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ABSTRACT. The present paper is devoted to the study of the long term dynamics of diffusion pro-
cesses modelling a single species that experiences both demographic and environmental stochasticity.
In our setting, the long term dynamics of the diffusion process in the absence of demographic stochas-
ticity is determined by the sign of Ag, the external Lyapunov exponent, as follows: Ag < 0 implies
(asymptotic) extinction and Ag > 0 implies convergence to a unique positive stationary distribution
wo. If the system is of size 6% for small € > 0 (the intensity of demographic stochasticity), demo-
graphic effects will make the extinction time finite almost surely. This suggests that to understand
the dynamics one should analyze the quasi-stationary distribution (QSD) pe of the system. The
existence and uniqueness of the QSD is well-known under mild assumptions.

We look at what happens when the population size is sent to infinity, i.e., when ¢ — 0. We show
that the external Lyapunov exponent still plays a key role: 1) If Ag < 0, then pe — o, the mean
extinction time is of order |lne| and the extinction rate associated with the QSD p. has a lower
bound of order ﬁ; 2) If Ag > 0, then pe — po, the mean extinction time is polynomial in E%

2

and the extinction rate is polynomial in €. Furthermore, when Ag > 0 we are able to show that

the system exhibits multiscale dynamics: at first the process quickly approaches the QSD p. and
then, after spending a polynomially long time there, it relaxes to the extinction state. We give sharp
asymptotics in € for the time spent close to .

In contrast to models that only take into account demographic stochasticity, our results demon-
strate the significant effect of environmental stochasticity — it turns an exponentially long mean
extinction time to a sub-exponential one.

CONTENTS

1. Introduction

2. Mathematical setup and main results
3. Preliminary

3.1. Generator, spectral theory and dynamics
3.2.  Schrodinger operators

3.3. Quasi-stationary distributions

3.4. SDE with only environmental noise

4. Tightness and concentration of QSDs
4.1. Concentration near infinity

2000 Mathematics Subject Classification. Primary 35Q84; Secondary 35J25, 37B25, 60J60.

2

7
13
13
14
17
18
20
20

Key words and phrases. Population dynamics, demographic stochasticity, environmental stochasticity, quasi-

stationary distribution, extinction rate, extinction time, mean extinction time, multiscale dynamics.

A.H. was supported by NSF through the grant DMS 2147903. W.Q. was partially supported by a postdoctoral
fellowship from the University of Alberta. Z.S. was partially supported by a start-up grant from the University of
Alberta and NSERC RGPIN-2018-04371. Y.Y. was partially supported by NSERC RGPIN-2020-04451, PIMS CRG

grant, a faculty development grant from the University of Alberta, and a Scholarship from Jilin University.
1



2 ALEXANDRU HENING, WEIWEI QI, ZHONGWEI SHEN, AND YINGFEI YI

4.2. Concentration near the extinction state 21
4.3. Proof of Theorem A 24
5. Asymptotic bounds of the first two eigenvalues 24
5.1. Asymptotic bounds of the first eigenvalue 26
5.2.  Asymptotic bounds of the second eigenvalue 30
6. Multiscale dynamics 35
7. Asymptotic bounds of the mean extinction time 39
References 44

1. Introduction

One of the most important questions from population dynamics is figuring out when a species
persists or goes extinct. For deterministic models, persistence is usually quantified via the existence
of an attractor that is bounded away from zero (the extinction state). In this setting extinction
can only happen asymptotically as time goes to infinity. However, any realistic ecological model
has to take into account various intrinsic and extrinsic random environmental fluctuations. Usually
there are either ecological models that take into account environmental stochasticity that arises due
to fluctuations of the environment, or models from population genetics that focus on demographic
stochasticity, which arises because of the randomness due to reproduction in a finite population. There
are few analytic models which account for the effects of both types of stochasticity.

If the system is of size 6% for some small € > 0 (intensity of the demographic noise), the presence
of demographic effects will make the extinction time finite almost surely. As a result, in order to
gain some information about the behavior of the process before extinction, it is natural and useful
to look at quasi-stationary distributions (QSDs) [13, 46], i.e., stationary distributions of the process
conditioned on not going extinct. A key problem is to study scaling limits of systems that have QSDs
and see what happens with the family of QSDs as the intensity of the demographic noise is sent to
Zero.

The main goal of this paper is to analyze the dynamics of systems that have both types of stochas-
ticity and can be modelled by stochastic differential equations (SDEs). We focus on the QSD and the
extinction time as well as related quantities such as the extinction rate and the exponential conver-
gence rate to the QSD, and investigate their asymptotic properties as the intensity of the demographic
noise vanishes — a particular emphasis is put on the connections to properties of the limit system.
Models with both types of stochasticity are more realistic as natural systems usually experience both
types of randomness. The sharp criteria we find for the persistence and extinction of species are
therefore more relevant to the modelling of natural ecosystems — see [20, 19].

Systems perturbed by either the environmental or demographic stochasticity have been attracting
a lot of attention. If one looks at models that only have environmental stochasticity, there already
exist many sharp results in the literature. In the one-dimensional setting, a full classification is
possible by the well-known scale function and speed measure description of diffusions [4]. In the
multi-dimensional setting things are more complicated. Some general theory for the existence and
uniqueness of stationary distributions can be found in [38], while the most up to date results for
Kolmogorov systems are in [28, 1, 29].
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For models with only demographic stochasticity, asymptotic properties of QSDs and related quan-
tities as the intensity of the stochasticity vanishes are often the focus of studies. They have been
investigated for randomly perturbed dynamical systems and rescaled Markov jump processes. The
first work seemingly dates back to [31], where the author studied the stochastic Ricker model. This
work was generalized in [12, 52] to randomly perturbed interval maps that apply to density-dependent
branching processes. Further generalizations were considered in [35, 21], where general randomly per-
turbed maps are studied and applied to many population models. These works illuminate two funda-
mental properties when the unperturbed deterministic system has a global attractor which is bounded
away from extinction: 1) QSDs tend to concentrate on the deterministic attractor as the noise inten-
sity vanishes. 2) The extinction rate associated with a QSD is exponentially small with respect to
the system size (i.e., the reciprocal of the noise intensity squared), and therefore, the extinction time
grows exponentially with the system size if the initial distribution is given by the QSD. Concentration
properties of QSDs as in 1) are in line with that of stationary distributions for randomly perturbed
dynamical systems (see e.g. [39, 40, 41, 22, 32, 33]). For the latter in the case that the unperturbed
system has simple dynamics, significantly more refined results are available in the literature (see e.g.
54, 14, 47, 2]).

Rescaled absorbed birth-and-death processes whose mean-field ODEs have a global asymptotically
stable equilibrium have been investigated in [7, 8, 9]. In one dimension, the exponential asymptotic of
QSDs and associated extinction rates are established in [7]. When the equilibrium is non-degenerate,
these results are improved in [8] by determining the sub-exponential terms, implying in particular that
QSDs converge to the Dirac measure at the equilibrium in a Gaussian manner. In higher dimensions,
the aforementioned two fundamental properties are obtained in [9]. It is worthwhile to point out that
the problem in higher dimensions is much more challenging due to the irreversibility and the lack of
simple recursive formulas for QSDs. In [8, 9], the authors also characterize the two-scale dynamics
of the solution processes by deriving sophisticated estimates quantifying the distance between the
distribution of the solution and the convex combination of the extinction state (more precisely, the
Dirac measure at the extinction state) and the QSD.

In [53, 36, 51] the authors consider one-dimensional absorbed singular diffusion processes of gen-
eralized logistic type with small demographic noises — these models can be derived as diffusion ap-
proximations of one-dimensional rescaled absorbed Markov jump processes arising from population
dynamics and chemical reactions. When the unperturbed or mean-field ODE has a unique positive
equilibrium (which must be globally asymptotically stable), results comparable to those contained in
[8] are established. In particular, the noise-vanishing asymptotic of QSDs and associated extinction
rates are determined up to the sub-exponential terms, and the two-scale dynamics of the solution
process is characterized. The noise-vanishing asymptotic of QSDs and associated extinction rates
extends to the case where the unperturbed ODE has multiple positive stable equilibria. We point out
that while QSDs for many types of processes have been extensively studied (see [50, 6, 18, 13] and
reference therein), the fundamental theory of QSDs (i.e., the existence, uniqueness and convergence)
for absorbed singular diffusion processes was unavailable until the work [6]. Since then, there have
been significant new developments (see e.g. [44, 46, 13, 48, 10, 27, 30]).

There exist relevant works on overdamped Langevin equations restricted in a bounded domain and
killed on its boundary [45, 5, 15, 16, 17]. In [45], the author derived the exponential asymptotic of
the extinction rate (more appropriately, the exit rate for a diffusion process exiting from a bounded
domain) and the asymptotic of the principal eigenfunction of the generator in the deepest well of
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the potential, leading to the sub-exponential asymptotic of the QSD in that well. These results are
greatly improved in [5] under generic assumptions on the potential function. In a series of works
[15, 16, 17] examining exit events and the Eyring-Kramers formula, the sub-exponential asymptotic of
the exit rate plays a significant role in computing the asymptotic of transition rates and determining
the asymptotic exit distribution.

This paper is a first step towards generalizing the theory of randomly perturbed dynamical systems
without absorbing states and randomly perturbed dynamical systems with absorbing states and only
demographic noises to a theory of randomly perturbed dynamical systems with absorbing states and
multiple types of noise. Inspired by the aforementioned theories of noise-vanishing asymptotics of
stationary distributions, QSDs, and related quantities, and motivated by the fact that real systems
are subject to both intrinsic and extrinsic stochastic perturbations, we intend to establish an analogous
theory for dynamical systems under both environmental and demographic noise perturbations, and
study the effects of both types of noises.

In the present paper, we consider one-dimensional SDEs with both environmental and demographic
stochasticity:

dX; = b(X;)dt + o(X[)dB; + ey/a(X5)dW, in [0,00),

where the coefficients b, ¢ and a satisfy natural assumptions. Let 7§ = inf{t > 0: Xf =0} be
the extinction time of Xj. It is finite almost surely. Denote by L. the self-adjoint extension in
L2(uf) = L*((0,00),u%dx) of the generator of X{, where u¢ is the non-integrable Gibbs density of
X as it grows like % as ¢ — 0%. The spectrum of £, is purely discrete. Depending on the dynamics
of the limiting SDE, which only has an environmental stochasticity term:

dX? = b(X?)dt + o(XD)dB; in [0,00),
we are able to prove the following results (with rigorous statements given in Section 2):

(T). Suppose Ay :=b'(0) — M > 0 so that X has a unique stationary distribution po that does

not put mass on the extinction state 0.

e The unique QSD g, of X§ converges to o as the intensity of the demographic noise goes to
zero, that is, € — 0. The associated extinction rate A.; is given by the principal eigenvalue

4’ (0)
of —L., and is polynomially small in € with leading order Ac; ~ el-’©@1* =,
e The normalized extinction time % converges weakly to an exponential random variable of
el70

mean 1 as € — 0. Moreover, the mean extinction time E¢[T§] depends polynomially on the
system size E% with leading order

, 2b’(0) _1

1 _ _4b°(0) 1 [a7(0)[2

ES[T¢] ~ ~ TR = = ,
)\e,l 62

The polynomial asymptotics of the extinction rate A. 1 and the mean extinction time E§[T]
are significant changes from that of models having only demographic noise, see [21, 30, 51],
where the dependence on the noise intensity is exponential. This shows that environmental
stochasticity has a significant impact on the time-scales of the dynamics. The fact that
the dependence changes from exponential to polynomial in the presence of environmental
stochasticity has been recently showcased empirically and numerically in simple ecological
models [26, 19].
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o The eigenfunction ¢. 1 of —L. associated with A, converges, after appropriate normalization,
to 1 as € — 0. The second eigenvalue A 2 of —L satisfies

0< hmmf)\ez <limsup Ac2 < 00,
e—0

yielding in particular the uniform spectral gap inf.(Ac2 — Ae1) > 0.
o The distribution of X satisfies the multiscale estimate:

[PS[Xf € o] — [oee ™ pe + (1 — aee™ 1) Gol || 1, < Ce 22, (1.1)

ey

where a. is the integral of the appropriately normalized ¢.; with respect to the initial
distribution, and the constant C' depends on the initial distribution but is independent of
€. This estimate together with information about A1, A2 and ¢, allows us to quan-
tify the multiscale dynamics of X as follows. If ¢ is such that ﬁ <t K ﬁ, then
IPS[X5 € o] — uc]llrv < 1, that is, the distribution of Xf is close the QSD p.. If ¢ is
such that ¢ > ﬁ, then ||PS[X5 € o] — do]|rv < 1, that is, the distribution of Xf gets close
to dp, the Dirac mass at the extinction state.

The estimate (1.1) is powerful — it has the convergence result of the normalized extinction
time %OTO] and the asymptotic reciprocal relationship ES[T(§] ~ as immediate conse-

quences.

1
Ae,1

(IT). Suppose Ag < 0 so that X? goes extinct as t — oo.

e As e — 0, we have p1. — 6g. The extinction rate A, ; vanishes as e — 0 and has a lower bound

of order ﬁ

e The mean extinction time is of order | Ine|, that is, ES[T{] ~ | lne€|.

The quantity Ay is often referred to as the stochastic growth rate (it is also called the invasion rate
or the external Lyapunov exponent) — it determines the stability of the extinction state 0 for X?. As
Ag increases and crosses 0, the stable extinction state loses its stability and bifurcates into an unstable
extinction state and the globally asymptotically stable persistent state po. As it is seen from (I) and
(IT) such a bifurcation has a strong effect on the asymptotics of the extinction rate A, ; and the mean
extinction time Eg[T§].

To this end, we briefly comment on the ideas, methods and techniques used to establish the above
results, as well as the difficulties overcome in the course of the proof. We pay particular attention to
the comparison with the model that only has demographic stochasticity, that is,

dX§ = b(XF)dt + e\/a(X{)dW; in [0,00).

For clarity, we assume b is just the standard logistic growth rate function with x, being the only positive
zero. Denote by L. the self-adjoint extension of the generator of X . Under natural assumptlons on
a, the spectrum of L, is purely discrete. Denote by /\E 1 and )\E 5 the first two eigenvalues of —L.

e It is known (see e.g. [45, 5, 30]) that the asymptotic of )\6 1 and )\52 are respectively de-
termined by the potential function V := — fo ads and the vector field b at x,. More pre-
cisely, lim._,q % In 5\5,1 = V(x*), and lim,_,q )\6,2 = —b'(z.). The behavior of A1 and Ao is

completely different: we can show in the case Ag > 0 that the leading asymptotic of A1 is
determined by b’ and ¢’ at the extinction state 0. This shows that environmental stochasticity
significantly alters the ‘hidden mechanisms’ which affect the mean extinction time.
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e Denote by Ly the self-adjoint extension of the generator of Xy. One expects that the asymp-
totics of A¢1 and Ao are governed by the spectral properties of —Lj. However, this is not
clear at all because of the singular limit “lim._,o L = Ly”. The coefficient of the second-order
term of L. has a first-order degeneracy at 0, while that of Ly has a second-order degeneracy at
0. One of the unpleasant consequences of this singularity is that the structure of the spectrum
of Ly differs significantly from that of £.. The reader is referred to Remark 3.1 for details.

e Proving that inf. A\¢ 2 > 0 is hard in part due to the singularity of the limit “lim._,o L = Lo”.
The way we prove this builds on the simple fact that the eigenfunctions associated with A1
and Ao are orthogonal. Assuming the failure of inf. A2 > 0, we manage to show the loss
of the orthogonality of eigenfunctions. A crucial ingredient leading to this contradiction is to
acquire certain compactness of appropriately normalized eigenfunctions associated with A¢
and A¢ 2.

e Given the fact that eigenfunctions of —£, span L?(u), the multiscale estimate (1.1) follows
essentially from the eigenfunction expansion of the Markov semigroup Pf associated with X7
before hitting 0, saying particularly that all the terms in the estimate arise naturally except
the property that the constant C on the right hand side is independent of €. The key to
obtaining this is to derive good pointwise estimates of PfQ5f for f € Cp((0,00)) by lifting
the integrability, as we know || PfQ512(uo)—r2(ue) < e~ 2t from Pf being generated by L.,
where Q5 is the spectral projection of £, corresponding to eigenvalues o (L) \ {—A¢1}. This,
however, is not an easy job due to the degeneracy of £. at 0 and the singularity of u& at
0. We overcome the difficulties by examining the Schrodinger operator and the associated
semigroup that are respectively unitarily equivalent to £. and Pf. It is the blowup feature
of the potential of the Schrédinger operator that helps to lift the integrability and reach the
goal.

e The asymptotic of the extinction rate A1 in the case Ag > 0 is tackled from two perspec-
tives. The first approach uses only the classical variational formula. A careful analysis of
the eigen-equation (written in the quadratic form) near the extinction state 0 allows us to
derive the sharp lower bound. The analysis extends to the case Ay < 0. A non-sharp upper
bound is obtained by constructing test functions. The other approach, which leads to the
sharp asymptotic, builds on two independently established results: the asymptotic reciprocal
relationship E§[T§] ~ ﬁ and the sharp asymptotic of E{[T]. The former is an immediate
consequence of the multiscale estimate (1.1) as mentioned in (I). The latter is achieved by a
probabilistic approach that extends to the case Ay < 0.

