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ABSTRACT. The present paper is devoted to the investigation of the long term behavior of a class of
higher-dimensional singular diffusion processes that get absorbed by the extinction set in finite time
with probability one. Our primary focus is on the analysis of quasi-stationary distributions (QSDs),
which describe the long term behavior of the system conditioned on not being absorbed. Under
natural Lyapunov conditions, we construct a QSD and prove the sharp exponential convergence
to this QSD for compactly supported initial distributions. Under stronger Lyapunov conditions
ensuring that the diffusion process comes down from infinity, we show the uniqueness of a QSD and
the exponential convergence to the QSD for all initial distributions. Our results can be seen as the
higher-dimensional generalization of Cattiaux et al (Ann. Prob. 2009) as well as the complement
to Hening and Nguyen (Ann. Appl. Prob. 2018) which looks at the long term behavior of higher-
dimensional diffusions that can only become extinct asymptotically. As applications, we show how
our results can be applied to many ecological models, among which cooperative, competitive, and
predator-prey Lotka-Volterra systems.

The cornerstone of our approach revolves around a uniformly elliptic operator that we relate
through a two-step transform to the Fokker-Planck operator associated with the diffusion process.
This operator only has singular coefficients in its zeroth-order terms and can be handled more
easily than the Fokker-Planck operator, which is defined on an unbounded domain and exhibits
degeneracy in the extinction set. For this operator, we establish the discreteness of its spectrum,
its principal spectral theory, the stochastic representation of the semigroup generated by it, and the
global regularity for the associated parabolic equation. These results extend beyond the study of
QSDs and are of independent interest, especially in the context of spectral theory for degenerate
elliptic operators on unbounded domains. As direct consequences, we show that the extinction rate
associated with the QSD and the sharp exponential convergence rate are respectively given by the
absolute value of the principal eigenvalue and the spectral gap, between the principal eigenvalue
and the rest of the spectrum, of this operator. Such characterizations of the QSD and exponential
convergence rate were previously unknown in the context of irreversible singular diffusion processes.
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1. Introduction

Absorbed diffusion processes find frequent application in the field of population biology, serving
as models for the evolution of interacting species. In such ecological systems, it is a well-established
fact that the eventual extinction of all species is an inevitable outcome, driven by various factors such
as finite resources, limited population sizes, mortality rates, and more. However, what is crucial to
recognize is that, in practical terms and when measured against human timescales, species can persist
for a significant duration [8]. This prolonged persistence of species in ecological systems motivates
the need to gain insights into the behavior of the ecosystem before the eventual extinction occurs. As
a result, there is a strong impetus to study the dynamics of higher-dimensional diffusion processes
under the condition that they do not go extinct.

To be more specific, consider the stochastic Lotka—Volterra competition system:

d
Az; =7} | ri = e 2] | dt+\/wZidW}, i€ {l,...,d}, (1.1)
j=1
where Z, = (Z}) € U := [0,00)¢ are the abundances of the species at time t, {r;}; are per-

capita growth rates, {c;;}; are the intra-specific competition rates, {c;;}ix; are inter-specific com-
petition rates, {;}; are demographic parameters describing ecological timescales (see e.g. [7, 8]),
and {W'}; are independent standard one-dimensional Wiener processes on some probability space.
It is well-known (see e.g. [8, 15]) that Z; reaches the boundary, also called the extinction set,
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I:={z=(z)€U:2z =0forsomeic{l,...,d}}, of U in finite time almost surely. This corre-
sponds to the extinction of at least one species of the considered community. Nonetheless, typical
trajectories or sample paths of Z; will stay in I := (0,00)? for a long period before hitting T'. This
can be interpreted as the temporary coexistence of species, before their ultimate extinction. To under-
stand this type of behavior, notions such as quasi-steady states and metastable states have been put
forward. These concepts are often formalized in terms of the quasi-stationary distributions (QSDs),
which are initial distributions of Z; on U such that the distribution of Z; conditioned on not reaching
I" up to time ¢ is independent of £ > 0. In this context, it is of fundamental mathematical importance
to analyze the existence, uniqueness, and domains of (exponential) attraction of QSDs.

The purpose of the present paper is to investigate the existence, uniqueness and exponential con-
vergence to QSDs for a class of irreversible diffusion processes given by models of the form

dZ} = bi(Zy)dt + \[ai(Z))AW}, ie{l,...,d}, (1.2)
where Z; := (Z}) €U, b; : U — R and a; : [0,00) — [0,00). We make the following assumptions.
(H1) a; € C?([0,00)), a;(0) = 0, a(0) > 0, a; > 0 on (0,00), limsup,_, . li((‘?)ﬁ Jrag’(s)} < o0
and [[° —%_ =ocoforalli€ {1,...,d}.

ai(s)
(HZ) b; € Cl(a) and b;

2,=0 =0 for all i € {1,...,d}, where z; = 0 means the set
{z=(z)€eU:2=0}.
(H3) There exists a positive function V € C?(U) satisfying the following conditions.
(1) lim; 00 V(2) = 00 and lim), |00 (b- V. V)(2) = —o0.
(2) There exists a non-negative and continuous function V : [0, 00) — [0, 00) satisfying

[es} e—ﬁv
/ ds<oo, V8>0andie({l,...,d}
1 a;
such that V' (z) > Zle V(z) for all z = (z) € U.
(3) Wm0 gy Sy (|8Z,ibi| + 0o, v+ ai\agiziw) —0.
(4) There exist constants C' > 0 and R > 0 such that
d b2
> <al-|aziv2 + CZ> <-Cb-V,V in U\B},
i=1 g
where B :={z=(2;) €U : z; € (0,R), Vi € {1,...,d}} for R > 0.
Assumption (H1) says that each a;(s) behaves like af(0)s near s ~ 0, and allows each a;(s) to
behave like s7 for some v € (—o0, 2] near s ~ oo. Assumption (H2) is satisfied if b;(z) = z; f;(z) for
fi € CY(U). (H1) and (H2) ensure that (1.2) generates a diffusion process Z; on U having I' as an

absorbing set. (H3)(1) and the condition lim||_, mlb,lg'iiiziiz"w = 0 contained in (H3)(3) imply the
dissipativity of Z;, and hence, that it does not explode in finite time almost surely. Other assumptions
in (H3) are technical ones, but they are made according to examples discussed in Section 6. We note
that for a reversible system, the potential function is a natural choice for V. For irreversible systems,
polynomials are usually good choices for V', especially when the coeflicients are polynomials or rational
functions — this is often the case in applications.

We show in Proposition 2.1 that Z; reaches I' in finite time almost surely under (H1)-(H3), and

hence, that Z; does not admit a stationary distribution that has positive concentration in U. It is
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then natural to look at Z; before reaching I' in order to understand the dynamics of Z;. This drives
us to examine quasi-stationary distributions of Z; or (1.2) conditioned on coexistence, i.e., [t < 1T],
where Tt := inf{t > 0 : Z; € T'} is the first time when Z; hits T. Denote by P* the law of Z; with
initial distribution u, and by E# the expectation with respect to P*.

Definition 1.1 (Quasi-stationary distribution). A Borel probability measure p on U is called a quasi-
stationary distribution (QSD) of Z; or (1.2) if for each f € Cy(U), one has

E* [f(Z)|t < Tr] = /ufd;h vt > 0.

The QSDs of Z; are simply stationary distributions of Z; conditioned on [t < Tr|. This is why
QSDs can be seen as governing the dynamics of Z; before extinction. It is known from the general
theory of QSDs (see e.g. [53, 18]) that if u is a QSD of Z;, then there exists a unique A > 0 such that
if Zg ~ p the time Tt is exponentially distributed with rate A, i.e., P* [Tt > t] = e~ for all ¢ > 0.
In view of this, the number X is often called the extinction rate associated with p.

Our first result concerning the existence of QSDs and the conditioned dynamics of Z; is stated in
the following theorem. Denote by P(U) the set of Borel probability measures on . For convenience,
we use the notation 0 < € < 1 meaning that € is as small as we want.

Theorem A. Assume (H1)-(H3). The process Z; admits a QSD p satisfying fu ePVdu, < oo for
some B >0, and there exists r1 > 0 such that the following statements hold:

e Forany 0 <e <1 and p € P(U) with compact support in U,
Jlim e |PH[Z, € ot < Tr) — 1|y = 0,
— 00

where || - ||y denotes the total variational distance.

o There is f € Cy(U) such that for a.e. x € U, there is a family of sets {Ky e tocex1 in (0,00)
satisfying Ky,e, C Kgey for 0 < €1 < €2 < 1 and lime_oinfrso |[Kye N (T, T + 1) = 1 such
that

lim e(mito?

teq e

t—o0

=00, V0<exl1.

E*[f(Z0)|t < Tr] - /M Fdu

Remark 1.1. We make some comments about Theorem A.

e The two convergence results stated in Theorem A assert the sharp exponential convergence
with rate r1 of the conditional distribution P*[Z; € |t < TT] to the QSD uy ast — oo. While
it is fairly easy to show that

lim e +9% sup sup Ew[f(Zt)|t < Tr] —/ fdui| =00, V0<e<k1,
t=oo FECy(U) zeU u
[ £lloo=1

the second conclusion presented in Theorem A is much stronger.

e What is behind Theorem A is the spectral theory (more precisely, the discreteness of the spec-
trum and the principal spectral theory) of a uniformly elliptic operator with singular coefficients
i its zeroth-order term that we relate to the Fokker-Planck operator associated with Z; via
equivalent transforms. This allows us to address the challenges posed by the facts that the
Fokker-Planck operator associated with Z; is defined on the unbounded domain U and exhibits
degeneracy on its boundary I'. The QSD 1 is essentially given by the positive eigenfunction
associated with the principal eigenvalue —\; < 0, and the associated extinction rate is just the
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absolute value of the principal eigenvalue A\1. The sharp exponential convergence rate ry is
given by the spectral gap, between the principal eigenvalue and the rest of the spectrum. Such
characterizations of the QSD and the exponential convergence rate have been obtained in [7, 8|
in the reversible case. Our result is the first of this type for the general setting when Z; is
irreversible.

e In the second conclusion, the function [ is essentially an arbitrary non-zero element in the
range of the spectral projection of the elliptic operator associated with eigenvalues having real
part —A\; —r1. The set K, . more or less corresponds to the e-superlevel set of the function t —
‘]El'[f(Xt)‘t <Tr] - fz,{ fdiy | For irreversible systems, eigenvalues having real part —\; —rq
are generally complex, giving rise to oscillations (see (5.8)). As a result, the zeros of this
function, if they exist, form a sparse set, and thus, Uy ey Ko is densely distributed in
(0,00) as described in the statement.

e The assumptions (H1)-(H3) do not guarantee the uniqueness of QSDs of Z;. In the absence
of coming down from infinity [7), Z; could admit infinitely many QSDs that can be described
as follows: there exists Ay > 0 such that

— for any X € (0, \.], there is a unique QSD py having \ as the extinction rate;

— the QSDs {px : A € (0, ]} are partially ordered in the sense that 0 < A1 < Ag < A,
implies pux, ((x,00)) > pix, ((z,00)) for all x € (0,00). For this reason, uy, is often called
the minimal QSD.

Such a scenario of infinitely many QSDs is known in many situations (see e.g. [51, 47, 18, 67]
for one-dimensional diffusion processes, and [9, 24, 26] for jump processes). See Remark 6.3
for the higher-dimensional case.

e Theorem A applies to a large class of population models including stochastic Lotka-Volterra
models, models with Holling type functional responses, and Beddington-DeAngelis models. We
refer the reader to Section 6 for more details.

Although the QSD p4 obtained in Theorem A attracts all compactly supported initial distributions,
there is no assertion that it is the unique QSD of the process Z;. To study the uniqueness, we make
the following additional assumption.

(H4) There exist positive constants C, v and R, such that

d d
1
lim V7772Y ;0. VI>=0 and =Y @8> V+b-V.V<-CV' in UY\B}.
|z| =00 ; | ‘ | 2 ; 124 \ R
Theorem B. Assume (H1)-(H4). Let py and r1 be as in Theorem A. Then, uy is the unique QSD
of Zy, and for any 0 < e < 1 and u € P(U), there holds

lim e~ (|PH[Z, € o]t < TT] — i1l = O.

t—o00

Assumption (H4) concerns the strong dissipativity of Z; near infinity, and implies in particular that
Zy comes down from infinity (see Remark 5.3), that is, for each A > 0, there exists R = R()\) > 0 such
that SUD_ i\ B E* [e’\TR] < 00, where Tg := inf {t >0:Z: €U\ BE}. This is more or less inspired
by [7], showing in dimension one that coming down from infinity is equivalent to the uniqueness of
QSDs. This property plays a crucial role in the proof of Theorem B. It says that with high probability
the process Z; quickly enters a bounded region. This happens even if the initial distribution of Z; has
a heavy tail near co. As a result, it makes no difference to the QSD p; whether the initial distribution



6 ALEXANDRU HENING, WEIWEI QI, ZHONGWEI SHEN, AND YINGFEI YI

of Z; is compactly supported or not. Theorem B applies to a large class of biological models including
in particular the stochastic competition system (1.1) and the stochastic weak cooperation system (i.e.,
the system (1.1) with {—¢;;}iz; being positive and small in comparison to {c;;};). See Section 6 for
more details.

Comparison to existing literature. Due to their popularity in describing non-stationary states that
are often observed in applications, QSDs have been attracting significant attention. We refer the reader
to [57, 53, 18] and references therein for an overview of the theory, developments and applications
of QSD. We next present the current state of the art for diffusion processes. The investigation of
QSDs for one-dimensional diffusion processes has been analyzed thoroughly. We refer the reader to
[49, 19, 52, 62, 38, 69, 11, 12, 13] and references therein for the analysis of the regular case. For
singular diffusion processes including in particular (1.1) and (1.2) in the one-dimensional setting, the
work [7] lays the foundation and is generalized in [46, 54, 13, 34].

Recently, there has been a lot of progress in the study of QSDs for higher-dimensional diffusion
processes. Regular diffusion processes restricted to a bounded domain and killed on the boundary
have been studied in [56, 30, 41, 10, 15] and are well-understood. The stochastic competition system
(1.1) has been studied in [8] in the reversible case, and in [14] in the irreversible case. In both cases the
authors established the exponential convergence to the unique QSD. In [8], the authors also deal with
the model in the weak cooperation and reversible case. The model treated in [14] has a more general
deterministic vector field. These models are typical singular diffusion processes arising from ecology
or population biology. In [15, 31, 25], the authors study elliptic diffusion processes and show the
existence of a QSD and the exponential convergence to this QSD, which is the unique QSD satisfying
a mild integral condition. Similar results for hypoelliptic Hamiltonian systems are established in
[31, 32, 58, 42, 4]. In [4], the authors actually work on general degenerate diffusion processes under
accessibility conditions and Hérmander’s condition.

The works [8, 14, 15, 31, 25], which investigate higher-dimensional singular diffusion processes, are
the most relevant to our work. We comment on the approaches employed in these works. In [8], the
study of QSD relies on the spectral analysis of the generator, which is assumed to be reversible or
self-adjoint in the weighted space L?(U,dyu) with p being the non-integrable Gibbs measure. Due
to the degeneracy of the diffusion coefficients, the authors adopt a two-step equivalent transform:
firstly, a homeomorphism over I/ is introduced to transfer the degeneracy of the diffusion coefficients
to the blow-up singularity of the drift; second, the standard Liouwville transform is applied to convert
the generator of the new SDE obtained in the first step into a Schrodinger operator, for which the
spectral theory is well established. This methodology was previously developed in [7] to address the
one-dimensional case, whose generator is naturally self-adjoint. Clearly, the self-adjointness plays
a pivotal role in the generalizing these techniques to the higher-dimensional case. However, it is
important to note that most higher-dimensional diffusion processes are irreversible with non-self-
adjoint generators.

In [14, 15, 31, 25], the authors aim to establish a general probability framework, similar to
those used in the study of stationary distributions, for investigating QSDs in diffusion processes.
These frameworks typically consist of three essential ingredients: the Lyapunov condition, Doeblin-
type/minorization condition and certain regularity conditions. Checking these conditions is a routine
job for elliptic diffusion processes, and requires hypoelliptic conditions and controllability for degener-
ate ones. In [14], the authors focus on studying general absorbed time continuous Markov processes,
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with a particular application to (1.1). The framework introduced in [15] is applicable to both time-
discrete and continuous absorbed Markov processes. The primary objective of [31] is to investigate
QSDs of stochastic damping Hamiltonian systems when the position variable is constrained within
a bounded region. The work [25], originally not intended for studying QSDs, examines sub-Markov
semigroups and their results can be applied to absorbed processes. It is noteworthy that studying the
essential spectral radius of the semigroup under Lyapunov conditions plays a crucial role in both [31]
and [25].

Our approach is rooted in the spectral theory of the Fokker-Planck operator associated with Z,
which is non-self-adjoint, defined on the unbounded domain U/, and exhibits degeneracy on its bound-
ary I', causing significant challenges. Inspired by the methodology introduced in [7, 8] treating re-
versible diffusion processes, we develop a two-step equivalent transform to render the Fokker-Planck
operator more manageable. In the first step, we follow a procedure akin to that outlined in [8] to
eliminate the degeneracy of the Fokker-Planck operator and obtain a new Fokker-Planck operator
whose first-order terms have coefficients blow up at I'. It is the second step that our approach show-
cases its novelty. Carefully examining the blow-up singularities in the first-order terms of the new
Fokker-Planck operator, we design a parameter-dependent Liouville-type transform. This transform
effectively eliminate these singularities, yielding a parameter-dependent uniformly elliptic operator
exhibiting blow-up coefficients only in its zeroth-order terms. The presence of the parameter expands
the degree of freedom for analysis and holds significant technical importance.

