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Abstract The present paper is devoted to a preliminary study towards the establishment of an ergodic theory
for stochastic differential equations (SDEs) with less regular coefficients and degenerate noises. These equations
are often derived as mesoscopic limits of complex or huge microscopic systems. By studying the associated
Fokker-Planck equation (FPE), we prove the convergence of the time average of globally defined weak solutions
of such an SDE to the set of stationary measures of the FPE under Lyapunov conditions. In the case where the
set of stationary measures consists of a single element, the unique stationary measure is shown to be physical.
Similar convergence results for the solutions of the FPE are established as well. Some of our convergence
results, while being special cases of those contained in Ji et al. (2019) for SDEs with periodic coefficients, have
weaken the required Lyapunov conditions and are of much simplified proofs. Applications to stochastic damping

Hamiltonian systems and stochastic slow-fast systems are given.
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1 Introduction

The present paper aims at investigating ergodic properties of mesoscopic stochastic systems described by
stochastic differential equations. Such a system arises in many scientific areas as the mesoscopic limit of
a large or complex (deterministic) microscopic system involving both structured variables and noises due
to uncertainties, lack of mechanisms, high degrees of freedom, dynamical complexities and so on [42].
The traditional statistical theory of large or complex microscopic systems was established within the
framework of ergodic theory of measure-preserving dynamical systems. A fundamental result in this
theory is the celebrated Birkhoff ergodic theorem. Let {P'} be a flow or semi-flow on a probability
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space (X, B, ) that preserves the probability measure p. Birkhoff ergodic theorem states that for each
observable ¢ € L*(X, B, 1), the limit of the time average, namely,

@(x) := lim 1 o(P(z))dt

exists for p-a.e. © € X and in L'(X, B, i), and satisfies fX pdy = fX wdu. Moreover, if p is ergodic,
then ¢ is a p-a.e. constant, and consequently,

t

1
lim — @(Pt(x))dt:/ wdu, prae. e X. (1.1)
X

t—oo t 0

The Birkhoff ergodic theorem is a fundamental result in ergodic theory whose development can be
traced back to the pioneering works in thermodynamics made by Boltzmann, Maxwell and Gibbs in the
late 19th through the early 20th century. A thermodynamic system at the microscopic level is an isolated
but huge particle system consisting of a massive number (usually in the order of Avogadro number 1023)
of ordinary differential equations (ODEs). Realizing the limitations of microscopic approaches in studying
such a huge mechanical system, Boltzmann proposed in 1870s a macroscopic (statistical) approach and
put forward the so-called ergodic hypothesis, which implies in particular that all microstates on a given
energy surface should be equally probable, and the measurement of a macroscopic quantity (entropy,
temperature, pressure, etc.) as an observable is not sharp in time but the long time average of individual
measurements should be equal to its total phase average. This fundamental hypothesis was not able
to be rigorously justified until the early 1930s when Birkhoff and von Neumann respectively proved the
pointwise ergodic theorem [4] and the mean ergodic theorem [48]. Although both ergodic theorems were
originally established for (continuous) measure-preserving flows on a compact manifold, they were later
shown to be valid under more general settings including measure preserving maps and semi-flows, random
dynamical systems and stochastic processes.

While the Birkhoff ergodic theorem has demonstrated its significance and power in many areas of
dynamical systems and probability theory, it is not sufficient to give an affirmative answer to Boltzmann’s
ergodic hypothesis as the ergodic measure involved usually does not satisfy the properties demanded
in Boltzmann’s original proposal. An attempt towards the resolution of the ergodic hypothesis is to
look for the so-called physical measures. A physical measure p is such that for any continuous and
compactly supported observable ¢ : X — R, the limit (1.1) holds on a set of points with positive
Lebesgue measure. This is clearly not the case when (1.1) only holds for p-a.e. x € X with p being
Lebesgue singular. The study of physical measures in systems with dissipation motivates the notion of
Sinai-Ruelle-Bowen (SRB) measures defined to be physical measures that are Lebesgue singular and are
regular on unstable manifolds of an attractor. Initially introduced for Axiom A attractors and further
generalized to systems with certain hyperbolicity or partial hyperbolicity, SRB measures have been at the
heart of many fundamental studies in the theory of smooth dynamical systems (see [1,3,11,32,33,44,45,50],
and the review article [52] and the references therein). However, there is not much understanding, beyond
that for SRB measures, of physical measures for systems which are either less regular or lack of hyperbolic
structures. Overall, Boltzmann’s ergodic hypothesis remains a challenging open problem even after all
the fascinating developments of modern theory of dynamical systems and statistical mechanics, especially
given the energetic Kolmogorov-Arnold-Moser (KAM) theorem that asserts the general non-ergodicity of
energy surfaces in a nearly integrable Hamiltonian system.

A seemingly promising modern treatment of thermodynamic systems uses the so-called mesoscopic
approach that situates between microscopic and macroscopic ones, and typically deals with the interaction
of a fairly small amount of large particles with a huge amount of small particles. The mesoscopic limit of
such a thermodynamic system turns out to be a stochastic differential equation (SDE) for the positions
of large particles in the form

dr = V(z)dt + G(z)dW;, x €U CRY, (1.2)
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where U is a connected open set, V : U — R? is the drift field, G : U — R>X™ (m > d) is the
noise coefficient matrix, and W = (W;)ier is a standard m-dimensional Wiener process representing
the fluctuation resulting from the interaction with the small particles [29]. Such a mesoscopic approach
has also been used for stochastic modelings or reductions in many other contexts including complex
systems with high degree of freedoms, uncertainties or mechanisms lacking [42], slow-fast systems with
fast mixing or chaotic dynamics [14, 15,24, 36], turbulent fluid flows [31, 41, 46] and the data-driven
modeling [17,26,37,39]. In all these applications, especially those arising in fluid mechanics, bio-sciences
and data sciences, it is well understood that a trajectory-based microscopic approach can only provide
little information on the behaviors of the system, and thus, a macroscopic approach by considering
distribution of solutions is necessary to adopt.

