0,¥00)), [1Pe,1llz2((0,50)) = 1
(2) _»qu)e,l = )\e,lq)e,l;
(3) for each I C (0,00), there holds [, ¢? juSdx = Jer ®2 2. dy.

Lemma 2.4. There holds lim._,o Ac,1 = 0.

Proof. Clearly, E := {x € (0,00) : V(2) = minV'} is compact in (0,00). Let I be an open interval
satisfying E C I CC (0,00). Let ¢ € C§°((0, 00)) satisfy ¢(z) =« for x € I.
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V()

_ V(@) ' T2 d
As minV < 0 and inf(g ooy V > min; V, we find [, e” <> dz — oo and % — 0 as

Jre dzx

e — 0. It follows from (2.4) that

, [alé? qu:c+/ al¢' uSda
e Jr co\I

)\6,1 S 5
/ngqux
2/6‘/:21)dx+< sup |¢)|2>/ e da
< % ! bupp((b (000N —-0 as e€—0
(mf )/ de
xzel a
This proves the lemma. O

Proof of Proposition 2.2. Let y; and y» be as in Lemma 2.2 (2) and (3), respectively. We may
assume, without loss of generality, that y; < y2. Then,

Vipg := inf minV, > —oco and V{:= inf inf Ve > 0.
0<exl 0<e<k1(0,y1]U[y2,Yo0)

Denote by D(£?) the domain of £5. By (1.3) and the unitary equivalence between £, and L2,
62 Yoo ;o Yoo g g
E ¢ 1/1 dy + Ve¢¢dy = —<£€ ¢a Q/}>[12((0,y°o))7 V¢7 ¢ S D(’Ce )7
0 0

which together with Lemma 2.3 (1)(2) ensures i Uz DL [Pdy + [J Ve®2,dy = Acq, leading to

f(O,yl]U[yg,ym) ‘/;fl>aldy <A1 — f;’f Vﬂ%ldy. Therefore,

Y2
Vo/ P2 1 dy < Aey — min{O,me}/ P2, dy.
1U[Y2,Ye0) Y1

)\s, — i Ov%n
Since f Ulyse) 2o, 2 dy + fy f’ldy = 1, we deduce f(07y1]u[y27yx) q)f,ldy < Ke 1= —VOLHIE:{%,MH:]'}’

which together with Lemma 2.3 (3) yields f(o €=1(y1)]UE~1 (y2),00) d)ilufdx < Ke.
Lemma 2.4 guarantees k := Supg..«; ke € (0,1). Setting K := max{g_%(yl),g_l(yg)} gives

f(O,oo)\(%,K) qbf)lufdx < & for all 0 < e < 1. This completes the proof. g

2.5. QSD: existence, uniqueness and convergence. Recall that X[ is the stochastic process gen-
erated by solutions of (1.1), and T is the first time that X hits 0, namely, 7§ = inf {t > 0: X; = 0}.
The next result is proven in [5]. We refer the reader to [6, 39, 44, 8, 28, 9, 10] and references therein
for further developments of QSDs for singular diffusion processes.

Proposition 2.3 ([5]). For each 0 < e < 1, the following hold.

G
(1) X§ admits a unique QSD . with density u. = 2 The extinction rate associated to

- H¢e IHLl(uG)

e 15 given by Ac 1.
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(2) For each Borel probability measure p on (0,00) with compact support,

lim (2=t (P¢ [Xf € Blt < Tg] — pe(B))

t—o00

c.od
B /0 Ge2dpt (1B, de,2) L2(uS) B (1B, 1) r2uo) (L, Ge2) L2(u)
/OO Pepdp ée1

P

where B((0,00)) is the Borel o-algebra of (0, 00).

) , VB e B((0,00)),

L' (u&) H¢6,1||2Ll(u§)

Proof. Given Proposition 2.1, it is easy to see that p. is a QSD with extinction rate A.;. The
uniqueness and convergence follow respectively from [5, Theorem 7.3] and [5, Proposition 5.5]. O

3. Exponential asymptotic of the first eigenvalue

In this section, we study the asymptotic of the first eigenvalue A1 as € = 0 and prove Theorem A
in the case i = 1, which is restated in the following theorem.

Theorem 3.1. Assume (H). Then, lim._,oe?In\.1 = —7ry.
We first establish the upper bound.

Proof of Theorem 3.1: Upper Bound. By Lemma 2.1 and Remark 1.1 (2), there is z, € (0,00)
such that 71 = infeec, supeo,1 [V/(£(t)) — V(z4)]. Then, 2, must be contained in some r-valley 7,
and hence,

V(z,) = iI}fV and V(9I) — ir}fV =r. (3.1)

For 0 < § < 1, let 0 < n < 1 be such that |V (z) -V (y)| < § whenever z,y € I and |z—y| < 3n. Let
P € C§°((0,00)) satisfy ¢p = 1 on [inf I 4+ 3n,sup — 3n] and ¢» = 0 on (0,00) \ [inf I + n,sup I — n].
According to Laplace’s method for integrals or the large deviation principle, we find

> A%
lim sup € ln/ || e~ Zda < limsup 2 In [max 4R
e—0 0 e—0 Jy

ee‘gdm] < —r{l}inV +0 < =V(9I) + 20,

where Jy = [inf I 4+ n,inf I + 3n] U [sup I — 3n,sup I — n]. Moreover,
00 12
liminf €2 In Qp—e*e%dx > liminf €2 In [
e—0 0 a e—0

/ ee‘gdx} > —minV —6=—infV — ¢,
J2 J2 I

maxj, a
where Jo = [inf I + 3n,sup I — 3n]. Tt follows from (2.4) and (3.1) that
limsup e* I Ae,y < V(1) +6 +inf V = —ry + 3.

e—0

Since 0 < § < 1 is arbitrary, we conclude the upper bound limsup,_,; € InAc 1 < —7y. O

We proceed to prove the lower bound. In the next lemma, we construct special minimizing sequences
that help to overcome the difficulties caused by the non-integrability of u& near 0.

Lemma 3.1. There are sequences {te n tnen,o<ec1 C C§°((0,00)) satisfying the following properties:
o [[Yenllz2uoy =1 for eachn €N and 0 < e < 1;
oo

o A\ = lim, o0 %/ a |¢;n|2ufdx for each 0 < e < 1;
0

® SUPgcek1 |e,n — ¢e,1||L2(u§) — 0 asn — oo.
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In particular, there are k € (0,1) and K > 1 such that f(o s\ (2 ,K) 7,/16 2ubdr <k forall0 < e< 1
and n > 1.

Proof. For each 0 < € < 1, let {te.p}tnen C C3°((0,00)) satisfy ||@Zm||L2(u§) =1 for each n € N
and 1,567,1 — ¢e1 In D(L,) as n — oo, where D(L.) is the domain of £.. The expected sequences
{%entnen0<ec1 can be obtained by extracting subsequences from {1/367”}"61&0««1. Indeed, for each
m € N, let n(e,m) > 1 be such that ||z/;€7n(57m) — ¢erllpcy < % We then only need to define

Yem 1= @Eﬁn(é’m) for each m € N and 0 < ¢ < 1. The “In particular” part is a simple consequence of
Proposition 2.2 and the construction. O

Proof of Theorem 3.1: Lower Bound. As V € ((]0,00)), it can be extended to be a func-
tion in C(R), still denoted by V (note we do not need any specific property of V on (—o0,0)).
Let {tenfneno<ec1, £ and K be as in Lemma 3.1. By zero extension on (—oo,0], we consider
{%en tnen,0<e<1 as functions on R.

Fix 0 < d < 1. Let n: R — (0,00) be continuously differentiable and satisfies |V (y) — V(2)| < §
whenever z,y, z € R satisly |y — x| < n(z) and |z — z| < n(x).