Through a careful analysis of the blow-up properties of these coefficients, we introduce a weighted
Sobolev space and successfully establish a priori estimates for this uniformly elliptic operator (with a
specified parameter) in the weighted Sobolev space. These a priori estimates ascertain the discreteness
of its spectrum, unravel the principal spectral theory, and uncover the Cp-semigroup generated by it.
Leveraging the stochastic representation of this semigroup as a bridge, we are able to obtain fine
dynamical properties of Z; conditioned on non-extinction. As direct consequences of our approach,
we demonstrate the following: (i) The principal eigenpair of this operator gives rise to the QSD
u1 in Theorem A, along with its associated extinction rate. (ii) The sharp exponential convergence
rate r1 stated in Theorem A is given by the spectral gap, between the principal eigenvalue and the
rest of the spectrum, of this operator. Such explicit characterizations of the QSD and the sharp
exponential convergence rate to the QSD were hitherto unknown for irreversible singular diffusion
processes. Moreover, given the significance of Liouville-type transforms, spectral theory, and the
stochastic representation of semigroups, our results extend beyond the study of QSDs and are of
independent interest, especially in the context of spectral theory for degenerate elliptic operators on
unbounded domains.

To this end, we would like to emphasize that applied to specific systems that do not assume re-
versibility, such as stochastic Lotka-Volterra models, both the results from [14, 15, 31, 25] (even though
these applications are not explicitly demonstrated in [31, 25]) and our own findings can establish the
(unique) existence of the QSD and its exponential attractivity. Additionally, our results provide the
precise exponential rate, which is determined by the spectral gap of the Fokker-Planck operator in a
specific function space.

Demographic and environmental stochasticity. Consider an isolated ecosystem of interacting
species. Due to finite population effects and demographic stochasticity, extinction of all species is
certain to occur in finite time for all populations. However, the time to extinction can be large and
the species densities can fluctuate before extinction occurs.
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QSD for Z; % QSD for X, LEpv=—v
Liouville-type
transform

e spectrum of Lg, and L
o semigroup (T});>o generated by L} | L55 = -2
e stochastic representation for (1}):>0 ’

e global regularity of dyu = L3 u

FIGURE 1. Overview of proofs.

One way of capturing this behaviour is ignoring the effects of demographic stochasticity (i.e. finite
population effects) and focusing on models with environmental stochasticity where extinction can only
be asymptotic as ¢ — oo. This approach led to the development of the field of modern coexistence
theory (MCT), started by Lotka [48] and Volterra [64], and later developed by Chesson [16, 17] and
other authors [63, 28, 61, 5]. Recently, there have been powerful results that have led to a general
theory of coexistence and extinction [35, 3, 36].

A second way of analyzing the long term dynamics of the species is by including demographic
stochasticity and studying the QSDs of the system - this is the approach we took in this paper. Our
work can be seen as complementary to the work done for systems with environmental stochasticity.

Overview of proofs. The proofs of Theorem A and Theorem B use techniques from PDE, spectral
theory, semigroup theory and probability theory. For the reader’s convenience, we outline the strategy
of the proofs with the help of Figure 1.

e (Equivalent formalism) Theoretically, the study of QSDs of Z; can be accomplished by inves-
tigating the (principal) spectral theory of LI%P, the Fokker-Planck operator associated with
Z;. However, the degeneracy of LZp on T' would cause significant drawbacks. To circumvent
this, we first follow [8] to introduce a homeomorphism ¢ : & — U and define a new process
X = £(Z;) whose Fokker-Planck operator Lgp has $A as its second-order term.

Although E%(P has the best possible second-order term, the coefficients of its first-order
terms unfortunately have blow-up singularities on I'. Introducing a parameter-dependent
Liouville-type transform, we convert Lyp into a parameter-dependent uniformly elliptic op-
erator Lg = e%“wﬁﬁfpe‘%‘m], whose blow-up singularities on I only appear in the coef-
ficients of the zeroth-order terms. Here, 3 > 0 is the parameter, U = V o ¢!, and Q, given
in (2.6), has singularities near I (see Remark A.1). The details are presented in Subsection
2.2. The parameter S is fixed to be 3y in Lemma 3.2 (3) so that a priori estimates can be
established for Lg,.

e (Spectral analysis) Our spectral analysis focuses on the operator Lg, in L?(U; C) as well as its
adjoint L7 . According to the behavior of the coeflicients of Lg, near I' and infinity, we design
a weight function and define a weighted first-order Sobolev space H!(U; C) that is compactly
embedded into L?(U;C). Establishing a priori estimates for Lg,, we are able to solve the
elliptic problem for £z, — M for some M > 1 in H'(U;C). The discreteness of the spectrum
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and principal spectral theory of Lg, and L% then follow. The details are given in Subsection
3.3 and Subsection 3.4.

e (Semigroup and stochastic representation) The operator [,EO generates an analytic and even-
tually compact semigroup (7)o on L?*(U;C) that can be “block-diagonalized” according
to spectral projections. We establish the stochastic representation of (7}):>o in terms of
X before reaching I', and therefore, connect the dynamics of (T})¢>o with that of X; con-
ditioned on [t < Sr], where Sr is the first time that X; hits I'. More precisely, we show
that for each f € C,(U;C) satisfying f = fe_%_ﬂoU € L*(U;C), there holds Tt*f =
e~ 3—BoURe [f(Xt)IL{KSF}] for all ¢ > 0. The semigroups are given in Subsection 3.3 and
Subsection 3.4. The stochastic representation of (7}):>¢ is established in Subsection 4.3.

e (Global regularity and conclusions) The spectral theory and stochastic representation allow
us to prove the results stated in Theorem A and Theorem B for the process X;. While proving
the existence of QSDs is pretty straightforward, we run into significant technical difficulties in
establishing the convergence even for compactly supported initial distributions. This is due
to: (i) the limitations of the stochastic representation because of the unboundedness of the
Liouville-type transform and its inverse (i.e., e300V and e~ % AU blow up near oo and at
I', respectively); (ii) the requirement of L*® properties of (T}):>0. These issues are overcome
by establishing the global regularity of solutions of d;u = L} u leading in particular to the
global regularity of (T});>0. The details are given in Section 5.

The rest of the paper is organized as follows. In Section 2, we provide some preliminaries including
the proof of Z; being absorbed by I' in finite time almost surely, the derivation of the operator Lg,,
and results related to the approximation of Sr. In Section 3, we study the spectral theory of Lg, and
its adjoint operator L , and establish the associated semigroups (1t);>0 and (7}):;>0. Section 4 is
devoted to the stochastic representation of (T} ):>0. In Section 5, we investigate the existence and
uniqueness of QSDs and the exponential convergence to QSDs of X; conditioned on the coexistence.
Theorem A and Theorem B are proven in this section. In the last section, Section 6, we discuss
applications of Theorem A and Theorem B to a wider variety of ecological models including stochastic
Lotka-Volterra systems, and models with Holling type or Beddington-DeAngelis functional responses.
Appendix A is included to provide the proof of some technical lemmas.

2. Preliminaries

In Subsection 2.1, we show that Z; hits I" in finite time almost surely. In Subsection 2.2, we present
equivalent formulations for studying the existence of QSDs, and derive the operator we shall focus on
in later sections. In Subsection 2.3, we fix a family of first exit times and present an approximation
result.

2.1. Hitting the absorbing boundary. We prove that Z; reaches I' in finite time almost surely.
Denote by £Z the diffusion operator associated with Z;, namely,

d
1
£? = 3 > ad2, +b-V.. (2.1)
i=1

Proposition 2.1. Assume (H1)-(H3). Then, P*[Tt < oo] =1 for each z € U.
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Proof. The idea of the proof is more or less classical; our arguments are closer to that of [15, Proposi-
tion 4.4]. By (H1)-(H2), b; € C'(U) and ,/a; is locally Lipchitz in ¢ and locally 3-Hélder continuous
near I'. The classical theorem of Yamada—Watanabe [65, 66] ensures the pathwise uniqueness as well
as the strong Markov property of solutions of (1.2).

Recall that for R > 0, B} = {2 = (2;) €U : 2 € (0, R), Vi € {1,...,d}}. The result is proven in
four steps.

Step 1. We claim that for each z € U, Z; does not explode in finite time P*-a.e., and there exists
R > 0 such that P*[Tg < oo] =1 where Ty := Tr ANTr and Tx = inf{t >0:7; € BE}.

By the assumptions (H3)(1)(3), there is R > 0 such that £ZV < —1 in U \ B};. This together
with the It6-Dynkin’s formula implies that E [V(ZtATR)} <V(2)—E? [t A TR} for all £ > 0. Passing
to the limit ¢ — oo yields E? [TR] < V(2) < oo and thus, P*[Tg < oo] = 1. The claim follows
immediately.

Step 2. We prove P*[rap < co] =1 for each z € B;R, where g ;= inf {t >0:7Z ¢ B;’R}.

For each i € {1,...,d}, we set b; := suppy bi, denote by Y,"¥" the solution of the SDE dY; =
bidt + \/a;(Y;)dW} with initial condition Yg¥ = y; € [0,00), and let 7" be the first time that
Y;"¥ hits 0, namely, 77 = inf {t >0:YY = O}. The assumptions on a; and [37, Theorem VI-3.2
guarantee that P [ < oo] =1 for all y; € [0,00) and i € {1,...,d}.

Let z = (2;) € B;z. By the comparison theorem for one-dimensional SDEs (see e.g. [37, Theorem

VI-1.1]) and the fact that P[r/* < oo] =1 for each i € {1,...,d}, we find up to a set of probability
zero,

[rar = 00| C [zg‘ <YPR e (0,77, i€ {1,...,d}| C [rr < ).
From this we conclude that P*[rap = oo] = 0.

Step 3. We show that inf ——P*[Z
2€BL

T2R

el >0.
Fix i € {1,...,d}. Calculating the probability that the process ¥;" first exits the interval (0, 31
through 0 (see [37, Theorem VI-3.1]), we find P [Yf’R €1[0,3R/2), Vt € [O,TiR]} > 0. Since
PV v <V vee o, =1, Vi€ [0,R]
due to the comparison theorem (see e.g. [37, Theorem VI-1.1]), we deduce

inf P [viv el0,3R/2), veeo.77]] > B[V € (0,3R/2), vt e [0,77]] > 0.
y: €0,

This together with the comparison theorem yields for each z = (2;) € Bijg,

P*(Z,,, €T] > P {Yt € [0,3R/2), ¥t € [0,77], i € {1,.. .,d}}

d
>][ inf P [Yty € [0,3R/2), Vi € [O,Tiyi}] >0,

€[0,R
iop Yi€l0,R]

where we used the independence of Yf’zi, i € {1,...,d} in the equality. The claim follows.
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Step 4. We finish the proof of the proposition. By Step 3, p := infzeaBj;\F P#[Z,,, € T] > 0. Set
Tg) := inf {t €10,Tr] : Z; € BE} and SS% := inf {t > T}(;) 27 ¢ B;’R},
and recursively define for each n > 1,

L O ) (EE A

Fix z € U. Since Step 1, Step 2 and the strong Markov property ensure P? [T}(%n) < oo} =1 and

P> {Ség < oo] =1 for all n € N, we find P* {Zséy € 0B\ F} < (1 —p)" for all n € N. As a result
P* [Tt = oc] = P* [s;;%g < 00,¥n € N} < lim (1-p)" =0.

This completes the proof. O
Remark 2.1. The assumptions (H3)(2)(4) are not needed in the proof of Proposition 2.1.

2.2. Equivalent formulation. Denote by LZp the Fokker-Planck operator associated with Z; or
(1.2), namely,

d
1
LEpu = B Zagm (au) — V.- (bu) in U, Yuec C*U). (2.2)
i=1

Proposition 2.2. Assume (H1)-(H2). Let u be a QSD of Z;. Then, u admits a positive density
u € W2’p(Z/l) for any p > d that satisfies —LE&pu = A\u a.e. in U, where \; is the extinction rate

loc
associated with p.

Proof. Following the arguments leading to [53, Proposition 4], we see that
| el @ = [ fan, i e e

Since £E°*[f(Z;)] = LZ(E*[f(Z:)]), we differentiate to find [,,(—L£Z + A1) fdu = 0 for all f € C§°(U).
It follows from (H1)-(H2) and the classical regularity result in [6, Corollaries 2.10 and 2.11] that p
has a positive density u € VVlif (U) for any p > d. Then, we can follow the classical procedures in the
PDE theory (see e.g. [29]) to show that u € W2 (U) for any p > d. O

loc

Proposition 2.2 suggests studying the principal spectral theory of the operator —£% in order to
find a QSD for Z;. Direct analysis of the operator —LZ is however difficult due to the degeneracy of
the diffusion matrix diag{ai,...,aq} on the boundary I' of &. To resolve this issue, we follow [7] to
define a new process that is equivalent to Z; and whose Fokker-Planck operator or diffusion operator
is uniformly non-degenerate in &. We proceed as follow.

For each i € {1,...,d}, we define §; : [0,00) — [0, 00) by setting

z; € 10, 00).

zi 1
) = [ N
By (H1), each & is increasing and onto, and thus, & * is well-defined. Set
E:=(&):U—U and =N U—-U.
Clearly, & : U — U is a homeomorphism with inverse ¢ 1, and satisfies £(I') = T" and &(U) = U.
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Define a new process X; = (X}) by setting
X! =¢&(2)), ie{l,...,d}, orsimply, X;=¢&(Z;), t>0.

It is clear that I' is also an absorbing set for the process X;, and X; reaches I' in finite time almost
surely. Moreover, QSDs of Z; and X; are in an one-to-one correspondence as shown in the next result
whose proof is straightforward.

Proposition 2.3. Let u be a Borel probability measure on U. Then, u is a QSD of Z; if and only if
& is a QSD of Xy, where &, is the pushforward operator induced by £. Moreover, p and &, have
the same extinction rates.

Since & € C%(U), we apply Ito’s formula to find
dX; = [pi(Xy) — @i(X])] dt +dW{, ie{l,....,d} in U, (2.3)

where p; : Y — R and ¢; : (0,00) — R are given by

_ WE@) g g = A& @)

pl(‘r) = i) = s
a;i(& " (2:)) 4y/ai (&7 (1))

Denote by Lap the Fokker-Planck operator associated with (2.3), namely,

1
Lppv = iAv ~V-((p—q) in U, Yvel*U),
where p = (p;) and ¢ = (¢;). Then, Proposition 2.2 has a counterpart for QSDs of X.

Proposition 2.4. Assume (H1)-(H2). Let v be a QSD of X, with extinction rate A\y. Then, v
admits a positive density v € WQ’p(L{) for any p > d that satisfies —Lapv = \v a.e. inU.

loc

Remark 2.2. Note that the process X; and the process generated by solutions of (2.3) are not really
the same, as (2.3) is only defined in U. However, the two processes agree as long as X; stays in U.
More precisely, if we denote by St the first time that X; reaches ', that is, Sp = inf {t > 0: X; € T'},
then X satisfies (2.3) on the event [t < Sp].

As indicated by Proposition 2.4, QSDs of X; are closely related to positive eigenfunctions of —Lyp,
and therefore, it is natural to investigate the associated eigenvalue problem, namely,

—Lppv=Xv in U. (2.4)

Note that the operator Lap is uniformly elliptic in &, but the functions ¢;, i € {1,...,d} appearing in
its first-order terms satisfy ¢;(x;) — oo as z; — 0% for each i € {1,...,d}. Such blow-up singularities
make the investigation of the above eigenvalue problem very hard. In the following, we generalize the
idea in [7] to transform (2.4) into the eigenvalue problem of another elliptic operator that has blow-up
singularities only in the zeroth-order term and thus is easier to deal with.
Set
U:=Voé !l in U, (2.5)

where V is given in (H3), and

d
Qz) = Z/l 2q:(s)ds = %Z Mnai(6 () — Inay(& ' (1)], el (2.6)
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For each 8 > 0, we use the Liouville-type transform to define Lz := e%"’BUE%(Pe_%_ﬁU. It is
straightforward to check that
1
£B:§A—(p+6VU)-V—eﬁ in U, (2.7)
where
1 1<
ep =5 (BAU = B2|VUP*) = p- VU + 5> (¢} —¢)—p a+V p (2:8)
i=1

Note that the coefficient of the first-order term —(p 4+ fVU) is continuous up to the boundary T', and
the term % Z?zl(qf —q.) —p-q blows up at the boundary I', but it appears in the zeroth-order term.

The following proposition establishes the “equivalence” between the eigenvalue problem (2.4) and
the eigenvalue problem associated with the operator Lg.

Proposition 2.5. Suppose v € W2 (U) and A € R. Set v := ve 348U Then, (v, A) solves (2.4) if
and only if —Lg0 = A0 inU.

According to Proposition 2.5, the investigation of QSDs of X is reduced to the exploration of
the principal spectral theory of —Ls (with a fixed /), something which we will do by choosing an
appropriate function space.

2.3. Approximation by first exit times. Let {U, }ren be a sequence of arbitrarily fixed bounded,
connected and open sets in & with C? boundaries that satisfy U,, CC U,,41 CC U for all n € N and
U =, cnyUn. For each n € N, denote by 7, the first time that X; exits U, namely,

T =inf{t>0: X; €Uy,}.
Recall that St is the first time that X; hits I'. The following result turns out to be useful.
Lemma 2.1. Assume (H1)-(H3). For each x € U, one has P* [lim,_ oo 7, = Sr] = 1 and
Jim E [F( X)Ly ] =B [f(X)Lpesey] . VF € CoUd).