In this paper, we use the macroscopic approach to study some of the basic ergodic properties of the
mesoscopic system (1.2). In particular, we establish some convergence results for globally defined weak
solutions of (1.2) with less regular coefficients and degenerate noises. We emphasize that, as either
a mesoscopic limit, a stochastic reduction, or an approximation to a complex microscopic system, the
SDE (1.2) does not necessarily admit locally Lipschitz coefficients and non-degenerate noises. As a
result, in general, neither can (1.2) be converted into a random dynamical system nor can it generate
a measurable flow or semi-flow in the path space. Thus, besides the significance in applications, our
present work also contains theoretical novelties to study the ergodic properties of systems without flow
or semi-flow structures.

The study of ergodic properties of the SDE (1.2) dates back to the seminal work of Khasminskii [27,28]
in the 1960s. Assuming locally Lipschitz coefficients and non-degenerate noises and the existence of
an unbounded Lyapunov function associated with (1.2) (see Definition 1.3), Khasminskii established
the existence of a unique invariant measure of the diffusion process, which must be a Markov process,
generated by the solutions of (1.2) and proved the convergence of the solutions of (1.2) to the invariant
measure.

When it comes to less regular coefficients, transition probabilities associated with (1.2) can hardly be
defined. This invalidates the methods based on Markov processes giving semi-flow properties. Neverthe-
less, the SDE (1.2) is naturally connected to the following Fokker-Planck equation (FPE):

O = L*u:= 0;5(au) — 0;(V'u), x €U, t>0, (1.3)

where A = (a) := GgT is the diffusion matrix, V = (V*), 8; = 9s,, 97; = 831_1]_, and the usual summation
convection is used. Not only does the FPE (1.3) govern the distributions of the solutions of (1.2), but
also it has been directly used to model the evolution of the probability distributions of many complex
stochastic processes [43]. This suggests an alternative approach that focuses on the FPE (1.3). To study
the ergodic properties of (1.3), it is natural to look for stationary solutions of the following stationary
problem associated to (1.3):

L'u=0 in U. (1.4)
Denote £ = a* 8% + V'9; as the formal L?-adjoint of the Fokker-Planck operator £*. It is also the
diffusion operator associated with (1.2).

Definition 1.1 (Stationary measure). A Borel measure p on U is called a measure solution of (1.4) if
azj,vl EL%OC(u7du)7 vl"je{l?"',d}

and

/ Lodp =0, Vo€ CEU).
u

If, in addition, u(U) = 1, then u is called a stationary measure of (1.3).

When (1.2) generates a diffusion process, its invariant measures are necessarily stationary measures
of (1.3). But stationary measures of (1.3) could exist even when (1.2) fails to generate a diffusion process.
This has been clearly demonstrated by the recent studies on the FPE (1.3) with less regular coefficients.
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Indeed, the existence of stationary measures of (1.3) with positive definite A € W,-P(U) and V € L (U)
for some p > d has been established in [19] assuming the existence of a Lyapunov function (see [7—10,47]
for related works). The uniqueness follows from [8] if the Lyapunov function is, in addition, unbounded.
As for the ergodic properties, it holds that the solutions of (1.3) strongly converge to the unique stationary
measure under an unbounded Lyapunov function [22].

In comparison with the developments of ergodic theory of (1.3) with less regular coefficients in the
non-degenerate case, there is not much progress in the degenerate case. One of the main purposes of the
present paper is to push forward the theory in the degenerate case. To proceed, we make the following
assumption on the coefficients of (1.3):

(H) a¥ € C(U) and V* € C(U) for each i,j € {1,...,d}.

We use Lyapunov conditions to quantify the dissipativity of (1.3).

Definition 1.2 (Compact function). A non-negative function U € C(U) is called a compact function
if there is pas € (0, 00], called the essential upper bound, such that

U<py on U and U(x) — py as x — U.

We refer the reader to [19, Subsection 2.1] for the meaning of the limit & — OU that appears in the
above definition. For a non-negative function U € C(U), we denote for each p > 0, the p-sublevel set

Q,={zrel:U(z) < p}.

Definition 1.3 (Lyapunov function). A compact function U € C?(U) with the essential upper bound
pur is called

(1) a Lyapunov function with respect to £ if there are constants v > 0, called a Lyapunov constant
and p,, > 0, called an essential lower bound such that LU < —vy in U\Q,,;

(2) a strong Lyapunov function with respect to L if Supy\q, LU — —oc0 as p — pyy;.
If ppr = o0, the (strong) Lyapunov function is said to be unbounded.

Our main result on the existence of stationary measures of (1.3) is stated in the following theorem.

Theorem 1.4.  Assume (H). If L admits a Lyapunov function, then there exists a stationary measure
of (1.3). If, in addition, the Lyapunov function is strong, then the set of stationary measures of (1.3) is
compact under the weak™-topology.

The existence result in Theorem 1.4 generalizes [6, Corollary 2.4.4(i)], where the problem on the whole
space R is considered. The compactness of the set of stationary measures (which is convex) under the
strong Lyapunov function ensures the existence of extreme points, which, in consideration of the classical
ergodic theory, are expected to enjoy special properties that we explore below.

Let P(U) be the set of Borel probability measures on . Consider the following initial condition:

o =v € P(U). (1.5)

Definition 1.5 (Global probability solution). A Borel measure p on U x (0,00) is called a global
probability solution of the Cauchy problem (1.3) and (1.5) if there exists a family of Borel measures
(#4t)te(0,00) ON U such that dy = duydt, which satisfy the following properties:

(1) pe € P(U) for ae. t > 0;

(2) for every Borel set B C U, the mapping ¢ — p;(B) is measurable;

(3) a¥, Vie LL (U x (0,00), dudt) for each i,j =1,...,d; and

(4)

4) for any ¢ € C3(U), there exists a subset Js C (0, 00) with |(0,00) \ Js| = 0 such that

t
/(bdut:/(bdl/—F lim / /E(bdquT, Vte Jg. (1.6)
u u Jp23r—0 r u

The existence of global probability solutions of the Cauchy problems (1.3) and (1.5) has been investi-
gated in [38] under Lyapunov conditions. More precisely, Manita and Shaposhnikov [38] proved that if
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there is an unbounded compact function U € C?(U) satisfying LU < C1U +C4 on U for some Cy,Cy > 0,
then the Cauchy problems (1.3) and (1.5) admit a global probability solution. The uniqueness under the
same conditions remains unknown. Assuming the uniqueness, we prove in the next result that “ergodic
stationary measures” must be extreme points of the convex set of stationary measures.

Let M be the convex set of stationary measures of (1.3). If (H) holds and £ admits a strong Lyapunov
function, then Theorem 1.4 ensures that M is non-empty and compact. In this case, we denote by M
the set of extreme points of M.