Let {z;}, C (4,K) be such that I; := (z; — n(z;), z; + n(z;)) C (K+17K+1) for all i €

{1,...,N} and [L,K] ¢ UX, I;. By Lemma 3.1, for 0 < ¢ < 1 and n > 1,

€2n K 527, _ V(r Y45
1:/ 7_*2dm+/ L T R — Ze 2 /wendx (3.2)
(0,00\(%,K) @ L oa min 1K

Fix i€ {1,...,N}. Let & € C,, be C'. For x € I;, we define

(1= t) (@ = 23) + t 52 (2 — @5 — (1))
(L —=t)n(zi) + tn(0)
It is straightforward to check that the family {¢; , },cr, satisfies the following properties:

l () =&(t) + n(&(t)), te[o,1],

o ;5 is C! for each x € I;, and sup,;, supyeo,1) 4 . (t)| is finite;
e (i ,(0)=xand {; ,(1) = 22521) (x —x; — n(z;)) € (—n(0),0) for all z € I;
o [0;,(t) — &) < n(&(t)) for all t € [0,1] and = € I;; thus, |V (£, 4(t)) — V(&(t))] < ¢ for all

t€1[0,1] and z € I;;

e for each t € [0, 1], there holds -L¢; ,(t) = W%n(f (t)) for z € I,.

As ¢; m( ) =z and we n( i.z(1)) = 0, we integrate E/(pe,n( ix(t) = én(ﬁw(t))égl(t) over [0, 1] to
find —tpe n ( fo (t)); . (t)dt for = € I;. Tt follows that

/I,- Vende = /I [ /0 1 wé,n(fi,z(t))%m(t)dt} 2 da

< sup max |€; (¢ |2/ / [0, (i ( ’ dxdt

zel; t€[0,1]

L vigm)+s V(8,0 (1))
< sup max |} (t)[? e 1// G e dedt
0 e,n\*1,

zel; t€[0,1]

V i 4CP0)
< sup max M ()|Qexp{maxt€[01] 2(5 }/ / |¢€n Zw |2 _ dadt.

z€l; t€[0,1] €
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Note that for each ¢ € [0,1], the function 2 +— “L¢; ,(t) is a constant function on I;, leading to

V@) 1 2 _ Vi) d
Lo (t e <2 d:r:i/ LWL e 2 — 4, (t)dx
] Wenttis) 25 ), V6 Tlia()
1 /Oo ;2 v
< — Yo | e 2d.
L0 (1) Jo [V
. 1 .
Setting D; := sup,¢;, max;eo, 1] |€;’I(t)|2 fo mdt, we arrive at
V(&(t ) o
/ Y2, drv < D; exp{maXte[O’l] 2(5 ©) + }/ A n|2€_€%dma
L € 0 ’

which together with (3.2) yields

Ei]\il D; exp { maX¢e[o,1] V(fiz(t))fv(m)Jeri

€

} ro12 -
1-rx< - |1/}6n‘ e <2dx.
R K] @ o

Since &; € C,, being C! is arbitrary and the set of such curves are dense in C,,, we find

inf b'e V&)=V (zi)+28
va:1 D; eXp{m £€C,, M t€[0,1€]2 &)=V (zi)+ }

[eS) A a—
1-k< - |w6n‘e Zdx
mln[%7K] a 0 ’
N .
Y D, SUDLc(0 00) |INfecc, max V() —V(x)| +26 o°
< 21:1 exp Pze(o, )[ €€C, t62[0,1] (&(t)) ( )} / |¢2n| % do
mln[%vK] a € 0
N . e’}
_ Me%“/ [P e da.
L k] @ 0 ’
Thus,

o0 mingL 1@ 425
/ lwé)nfe_e%dxz %6_ 'z (1-k), Y0<e<1l and n>1.
0 2im1 Di

min a
(% K]

Note that the term —x~—=— is independent of the functions {1 ,, }en. Letting n — oo yields

YL, D
2 min; 1 a  r42s
Ay > S — =BT E G Ly Wo<e<,
2 Zz’:l D;
which gives lim inf._,¢ €2 In Ae,1 > —11—26. Since 0 < § < 1 is arbitrary, we arrive at the lower bound
liminf._,o€21n Al > —T1. O

4. Exponential asymptotics of other eigenvalues
In this section, we prove Theorem A in the case i € N\ {1}, which is restated as follows.

Theorem 4.1. Assume (H). Then, lim._,0€*In ). ; = —r; for each i € N\ {1}.

The upper and lower bounds are respectively established in Subsection 4.1 and Subsection 4.3. In
Subsection 4.2, we state results on asymptotics of the first eigenvalues of some auxiliary operators.
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4.1. Upper bound. For an open interval I CC (0,00), let £ be the generator of the diffusion
process Xy or (1.1) restricted to I and killed on 01, which is non-degenerate, regular and reversible.
Moreover, —£L!, considered as an operator in L?(I,ufdx), has purely discrete spectrum consisting of
simple eigenvalues. Let A\! > 0 be the first eigenvalue of —£!. Then,

. 5 [ alofuCar 7/|¢|e¥
A . 4.1
€ d)GC (I /d)Qqux (Z)GC (I) /QSQ ( )

For x € I and y € 01, let

Ci,y = {§ :10,1] — I : £ is continuous and satisfies £(0) = = and £(1) = y}
Define
T
r':=sup | inf inf sup V(&(¢)) —V(x
oup L,ealgecl s V) V)
Proposition 4.1 ([11]). There holds lim o €2 In Al = —rZ.

Recall from Section 1 that for » > 0, N(r) is the number of r-valleys.

Proof of Theorem 4.1: Upper Bound. Fix i, > 2. We show

limsup €2 In Aein, < —Ti,- (4.2)

e—0 *
We distinguish the following two cases:

Case 1. There is r > 0 such that N(r) > i..
Case 2. N(r) < i, for all » > 0.

Case 1. In this case, sup {r > 0: N(r) > i.} is well-defined, and hence, by Remark 1.1 (1),

ri, =sup{r>0:N(r) >i.}.

*

Let 0 < 0, < 1. For r € (r;, — dx,74,), let I, k =1,...,N(r) be the r-valleys. They are ordered
in the nature way: sup I, <inf Ix4q for all k € {1,...,N(r) — 1}.
We claim that

lim sup €2 In AeN(ry < =1, Vre (g, — 0u,73,). (4.3)

e—0
Note that N(r) > i, for all r € (r;, — dx, 74, ), implying Ae y(ry > Aes, for all r € (r;, — 64,7, ). Thus,
if the claim (4.3) is true, then limsup,_,oe?InAc;. < —r for all » € (r;, — 0.,7;,). Letting r — r;
yields (4.2).
It suffices to show (4.3). Making ¢, smaller if necessary, we claim that

I, cCc (0,00), Vke{l,...,N(r)}, r€(ri —0dri) (4.4)

Indeed, the only possible exception takes place if inf I; = 0 for some r € (r;, — dx,r;,). If this is the
case, then I = (0, 8), where 8 = min{z € (0,00) : V(z) = 0}. Thus, (I1) depends only on V. Note
that there always holds v(I1) ¢ (r;, — 0., 7;,) if . is sufficiently small, which contradicts the fact
v(I1) =1 € (ri, — 0s,7i,)-
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Fix 0<d <1 Forke{l,...,N(r)} and 0 < e € 1, let ¢ € C3°(I)) be such that

% / Wﬁ,k’Q e Fda
Iy,

E _V
L 2d$

1/} qux =1 and < Mie
Ek — € )

1, @
where A\l* is given in (4.1). Moreover, let a, 4, k € {1,...,N(r)} and 0 < € < 1 be such that
N(r) N(r)