Proof. Fix ©x € U. Obviously, 7, < 7,41 for each n € N. Set 7 := lim,,_, o, 7,. The first conclusion
follows if we show P*[r = Sp] = 1.

Clearly, 7, < Sr for each n € N, leading to 7 < Sp. Since X; = £(Z;) for t > 0, we find from
Proposition 2.1 that P*[Sr < oo = P @) [Tt < oo] = 1. Therefore, P*[7 < oco] = 1.

Noting that arguments in the proof of Proposition 2.1 ensure that Z; and X; do not explode in
finite time, we derive |X;| = lim, oo |X,, | < co. Moreover, since X, € 0U, and U = Upenly, it
follows that X, € I'. As Sr is the first hitting time of the boundary I" and 7 < Sr, one has 7 = Sr.

Since 7, increases to Sr P-a.s., we find lim, o0 1f4<r,} = lgz<gp) for each ¢ > 0. The second
conclusion then follows from the dominated convergence theorem. This completes the proof. O

3. Spectral theory and semigroup

This section is devoted to the spectral theory of —Lg in an appropriate function space for some
appropriately fixed /3, as well as the semigroup generated by L. In Subsection 3.1 we define a weighted
Hilbert space. In Subsection 3.2 we derive some important estimates and meanwhile fix a special 3,
denoted by Byp. In Subsection 3.3 we study the (principal) spectral theory of —Lg, and the semigroup
generated by Lg,. In Subsection 3.4 the spectral theory of —Lj , where £ is the adjoint operator
of Lg,, and the semigroup generated by L are investigated.
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FIGURE 2. Decomposition of U in dimension two.

3.1. A weighted Hilbert space. For § € (0,1), let
Is:={x=(x;) €U :2; <6 forsomeic{l,...,d}}.
It is easy to see from (H3)(1) that there exists Ry > 0 such that SUPy (b-V,V)o&t <o,
0

where we recall B, = {z = (v;) €U : z; € (0,R), Vi € {1,...,d}} for R > 0. Fix some &, € (0,1).
Let a: U — R be defined by

d
Zmax{;,l}, xergoﬁBED,
i=1 i
d 1
a(z) = ;max {xf’ 1} —(b-V V) ), zeTs,NU\ BEO), (3.1)
(b V2V)(E H(2)), x € U\ Ts,) N U\ Bf,),
1, otherwise.

See Figure 2 for an illustration of the subdomains used in (3.1). Obviously, infy; a > 0, lim,_,r a(x) =
oo and lim|,_, a(z) = oo. This « is defined according to the behavior of the coefficients of —Lg near
I" and oo. Its significance is partially reflected in Lemma 3.2 below. See Remark 3.1 after Lemma 3.2
for more comments.

Denote by H!(U;C) the space of all weakly differentiable complex-valued functions ¢ : U — C

1 1
satisfying |||z == (fy, @lo[?dz)? + ([, |[V|?dz)? < oo. It is not hard to verify that H'(U;C) is a
Hilbert space with the inner product:

@t = [ adbda+ [ Vo Tide, ¥ou € HIU:O),
u u
where ¢ denotes the complex conjugate of 1.

Lemma 3.1. Assume (H3). Then, H'(U;C) is compactly embedded into L*(U;C).
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Proof. Let {¢n }nen C H(U;C) satisfy sup,,cy [|¢nll2r < 1. Fix R > 0. Since the Rellich-Kondrachov
compactness theorem ensures the compact embedding of Hl(BE; C) into LQ(BE; C), there is a sub-
sequence, still denoted by {¢, }nen, and a measurable function ¢ € L?(B};; C), such that ¢, (z) —
¢r(x) for a.e. z € Bf and lim, 0 fB; |pn, — dr|*dz = 0.

Let {Ry}m C (0,00) satisfy R,, — oo as m — oo. Then, the above results hold for each R, in
place of R. We apply the standard diagonal argument to find a subsequence, still denoted by {¢n, }nen,
and a measurable function ¢ : Y — C such that ¢,, — ¢ a.e. in U as n — oo, and

n—oo

lim |, — ¢|?dz =0, VR >0. (3.2)
By,
Applying Fatou’s lemma, we find fu a¢?dz < liminf,_, . fu a¢?dr < 1. It follows from (3.2) that

limsup/ |, — B2 dx < limsup/ |, — ¢*dz, VR > 0.
u U\B}

n—oo n—oo

Note that

2 2
/ |¢n_¢|2dz§.7/ a(¢2 +¢*)de < ———,
U\Bj, infyn gt & Ju\sy; infy\ gt @

which together with the fact a(x) — oo as |z| — oo yields limsup,,_, fu\B+ |pn, — ¢*dx = 0, and
R
hence, limy, o0 [y, [¢n — ¢[*dz = 0. This completes the proof. O

3.2. Some estimates. We recall from (2.8) the definition of eg and define for N > 1,

N -1
6B,N::eﬁ_T(v'p+BAU)

3.3)
11 2 1 V- (
(—2>BAU—52|VU|2—ﬁp~VU+§ (@ —d)—p g+ =L

N 2 pt N

Obviously, eg1 = eg for all 3 > 0. The main reason for introducing eg, y is that they arise naturally
in deriving a priori estimates for both sesquilinear forms and partial differential equations related to
L or its adjoint (see Lemma 3.3 and Lemma 4.1).

Lemma 3.2. Assume (H1)-(H3). Then, the following hold.

(1) There exists C > 0 such that |VU|* + |p|* < Ca in U, where « is defined in (3.1).
(2) For each 8> 0, there is C(8) > 0 such that |eg n| < C(B)a inU for all N > 1.
(3) There are positive constants By, M and C, such that egy n + M > Cia in U for all N > 1.

Since the proof of this lemma is long and relatively independent, we postpone it to Appendix A.1
for the sake of readability.

Remark 3.1. Note that eg1 = eg is the zeroth-order term of the operator Lg (see (2.7)) that has blow-
up singularities at T' as mentioned earlier. Lemma 3.2 (8) says in particular that eg is well-controlled
by the weight function «, laying the foundation for our analysis.

In what follows, the positive constants 8y, M and C, are fixed such that the conclusion in Lemma
3.2 (3) holds.
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3.3. Spectrum and semigroup. We investigate the spectral theory of —Lg, and the semigroup
generated by Lg,. Corresponding results are stated in Theorem 3.1 and Theorem 3.2.
Denote by &g, : H1(U; C) x H1(U;C) — C the sesquilinear form associated with —Lg,, namely,

Epu(,1) = / Vo Vide + / (p+ BoVU) - Vggda + / es B0z, Vb € HUUC).

The following lemma addresses the boundedness and “coercivity” of £g,, playing crucial roles in
analyzing the spectrum of —Lg .

Lemma 3.3. Assume (H1)-(H3).

(1) There exists C > 0 such that |Eg, (¢, V)| < C|lpllnr|[¢ll32 for all ¢, € H(U;C).
(2) For each ¢ = ¢1 +iga € H'(U;C), we have

£0(0.0) = 5 [ 1V9Pda+ [ exaléPda+i [ (p+BT0) - (01702 = 02V0n)da
where eg, o is defined in (3.3). In particular,
1
R (6,6) + Mol = min { 5. ol vo € 1040,

Proof. (1) Let ¢, € H'(U;C). Applying Hélder’s inequality, we derive

- 2d 2 2d % 2d % 2 2d %

<5 ([ voras)” ([ 1vupar) o+ ([ 1vorac)” ([ 1o+ savopivpas)
2d 2 2d )2

([ enliorac)” ([ feslivpas

By Lemma 3.2 (1), there is C' > 0 such that [, [p + BoVU[*[¢|*dz < C(1 + 3) [, ali[*dz. The
conclusion then follows readily from Lemma 3.2 (2) and the definition of the norm || - ||31.
(2) Let {nn}n>1 be a sequence of smooth functions on U taking values in [0, 1] and satisfying

‘5/30 o, 111

1, xe(U\Fg)ﬂBi, o, welz\li,
n 2 and |v77n(x)|§ n n N N
0, zels W\ B, 4, xe(u\F%>ﬂ<Bn\B%>.

Obviously, 7, has compact support and lim, . 7, = 1 locally uniform in U.
Fix ¢ € H'(U;R). We find from integration by parts that

N (z) =

Epy (6:m30) = % /M M|V dz + /u MmOV - Vipnda + /M (p+ BoVU) - V(15 6)dx

(3.4)
+/ eaoal¢*dz =2 Li(n) + Ia(n) + Is(n) + La(n).
u
We find lim,, o0 Il( = 3 [, |VolPdz from f IVolPdz < 00 and the dominated convergence
theorem. Clearly, [I2(n)| < (/,, nn|V¢\2dm) (f, IV ? \¢|2dx) From the construction of 7,,, we see

4n2|¢5|2 in F%\F%7
VaaloP < Q166 i (W) 0 (BE\BY).

0 otherwise.
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Since n2 < Zle max {z%, 1} inT2 \T1 for n > 1, the definition of « yields the existence of C; >0

such that |Vn,|?|¢]? < Cla|¢|2 in U for all n > 1. Since lim,,_,o |Vn,| = 0 locally uniform in U/, we
apply the dominated convergence theorem to conclude

lim / |V |?|¢2dx = 0, (3.5)
n—oo u

which leads to lim,, . I2(n) = 0.
Denote ¢ = ¢ + igo. Clearly, (0;¢)¢ = %8j|¢>|2 + (91002 — ¢20;¢1) for each j € {1,...,d}. This
together with integration by parts yield

I3(n) = %/u(p + BoVU) - na V|| *da + i /u(p + BoVU) - 2 (¢1V 2 — 2V )da

= / (V- p+ BoAU )z |6 da — / (p+ BoVU) - Vg (1|6 d
2 u u

+ Z/ (p+ BoVU) - 2 (61 V2 — 2 V1 )da.
u
It follows that

I3(n) + Is(n) = —/u(erﬁoVU)-Vnn(nn|¢l2)dx+/Meﬁo,zniWIde

+z/u(p + 6()VU) . ni(céqubg — QJ)QVd)l)d.’L‘ =: Jl(n) + Jg(n) + Jg(n)

We apply Holder’s inequality and the fact 0, € [0,1] to find

[0+ 5070) - Fnualof?)| < ( / |p+ﬁoVU|2|¢>2dw)2 ( / |Vnn|2|¢|2dx)2.
u u u

Note that Lemma 3.2 (1) gives [, [p+BoVU?|¢[*dz < O [, a|p|*dx for some Cy > 0, which together
with (3.5) yields lim,, o J1(n) = 0. It follows from Lemma 3.2 (2) that |eg, 2|n2|¢|* < Csalg|? for
some C3 > 0. Together with the fact ¢ € H'(U;R) and the dominated convergence theorem this
yields lim, o Jo(n) = [}, €g,,2/¢|*°dz. Since Young’s inequality and the fact n,, € [0,1] give

1 1
|(p+ BoVU) - m(61V 2 — 62V )| < S|V6* + Sl + BoVU P |6l*,

the dominated convergence theorem leads to lim,_, J3(n) = ifu (p+ BoVU) - (61V s — p2Vy)da.
Letting n — oo in (3.6), we conclude that

n—oo

lim [I3(n) + I4(n)] = /L{€BD,2¢2d$ +i/u(p + BoVU) - (01 V2 — $2 Ve )du.

Passing to the limit n — oo in (3.4), we derive the expected identity from the limits of I (n), Iz(n),
I3(n) and I4(n) as n — oco. The inequality in (2) is an immediate consequence of Lemma 3.2 (3). O

Remark 3.2. It can be seen from the proof of Lemma 3.8 that lim,, oo nn¢ = ¢ in H1(U;R) for any
¢ € H*(U;R). Therefore, C§°(U) is dense in H(U;R).

For f € L?(U;C), we consider the following problem:
(—Lgy+M)u=f in U, (3.7)
and look for solutions in H!(U;C).
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Definition 3.1. A function u € H!(U;C) is called a weak solution of (3.7) if
Epo (U, ) + M{u, )12 = (f, )12, Vo € H'(U;C),

where (-, )72 is the usual inner product on L?(U;C).
Lemma 3.4. Assume (H1)-(H3). Then, for any f € L>(U;C), (3.7) admits a unique weak solution
uy in H*(U;C). Moreover, the following hold.
(1) There is a constant C > 0 such that |Jug||32 < C||fl|lLe for all f € L*U;C).
(2) uy € H .(U;C) satisfies (—Lg, + M)us = f a.e. inlU, and Eg,(uy,d) = (—Lpyup, d)r2 for
all ¢ € H'(U;C).
(3) If f € L*(U;C) satisfies f > 0 a.e. inU, thenuy >0 a.e. inU. If in addition f >0 on a set
of positive Lebesgue measure, then ug >0 a.e. in U.
Proof. Fix f € L*(U;C). Holder’s inequality gives

vl < ([ Sirtae) ([ aloar)” < L fllole, Yoe w060 (33)

(infy )2

Hence, ¢ — (f,¢) 12 : H(U;C) — C is a continuous linear functional.
1
By Lemma 3.3 and the fact ||¢||z2 < (infy o)™ 2 ||@||z for ¢ € HL(U;C) one has

(€80 (6, 0) + M, ) 2| < Culldla [¥llaer, Vo, 0 € H'(U;C)

for some C7 > 0, and
(1
R (6,0) + Mol = win {5.C. 618, v € WU C). (39)

We apply the Lax-Milgram theorem (see e.g. [29]) to find a unique uy € H!(U;C) such that
Epy(ug, &) + M{ug, @) 12 = (f,d)12, Vo € H'(U;C). (3.10)

This shows that uy is the unique weak solution of (3.7).

(1) Setting ¢ = w in (3.10), we derive from (3.8) and (3.9) that

1 1
min {70*} 3 < REg, (upyup) + Mlluglli < ———[IFllc2lusllo-
2 (infy )2

(2) The classical regularity theory of elliptic equations ensures uy € HZ (U;C). Hence, us is a
strong solution and obeys (—Lg, + M)uy = f a.e. in Y. Multiplying this equation by ¢ € C5°(U; C)
and integrating by parts result in

Epo(ug, @) = (—Lpyus, d) 2. (3.11)

Note that C§°(U) is dense in H!(U;R) (see Remark 3.2) and both sides of (3.11) are still well-defined
even if ¢ merely belongs to H!(U; C). As a result, standard approximation arguments yield that (3.11)
holds for any ¢ € H'(U;C).

(3) Suppose f > 0 a.e. in Y. In this case, uy must be real-valued. It is easy to verify that the
negative part u; := —min{uy,0} € H'(U;C). Thanks to (2), we obtain

Sgo(uf,u;) + M<Uf,u;>L2 = (f,u?ﬁz > 0.
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It follows from Lemma 3.3 (2), &g, (ug,uy) = —Eg,(uy,uy) and (up,uy)re = —(uy, uy)re that
.1 _ B _
min { 5.C. 7 B < €y ) + My I <0

This implies u; = 0, and hence that uy > 0. If in addition f > 0 on a set of positive Lebesgue
measure, then u; # 0, which together with the weak Harnack’s inequality of weak solutions of elliptic
equations (see e.g. [29, Theorem 8.18]) yields uy > 0 a.e. O

By Lemma 3.4 and Lemma 3.1, the operator
(=Lg, + M)™': L*U;C) — L*(U;C), [+ uy
is linear, positive and compact. In light of Lemma 3.4, we define the domain of Lz, as follows:
D:=(—Lg, +M)'"L*U;C) = {¢p € H'(U;C) : Lg,¢ € L*U;C)} .
The next result collects basic spectral properties of —Lg,.

Theorem 3.1. Assume (H1)-(H3). Then, the following hold.

(1) The operator —Lpg, has a discrete spectrum and is contained in {\ € C: RA > —M}.

(2) The number A1 :=1inf {RA: X € 0(—Lp,)} is a simple eigenvalue of —Lg,, and is dominating,
in the sense that inf {RA: X € o(—Lg,) \ {A1}} > A1.

(3) The eigenspace of A1 is spanned over C by 01 for some 01 € D a.e. positive in U.

Proof. Since (—Lg, + M)~! is a compact operator on L?(U), we apply the Fredholm alternative (see
e.g. [68]) to find that

e the spectrum of (—Lg, + M)~! except 0 consists of at most countable eigenvalues with each
having finite multiplicity and being a finite pole of the resolvent operator of (—Lg, + M)™1;
e () is the only possible accumulation point.

Denote L3 (U) := {u € L*(U) : u > 0 a.e.}. Then, L?>(U) becomes an ordered Hilbert space with
the positive cone L2 (U). Since Lemma 3.4 (3) ensures the positivity of (—Lg, + M)~* on L*(U), we
derive from [50, Theeorem 2.1] that the spectral radius r1 of (—Lg, + M)~! is an eigenvalue and also
a finite pole of the corresponding resolvent operator.