Theorem 1.6.  Assume (H) and that £ admits an unbounded strong Lyapunov function. Suppose, in
addition, that the Cauchy problems (1.3) and (1.5) admit a unique global probability solution for any
v e PU). For given p* € P(U), consider the following statement:

(1) For any f € Cy(U), it holds that

1t
limf/ /fduffds:/fd,u*, w-a.s. xr €U,
t=oot Jo Ju u

where (1f )re(0,00) @5 the unique global probability solution of the Cauchy problems (1.3) and (1.5) with
the initial condition v = 0.
(2) If po € P(U) is such that pg < p*, then

t
lim 1/ /fdusds:/fdu*, V1 e Colh),
t=oo t Jo Juy u

where (1¢)tc(0,00) 5 the unique global probability solution of the Cauchy problems (1.3) and (1.5) with the
initial condition v = .

(3) It holds that p* € M*®*.
Then, (1) implies (2), which implies (3).

In Theorem 1.6, we establish a partial link between “ergodic stationary measures” and elements in M.
We recall from the standard ergodic theory [49] that there is one-to-one correspondence between ergodic
invariant measures and extreme points of the set of invariant measures for dynamical systems on a
compact metric space. However, we suspect that the three statements in Theorem 1.6 are not equivalent
for the stochastic case we are considering.

To understand the ergodic properties of (1.2) or (1.3), it is crucial to investigate the limits of the
time average of their solutions. The corresponding result for global probability solutions of the Cauchy
problems (1.3) and (1.5) is stated in the next theorem.

Theorem 1.7.  Assume (H) and that £ admits a strong Lyapunov function U. Let jt = (pit)ie(0,00) e
a global probability solution of the Cauchy problems (1.3) and (1.5) with [,, Udv < oo. Then for each
sequence {ty }nen C (0,00) with lim,,_, o t, = 00, there exist a subsequence, still denoted by {t, }nen, and
a stationary measure i of (1.3) such that

I
lim —/ /¢dquT:/¢d/], V¢ e CyplUd).
n—o0 &y, Jo U U

In particular, if (1.3) admits a unique stationary measure fi, then

1 t
lim 7/ /¢du7d7:/¢dﬂ, Vo e CyUd).
t—oo o Ju u

Theorem 1.7 allows us to derive convergence results for the time average of globally defined weak
solutions of (1.2), whose existence has been studied under various conditions (see, e.g., [16,18,25,30]). In
the case where (1.3) admits a unique stationary measure, our next result says that the unique stationary
measure is in fact physical.

Theorem 1.8.  Assume V and G are continuous onU and that L admits a strong Lyapunov function U.
Let (X¢)e>0 be a globally defined weak solution of (1.2) with the initial condition Xo ~ v, where v € P(U)
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satisfies fu Udv < oo. Then for each sequence {t,}neny C (0,00) with lim,_, t, = o0, there exist a
subsequence, still denoted by {t, }nen, and a stationary measure i of (1.3) such that

1 [in
lim — [ Eo(X,)dr= | éda, Yo e CylUd).
/0 H(X,)dr /uw 6 € Cyld)

n—oo n

In particular, if (1.3) admits a unique stationary measure fi, then for each x € U, it holds that

1 t
im 5 [ Bo(x7)dr = [ odi. voe ),
u

t—oo t 0

where (X[ )i>0 is a globally defined weak solution of (1.2) with the initial condition X§ ~ 0.

Under the conditions of Theorems 1.7 and 1.8, the diffusion matrix (a/) is allowed to be degenerate
in U, in which case the FPE (1.3) can admit multiple stationary measures. This is why the main part
in the statement of Theorem 1.7 (resp. Theorem 1.8) only asserts the average attractiveness of global
probability solutions of the Cauchy problems (1.3) and (1.5) (resp. globally defined weak solutions
of (1.2)) by the set of stationary measures of (1.3). It is worthwhile to point out that noises are more or
less essential for (1.3) to admit a unique stationary measure. In fact, if (1.3) is completely degenerate,
namely, A = Og4xq4, the FPE (1.3) becomes the Liouville equation associated with the ODE & = V (z),
which in general admits multiple stationary measures.

The proofs of Theorems 1.7 and 1.8 do not require the standard semi-flow property that plays essential
roles in the proof of classical convergence results of SDEs or Markov processes. Indeed, under the
assumption (H), the uniqueness of the solutions of the Cauchy problems (1.3) and (1.5) is unknown as
mentioned earlier. Even if we assume the uniqueness, they are only known to generate a semi-flow under
the weak*-topology. Such weak convergence results, that hold in the absence of the semi-flow property,
can potentially serve as theoretical foundations for studying ergodic behaviors of complex systems, such
as thermodynamic systems, whose mesoscopic limits are often too rough to admit the standard semi-flow
property.

Theorems 1.7 and 1.8 are respectively autonomous versions of [21, Theorems B and 6.4], where (1.2)
and (1.3) with time-periodic coefficients are considered. Nevertheless, they have at least two advantages
over the corresponding ones in [21]. One is that the strong Lyapunov function assumed in Theorems 1.7
and 1.8 does not need to be unbounded, while the unboundedness is required in [21]. The other is that
simplified proofs in the present paper are much easier for the reader to catch the main ideas.

This work can be viewed as an attempt towards the development of ergodic theory for general meso-
scopic or stochastic systems. There are many rich subjects in modern ergodic theory that are left
open in the stochastic context. For example, when the SDE (1.2) generates a linear random dynamical
system [2], the multiplicative ergodic theorem (MET) states that Lyapunov exponents can be used to clas-
sify the dynamics of trajectories?). There rises the natural and interesting question: whether Lyapunov
exponents for general SDEs of the form (1.2) (in particular with less regular coefficients and degenerate
noises) can be defined to better characterize the dynamics in the sense of distribution.

The rest of this paper is organized as follows. In Section 2, we study the existence of stationary
measures of (1.3) and prove Theorems 1.4 and 1.6. In Section 3, we investigate the convergence of
the time average of the solutions of (1.2) and (1.3), and prove Theorems 1.7 and 1.8. Applications to
stochastic damping Hamiltonian systems and stochastic slow-fast systems are discussed in Section 4.