Z azk =1 and Z ae,k/ Verdeulde =0, VLe{l,...,N(r)—1},
k=1 k=1 Tk

where we recall from Proposition 2.1 that ¢, is the normalized eigenfunction of L. associated to the
eigenvalue A ¢.
Set 1. = chv:(q) Qe e k- Since Iy, k € {1,...,N(r)} are pairwise disjoint, we find:

N(r)

00 N(r)
wezuecdx* ek/ ¢ekugdxfzaek*1
Moreover,
/ YePe o Gdr = Z Qe 1/)67k¢6,¢u§dac =0, We{l,...,N(r)—1}.

In addition, the pairwise disjointness of I, k € {1,..., N(r)} implies that

2 N(r)

—/ \w|e*f2dx—— Ek/w}ek!eﬁ

< —ee Za k)\I‘/ wEk e dx
2 N(r) 2
< Ced max Al Z afk/ Yer e <dx
2 ke{l,..,N(r)} = i
2 2
= e ( max /\£k> —~e Idx
2 ke{1,...,N(r)} I, @

The variational formula for A\, n(,) given in (2.5) then yields Ae,N(r) < %ee% (maxke{l _____ N(r)} )\;’k)
As In (maxke{lw’N(T)} )\gk) = MaXpe(1,...,N(r)} 1N Ak we deduce from Proposition 4.1 that

limsup €2 In AeN(ry S0 — min rle.

e—0 ke{l,...,N(r)}
Since 0 < § < 1 is arbitrary, we conclude lim sup,_,, € In ANy S —Milgegr . N} rlk. As each I,
is a r-valley, the definition of /¢ ensures that r’* = 7. This proves (4.3), and thus, finishes the proof
in this case.
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Case 2. In this case, r;, =0 (see Remark 1.1 (1)) so that (4.2) reads

limsupe?In\.;, <O0. (4.5)
e—0
Let I, CC (0,00), k € {1,...,4,} be pairwise disjoint, and on at least one of them, V' is monotone.
As a result, at least one of 77+ k € {1,...,4,} is zero, that is, mingeqy,...i.} rle = (.

Fix 0<d <1 Forke{l,...,i.} and 0 < e < 1, let ¢, € C§°(I)) be such that

2 2 _ Vv
g [ Wale s
2 G _ I
. Ve pusdr =1 and k¢2 .
g ok e~ dy
I, @

Moreover, let ae, k € {1,...,i,} and 0 < € < 1 be such that

I 5%
< e,

i i
Zafﬂk =1 and Zaﬁ:k 1/J67k¢6,¢u§dx =0. We{l,... i.—1}.
k=1 k=1 T

Set ¢ = Zf:zl o ke - Arguing as in Case 1, we find

oo oo
/ YiuCdr =1, / Yebequldr =0, VL€ {l,... i, —1},
0

0
2 [e%s} 2 9
i/ il e = do < e ( max )\?> Ve o % da.
2 Jo 2 ke{l,...,i.} I, @
Hence, Aci, < %ee% (maxke{L..,,i*} /\g’“), implying limsup,_,q€?ln\.;, <& — mingeq,. . rIe — 5.
As 0 < § <« 1 is arbitrary, the upper bound (4.5) follows. 0

4.2. Auxiliary eigenvalue asymptotics. In this subsection, we consider the first eigenvalue asymp-
totics of three types of operators who are generators of the diffusion process Xf or (1.1) restricted to
different types of intervals with reflection on boundaries. More precisely, let I C (0,00) be a proper
open interval. There are only three types:

Typel: I=1(0,b) for0<b< oo,

Type2: I=(a,b) for0<a<b< oo,

Type3: I=(a,00) for0<a< co.
Let L% be the generator of the diffusion process X or (1.1) restricted to I and reflected on the right
boundary (Type 1), both boundaries (Type 2) and the left boundary (Type 3). The superscript “R”
stands for reflection. This operator extends to a self-adjoint operator in L?(I,u%dx), still denoted

by L£I-E. The rigorous formulation can be done using Dirichlet forms as done in Section 1 for the
operator L.. Proposition 2.1 has a version for —£L.

. G
Note that for a Type 2 or Type 3 interval I, u¢ is integrable on I, and hence, u&s := T Zﬁcdx is
1 Ye

the Gibbs density, namely, the density of the unique stationary distribution of the restricted diffusion
process. In particular, the first eigenvalue of — L% is zero.
Let

€

\LR the first eigenvalue of —L£1 %, if I is of Type 1,
the first non-zero eigenvalue of — L%, if I is of Type 2 or Type 3.

Recall that
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5 [ el ulda

e if [ is of Type 1, then

MR — pec ngf Lo (4.6)
o
inf supp(¢) >0 /¢2 de
e if I is of Type 2, then
2
< / 16/ uC da
A= peC i][(lﬁ)\{o} I ? ’ @7
€C= .
/ (d) — /gzﬁu?wbsdx) uSdx
I I
e if [ is of Type 3, then
2
< / ¢/ uCdx
A, S I 2. (48)
ec> .
sup supp(¢)<oo / <¢ — /d)uglbbsd[ﬁ) UEGdLE
I I
We define the following quantity:
sup l 1n§R sup V(£@#) —V(z)|, if T is of Type 1,
SR xel [£eCy ™ tel0,1] (4.9)
sup | inf = sup V() — V()= V(y)| +inf V, if I is of Type 2 or Type 3,
zyel |eechFieo,1) I
where for z,y € I,
chLR — {€:[0,1] = I : € is continuous and satisfies £(0) = z and £(1) =0},
CI R _ {f ] = 1 : € is continuous and satisfies £(0) = x and £(1) = y} .
Proposition 4.2. There holds lim._,o €2 In \[-E = —p D7,
Proof. If I is of Type 2, the result is proven in [29, 10]. As V(00) = 00, the role played by a reflection

boundary at a finite right endpoint is similar to that of co. In consideration of this, when I is of Type
1, the proof is similar to that of Theorem A in the case ¢ = 1. If I is of Type 3, the proof is similar
to that when I is of Type 2. d

4.3. Lower bound. We prove the lower bound in this subsection.

Proof of Theorem 4.1: Lower Bound. Fix i, > 2. We prove
liminf € In A ;, > —7;, . (4.10)

e—0

Let 0 < 0, < 1 be fixed. For r € (r;,,r;, + dx), let I(r), k € {1,..., N(r)} be the r-valleys. They
are ordered in the natural way: sup I (r) < inf I4i(r) for all k € {1,...,N(r) — 1}.
We claim that
hi]%f EIA NGyt = =1 Vr € (1,1, +64). (4.11)

Note that making d, smaller if necessary, there exists ng € N such that

N(r)+mno =i, Yre(ri,r, +d). (4.12)
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Thus, if the claim (4.11) is true, then

lim sup €2 In Ae,i, = limsup e21n Ae,N(r)+no = lim inf e21n Ae,N(ry+1 = =T, Vre (ri,,7i, +0x).
e—0 e—0 e—0

Letting r — r;* yields (4.10). Hence, it suffices to prove (4.11), which is done in three steps.

Step 1. Note that making d, smaller if necessary, there hold for each r € (r;,,r;, + ds),
I(r) cC (0,00), Vke{l,...,N(r)},
sup Iy (r) <inf Iyyq1(r), VE=1,...,N(r)—1.

The first conclusion follows from arguments leading to (4.4). The second one follows from (4.12)
saying that the number of r-valleys remains constant for r € (r;,,7;, + d.). Otherwise, two or more
of them merge as r increases so that the number of r-valleys drops.