The preprint [56] has recently come to our attention. The authors have been able to prove results
analogous to ours for a specific stochastic SIS epidemic model in randomly switched environments.
The SIS model is described by a multitype birth-and-death process X in a randomly switched
environment — the infection and recovery rates depend on the state of a finite Markov process, which
model the environment, whose transition rates in turn depend on the number of infected individuals.
The total population size K is fixed and the authors show that as K — oo the process converges
to a piecewise deterministic Markov process that lives on a compact state space. The behavior of
the limiting process is determined by the top Lyapunov exponent, A, of the linearized system. The
authors are able to show that as K — oo the time to extinction is, when A < 0, at the most of order
In K and, when A > 0, at least of polynomial order in K. We note that our results are for SDEs and
are significantly sharper.
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The paper is organized as follows. In Section 2 we offer the rigorous mathematical setup of the
problem and exhibit our main results. Section 3 offers some preliminary results that are needed for the
main results. The analysis of the tightness and concentration of the measures p. as well as the proof
of Theorem A are provided in Section 4. Section 5 deals with the proof of Theorem B which is about
the asymptotic bounds on the first two eigenvalues Ac; and A.2 of the generator. The multiscale
dynamics of X and proof of Theorem C appear in Section 6. Section 7 is about the asymptotic of
the mean extinction time E§[T(] and the proof of Theorem D.

2. Mathematical setup and main results

We consider the following family of SDEs:
dX; = b(X{)dt + o(X{)dB; + ey/a(X5)dW, in [0,00), (2.1)

where 0 < € < 1 is a small parameter, b,o : [0,00) — R, a : [0,00) — [0,00) and B;, W; are
two independent standard one-dimensional Brownian motions on some probability space. Here, odB;
models environmental stochasticity and e,/adW; represents demographic stochasticity. Hence, € stands
for the intensity of the demographic stochasticity. We point out that €? is inversely proportional to
the population size, and hence, tends to 0 as the population size goes to infinity.

Throughout this paper, we make the following assumptions on the coefficients b, o and a.

(H) The functions b : [0,00) = R, ¢ : [0,00) = R and a : [0,00) — [0,00) are assumed to satisfy
the following conditions:
(1) be C(]0,00)), b(0) = 0, b'(0) > 0, and limsup,,_, . b(z) < 0;
(2) o € C%(]0,00)), o(0) = 0 and o’ (0) # 0;
(3) a € C?(]0,00)), a(0) = 0, a’(0) > 0, and a > 0 on (0, 00);
(4) there holds

imsu alz ) im b) _ — =
1m—>Soop 2(1') oo fl‘)OO |0'(CE | T—r00 02($)
)

2 2
hffogp Tb(%) max{ (( )) lo ((;”' } 0, and 1ig£risouop 22((;) max {a"(z), (6*(z))", |/ (z)|} = 0.

(H)(1) says that b is a logistic-type growth rate function — these types of growth rates play an
important roles in many biological and ecological applications. In particular, b(z) looks like b'(0)x
around 0 and the per-capita growth rate at zero is positive, b'(0) > 0, something which ensures
persistence if there is no demographic or environmental stochasticity. (H)(2) is satisfied if o(z) =
zf(z) for some f € C?([0,00)) and often appears in modeling environmental stochasticity. We note
that in most applications one has o(x) = oz for some o > 0. (H)(3) assumes that a is degenerate at
0 and behaves like a’(0)x near 0. It is worthwhile to point out that the singularity of a at 0 causes
the non-integrability of the Gibbs density near 0, and thus, leads to substantial difficulties in the
analysis of (2.1). The condition limsup,_, . b(z) < 0 in (H)(1) and the growth conditions on a, b
and o in (H)(4) guarantee (2.1) forms a dissipative system. Other conditions in (H)(4) restricting
the derivatives of a, b and 02 near oo are mild technical assumptions. The assumption (H) applies in
particular to the logistic diffusion:

dXt = Xt(,u* IQXt)dt+UXtdBt +E\/"}/Xtth in [0,00)
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and the stochastic theta logistic model (with 6 > 0):
dX; = X¢(p— kX0)dt + 0 X,dB; + e\/7XedW; in [0,00).

Denote by X5 the diffusion process on [0, 00) generated by solutions of (2.1). For singular diffusion
processes like (2.1), the strong uniqueness is ensured by the well-known Yamada-Watanabe theory
[58, 57]. Moreover, Xf gets absorbed by the absorbing state 0 in finite time almost surely (see e.g.
[6, 34]), leading eventually to extinction dynamics. However, X¢ can display long interesting dynamics
before hitting 0. To capture such dynamics, we use quasi-stationary distributions of X; — these are
initial distributions of X§ on (0,00) such that the distribution of Xf conditioned on not reaching 0
up to time ¢ is independent of ¢ > 0.

Let T§ be the first time that Xy hits 0 (often called the extinction time), that is,

T5=inf{t >0: X; =0}.

Then, Py, [T§ < oo] =1 as mentioned above (see also [34, Chapter VI, Section 3]), where Pf, the law
of X{ with initial distribution u. The associated expectation is denoted by Ef,. If u = d,, we simply
write Py = P§ and Ef = E§ .

Definition 2.1 (Quasi-stationary distribution). A Borel probability measure p. on (0,00) is called a
quasi-stationary distribution (QSD) of X§ if

P [X§ € B|Tg > t] = pe(B), Vt>0, B e B((0,00)),
where B((0,00)) is the Borel o-algebra of (0, 00).

The general theory of QSDs (see e.g. [16, 13]) dsyd that if p. is a QSD of Xy, then there is a unique
number A1 > 0 such that T is exponentially distributed with rate A1 provided X§ ~ pic, that is,
P [T5 > t] = e M, Vit > 0. (2.2)

For this reason, A is often referred to as the extinction rate.

Following [6], we check that under (H), X; admits a unique QSD p. with a positive C? density
U, (see Lemma 3.4 for details). Moreover, the associated extinction rate A¢ 1 is given by the principal
(or the first) eigenvalue of —L, where L, is an appropriate extension of the generator of X§ and acts
on functions in C?((0,00)) as:

Lep= %(GZa +0%)¢" +b¢', Vo € C*((0,00)). (2:3)

The rigorous definition of L, is given in Subsection 3.1. In addition, the spectral gap between the first
and second eigenvalues, A1 and A2, of the operator —L. characterizes the exponential convergence
rate of P§, [X{ € o[t < T] to the QSD p. as t — oo whenever the initial distribution p is compactly
supported in (0, c0).

The main goal of this paper is to analyze the combined effects of environmental and demographic
noises on population persistence and extinction. In order to achieve this, it is of paramount importance
to investigate the asymptotic properties of jie, Ac1 and A¢ 2 as e = 0. We are able to provide detailed
information about the diffusion process X; governed by the QSD ., and to characterize the extinction
time T (especially, the mean extinction time E4[T§]) as well as the global multiscale dynamics of X5.

Investigating the asymptotic properties of X and related quantities (i.e., fte, Ae,1, Ae,2 and Tf) as
€ — 0 leads naturally to the limiting equation of (2.1), namely,

dX? = b(X0)dt + o(X?)dB, in [0,00). (2.4)
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Intuitively, the first step towards a good understanding of these asymptotic properties is to acquire
relevant information about the diffusion process X? on [0, 00) generated by solutions of (2.4). It is
worthwhile to point out that X! behaves fundamentally different from X§ over large time scales. For
instance, if XJ = x € (0,00), then X! does not reach the absorbing state 0 in finite time almost
surely, that is, X > 0 P,-a.e. for all t > 0 (see Proposition 3.1). Moreover, the spectral structure of
the generator of (2.4) differs very much from that of the generator of (2.1), i.e., £L.. More precisely,
the latter is purely discrete (see Lemma 3.1), while the former is not (see Remark 3.1).

The dynamics of X? is very well understood. Following for example [37, 20, 28], we define the
stochastic growth rate (also called invasion rate or external Lyapunov exponent)
/ 0 2
Ao :=b'(0) — @ (2.5)
In population dynamics, the condition Ag > 0 implies that a species tends to increase when it is at
a low density, and therefore, persists in the long run (see [37, 20, 28]). The following sharp threshold

result is part of Proposition 3.1:

e if Ag <0, then §y is the only stationary distribution of X?;
e if Ag > 0, then X? admits a unique positive stationary distribution po with a positive density

G
Ug

ug € C?((0,00)) given by the normalized Gibbs density, namely, ug = , where

HUOG HLl((O,oo))

u§ = %ezﬁ. XL (0,00). (2.6)
More detailed information is given in Subsection 3.4. Our main focus is on the case Ag > 0 — in this
setting the persistence of a species whose dynamics is modelled by (2.4) becomes a transient property
when the model (2.1) is used. This is how things usually behave in nature where a population
persists for a long time after which it eventually goes extinct. Our purpose is to give quantitative and
qualitative characterizations of this phenomenon. We are also able to establish interesting results in
the case Ay < 0, demonstrating significant changes as Ag crosses 0, where a bifurcation occurs.

Our first result addresses the limiting behaviors of . as e — 0. The space C?((0,00)) is equipped

with the topology of locally uniform convergence up to the second derivative.

Theorem A. Assume (H).

(1) If Ao <0, then lime_,o [, ¢dpe = 0 for any ¢ € Cy([0,00)) with ¢(0) = 0.
(2) If Ag > 0, then lim._,o pie = po weakly, and lim o u, = ug in C2((0,00)).

Given the aforementioned sharp threshold result of X7 and the fact that X{ is a small random
perturbation of X? (or, (2.1) is a small random perturbation of (2.4)), the conclusions from Theorem A
are expected and look pretty straightforward. This, however, is completely deceptive from a technical
perspective, especially in the case Ag > 0. Indeed, when Ay > 0, it is not hard to show that any
limiting measure of {u}e must be po (up to multiplication by a constant), and hence, the weak
convergence lime_,o pe = po follows if {ue}e is tight. The tightness of {u.}e comes from studying their
concentration near 0 and co. The concentration near oo follows mainly from the dissipativity and is
obtained by means of the usual technique on the basis of Lyapunov-type functions (see Proposition
4.1). Establishing the concentration near 0 is however troublesome due to the following technical
problems: (i) both the vector field b and the noise terms o and e4/a vanish at 0; such degeneracies are
known to cause difficulties in the analysis and are often avoided in the literature when treating noise-
vanishing problems; (ii) techniques based on Lyapunov-type functions do not apply because of the
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demographic noise term which causes the finite time extinction of X7; otherwise, a unique non-trivial
stationary distribution would exist, instead of the QSD. These issues are circumvented by a two-step
approach: an e-dependent upper bound of u, is first established (see Lemma 3.5); it is followed by an
argument of maximum principle type (see the proof of Proposition 4.2). As a result, we establish in

Proposition 4.2 the following concentration estimate of the densities {u.}:

C
Slelpue(z) < Ea Vz € (0,1‘*)

for some k € (0,1), x, > 0 and C > 0. Such an upper bound is more or less inspired by the expectation

2b’ (0)

. . . 2000) o
lime_,o ue = ug and the behavior of uy near 0, i.e., ug(z) ~ Coxle ©I as x — 0 for some Cy > 0.

20’ (0)

Note that under the assumption Ag > 0 one has 2 — O < 1.
Our second result establishes asymptotic bounds for A ; and X 2, the first two eigenvalues of —L..
Throughout this paper, for positive numbers A, and B, indexed by €, we write

Ac=~. B, A.<.B. and A, 2. B.

€ ~J€

if lim_,o % =1, limsup,_,q % <1 and liminf._,o % > 1, respectively.

Theorem B. Assume (H). Then, lim._,o Ac1 = 0. Moreover, the following hold.

(1)
(2)

If Ao < 0, then there is C > 0 such that Ac1 Ze ﬁ
If Ag > 0, then
o for each 0 < v <« 1, there holds
v’ (0) 20/ (0)

(%) 70y —2 =N rmyz !
€ 7@ 7 < A q Sce X OIEN

e 0 <liminf. ;9 Ac2 < limsup,_,gAc2 < 00.

Remark 2.1. We offer some comments regarding Theorem B.

(1)

We first exhibit the significant effects the environmental noise o(Xy)dB; has by comparing
(2.1) with

dX§ = b(Xf)dt + ey/a(XE)dW, in [0,00). (2.7)

Just like X;, the diffusion process Xf reaches the extinction state 0 in finite time almost
surely and admits a unique QSD with extinction rate 5\571 with —5\6’1 being the first eigen-
value of the (appropriately extended) generator of (2.7). It is shown in [36, Theorem A] that
lime_,q % In 5\671 = —d for some d > 0 that can be computed in terms of a and b. In particular,
5\5,1 is exponentially small in €. Hence, the asymptotic of A¢1 is fundamentally different from
that of ;\6,1, manifesting the significance of the environmental noise. More importantly, turn-
ing an exponentially small extinction rate into a sub-exponentially small one, greatly improves
the observability of the extinction of a species, making (2.1) a much better model than (2.7).

The effects of the environmental noise extend to the extinction time, especially, the mean
extinction time, thanks to the relationship between the extinction time ES[TS] and the extinc-
tion rate Ae;1. See (2.2) and Corollary A.

When Ay < 0, we believe that the lower bound of order

el for Ac1 is sharp in the sense that
there is C > 0 such that Aet Se |Tée\ We offer some further explanation in Remark 2.2 after

Corollary B.
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_ 4b’(0)
(3) When Ay > 0, the upper bound of Ac 1 is improved to Ae 1 Se T 0z 2 foreach0 <y <1

46’ (0)
in Corollary B. This says that the leading order of A¢1 is ele’ (O ®. The reason why we

still include this as a main result is that its proof, relying only on the classical variational
formula, is elementary, while the proof of Corollary B uses heavy machinery (see comments
after Corollary B for details).

(4) When Ay > 0, the asymptotic bounds of Ae1 and Ac o imply that inf(Ae2 — Ae1) > 0. As
mentioned earlier (or see Lemma 3.4), Aea — Ae,1 s the exponential convergence rate of
Ps [X§ € ot <T§] to pe as t — oo whenever the initial distribution p is compactly supported
in (0,00). These facts tell us that the distribution of X quickly approaches p., then stays
close to p. until the time scale ﬁ, after which it finally relaxes to the extinction state. The

multiscale dynamics is precisely characterized in Theorem C.