2 Stationary measures

In this section, we study the existence of stationary measures and prove Theorems 1.4 and 1.6. We need
the following lemma.

1) Besides the well-known work of Oseledet [40] on MET in 1968, we mention that Liao [34] actually implicitly derived
the MET in his exploration of ergodic properties for smooth dynamical systems on compact manifolds. In his paper [34] in
1963, Liao derived a set of qualitative functions on a family of frame bundles which turn out to be Lyapunov exponents [35].
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Lemma 2.1. Assume (H) and L admits a Lyapunov function U with the essential lower bound py,
and the essential upper bound ppr. Then for any po € (pm,par), there exists a Cy > 0, depending only
on pm and pg, such that for any p1 € (po, par) and any measure solution p of (1.4), it holds that

C

Q)< ——M——
nUN\ Q) - Yiils

(€,), (2.1)

) a“ﬁiU@jU 2 0.
Proof.  As p is a measure solution of (1.4), it holds that

P m

where C:= C, supq, \q

/ Lodu=0, VoeCU). (2.2)
u

We distinguish between two cases: pp; < oo and pps = oc.

Case pp < oo.  Given pyg € (pm,pum), take p1 € (po,par). Let {Cp}pe(pr,par) Pe a family of non-
decreasing and smooth functions on [0, pas) such that

0, t €0, pml,

C(t) = L t € [po, pl, and (,’)’go on {p’p-l—pM}
p+pm p+pm 2
a0 U

In addition, let {(p}pe(py,par) coincide on [0, po].
Obviously, (,(U) — L1222 € C2(U) for each p € (po, par). Setting ¢ = (,(U) — X2 in (2.2), we find
from

z@mm-”jw>=gme+qumw@U

that
(/mme+gwwmm@m@=u (2.3)
u

As ¢, =0 on [0, py], ¢, =1 on [po, p| and ¢, > 0 otherwise, we find from LU < 0in U \ ©,,, that

sup LU, in Q,\Q,,

CU)LU < { 9y, (2.4)
0, otherwise.

Since (a'/) is semi-positive definite, )/ # 0 on [pm, po], ¢/ < 0 on [p, eten) and ¢, = 0 otherwise, we

deduce -

- C*<@axa”8iU8jU>, in Q,,\ Q..
¢ (U)a"9;U0;U < g (2.5)
0, otherwise,

where C. = maxyc,, »] (,(t) < 0o is independent of p € (p1,pr) due to the construction of

{Co}pe(pr.pon)- Applying (2.4) and (2.5) to (2.3), we find
(= sw LU\ 2) < = [ ¢)£Un
U\Q, u

_ /u (Ul U0, Udy

<o sup aifaanjU)u(on\me)
(on\ﬂpm)

< CM(QM )’

where C' := C, SUP(q, \,,.) a9;,U0;U > 0. By letting p — oo in the above inequality, (2.1) follows.
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Case ppr = oo, Given pg € (pm,00), take p1 € (po,00). Let {(p}pe(p1,00) be a family of non-decreasing
and smooth functions on [0, 00) such that

0, t €10, pml,
Cp(t) = ta te [pOap]v and Cg < 0 on [p>p + 2]
p+1l,  te(p+200),

In addition, let {(y} e (py,00) coincide on [0, po].
Using the function ¢ = (,(U) — (p+1), we can follow the arguments in the case pys < oo to derive the
result. We leave the details to the reader. O

In the rest of this section, we prove Theorems 1.4 and 1.6. We recall the definition for convergence of
a family of Borel measures on U/ under the weak*-topology.

Definition 2.2. A family of Borel measures {u,,n € N} on U is said to converge to some Borel
measure g on U under the weak*-topology if

lim | pdpn = / bdu, Vo€ Cold).
u u

n—oo

Proof of Theorem 1.4.  Let U be a Lyapunov function with respect to £ with the essential lower bound
pm = 0, the essential upper bound py; > 0 and the Lyapunov constant v > 0. To highlight the dependence
of L on A and V, we write L4 for £. The proof is broken into four steps.
Step 1. We construct a candidate measure pu.

By a partition of unity (see, e.g., [23]), there exist a locally finite open cover (Vg)gep of U and functions
(fs)pe C C(U) such that

(1) supp(fg) C Vs for all 8 € B;

(2) 0< fa(z) <lforall z € and S € B;

(3) D pep fo(z) =1forallz € U.
Let n € Cg°(R?) be non-negative and satisfy [,,ndz = 1. For each n € N, we define the function
N : RY — R by setting n,(x) := 3n(nx), © € R Clearly, for each 8 € B, there is a kg € N such that

/ la% (y) — a" (z)|nn(z — y)dy < %, VeeVs and n > kg.
u
As a¥ € C(U) for each i,j = 1,...,d, it holds that

/M[aij(y) — a”(2)Nyan(z —y)dy -0 as n— oo, V€ Vs

Hence, for each i,7 = 1,...,d, the function

ai () =3 fa() / 0 (g oy an (2 — )y, @ €U,

BeB u
belongs to C*°(U) and satisfies
la¥ —a'| < % in Y and lim @Y =a" locally uniformly in U.
n—0o0

Moreover, the matrix (@%) is semi-positive definite thanks to that of A = (a¥).
For each n € N, define

] gl
en(x) I ﬂEZBfﬁ(:L’) 4(1 +maX9ﬁ |D2U|)7 xel,
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where D?U denotes the Hessian of U. Clearly, €, € C>°(U) for each n € N. Moreover,

d
sup sup [en(sc) Z 8ZU($)} < % and lim €, =0 locally uniformly in U.
i=1

neNzeld n—oo

For each n € N, we define A,, = (a¥) := (a¥) + €,I, where I denotes the d x d identity matrix.
Obviously, for each i,j € {1,...,d}, a¥ € C®U) for all n € N and lim,,_,o, @ = a* locally uniformly
in U. For each n € N, as the matrix (@) is semi-positive definite and €, > 0 everywhere, A,, is locally
uniformly positive definite. Furthermore, it is not hard to verify that L4, vU < =3 in U\ Q,,, i.e., U
is a Lyapunov function with respect to L4, v for each n € N with a uniform essential lower bound p,,
and a uniform Lyapunov constant .