The purpose of this step is to find for each r € (r;, ,r;, + 0.) some special points in the following
disjoint intervals:

(0,inf I1(r)), (sup Ix(r),inf Ix1(r)), Vke{l,...,N(r)—1}

in order to re-partition (0, c0).
We first treat the intervals (sup Iy (r),inf I11(r)) for k € {1,...,N(r) — 1} and r € (r;,,7i, + dx).
Note that
sup V > max {V(sup I(r)), V(inf I41(r))}, VE € {1,...,N(r)=1}, 7 € (rs,, 7, +05).

(sup I (r),inf I 1(7))
(4.13)

In fact, if (4.13) fails for some 79 € (r;,,r;, + 6.) and ko € {1,...,N(ro) — 1}, then for all r €
(ro,7i, + 9x), I, (r) and Iy,41(r) merge, and therefore, N(r) < N(rg) for all r € (rg, r;, + d.), which
contradicts (4.12).
According to (4.13), for each r € (ry,, 7, +0.) and k € {1,...,N(r) — 1} there exists zx(r) €
(sup Ix(r),inf I41(r)) such that
V(zk(r)) = sup V.
(sup I (r),inf I 41 (7))
Now, we treat the intervals (0,inf I1(r)) for r € (r;,,7;, + 0). Note that
sup  V >V(infI1(r)), VYre (ri,ri + 0. (4.14)
(0,inf I1 (7))
Indeed, if (4.14) fails for some rg € (r;,,r;, + 0.), then I;(r) is no longer a r-valley for all r €
(ro, i, + d+), leading to a contradiction.
For r € (ry,,7i, + 0x), set E(r) = {m € (0,inf I1(r)) : V(2) = Sup(ginf 1, (r)) V}. We claim that
there holds either
E(r)#0, Vre(ri,ri, +0), (4.15)
or
E(r)=10, Vre(ri,ri, +0d.). (4.16)
Suppose on the contrary that there are ri,rs € (r;,,7;, + 0x) such that E(r;) # 0 and E(ry) = 0. If
r1 > ra, then I1(r1) D I1(r2). It follows that E(re) = E(r1), leading to a contradiction. If r; < rg,
then I (r1) C I1(r2). By (4.14) and the assumptions, there holds

V(nfI1(r2)) < V(0+) < sup V,
(0,inf I1 (1))
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which implies inf I1(r2) > max E(r1). It follows that E(re) = E(r1), leading to a contradiction.
Hence, either (4.15) or (4.16) holds.
If (4.15) is true, we fix any

xo(r) € E(r), Vr e (ri,,ri, + ).
If (4.16) is the case, we see from (4.14) that V(0+) > V(z) for all € (0,inf I, (r)) and r € (ry,,7i, +
0). For each r € (r; ,r;, + 04), let

min {z € (0,inf I;(r)) : V(0+) — V(z) = r}, it V(0+) > 01 ifnlf( ) V+r,
inf Iy (r
inf I (1), it V(0+) < inf V4o
(0,inf I (7))

Hence, we have defined the points: zx(r), k € {0,1,...,N(r) — 1}, 7 € (ry,,7i, + 0x).

xo(r) =

Step 2. We re-partition (0, 00) by defining the following intervals: for each r € (r;_, 7, + d4),
Io(r) = (0,z0(r)),
Ii(r) = (@e—1(r), 2e(r), ke{l,....N(r)—1},
) =

Ingy(r) = (@n(-1(7), 00).

Note that Io(r) is of Type 1, I,(r) is of Type 2 for each k € {1,...,N(r) —1}, and fN(T) (r) is of Type
3. Recall from (4.9) the definition of r*("): We claim that

PR < p k€ {01, N(r)Y, 1€ (ri,ri. +65). (4.17)

The rest of this step is devoted to the proof of (4.17). Note that Ij(r) is the only r-valley contained
in Iy, (r). Otherwise, the number of r-valleys changes as r varies.

By the definition of zo(r), it is not hard to see that V(0+4) — inf(g z(y) V' < 7. This is trivial if
(4.16) is the case. If (4.15) is the case, there must hold V(0+) — inf(g 4,()) V' < r as there exists no
r-valley contained in (0, zo(r)). The claim (4.17) in the case k = 0 follows.

Let r € (r;,,ri, +9.) and k € {1,..., N(r)}. Note that

rle R = gup inf  sup V(&) —V(z)—V(y)| + inf V.
z,y€ly(r) .feCi’f;T)’R t€[0,1] Ik (r)
<y

Let Ej(r) be the set of local maximal points of V|, ., with connected components attached to oI (r)

(if there is any) removed. If E(r) = 0, then it is easy to check that r{’“(r)’R = (. Suppose Ey(r) # 0.
Then, for each x,y € I (r) with x < y, there holds

ot sup V(E() = max {V(z),V(y)}, ?f (z,y) N E(r) =0,
geCyly" 1 telo.] sy T @O0 ED)£D
leading to
Eecii.rgm o V() = Vi(z) = V(y)
—min{V(z),V(y)}, if (z,y)NE(r) =0,
0

max -V =V(z)=V(y), i (ey)NEx(r
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Thus,
sup inf  sup V(£(t)—V(z)—V(y)| =— inf V.
wyeln(r)  |eecte T t€(0,1] T (r)
(z,y)NE(r)=0
We claim that
PR sup inf  sup V(@) —V(z)—V(y)| <r— inf V. (4.18)
x,yefk(r) EGCéIfy(T)YR tE[O,l] I’C(T)

(z,y)NE (1) #0

Let [a1, 1), ..., [ag, By] for some N = N(k,r) € N be the connected components of Ej(r). They
are ordered in the natural way: B¢ < a4 for all £ € {1,...,N —1}. Set By := inf I;(r) and
Ay = supfk(r). Clearly, Sy < a1 and B < ag, ;-

Note that if zo € [, fe,] for some £y € {1,..., N} and y € (zq,sup Ix(r)), then

inf  sup V(&(t) —V(zo) —V(y) < inf  sup V() —V(z) — V(y)
geCas ) te(0.]] geoik I te(0.1]

for all x < g, with ay, — 2« < 1. Similarly, if yo € [, Be,] for some £y € {1,...,N} and z €
(inf It (1), yo), then

inf  sup V(£(t) —V(z) = V(y) < inf  sup V() —V(z) - V(y)
geak\Felo.] cecIk (M T tel0,1]

for all y > B, with y — s, < 1. Therefore,

Flr(),R sup sup inf sup V(&(t) — Vi(x) —V(y)
01,82€{1,..., N} 2€(Bey —1,00, ) [geCrk T t€[0,1]
£1<Lo YE(Beys0ten+1)
= sup  sup max V=V(z)=V(y) (4.19)
01,62€{1,...,N} TE(Bey —1,00e,) _{%y}U(Ufzel[aevBe])
£1<Lo YE(Bey,0teg+1)
= sup max V- min V- min V]|,
ety [V o] Gaovan) (Brans)
£1<ls
where the minimals are attained due to the definition of Ej(r).
We show that for each ¢1, 4y € {1,..., N} with ¢; < {5 there holds
min max V- min V, max V- min V,;<r (4.20)
Uiitzl [eve, Be] (Bey—1,0,) Uﬁizl [cve,Be] (Beg ey +1)
To see this, we recall that Ij,(r) is the only r-valley contained in Iy (r), and the following hold:
V(inf I (r)) = sup V, V(supli(r)) = sup V,
(inf I (r),sup I (r)) (inf Iy (r),sup fk(r))
(4.21)

maX{V(inffk(r)),V(sup fk(T))} =sup V > sup V.
Te(r) I (r)
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Suppose for contradiction that (4.20) fails for some ¢1,462 € {1,..., N} with ¢ < #5, that is,

min{ max V — min V., max V — min V}>r.
U

2oy loef  Ba-ven) U2, fas)  Becnd)

2 —
Let z. € U,2, [a, Be] be such that V(z.) = MAX 2 [y 6]

V. Then, the third identity in (4.21)
ensures that there must hold

either I;,(r) C (inf I (r),z.) or In(r) C (z,sup Ix(r)). (4.22)
If the first inclusion in (4.22) is the case, we deduce from the second identity in (4.21) that

V(sup I(r)) = sup V> sup V>V(z,)> min V+r
(inf I (r),sup Ix (7)) (2w sup I (1)) (Begr0ey+1)

As a result, there exists a r-valley contained in (z,, sup I (r)), which contradicts the fact that Iy (r) is
the only r-valley contained in I k(). Similarly, a contradiction can be deduced if the second inclusion
in (4.22) is the case. Hence, (4.20) is true.