Thanks to Lemma 3.4 (3), we see that ((—Lg, + M)~'f,g)r2 # 0 for all f,g € L3 (U)\ {0}. That
is, (—Lp, + M)~! is nonsupporting (in the language of I. Sawashima [59, 50]). As a result, we are
able to apply the results in [59] (also see [50, Theeorem 2.3]) to conclude

e 7y is a simple eigenvalue of (—Lg, + M)~}
e the eigenspace of 71 is spanned over C by v; which is quasi-interior in Li Uu);
e 7y is dominating in the sense that sup {|\| : A € o((—=Lg, + M)~ 1)\ {ri1}} <.
Note that a function f € L2 () is called quasi-interior if and only if (f, g)r2 # 0 for any g € L2 (U).
Then, it is easy to see that v; is a.e. positive in U.
By the spectral mapping theorem (see e.g. [22, Theorem IV.1.13]), there holds

o(—Lg) = {—i —MiXeo((—Lg + M)\ {0}} . (3.12)

We claim the existence of § € (0, %) such that

3
S :={{(-Ls, + Mu,u)p2 :u €D, |lul|fz =1} C{A € C: |arg A| < 0}. (3.13)
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As (3.12) implies that o(—Lg, + M) is discrete and consists of eigenvalues, we derive from [55,
Theorem 1.3.9] that o(—Lg, + M) C S C {A € C: RA > 0}. It then follows from 0 € p(—Lg, + M)
that o(—Lg,) C {\ € C: R\ > —M} and thus from (3.12) that R(c((—Ls, + M)71)\ {0}) C (0,00).
Hence, (1) holds and Ay := —% — M is just the principal eigenvalue of —Lg, and satisfies the desired
properties in (2)-(3).

It remains to show (3.13) for some 6 € (0, ). Fix u € D. Clearly, Lemma 3.4 (2) gives

<_(£ﬂ0 - M)uv U’>L2 = 550(u, u) + Z\lHuHQL2
It follows from Lemma 3.3 (2) that

. 1
R(—(Ls, — M)u,u) 2 = REz, (u,u) + M|ju||72 > min {2, C’*} 1]l 42 -
Applying Young’s inequality, we derive from Lemma 3.3 (2) and Lemma 3.2 that

1 1
S(—(Ls, = My uda| = 93, ()| < 5 [ [VulPde+ 5 [ p+ 5aVUPuPde
u u

1
f/ |Vu|?dz + @/ olu|?de,
2 Ju 2 Ju

where C > 0 is independent of u € D. Therefore,

[S(=(Loy = MIuwype| _ 5+ F

R(—(Ls, — M)u,u)r2 ~ min {%,C*}.
This proves (3.13), and thus, completes the proof. O

IN

0<

Remark 3.3. We point out that the positive cone Li (U) has empty interior so that the celebrated
Krein-Rutman theorem [39] for compact and strongly positive operators, often used to treat elliptic
operators on bounded domains, does not apply here. Restricting —Lg, to a smaller space does not help
as U is unbounded.

The number A is often called the principal eigenvalue of —Lg,. So far, it is not clear whether A\
is positive. The positivity of A1 is shown later by means of the absorbing properties of the process X;.

The following result concerns the semigroup generated by Lg, .

Theorem 3.2. Assume (H1)-(H3). Then, (Lg,,D) generates a Cy-semigroup (T})i>0 on L*(U;C).
Moreover, (T})>0 is positive (i.e., T,L2 (U) C L3 (U) for allt > 0), extends to an analytic semigroup
and is immediately compact.

Proof. Note that it is equivalent to studying the operator Lg, — M with domain D. First, we show
L, — M is densely defined and closed. In fact, the density of D in L?(U;C) follows readily from the
fact C§°(U;C) C D. Since the resolvent set of £z, — M is non-empty thanks to Theorem 3.1, the
closedness of (Lg, — M, D) follows.
Next, we see from Theorem 3.1 that (0,00) C p(Lg, — M). For fixed A > 0, we prove
1
AN+ M —Ls) M2ore < T A>0

Let f € L?>(U;C) and u € D be such that (A + M — Lg,)u = f. It follows from Lemma 3.4 (2) that
Epy(Uy @) + (A + M) {u, @)1z = (f, @) 12 for all € H'(U;C). As a result, Lemma 3.3 (2) ensures

. 1
mm{g,c*} FalZs + AllalZa < REsy (u 6) + MulZe < 11122l e,
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yielding the expected upper bound.

As a result, we apply the Hille-Yosida theorem (see e.g. [55, 22]) to find that (Lg, — M, D)
generates a Cop-semigroup of contractions {7} };>o in L?(U;C). By Lemma 3.4 (3), this semigroup
must be positive. Thanks to the compactness of (Lg, — M)~ by Lemma 3.1, it follows from [22,
Theorem I1.4.29] that (7});>0 is immediately compact.

It remains to show that (7});>0 extends to an analytic semigroup. Let S be defined as in (3.13) in
the proof of Theorem 3.1 and 6 € (0, §) be such that S C {A € C: |arg A\| < 0}. Then, o(~Lg, +M) C
{A e C:|arg | < 6}\ {0}. Fixing 0, € (¢, Z) and setting ¥y, :=={A € C: |argA| > 6,} C C\ S, we
find 3y, C p(Ls, — M) and there is C; > 0 such that d(\, S) > C1|)| for all A € $y,. An application
of [55, Theorem 1.3.9] yields

1 1
AN+ M —Lg) ! < — < , VA€ Xy,.
I ) i < s < g
As aresult, [55, Theorem 2.5.2] enables us to extend (T})¢>0 to an analytic semigroup. This completes
the proof. O

3.4. Adjoint operator and semigroup. Let (Lj ,D*) be the adjoint operator of (Lg,,D) in
L?(U;C). Then, D* is given by

D* :={w e L*(U;C) : 3f € L*(U;C) s.t. (w, Lg,¢) 12 = (f,d)12, Vo € D}.

For each w € D*, L} w is the unique element in L*(U; C) such that (w, Lg,¢) 1> = (Lj w, )12 for all
¢ € D. Integration by parts yields

1
Ly w= iAw + V- ((p+ BoVU)w) — egw, w e C°U;C). (3.14)
The following lemma summarizes some properties of the operator —L7 .

Lemma 3.5. Assume (H1)-(H3). Then, the following hold.
(1) o(=Lj,) =0(—Lg,) C{A€C:RA > —M}.
(2) D* = {w eH'U;C): L we LQ(L{;(C)}.
(3) For each ¢ € H'(U;C) and w € D* one has (¢, =L} w) 2 = Esy(d,w).
(4) A1 is a simple and dominating eigenvalue of =L}, with the associated eigenspace spanned over
C by v} for some v7 € D* a.e. positive in U.

Proof. (1) Note that o(—Lj ) = o(—Lg,). Since the spectrum of —Lg, consists of eigenvalues due
to Lemma 3.1 (1), and the coefficients of —Lg, are real-valued, we have A € o(—Lg,) if and only if
A € o(—Lg,). Hence, o(=Lg,) = a(=Lg,), which leads to o(=L} ) = a(=Lg,).

(2) Since =1 — M € p(—Lj ) by (1), we see that D* = (=Lj + 1+ M)~1L2(U;C). Following
similar arguments as in the proof of Lemma 3.4, we deduce

(L5, + M +1)""L*(U;C) = {w € H' (U;C) : L, w € L*(U;C)},

leading to the desired result.

(3) Note that (¢, —Lj w)r2 = (—Lg,¢, w) 2 for all $ € D and w € D*. It follows from Lemma 3.4
(2) that (¢, =L w)rz = Es, (¢, w) for all ¢ € D and w € D*. Since C5°(U;C) C D and is dense in

1

H(U; C) (see Remark 3.2), the conclusion follows from standard approximation arguments.
(4) This follows from (1) and arguments as in the proof of Theorem 3.1. O
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Denote by (T}):>0 the dual semigroup of (T})¢>o. It is well-known (see e.g. [55, Corollary 1.10.6])
that (73" )i>0 is a Co-semigroup with infinitesimal generator (L3 ,D*).

Theorem 3.3. Assume (H1)-(H3). Then, (T})i>0 is an analytic semigroup. Moreover, it is positive,
i.e., Ty L2 (U) C L2 (U) for all t > 0, and immediately compact.

Proof. Note that p(Lj — M) = p(Lg, — M). Thanks to [55, Theorem 2.5.2], the conclusion is a
straightforward consequence of the analyticity of (T});>0 and the fact ||(A + M — E;;O)*H 212 =
N+ M — Ls,) Y| z2_ 12 for each A € C with RA > 0. The positivity and immediate compactness
follow from arguments as in the proof of Theorem 3.2. O

4. Stochastic representation of semigroups

In this section, we study the stochastic representation of the semigroup (7} ):>0. Subsection 4.1 and
Subsection 4.2 are respectively devoted to the stochastic representation and estimates of semigroups
generated by L5 restricted to bounded domains with zero Dirichlet boundary condition. In Subsection
4.3, we establish the stochastic representation for (7}");>o.

4.1. Stochastic representation in bounded domains. Let 2 CC U be a connected subdomain
with C? boundary. Denote by £ the diffusion operator associated with X; or (2.3), namely,

1
EX:§A+(p—q)-V.

For each N > 1, let £X|q be £X considered as an operator in LY (Q; C) with domain W2 (Q;C)N
Wol’N(Q;(C). It is well-known (see e.g. [29, 55, 22]) that the spectrum of —LX|q is discrete and
contained in {\ € C: R\ > 0} and L |o generates an analytic semigroup (St(Q’N))tzo of contractions
on LN (Q;C) that satisfies St(Q’N)Lf(Q) C LY (Q) for all t > 0. Moreover, the following stochastic
representation holds: for each f € C(Q;C),

SN f(@) = B [f(Xi) Lpperay],  V(z,t) € Q x [0,00), (4.1)
where 7q ;= inf{t > 0: X; & Q} is the first time that X; exits Q.

For N > 1, let CE’ON\Q be L} considered as an operator in LY (Q; C) with domain W2 (Q;C) N
Wo ™ (2;0).

Proposition 4.1. The following statements hold.

(1) The spectrum of 7£Z:)N‘Q is discrete and is contained in {\ € C: RA > 0}.
(2) E;;)Nm generates an analytic semigroup of contractions (Tt(*’Q’N))tZO on LN(Q;C) that is
positive, namely, Tt(*’Q’N)Lf (Q) c LY(Q) for allt > 0.

(3) For each f € LN(Q;C) and fi= e*%*ﬁOUf’

TN F o o= § UGN ¢ yp > g,

(4) For each f € C(Q;C) and f := e~ FPoU

_ Q=)
2

TN Fz) = e “BUOET [F(X) L rergy],  V(@,t) € Q X [0,00).

(5) For any Ny, No > 1, Tt(*’Q’Nl) and Tt(*’Q’NQ) coincide on L™ (€;C) N LN2(Q; C) for all t > 0.
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Proof. For f € W2N(Q;C)NW,’ N(Q;C), direct calculations give cy Naof = 6_7_60U£X|Qf7 where
fi= e~ §—BoU f, the conclusions (1)-(4) follow immediately from the correspondlng properties of L3 |q
and (5™ 5.

In particular, for any N7, N > 1 we have Tt(*’Q’Nl)f = Tt(*’Q’NZ)f for all f € C(€;C). Statement
(5) then follows from the density of C(Q;C) in L (2;C) for any N > 1. O

4.2. Estimates of semigroups in bounded domains. We prove two useful lemmas concerning
; : (+,Q,N)
some estimates of the semigroup (7} )i>0-

Lemma 4.1. Let N > 2 and f € LN(Q). Then, @ := T.(*’Q’N)f satisfies the following inequalities:

N/|w|N t)dx +7//\ N 72|V |*dads + C. / /a|w|Nda:ds
t1 t1

1+e NM(t—t1)

1 ~ N N-1 [ ~ N —2|v7,~ 2 ! ~ N
~ [ [ t)de + —— [N 2| V| 2dads + C. aw|N dzds
N Q 2 to JQ to JQ

S AL
< — |w|Ydxds, Vt>te >t > 0.
N(ta—t1) Ji, Jo |

Proof. Fix N > 2 and f € LN(Q). Then, o := T "% f satisfies

and

o = L5 [ in Qx (0,00).

Recall L3 from (3.14) and ﬁZgN from Subsection 4.1. Multiplying the above equation by |@|Y 2w
and integrating by parts, we find, after straightforward calculations, for ¢ > 0

N -1
/Q|1D|N_271)6tu?dm:—T/Q\1I1|N_2|Vu~)|2dx—/QeBO,N\MNdx, (4.2)

where we recall the definition of eg, y from (3.3).
|| N2 wopn = 0 |w|Y, we integrate the above equality on [t1,t] C [0,00) to derive

1 N-1 [t ¢ 1
7/ |uv|N(.,t)da:+—/ /|m\N*2|vw|2dzds+/ /650,N|1D|Ndzd3:—/ |@|N (-, t1)dz.
N Jq 2 4 Ja 4 Ja N Jo

As Lemma 3.2 (3) gives eg,. v + M > Cia for all N > 2, we find

1 - N N-1 [ SIN=2| 2 ' SN
— [ oV (-, t)de + —— || ~*|Vw|“dzds + C. alw|” dzds
N Jo 2 JuJa t1 JQ

¢ 1
gM/ / |1D|Ndxds+—/ BN (- t)de, VS 4 > 0.
t1 JQ N Q

Since

(4.3)

Setting g(t) := fttl Jo [@|Ndzds for t > ty, we arrive at g’ < Mg+ %||@(-, t1)||Yx for all t > ¢;.
Gronwall’s inequality gives g(t) < &Hw( t1)||¥y for all t > t;. Inserting this into (4.3) yields

the first inequality.
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Now, we prove the second inequality. Fix t1,t2 € [0,00) with t; < to. Let n € C°°((0

A
v
o =
o
[©)

non-negative and non-decreasing such that 7 =0 on [0,%;], n = 1 on [t, 00] and maxp, ¢, 1 § T f1
Multiplying (4.2) by 7 and integrating by parts, we find for ¢ > to,
1
—/ n()|w|N (-, t)dz — —/ / '|w|Ndxds
N Ja
N -1
= —7/ / n|w|N 2|V Pdeds — / / nes,.n|w| N dzds.
2 Jo Ja 0 Ja
The definition of 7 then gives
N/ [N (-, t)dx +7/ / ||V 2| V| dxds—i—/ /650N|w| dzds
/ / o dzds < / |w|Ndeds, V> t.
( ) t1 Q
This completes the proof. O

Lemma 4.2. For each t > 0, there exists C = C(t), independent of the domain Q, such that
I Fliag) < Cll lle- o), ¥ € L (9),

where 2, = 2(;1:_42) € (1,2) is the dual exponent of 2 + %.

Proof. Take N € (1,2]. Then, N’ := <&~ > 2. Denote by (Tt(Q’N/))tzo the semigroup on LV (Q)
that is dual to (Tt(*’Q’N))tZO. Let [,gglg be L, considered as an operator in LV (Q) with domain
W2N'(Q) n Wol’N,(Q). It is not hard to check that ﬁggkz, being Lg, considered as an operator in
LN (9) with domain W2V (Q;C) N WY (Q;C), is the generator of (T, )),=q.

Take § € LV’ (Q) and denote ¢ := TN ) . Then, v is the solution of

o0 = Lﬁo oo in Q x (0,00).

Multiplying this equation by |5 ~25 and integrating by parts, we find, after straightforward calcu-
lations, for ¢ > 0,

/ ||V ~208,bdx =
Q

where e/ 1= eg, — +(V:p+BoAU). We can follow the proof of Lemma 3.2 (3) to show e NTM >
Ciain U for all N > 1. Then, arguing as in the proof of Lemma 4.1 yields

1 ~IN’ N -1 [ ~IN' —2|v7~(2 ! ~IN’
~— [ [9]7 (-, t)dx + [l |Vo|*dzds + C. alo|™ dzds
N Jo 2 0 Jo 0o Jo

1 N'Mt ,
< ”7/ 61V dz, V> o0,
N Q

5|V 2|V |2de — / ehon 181N da,
Q

(4.4)

1 [
7 LY G

2

ta
<= 5|V dads, Yt >ty >t > 0.
—N'(tQtl)/tl /QM e pon=

and

¢
/_2|Vf)\2dxds—&—0*/ /Oé|’1~}|N/d$dS
t2 t2 Q

(4.5)
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Ficure 3. Ilustration of the stochastic representation.

The Sobolev embedding theorem gives
N
2

N 3
1972 [ L2s (10,7 < Ch < sup ||o
sel0,]

(5 8)llz2(0) + VﬁngLz(QX[O,t})) ,

where k = dff and Cy > 0 depends only on d. This together with (4.4) gives rise to

t 1 N/ 2 t
(/ / |1~)|“N,dxd5) <20% | sup / 5z, s)|N da + u/ / 15|V 2| Vo2 dzds
0 JQ s€[0,t] /O 4 0 JQ

< Co(1+eN MYy [ 15N e, Yt >0,
Q

where Cy := 2C% (1 + 2(NL'/—1)) We then deduce from (4.5) (with N’ instead of N') that

1 ’ N/ — 1 t , t ,
135N (-, t)da + 15]"N'=2V5|2dads + C, oo dzds
kN’ 2
Q ta JQ ta JQ

2 t2 N 2 : :
< ~1K deds < Cnl NMt2K~nNI

for all t >t > t; > 0, where we used (4.4) in the second inequality.
As a consequence, for each ¢ > 0, there exists C3 = C3(d, N',t) > 0 such that

QN ~ - -
TN G e 0y = 9GO pent 0y < Calldllonr -

Since T(AN) and "™ are adjoint to each other, it follows that

TSN Fllv iy < Csll fllve iy, VF € LN (Q) N LY (Q).

where N, := 5]’3},\11. Thanks to Proposition 4.1 (5), the above inequality holds for all fe LN (Q).