Applying [19, Theorem A], we find that for each n € N, there exists a stationary measure p,, of (1.3)
with A replaced by A,. Note that sup, pu,(K) < oo for any compact set K C U. We apply [13,
Corollary A2.6.V] to conclude the existence of a subsequence, still denoted by {in }nen, such that p,
converges to some o-finite Borel measure p on U under the weak*-topology as n — oco. The measure p
is the candidate.

Step 2.  We show that 4 is a measure solution of (1.4).
Since u,, is a stationary measure of (1.3) with A replaced by A,,, it holds that

/ Lo, vodun =0, YéeC2U).
u
Fix ¢ € C§(U). The limit

max [La, vé—Layvd| -0 as n— oo
supp(¢)

implies that

‘/M(ﬁAn,véf) — Layvo)dpm

<|La, ve— Lavdloo X sup pn(supp(é)) = 0 as n — oo.

Since L4,v¢ € Co(U) and pu,, converges to p under the weak*-topology as n — oo, we find

| Lavodn =t [ Lavod,.
u n—oo Z/t

Thus,
| £avodn=tim [ L, vodu =0
u n—o0 u

Since ¢ € C2(U) is arbitrary, we conclude that p is a measure solution of (1.4).

Step 3.  We show u(U) > 0. Thus, i = ﬁ is a stationary measure of (1.3).

Fix po € (pm,pam). As La, vU < —3 inlU \ Q,,,, we find from Lemma 2.1 that

Cy,
.Un(u \ on) < T,Un(on)v

where C', := Cs sup(g, \a
holds that

) a¥0;Ud;U = 0. As A,, converges locally uniformly in U to A as n — oo, it

Pm

max a’ 0;U0;U — maxa”?0;U0;U as n — oo.
) Qpg
Thus, there is C' > 0, independent of n, such that
U\ Q) < Cpn(Rp,), VneN.

Since p,(U) =1 for each n € N, the above estimate implies that

Vn e N.

Nn(ﬁpo) = ,un(on) 2 1 +C,
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As p,, converges to p on U under the weak*-topology, we see from the Portmanteau theorem that

_ _ 1
Q) > i Q)= —— > 0.
1(€2)) im sup 4 (245) T

In particular, u(Uf) > 0.

Step 4. We prove that the set of stationary measures of (1.3) is compact when U is a strong Lyapunov
function.
By Lemma 2.1, for any p; > pg and any stationary measure p of (1.3), it holds that

C

U\ Q {—
MU € =

for some C > 0, independent of p; and p. As

sup LoyvU — —o0 as p— py,
U\Q,

for any € > 0, there exists a p. € (po, par) such that

nUN\ Q) <€ Yp1 € (pe,pur)

holds for any stationary measure pu of (1.3). It follows the tightness of the set of stationary measures
of (1.3).

It remains to show the closedness of the set of stationary measures of (1.3). Let {un }nen be a sequence
of stationary measures of (1.3) that converges to some Borel probability measure p under the weak*-
topology as n — co. Note that if ¢ € C3(U), then La,v¢ € Co(U). It follows that

/ Layédu= lim / Lavédu, =0, Yoée CAU).
Z/{ n—oo M

Thus, p is a stationary measures of (1.3). This completes the proof. O

The rest of this section is devoted to the proof of Theorem 1.6. We need the following result addressing
certain measurability related to the solutions of the Cauchy problems (1.3) and (1.5).

Lemma 2.3. Assume (H) and that £ admits an unbounded strong Lyapunov function. Suppose, in
addition, that the Cauchy problems (1.3) and (1.5) admit a unique global probability solution for any
v € PU). Then, for each f € Co(U), the function (z,t) — [, fduf is measurable on U x (0,00), where
(1F )te(0,00) 15 the unique global probability solution of the Cauchy problems (1.3) and (1.5) with the initial
condition v = 0.

Proof.  For each x € U, let u” := (iuf)ic(0,00) be as in the statement. By [21, Lemma 4.2] (see also
Lemma 3.2 and Remark 3.3), we may assume, without loss of generality, that for each x € U and
¢ € C3(U), the function t — [,, ¢duf is continuous on (0, 00).

Since C3 (U) is dense in Co(U), the lemma follows if we can show that the function (z,t) — [, ¢duf
is continuous on U x (0, 00) for each ¢ € CZ(U). To show this continuity, let us fix arbitrary ¢ € C3(U),
(Zwyts) € U x (0,00) and {(zn,tn)}neny C U x (0,00) satisfying limy, oo (@, tn) = (T4, t.). We need to
show

lim [ pdpy" = / X Treg
u u

n— oo

For the validity of the above limit, let {(2y,,%n,;)}jen be an arbitrary subsequence of {(y,tn)}nen. It
suffices to show the existence of a further subsequence, still denoted by {(2n,,%n;)} en, such that

tin [ g = [ i (2.6)
Jj—oo Jy J u

It remains to prove (2.6). Since sup,, u*"(K) < oo for any compact set K C U x (0,00), we apply
[13, Corollary A2.6.V] to conclude that the sequence of the measures {u®" },,cy is pre-compact under the
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weak*-topology. As a result, {§""i }en contains a further subsequence, stilled denoted by {u*"i }en,
that converges under the weak*-topology to some o-finite Borel measure p on U x (0, 00).

We claim that there exists a family of Borel probability measures {gs : ¢ > 0} on U such that
dp = dpdt (2.7)
and

]—}OO

i [ odi;? = /u bdui., Vo€ CEU). (2.8)

Fix ¢ € CZ(U). For each j € N, we define the function Fj) : [0,00) — R by setting

WV

I(t) = / pdp," for t>0.
u

Clearly, F(; is continuous and satisfies Fg(()) = ¢(v,,) and |F$(t)\ < |@|oo for all ¢t > 0. It follows from
the definition of p™i = (/,Lf"j )t (0,00) that

Fi(t) = )+ hm/ / Lodps"ds, Vit >0, (2.9)
which, together with the assumption (H), gives rise to

|Fj)(t) — Fj)(r)\ < (t—r)x max ([aY0]¢|+ |V'0ig]), Vi=r=>0. (2.10)
supp(¢)

Thus, the family {F qu : j € N} is uniformly bounded and equicontinuous, and hence, pre-compact under
the topology of locally uniform convergence according to the Arzela-Ascoli theorem and the standard
diagonal argument.