In our third result, we characterize the multiscale dynamics of the distribution of X; in the case
Ao > 0 as described in Remark 2.1 (4). Denote by ¢, 1 the positive eigenfunction of —L. associated
with Ac 1 subject to the normalization ||¢e1]z2(ue) = 1 (see Lemma 3.1). Let P((0,00)) be the
set of Borel probability measures on (0,00). For p € P((0,00)) and for any measurable function
f1(0,00) = R we write (u, f) := [~ fdp.

Theorem C. Assume (H) and Ag > 0. For any K CC (0,00), there is C = C(K) > 0 such that

sup HP;[XE € .} - [67A611t<,u’7 a€,1>p’é + (1 - 67A6’1t</u’>ae,l>) 50] ||TV § Cei)\e’zt
reEP((0,00))
supp(pn) CK

holds for allt >0 and 0 < € € 1, where a1 = H¢571|‘L1(u§)¢571 satisfies
lin% ae1 =1 locally uniformly in (0, 00).
e—

Built on the eigenfunction expansion of the Markov semigroup associated with X; before hitting
0, Theorem C establishes a sharp estimate quantifying the total variation distance between the dis-
tribution of X; and the convex combination of the QSD p. and the extinction state dg. The locally
uniform limit lim._,¢ ae,; = 1 and the fact that the constant C' is independent of € are what make this
estimate powerful. Together with the asymptotic bounds of A1 and A 2 in Theorem B (2), Theorem
C has the following important dynamical implications:

o if tgl) < t£2) are such that lim._,q tgl) = o0 and lim._,o )\E’ltgz) = 0, then

li PLIXE € o — pie|| oy, = 0;
eg%te[;g%w] ue7f<l(1§),oo>>” i € el = nellry
7% 1 supp(p)cK

o if tf’) is such that lim._,¢ A€,1t§3) = 00, then

li P¢ X5 € -4 = 0.
eﬂte[?;)poo) /L€7>S(1(l£<><>)) H i € el OHTV
c supp(p)CK

Theorems B (2) and C have as immediate consequences the expected but far-reaching asymptotic

reciprocal relationship between the extinction time 7§ and the extinction rate Ac 1, and the asymptotic

distribution of the normalized extinction time ﬁie].
. 0
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Corollary A. Assume (H) and Ay > 0. For each p € P((0,00)) having compact support in (0, c0),
there exists C = C(u) > 0 such that

|PSTS > ] — e ()| < Cem 2, VE>0 and 0 < e < 1,

or equivalently,

Ae,2

IPSAATS > 1] — e Hpyaen)| < Ce ', VE>0and0<e< L.

In particular,

o lime o Py [N 1T > t] = e~ locally uniformly in t € (0,00);

o E[T5] =~ ﬁ,

o lim. o P}, [% > t} = e~ locally uniformly in t € (0,00).
Proof. Let p be as in the statement. Since P{[X; € (0,00)] = Pf[T§ > t], pe((0,00)) = 1 and
30((0,00)) = 0, we apply Theorem C and the definition of the total variation distance to find some
C = C(p) > 0 such that |Pg[T§ > t] — e (1, ce1)| < Ce™ 2! for all ¢ > 0. Replacing ¢ by v

leads to
Ae,2

‘PZ[)‘G,ITOE > t] - €_t</~}'aae,1>’ < Ce Ae’lta vt > 0.

In particular, lim,_,g ]P’;[)\CJTS > t] = e~ locally uniformly in ¢t € (0, c0).
Integrating the above inequality with respect to t over (0, 0o0) yields |/\6,1IEZ [T§] — (u, 045,1)| < C’i(; .
It follows from Theorem B (2) and limeo(p, e 1) = 1 (by Theorem C) that lim. 0 Ac1E [T(] = 1.

The remaining result follows immediately. O

Corollary A says in particular that the normalized extinction time % weakly converges to an
exponential random variable of mean 1 as e — 0. The asymptotic reciprocal relationship Ef, [T€] =~ ﬁ
is a fundamental principle connecting the asymptotics of Ej, [T§] and A¢ 1 — this allows using information
about one of these quantities to analyze the other one. In particular, (non-sharp) asymptotic bounds
of the mean extinction time E$[T§] in the case Ag > 0 can be obtained from the asymptotic bounds
of A1 in Theorem B (2). However, we wanted to improve this and get sharp bounds.

Our last result is devoted to the investigation of the sharp asymptotic bounds of the mean extinction

time ES[T§].

Theorem D. Assume (H). The following hold for each p € P((0,00)) having compact support in
(0,00).
(1) If Ag <0, then there exist Cy,Cq > 0 such that

Cillne| Se EL[T5] Se C2| Inel.

(2) If Ag > 0, then for each 0 < v < 1,

4b’(0)

1y _4b'(0) _ _4b’(0)
&= &N oz

EOIEERS E;[Ttﬂ <
Theorem D is established by adopting a probabilistic approach focusing on analyzing the behaviours
of X§ near 0. It is independent of Theorems A-C.
As an immediate consequence of Corollary A and Theorem D (2), we get the following sharp
asymptotic of A1 when Ay > 0, improving the one given in Theorem B (2).
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Corollary B. Assume (H) and Ao > 0. Then, for each 0 < v < 1,

'(0) _ 4’ (0)
(1+“/)‘(,/(0)‘2 SE )\e,l ,Se 6(1 v)la’(ﬂ)lz

Remark 2.2. When Ay < 0, we are unable to establish the relationship Ef,[T¢] = )\ - for p €
P((0,00)) having compact support in (0,00), and hence, can not apply Theorem D (1) to conclude
|%16‘ Se et Se |f—f€| Nonetheless, we believe that the lower bound for A1 obtained in Theorem B

(1) is sharp.

3. Preliminary
This is a service section. We collect basic materials for later purposes.

3.1. Generator, spectral theory and dynamics. In this subsection, we present some general
results about the spectral theory of the generator of X; and the dynamics of the corresponding
semigroup.

We start with the rigorous formalism of the generator of X;. Set

ac:=efa+0* on [0,00), Ve:i=—[ —ds on (0,00).
1 Qe

Thanks to (H), we have

e—0

* b
. 2 . 2 . _ . 2
611_I>I(IJOze =0 in C%(]0,00)), lim V. = /1 —O_st in C<((0,00)). (3.1)
Consider the symmetric quadratic form &, : C§°((0,00)) x C§°((0,00)) — R defined by

Eo) =5 [ aviulde, Vo.u e O ((0.00),

where
ug = —e = —2ft s iy (0, 00)
Qe Q.
is the non-integrable Gibbs density. The non-integrability of u comes from the singularity of order

1 near 0. Recall uf from (2.6) and note that clearly one has

lin% u =u§ in C?((0,00)). (3.2)
€e—

This fact is frequently used in the sequel. Under (H), it is not hard to check that the form &,
is Markovian and closable (see e.g. [23]). Its smallest closed extension, still denoted by &, is a

Dirichlet form with domain D(&) being the closure of C§°((0,00)) under the norm ||¢H2D(£E) =
H¢||%2(u§) + E(¢, ¢), where L?(uf) := L%((0,00),u%dx). Denote by (L., D(L.)) the non-positive
self-adjoint operator associated with (&, D(&.)), that is,
Ec(D, ) = (—Let ) 2(usy, Yo € D(Le), ¥ € D(E),
where
D(Le) == {u€D(E):3f € L*(u) st. E(u,¢) = (f, $) r2(uc), Vo € D(Ec)} -

It is informatlve to mention that
Lep = (6 a+o )(b” +bg', Vo e C5((0,00)).

The operator L, is a self-adjoint extension in L?(u&) of the generator of (2.1).
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In the next result, we collect basic properties about the spectrum of —L. and the semigroup
generated by L..

Lemma 3.1 ([0, 36]). Assume (H). For each 0 < € < 1, the following hold.

(1) —L. has purely discrete spectrum contained in (0,00) and listed as follows: Aeq < Ae2 <
Aez < -+ — 00.

(2) Each A is associated with a unique eigenfunction ¢.; € D(L)NL (uE)NC2((0,00)) subject
to the normalization | ¢e,i||p2(uey = 1. Moreover, ¢c1 > 0.

(3) The set {¢.q,i € N} forms an orthonormal basis of L*(uS).

(4) L. generates a positive analytic semigroup (Pf);>o of contractions on L*(uf) having the sto-
chastic representation (or Feynman—Kac formula):

PEf = BS[f(XO)Tiers], Y € L) N Cy((0,00)) and t > 0,
(5) For each k € N, f € L*(uf) and t > 0,

k-1
Pif= Ze_’\"it<f, Gei) L2(uG) Peri + PEQL S, (3.3)
=1

where QF, is the spectral projection of L. corresponding to {—A. j}j>k. Moreover,
1P Qi ll 2 (us) s L2uey < €7, £>0.
(6) For each f € Cy((0,00)), the stochastic representation in (4) and (3.3) hold pointwisely.
The following result addressing the uniform-in-e boundedness of the i-th eigenvalue of — L. is useful.
Lemma 3.2. Assume (H). For each i € N, there holds lim sup,_,; A¢; < 00.

Proof. Let {¢e}een C C°°((0,00)) satistfy supp(¢¢) C (¢,£+ 1) and [[¢¢|[z2(ue) = 1. We find from
(3.1) that the limit vy := lime_,0 E (s, d¢) > 0 exists for each £ € N.

Fix i € N and set S; := span{é1,...,¢;}. Since —L. is self-adjoint in L2(u&), the Min-Max
principle says in particular

(=L, O) 12 (ug) (¢ %)

Aei < max— = max
o1 ges 16117209

uc)
Note that each element ¢ € S; can be written as ¢ := 22:1 copp for some ¢y e R, £ =1,...,4i. As the

supports of {¢,}, are disjoint, we calculate ||¢HL2(uG ng:l cl? and & (¢, ¢) = 22:1 c%SE(ngg, oe). Tt
follows that

S 2E(bey be)

Aes < max < max E (g, dp
O T ClER =1, i Yoy, =1, (e be),
leading to limsup,_,g Ae,i < maxe—1,...; Ve O

3.2. Schrodinger operators. In this subsection, we follow the canonical procedure (see e.g. [6]) to
derive the Schrodinger operator that is unitarily equivalent to L. and establish some properties of its
potential. These results will play a significant technical role in the sequel.

Note that X; has the same distribution as the solution process of

dXE = b(XF)dt + 1/ ac(X)dW, in [0,00), (3.4)
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where W; is a standard one-dimensional Brownian motion. Consider the change of variable

1 r 1
=& (x) = ——ds = ——ds, x € (0,00).
v=ttai= [ o= [ oy (0.00)
Clearly, &, is increasing and satisfies £.(04+) = 0. Set Ye oo := &c(00). Then, & : (0,00) — (0, Ye,00)
is invertible. Its inverse is denoted by 7' : (0,yco0) — (0,00). This is the canonical transform
converting the SDE (3.4) into the one with the simplest noise coefficient. More precisely, applying
Itd’s formula, we find that Y€ := £ (XF) solves

dYE = q (YE)dt + dWy, (3.5)

Land L2(vE) = L?((0, Ye.00), v¥dy). The generator of (3.5) is given by

Y 1 d2 : 2/, G
Ee = idiyz "‘Qe(y)@ in L (Ue )

It is straightforward to check that £Y is unitarily equivalent to L£.. More precisely, there holds
UL = LYU,, where U, : L?(u%) — L2(vY), f + fo& ! is unitary.
Now, consider the Schrédinger operator

1 d? 1

S 2 ! : 2

=—— — = L c.00))- .

Lo=507 3 (@2(y) +a(y) i L*((0,e00)) (3.6)

It is not hard to check that U.LY = L£L2U,, where U, : L?(v¥) = L?*((0,%c.00)), f = f1/vC is unitary.
We include the following commutative diagram for readers’ convenience:

L2(uf) Y L2(09) —T L2((0,ye00))

lce lcz lz:f

L2(uf) Y L2(09) —T L2((0,ye0))

We point out that rigorous definitions of £Y and £Z can be done using quadratic forms as done in
Subsection 3.1 for £.. By the unitary transforms, the domains of £Y and £ are respectively given
by U.D(L.) and UU.D(L.), and the domains of quadratic forms associated with £¥ and £ are
respectively given by U.D(&.) and U U.D(E,).

The potential of the Schrédinger operator £ is denoted by

1
W, = 3 (qe2 +4q.) on (0,Yeo0)
Some elementary properties of W, are collected in the following result.

Lemma 3.3. Assume (H). The following hold.

_ 3\042\2 - 0472' ;- bal b2
(1) 2Weole = g5~ — 5 +V = 5= + o
(2) There exist y1 € (0,00) and C > 0 such that inf, W(y) > y% for all y € (0,y1].

(3) There exists x, € (0,00) such that

b2 6—1
Wey) > S8 W)
4o (& (y))
(4) The family {W.}. is uniformly lower bounded, that is, inf, min W, > —oc.

vy € [56($*)aye,oo) and 0 < e < 1.
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Proof. (1) Straightforward calculations yield

b2 bal ol |? ba. o ol |?
oge_ ‘E‘a qéoge:b/_ié_i |E|
Qe 2ae 16046 2@6 4 8(16

The expression for W, follows immediately.
(2) Thanks to (H)(1)-(3) and Taylor’s expansion at « = 0,
2

ac(z) = a(z) + o*(z) = €2d’(0)x + (;a”(O) + |a'(0)|2) 22 + o(x?),
ag(z) = €a'(z) + 20(2)o’ (z) = €/ (0) + (¢*a”(0) + 2|0" (0)[*) = + o(x),
o (z) = €a”(2) + 2(]0" (2)* + o(x)0” (z)) = €2a”(0) + 2|0’ (0)* + 0(1),  and
b(z) =b'(0)z + o(1).
For fixed § € (0, 3) (to be specified), we find 0 < £ < 1 such that

() g ()
1—(5<7<1 0, 1—-0< =5 <1496
=2 =t = 2a) =T

| (z)| <3|’ (0)]?, b'(z) >0 and 0<b(z)<2(0)z, Ve (0,re).
Hence, with y = &.(z),

Blag()]?  af(z)  bz)ag(z)
2Wg > € €
W) 2 Toaewy ~ 4 ()
3(1-06)*€%a’(0) 3, , o 20(0)(1+9) 2
—_— ' (0)]* = —————=—, V 0 .
26050 = 170l i—0 @ "2€0nre)
Since
3,9 20(0)(1+9)  a'(0) 1 €2d/(0) 9
1o OF + 05 “Tr <1 =z Va € (0, ke?),
where the first inequality is due to the smallness of «, we arrive at
3(1-6)%2€%d/(0) 1 €2d'(0) 1€2a'(0) 9
2 S S
W()_16(1+6) T 18 =z 9 =z Ve € (0,7,
where we fixed § so that ((11155)) = % in the equality.
Note that
¥ d 2
y=E&(x) > / 5 = VT , Vo € (0,ke?),
0o V(I +8)ed(0)s  +/(1+5)e2a’(0)
leading to
1 4€%a’(0) 4
2We(y) > = = —, Yye(0,y1),
W) =z s i ~sara e V0w
where y; 1= T S £.(ke?). This proves (2)
(3) Obviously, 2W, o0 &, > g—f - b(% - O‘f + V. By (H)(4), there is z, > 0 such that
v 3 Al |b] ol v
ai>r.27 o Sz M FoVsgn i (@.,00)
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(4) Let  be as in (3). The assumption (H) implies supy, | max{|aé/|, I, M} < 0o. The

conclusion then follows from (1) and (3).

Lemma 3.3 says that the potential W, is lower bounded and satisfies W (y) — oo as y — 0% and
Yeoo- Classical spectral theory of Schrodinger operators then ensures that the spectrum of —L? is
purely discrete, and so is that of —L. by the unitary equivalence. This is the idea in [6] of obtaining
the spectral structure of —L..