Obviously, (4.20) implies that for each ¢1,¢, € {1,..., N} with ¢; < £, there holds

max V- min V- min V <r— inf V.
Uﬁiﬁl[az’ﬁf] (Bey —15000) (Beg ey 41) I (r)

This together with (4.19) implies (4.18). The claim (4.17) follows.

Step 3. By the min-max principle, there holds for each 0 < ¢ < 1 and r € (r;,, 7, + 04)
oo
%/0 a |ng/|2 uSdx

/ p*uCdx
0

Fix 0 < e < 1 and r € (ry,,7, + 0.). Let ¢ € C§°((0,00)) satisfy fjk(T) ouldr = 0 for all
k=1,...,N(r). Then, [;° ¢*uSdx = ffo(r) d*uCdx + chv:(;) ffk(r) $*uldz. According to (4.6),

Ae,N(r)+1 > inf s € C3°((0,00)), [ puldr =0, Yk e {1,...,N(r)}

Ik(T)

1 €2
P*ulde < — - a(¢)?ude.
/iom AR 25 ()
According to (4.7), (4.8) and the choice of ¢, we find
N(r) N(r) 1 2
P*uCda < —_— a(¢)?ud.
,;1 /fw) ; AR 2 1)

It follows that

2 > 2
G
e / al¢/*uCdx ~
0 > I’l’lil’l )\Ik(T)7R

/°°¢zuadx = kef{0,1,..,N()} € ’
; :

implying Ac n(r)+1 = Milgefo,1,....N(r)} Af’“(”’R for all 0 < € < 1, which together with (4.17) yields

SIS —

liminf €2 In \ > _
R AN = T T oy

This proves (4.11), and hence, finishes the proof. O
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5. Non-exponential asymptotics of eigenvalues

In Subsection 5.1, we state an auxiliary result on the asymptotics of eigenvalues of a family of
Schrodinger operators. This is used in Subsection 5.2 to prove Theorem B. In Subsection 5.3, we
establish auxiliary upper bounds of the eigenvalues A ;, ¢ € N.

5.1. Asymptotics of Schrédinger eigenvalues. Recall that y., is defined in Subsection 2.2. Con-
sider the following family of one-dimensional Schrodinger operators

= —hzf + f(y) +hg(y) : L*((0,9s0)) = L*((0,ys0)), (5.1)

where 0 < h < 1, f:(0,y00) — [0, o0) and g : (0,yo) — R are continuous functions and satisfy:
° limy . fly) = oo; f admits a unique zero y*, and is twice continuously differentiable near
y* with f"(y*) > 0;
e ¢ is lower bounded, and satisfies g < Cy f + Cs on (0, yso) for some Cq,Cs > 0.
For each 0 < h < 1, the spectrum of Hp, as a self-adjoint realization with core C5°((0,00)), is
purely discrete and is denoted by: Ep 1 < Ep 2 < Ejp3--- — 0o. The following result concerning the
asymptotics of Ep; as h — 0 is well-known (see e.g. [14, 51, 35]).

Proposition 5.1. For each i € N, there holds limj, o+ E# = (20 —1)y/ % + g(y*).

5.2. Proof of Theorem B. Let the assumptions in Theorem B be satisfied. Recall £5 from (2.1)
and consider the Schrodinger operator

2 / N2 "
H. e —2e205 — —¢t dd - [b e <b’ - b) e (136” - 4)} G GE)

Denote by E¢1 < Ec2 < Ec3 < --- the eigenvalues of H,, and recall that the eigenvalues of —L{ are
Ae,l < A2 < Agz < ---. Obviously,
E.; =2\, VieN and 0<e< 1. (5.3)

Note that with €2 = h, the operator H. is almost in the form of Hj, given in (5.1). A careful analysis

( )2 a’
16 o 4

5.1 to prove the following result.

of the extra term e ( o ¢!, which is unbounded near 0, allows us to apply Proposition

Bei — ob/ (z*)(1 —d).

Proof. In order to apply Proposition 5.1, we construct operators that are in the form of (5.1) and
comparable in the sense of quadratic forms to H. .
Let ¢: (0,00) — [0, 00) be continuous and satisfy the following conditions:
o c(x)=1forze(0,%), cla) = a(x ) for 2> a*
e ¢ is twice continuously differentiable near x* and satisfies c(z*) = ¢/ (z*) = ' (z*) = 0.
a

ok —%) < ¢+ €28 on (0,00)

a

By (H), for each 0 < § < 1, there exists 0 < ¢5 < 1 such that €* (%(

for all € € (0, €5), and thus, in the sense of quadratic forms,

-5 R _
H <H, = —64@ +f(y) + €7 (), (5.4)

a

where f = (% +c) ot land g° = (b’ — ab +6) o€ L
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Obviously, f is continuously differentiable, satisfies f(y) — oo as y — y, has y* := £(z*) as the
unique zero, and is twice continuously differentiable near y* with ?H(y*) = 2(V'(x*))%. By (H) and
the construction of the function ¢, it is easy to see that §° is lower bounded, and there are Cy,Cy > 0
such that §5 <Cif+Cyforall 0<d < 1.

Denote by Ejl < Ejg < --- the eigenvalues of ﬁi. We apply Proposition 5.1 to conclude that

E{S
lim —* = (20 — 1)

e—0 €

—I!
#%—?5( N =20(2*)(1—-i)+5, VO<d<landié€N.
It follows from (5.4) that E.; < EE i» leading to limsup, _,q 6‘21 <20 (z*)(1 — i) for all 4 € N.

It remains to establish the lower bound. Fix z¢ > #* and let 7 : (0,00) — [0, 1] be smooth and
satisfy n(z) = 0 for < z¢ and n(z) = % for z > 22. Then, for each 0 < § < 1, there exists

1"

0 < €5 < 1 such that 77 ® +e ( 3 (/) _ %) > —¢2§ on (0,00) for all € € (0,¢5), which gives

a

d2
He > He = —¢'gq + 1) + €9°(v), (5:5)
where f = ((1 - n)%) o land g° = (b/ - “T/b - 5) o0& L.
Denote by Ef’l < ES,Q < .- the eigenvalues of H?. We apply Proposition 5.1 to conclude that

5 "%
Eez_(%_l) i(;/)

It follows from (5.5) that liminf. o = Esi > 9b/(2*)(1 — i) for all i € N. This completes the proof. [

lim
e—0 62

+ (") =2/ (2*)(1—i) =5, Y0<§< landicN.

Theorem B now is a simple consequence of Lemma 5.1.
Proof of Theorem B. By Lemma 5.1 and (5.3), lim._,g Ac; = &' (2*)(1 — ) for all i € N. O

5.3. Upper bounds of eigenvalues. In this subsection, we use Proposition 5.1 to establish non-
exponential upper bounds of the eigenvalues A ;, 7 € N that complement Theorem A, which provides
almost no information about A.; when r; = 0.