Setting N = 2 yields 2, = 220?42) € (1,2). This completes the proof. O

4.3. Stochastic representation. We prove the following theorem concerning the stochastic repre-
sentation of (T3);>o.

Theorem 4.1. Assume (H1)-(H3). For each f € Cy(U;C) satisfying f = fe=$-hU ¢ L*(U;C),
* £ —c@_ )
Ty f(a) = e PVORT [f(X)Tpcsny] s Y(a,t) €U x [0,00).

For the reader’s convenience, we include Figure 3 to clarify the stochastic representation.
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Consider the following initial value problem associated with the operator £ :

{8,511) =1AG+ V- ((p+ BoVU)D) —ego in U x [0,00), (46)

w(-,0) = f in U.
Definition 4.1. A function 711 e CUx|o, oo))ﬂLlQOC([ o), H (U)) is called a weak solution of (4.6)
if for each ¢ € C’1 U x [0,00)) and t € [0,00) one has

/ @, 1) (-, t)dz — / Fo(-,0)dz — / / WOy pdrds
:—5/0 /MVQZ)-ngdxds—/o /M(p—kﬁoVU)~u~)V¢dxds—/0t/uegou~J¢dxds.

Lemma 4.3. Assume (H1)-(H3). For each f € C(U) N L*(U), (4.6) admits at most one weak
solution.

The proof of the above lemma follows from energy methods and approximation arguments. Since
it is somewhat standard we present its proof in Appendix A.2.
Now, we prove Theorem 4.1.

Proof of Theorem 4.1. Treating the real and imaginary parts separately, we only need to prove the
theorem for f € Cyp(U) such that f:= fe’%*ﬂoU € L?(U). Fix such an f.
We show T f is a weak solution of (4.6). Due to the analyticity of (T}*);>0 (see Theorem 3.3) and

Lemma 3.5, we find

(1) T3 f € C([0,00), L2U)) N C*((0, 00), L2(U));

(2) Ty f € D* C HY(U) N HE (U) for all t > 0;

(3) $T7f =Ly Ty f for all t > 0.
Since f € C(U), the classical regularity theory of parabolic equations yields that T f € C(U x [0, 00)).
Applying Lemma 3.3 (2) and Lemma 3.5, we find for each ¢ > 0,

. 1 * p * [ * * p
min{ 5. C} 173 B < (T2 £, 1)+ DT 1%
—(T7 f, %OT*ﬁm + M|} f|172
<T*f, Ty fyre + M| Ty 32 = 2dt||T*f||L2 + M| Ty f1|7-
It follows that

1 I 1, - b
min{ 5.0} [ 1T FIBuds < U7+ M [ 1A ds, e
0

This yields T f € L?,.([0,00), H(U)). By (3), it is easy to check that the integral identity in Definition
4.1 holds with @ replaced by T3 f. As a consequence, T f is a weak solution of (4.6).
Define
(@, t) = e 5 PU@ET [£(X)1egy], (2,) €U x [0,00).

We claim that @ is also a weak solution of (4.6). Then, Lemma 4.3 yields T#f = b, leading to the
conclusion of the theorem.

The continuity of @ in U x [0, 00) follows from the definition and continuity properties of X;. We
show w € L2 ([0,00),H'(U)). Let {Un}nen be as in Subsection 2.3. It follows from Lemma 2.1 and
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Proposition 4.1 (4) that @ = lim,_ T.(*’U”’Q)ﬂun in U x [0,00), where we recall from Subsection
4.1 that (Tt(*’u"’z))tzg is the positive analytic semigroup of contractions on L?(U,,; C) generated by
L5y, with domain W22 (Uy,; C) N Wy'* (Un; C).

For convenience, we define w,, := T.(*’u"’z)ﬂun for n € N. Then, lim,_ ., W, = w. Lemma 4.1
(with t; = 0) gives for each ¢t € [0,00) and n € N,

1 =2 1 =12 ¢ P 1+ e2Mt -
- ws (-, t)de + = |V, |*dzds + C, aw;drds < ———— f2da.
2 U, 2 o Ju, 0 » 2 u,

Letting n — oo yields w € L ([0,00), H'(U)). Since dpb,, = /32’02|un111n in L2(U,) for all t > 0 and
n € N, standard approximation arguments ensure that @ is a weak solution of (4.6). This finishes the

proof. a

5. QSD: existence, uniqueness and convergence

In this section, we study the existence and uniqueness of QSDs of X;, as well as the exponential
convergence of the process X; conditioned on the event [t < Sr] to QSDs. In Subsection 5.1, we show
the existence of QSDs of X;. In Subsection 5.2, we study the sharp exponential convergence of X;
with compactly supported initial distributions. In Subsection 5.3, we investigate the uniqueness of
QSDs of X; and the exponential convergence of X; with arbitrary initial distribution. The proofs of
Theorems A and B are outlined in Subsection 5.4.

5.1. Existence. We construct QSDs for X;. Recall that A\; and v; are given in Theorem 3.1.
Theorem 5.1. Assume (H1)-(H3). Then, the following statements hold.
(1) A > 0 and [, t1e~ 3 BUdx < 0o for any B > 0. Hence, dv; := de e PU)
and satisfies fu ePVdv, < oo for any B € [0, Bo). v
(2) For each f € Cy(U),

E" [f(Xe)Litesry] = eiAlt/ fdvy, Vt>0.
u

(3) v1 is a QSD of X; with extinction rate A;.
We need the following lemma. Recall that the weight function « is defined in (3.1).

Lemma 5.1. Assume (H1)-(H3). Then, 0 € L*(U, adx; C) implies [, \@\e_%_ﬁde < oo for any
8> 0.

Proof. Let 3> 0. As [, |5le=$-BUdx < (f, a|f)\2dx)% (f, ée_Q_QBde)%, it suffices to verify

1
—e 97V < o0 (5.1)
u o

Let G (t) := max{7%,1} for t > 0. According to the definition of o given in (3.1) and the fact that
infyy a0 > 0, there exists Cy > 0 such that a(z) > Cy Zle a(z;) for x € U. Since U(x) = V(¢ Y(z)) >
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- 4 g(et 1
S V(& (2:)) for x € U due to (H3)(2) and =@ = [[Hl : 1(( ((1)))}]21 , we derive
i=1 @i f Zq 2

Nl

[N

[ Leaag, o (1 e )] / Ml {2V @)}
“ “ 4 (S ate) x [T e )]

For each k € {1,...,d}, let ) be the collection of all subsets of {1,...,d} with k elements, and set

| [ [lico oxp {28V (w0))}
L 1= sup
0€3, J{ro=(xi)ico:x:i>0, Vico} (Ziea 64(1'7,)) X [Hiea ai(g'il(xi))]

K2

dz,.

N

Clearly, (5.1) holds if A4 < co. We show this by induction.
First, we show A; < co. Following the arguments leading to (A.2), we can find Co > 0 such that
ai(& N (w;)) > C3x? for x; € [0,1] and 4 € {1,...,d}. Tt follows that for each i € {1,...,d},

o 2BV (e (@) 1LV @) o 2BV (e (@)
0 afe) [ai(€ (@) 2 Lt La(ag) [ai(& (@)

1 ~ oo ,—28V §L s
i/ xie—QﬁV(Ei’l(xi))dxi_’_/ ;@f)idxi
0 1 [

<
< ai(& (o))

1 /oo 672ﬁ\~/(zi)d
< ———dz,
20 ey at)

where we used the definition of & in the second inequality, and the non-negativity of V a simple change

of variables in the third inequality. Since ffo_fl( %dzl < oo by (H3)(2), we find A; < 0.
Suppose Ay < oo for some k € {1,...,d — 1}, we show Ax41 < 0o. We only prove
[T exp {26V (& (@) }
AkJrl :—/ / %dx1~-~dxk+1 < 0Q;

T a ») < [T aule @)

integrals corresponding to other o € ¥4 can be treated in exactly the same way. Note that

1" 'd$k+1

/ / M ep {2V @}

k+1 - )) % {Hk+11 al(i_l(ﬂii))}
B Ck+1 / / k+1 1 X H’i_ll xid 1 AT

C”~C+1 / / k+1 e dey -+ degs < oo.
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For j € {1,...,k + 1}, we see that
[T exp {~267(¢7 (@) }
].7/ / / dzy --day - dog
k - k _
+1 i)) x [Hiill a;i(§; 1(%‘))}

oo 6—2,@V(5]~ (wj)) oo 6_25(/(2]_)
< Ay ———dz; = A4, - dz; < oo,
1 2 J —1 a (Z) J
! [aJ (5] (xj))] & () AN}

where we used (H3)(2) in the last inequality. It follows that A}, , = Zkﬂ Bj < oo. This completes
the proof. 0

[N

Proof of Theorem 5.1. (1) Since 9, € H'(U) C L*(U, adz), Lemma 5.1 yields [, tre= 5 FUdx < oo
for any 5 > 0.
To see A1 > 0, we fix f € C§°(U) and set f := fe_%_ﬁoU. Clearly, f € L?(U). Theorem 4.1 gives

e%m_BOU(x)Ex [f(Xt)]l{t<Sr}} = Tt*.f(x)a V(LIL‘, t) eU x [07 OO)

-1
Set vy := C’f}le’%*ﬁw, where C := (fu @16*%*30de) . Obviously,

/ vePVdr = C’/ 5167%7(&]7@de < oo, VB eI, pPo).
u u

Moreover, we calculate
/ UlE. [f(Xt)]l{t<Sp}] dr = C<1~}1,Tt*f>L2 = C<Tt1~}1, f>L2, Vi > 0,
u
which together with T;0; = e~ *!%; yields

/ 0 E® [f(X0)Ljicsy] do = CeiAlt/
u

ﬁlfdx = eiAlt/ Ulfd.r, vt > 0. (52)
u u

For each x € U, the fact P* [Sp < co] = 1 implies lim;_, o, E* [f(Xt)]]-{t<SF}] = 0. This together
with the fact sup,cy |E” [f(X¢)1<sey]| < [[flle for all ¢ > 0 and the dominated convergence
theorem implies lim;_, oo fu v E® [f(Xt)]l{Ksp}] dr = 0. From which, we conclude A\; > 0, otherwise
a contradiction can be easily derived from (5.2).

(2) Fix f € Cy(Ud) and take a sequence of functions {f,}neny C C§°(U) that locally uniformly
converges to f as n — oo and satisfies || fr||co < || f||co for all n € N. It follows from (5.2) that for each
t>0andneN, [, /E® [fn(X)Ljcspy] din = e Mt Jy fndvi, where dvy := vidz. Letting n — oo,
we conclude the result from the dominated convergence theorem.

(3) Applying (2) with f = 1y, we find P [t < Sp] = E" [1j4<g.y] = e ™ for all t > 0. Applying

(2) again, we conclude W = J,, fdvy for all f € Cy(U). That is, v is a QSD of X; and

A1 is the associated extinction rate. O

5.2. Sharp exponential convergence. We study the long-time dynamics of X; before reaching the
boundary I'. Ahead of stating the result, we recall and introduce some terminologies and notations.
Recall that the spectra of —Lj and —Lpg, coincide, are discrete and contained in {\ € C: R\ >

0 and arg A < 6} for some ¢ € (0, ). The number A is the principal eigenvalue of both —£% and
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—Lg,. Let 97 be as in Lemma 3.5 (4) and suppose it satisfies the normalization

<17171~)T>L2 :/@167%7501](1%, (53)
u

where 7 is given in Theorem 3.1. The last integral converges thanks to Lemma 5.1.

Set Ay = min{%)\ A E cr(—/lzo) and B\ > /\1}. Then, Ay > Ay and {\ € a(—ﬁgo) :RA = Ao}
consists of finitely many elements. For £ = 1,2, let P; and Py, be respectively the spectral projections
of =L} and —Lg, corresponding to {A € o(—=L} ) : R\ = A }. Clearly, Py and P are adjoint to each
other and ranP; and ranP; of —Lg, and —Lj corresponding to A; are respectively spanned over R
by o1 and 07. Since the coefficients of —Lj and —Lg, are real-valued resulting in the symmetry of
the set {A € o(=L} ) : RA = Ao} with respect to the real axis, P; and P, are also adjoint to each
other.

Suppose the set {\ € o(—L}) : RA = A2} consists of N, elements and is enumerated as

)\2,1', ie{O,...,N*—l}.
Denote by P3; and Ps; the spectral projections of —Lj and —Lg, corresponding to Az;; and A2.is
respectively. Note that PJ; and P ; are adjoint to each other. Obviously, Py = Z?;*Jl P3; and
Po=S NPy,
For i € {0,..., N, — 1}, we let

e N; be the order of the pole Az ; of the resolvent of —L£7

e d; = dim(ranP; ;),

o {172(?2) cj€e{1,...,d;}} and {f)l(i) :j € {1,....d;}} be generalized eigenfunctions of —L7

and —Lg, that form bases of ran/P; ; and ranPs ;, respectively, and satisfy the normalization

@3, 0N e = G, ik e {1, di). (5.4)

Recall that vy is the QSD of X; obtained in Theorem 5.1, and {T}};>0 and {1} };>0 are positive
and analytic semigroups of contractions on L?(U;C) generated by Lg, and L3, respectively.
The main result in this subsection is stated in the next theorem.

Theorem 5.2. Assume (H1)-(H3). For each v € P(U) with compact support in U, there holds for
each f € Cy(U),

EY[f(X¢)|t < Sr] —/ufdul

/\1t ) )
- fQiBU~d / e%+ﬂOUTt*P; (f - 1”/ fd1/1> dv + O(e—(/\z—A1)t)
Ue? 0 UT vJu 5
—(Aa—=A1)t N.—1 N;—1 i
— (& Q«i»ﬁoU —iS g it % s B _
B — ez e 3 — (L%, + A24) P ‘(f_]ll/f/fdlfl)dz/
fu 6%+50U7~)>1kd1/ /Z/{ jz::O kZ:;J k! Bo j 2,5 )

+o(em P2 g5 - o0,
where f = e_%_ﬁon and 1y = e_%_ﬁ“U]lu. In particular, the following hold:
e Foreach 0 <e<k1,

tliglo e()\Q—)q—E)tH]P;u[Xt c 0|t < SF] _ VlHTV =0.
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o If f € Cy(U) is such that P3 (f—flu Iy fdu1> # 0, then for a.e. x € U, there is a

family of sets {Kytoces1 i (0,00) satisfying Ky, C Ky for 0 < €1 < €2 < 1 and
lime_,oinfpso [y e N (T, T +1)| = 1 such that
lim ez MTOET(f(X,)|t < Sp] — / fduy
u

teEe,e
t—o0

=00, V0<exl.

Remark 5.1. We make some remarks about Theorem 5.2.

(1) Theorem 5.2 appears to be a direct consequence of the decomposition of (T} )i>0 according to
spectral projections ensured by Theorem 3.3 and the stochastic representation given in Theorem
4.1. This is however deceptive due to the following two reasons: (i) the stochastic represen-
tation given in Theorem 4.1 is only true for f € Cp(U) such that e_%_ﬁon € L?(U); this is
indeed a restriction as e= 3PV and e 35U gre respectively unbounded near T' and oo; (ii)
the semigroup (T} )10 is naturally defined on L*(U), but we need its L properties.

(2) For f € Cy(U), the function f = e_%_BDUf does not necessarily belong to L*(U). Neither
does f— iy fu fdvi. Its projections under P35 and P3 ; are justified in Lemma 5.2 (2).

(3) Theorem 5.2 actually holds for all initial distributions v € P(U) satisfying the condition

|y eF+50Udy < 00. See Remark 5.2 for more details.

We need two lemmas before proving Theorem 5.2. The first one concerns some important properties
of Ty, Py and Ps.
Lemma 5.2. Assume (H1)-(H3). The following hold.
(1) Pif=1; J, fe3TPUdv, for all f € L2(U).
2) Both Pf and P5 are well-defined on fe_%_fgoU : f € Cy(U)} with values in L*(U).
1 2
— — i ) i— k * *
(3) TyPy = g Ty Py = e et Nt e it SN B (L N )P for all t > 0.
(4) For each 0 < e < 1, there exists C = C(e) > 0 such that
HTt* —e P — Tt*P2*||L2—>L2

(5) Let f € ranPs \ {0}. Then, for a.e. x € U, there is a family of sets {Ky e}o<ex1 i (0,00)
satisfying Kyey, C Kye, for 0 < 61 < €2 < 1 and lim.ginfrso Ky e N (T, T + 1)| = 1 such
that

< Ce=tat -y >,

tl’%n P2 H T (1) = 00, V0 <e< 1.
EKq,e
t—o00

Proof. (1) Note that ran(Py|r2()) is spanned over R by ©f. By the Riesz representation theorem,
there exists h € L?(U) such that

Pif=(fhyatt, Vf e L2U). (5:5)
As P; and P; are adjoint to each other it must be true that P19 = (9,0})12h for all o € L2(U).

Since ran(Pi|2(y)) is spanned over R by @y, there exists C; € R such that h = C19;. Thus, the
normalization (5.3) gives

- - JOR . - . _Q_
v = 731111 = 01<U1,1}T>L21}1 = 01111 / vie 2 ﬁOUdl‘,
u

leading to C; = L , and hence, h = %—160. Inserting this into (5.5) and noting
2 ~P0

Q
fu e 2 PoVqy fu Dre” dz

the definition of 14 give rise to the formula for Pj f



32 ALEXANDRU HENING, WEIWEI QI, ZHONGWEI SHEN, AND YINGFEI YI

(2) Thanks to (1), it is obvious that the statement holds for P;. Note that ranP; and ranP, are
finite dimensional and Lemma 5.1 ensures [, e_%_50U|v|dx < oo for each v € ranPs. Following the
same proof as in (1), we arrive at the conclusion for P as well.