Let {F gk}keN be a subsequence of {F ;}jEN that locally uniformly converges to some function Fj, €
C([0,00)). In particular, F(0) = limp_e0 Fg)’“ (0) = ¢(zp). For each n € Cy((0,00)), we see from the
dominated convergence theorem that

lim n(t) / édp, ™t dt = lim / nijdt: / nFydt.
u k—o0 0 0

k—oo Jo

Moreover, as p“"ir converges to p under the weak*-topology as k — oo, it holds that

k—o0

ti [ ) [ odiat= [[ odn, e ol(0.00).
0 u Ux(0,00)

Hence,
/ nF¢>dt=// nedu, V1€ Co((0,00)). (2.11)
0 U x(0,00)

Note that Fy is the unique function in C([0,00)) that satisfies (2.11). This together with the pre-
compactness of {Fjg}jEN yields

lim F = F4 locally uniformly on [0, c0). (2.12)

Jj—o0

Arguing as in the proof of [20, Lemma 4.2], we find a family of o-finite Borel measures {u; : t > 0}
on U such that

t):/qﬁdut, Vo e C*(U) and t>0.
u

It follows from (2.11) that

< _ 2
| [ odmac= [[ o, VOECHU) € Col(0,2%))
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Standard approximation arguments lead to

/ / t)dpdt = // Qdp, Y& e Co(U x (0,00)),
Ux(0,00)

i.e., du = dpdt. This proves (2.7).
Note that (2.12) gives rise to

hm ¢d ;= / bdps, Vo€ C2(U) and t>0. (2.13)
Since
[oan = [ o\ <| [ oaiiz - [oan || [ oai - [ oo,
u u
we conclude (2.8) from (2.10) and (2.13).
We further claim that
e =pz*, Yt >0. (2.14)
Clearly, (2.13) and the Portmanteau theorem imply that
pe(U) < hmlnfu75 U)=1, Vvt>0. (2.15)

j—o0

Let us fix ¢ € Co(U) and let {¢, }nen C CZ(U) converge uniformly to 1. Note that

[ va / i

’/wdu /(%duf"j + /Qﬁndufnj —/ Gndpt +‘/ ¢ndﬂt—/7/)d,ut
u u u u u

<™ @) + @] x g 60— 61+ | [ 0, = [ dnd

, Vt>0 and n €N,

< 2max ¢, — Y| + ‘/ Ondys; ™ _/ o
u u u
where we used i, " (U) = 1 for all t > 0 and (2.15) in the last inequality. It then follows from (2.13) that

lim @/}d /¢dut7 Vit >0. (2.16)
u

]*)OO

Fix r,t € (0,00) with r < ¢. It follows from (2.9) that

. . t T
R0 =0 = [ [ coaas

lim. / / Lodus™ ds

<rx max |Lo|, Vo€ CEU). (2.17)

supp(¢)

Since L¢ € Cy(U) for each ¢ € C2(U), we find from (2.16) that
¢ . ¢
lim / / Lpdps ™ ds = / / Lodusds.
Iz Jr Ju r Ju
Letting j — oo in (2.17), we conclude from (2.12) that

rx max |Lo|, V¢ <€ CaU),

supp(¢)

‘Fqg( ) F¢ / / ﬁd)d,uéds
which implies

. ¢ 2
| e = otw) + tim [ [ codnads. voe i,
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Moreover, in the presence of the unbounded strong Lyapunov function, [38, Theorem 2.7] ensures that
ue(U) =1 for all t > 0. According to Definition 1.5, 11 = (p41)¢>0 is the unique global probability solution
of the Cauchy problems (1.3) and (1.5) with the initial value v = §,,, i.e., uz = py* for all ¢ > 0. This

proves (2.14).
Combining (2.8) and (2.14), we conclude in particular (2.6). This completes the proof. O

Proof of Theorem 1.6. (1) = (2). Let ug be as in the statement. Then,

io(B) = /M 5,(B)duo(x), B € BU).

It follows from the global well-posedness of the Cauchy problems (1.3) and (1.5) and an approximation

[ gani= | [/fdu?]duo(x), > 0.
u u LJu
Fix f € Co(U). By Lemma 2.3, the function (z,t) — fu fdu? is measurable on U x (0,00). We apply
Fubini’s theorem to find that
1t 1t
[ rawas=1 ] { / fdui}dm(x)ds
tJo Ju tJo JulJu
1 t
I { / fdui}dsduo(x)
tJuldo LJu
1 t
:/ [/ /fdpfds}d,uo(x), Vi >0.
ultJo Ju

Passing to the limit ¢ — oo, we conclude from (1) and the fact py < p* that

1 t
lim 7/ /fdusds:/fdu*, YV f e Cotd).
t—oo t o Ju u

(2) = (3). It is easy to see that pu* € M. Suppose for contradiction that u* ¢ M, i.e., there are
pt, u? € M with pt # p? such that p* = pu! + (1 — p)u? for some p € (0,1). Obviously, u!, u? < p*. It
follows from (2) that

argument that

1/t 1/t
lim 7/ /fduids: lim 7/ /fd,ufds, V fe o),
t—oo t o Ju ‘ t—oo t o Ju h

where (M%)te(o,oo) and (pf)te(om) are the unique global probability solutions of the Cauchy problems (1.3)
and (1.5) with the initial conditions v = u$ and v = pZ, respectively.

As p1, po € M and the Cauchy problems (1.3) and (1.5) are globally well-posed, it holds that u¢ =
forall t >0 and i = 1,2. As a result,

1/t , ,
7/ / fdulds = / fdu', t>0, i=1,2,
tJo Ju u

[ gant = [ gait vie o,
u u

which implies that

i.e., !t = u?. This gives rise to a contradiction. Hence, p* € M. O

3 Convergence to stationary measures

In this section, we study the weak ergodic theory of (1.2) and (1.3). Theorems 1.7 and 1.8 are respectively
proven in Subsections 3.1 and 3.2.
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3.1 Convergence in FPEs

We first recall from [21] the definition of continuous modifications of a global probability solution of the
Cauchy problems (1.3) and (1.5).

Definition 3.1. Let u = (44¢)tc(0,00) be a global probability solution of the Cauchy problems (1.3)
and (1.5). A Borel measure i on U x (0,00) is called a continuous modification of p if there exists a
family of Borel measures (j1¢)e(0,00) On U satisfying the following properties:

(1) fir = py for a.e. t € (0,00);

(2) the function t — [, ¢dji, is continuous on (0, 00) for each ¢ € CF(U); and

(3) it holds that the limit lim¢ o [, ¢dfie = [, ¢pdv for each ¢ € C3(U),
such that dji = dudt. In this case, we write i = (fit)ie(0,00)-

It is easy to see from the definition that there exists at most one continuous modification of a global
probability solution of the Cauchy problems (1.3) and (1.5). The existence was proved in [21, Lemma 4.2]
under the assumption (H). Hence, the following result holds.