Proposition 5.2. Assume (H). There are A1, Ay > 0 such that Ae; < A1i + Ay for all i € N and
O<exk 1.

Proof. Recall that \;, i € N are also the eigenvalues of the Schrodinger operator —£2. The operator
H, is given in (5.2). Its eigenvalues E. ;, i € N satisfy E,; = 262)\6’1‘ for all 7 € N.
Arguing as in the proof of Lemma 5.1, it is not hard to find smooth functions f : (0, yso) — [0, 00)

and g : (0,Ys) — R satisfying

. f(y) —oocasy — 0T and y — y3; f admits a unique zero at §, and satisfies f"(gj*) >0,

e ¢ is lower bounded and there are constants C7,C5 > 0 such that g < C1f—|— Cs,
such that H, < H, := —¢* dy2 + f( ) + €23(y) in the sense of quadratic forms. Denote by EGJ <
EE’Q < Ee’g -+« — 00 the eigenvalues of fIE. We apply Proposition 5.1 with h = €2 to ﬁe to conclude

Bai _ 71y, 10

e—0 € 2

+§(), VieN

It follows that limsup,_,o A¢,; < 251 (. . This completes the proof. O

— 2
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6. Qualitative characterizations of multi-scale dynamics

In this section, we study qualitative characterization of the multi-scale dynamics of X, and prove
Theorem C.

We need the following result. Recall from Proposition 2.1 that (Pf)¢>o is the positive analytic
semigroup generated by L., and Qf, is the spectral projection of £, corresponding to {Ac ;}j>-

Lemma 6.1. For each k € N, there hold the following statements.
(1) There exists C > 0 such that for each 0 < € < 1,

QLS < Satesme sl ey in (0,00), VS € L) and 1> 1
(2) There exist C > 0 such that for each 0 < e < 1,
IPEQSf| < afes® e k| fllo in (0,00), Vf € Cy([0,00)) and t > 2.

Proof. Fix k € Nand let 0 < € < 1. For t > 0, we define Zsf = UEUEPnglﬁe’l, where U, and UE are
unitary transforms specified in Subsection 2.2. Then, (Pf)tzo is an analytic semigroup of contractions
on L?((0,ys0)) with generator L. The spectrum of £ is the same as that of L. consisting of simple
eigenvalues {—Ac i }ken-

(1) Set M := 1+ |infoccer min V|, which is finite thanks to Lemma 2.2 (4). We claim that for
each p € (2, 00], there is C; = C(p) > 0 such that

_ C _ _
15 fllee < =™ 1 fllz2, ¥F € L*((0,y0)) and t > 0. (6.1)
Since [|[(A — L)Y |p2spe = m for all A € p(£?) and o(LZ) C (—00,0), we find

1
[N = (L5 = M) Y22 < o VA € C with R\ > 0. (6.2)

As £3 — M generates the analytic semigroup (e=™*Pf);>o of contractions on L?((0,9s)), and the
right-hand side of (6.2) is independent of €, we apply [418, Theorem 2.5.2] to find C; > 0 such that

. Cy - _

(22 = M)e By flle < I fllze, VT € L2((0,y0)) and ¢ > 0. (6.3)

Let D(L?) be the domain of £Z. Note that
2 Yoo Yoo
(—(L5 — M)u,u) = %/0 |u'|dy+/0 (Ve + M) |ul?dy, Yu e D(L),
which together with (6.3) and the fact infocceq(min V. + M) > 1 leads to
62 Yoo <= Yoo ~ =
S| pi iy [V aniPe Ry
<LE = M)PE fllz2 ) P fl e

§ Clth

N - C
IFllz2 1 Pf Fll e < =

oMt @ [V L Yoo o 3
e (5 [ 0B Py [ v anpRay)
0 0
yielding
62 Yoo <= Yoo <o 012€2Mt <10 - 9
D) ; |0y P f|*dy + ) (Ve + M)| P fI°dy < 2 Ifllz2, Yf €L ((0,y)), t > 0.
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By Sobolev’s embedding theorem, we find for each p € (2, 00| the existence of Cy(p) > 0 such that

20102 (p)
te

12 e < Cow) (10,5 Flle + 1P Flls2 ) < M| fllza, ¥F € L2((0,5)), ¢ > 0.

This gives (6.1) with C := 20, Cy(p).

Now, let f € L2( &) and set f6 = U U f. Note that | PfQS fellL> < e 2#t||fe|| L2 for all t > 0 and
0 < € < 1, where Qk = UeUEQ6 U1 is the spectral projection of L2 corresponding to {=Ae,j}izk-
Applying (6.1) with p = oo, we deduce

. CreM Cie™ L\ nn:
1PEGE i < DB Qe < D ek D, s, (6.4)
€

leading to
|PEQif = U U PEQi T

DeEAE § \/? DeEAE § 1V CNvle]\/l-i_AE’1 1 Vv
= |(PFQpfe) o él—~= < | PfQifellL=ater® < ————aiez

Since A1 — 0 as € = 0 by Theorem A, the conclusion of (1) follows.

€_>\E'kt||fHL2(u§;), vt > 1.

(2) Fix f € Cp([0,0) and set fe = UEUEf. We claim that there exist Cs, C5 > 0 such that

1P fe (6.5)

To do so, we fix p > 2. By (6.1), Ps - L2((0, yoo)) — LP((0, Yoo )) is linear and bounded and satisfies
I Pf |l L2 e < %eM. This together with the symmetry of Pf : L2((0,ys0)) — L?((0,ys0)) yields

1P Flie < el VF € L2((0.02)) 0 27 ((0.00)) (6.6

where p’ = p% € (1,2) is the dual exponent of p. As a consequence, 1516 uniquely extends to be a

1
bounded linear operator from L? (0, ys0)) to L2((0, yse)), and satisfies || Pl 2 < GreM,

Straightforward calculations give
o f -1

Yoo _ , Yoo
P g P
/0 Il dy /0 fos P B2

o0 , p/ p . p /V
= [T e = [ e
0 0

»
2

dy

D

Since [;° o 3-% e 5% da < C’p ¢ for some 03,04 > 0, we find ||fe||» < 0366 | flloo, Which

together with (6.6) gives || Pffe|lL> < ClCSe €< ||fHOO The claim then follows readily by setting
éz = 01036 and 03 = 04

For ¢ > 2, we deduce from (6.4) and (6.5) that
DENE £ éleM DE e
1P Qi fell e < 1P Qi fell 2

CreM e w Cy CoeM+22ck
< O resod Py e < DL
€ €

_ <]
e e | e,
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and hence,

\/57 61026M+2)\"k
= S o

By Proposition 5.2, it is easy to see the existence of C~'4 > 0 (depending on k) such that |PfQ5 f| <

c
ef)“**’“teeingHoo X aiea?.

\PEQLf| = U U PEQS fe| = [(PEQSfe) o

V+C,
ate 2 e ekt f||oo for all t > 2 and 0 < € < 1. This completes the proof. O

Proof of Theorem C. (1) Let K C [0,00) be a fixed compact set, and p € P(]0,00)) satisty
supp(p) C K. Fix f € Cy([0,00)) and 0 < € < 1. Then, Proposition 2.1 (5) gives

ELIf (X)) Licrs] = (f, e1) 12 o) |e,1 | 1 () ‘1t+/0 PLQ5 fdu

— a0t [ o+ [ PG w0,
0 0

) and g is the unique QSD of Xf (see Proposition 2.3). In

where ae(p) = [lgeallr(
particular, setting f = 1 yields

PLlt < Tg] = e (p)e et —I—/ PfQsldu, vt > 0. (6.7)
0

It follows that
ELLf (X)) = EL[f (X)) Lierg] + EJ[f(0) Le>Te]

=ade [ fane+ [ PQasau 100) (1—ae<u>e*e’lt— / PEQEMM)
= acwe ™ [ fduc+ (1= a1 £0)
+ [ p@stan=10) [ PQstan vi>o

Lemma 6.1 (2) (with & = 2) yields the existence of Cy > 0 such that

B0 ~ [ate ot [ e+ (1= actue) 100) \

< >~ PEOS PO 0ONdu <2 = % V+§1d —Xe,at % 2
< (I1PFQSfI + | PE QL[| f(0)]) dp < | ate x dpe [flloos V> 2.