(3) and (4) are special cases of [22, Corollary V. 3.2] due to Theorem 3.3, the fact RAo; = A for
all i € {1,..., N.}, and the simplicity of the principle eigenvalue A; of —L7 .

It remains to show (5). Fix f € ranP; \ {0}. We consider three cases.

Case 1. N, = 1. In this case, {A € o(=L})) : RA = Ao} = {A2}. Then, f is a generalized
eigenfunction of — L% ~associated with A2, and thus, there exists N e N such that (EZ,O + Ag)N =0
and (L’go + )\2)]\7 f # 0in U. Tt follows from the strong unique continuation principle for elliptic
equations (see e.g. [43]) that (L3 + )\Q)Nf # 0 a.e. in Y. Since

N N
t t N S
Tyf=e 2ty 3 (Lh, + X)f = e (N(% FA)V o(tN)> as t— oo,
k=0

we derive lim;_, o, e 2T T; f|(z) = oo for a.e. x € U and each 0 < ¢ < 1. The conclusion follows.

Case 2. N, = 2K +1 for some K € N. Considering the symmetry of the set {\ € o(—=L} ) : RA = Ao}
with respect to the real axis, we can re-enumerate it as { Az ; }]K:_K such that Ao g = Ay and Ay ; = Xz,_j
for j e {1,...,K}.

Note that f = Zf:_K fj, where f; is the projection of f onto the generalized eigenspace of A ;.
Since f is real-valued we must have f; = f_j for all j € {1,..., K}. We may assume, without loss of
generality, that f; # 0 for all j € {—K,...,K}.

Since Ag; is a pole of the resolvent of —L% with finite order, there exists Nj € N such that
(L5, + )\QJ)NJ‘Hfj =0 and (£ + )\Q’j)NJ fj # 0. Applying the strong unique continuation principle
for elliptic equations (see e.g. [43]), we find

(L5, + 2 )N f; #0 ae in U (5.6)

Clearly, Z\7j = N_j for all j € {1,..., K}. Straightforward calculations then give for ¢ > 1,

K Ni g K N.
* —S Ao t * —iS N 1 * Vi Vi
6/\2tTt f= Z e~ Szt Z E(ﬁﬁg + )\27j)kfj = Z e Azt [N |(£ﬂo + )\Q’j)NJ fj + O(tNJ )]
j=—K k=0 """ j=—K Jt
o Y N [ 2t —iS gt px N; N,
= | Ty (Lt + 2™ fo 4 o(t™) | + 30 | T (7L, 00 ) 0 fy) - olt™)|
0* j=1 J
(5.7)
Since the asymptotics of e*?! T} f as t — oo is determined by the terms with the highest degree, we
may assume, without loss of generality, that No = Ny = --- = Nk.
Set Iy := 1\710!(52’0 +A2)No fo and Fj := N%,(E;go + A2, j)Nifj for j € {1,..., K}. We rewrite (5.7) as
6)\2tT*f K e K
Tot =Fo+ Y R(eF) +o(1) = Fy+ > [Fjlsin(Shg it +¢;) +0(1), V1, (5.8)
j=1 j=1

where @; € [0,27) satisfies tan p; = 72? for j e {1,...,K}.
J
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feCy—— g:=E* [f(X1)l{1<s:}] E* [f(Xe)Liesy]

lxe‘g_BUU JXe(Z?BUU Jxe?ﬁOU

felr ———Gel?——— §=T7 yge L2 —— T} ;g€ L™

FIGURE 4. Idea of the proof of Lemma 5.3.

Note that (5.6) ensures theset N := {x € U : 3j € {0,1,..., K} s.t. |Fj|(x) = 0} has zero Lebesgue
measure. Fix z € U \ N and set

K
Fo(t) == Fo(z) + > [Fjl(x) sin(SAg it + ¢5), V€ R,
j=1

If infysq [Fu(t)] > 0, (5.8) implies lim; o, eP2 9T f|(2) = oo for each 0 < € < 1. Other-
wise, for each 0 < € <« 1, we set Ky = {t € (0,00) : |Fy(t)] > €}. Then, (5.8) ensures
limser, , eP2+9!| Ty f|(2) = co. It remains to show

t—o0

lim inf [K,. N (T, T +1)| =1. (5.9)
e—=0T>0

If {%)\27]‘};;1 are rationally dependent, then F, is periodic and (5.9) follows immediately. Oth-
erwise, F, is quasi-periodic, or more generally, almost-periodic. Following the definition of almost-
periodic functions (see e.g. [44]), it is not hard to prove (5.9).

Case 3. N, = 2K for some K € N. The proof is exactly the same as that in Case 2 except that f
does not appear due to the fact Ay & {\ € o(=L} ) : RA = A2}

This completes the proof. O
Lemma 5.3. Assume (H1)-(H3). For each 0 < € < 1, there exists C = C(e) > 0 such that for each
feC,M) and f = e’%fﬁon and t > 2,

ITE P flloo < Ce™ P2 fllo, (5.10)

‘E‘ [f(X)Lgiasyy] — e PV b5 / fdvy| < CeFHBU = a0t ) (5.11)
U

and

E*[f(X))Lgresy] — 3000 (A / fdu1+T:7>;f)] < CFHRU Ot fll . (5.12)
u

The idea of the proof is sketched in Figure 4.
Proof. Fix 0 < e < 1 and f € Cy(U). By the Markov property and homogeneity of X,
E* [f(Xt)]]-{t<Sp}] =E* [g(Xt—l)]]-{t—1<Sp}} ; V(x,t) eU x [I,OO), (513)

where g := E*[f(X1)1{1<5.}] € Cp(U). For convenience, we set j := e’%*ﬁoUg and f := e’%*ﬁon.

The proof is broken into three steps.
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Step 1. We claim that § € L?(i/) and there exists D; > 0 (independent of f) such that
l9llr2 < D1l flloo- (5.14)

N d et i
Recall that 2, := 242 ¢ (1,2) (see Lemma 4.2). Since e~ = [y asle (1) 41 , we find

d+4 *[ d
|7

2

d - ~2. 80U
b Hai(fil(l))l c s—da.
Ll LM%M$WM4

2%

2o~ 522800 g < || £

T ai€ (@)t
do= [ f
u

Arguments as in the proof of Lemma 5.1 yield fu - = ]
oy ai(€ (@)

—24BoU(x)

z—dx < 0o. This implies the existence
4

of C; > 0 (independent of f) such that

11122 @) < Cill fllos- (5.15)

Recall {Uy, }nen and {7, }nen from Subsection 2.3. For each n € N, we recall from Subsection 4.1

that (Tt(*’u”’z*))tzo is the positive and analytic semigroup of contractions on L?* (U, ; C) generated by

(EZ;}Q* u,, W22+ (U,; C) N Wy > (Uy; C)). Since f € C(U,), Proposition 4.1 ensures

* w) F -$-Bo ®
T ) flu, = e 2 PVE® [£(X)Ljter,y] . Vit € [0,00). (5.16)

It follows from Lemma 4.2 the existence of Cy > 0 such that ||T1(*’u“’2*)f|\L2(un) < CQ||f~HL2*(un) for
all n € N. Letting n — oo, we derive from Lemma 2.1, (5.16) and Fatou’s lemma that

112 = lle™F VR [£F(X0)Lincsey] 2@ < Callfllzeay < CCallflloos
where we used (5.15) in the last inequality.
Step 2. We claim the existence of Dy > 0 such that
Ty Blloo < Dao|| Ty yhllz2, VE>1and h e L*U). (5.17)

Setting h := § — Pig— P5g, we find from the above inequality, Lemma 5.2 (4) and the result in Step
1 that for some D3 > 0, there holds

|Ty1§ = Ty Prg — T Pagl| . < Dse” 2 flloo,  VE>2. (5.18)

We first prove (5.17) when h = e~ 3—PoUp ¢ [2 (U) for some h € Cy(U). The general case follows
from standard approximation procedures. Note that Theorem 4.1 gives

Tt*ﬁ(x) =e” <5

PU@E? [W(X) L espy] s Y(z,t) €U x [0,00). (5.19)

Let {Up tnen and {7, }nen be as in Subsection 2.3. If we show the existence of C. > 0 such that
sup 8_%_60[] ’E.[h<Xt)]l{t<’rn}‘ < C*
u‘ll

for all t > 1 and n € N, then (5.17) follows immediately from (5.19) and Lemma 2.1.
We show (5.20) by Moser iteration. Recall that for each n € N and N > 1, (Tt(*’u”"N))tZO is the
positive and analytic semigroup on L™ (U,,; C) generated by (/.ZE’ON\UH,WZN (Un; C) N WY U,; C)).

Since here for each n we only consider the action of (Tt(*’u”’N))tZO on functions in C'(U,; C), we simply

_Q_ .
e~ 2 PUR [h(Xt—l)]l{t71<‘rn}]‘

e (5.20)
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write ( )t>0 for all {(Tt(*’u"’N))tZO,N > 1} in consideration of Proposition 4.1 (5). Obviously,

By := hly, € C(Uy,) for all n € N. Tt follows from Proposition 4.1 (4) that

_ Q@)
e 2

Tt(n)ﬁn(x) = ~PoU(2) g [W(X)Ljt<ry] s V(2,t) € Uy x [0,00) and n € N. (5.21)

Set w,, := Tfn)ﬁn. We see from Lemma 4.1 that for all n € Nand N > 2,

N/ i N (-, £ dx+—/ / (5| V2|V [2dds

) (5.22)
<N(1+eNM<t2 tﬂ)/ [o(-t)|Nde, Vity >t >0,

n

where we recall that M > 0 is fixed and independent of n € N and N > 2, such that the conclusion
in Lemma 3.2 (3) holds. The Sobolev embedding theorem gives

N e X
10 | L2w @t x[t1,22]) < C3 < sup ]||wn2 Gy 8)llz2 @,y + IV ||L2(unx[t1,tz])> 5
s€(t1,t2

where k 1= ‘%2 and C3 > 0 only depends on d. Therefore, (5.22) gives rise to

1
to 3
</ / |wn|“Ndxds> <4C2(1+ eNM(tHl))/ l(-, 1) |Nde, iy >ty >0, (5.23)
t1 Uy

Un

for all n € N and N > 2. We then deduce from Lemma 4.1 (with kN instead of N) and (5.23) that

I{N KN
KN/ "N (-, 3) HNtrtl / / [N dids

2(403)" NM(ta—t1)\" |~ KN
< NG (e ) N )

(5.24)

forall t3 >t >t; >0, n € Nand N > 2.
Fix t > 1. For each £ € NU {0}, we set N = Ny := 2k, t; 1=t —27%, t5 := ¢t — 327(F1 and
t3 =t — 2~ 4D in (5.24) to find

. _ e+ _
(| (-, t — 27D M g,y < CN“l ONeT (M2” [t (-t = 27 | Lve ) (5.25)
for all £ € NU {0} and n € N, where Cy > 0 is independent of ¢ and n. Set
1 042 _
Ay = C4NH1 2Nt M2 (Hl), e NU{0}.
It follows from (5.25) that for each n € N,

51125’ |, (2, t)‘ = hm Hwn( 1 _2_(k+1))”LNk+1 < C5Hﬂ}n(-,t— 1)HL2(M")7
xre

where Cs := [],o, A¢ < co. This, together with (5.21), gives (5.20) and hence, leads to (5.17).
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Step 3. We rewrite the terms T3 g, T} ;P1g and T; ;P5g in (5.18) and then, finish the proof.
It follows from Theorem 4.1 and (5.13) that
* o~ _Q_ . _9_ °
Ty 1§ =e 2 PUEg(Xem1)Lpmrasey] = e 2 VRN [f(X)Lpasyyl, VE> 1 (5.26)

Noting that Lemma 5.2 (1) and Theorem 5.1 (2) give
Pig= ﬂiLE.[f(X1)1{1<SF}}dV1 =je ™ /Mfdylv
we deduce
T\ Prg=T; oje ™ /Mfdul = e_/\ltf)’{/ufdul, vt > 1. (5.27)
Finally, we show T} ,P5§ = T;Ps f for all t > 1. Obviously, it suffices to prove

Pig=T:Pif, Wt>1, (5.28)

where f = e*%’ﬁf’Uf. Note that the stochastic representation in Theorem 4.1 ensures § = Tl*f and

hence, (5.28) if f € C§°(U). Thanks to the result in Step 1 and Lemma 5.2 (2), both sides of (5.28)
are well defined even when f € Cy(U). Then, (5.28) follows from standard approximation procedures.
Now, we finish the proof. Inserting (5.26), (5.27) and (5.28) into (5.18) yields

< Dge” 2t fll o, VE>2.

e T TPURS[F(X) Lyespy] — e‘“ffi‘/ fdvy =Ty P5 f
1Zi

‘ o0

Multiplying the above estimate by e +PoU gives rise to (5.12).
Thanks to Lemma 5.2 (3), we see that | T} Pshls < e~ P2=9||h||y for any h € L2(U) and ¢ > 0.
Thus, it follows from T;P5 f = T ;P5g, (5.17) and (5.14) that for t > 2,

1755 Flloo = T P3dllec < DallTi5 P32 < Dae™ 2792 |g]l5 < DyDae™ 272 |,
giving rise to (5.10). Finally, (5.11) is an immediate result of (5.12) and (5.10). O
We are ready to prove Theorem 5.2.

Proof of Theorem 5.2. Let v and f be as in the statement. For fixed 0 < € < 1, we apply (5.12) in
Lemma 5.3 to find Cy > 0 (independent of f) such that

‘]E'[f(Xt)]l{KSF}] — 38U (ﬂﬂ@;/ fdin +Tt*P2*f)‘ < CheHhoUe=Catat) o)
u

for all £ > 2, where f = e*%*ﬁon.
Since v is compactly supported in U, integrating the above inequality on I with respect to v yields

/E'[f(Xt)Jl{KSF}]du—e—m/ e%%%{du/ fdul—/ e S TRV TP fdy
u u u U

gcle—@2+€>t|\f||oo/e%%Udu, vt > 2.
u

In particular, setting f = 1y and I := e_%_ﬁoU]lu yields

/Pw[t < Sp}dufe”‘lt/ e%Jr'BOUf)Tde / e%JFBOUTt*P;INLudV
u u u

< Cle_(’\2+€)t/ e%JFBOUdV7 vt > 2.
u
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Since v is compactly supported in U, we find from (5.10) in Lemma 5.3 that

lim e()‘l’Le)t/ e3PUTFPr fdy =0 and  lim e(>‘1+£)t/ e3HHUTF P31y dy = 0.
u u

t—o00 t—o0

It follows that as t — oo,

S B Lf (X)) e gpyldr
f, o[t < Sr]dv

et eFHAU5xdy Jy fdvi + f,, 2 THUTyP; fdu + o(eX2t)

e~Mt [, e%+50U171‘dy + J e%‘*‘ﬁoUTt*”Pék Ty dv + o(e=2t)

At B B
= del + 6— €%+BOUT*'P* f — 1y del dv+o 6_(>\2_)\1)t ,
Q t 2
u Jy e PVordr Ju u

which together with Lemma 5.2 (3) leads to the result.
Thanks to (5.10) in Lemma 5.3, we derive

(5.29)

TyP; (f Tlu/ fdm) H < Coem P9 f|loo,  VE>2,
u 00
which together with (5.29) and the fact v is compactly supported yields

E[f(X.)[t < Srldv — / fdin| < Cae=Ca=X=90 f|l.
u

The first statement in the “In particular” part follows readily from the arbitrariness of f € Cy(U).
Due to Lemma 5.2 (5), it is not hard to deduce the second one. O

Remark 5.2. Recall from Lemma 3.5 (4) that 07 is positive a.e. in U and the eigenfunction of =L
associated with \1. Then, the result in Step 2 in the proof of Lemma 5.3 implies 07 € L™ (U).
Similarly, any other eigenfunctions of —L% = belong to L>(U; C) and hence, T;‘P;f € L>°(U;C) where
f is as in the proof of Theorem 5.2. Consequently, it is not hard to check the proof of Theorem 5.2 to
see that the conclusions apply to all initial distributions v € P(U) satisfying fu eF 60Uy < .

5.3. Uniqueness and exponential convergence. In this subsection, we study the uniqueness of
QSDs of X; as well as the conditioned dynamics of X; for any initial distribution. The result is stated
as follows. Recall that vq is the QSD of X; obtained in Theorem 5.1.

Theorem 5.3. Assume (H1)-(H4). Then, X; admits a unique QSD, and for each v € P(U) and
0 < e K 1, there holds

lim e~ M= PY[X, € oft < S| — vil[py = 0.

t—o0

We need the following result asserting that X; comes down from infinity under (H1)-(H4).

Lemma 5.4. Assume (H1)-(H4). For each A > 0, there are R = R(A\) > 0 and C; = C1(\) > 0
such that E* [e*sR] < Ci forallz el BE, where Sg := inf {t >0: X €U\ BE}

Proof. Recall from (2.5) that U = V o £71. Set w := exp {—¢ }, where 7 > 0 is assumed to exist
in (H4) and € > 0 is a parameter to be chosen. According to the assumptions on V', we can modify
V on a bounded domain to make sure inf;; V' > 0, while preserving the other properties. We thus
assume without loss of generality that infy; V' > 0. This together with lim,|_,, V(2) = oo implies

0<infw <supw < 1. (5.30)
u u
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Let C, R, and v be as in (H4). Recall £X = A + (p; — ¢;)9;. Straightforward calculations give
LXU = (LZV) o & < —CUM™ in U\ {(B};.). It follows that

X ewlrU 1 o 1| ev(v+1) AP
L w+)\w—W+§(al|821V| )Og — Ur+2 U2v+2 w4 Aw
eyt | é9°

< (-Cer+ N+ w0, V) o6 | Jwinuesp).