Lemma 3.2. Assume (H). Any global probability solution of the Cauchy problems (1.3) and (1.5)
admits a unique continuous modification.

Remark 3.3. The main advantage of using continuous modifications is as follows. If i = (fi¢)¢e(0,00)
is a continuous modification of u, a global probability solution of the Cauchy problems (1.3) and (1.5),
then Definition 1.5 implies that for each ¢ € CZ(i4) it holds that

t
/gbdﬂt:/qbdy—i—lim/ /E(bdﬁtdt, Vi > 0.
u u =0 . Ju

This allows us to get rid of the sets {Js, ¢ € Cg(U)} appearing in Definition 1.5.
Next, we deduce an estimate for global probability solutions of the Cauchy problems (1.3) and (1.5).

Lemma 3.4. Assume (H) and L admits a strong Lyapunov function U with essential upper bound
pm > 0. Let {ppltnen increase to py and p = (e)iso0 be a global probability solution of the Cauchy
problems (1.3) and (1.5). Then there exists a C > 0, independent of v and p, such that

t
C’n//]T(U\Qpn)drg/Udy—i—Ct, Vt>0 and neN, (3.1)
0 u

where dji = dfidt is the continuous modification of u, and C, = —supy\q, LU > 0.

Proof.  We focus on the case py; < oo; the adaptation to the case pp; = oo is straightforward and hence
left to the reader (see the proof of Lemma 2.1 for similar treatments).

By Lemma 3.2, 1 admits a unique continuous modification, still denoted by p = (f¢)1>0. Then, for
each ¢ € CZ(U) it holds that

t
/¢dut:/¢du+lim/ /ﬁ(bdquT, Vit > 0. (3.2)
u u =0 [ Ju

Since U is a strong Lyapunov function with respect to L, there is a p,, > 0 such that LU < 0 on
U\ Q.. Fix a pg > prm and let {C,} pe(po,pnr) be a family of smooth non-decreasing functions on [0, 0o)
satisfying

0, t € [0, pmil,
t’ te s Ml +
G(t) = lpo: ¢ G(t) <t t€ D] and ¢ <0 on [ ],
P+ pm ‘e P+ prm
4 ) 2 sPM |

In addition, let the functions {(,} ¢ (pq,pa;) coincide on [0, po]. Clearly, for each p € (po, par), it holds
that (,(¢) <t forall t > 0.
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Obviously, (,(U) — 222 € C3(U). Setting ¢ = (,(U) — L2 in (3.2), we find
/ (@(U) - pT“)dut -/ (@(U) - ”:”J”)dvﬂg%/t/ ﬁ(@(U) - M)dqur
_ /u (CP(U) - p+4pM>du+ hm/ / LC,(U)dpuydr.

Since py(U) =1 for a.e. t € (0,00) (a direct consequence of the definition of the continuous modification)
and L(¢,(U)) = ¢, (U)LU + ¢} (U)a" 9;Ud;U, we find

/MC,,(U)dut:/MCP( du—i—hm/ /C CUd,quT—f—hm/ /C” a"9,;U0;Udp,dr (3.3)

holds for a.e. ¢ € (0,00).

The limiting lim,,—, o pn, = pas and the fact po € (pm, par) yield an ng € N such that p,, > po for all
n > ng. Since ¢, = 0 on [0, py], ¢, = 1 on [po, p] and ¢, > 0 otherwise, we see from LU < 0in U \ Q,,,
that

sup LU, in Q,\Q
Q;(U)£U< U\,

Pn?

0, otherwise.
Thus,
t t
lim () LUdpdr < sup LU x hm ,uT(Qp \ Uy)dr
r—0 r u P M\Q
. (3.4)
= 7Cn/ ,U‘T(Qp \ Qpn)dTa p > no,
0
where C,, := — SUPnQ,, ) LU > 0 and the monotone convergence theorem is used in the above equality.

Since ¢, # 0 on [pym, pol, ¢ < 0 on [p, £tea] and ¢ = 0 otherwise, we find from the non-negative
definiteness of (a™) that

B C. maxa9;Ud;U, in Q,, \ Q..
C;,’(U)a”&;UﬁjU < QPO

0, otherwise,

where C. := maxyc(p,, o] ¢, (t) is independent of p due to the construction of {(,}pe(py,pn)- Hence,
/ /C” a"9;U0;Udp,dr < C, (maxajaUa U) X (t—r)=C(—r). (3.5)
Substituting (3.4) and (3.5) into (3.3), we find

/ Co(U)dpy < / Cp(U)dv — / wr(Q,\Q,,)dr + Ct, forae. t>0.
Since 0 < (,(t) <t for t > 0, it follows from the above inequality that
Chp /Ot pr(Q,\ Qp, )dr < /uUdl/ +Ct, forae. t>0.
Consequently, we pass to the limit p — oo to find

t
Cn/ ,LLT(Z/I\Qpn)dTg/UdVJrCt, for a.e. t>0.
0 u

By the monotone convergence theorem, the function ¢ — fot wr U\, )dT is continuous on (0, 00). Hence,
the above inequality holds for all ¢ > 0.
This completes the proof. O
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Finally, we prove Theorem 1.7.
Proof of Theorem 1.7.  According to Lemma 3.2, we may replace i = (it):e(0,00) Dy its continuous
modification, still denoted by = (pt)¢e(0,00)- Since fu Udv < o0, it follows from Lemma 3.4 that there
exists a C' > 0 such that

t
cn/ uT(L{\Qpn)dfg/Udu—l—Ct, £>0, (3.6)
0 u

where lim,, o0 prn = par, par > 0 is the essential upper bound of U and C,, := — Supy\q, LU.
For each n € N, define fi; := %fot wedt for t > 0. Then,

/ bdfe = / / bdpndr, Vo€ CoU). (3.7)

Thanks to (3.6), we find

1 [t 1
ﬂt(U\Qpn)zg/O MT(U\QPTL)dTgc(/L{UdV—i—C), t>1,

which together with the limit lim,,_,., C,, = oo ensures the tightness of the family of the probability
measures {fit,t > 1}.