0

Ca

Clearly, there is Co = C3(K) > 0 such that 2f0 aie et dp < e’ | leading to

It remains to estimate a(u). Note from (6.7) that

C.
P;[Xte c .] . [ae(M)B_AF'ltMe +(1- ae(u)e—kg,lt)(so] HTV < exp {622 — /\672t} , Vit > 2.

() = et (Pf < T / h PEQSMM)

o0
< erent <1 +/ a‘lle 22 d,ue )‘fv2t> < erett (1 + ei"‘_k‘ Qt) , Vt>D0.
0
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i i Ae,1t %‘As,zt i< minimi _ ([ Ca Ae1 1
Since the function ¢t — et (1 4+ €~ is minimized at ¢t = = — In 5 we find

€,1

02 As,l )\571 Ae,l
() < exp { (62 —In >\2—)\1) )\6,2} (1 * M—M> '

By the asymptotics of A. 1 and A, 2 (see Theorem A), we find the existence of some small €, = €,(C) =
€.(K) > 0 such that a(p) <1+e” 52 for all e € (0, €.). This proves (1).

>
A
I
|

>

(2) We prove the result in the global attractor case; the local attractor case can be treated in the
same manner. Let 0 < 0 < 1 and Kj, K> be compact sets in (0,00). Let p € P(]0,00)) satisfy
supp(u) C K1, and f be a continuous function on (0, co) with supp(f) C Kb.

Recall that A is the global attractor of (1.2). Let T'= T'(K4,0) > 0 be the smallest time such that
sup,, e i dist(z¢, A) < g for all t > T, where x; denotes the solution of (1.2). By the sample path
large deviation principle, there are D1 = D1 (K3,6) > 0 and Dy = Do (K3,0) > 0 such that

) D
sup Pg | sup |X; — | > 2 SDle_TZZ, V0 <e<k 1,
zo€Ky t€[0,7] 2

resulting in

) D
P [XT € A5] <P, [|X§« —zr| > 2] <Die &, W<e<], (6.8)
where As := {x > 0 : dist(z, A) < §} and A§ := (0,00) \ As.
Setting pg := P{[XF € o], we use the Markov property of Xf to write

B [F (X)) = K, [ELLA(XD)|X7]]
= [ B+ [ B g = B+ B5 e
5 §
We estimate E{. Since Proposition 2.1 gives

ES[f(Xi_7)] = 1fe1llp1 ueyde,ie 2o D) / fdpe = PS_pQ5f, Vt>T,
0

we apply Lemma 6.1 (1) (with & = 2) to find D3 > 0 such that
(o)
) / e pdpse et 1) / fdpe
As 0

&efke,z(t*T) (/ a}le’zs‘/?d,uT> </ |f‘2 eGd‘T> 2
€ As

) 1
:Di”e—&,z(t—T)( ates e, < |f‘ —de)z (6.10)

IN

€

Ds (supa}l) </ dx) exp { supA5 — me; v Ae2(t — T)} [ flloo
€ As Ze
- A

Dy supy, V' infg, V
{2l B =D}l Vo> T,

IA

S —exp
€

where Dy = Dy(K3) := D3 (SUPA1 a%) (f}@ 1d$)
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To estimate ES, we see from (6.8) that

D3

By <P[X5 € Ao < Dre™ #||floe, VE>T.

Since Lemma 6.1 (2) (with k = 1) gives D5 > 0 such that
o1 vips A T
E5 < ES[f(X])] g/ ate < due D flloo, VE>ST 42,
0

there exists Dg = Dg(K1) > 0 such that
Dy
By <o {2 - Aat=D) ISl WS T42

Clearly, there exist p = p(K1,d) > 1 and Dy = D7(K7,d) > 0 such that —% + % < —Dy, where

/

p = ﬁ is the dual exponent of p. Then,

1

€ ey L €\ =7 % D2 D6 Aﬁ’l(t_T)
ES = (E5)* (B5)¥ < D} exp{—2 D DDy
pes  ple P (6.11)
1 D; M.(t—-T ’
§Dfexp{—627—’1(ﬂ)}||f||oo, Vt>T +2.

Setting Ge(p,0) := [|pe,1l L1 (us) fA5 pe1dpsern T we find from (6.9), (6.10) and (6.11) that

+ E5

< ]Ef ~ e [ s
0

Dy sup 4, V' infg, V
= exp{ 2626 2

ES [F(X5)] — ey, ) en? / fdp,

et =) b1l
1 D7 Aa(t—T
+ D7 eXp{—EJ - 1(}7)} [ flloo, ¥E>T +2.
It remains to estimate &(u, d). Note that

(3[6(/.1/,(5) S ||¢671HL1(U,5G)/ ¢e7ldu;e>\€’1T
0 (6.12)

= lperllziue) / P e ndpe® T = || e | p1cue) / bendi = ae(p).
0 0

The upper bound of &(u,d) follows from that of a.(u) given in (1). This completes the proof. O

7. Applications

In this section, we discuss some applications of Corollary A and Theorem C. Two typical situations
where SDEs of the form (1.1) arise are described as follows.

Chemical reactions. Consider the chemical reactions:
k1 ko
A+ X k: 2X, X =,
-1

where the positive numbers kq, k_; and k, are reaction rates. The concentration of the substance A,
denoted by x4, is assumed to remain constant. We assume kix4 > ko.

Denote by V >> 1 the volume of the system and X} be the continuous-time Markov jump process
counting the number of the substance X. The law of large numbers [19, 1] ensures that as the volume
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\%4
V grows to infinity, the re-scaled process th converges to solutions of the following classical mean-field
ODE for the concentration of X:

&= —k_ 12> + kizax — kox, € [0, 00). (7.1)

Obviously, (7.1) is a standard logistic equation, and its unique positive equilibrium is given by z. :=

%. The fluctuation of X—VX around solutions of (7.1) is captured by the central limit theorem
[19, 1], leading to the following diffusion approzimation of }i}V:

dr = (—k_12% + kywax — kox)dt + e\/kz,le + k1zaz + koxdWy, x € [0, 00), (7.2)

where € = ﬁ and W, is a standard one-dimensional Wiener process.

It is a routine task to check (see e.g. [30]) that solutions of (7.2) hit the extinction state 0 in
finite time almost surely, while positive solutions of (7.1) are attracted by the equilibrium z.. Such a
dynamical disagreement between a mean-field model and its stochastic counterpart is often referred to

as Keizer’s paradox [31]. This is originally formulated in terms of the master equation for distributions
\%4

of ‘ﬁ} (see e.g. [32, 52, 7]). In the work [7], the authors use a slow manifold reduction method to

estimate the first eigenvalue and the gap between the first and second eigenvalues of the generator of

Xy

v that respectively quantify the first passage time to the extinction state and QSD.

Logistic BDPs. Let Ny = NU {0} and A > p > 0. Consider a continuous-time birth-and-death
process (BDP) ZX on the state space Ny with birth rates AX = \n, n € Ny and death rates pX =
n (qu %), n € N, where K > 1 is the carrying capacity. By the central limit theorem (see e.g.