3.3. Quasi-stationary distributions. The existence and uniqueness of QSDs of X; and their prop-
erties are investigated in [6] (see also [55, 44, 46, 43, 13, 48, 10, 27, 30]). We summarize relevant results

in the following lemma. Denote by L} the Fokker-Planck operator associated with X, namely,

L:6= () — (o), V6 € 0%((0,00))

where we recall o, := €2a + 02. Recall from Lemma 3.1 that Ae,1 and A¢ o are the first two eigenvalues
of —L.. The associated normalized eigenfunctions are denoted by ¢. 1 and ¢, 2 with ¢.1 > 0.

Lemma 3.4 ([6]). Assume (H). For each 0 < ¢ < 1, X7 admits a unique QSD u. with the extinction

rate Ae.1. Moreover, pe admits a positive density ue € CQ((O, 00)) satisfying Liu. = —Ac1ue and given

uG

by ue = Wﬁ In addition, if pn € P((0,00)) has compact support in (0,00), then

lim (2= 20t (P¢ [Xf € Blt < Tg] — pe(B))

t—o0

e.od
. /0 ¢ 204 <]1Ba¢6,2>L2(u£G) _ <]lBa¢e7l>L2(u§)<]1a¢6,2>L2(u§)
/00 Pe1dp I e

0 )

We point out that du. = u.dx being a QSD of X7 is a direct consequence of Lemma 3.1. Verifying

) , VB e B((0,00)).

L' (u%) H¢6,1||2L1(u§)

the uniqueness is however much more challenging. In [6], the authors achieve this by exploring the
so-called “coming down from infinity” saying that oo is an entrance boundary for X;, and obtain a
necessary and sufficient condition. As a result, they show for any initial distribution p € P((0, o))
the conditioned dynamics P}, [X§ € o]t < T converges to u. under the topology of weak convergence
as t — oo. This can be improved to exponential convergence with rate Aco — A¢ 1 if p is compactly
supported in (0,00) as stated in Lemma 3.4.

The next result is a stepping stone to obtaining finer results of the QSD p. or its density u. near 0.

Lemma 3.5. Assume (H). For each 0 < ¢ < 1, there holds limsup,_, ue(z) < co.

Proof. Tt is actually a special case of [53, Corollary 3.1]. Indeed, the authors consider in [53] the
following SDE:

where b : [0,00) — R satisfies b € C([0,00)) N C((0,00)), b(0) = 0, b(z) > 0 for all 0 < 2 < 1, and

b(z) < 0 for all z > 1, and a : [0,00) — [0, 00) satisfies a € C?([0,00)), a(0) = 0, @ > 0 on (0, 00)
and fol \}gds < 00. See [3, (A1) and (A3)]; these are assumptions on @ and b needed to prove [53,

Corollary 3.1]. Assuming the existence of a QSD i, with density 4. (whose regularity is guaranteed by
the elliptic regularity) and extinction rate A, the authors show that limsup,_,, @(x) < co. The proof
given in [53] is analytic and utilizes the eigen-equation satisfied by ., namely, %(&ﬁé)” - (l;ﬂé)’ =
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—Aefic. In particular, the proof is insensitive to the form of the noise term in the SDE (3.7). Tt is
crucial to mention that the above result is pointwise in e.

In our case, Lemma 3.4 says that ue obeys Liu. = —A¢ 1ue, that is, %(aeuc)” — (bue)’ = —=Ae1Ue.
It is easy to see from (H)(1)-(3) that b and % (= % (e%a + o)) satisfy conditions for b and %d. As a
result, we conclude limsup,_,q uc(z) < co. O

3.4. SDE with only environmental noise. In this subsection, we consider the SDE (2.4), whose
solutions generate the diffusion process X?. Recall from (2.6) that uf = e’ I 3245 in (0, 00), which
is a non-normalized and not necessarily integrable Gibbs density associated with (2.4) or X?.

The following lemma addresses the integrability /non-integrability of uOG. Recall that the external
Lyapunov exponent Ag is defined in (2.5).

Lemma 3.6. Assume (H). Then, u§ € L*((1,00)), and u§ € L'((0,1)) if Ao > 0 and u§ ¢ L*((0,1))
if Ag <0.

Proof. We first prove u§ € L'((1,00)). Note that u§ = e/, where f = 2 [ Lds — Ino?. Clearly,
l(o

fl=2_ @) Since limsup,_, % 022),‘ =0 (by (H)(4)) and b(x) < 0 for z > 1, there is 1 > 1

o2 o
such that f < % in [z1,00). Thus, u§(z) < exp{f(xl) —|—f;1 U—bzds} for all x > z;. Thanks to

lim, oo 282 — o by (H)(4)), we find M > 1 and x5 > x1 such that 2b(2) < M for # > xy. Tt
o2 (x)

o2(z)
follows that

xr2 b Il ) b —M
ug(x)gexp{f(x1)+/ ;dsfM/ Sds}exp{f(x1)+/ U2d5} <;2> , Yz >,

The integrability of u§ in (1, 00) follows.

Thanks to (H) (1)-(2), the Taylor expansions of b and ¢ near 0 give u§ (z) ~ 27 in the vicinity

of 0, where v = % — 2. Tt follows the integrability (resp. non-integrability) of «§ in (0,1) when

Ap > 0 (resp. Ag < 0). O
The next result concerning the global dynamics of X? is classical (see e.g. [37, 20, 28]).

Proposition 3.1. Assume (H). Then, for any u € P((0,00)) and t > 0, there holds X > 0 P,-a.e.
Furthermore, the following hold.

(1) If Ao < 0, then &y is the unique stationary distribution of X{. Moreover, for any u €
P((0,00)), limy—yoo XY =0 Py-a.e.
(2) If Ao > 0, then X? admits a unique stationary distribution po with a positive density ug €

Ug

C?((0,00)) given by the normalized Gibbs density, that is, uy = . Moreover, there

G2 (0,00))

is some v > 0 such that for any p € P((0,00)), there exists C = C(u) > 0 such that
0 [0 —t
[0 [P € ] —pollpy < C, w20
Denote by L the Fokker-Planck operator associated with X?, that is,
1
Lip = 5(0%0)" — (b9), Vo € C*((0, ).

We need the following uniqueness result about solutions of the stationary Fokker-Planck equation
Liu = 0.
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Lemma 3.7. Assume (H)(1)-(2) and Ag > 0. If u € C?((0,00)) N L1((0,1)) solves Liu = 0, then
u=Cu§ for some C € R.

Proof. Solving Liu = 0, we find C;,Cy € R such that

o2

u(z) = g/l ey 2d5d + 02 2 = C11(z) + Cou§ (z), Yz € (0, 00).

By Lemma 3.6, u§’ € L*((0,1)). We show that I is not integrable near 0. Then, the assumption
u € L*((0,1)) implies that C; = 0, leading to the conclusion.
Let 0 < § < 1 and set k := %. Note that £ > 1 due to Ag > 0. By (H)(1)-(2), there

exists z.. € (0,1) such that b(z) < (14+6)b'(0)z and 1 —6 < w?&% <1+ forall x € (0,z,). Then,

(1 5b’
/ / + )2 dsmln(x>7 VO< o <y <,
Y 0)|%s 2 Yy
T 2f;a%dsd >/x* E F»d _ ol 1 B 1 v 0
/x € y= - y Y= -1\t vt )7 z € (0.z).

From which, it follows that

we derive from

that

1 % ey 1 " 1 1
() > Iy szds g > _
@2 o [ e > et (7 )
1 1 zn2
= e Vo € (0, z4).
T T () Y0
Since I < 0 in (0, z,), the non-integrability of I near 0 follows. This completes the proof. O

Denote by L the generator associated with X}, that is,

2
Lo = T ¢" +bd, Vo€ C*((0,50)).

The generator Ly extends to a self-adjoint operator in L%(u§) := L2((0,00);u$'dr). The rigorous
formalism can be done using quadratic forms as it is done for £, in Subsection 3.1. We end up this
subsection with some discussion regarding the spectral properties of £y. While not needed in the
sequel, this will provide evidence that the spectrum of £, (in particular, A1 and Ac2) behaves in a
non-trivial way as € — 0.

Remark 3.1. Note that the coefficient of the second order term of L. vanishes like Mm asx — 0,

while that of Lo vanishes like &x as x — 0. This singular limit of L. as € — 0 accounts for the
non-trivial behaviour of the spectrum of L. as € — 0. Below are some consequences.

(1) Unlike L., the spectrum of Lo is not purely discrete. To see this, we modify calculations
in Subsection 3.2 to convert Ly to an unitarily equivalent Schridinger operator. Since % is
non-integrable near 0, we consider the change of variable

Y= gO(x) = A %dsv UAS (Oa OO)

Clearly, & 1is increasing and satisfies {o(0+) = —o0. Set Yoo := &o(0). Then, & : (0,00) —
(—00,Y0,00) is invertible. Its inverse is denoted by &5'. Then, Y := &(X}) solves

dY? = qo(Y2)dt + dWy, (3.8)
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where g 1= (g - %)ofo_l. Setv§ = (u§o)oy " and L2 (v§) == L*((—00, Yo.00), v§ dy). Note
that Uy : L2(u§) — L2(S), f— fo&t and Uy : L2(v§) = L*((—00,40.00)), f = F/05

are unitary transforms. The operator L5 := ﬁoUoﬁoU(;lU(;l turns out to be a Schridinger
operator on (—00,Yo,00) and is given by

£S~ 1d2

0T oy % (6 (y) +ao(y)) in L*((=00,yo,00))-

It is easy to check that the potential Wy := 3 (qf + q}) of —L§ satisfies Wo(—o0) € R and
Wo(yo,00—) = 00. Hence, the spectrum of L5 is not purely discrete; neither is the spectrum of
EQ.
When Ag < 0, inf o(Ly) > 0. Clearly, inf o(Ly) > 0 as Ly is self-adjoint and non-negative. To
see 0 ¢ o(Ly), we note that two linearly independent solution of Lou = 0 are given by uy =1
o _(vazp . . . . . )

and ug = fl e I 2 dsdy. It is elementary to verify that lim,_ o+ uz(x) exists and is negative.
Since u§ ¢ LY((0,1)) in this case by Lemma 3.6, we conclude uy,us ¢ L2((0,1),u§dz).
Moreover, it is not hard to see that uy € L?((1,00),uSdx) and ug ¢ L*((1,00),u§dz). Hence,
Cruy + Caug ¢ L2(u§) for any (Cy, Cy) # (0,0), implying 0 ¢ o(Lo).

Theorem B gives limc_,g A1 = 0, saying that the limit of the principal eigenvalue .1 of
L. is not an eigenvalue, but a generalized eigenvalue of Ly.
When Ag > 0, 0 = inf o(Ly) is a simple eigenvalue with constant eigenfunctions. However,
obtaining information about the bottom of the rest of the spectrum, i.e., inf o(Ly) \ {0}, is
difficult. Given the complicated structure of o(Ly), it is even hard to determine whether
info(Ly) \ {0} is an eigenvalue. This is what prevents us from establishing a more precise
asymptotic of Ae 2 beyond what we were able to show in Theorem B (2).

4. Tightness and concentration of QSDs

In this section, we study the tightness and concentration of y. as € — 0, and prove Theorem A

in particular. We study concentration properties of p. near oo and 0 in Subsections 4.1 and 4.2,

respectively, leading to the tightness of {c}.. Theorem A is proven in Subsection 4.3.

4.1. Concentration near infinity. We prove the following result addressing the concentration of
e near co. The proof mainly uses techniques on the basis of Lyapunov-type functions.

Proposition 4.1. Assume (H). Then, lim,_, o sup, pe((z,00)) = 0.

Proof. Set V := — [’ % ds in (0,00). Then,

cv=© (“b(UQ)/ - “b/> T <b<"2)/ - b’) v

2 o4 o2 2 o2 o2

Thanks to (H)(4), we find some Ny € N such that £V < — Y in (No,00). As V(o0) = o0 by (H),
there is ng > 1 such that {ng < V} C (N, 00), and hence,

202

2
cv<-2 {no < V}. (4.1)

- 202
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Let {¢n}n>n, be a sequence of smooth and non-decreasing functions on (0, c0) satisfying

0, xr € (0,710),
Cu(z) =X 2, x € (ng+1,n), and ¢ <0on[n,n+2].
n+1, z€(n+2,00),

In addition, we let {(,}» coincide on [0,n¢ + 1].
Due to V(o00) = oo and (H)(1)-(2), the function ¢, (V) — (n+1) is twice continuously differentiable
and compactly supported. As L¥u, = —Acjue (in the weak sense), we derive

0 :/ L [G(V) = (n+1)] uedr + A@l/ (o (V) = (n+ 1)] uedz
v 0
°° 1

< [T [ewrew + jaciom ] v

0
1

-/ VLT + a0V s

{no<V<n+2} 2
where we used A¢1 > 0 and (, — (n+ 1) <0 in the inequality, and ¢, = 0 on (0,n¢) and ¢}, = ¢,/ =0

on (n+ 2,00) in the last equality.
We deduce from ¢/, =1 on [ng + 1,n], ¢/, > 0 and (4.1) that

/ ¢ (VL Vuedr < / LV u.dx
{no<V<n+2} {no+1<v<n}

§—1< inf b2>ue({no+1§‘/§n})'

2 (nol—?l,oo) ?
As ¢, =0 on [ng+1,n] and ¢ <0 on [n,n + 2], we find
1 Cen Cem
/ 5 Qe ;{(V)|V’\2u€dx < / uedr < —=,
{no<V<n+t2} 2 {no<V<no+1} 2

where Ce, = MaX{ng<v<ng+1} aelCL(V)[|V'[2. Hence, we find

o\ -1
pe(fng +1 < V) = lim ue({n0+1§V§n})§C€7,L< inf b) .

(no+1,00) 02
Recall that ¢/ is independent of n on [ng,ng + 1]. As (H) ensures lim; 22%(3;)) = oo and the local

boundedness of sup, a., the conclusion follows. O

4.2. Concentration near the extinction state. We prove the following result quantifying u. or
u, near 0 in the case Ag > 0.

Proposition 4.2. Assume (H) and Ag > 0. Then, there are k € (0,1), . > 0 and C > 0 such that

sup u(z) < V€ (0,z.).

L
€ xk

In particular, limg o sup, pe((0,2)) = 0.

We establish some results before proving Proposition 4.2. The following result addressing the limit
of A¢,;1 as € = 0 is the general part of Theorem B.

Theorem 4.1. Assume (H). Then, lim._,o Ac; = 0.
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Proof. We extend p. to be a Borel probability measure on [0,00) by setting p.({0}) = 0. Propo-

sition 4.1 ensures that {u.}. is tight as Borel probability measures on [0,00). We assume, up to a

sequence, that p. weakly converges to some Borel probability measure ., on [0,00) as e — 0. Since

limsup,_,y Ae,1 < 00 by Lemma 3.2, we assume without loss of generality that lim._,o Ac;1 = A > 0.
Let f:[0,00) — R be bounded and uniformly continuous. We claim that

B L) = e [ fan, iz (12)

Setting f = 1 yields 1 = e~ *+* for all t > 0, resulting A\, = 0. The theorem then follows.
It remains to prove (4.2). Fix any ¢ > 0. Note that for any ¢ > 0,

B [F(X0)] - Eo[£(XP)]] S/ \f(Xf)—f(X?)ldeJr/ |F(XF) — F(XP)|dP
| Xsf—X0|>6

|XF—XP|<o
< AP { oo 12 - X0 >0+ [ 1) - f(xa
0<s<t | X XO‘Sé

As (2.1) is a small random perturbation of (2.4), we apply [22, Theorem 2.1.2] with standard modifi-
cations to find

hm P, { Jnax, |X¢— X9 > 5} =0 locally uniformly in z € [0, c0).