U’y+2 U2’y+2

where we used (H4) in the inequality.
Set € := % As limy, o0 a0,V [? [f ez/(;/izl) + VG;W;} =0 (by (H4)), there is R > 0 such that

EXw+/\w§—§w in U\ Bj. (5.31)

We recall from Remark 2.2 that X, satisfies the SDE (2.3) before hitting I'. An application of Itd’s
formula gives
deMw(Xy) = (LXw 4 ) (X,)eMdt + d;w(X,)eMdW] in U.
It follows from (5.31) that for each (z,t) € (U \ Bf;) x [0, 00),

tASR
E* eA(tASR)w(Xt,\SR)] =w(x) + E* / (L¥w + M) (X,)eMds | < w(x),
0

where Sg is as in the statement of the lemma. Thanks to (5.30), we pass to the limit ¢ — oo in the
above inequality to conclude E”* [e)‘SR] < ﬁ forall x e U\ Bj%’. This completes the proof. O

Remark 5.3. Since Z; = € Y(Xy) and €1 : U — U is a homeomorphism, we find from the above
lemma that for each A > 0, there exists R = R(\) > 0 such that SUD, e\ B E?[e*R] < 0o, where
Tr:=inf{t >0:Z, ¢ U\ B}

We next prove Theorem 5.3.

Proof of Theorem 5.3. Fix v € P(U), f € Cp(Ud) and 0 < e < 1. Set A := Ay + Ao. By Lemma 5.4,
there exist Ry > 0 and C7 > 0 such that
sup eMP® [t <Sgr,) < sup E* [eASRO] < (. (5.32)
(x,t)e(u\B;O)x[o,oo) meu\B;O
Clearly, the above inequality holds with R > Ry replacing Ry. Choosing Ry large enough, we may
assume without loss of generality that V(B;O) > 0. We split

E” [f(Xt)]]-{t<Sr}] :/

B E* [f(Xt)]l{KSr}] dv +/ E° [f(Xt)]l{t<Sr}] dv, Vt2>0.

+ +
Ro Z/{\BRD

Applying (5.11) in Lemma 5.3, we find the existence of Cy > 0 such that
‘E' [F(X)Lprasy] — eV ta) / flv| < Coed Ve Camt gl e 22, (5.33)
u

and thus,

J

E® [f(Xt)ll{Ksr}]dV—Ale*“/ fdu| < szf“re)tHflloo/+ TPV i > 2,
u B

Ro

+
Ro

(5.34)
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where Ay := [+ e%‘*‘ﬁUUﬁ’fdu. Note that oF is positive a.e. in U and 9] € L (U) (see Remark 5.2).
Ro

Then, we see from V(BEO) >0 that 0 < A; < oo.
We claim the existence of a bounded function As : [0,00) — [0,00) and a C5 > 0 such that

< C3e 2= |l o, VE> 1. (5.35)

/ ]E. [f(Xt)IL{t<SF}] dV — Ag(t)e_klt/ fdl/1
U\Bj, u
This together with (5.34) leads to the existence of Cy > 0 such that

< Ciem 27 flloe,  VE> 1.

B [F(X0)Lgesyy] — (A1 + Ao(t))e ! /u fdn

In particular, setting f = 1y yields |P”[t < Sr] — (A1 + Aa(t))e ! < Cye= 279 for all t > 1 and
thus, P¥[t < Sp] > Aje=*t for t > 1. Consequently, we deduce

v 1 v - t/
— D — _ 1
E [f(Xt)|t < Sp] /Mfdul < o [t > SF] E [f(Xt)IL{KSF}] (A1 —I—Ag(t))e z,{fdyl
fz,{ |f‘dV1 — A\t v

T Pi<s (A1 + Ag(t))e ™" = PV[t < Sp]|
20467()\276)”””00

< .

< YT , Vi1

Since f is arbitrary in Cp (i), it follows that
IPY[X; € oft < Sr] — 1]y < %e—@ﬂl—f)t, Vi > 1,
leading to the desired result.
It remains to prove (5.35). To do so, we write for (z,t) € (U \ BEO) x [0, 00),
E*[f(Xe)Lit<sey] = B [f(Xe)Lt<sn, 3] + E°[f(Xe)Lisp, <t<sr}] =t Er(z,t) + Ea(z,t).

It follows from (5.32) that

/ B (o D)|dv < | flle sup PT[t < Sn,]dv
U\BY,, c€U\Bj, (5.36)
< fllse™"  sup  E*[e*R0] < Oy fllce™,  VE>0.

z€U\BJ,

To treat Ey, we set h(z,t) := E* [ f(X;)Lz<spy] for (z,t) € U x [0,00). Obviously, [|h]lsc < || f]loc
and h(z,t) =0 for (z,t) € T x [0,00). The strong Markov property and homogeneity of X; yield that
for each (z,t) € (U \ BEO) x [0, 00),

Ey(z,t) = E” {f(Xt)ll{sRongp}} =B [W [f(Xt)]l{sROSKSr}VSRo] 1{5’*09}}
—E°® [h(XSR0 - SRO)H{SROSt}}

=[E" {h(XSRO,t — SRO)]]'{SROStSSRO+2}:| + E* {h(XSRD,t — SRO)]]'{t>SRO+2}:|
=: Egl(l',t) +E22(£L‘,t).
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Note that (5.32) ensures
/ B (- Dldv < ||h|\oo/ Pelt < Sp, +2)dv
U\Bj, U\Bj,

< ||f||oo€7M/ E*[*m]dy < Oy flloee®™ Y, VE > 0.
u +

BR0

(5.37)

X
Fix 0 < e < 1. Setting & := exp {Q(;RO) + BOU(XSRO)}7 we see from (5.33) that on the event

{t > Sg, + 2} there holds

< Cy®eP2==Sro) || £ . (5.38)

W Xsp, t — Sry) — Pe 075058 (X g, ) /,,, fdu

Since Sgr, < Sr and h(Xsgy ,t — Sgr,) = 0 if Sg, = Sr, we deduce

E22(xat) =E* [h(XSRoat - SRO)]]-{SRO<SF/\(t—2)}j| ’ V((E,t) € (u \ B;{)) X [07 OO),

which together with (5.38) yields

/ E22(-, t)dV - 67>\1t/ E*® |:q)e)\1$'R0 ’DT (XSRO)]]'{SRO<SF/\(t—2)}:| dV/ fdl/1
U\Bf, U\BE, u

< Ope— (et /
U\Bj,

E* [@e()‘Q_e)SRU ]I{SRO<SF/\(t72)}] dv| flle (5.39)

scgew@tnfnoo( o, 63%) sup B* [e+0%0] | < Goem |
un

T
Rg Z/{\B;0

for all ¢ > 0, where we used (5.32) and the fact Max, g p+ e$+80U < o6 to conclude the existence of
0
Cs > 0 in the last inequality.
Set

As(t) == /u - Ee [cbehsfco@;‘(XSRO)IL{SRO<SFA@,2)} dv, Vt>0.
0

Thanks to (5.32), the boundedness of 9] and the fact | X, | = Ry when Sg, < Sr, it is clear that Ay
is non-negative and bounded. Since

/ E® [f(Xt)]lt<Sr}] dv = / [E1(7t) + E21('at) + E22('7t)] dl/7 vt > 07
u\Bg0 U\Bj;o

we deduce from (5.36), (5.37) and (5.39) that

< [Cyf“?*é)t + 011+ e e | [ flloo

/ E* (X)) Licspy] dv — Ag(t)e ! / fdn
U\B} u

for all t > 0. Since A = A1 + X2 and 0 < € < 1, (5.35) follows. This completes the proof. O

5.4. Proof of Theorem A and Theorem B. Because of the fact X; = £(Z;) and Proposition
2.3, conclusions in Theorem A and Theorem B follow directly from Theorem 5.1, Theorem 5.2 and
Theorem 5.3.
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6. Applications

In this section, we discuss a series of important applications of Theorem A and Theorem B. We first
provide a general result that holds for most ecological models and then show how to apply this result
to specific situations, including: stochastic Lotka-Volterra systems of competitive, predator-prey or
cooperative type, systems modelled by Holling type functional responses and predator-prey systems
modelled by Beddington-DeAngelis functional responses.

Consider the following stochastic system:

dZ! = Zifi(Zy)dt + \/ v ZidW], ie{l,...,d}, (6.1)

where Z, = (Z}) € U, {f;}: belong to C1(U), {~;}: are positive constants, and {W*}; are indepen-
dent standard one-dimensional Wiener processes on some probability space. We make the following
assumption.

(A) There exist m >0, 0 <n <m, C1,C5,C3,Cy > 0 and R > 0 such that

d
—Cy [ 1+ 2 | < filz) < Calpo py(2i) — a2 Lpoooy (2) + 0 Y 2, Vzell,  (62)
j=1

i
and

0., fi(2)| < Culz|™, VzeU\ Bf, (6.3)
forie{l,....,d} and 6 =0ifd=1,0>0ifd>2andn <m,ord e [O,%) if d>2 and
n=m.

Remark 6.1. Conditions (6.2) and (6.3) say that f; and 0., f; are bounded above and below by simple
polynomials. Conditions in the case n < m tells us that the intraspecific competition dominates the
interactions among species. In the case n = m, we can only treat weakly cooperative interactions
among species — this is reflected by the smallness of 5. These are natural assumptions that can be
applied to many population dynamics models: competitive Lotka-Volterra, weakly cooperative Lotka-
Volterra, predator-prey Lotka-Volterra as well as more complex systems modelled by Holling type-

II/1IT functional responses. These assumptions also allow us to use a very simple Lyapunov function
V(z) = |2|™* (when |z| > 1) which satisfies (H1)-(H3) and sometimes (H4).

Under the assumption (A), the stochastic system (6.1) generates a diffusion process Z; that has T
as an absorbing set. Furthermore, Z; hits I in finite time almost surely.

Theorem 6.1. Assume (A).
(1) Z: admits a QSD u1, and there exists 11 > 0 such that
o for any 0 < e <1 and p € P(U) with compact support in U one has
i (ri—e)t | pr _ -0
Jim e [P#[Z¢ € ot < Tr] — puallpy = 0;

o there exists f € Cp(U) such that for a.e. x € U, there is a family of sets {Kq e tocect in
(0, 00) satisfying Ky.ey, C Ky, for0 < e < ea <1 andlimeginfrso|Ky N(T,T+1)| =
1 such that
lim "+ B F(X)[e < T~ [ fdp
u

tekq,e
t—o0

=00, V0<e<xl.
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(2) If, in addition, (A) holds with m > 0, then Z; admits a unique QSD, and for any 0 < ¢ < 1
and p € P(U), there holds

Jim "= [P{Z, € oft < Tr] = jur]|pyy = 0.

Proof. Let m, Cy, C3, C3, Cy4, R,dbeasin (A)andn € C*([0,00) be such that n(t) = 0if ¢ € [0, 1]
and n = 1if t > 1. Set V(2) := n(|z|)|2|™*! for 2 € U which obviously belongs to C?(U). Thanks to
Theorems A and B, it suffices to verity (H1)-(H3) when m > 0 and (H4) when m > 0.

Since 9;|z|™t = (m + 1)|2|™ 12;, we deduce from (A) that for |z| > 1,

d

> 2 fidV < (m+ 1)z [ (CoR+ CsR™ ) Z C3sz+2+6ZZz . (6.4)

i=1 i=1 i=1 j#i
If d =1, it follows from (6.4) and 6 = 0 that there exists C5 > 0 such that
2f(2)V'(21) € =Cs28™H ) 21> 1. (6.5)

In the following, we focus on d > 2. In case m = n = 0, there holds

d
Zzifiaiv < (Co+ Cg)R\/a'F [-C5+0(d—1)]|z| < =Cslz], V|z|>1 (6.6)
i=1
for some Cg > 0.
Now, we consider the case when m > 0. An application of Young’s inequality yields

mo~ 31 n(er?)

2
2.n m—+2
ZizjgquQZi +m+2 J

)

where a > 0 is a parameter to be determined. Then, it follows from (6.4) that

d

d 2
_ om(m+1)a " m(d—1 n(m+2)
£.9. m+1 m—1 . m—1 ™
;zzflazvg(m+1)(CgR+03R )|z] 2z+ s | | Zz

—(m+1) (03 - 26@( > |z|™~ 122’”“, V|z| > 1.
(6.7)

We consider two cases.

o Ifn < m, we set o = Ut (6.7) (so that C5 — 2o(d 1) _ = 1C5 > 0) to find the existence

46(d—1) m+2
of C§ > 0 such that
d
Zzlfl&V < —Oé|Z|2m+1 in |Z| > 1. (68)

i=1
o If n = m, setting @ = 1 in (6.7) and using the fact 6 € [0, d031) we find (6.8) holds with a
possibly larger C§.

Considering (6.5), (6.6) and (6.8), we no longer distinguish whether d = 1 or not, m = 0 or not
and assume (6.8) always holds.
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Now, we verify (H1)-(H3). It is easy to check that (H1) and (H2) hold. As V > C(d) Z?:l P

in U for some C(d) > 0 and [~ Lexp {—Bs™ ™} ds < oo for any 8 > 0, (H3) (1)(2) follow from

(6.8). Since
9i(zifi) = fi(2) + 0., fi(2),
502,V =l 4 1)(m — DI +im + Dlel™
72|02, VP = yi(m +1)% 27227

7

it is straightforward to verify (H3) (3)(4) by applying (6.2), (6.3) and (6.8). Hence, an application
of Theorem A gives the conclusions in (1).

If m > 0, (H4) holds with v := 5. The conclusion in (2) follows from Theorem B. O

In the following, we apply Theorem 6.1 to various important ecological models.

Example 6.1 (Lotka-Volterra systems). For each i € {1,...,d} let

d
fi(Z):T'i—ZCiij, ZEU,
j=1

where r; € R, ¢;; > 0 and ¢;; € R for j #i.
Corollary 6.1. Consider (6.1) with f;, i € {1,...,d} given in Example 6.1. If d > 2, we further
assume

_rggl Cij < 711
Then, there exists a unique QSD of (6.1) such that the conclusions of Theorem 6.1 hold.

min ¢;;. (6.9)

Proof. Tt is straightforward to check that the assumption (A) with m = n = 1, C3 = min; ¢;; and
d=0ifd =1 or 6 = max;«;{—c;,0} if d > 2 is satisfied. The corollary then follows from Theorem
6.1. O

Remark 6.2. If the system is competitive, namely, c;; > 0 for all i # j, then (6.9) is trivially
satisfied. If the Lotka-Volterra system has either cooperation or predation, the condition (6.9) says that
the intraspecific competition terms have to dominate in some sense the cooperative and the predation
terms. Note that cooperative systems are known to behave poorly: see [35, Example 2.3| for details as
to how a two-species stochastic cooperative system can exhibit either blow-up in finite time or have no
stationary distributions.

Example 6.2 (Holling type-II/III functional response). For each i € {1,...,d},
d k

CijZ-
fz(z):n—zl_i_;k, Zeu,
J

j=1
where k € {1,2}, r; € R, ¢;; > 0 and ¢;; € R for j # i. In literature, k = 1 and k = 2 correspond to

Holling type-11 and -111 functional responses, respectively.

Corollary 6.2. Consider (6.1) with f;, i € {1,...,d} given in Example 6.2. Assume

min(c;; —r;) if d > 2.
7

1
Ciz > Ti, VZE{I,,d} and —Iin#i;lcij<m

Then, the conclusions of Theorem 6.1 (1) hold.
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Proof. We verify the assumption (A) with m = n = 0. The desired result then follows from Theorem
6.1. Clearly, f; is lower bounded. Let 0 < v < 1. Then, there exists R > 0 such that % e€(l—n,1)
for t > R. We compute

d k .
Cij2) i+ (d—1) X max;2;{—c;;,0}, fz €0, R],
fi_—ri—g W <{r ( ) axiz;{—cij, 0} if z; € [0, R]

=1 1+ ij - ri — (1 — ’}/)Cn + (d — 1) X maxi#{fcij,()}, if Z; € (R, OO)

Noting that ¢;; > r; for d > 1 and —min;»; ¢;; < ﬁ min; (¢;; —r;) for d > 2, we derive Sup,.~r fi(z) <
0 for 0 < v < 1 and thus, (6.2). Straightforward calculations give (6.3). This verifies (A). O

Remark 6.3. For the stochastic Lotka-Volterra system with Holling type-11/1I1 functional response
considered in Fxample 6.2 or Corollary 6.2, the existence of a unique QSD that attracts all initial
distributions supported in U is not expected. This is essentially due to the weak dissipativity of the
system. Indeed, in the case d = 1, these properties are equivalent to showing that the process comes
down from infinity, and therefore, according to [7, Theorem 7.3 and Proposition 7.5], equivalent to
Assumption (H5) in [7]. However, it is easy to check that (H5) in [7] is not satisfied for the Holling
type-I1/III functional responses.

The situation in higher dimensions is worse. FEven in the competitive case, the dissipativity of the
system is weaker than that of the system with f;(z) = r. — ¢« 27:1 % forallie{1,...,d}, where
Te = Miljey, . 4y i and ¢ = Max; jeq1,..ay Cij- This latter system doe; not come down from infinity
as it is bounded from below by a decoupled system whose individual components do not come down
from infinity. In fact, we have

d k k

Z; 2 —

Ty — Cy E J 2T —Ca(d—1) — co ", Vie{l,...,d} and z € U.
j:11+zj 142

Hence, the stochastic system in FExample 6.2 or Corollary 6.2 does not come down from infinity.
We exhibit below a few more types of functional responses that can be treated by our framework.