[36, 19]), for sufficiently large K, the process % stays close to solutions of the following SDE:
dr = Az — px — 2%)dt + e/ x4 px + 22dW;, x € [0,00), (7.3)
where € = \/% The SDE (7.3) is the diffusion approximation of %
Both situations give rise to SDEs of the form :

dr = (biz — bax?)dt + e\/arx + agz2dW;, z € [0,00), (7.4)

where 0 < € < 1, by, by and a; are positive constants, and as > 0. It is straightforward to check that
assumptions in Corollary A and Proposition A.1 are satisfied. Applying Corollary A, Theorem C and
Proposition A.1 to (7.4), we find the following result.

Theorem 7.1. The following statements hold.
(1) There hold

a1batasby a2b) _ b ;
i I 2[ = ln<1+a1b2) az}, if az >0,
€,1 — i
e—0 ! bil ) =
e if ax=0

and lim¢_,0 A2 = by.
(2) For each compact K C [0,00), there are C = C(K) > 0 and small €, = €,(K) > 0 such that
sup [Py (X7 € o] = [em e 4 (1 — e o))

HEP([0,00))
supp(p)CK

lry

c b
< exp {62 — ;t} +y(e)e et Yt >0 and € € (0,¢€,),
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where v = vk : (0,1) — (0,1) satisfies y(¢) — 0 as € — 0.

(3) For each 0 < § < 1 and compact sets K1, Ko C (0,00) with (Z—; -9, Z—; +6)N Ky =10, there
are T = T(K1,0) >0, C = C(K1,K3,0) >0 and e, = €,.(K1,K3,0) > 0 such that for each
continuous function f : (0,00) = R with supp(f) C K, there holds

B [ (X()] — e At / fdu,

0

sup <T(e)e Y| flloo, Vt>T ande € (0,¢,),
1EP([0,00))

supp(p)C K1
where I' =Tk, K, :(0,1) = (0,1) satisfies I'(e) = 0 as e = 0.

Note that %ln(l+m)zm(1+@)ln<1+a2ﬁl)1>>%m:b71

a1b2 a% albz a1b2 a2 a1b2 CLQ'
APPENDIX A. Asymptotic of the first eigenfunctions

We justify (1.6) when b changes its sign only once appealing to results established in the forthcoming
work [417]. The formal statement is as follows. Recall a(u) and é.(u, ) from Theorem C.

Proposition A.1. Assume (H). Suppose, in addition, that
e b e C%((0,00)), b changes its sign only at x* € (0,00) and b'(z*) < 0;

e a€C?(0,00)) and [[* \/;Ts)ds = 00.

Then, lime 0 [|¢e,1]lL1 (we)Pe,1 = 1 locally uniformly in (0,00). In particular,

(1) for any compact K C [0,00),

lirr(l) ae(p) =1 uniformly in p € P([0,00)) with supp(u) C K;

€E—r

(2) for any compact K C (0,00) and 0 < 61 < d2 < 1,
1111(1) Ge(p,0) =1 wuniformly in p € P([0,00)) with supp(p) C K and § € [d1,d2).
e—

We remark that the condition [ \/%ds = 0o is only to make yoo = lim, o (z) = 00, where

¢ is defined in Subsection 2.2, so that the Schrodinger operator Lf is on (0,00). Then, we can use
decaying properties of its eigenfunctions near co.

Recall that u, _$eanl o the density of the unique QSD g of Xf. We need the following

= Teealliiqs)
results from [17], whose proof indeed benefits from decaying properties of ﬁeUe¢e,17 an eigenfunction
of Ef associated to A 1, near oo, where U, and U, are unitary transforms defined in Subsection 2.2.

Lemma A.1 ([17]). Suppose the conditions in Proposition A.1 hold.

zx b(s)
Ree_e% IR a(i)ds

(1) There holds uc = 2= , where
* b/ * . .
lir% R.(x) = Ry := _alz ) (@) locally uniformly in x € (0, 00).
€e— ™

(2) For each 0 < § < 1, there are 0 < x5 < 1 and 0 < €5 < 1 such that

2

_2 (=" bls) _2 (e bs) g
e eQ(IO a(s)d”‘S) <ucz)<e 62(0 a(s) s 5>, Vz € (0,25), €€ (0,€5).

(3) There exist L>1,C >0, r, >0 and 0 < €, < 1 such that

C T 1@ b(s)
(1) < —2 e FE@—EW T [ GHYE | yp e [Lioo), ee (0,e).

[a(2)]*

[
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Note that Lemma A.1 (1) justifies the WKB approximation of u. up to the second order.
We prove Proposition A.1.

fl* b(s) .
as)? , which together

Proof of Proposition A.1. Lemma A.1 (1) gives e deau]

cillpiue, €

with the expression for u& leads to

1 _2 b ) ds
(be,l = ge 2 f() a(s) ||¢6,1HL1(uéc)R6' (A]_)

It follows that

o 1 2 o bs) g o0
1= / ¢)5 1qu{E = ||¢e 1||L1(uG)/ Ueqﬁé,ldl' = Ee 622 Js at ||¢e,1||%1(u€c)/ ueRcdx. (AZ)
0

We claim lim._,¢ fo ueR.dxr = Ry. Indeed, uc.R. = eau? 67 s a< ) ® thanks to Lemma A.1 (1).
Let K > 1. It is easy to see from Lemma A.1 (2) that lim._,o fo ucRedz = 0. By Lemma A.1 (3),

/OO ueR dx < 602€T€(L)€F2 L* b(s)d / 27* f(x)dx
K \/a

2% xy b(s)
= eCe W i a<5>ds/ a2 Ydy -0 as €—0.
&(K)

Hence, lim._,o [° weRedz = lim._,q fueRedx. Since [ uedr = 1 and Lemma A.1 (2)(3) gives
0 L 0

lim¢_,o fg ucdr = 1, we conclude from Lemma A.1 (1) that lim._,q fg ueRedx = Rg. This proves the
claim. )
Letting € — 0 in (A.2), the claim implies lim. ¢ 1 e ~& 5 A % e, 1||L1 (ws) = , which together
with (A.1) and Lemma A.1 (1) yields the local umform convergence of ||Pe 1 HLl(ug)qﬁﬁl tolase— 0.
(1) follows readily. To prove (2), we recall that de(u,6) := [|de,1lL1(uo) fA5 bepduserr T where
T =T(K,0) is the smallest time such that sup,, ¢ dist(x¢, A) < Sforallt > T, and p§ = P [XT € o].
Let 15 : (0,00) — [0, 1] be a smooth function satisfying 75 = 1 on Aszs and 75 = 0 on A§. Then,

o0
G, 0) > eA“1T||¢e,1||Ll(u§)/ NsPedpvy
0

= €A€’1T||¢eyl||L1(u£">/ Pr(nse)dp = eAE’lT/O EL (sl éenllpr ugybe 1) (XT) Lr<rg] dps,
0
where we used Proposition 2.1 (4) in the second equality. Note that
ES [(n5]l¢e,1 1l 11wy Pe,1)(X5) Lrare]

> / (51| Pe 11l L1 (ue) Pe1 ) (X)L <1 dPG
[X5€Azs

g
g

Y]

}‘ (uG)qSe 1> [X% S A%,T < Tg}
35

\Y]

s 1) {1@5 [X; c A%a] FPET < TE] — 1} .
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Since the limits lim_,q e’ 7 = 1, lim._,o P¢ [X% € A%] =1 and lim.,o PS [T < T§] = 1 are uniform

in

xz € K and § € [01,02], we conclude the lower bound:

liminf &.(p, ) > 1  uniformly in pu € P([0,00)) with supp(p) C K and § € [01, 02].

e—0

The upper bound follows from é&.(u, d) < a.(u) due to (6.12), and the limit proven in (1) for a.(u).

This completes the proof. O
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