The uniform continuity of f implies

=0 =0

lim lim sup/ |f(XF) — f(X))|dP, = 0 locally uniformly in z € [0, 00).
|X¢—X0|<6
Hence, we arrive at lim._,o ES[f(Xf)] = E.[f(X?)] locally uniformly in = € [0, 00). It follows that

timsup | [ES(X)] ~ Ba [ FOX)] it < 20w sup e ((4,06)), YA >0,
e—> 0 €
Thanks to Proposition 4.1, we pass to the limit A — oo to find
oo
timsup [ [5[FOX)] - Ealf O] disc =0
e— 0

The regularity of b and o ensures that E[f(X})] € Cp([0,00)). Hence, the weak limit lim, o pe =
fix implies that limeo [ Eo[f(X{)|dpe = [;° Eo[f(XP)]dps. As a result,

B [F(X0)] - B, [f(X)]] < / [ESLF(XE)] — Ealf (X0 dpe

+ —0 as e—0.

/ TR (X0)dpe — / TR (X0 dp

Considering the facts E_[f(Xf)] = e~ *e1! 157 fdpe, imeso [;° fdpe = [J° fdp, and limj_,o A, =
A, we deduce

B LX) = i =5, [/G0)) = lime ™t [ g = e [ g,

leading to (4.2). This completes the proof. O

The next technical lemma is needed.
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Lemma 4.1. Assume (H) and Ay > 0. Then, there are k, € (0,1) such that for any k € (ki,1),
there exist . > 0, €, = €,.(k) > 0 and C = C(k) > 0 such that

Liz™% < —Cx™ in (0,z.), Vec(0,e).
Proof. Let k € (0,1). Straightforward calculations yield

2 2\ 2\/ 2
ook € 4, (@) (0%)  k(k+1)o
e e e

k(k+1)e%a
2z

— ké?d | 7PN

b
—b’—l—k} x4 {
x

(4.3)
We see from (H)(1)-(3) that for 0 < 2 < 1
(®)” (6%  k(k+1)o? k*—3k+2
_ k + —
2 x 222 2
1
-V + kg =—(1=k)'(0)+ o(1), kk+ Da _

It follows from (4.3) that

|0 (0)* + o(1),

k(k — 1)
/I __
2% ko' ===

(a’(0) +0(1)) < 0.

Lot < ia,,+ k% —3k+2

5 5 lo"(0)]2 — (1 = B)O'(0) + o(1)| 2%, VO<uz<1.

Since lim,_,g % sup(,1y @ = 0, the conclusion of the lemma follows if we show the existence of some
ky € (0,1) such that

k2 —3k+2
%w'(on? (- kW(0) <0, Vke (k1) (4.4)
Since Ag > 0, there exists J, > 0 such that ¥'(0) > (1 + 6,) [0’(0)], and thus,
2 _ 2 1
EoR 2 0 — (1= b (0) < g (k — 1)k — 1+ 26)[0' O

Setting k. := 1 — 20, leads to (4.4). O
Now, we prove Proposition 4.2.

Proof of Proposition 4.2. By Theorem 4.1 and Lemma 4.1, there are k € (0,1) and x, > 0 such that

(LX4 X))z <0 in (0,m,). (4.5)
Set v := x*u,. The fact v > 0 and Lemma 3.5 imply that
lim v.(z) = 0. (4.6)
z—0

Using (£ + Ae;1)ue = 0 (by Lemma 3.4), we calculate
1 k LX+Aeq1)z™k
R G L

. =0. 4.7
L (4.7)

, /

Note that (£f + Ae,1)ue = 0 is the same as 3 (oeul) + [(% - b) ue} + Ae,1ue = 0. Considering the

first limit in (3.1) and Theorem 4.1, we apply Harnack’s inequality to find C; > 0 (independent of €)
such that

Ty Tx -
Zx Tx %5 T
10 2 4 02 *

A0, [T 40
sup ue < Cyp inf u. < ! / uedr < L
Ty Jou
4

_ k 4Cy (z.\F
Hence, SUP(2x 2x) Ve = SUP(zx 2x) T Ue < (7) :

= .
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Due to (4.5), the coefficient of v, in (4.7) is negative on (0, z,). Given (4.6), we apply the maximum
principle to ve on (0, %) to conclude that mMax (g, zx) Ve = Ve (%*) < % (—*)k The conclusion follows
from the relation ue = 5. O

4.3. Proof of Theorem A. (1) If Ag < 0, we extend p, to be a Borel probability measure on [0, c0) by
setting p.({0}) = 0. Arguments as in the proof of Theorem 4.1 show that up to a sequence . weakly
converges to some Borel probability measure i, on [0, 00) as € — 0. Moreover, E,,_ [¢(X{)] = [~ ddp.
for all t > 0 and ¢ € Cy([0, 0)).

Since Proposition 3.1 says lim; s Xy = 0 P,-a.e. for any x > 0, we deduce from the dominated
convergence theorem that [° ¢du, = lime oo By, [6(X])] = ¢(0) for all ¢ € Cy([0,00)), leading
to px = dg. As a result, lim,qgpu. = 09 weakly, and in particular, lim._.q fooo odpe = 0 for all
¢ € Cp([0,00)) with ¢(0) = 0.

(2) If Ay > 0, Propositions 4.1 and 4.2 ensure the tightness of {p}.. We assume up to a sequence
that p. weakly converges to some Borel probability measure p, on (0,00) as € — 0. By Lemma 3.4,
the density u. of u. satisfies %(asue)” — (bue)" + Ac,1ue = 0. This together with the first limit in (3.1)
and Theorem 4.1 implies that p, must satisfy £iu = 0 in the weak sense, that is, fooo Lopdp, = 0 for
all ¢ € C3((0,00)).

We claim g, admits a non-negative density u, € C?((0,00)) and lim;j_,o ue, = u, in C?((0,00)).
Then, Liu, = 0, and hence, v, = up and p. = po by Lemma 3.7. That is, po is the unique limiting
measure of {y.} and lim._,0u. = ug locally in C2((0,0)), giving the desired result.

It remains to prove the claim. Let Z; and Z; be open intervals in (0,00) and satisfy Z; CC
T, CC (0,00). Given (3.1) and Theorem 4.1, we apply Harnack’s inequality to u. on Zy to find
Cy = C1(Z1,Z5) > 0 (independent of €) such that

uedr < —

sup ue < Cqinfu, < .
PUe > 111 € ‘Il|

~1
7 Z1| Jz,

Setting ¢, := ;‘—657 we find from (3.2) that supz, ¢ < 21:;11@1; <@ 5}?;1 e That is, {d,} is locally
uniformly bounded. In comparison with the expression for u. given in Lemma 3.4, we readily see that
¢ is a positive eigenfunction of —L. associated with A 1, and hence, satisfies 1a.¢! +bg. = —Ac 1 6.
Given the first limit in (3.1) and Theorem 4.1, we apply the classical interior Schauder estimates to
{¢e}e to arrive at sup, supz (|¢L] + |¢7| + |¢]) < oo for any Z CC (0,00). An application of the
Arzela-Ascoli theorem then yields the precompactness of {¢.}. and {¢”}. in C(Z). Since Z CC (0,0)
is arbitrary, we may assume without loss of generality according to the diagonal argument that ¢,
locally converges to some non-negative ¢, in C?((0,00)) as j — oo. Thanks to (3.2) and the weak
limit limj o0 phe; = pt«, we find dp, = u.dz with u, := gb*ug; and u, converges to u, in C%((0,00)) as
€ — 0. This proves the claim, and thus, completes the proof.

5. Asymptotic bounds of the first two eigenvalues

This section is devoted to the proof of Theorem B. The asymptotic bounds of the first and second
eigenvalues are respectively treated in Subsections 5.1 and 5.2.

We start with a technical result that is frequently used in the sequel. It says that appropriately
normalized eigenfunctions of — £, have uniform-in-e small tails (against a weight) near co, and is only
used for eigenfunctions associated with the first two eigenvalues.
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Lemma 5.1. Assume (H) and fix i € N. For each 0 < ¢ < 1, let (;35,,- be an eigenfunction of —L.
associated with the eigenvalue A¢ ;. If sup, fwo: |Pei 2uCdx < 1 for some x¢ > 0, then

oo
lim sup/ |pe.i|*uCdx = 0.
Z—00 €

z

Proof. Set . ; 1= ﬁEUegge,i, where U, and U, are unitary transforms defined in Subsection 3.2. Then,

55(332) T2
/ e i|Pdy = / |Gei|?uldr <1, Vag <31 < 19 < 00, (5.1)
¢ v

e(z1) Z1

where the inequality is a result of the assumption. Moreover, —£% Ye,i = A¢e,ile,i, that is,

1 .
- 5/(/)2/’1 + Weql)e,i - )\e,iwe,i m (07 ye,oo)~ (52)

Fix some integer ng > x4+ 1. Let {ny }n>n, be a sequence of functions in C5°((0, c0)), take values
in [0, 1] and satisfy

0, z¢€ (0,np—1)U(2n,00), x € [ng — 1,n0],
M (2) =

1, z € (ng,n),

2
and F(x)] <7
()] {2 x € [n,2n].

In addition, we require {7, }n>n, to coincide on (0,ng]. Clearly, as n — oo, 1, converges (uniformly
in (0,M) for any M > 0) to some function n € C*((0,00)) taking values in [0,1] and satisfying
1 = Nng+1 on (0,n9] and n =1 on (ng, 00).

Set Ty, == Ny 0 L. Obviously, . € C2((0,Ye.00)) With supp(fin.c) C (€c(no — 1), Ye.00). Mul-
tiplying (5.2) by 77 .tbc; and integrating over (0,%c,o0), we find from integration by parts and (5.1)
that

1 Ye, 00

Ye, 00 Ye, 00
5/0 ﬁi,e|¢é,i|2dy+/0 ﬁn,eﬁ;,ewaiwé,idy"‘/o ﬁi,eWelmedy

Ye, 00 Ye, 00
— e / 72 JesPdy < A / Weal?dy < Ao
0 55(71071)

An application of Holder’s inequality yields

Ye, 00 B » , 1 Ye, 00 B ;19 2 Ye, 00 » 9 2
/ nn,ﬁnn,ewe,iwﬁ’idy < 5/ |n’ﬂ’6we,i| dy 2/ |nn,ew€’i| dy
0 0 0
Lofhes= o) e Yoo g 2
< 1 o nn,e|we,i dy + 0 |nn,e| |w€’i| dy

Absorbing 1 [/ 72 .|4! ;|*dy and dropping the remaining § [/~ 72 | ;|*dy yield

yE,OC
/ ﬁrQL,eW6|1/}e,i|2dy S )\e,i +/
0 0

Since 7y, . = (,v/ac) 0 £ and {n}nsn, coincide on [ng — 1,ng], we see from the first limit in
(3.1) that there is M; > 0 such that

sup Tl = sup | |Voe < /My, Vn > ng.
[€e(no—1),&e(n0)] [no—1,n0]

Ye,

|77]';L,5|2|1/}6,i|2dy- (53)
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Thanks to (H)(4), we can make ng larger if necessary to ensure the existence of some My > 0 such
that a. < Mao? and %l < 8\/&‘0‘ n (ng,00). As |n,| < 2 on [n,2n], we derive that for n > ng and

y =& () € [&(n), & (2n)],
70| = I @@ < 2/ad) <42 <4 /aplr@l W)

= 2o(@)
Ye, 00 » 5 55(”0) 9 55(2’”4) » 9
/‘ . —/ \mJMA@+/ 7,
0 Ec(no—1) Ee(n)

&e(no) 00 1
ng/ U el l/ 205_ s 2dy
€c(no—1) 8 Je.(no) 0% 0 &e

1 [ 2o0¢1
SMl‘i’*/ 2 5 |we z|2dya
8 Jecno) 0 °€e

where we used (5.1) in the last inequality. It follows from (5.3) that

Ye,c0 1 o Oé‘ 1
/ Un5W|¢ez| dy < Aei + My + - / 2 —
0 8 fe(no) o Og

Therefore,

—— b | Pdy

00 051

1
§2M1+7/ — |¢ez| dya
8 Je.(no) 02 0 &

where we assumed without loss of generality that limsup,_,g Ac; < Mj in the last inequality (ensured
by Lemma 3.2). Since 7, 11 as n — oo, letting n — oo in the above inequality leads to

Yo 2 L[ 05 '
neWE|¢e,i| dy < 2M, + g 5 — |¢e l| dy,
0 €e(no) O Of
where 7). := o 7! satisfies 7. = 1 on [£.(n0), Ye.00). By Lemma 3.3 (3), we can make ng larger if
necessary so that W, > 4b 22_1 in (€(n0), Ye,00). As a result,

1 [ b2og! 1 [ b2og !
1/ W}e z|2dy < 2M1+ 8/ W)e z|2dy
3 1

(no) 020 &" ng) 020 &

Hence, we see from (5.1) that

o0 b 1 Ye, 00 b2 1
7/ ‘Qbe 1|2 Gd / Ogi W}e z|2dy < 2M17
8 Jno 8 £e(no) a? of

giving fzoo |</3€,i|2u§dx < % for any z > ng. The conclusion follows immediately from the fact

z,00) 52

lim, o0 % = oo ensured by (H)(4). This completes the proof. O
5.1. Asymptotic bounds of the first eigenvalue. Note that the limit lim. o A1 = 0 has been
established in Theorem 4.1. In the rest of this subsection, we prove finer asymptotic bounds of the
first eigenvalue A.; of —L. stated in Theorem B.

The asymptotic bounds of A.; under the condition Ag > 0 stated in Theorem B (2) is restated in
the following result.

Theorem 5.1. Assume (H) and Ay > 0. For each 0 < v < 1, there holds

b’ (0) _ 26(0)
(1+"/)‘ (02 SE )\e,l Se 6(1 'Y)la/(0)|2
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Proof. The upper bound and lower bound are treated separately.
Upper bound. As the first eigenvalue of the self-adjoint operator —L., A¢1 admits the variational
o0 o0
/ a€|q§'|2u§dx / |¢;\2672V5dx
0

A6,1 = infg ) < é)o 1 ’ (54)
pED(EC) / |¢|2U€Gd£‘ / |¢E|276—2V€dx
0 0 Qe

where ¢ € C§°((0,00)) is non-decreasing and satisfies

formula:

0, 0<z<e 2
be(r) = TSS ad o< ¢. < = on (e 2€).
1, x> 2, €

By (H)(1), b > 0 in (0, z,) for some 2, > 0. Split =V, = [ Lds+ [} Lds=: A+ B.. Clearly,

Qe

B, is increasing in (0, x,). Hence,

o] 2e 2e
/ |¢)’6‘2672V€ dr = / ‘¢2|2672V€ dr < %62146 / e2B€(az:)d1, < éeQAd»QB((Ze), (55)
0 € € € €
and
/ |q§€\2ie_2vfdx > 24 / ieQB‘dq: — 2Ac+2Bc(2¢) / 1 e2Be(@)—2Bc(2¢€) g, (5.6)
0 Qe 2¢ Qe 2¢ Qe

As Ag > 0, there is g > 0 such that k = k() == % > 1 for all v € (0,70). By (H)(1)-(3),

we can make x, = x.(7y) smaller if necessary so that
br) _ (1—)(0)
ac(z) ~ €2d'(0) + |0’ (0)|2x

As a consequence, we find

and () < (1 +7)(2d' (0)x + |0’ (0)]2x?), Va € (0,.),

o A=)(0) €?a’(0) +|o’(0) Pz
9B, (x) — 2B.(2€) > 2 ds = k1 Ve (26,1.),
(0 =28.20>2 | i g = o oy ¥ € @00
leading to
rk—1
/OO 1 2B<(2)=2B(2€) . > 1 /gC (¢2a/(0) + |0’ (0)[*x) ldx _. Ce y
2c Qe() T 14y Jee (2d/(0) + 260’ (0)]2)" z Coen

where C. , satisfies inf. C,, > 0. Hence, we see from (5.4), (5.5) and (5.6) that A\c; <. C,e" ! for
some C,, > 0. Since this is true for all v € (0,70), the constant C, can be replaced by 1, establishing
the upper bound.