Example 6.3. Consider the functional response

fi(2) =ri — cizzi — Z

J#i

where k € {1,2}, r, € R, ¢;; > 0 and ¢;; € R for j # i. This is a combination of the regular

intraspecific competition of the form —c;;z; and Holling type functional responses for the interspecific
competition/predation.

k

) _

T o5 z€U,
J

Cijz

Corollary 6.3. Consider (6.1) with f;, i € {1,...,d} given in Example 6.3. Then, there exists a
unique QSD of (6.1) such that the conclusions of Theorem 6.1 hold.

Proof. Tt is straightforward to check that Assumption (A) holds with m = 1 and n = 0. Then, the
application of Theorem 6.1 yields the conclusion. O

Example 6.4. Consider the extensively used Beddington-DeAngelis predator-prey dynamics. For each
1€{l,...,d}, let
Cij2j —
fiz) =ri—cuz— Y —22—, zell,
m It
where r; € R, ¢;; > 0, and ¢;; € R for j # i. This system was first proposed in [2, 21] in order to
better explain certain predator-prey interactions.



QUASI-STATIONARY DISTRIBUTIONS 45

Corollary 6.4. Consider (6.1) with f;, i € {1,...,d} given in Example 6.4. Then, there exists a
unique QSD of (6.1) such that the conclusions of Theorem 6.1 hold.

Proof. Tt is straightforward to check that Assumption (A) holds with m = 1 and n = 0. Then, the
application of Theorem 6.1 yields the conclusion. O

Example 6.5. Let d = 2. Consider the Crowley-Martin dynamics. Let

zZ1 —

1(8) =71 —C1121 — 22 zelU
h() B+ az +ogzs +asziza ’
Z1 —
f2(2) = —ra — ez + 21 , ZEU,

B+ az1 + asze + azzi 2o
where ¢11,c22, 8 > 0 and all the other quantities are nonnegative. This system was first proposed in
[20] to study dragonflies.

Corollary 6.5. Consider (6.1) in the case d = 2 with f1 and fy given in Example 6.5. Assume
o> Then, (6.1) admits a unique QSD such that the conclusions of Theorem 6.1 hold.

2
3min{2¢:11,z:22} :
Proof. Note that fi(z) <7y —ci121 and fao(2) < —rp — o222 + Z-. Following the arguments as in the
proof of Theorem 6.1, it is straightforward to see that V(z) := |z|? for z € U is a Lyapunov function
satisfying (H1)-(H4). From which, the conclusions of Theorem 6.1 hold. O

APPENDIX A. Proof of technical lemmas

We prove technical lemmas in this appendix.

A.1. Proof of Lemma 3.2. We need the following result.

Lemma A.1. Assume (H1). For each i € {1,...,d}, lim,, 027 [¢?(z;) — ¢}(z;)] = C; > 0.

() — i (@) PN — Lomie=10 \y _ lail? (67 (i) o
Proof. Recall that ¢;(x;) = W RTRITR Then, g;(z;) = zai(§; " (2:)) Be e (o) resulting in

Blaj|* (&7 () 1 ety
m 4%(&} (). (A1)

Since & € C([0,00)) and & (0) = 0, we see from (H1) that lim,, . a}(&; ' (z;)) = a}(0) > 0 and

(¢ — qj)(x:) =

lim,, o a? (& (2:)) = a//(0). Hence, (a2 — q}) (zi) ~ % $a7(0) as x; — 0. The conclusion
follows if there is C' > 0 such that
ai(§ N (z;)) ~ Cx? as x; — 0. (A.2)

We show that (A.2) holds with C = M. The assumption (H1) and Taylor’s expansion give
ai(z) ~ ai(0)z; +o(2?) as x; — 0, (A.3)

2VEL a5 z; — 0. Thus, & wy) ~ % as z; — 0. Inserting

‘[ \/a 0)s+o 52 ~ \/ - (0)
this into (A.3) yields (A.2) with C = %. This completes the proof. O

leading to &;(2;)

Remark A.1. Thanks to (A.2), it is easy to see from the definition of Q given in (2.6) that Q(x)
behaves like Zgzl Inx; as © approaches to I'. Hence, e~ 2 is as singular as Hle \/% near I
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Proof of Lemma 3.2. We first prove (1). Recall that U is given in (2.5). Clearly,

02,U(2) = 0., V(€ (@) ai(& ' (x0)), Vo €U

We derive from (H3) (4) the existence of C; > 0 and Ry > 0 such that

(IVUP? +Ipl?) (2) < =Ci(b- V2V)(E7(2)) < Cra(z), Vo €U\ Bj,.

1mce sup p+ + |p|*) < oo due to an and infz; o > 0, there must exist some
Si sy (IVUP 2 d H2) and (H3)(1) and inf, 0, th i
1

Cy > 0 such that (|[VU|? + |p|*) < Caar in B, . Setting C' := min{Cy, C5} yields the result.

The rest of the proof is arranged as follows. In Step 1, we analyze the asymptotic behaviors of

terms in eg y near the boundary I' and in the vicinity of infinity. Based on these, the asymptotic
behaviors of eg v are derived in Step 2. The proof of (2) and (3) are respectively given in Step 3
and Step 4. Recall that Ry and dg are fixed in Subsection 3.1 when defining a.

Step 1. We analyze the asymptotic behaviors of terms in eg y.

e For p- VU, we see from (H3) (1) that

(p-VU)(z)=(b-VV)( z)) - —0c0 as |z| = occ. (A4)

e Fori ZZ 1 q}), Lemma A.1 ensures the existence of 4, € (0,dp) and C5,Cy > 0 such that
Cy 1 Cy

—2<§( —¢)(zx )gﬁ Vz; € (0,0,] and i € {1,...,d}. (A.5)

Since (H1) gives limsup,_, ., (lil((i))l +a(s )) < 00, we find from (A.1) and (A.4) that for
any 0 < €7 < 1, there exists Ry = Ra(e1) > 0 such that

%\q? ~ql(e) < =G p-VU)@), Vo€ {r etz (Ryoo)) andi€ {.od)  (AG)

e For AU, p-q and V - p, we calculate

0, U(r) = |02 V(€ @asler (@) + 50 VIE @)ab(& ()]
bi(€ " (2))al (€7 (2:)) b6~ (@))ay(& @)
4a;(&  (w)) 2a,(&;7" (:)

By (H1)-(H3), we have U € C*(U), and p-q,V - p € C(U). Moreover, (H3)(3) and (A.4)
guarantee that for any 0 < €2 < 1, there exists R3 = R3(e2) > 0 such that

pi(7)qi(wi) = , Op,pi(®) = 0:,b;(¢ (z)) —

AU+ |p-q| +|V-p| < —ep- VU in U\ B (A.7)

e For %|VU|2, we find from |VU|?(z) = 2?21 |8Z1.V|2(§_1(x))ai(§;1(a:i)), (H3)(4) and (A.4)
that there are C5 > 0 and R4 > 0 such that

1
5|VU|2 < —Cs(p-VU) in U\Bf,. (A.8)
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Step 2. We analyze the asymptotic behaviors of eg x near I' and in the vicinity of infinity.

Set R, := max{Ry, Ra, R3, R4} and Cg := %maxl- maxy,c(s, R.] l¢? — ¢}|(x;). Obviously, R, and Cp
depend on €; and €3, which are to be determined in the proof of (3). Since « is piecewise defined, we
analyze ey in four subdomains: T's, N\ B, , I's, N(U\ B}, ), U\Ts,)N B}, and (U\Ts,)N(U\B})
separately, where we recall T's, := {x € U : z; < §, for some ¢ € {1,...,d}}. For simplicity, we set

2
w =180+ T 0P+ Blp - UL+ o gl + 1V 0l

(a) InT5, NBf, . We see from U € C*(U) and p- VU, p-q,V-p € C(U) that maxp, qp: U < oo.
It follows from (A.5) that

d d
1 1 C
‘€B7N|SC4Z?+dCG+ max W, e,g,NngZmax{xQ,l}—d<523+C6> —Fmax+ 0.
= i * 5

.
i=1 "t I's,NBE, i=1 «NBE,

(b) In T's, N (U \ Bf;). It follows from (A.5), (A.7) and (A.8) that

d
1
|65,N| < 042? + dCg — (54‘62(1 + é) +0562>p.VU,

2
i=1 "t

d
1 C:
e N > CmeaX{mz,l} —d (55 +CG> - (ﬁ—62(1+ g) —C5ﬂ2)p~VU.

i=1
(¢) In U\ Ts,) N Bf; . There hold

d

1
‘I’+22|qf(é|1, €s,N > —  max

leg,n| < max .
= U\T'5,)NBF,,

U\I's,)NBE,

d
1 2 /
Vol Qi|]'

i=1

(d) In U\ Ts,) N U\ B}). It follows from (A.6), (A.7) and (A.8) that
leg,n| < dCs — <B +e +e(l+ g) + C5ﬂ2) p- VU,

€3N > —dCG - <ﬁ—€1 — 62(1 + g) - 0552>p-VU.

Step 3. We prove (2). As o > Z‘Zzl max {z%, 1} in T's, and infy; @ > 0, we deduce from Step 2 (a)

the existence of Dq(8) > 0 such that eg ny < D1 (B)ainTs, N BE* for all N > 1.
Since infy; o > 0 and

d
1
E max{z,l}—;zrVU in Is,n(U\BE),
o = " T *
i=1 4
—p-VU in - U\Ts.)N U\ Bg,),

Step 2 (b)(d) ensures the existence of Do(8) > 0 such that |eg x| < Dz(f)a in Z/{\BE* forall N > 1.
Thanks to infjya > 0, it follows from Step 2 (c) the existence of D3(8) > 0 such that |eg n| <
Ds(B)ain (U\Ts,) N B, for all N > 1. Setting C(8) := max{D1(8), D2(B), Ds(8)} yields (2).
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Step 4. We show (3). Setting Sy := ﬁ, €1 = min{l, ﬁ} and € := min {1, ﬁ}, we deduce
from Step 2 (b)(d) that

d
1 C
€6g,N = C3Zmax{x2,1} —d <523 +Cﬁ> - </30 — el + %) —C5ﬁ§>p'VU
i=1 i * (A.9)
Smind s, Va—da(L 1) i TN\ B
- 7805 53 * R.
and
I Poy _cng2) .
€8y, N = dCs Bo — €1 62(1+ 2) 0560 p-VU
(A.10)
1
> a—dCs in (Z/I\I‘g*)ﬂ(Z/l\BE*).

— 16Cy

Since a < Z?Zl max{x%,l} + maxp, gt |p- VU] in Ts, N BE* and sup, r, B @ < 00,
we conclude from (a) and (c) the existence of positive constants C7; and M > d (% + C’G) such

that eg, v + M > Cra in B}, for all N > 1, which together with (A.9) and (A.10) implies that
egy,N + M > Cra in Y for all N > 1, where C, := min{Cs, ﬁ, C7}. This proves (3), and completes
the proof.

A.2. Proof of Lemma 4.3. Suppose @ € C(U x [0,00)) N L?([0,00), H'(U)) is a weak solution of
(4.6). The proof is broken into two steps.

Step 1. We show

t t
1/w?(-,t)dx+1/ /|V1D|2dxds+/ /ego’gﬁjzdxds:l/ fldz, Vte[0,00). (A.11)
2 u 2 o Ju o Ju 2 u

The idea of proving (A.11) is based on the classical “energy method”. But, we have to deal with
the fact that @ lacks the differentiability in ¢. For each 0 < h < 1, we define

1 t+h
wp(z,t) == E/ w(xz,s)ds, (z,t) €U x [0,00).
¢
Obviously, @, € C(U x [0,00)) N L2([0,00), H (U)) and Oy, € L*(U x [0,T7]) for each T > 0. It is

easy to verify that @y, is a weak solution of (4.6) with f replaced by fj, := wp(-,0) = %foh Wp (-, s)ds.
Namely, for each t € [0,00) and ¢ € Cy' (U x [0, 00)), one has

/uwh(.,t)gz)(.,t)dx—th¢(~,0)dx—/Ot/Mwhatqsdxds

1t t t
= 77/ / Vi, - Vedrds — / /(p + BoVU) - wp Vodzds — / / eg, Wppdads.
2 Jo Ju 0o Ju 0o Ju

Let {1 nen C C§°(U) be a sequence of functions taking values in [0, 1] and satisfying

(A.12)

1, xe(U\Fg)mBz, o, wel2\Ty,
z 2 and |V, ()| < " n

M () = 0, IGF%U(U\B:)a 14, JJE(U\F%)H<B:\B-’%_>'
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By standard approximation arguments, we deduce that (A.12) holds with ¢ replaced by n2wy,. More-
over, integration by parts shows that the left hand side of (A.12) with ¢ replaced by n2w@y, equals

L[ m2e2) (-, t)dx — 3 [, m2 f2da. Thus, we find for each ¢ € [0,00), n € Nand 0 < h < 1,

1 - 1 =
: / () ke — 5 [ 2 e

2
:—7/ /th V(Unwh)dxds—/ / (p+ BoVU) - th(nnwh)dxds (A.13)

/ / egonnwhdzds

We claim that passing to the limit » — 0 in (A.13) yields that for each t € [0,00) and n € N,

3 | (R 0de =5 [ 2 Pas
:—7/ /Vw V(n* )dxds—/ot/u(p—i—BOVU)-wV(nfLu?)dxds (A.14)

//eﬁonn 2dxds.

Assuming (A.14), we conclude (A.11) from letting n — oo in (A.14) and arguments as in the proof of

Lemma 3.3 (2).
It remains to justify (A.14). For notational simplicity, we rewrite (A.13) and (A.14) as

Io(h):Il(h)—i-Ig(h)—i-Ig,(h) and Ig=11 + 1o+ I3,

respectively, and show that limp_,¢ I;(h) = I; for ¢ = 0,1,2,3.
Fix ¢t € [0,00) and n € N. Note for each 0 < h < 1,

1 1
mmwfwuw:AhM¢+mrﬂMJm& ﬁflehmm@—ﬂ@

Since w € C(U x [0,00)), we find for each compact set K C U,

sup |wp —w| =0 as h—0 (A.15)

K x[0,t]

and supy |fn — f| = 0 as h — 0. Tt follows that limy, o Io(h) = Iy and lim,_,o I3(h) = Is.
We claim that

t
lim / / |V, — Vio|?dads = 0. (A.16)
h—=0 Jo Ju
Since YV, (-, t) — fo  t+ hs) — V(- t)]ds, we find

t t 1
/ / Vi, — Vo |*dedt’ g/ // |V (2, + hs) — Vi (z,t')[*dsdzdt’

0 U (A.17)
sup / / |V (z,t' + s) — Vi(z,t')|*dzdt’,

96[0 h]

where we used Fubini’s theorem before taking the supremum.
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Since Vi € L?(U x [0,2t]) and Co(U x [0,2t]) is dense in L2(U x [0, 2t]), for each € > 0, we could
find some ® € Co(U x [0, 2t]) such that [|® — V|| g2@ix0,2¢)) < €. Obviously, ® is uniformly continuous
on U x [0, 2t], resulting in sup,epo fg J 1@, " + 5) — @(2,t')|*dedt’ — 0 as h — 0. Therefore,

= sup//|wat+s) Vo (x, ') [*dzdt’

sE[Oh
t
< sup / /|V7I)(x,t’+s)—@(x,t'—l—s)|2dxdt’—|— sup / / |®(z,t' + 5) — ®(z,t")|*dadt’
s€[0,h] s€[0,h]
t
+ sup / /|<I>(x,t’)f w(x,t')|*dzdt’ < 24 sup / /|<I> z,t' +5) — ®(x,t')Adxdt’.
s€[0,h] u s€[0,h]

Letting b — 0 in the above estimates, we find (A.16) from the arbitrariness of € > 0 and (A.17).
It follows readily from (A.16) that limj_o fg Jy 2|V, [Pdads = f(f J,y 2| Vi[> dzds. Since

t t
/ / N wpVwy, - Vdaeds — / / NuwVw - Vn,dzds
o Ju o Ju

t t
= / / (W, — W)V, - Vipdads —|—/ / M (Vo — V) - Vi, dzds,

we apply Holder’s inequality to deduce from (A.15) and (A.16) that

lim/ /nnthwh Vnndxds—/ /nnwVw Vnndzds.

h—0

Therefore,
t t
lim —27;(h) = lim ( / / n2 |V |?deds + 2 / / nnwhvwh-vnndxds>
h—0 h—0 0 u 0 u

t t
= / / n2|Va|*deds + 2/ / NV - Vnp,dzds = —214.
o Ju o Ju

Similar arguments yield limy,_,¢ I2(h) = Ig Hence, letting h — 0 in (A.13) yields (A.14).

Step 2. We show that [, w?(-,t)dz < s fu f2dz for all ¢t € [0,00). Hence, @ = 0 if f = 0. This
proves the lemma.
As eg, 2+ M >0 by Lemma 3.2 (3), we derive from (A.11) that

;/uwZ(-,t)deM/t/ dede/ fdz, Vte[0,00). (A.18)

Setting g(t fo J, w*dads for t € [0,00), we arrive at $¢'(t) < Mg(t) + [,, f2dz for all ¢ € [0,00).
The conclusmn then follows from Gronwall’s inequality. 0
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