Lower bound. Recall from Lemma 3.1 that ¢ is the positive eigenfunction of —L, associated with
Ae,1 and satisfies [¢c 1]/z2(uo) = 1. In particular,

Aeg = Ec(be,1, be,1) :/ |¢;,1‘2672V5d$' (5.7)
0

Let 0 < § < 1. By Lemma 5.1, there is #* = 2*(8) > 1 such that [ |pc1[*uSdx < 6. Then,

x* 1
L= 00 Baug) <8+ [ [6eal’pe e (59)
0

By Lemma 3.5, there are C. > 0 and z. > 0 such that u. < C¢ in (0,z). This together with

Pe, — . . .
Ue = mie 2Ve (by Lemma 3.4) yields ¢.1 < C’6||¢6’1\|L1(u€c)aee2vﬁ in (0,z¢). Since a, =
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€2a + o2 and V. (0+) fol Df’ ds < 0o, (H)(2)-(3) ensures the existence of C/ > 0 such that ¢.1(z) <

CeCll|penllprugyr for x € (0,z.). In particular, ¢.1(04+) = 0, and hence, ¢1 = fo. ¢ 1dx. This
together with (5.8) and Holder’s inequality yields

1-6< / '
0 0
< [ ([N o) ([ @) e
0 0 ’ 0 ac(x)
< ( | ¢;,1<y>|2e-we<y>dy) I
0

1 )ez[vﬁ(y)_vﬁ(m)]dydx. It then follows from (5.7) that

ac(z
1-9
At 2 . (5.9)

To finish the proof, it suffices to derive an appropriate upper bound for Z.. From (H)(1)-(3) we
find 2. = 2.(d) > 0 such that

b(z) < (1+0)b(0)x and ea(x)+o?(x) > (1 —)z[e?a’ (0) + |0’ (0)[*z], Va € (0,z,).
Clearly, . < z*. We write

T. = (/ / )/ AV =Ve@lgydy =: 1, +11.. (5.10)

We first treat I.. Note that for 0 < y < x < x4,

€,1

2
Je Ve Ve gy -2V gy
()

where 7, = fom* fom

b)Y +48) [* 1 k. €2a'(0) + |0’ (0)]2x
€ — Ve < ds = -1 ; .
R e R A D ERr et R mare o )
where k := % > 1 due to the assumption Ay > 0. It follows that
1 e2a’(0) + |o’(0) 221"
I, </ / [ dydzx
(1 =06)z[e*a’(0) + |o'(0)[*x] [ €2a’(0) + [0"(0)[?y (5.12)
I*[ ()Jrltf()|2]”1 Yoy (Y 20—
=1 (5 . ; [€“a’(0) + |o'(0)|"y] "dydzx.
Clearly, [ [e*a’(0) + |a( WPy~ "dy < [€2a’(0)]"z. Calculating the integral and dropping the
negative term (due to k > 1), we find
x / —2
[ ea+ oy < ZO gy (5.13)
0 _

Thus, for any v € (0, 1),

/1’[62@/(0) + |J/(0)|2y]—mdy < ([GQGI(O)]_K.’L')’Y (O”(O)|_ [62a/(0)]1—n> - _ 0162—2m—27x77
0

k—1
where Oy := [a/(0)]* 7|0’ (0)]>~V(x — 1)Y= 1. Tt then follows from (5.12) that
Ie S i62—2n—27/ x’y—l[e2al(0) + |0/(O)|2x}m—ldm
1-9 0
o - (5.14)
< 1 2-2r—2y k=1L 2—2k—2y
S [2a’(0) + [0"(0)[?.] 7_026 :
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where Cy := (201 | /( )|2(n71)zf—1+'y.
Now, we treat II.. By (5.11), for = € [x.,z*),
Ve(y) — Ve(x) =
) () /y 62a + 02 62a + 02
K ( ) +1o’ (0)|233* / " bl
<71n —ds, Vye (0,z,),
2 2w 0) + [ 0) Py (0]
and V(y) ) < f |b‘ 2ds for y € [z,,x). Hence, there are C5,Cy > 0 such that

z* T T 1 T
11, :/ (/ +/ > Te2[Ve<y>—Ve<ﬂC”dyda; < 03/ [€2d’(0) + |’ (0)|2y] "dy + Cy.  (5.15)
Ty 0 Ty Qe (T 0

Applying (5.13) to the integral [;"[e?a’(0) + |0’ (0)|?y]~"dy, we find for some C5 > 0,

/ -2
II6 S Cg%[EQG/(O)]l_K + 04 S 0562_2K

This together with (5.10) and (5.14) leads to Z, < (Ca + C5)e>~25=27, Thanks to (5.9), the conclusion
follows readily from x = % and the arbitrariness of 0 < § < 1 and v € (0,1). O

Theorem B (1) regarding the asymptotic lower bound of A ; under the condition Ay < 0 is restated
as the next result.

Theorem 5.2. Assume (H) and Ay < 0. There exists C > 0 such that A\c1 e ﬁ

Proof. We proceed as in the proof of the lower bound in Theorem 5.1. As Ag < 0, welet 0 < § < 1

be such that x := ﬁ% < 1. Following arguments leading to (5.9), we find

(5.16)

for some x* = 2*(6) > 1, where 7, = fox* IN Ve W) =Ve@ldydx. Due to (H)(1)-(3), there exists

Zx = 24(d) > 0 such that

ac(z

b(x) < (L+0)b'(0)x and ea(x)+o?(x) > (1 —)z[e?a’ (0) + |0’ (0)[*z], Va € (0,z.).

We split

7. = (/ / )/ AV =Ve@lgydy =: 1, +11.. (5.17)

We first treat I.. Since for any 0 < y < x < x,

Vely) — Vi) < LOO+D) / 1 r o Ed(0)+10'(0)x

= 22(0) + [/ (O~ 2™ @a'(0) 1 |0/ (0) 2y’
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we deduce
e2a'(0) + |o’(0) 2z 1" i
I</ / =8z <>+|a<>|2a:1 L%/(O)HJ'(O)?A dyd
T 1| e2a’(0) -t N
(14)(1%”0( >|2/0 z [1 (( >+|o'<o>|2x) ]d
1 el 1 (5.18)
EDEDIEOE / @ (1 T +x>1—*’»> e
B 1 ! Lt
TR O i
ErION

where the first equality follows from straightforward calculation, the second one is a result of an obvious
1— tl

change of variable, and the third one is due to the change of variable ¢ = =— _Hc Since < 1 for
€ (0,1), we deduce
1 1-k 1 / 2
1—t¢ 1 |o’(0)]*x.
—dt < dt:l 1+ ————) <31
/ R —/ n( * aqgq) ) S8
IO \o’(tm?
2a’(0) e2a’(0)
which together with (5.18) leads to
3
I. < |2|1n6| =: C1|lne|. (5.19)

(1=9)(1 = r)|o’(0)

Now, we treat II.. Direct computation yields
E [lo’ (0)Pa. ] "

o 2 7 / 2, 1—K #
| e Py < g

This together with similar arguments leading to (5.15) yields IT, < Cs for some C3 > 0. As a result of
(5.17) and (5.19), Z. < Ci|Ine| + C2 < 2C;|Ine|. From which and (5.16), the conclusion follows. O

5.2. Asymptotic bounds of the second eigenvalue. The purpose of this subsection is to prove
the asymptotic bounds of A. 2 stated in Theorem B (2). Clearly, it follows from Lemma 3.2 and the
following result.

Theorem 5.3. Assume (H) and Ay > 0. Then, infe A2 > 0.

We establish some lemmas before proving Theorem 5.3. Recall from Lemma 3.1 that A¢ 2 > A1 >0
are simple eigenvalues of —L. and have eigenfunctions in D(L.) N L*(u&) N C?((0,00)). For i = 1,2,
let ¢, ; be an eigenfunction of —L. associated with A.; and satisfy the normalization

(0.25u) + 1Pe.ill 22 ((1.00); ugy = L. (5.20)

Such a normalization is chosen to acqulre certain compactness of {(;56 i} that plays a key role in the
proof of Theorem 5.3. Moreover, we let ¢e 1 > 0. Direct calculations show that u. ; := (,255 ,u satisfies

‘Ceue,i = *Ae,iue,i- (521)

The first lemma establishes an upper bound for |u 2| near 0.

Lemma 5.2. Assume (H). For each v > 0 and 0 < € < 1, there exist C = C(e,y) > 0 and
Ty = 24(€) > 0 such that [uco(x)| < Ca= 277 for x € (0,2,).
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Proof. Set ¢ o := ﬁEUﬁqgs,g, where U, and U, are unitary transforms defined in Subsection 3.2. Then,
1.2 satisfies 7,6651/)672 = Ac2®e 2 in (0, Ye o0 ), that is,

1 .
- 57/}22 + We¢e,2 = )\6,2%,2 mn (07ye,oo)7 (522)

where we recall that ye oo = [y \/ﬁd& By (H)(2)-(3), Ye,00 increases to oo as € — 0.

Fix n. € (0,1) (whose exactly value is to be determined) and 0 < d§, < 1. Let {n5}o<s<s, be a
family of functions in C§°((0,1)), take values in [0, 7,] and satisfy

0, € (0,9), 21, 1
ns(x) = ye©9) 0<ns< T on [6,26] and |n5| < 4n. on {, 1) . (5.23)
Ues Yy € (257 %)a 6 2
Multiplying (5.22) by n$t. 2 and integrating by parts yield
1 1 1 1 1
5 / 77§|7/};2|2dy + / 7751/15,277:51/)2,26131 + / Wen§|'¢)e,2|2dy = )\e,2 7)§|1/)e,2|2dy- (524)
0 0 0 0

An application of Holder’s inequality and (5.23) yields

1 1
1
/ Nse,2Ms5Ve ody| < 7/ 03¢l o
0 4 Jo
e 20,07 |2 4n? 20 2 2 ! 2
<1 N5V o] “dy + 52 Vel dy + 1605 [ [tbe 2] dy.
0 5 L
Thanks to Lemma 3.3 (2) and (4), we can find C' > 0 and M > 1, and make d, smaller if necessary
(all independent of €) such that W(y) > y% > % for y € (6,20) and ¢ € (0,0,) and W, + M > 1.

Setting 7, := min {4—@, 41%}, we derive

1
*dy + / n51% [e 2| *dy
0

! !0 1 ! 20,/ 2 C 20 2 1 ! 2
/ N5e 2Ms5Pe 2dY| < */ Uy dy+f2/ [1e 2] dy+*/ |the 2| dy
1

< =
!
It then follows from (5.24) that

1 1
1
/ ns|Yeal*dy + 5 / (We + M)n3 e o[*dy.
0 0

1t 1t MY\ [*
Z/ 77(%|¢2,2 2dy + 5 / (We + M)’?§|¢e,2|2d1/ < <)\E72 + 2) / 77§|1/Je,2|2dy7
0 0 0
and thus,
1t 1t M\ o, ! )
L[ iiabans g [ ivarar < (sa s 5 ) [ v
0 0 0

Note that it suffices to prove the result for each 0 < v <« 1. Let 7 be such a number. As
limsup,_,g Ae,2 < 00 (by Lemma 3.2) and ||t 2|
C1||$672||L2(u§) for some Cy = C4(y) > 0 (independent of §).

L2((0,ye.00)) = ||<£672||L2(u§) < 00, the Sobolev embed-

ding theorem gives HT](;’(/JE’Q”C%,,Y([O ) <

In particular,
_ L 1
15 (1) Ve2(y)] < Cill@eallL2weyy?™™, Vy e <0, 2) -

As ns converges to 7, on (0, %), we let § — 07 in the above inequality to find

Ci, ~ 1 1 1
el < SHdcaliaet = ot e (03).
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where Cy = Ca(e,7) = %||€55,2||L2(u§)- Setting 25 := £71(1), we see from uco = Peoul and
bep = UU o that

ltea| = [then 0 Elac TV < Cog2 "(Pa) "tV i (0,25). (5.25)

Since lim¢_,o & () = oo for any 2 > 0, there must hold lim._, ¢ = 0. Hence, a(z) > 1a’(0)z for

x € (0,z5%). Then,
22 [x .
c m7 Va € (O,x*)

V2 o[l
§E(m)§€\/m/0 %ds

As V! = —L <0 near 0, V, is non-increasing in (0,z¢). It follows from (5.25) that
5= _3
2\/5 X 2 1 2 4 —V.(z¢ C A
|u6’2($)| S 02 <E« / a/(())) |:26 a/(0)$:| e e (x5) = x%T%’ Y c (0,.’1’;*)
This completes the proof. O

The following result is in preparation for the contradiction arguments for qNSEﬂ- to be used in the
proof of Theorem 5.3.

Lemma 5.3. Assume (H) and Ay > 0.

(1) lim,_,q sup, foz beauldr = 0.
(2) Iflime_y0 Ae2 =0, then lim,_,osup, foz |Q~5€72|u§da: = 0.

Proof. As lim._,y Ac;1 = 0 by Theorem 4.1, the proof is done if we show that for ¢ = 1, 2, the condition
lime_,¢ Ac;; = 0 implies lim,_,o sup, foz |¢6’¢|u§dx =0. Asu.; = ¢67iu§7 it is the same as showing

lim sup/ |te,i|dz = 0. (5.26)
z—0 ¢ 0

We proceed as in the proof of Proposition 4.2. Given lim.9 A¢; = 0, we apply Lemma 4.1 to
find for fixed k € (3,1) the existence of z1 € (0,1) such that (£ + Ac;)z™% < 0 in (0,21). Setting

Ve = —=f, we compute using (5.21)

-

(ﬁ: + /\e,i)I_k
x*k}

1 k
—av! + (aé —b— a€> vl +
2 ' T ’
Note that lim, .o |ve;(x)| = 0. Indeed, Lemma 5.2 implies that there are C. > 0 and z, > 0 such
that |ue;(x)] < C.x=2*+3) for x € (0, z.). Hence, lim,_,g |ve ;(x)] < Celim, 4 ak—3(k+3) = 0,
Let x2 € (0,21). Note that the equation (5.21) can be written as

ve,; =0 in (0,00). (5.27)

1 /
(aeu;i)/ + {(2042 - b) ue,i] + Ae,itte; = 0. (5.28)

— N

Due to the first limit in (3.1) and lim_,o Ac; = 0 (by assumption), we apply the classical interior De

Giorgi-Nash-Moser estimates (see e.g. [11, 24]) in (%2, 222) to find C' > 0 (independent of €) such that

O 3:/52 C 3m2 C
2 2 ~

sup  Jues| < — / el = = / |BeluCdr < <

)5 )5 &

3 5x
(32, 5) ’

where we used the normalization (5.20) in the last inequality. Hence, |vi(z2)| < Cah™!.
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Since v, satisfies (5.27), lim;_0vei(x) = 0 and (L£f + A\.;)xz~F < 0, we apply the maximum
principle to ve; in (0,22) and conclude that sup,e(g z,) Ve ()] = |vei(22)] < Czh™!, leading to
lue.i(z)| < Cxh=laz=F for & € (0,25). Thus,

x5 3 3 C
/ |¢6,i|u§dx = / [tte s |dx < ng_l/ z Fdr = 79@_’“.
0 0 0 1—k

Since the above estimate holds for any x5 € (0,21) and is uniform in 0 < € < 1, we arrive at (5.26),
and hence, proves the lemma. O

The monotonicity of ¢~>€,1 is addressed in the next result.
Lemma 5.4. Assume (H). There holds gzNS’el > 0.
- - - N - -
Proof. Note that d.1 satisfies Lede1 = ~A1de, or (e72%6L 1) = =2 A6 ey, Since e > 0,

e 2Ve gz;él is strictly decreasing.
Suppose on the contrary that (;3’6,1(:100) < 0 for some zg € (0,00). Then, there is 1 > xy such that

e—QVE(x)qgle’l(m) < e—zve(xl)(gfe’l(xl) <0, Vz>uz,

leading to qg’el(as) < eQ(Vé(z)*Vé(zl))q~5;7l(x1) for x > x1. Since V(x) — Ve(z1) = — ;1 a@ds — 00
as x — 00, we find &;1(35) — —o0 as & — 00, and hence, limsup, . é.1(x) = —oc, contradicting
¢e1 > 0. Hence, (5’61 > 0. O

The last lemma is elementary.
Lemma 5.5. Assume (H). Then, sup, [~ u€dx < c.

Proof. By (H)(1)(4), there exist x; > 0 and €, > 0 such that b < 0 and €?a + 02 < 202 in (21, 00) for
all 0 < € < €. Therefore,

uS(z) = exp {2/11 ﬁds — In(e%a(x) + 02(1'))}

Xy b xr b
Sexp{Q/l st}xexp{/x Mds—anQ(x)}, Vo > z7.

Obviously, the conclusion follows if we show f;lo exp { f;l T%ds —Ino? (x)} dx < 0o, which can be

verified by arguments as in the proof of Lemma 3.6. g
We are ready to prove Theorem 5.3.

Proof of Theorem 5.3. Suppose on the contrary that inf¢ A2 = 0. Up to a subsequence, we may
assume, without loss of generality, that lim._,o A2 = 0. We derive a contradiction within four steps.

Step 1. We show for i = 1,2 the existence of u; € C%((0,00)) N L*((0, 00)) satisfying Liu; = 0 such
that lim 0 ue; = u; in C?((0,00)).

Recall that u.; = ¢€,iu§ and qge,i satisfies (5.20). We apply Holder’s inequality to find

00 0o oo 3
sup/ |te s|de < 1+ Sup/ |pe.iluCdr <14 sup (/ ufdx) < 00, (5.29)
€ 0 € 2 € 2

where we used the normalization (5.20) in the first and third inequalities, and Lemma 5.5 to derive
the final uniform boundedness. Considering the positive and negative parts of {uc;}e separately, we
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apply Helly’s selection principle (see e.g. [12, Theorem 4.3.3 and 4.4.1]) to find a signed Borel measure
wi on (0,00) such that, up to a subsequence, lim,_,q fooo Pue dr = fooo ddu; for any ¢ € C.((0,00)).

Letting ¢ — 0 in (5.21), we find Lip; = 0 in the weak sense from the first limit in (3.1) and
lime_,0 Ae; = 0 (by Theorem 4.1 if ¢ = 1 and assumption if ¢ = 2). Moreover, we apply the classical
interior De Giorgi-Nash-Moser estimates (see e.g. [l11, 24]) to find that for any open intervals 7
and Z' with T cC 7' cC (0,00), there exists C = C(Z,Z') > 0 (independent of ¢) such that
supr |te,i| < Cllueillr1(z7). Then, we can follow the arguments as in the proof of Theorem A (2) to
conclude that ; admits a density u; € C%((0,00)) and lim¢_,ou.; = u; in C?((0,00)). The estimate
(5.29) and Fatou’s lemma guarantee u; € L'((0,00)).

Step 2. We show the existence of C7; > 0 and Cy # 0 such that lim,_,g (Z)E,Z- = C; in C2%((0,00)) for
i=1,2.

By Step 1 and <Z;E 1 > 0, we apply Lemma 3.7 to find C7 > 0 and C5 € R such that u; = CinG for
i=1,2. Recall ¢; = 1;‘ *. Thanks to lime_ouc; = u; in C%((0,00)) (by Step 1) and (3.2), the limit
lim,_,0 ¢c; = C; holds in C2((0,00)).

By Lemmas 5.1 and 5.3, the normalization (5.20) ensures the existence of some x > 1 such that
f1 |ciluCda + [ |feil*uldr > L. Letting e — 0 yields Cy| 3 u§ da + C2 J{ u§dx > 5. Hence,
c; # 0. In particular, C; > 0. )

Step 3. We show that lim._, fooo be1¢eauldr = C1Cy fooo uS'dx # 0.

Obviously, for any x > 1, there holds

/ (Jge,lée,QUeGdl' — 0102/ ugdz
0 0

K

(f)elfbszu dx—C’lCz/ u§ dz| +

(/ / ) et |beoulde (5.30)
+ C1|Cs| </0 + /:O> uf dr =: I.(k) + (k) + III(k).

limI. (k) =0, Vk>1, lim supll.(k)=0 and lim III(x)=0. (5.31)

e—0 K—00 ¢ K—00

We claim that

Given (5.31), the conclusion follows from taking the limit € — 0 and then x — oo in (5.30).
We prove (5.31). Clearly, [;° u§'dz < co (by Lemma 3.6) yields lim, o III(x) = 0. Thanks to
Step 2 and (3.2), we see lim._,oI.(x) =0 for any x > 1.

For I1.(k), Holder’s inequality and Lemma 5.1 yield lim,_, o Sup, f;o @,1 5 ? x = 0. Note that

Lemma 5.4 and Step 2 imply

sup sup ¢, < sup ber(x) < oo, Vx>0, (5.32)
€ (0,z)

which together with Lemma 5.3 (2) leads to lim,_, sup, foé (5671 5 2lu = 0. It follows that

lim,;_, o0 sup, Il (k) = 0. The claim (5.31), and hence, the conclusion is proven.

Step 4. Recall that —L, is self-adjoint in L?(u&). Since (;51 e and qbg e are elgenfunctlons associated
with Ac 1 and A2, respectively, they are orthogonal in L?(u &), namely, fo ¢E71¢672u6 dx = 0, which
is in contradictory to Step 3.

In conclusion, inf, A¢ 2 > 0 and the theorem is proven. O
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6. Multiscale dynamics

In this section, we study the multiscale dynamics of the distribution of X§ and prove Theorem C.
Recall from Lemma 3.1 the semigroup (Pf):>o and for each k € N the spectral projection Qf, of L,
corresponding to the eigenvalues {—Ac ;};>x. The following lemma plays a crucial role in the proof of
Theorem C.

Lemma 6.1. Assume (H) and Ay > 0. For each k € N, there is Cy, > 0 such that for 0 < e < 1,
1
|PEQif| < Crade' e M| fllee in (0,00), Vt>2 and f € Cy((0,00)).
Proof. Set Pf := UUPfU-'U-", where U, and U, are unitary transforms specified in Subsection
3.2. Then, (Pf);>0 is an analytic semigroup of contractions on L?((0,%. )) generated by £Z. The
spectrum of £, being the same as that of L., consists of simple eigenvalues {—\c;}ien (see Lemma
3.1). We finish the proof within four steps.

Step 1. We show for each p € (2, 00], there is D (p) > 0 such that sup, || Pf|z2—» < D1(p).
According to Lemma 3.3 (4), there is M > 0 such that W.+M > 1. Since o(£5 — M) C (—o0, —M)

and [[(A — (L5 — M) pospe = m for all A € p(L5 — M), we find

1
[N = (L5 = M) Y22 < o VA € C with R\ > 0. (6.1)

As L5 — M generates the analytic semigroup (e~ M*Pf);>¢ of contractions on L2((0,yc.»)), and the
right-hand side of (6.1) is independent of €, we apply [19, Theorem 2.5.2] to find C; > 0 (independent
of €) such that
~ C
(L5 = M)e ™ Pf|| 12y < 71 Vit > 0. (6.2)
Let D(L?) be the domain of £Z. Since
1 Ye, 00 Ye, 00
(—(£2 = M)u,u)2 = 5/ || dy +/ (We + M)|ul*dy, Vue D(L?),
0 0

we derive from W, + M > 1 and (6.2) that for f € L2((0,y.o)) and t > 0,

1 Ye, 00 < %o Ye, 00 = =0
5 |0y P; f|"dy + |y fIPdy
0 0
1 Ye, 00 . Ye, o0 <=
§§ |0y P{ fI7dy + (We + M)| Py f°dy
0 0
= <_(Les - M)I:’ff, Pt6f>L2
C el\/[t _ o 02€2Mt _ 1 Ye,oo
< PNl Pl < R+ 5 [ 1P,
¢ 21 2 J,
leading to
Ye,c0 <= Ye,c0 <o 01262Mt 19
| 0B Ry [ Py < S0

Since Lemma 3.3 (2)-(3) ensures W, + M blows up at 0 and y. .., we see that Pff belongs to
W3 2((0, Yeno)) (the closure of C5°((0,%e.00)) under the WH2((0,yc.00))-norm). Hence, the Sobolev
embedding theorem ensures that for each p > 2 there is C2(p) > 0 such that

< V2C1Co(p)

125 Fller < Calp) (19, PEFlle + 1P Flli2 ) < S22 M o
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Setting t = 1 yields the result with D1 (p) := v/2C1Co(p)e.
Step 2. We prove that for each p € (1,2), there holds sup, ||p1€||L1)4)L2 < D1(p'), where p’ is the dual
exponent of p, namely, 11) + 1% =1.

The result in Step 1 says || Pf||;2_,;,» < D1(p’), which together with the symmetry of Pf yields
1P fllze < Di@)Ifllees V€ L2((0,Ye00)) N LP((0, Ye,00))-

Thus, P{ uniquely extends to be a bounded linear operator from LP((0, ye.00)) to L2((0,Yc.)), and
satisfies || Pf||zr—r2 < D1(p').

Step 3. We show the existence of p, € (1,2) and Dy > 0 such that sup, |UUcf|zo- < Daf|loo for
all f € Cy((0,00)). )
Let f € Cp((0,00)) and set f. := UU.f. Straightforward calculations yield that for each p € (1,2),

Yeoo Ye, 00 e B . © o—pVe
| V= [T (@) kadiap) ostay < sl [ Sy
0 0 0 (073
Note that if there exists p. € (1,2) such that
S e*P*Ve
sup/ —dx < o0, (6.3)
€ 0 a64 +§
1
—Px Ve P
then the result holds with Dy = sup, <f0°° epiivldx
ad T2

We show (6.3) for some p, € (1,2). Fix 0<é< 1. By (H)(1)-(3), there is x1 € (0,1) such that

x — Y (0)z an - 0lz)
b(x) > (1 - 8)b'(0) d 10 050y + [ (0)2)

o e_pVE r1 e_pVe oo e_PVe
/ = / e +/ e = 1.(p) + TL(p).
0 0 itz e

P 1 p1
1tz 1 1tz
Qe € L Qe

<1496, Vze(0,z1). (6.4)

We split

Following arguments as in the proof of Lemma 3.6, we find sup, II.(p) < oo for each p € (1,2).
Now, we treat I.(p). We deduce from (6.4) that

x T
—Ve(z) = ials +/ ids
1

: (1= 8)¥(0) N
= / 1+ 0)(@a(0) + [/ (0)F5) " +/1 ol (6.5)

(L=0(0) | Ea(0)+]|o'(0)fx
T 1+ (0) e

L
+/ ds, Yz € (0,21).

2'(0) + 0" (0) Py~ /s, 02

As Ay >0, k= % > 1. Fix some p, € (max{l, (k— %)71} ,2). It follows from (6.4) and
(6.5) that

Le(p«) <

Dxk

[€2a(0) + |07 (0)[2z1] 2
C
 [(2a'(0) + [07(0) |21)]

C 1 [€2a’(0) + |0’ (0)|?2] 5 7 2
/0 dx

N
A‘E
+
Nl
c\a
&
*f —
Dl
QU
8
IA
—
N|=
|
]
*
S~—
S
=S| Q
S~—
S
p‘:f
+
N
S
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s 11| , : :
where C' = (1 — §)~ % —2¢" Jey 52 s and we used in the second inequality the fact Pem — B2 — 25 >0
so that

x 2 7 / 2, _EBx 1 T
/ HEdO) + o SDO) o F T dz < [%d’(0) + |07 (0) 22, 5"~ 5 2 / , 1 dx.
0 0

00 ¢~ PxVe
0 Px 4 1
alt 2

As a result, sup, dx = sup [I¢(ps) + Ic(ps)] < 00, that is, (6.3) is true.

Step 4. We finish the proof. Note that Qz = 0€U€Q2UE’1U;1 is the spectral projection of £
corresponding to {—Ac ;};>k. As Pf and Qf, are commutative, we apply Steps 1-2 to deduce for
f € LP((0,Ye.00)) (where p, is given in Step 3) and ¢ > 2 that

12 Q5. f oo < D1(00)l| Py Q5. f | 2
< Di(oo)e e+ D P f 2 < Di(o0) Di(pl)e 2| fl| Lo ,
where p/, is the dual exponent of p,. This together with Step 3 yields for f € C,((0,00)) and ¢ > 2,
PEQES = U U PEQLUU |
= [(PEQRUUS) 0 & (uf Var)
< 1Pf QU el e

_1
2

. 1
< Dy (00) Dy (pl)e o+ 2| UUf | oo el €
1
< Dy (00) Dy (pl) Dae™ *+ "2 ad V|| || oo
As sup, Ac; < oo by Lemma 3.2, the result follows. O

Now, we prove Theorem C.

Proof of Theorem C. Let u € P((0,00)) be such that supp(u) C K. Recall that ¢, 1 is the positive
eigenfunction of —L, associated with A ; and satisfies the normalization [|¢¢ 1]|z2(uo) = 1. We apply
Lemma 3.1 (6) to find that for f € Cy((0,00)) and ¢t > 0,

EZ[f(XtE)]].t<TOE] = €7A€’1t<fa ¢5,1>L2(u§) / ¢e,ldﬂ + / PtEngdﬂ
0 0

pe1ul
e llLicuo)

Recall the density of the QSD . is given by u, =
the statement. Then,

. Let Q1 = ||¢e,1||L1(u§)¢e,1 be as in

ELIf (X)) Licrs] = e g1

vy [ Geadn [ fuades [ PrGssdn
0 0 0
—e Nt an) [ fuds s [ PEQsfdn.
0 0
Setting f =1 yields P [t < T§] = e (p, e 1) + JsT PrQs1dpy. Hence,
B[ (X9)] = EL[f (X)) Learg] + £(0) (1 — P<[t < Tg])

= e M a) /0 fuedz + (1 — e (u, ac1)) £(0) + /O PEQs(f — f(0))dp.
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It follows from Lemma 6.1 that there is C' > 0 such that for ¢ > 2,

B0~ [ ) [ fude+ (1= 0.) 10

o0
< O fllooe et / adeVedp < Ge | f]] e,
0

where C' = C(K) := 1 + supy |a\ef1’ 7295 As a result, we find
[PSIX5 € o] = [ (p, aen) e + (1 — ey aen)) S0 || oy < Ce 2!, Vit > 2.
Note that if we establish the limit

lil% a. =1 locally uniformly in (0, c0), (6.6)
e—

then the conclusion of the theorem follows for ¢ > 2. Making C larger if necessary, the conclusion
holds for all ¢ > 0. Thus, it remains to show (6.6).

To do so, we let gbe 1 be the positive eigenfunction of —L. associated with A.; and satisfy the
normalization (5.20), namely, ||¢.. 121 ((0,2);u0) + (| e 1l 22((1,00)5ug) = 1. Since ¢c.1 is proportional to
Mqﬁé 1. As Step 2 in the proof of Theorem 5.3 says

H¢6 1”L2(uG)

@e.1, there holds a1 =

hH(l) ¢e1 = C1 locally uniformly in (0, c0) (6.7)
E—
for some constant C; > 0, (6.6) follows if we can show

li e ooy = €1 [ ufde and lim i ey = CF [ ofdn (69

For any « > 1, we split

/ qgeﬁlu?dx—cl/ ugda:
0 0

K K 1 oo 1 o) (69)
:/ éeylufdm—Cl/ ugdx—i— (/ +/ >$571u§dx+01 (/ —|—/ )ugdm
% % 0 K 0 K
/ $? 1qu:E—C1/ u§ dx
0
K K 1 oo 1 oo (610)
:/ gi)f’luﬁcda:—Cf/ u§dx + </ +/ > Qf,lufdaj—t—Cf (/ +/ )ucdaj
% % 0 K 0 K
By (3.2) and (6.7), we see that
21_}1% / beauldr — C’l/1 u§dz| =0, hm . »2 uCdx — C? /1 u§dr| =0, V> 1.
Lemmas 5.1 and 5.3 yield
lim sup/ peauldr =0, hm Sup/ gbe wlde = 0. (6.11)
K—r 00O €

From which and Lemma 5.5, we apply Holder’s inequality to find lim,_,. sup, f;o é@lufdx =0
Furthermore, we see from (5.32) and (6.11) that lim,_,q sup, foé q@ilufd:v =0.
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Given these limits, (6.8) follows immediately from taking the limit € — 0 and then x — oo in (6.9)
and (6.10). This completes the proof. O

7. Asymptotic bounds of the mean extinction time

In this section, we adopt probabilistic methods to study the asymptotic of the mean extinction
time E¢[7]. In particular, we prove Theorem D.

We begin with the introduction of some notations that are used frequently in the rest of this section.
For 0 < 0 < 1, (H) (1)-(3) ensures the existence of 5 = 3(J) € (0,1) such that

B b(z) e ()
L=0= 502 2[2a(0) + | (0)]22]

<144, Vre(0,f)and0<e<x 1. (7.1)

Set

2(1—0)b'(0)
(1+0)|o"(0)?
Note that k_ < ky <1 when Ay <0, and k4 > x_ > 1 when Ag > 0.

Fix z. = z.(6) € (0,8). Denote by 7¢ = 7¢(0) the first time X exits from (0, ), namely,
¢ :=inf{t > 0: X; = 0 or #}, and by 75 = 75 (0) the first time Xf hits x,, namely, 75 _(0) :=
inf{t >0: X7 =ux.}.

For each 0 < e < 1 and x € (0, 00), we define

se(@) = sc(w,6) : = / 2 sy,

T x

¢ ’ (Y1 z ;
re(z) =re(x,0) : = / e 2L aiedé/ — el a%d‘sdzdy.
z, Qe

2(1+ 6)'(0)

o= he0) 1= T ol OF

and K4 =kKy(0) = (7.2)

o (2)
In literature (see e.g. [37]), sc is referred to as the scale function. The function r. arises naturally in
the study of the mean exit time E¢[7¢] (see [34, 37] or the proof of Lemma 7.2). It is easy to check

that s¢(0+) € (—00,0) and r.(0+) € (0, 00).

Replacing a. by o2 in the definition of s, and 7., we define sg and 7. It is straightforward to check
that so(0+) € (—00,0) when Ay < 0, and $¢(0+) = —oo when Ay > 0. Moreover, ro(0+) = oco.

We establish three lemmas before proving Theorem D. The first one concerns the asymptotic of
$¢(0+) and P (X< = S] for z € (0, 8).
Lemma 7.1. Assume (H). Then, lim._,q s. = so. Moreover,

(1) if Ao <0, then lime g s(0+) = s9(0+) > —o0 and

_ so(x) — s0(0+4)

s0(8) — s0(0+)
(2) if Ao > 0, then there are C1,Cy > 0 (depending on §) such that

Cre 271 < 5 (04) <o Cope 21,

I%P;[X;E = 6] € (071)7 V(E € (075)7

and for each x € (0, 8), there are C3,Cy > 0 such that
1— Cye(r="1 S PEIXE = B] Se 1 — Cae®ie .

Proof. Since a. | o2 on (0,8) as ¢ — 0, we apply the monotone convergence theorem to find
lim,_,0 s = sp and lim_,q 5¢(0+) = s0(0+).
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It is well known (see e.g. [34, Theorem 6.3.1]) that

€ € _ SE(‘T) B SG(O+)
BolXee =81 = 5B —s.01)

(1) Tt is easy to see that —so(0+) < oo. The limiting equality follows by letting e — 0 in (7.3).

(2) Using (7.1), we find
T 1 - Tw [ 21 / 2 K+
o) < / B 17 e / (0 + 10/ ] ™
—Jo 0 e2a/(0) + [07(0)[?y
Note that k4 > k_ > 1 in this case. Calculating the last integral leads to
Qx*+|0 ( )|2(n+71) - [e2a’(0)]’{+*1
(hy = D[e2a’ (0)]+ 1 [€2a/(0) + [o” (0) [P ]+~
~ 225t o’ (0) [P0+~ “2(m4=1) 0y 20me D)
© (ke = D@ (0))r+ ’
which together with (7.3) leads to

(X — 8] = 1-— 8¢(B) = se(z) 1 s0(B) — so(x)

508) —5.00) = 5008 —s01)
< 1= [s0(B) — so(x)]Cy e+ =1 =i 1 — O+ =1,

Similarly, there are C3, Cy > 0 such that —s(0) >, C3e 2= and P¢[X¢ = f] 2. 1—Cyev-1),
This proves (2). O

vz € (0, 3). (7.3)

—s.(0+) <

In the second lemma, we study the asymptotic bounds of the mean exit time Eg_[7€].
Lemma 7.2. Assume (H).
(1) If Ap < 0, then there are Cy,Cy > 0 (depending on §) such that
Cillne| Se ES [7] Se Co|Ine.
(2) If Ao > 0, then inf ES_[7€] > 0 and ES_[1€] S, e 2m+—r-F9),
Proof. We first show that

2 [TE(O‘F)Se(ﬁ) - Te(ﬂ)se(o"i_)} )

Efv* [Te] = 86(5) . SC(O_’_)

It is well known that u. := E$[7¢] solves

{ CYEUN + bu —1 in <07 B)a
=0= ue(ﬂ).

Direct calculations yield

2(se(z) — 5¢(04)) 2(8e(B) — se(x))

5@ =500 DT @ =00

Setting x = x., we derive (7.4) from sc(z,) = 0 and r.(z.) = 0.

(1) Note lim¢_,o 7(8) = ro(8). Since lim._o sc(5) = so(B) and lim._,¢ sc(0+) = s¢(0+) by Lemma
7.1, we find from (7.4) that

ue(z) = =2r(z) +

re(0+).

e e 250(B)re(0+)  2ro(B)so(04)
B M~ S08) = 50001) ~ 50(8) — 50(01)" 75)
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If there are C7,Cy > 0 (depending on ¢) such that
Cillnel Se 7e(04) Se Co|lnel, (7.6)

we deduce from (7.5) that (20)1‘(’72(5%| Ine| S EE [7] Se %\ In €|, leading to the conclusion.

It remains to show (7.6). Thanks to (7.1), we compute

Ty Ty 1 2f
re(0+ z/ 2l gz
(0+) S A y

26’ (0)

Ty Tk 1 =
> 146 VW d d
_/0 /y (1+0)z[ea(0) + o (0)P=] v

Noting that

2a’(0) +10"(0)]z _ 2€%a/(0) + |o"(0) 12y
2a/(0) + [0’ (0)|ly — €%a’(0) + |o’(0)[y
we deduce from the fact x_ < 1 that

=2, Vye€ (O, %) and z € (y,2y),

% 2y q
> —1 7214_—1
n04) 2 g [T O O [ T sy

26-—11n2 |0’ (0)|%x.
- g (1

= A0 (OF n 220 (0) ) ~c C1|Ine|,

where C := (1_2;”7,(0”2, and the equality follows from direct calculations of the double integral.
To derive an upper bound, we change the order of integration to rewrite r(0+) as

(04) / / 2Ve)=Ve) gy dz, (7.7)
ac(z
which is just I. in (5.17). By (5.19), 7(0+) Sc Cof 1ne| for some Cy > 0. Hence, (7.6) follows.

(2) Let Z € (0,z,). Obviously, E [r¢] > Eg _[7], where 7€ := inf{t > 0: Xi = & or #}. Note that
E¢[7€] solves

u(z) =0 =u(p).
uniformly in [Z, 5], the classical PDE theory ensures that lim._,o ES[7€] = wug
uniformly in [#, 8], where ug is the unique solution of

{%Ong—‘rbuB:—l in (&,08),

{;aeu” +bu'=-1 in (2,0),

As lime_,g e = 02

ug(2) = 0= ug(B).

Since ug(z,) > 0 by the maximum principle, we conclude inf. E¢ [7€] > 0.
It remains to derive the upper bound for Ef [7¢]. Note that £y > x_ > 1. Using (7.7), we apply
(5.14) to find 7. (0+) < e 2(F+=149) " Since —s.(0+) =, Cre 2~ due to Lemma 7.1, we deduce
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from (7.4) that

250(8)r(0+) 2s0(B)e 2" 71D 250(B) ain, - +9)
So(ﬂ) - 85(04-) 016_2(”*_1) Ch '
This completes the proof. O

E [7] ~. +210(8) Se

The third lemma addresses the uniform-in-¢ finiteness of the mean hitting time Eg[7g ].
Lemma 7.3. Assume (H). Then, sup, ES[75 | < oo for each x > ..

Proof. Fix x > x,. As in the proof of Proposition 4.1, we can find a function V € C?(0,00) and a
number Ny € (z,00) such that V(Ng) > 0 and LV < f% in (Np, 00). Since limy_, o0 \7bl = —o0 by
(H4), we may assume L.V < —1in (Np,00). Set 75, = inf{t > 0 : X; = No}. An application of
It6-Dynkin’s formula yields 0 < Efy [V (75, )] < V(No + 1) — Ey, 4[5, ], leading to

sup By 4 1[7x,] < V(No +1). (7.8)

Set 7, not1) = {t =2 0: X =, or No+1}. Then, E{[76, v 1y

yJ on [z, No + 1] solves
Law=-1 in (z.,No+1),
{u(m*) =0=u(Ng+1).
Arguing as in the proof of Lemma 7.2 (2), we find
Slip ENo e No+1)) < 00 (7.9)

Let X§ = No, 7§ = 0 and define recursively the following sequences of stopping times: before the
first time X reaches x, (i.e., 75 ), for n € N, we let 75 be the first time after 7,;_; at which X reaches

No +1, and 7 be the first time after 7; at which Xf reaches Np; since Pfy [r; < oo] =1, 7,5 and 7,

are defined up to some random index ng € NU {0}; let 75 = 75 = 75 for all n > ng + 1. To be more
specific, we recursively define for each n € N,

mo=inf{t > 7 1 X{ =No+ 1} A75, 7n:=inf{t>75: X =No} ATs .

Clearly, 7, = inf{t > 7_; : X{ = . or No + 1} and 75 1 75 as n — oo for Py, -a.e. Hence,

n—oo

LS LS
Efy, [75.] = lim By ] = > By [rs — F51] + > ER, [ — 7). (7.10)
n=1 n=1

Thanks to [31, Theorem 6.3.1] and Lemma 7.1, pe := Py, [X7c = No + 1] satisfies
5¢(No) — se(x.)  s0(No) — so(+)

li e = i = € (0,1). 7.11
61_1}1(1)]) Egr(l) SE(N0+1) *Se(l’*) So(N0+ 1) 780(3']*) ( ) ( )

For n > 1, we show
Vol X5 = Bl =10 ER [ — 7id] = 00T UER, [f] and  E [7 — 70 = pUEN, TR, ) (T112)

The first two equalities for n = 1 are obvious. Thanks to the strong Markov property and time-
homogeneity of Xy, we find

o7 — 7] = Bl [7f — {1 X5; = ] x PRy, [X5; = ]
+ Eq, [71 — 7§ X5 = No +1] x Py, [ X5 = No +1]
= Efy, [7f — 71 X5 = No + 1] x Py [X5; = No + 1] = Efy, 11 [75, e
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Hence, (7.12) holds for n = 1. Suppose it is true for n = k — 1 with & > 2. By the strong Markov
property and time-homogeneity of X7,
[XEF—N()—FI] U[Xe—N0+1|X€ —No]
X Py, [X5e | = No|X5e = No+1] x Py [X5 = No+1]=pf,
B, 7§ — 1] = By, [ — 71l X5 | = Nol
X PRy, [X5 = NolXe = No+1] x Py, [X5 = No+1]

= Ef, [ — HoalXg | = No| x Py [Xe | = No+1] = Eiy, [r{lpt ",

Eiv, (7 — 7] = Eiy, [ — 61X5; = No + 1] x Py [Xe; = No + 1] = Efy [ Ik

Consequently, (7.12) holds for n = k and thus, holds for all n € N by induction.
Given (7.12), we see from (7.10) that

1 € € De € €
Z ES, [71] + DEESNy 1 [T, ) = T—p NolT1) + 1T—0 No+11TNo )
which together with (7.8), (7.9) and (7.11) yields sup, E[7; ] < sup, Efy [75 ] < oo. O

We are ready to prove Theorem D.

Proof of Theorem D. Clearly, it suffices to prove the result for E¢[Tf] for each x € (0, 00).

Fix x € (0,00). Let 0 < § < 1 (depending on z) and then take 8 = 8(§) and =, = z.(d) € (0, 8) so
that 2. € (0,z). They are introduced at the beginning of this section. The strong Markov property
and time-homogeneity of X5 then imply that

B [T] = B [BS [(Ts — 7s, +72)|Xe || = B T + Bl ) (7.13)

Since sup, E¢[75 ] < oo by Lemma 7.3, it suffices to study the asymptotic bounds of E_[T(].

We follow the same idea as in the proof of Lemma 7.3. Let X§ = z,, 75 = 0 and define recursively
the following sequences of stopping times: before the first time X{ reaches 0 (i.e., T¢), for n € N, we
let 75 be the first time after 75_; at which X reaches g, and 75 be the first time after 7, at which
X reaches x,; since P, [T < o0] = 1, 7 and 77 are defined up to some random index ng € NU {0};
let 75 =75 =T¢. for all n > ng + 1. To be more specific, we recursively define for each n € N,

=inf {t > 75, : X =B} AT§, #5:=inf{t>75: X; =a.}AT§.

n

Clearly, 7, = inf{t > 7;_, : X{ =0 or 8} and 7 T T;§ as n — oo for P, -a.e. Hence,

E;, [T5] = lim ES [r;] ZIE ¢ — 7 +Z]E 76— 7€ (7.14)

Set p. := Py, [Xje = (]. Following arguments as in the proof of Lemma 7.3, we have for each n > 1,
PS (X5 =Bl =97, B [r — i) =p!'ES [rf] and  Ef [7F — 7] = plEglry ],

This together with (7.14) yields

TO:Z nl]Ee 7_1 +an€[6D:

n=1

1 € €
7]&5* [T1] +

pf € €

1
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Case Ay < 0. Thanks to Lemmas 7.1, 7.2 and 7.3, there are C1,Cy > 0 such that Ci|lne| <,
ES [T5] Se Co|Ine|. From which and (7.13), the desired result follows.
Case: Ay > 0. We rewrite (7.15) as
€ € 1 € € € € € €
E; [T5] = T—p. (B[] + Ej [75.]) — Eg[r;.]- (7.16)
By Lemmas 7.1, 7.2 and 7.3, there are positive constants C5, Cy, C5 and Cg such that
1

Cae =71 < Se Cue 571 Oy SRS [rf] + Eflrs,] Se Coe 20+ 7=,

which together with (7.16) yield C3C5e=2("- =1 < E¢ [T§] Se CyCpe 2t —1re—r-+0),
We see from the definition of k1 and x_ in (7.2) that for any 0 < v < 1, there exists § > 0 (and
corresponding z, = z,(0)) so that

20/ (0)
lo’(0)]

20/ (0)

—(ho—1)<1—=(1—7) o (0)]

and 1—(1+7)

< —(kip =1+ kg — K +0),
(1) A2 ©) (1 4@
leading to C5Cse” =N oro)] Se ES [T5] Se CyCoe®™ MO . This together with (7.13) yields the
result.
The proof is complete. O
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