Let {t;}jen C (0,00) satisfy lim;_, t; = co. We apply Prokhorov’s theorem to find a subsequence,
still denoted by {t;};en, such that ji;; converges to some Borel probability measure fi on ¢ under the
weak*-topology as j — oo.

We show that fi is a stationary measure of (1.3). Note that for each ¢ € C3(U) it holds that

t
/d)dut—/ (;Sdusz/ /ngﬁdquT, Vi>s>0. (3.8)
u u s Ju
It follows that

lim —/ /quduT T = hm [/ Gdpg — /¢dﬂs] =0, Vs>0.
j—oo t

This together with (3.7) implies that

t
lim £¢dﬂt hm — {/ /£¢dquT+/ /ﬁq&dquq—} =0.
]*)00 s Z/{

By (H), Lo € Co(U) for all ¢ € Cy(U). Hence,
/ Lodji = lim / Lodpti =0, Ve Co(ld).
u I Ju

By Definition 1.1, f is a stationary measure of (1.3).
The “In particular” part follows readily. O

3.2 Convergence in SDEs

Consider the following initial value problem associated to the SDE (1.2):

{dm =V(x)dt + G(x)dW;, x €U, (3.9)

Tog ~ UV,
where v is a given Borel probability measure on ¢/. We assume that V' and G are continuous on .
Recall that a (globally defined) weak solution of (3.9) is a triple of a filtered probability space

(Q, F, {Fi}i1>0,P), an adapted Wiener process (W;);>0 and an adapted stochastic process (X;);>o such
that

XONV, Xt:XO+/ dT+/G dWT, Vit > 0.

In the sequel, we simply call (X;);>0 a weak solution of (3.9) without mentioning the underlying proba-
bility space and Wiener process. Recall that £ := a*/ afj +Vio;.
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Lemma 3.5.  Let (Xy)i>0 be a weak solution of (3.9) and uy be the distribution of X, fort > 0. Then,
(14t)te(0,00) 18 a global probability solution of the Cauchy problems (1.3) and (1.5).

Proof. It is well known [25] that under the current assumptions on the coefficients, (X;);>0 induces a
solution of the associated martingale problem. Hence, for each ¢ € C3(U), it holds that

BO(X) ~ Eo(X0) — | BICo(X )dr =0, V>0,

t
/(bdut—/qbdu—/ /[,d)dquT:O, vt > 0.
u u 0 Ju

The lemma then follows from Definition 1.5. O

ie.,

Proof of Theorem 1.8. By the continuity assumption on V and G, the assumption (H) is satisfied. The
theorem then follows directly from Lemma 3.5 and Theorem 1.7. O

4 Applications

In this section, we apply Theorem 1.7 to study the dynamics of Fokker-Planck equations associated with
stochastic damping Hamiltonian systems and stochastic slow-fast systems.

4.1 Stochastic damping Hamiltonian systems

We consider the following stochastic damping Hamiltonian system:

dxr = ydt, d d
(z,y) € R* x RY, (4.1)
dy = —[b(z,y)y + VV (x)]dt + F(x,y)dt + o(x,y)dWs,

where the damping b = (b¥) : R? x R? s R¥*9 is continuous, the potential V : R? ~ (0, 00) is twice
continuously differentiable, the external forces F' = (F') : R? x R? ++ R are continuous, the noise
intensity o : R x R s R?*™ belongs to C(R? x R?), where p > d+ 2 and m > d are fixed, and (W;)ser
is the standard m-dimensional Wiener process.

The Fokker-Planck equation associated to (4.1) reads

Oru = 2, () — By, (yiu) + 0, (Wy; + 0,V — Fyu), (wyt) €RxRIxR,  (42)

where (a%) := % is the diffusion matrix. Set Ly := 0 + aija,i_yj + Yi0p, — (b9y; 4+ 05,V — F)0,,.
We make the following assumptions on the coefficients.
(A1) There is by > 0 such that b¥y;y; > boly|? for all y € RY.
(A2) The functions o and F are uniformly bounded on R? x R9.
(A3) There exists a lower bounded function ® € C?(R%) such that

d

sup — " (2,y) 2 + 0., ®(2)| < 00.
(z,y)ERIXRE -y ||

(A4) VV - — o0 as |z| = oo.

We remark that (A1) says that the system (4.1) is damped. When b(z,y) is bounded, the function ®
in (A3) can be taken to be 0. In addition, (A4) implies V(z) — oo as |z| — oo.
Theorem 4.1.  Assume (A1)-(A4). Let 1 = (1t)1e(0,00) be a global probability solution of the Cauchy
problem associated with (4.2) with the initial condition g = v € M,(R% x R?) being compactly supported.
Then for any sequence of positive integers {n;}jen with lim;_,o n; = oo, there exist a subsequence, still
denoted by {n;},en, and a stationary measure i of (4.2) such that

1 [l
lim —/ /qbdquT = / odii, V¢ € Cyp(R* x RY).
0 u u

Jj—oo tj
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Proof.  The theorem follows from Theorem 1.7 if a strong Lyapunov function with respect to Lg is
established. We follow [12,51]. Define

Ben = ve), @y et xR,

Glay) =n(le) 7, (wy) e BRI xR,
where 7 € C*°(]0, 00)) satisfies X
=4 'S
1, t>1

Let o, 5 > 0 (to be chosen) and define
Ulz,y) = exp{aB(z,y) + B(G(z,y) + ®(2))}, (z.y) € R x RY,

where @ is as in (A3). Clearly, U € C*!(R? x RY) is positive and satisfies U(x, ) — oo as |z|+|y| — oo,
where the lower boundedness of ® is used.
‘We compute
LyU

= alyE + BLy(G + @) + a” (ady, E + 0,,G)(ady, E + B0,,G)

= aLyE+ BLy(G+ ®) +a” <ayz + 5| |> <ayj + Bm)

=alyE+ BLy(G+ @)+ *ayy; + QOzﬂaij% + %a Tlfr;, Viz| >1 and yeR%
x x

Direct calculations show that

d
LyE = —bTyy; + Flyi+ Y a”,
=1
Ly® =y;0.,9,
g " 2 mausys
LyG = £H<| |>:—(b”yj—|—8xiV—F1) m+wﬂ—|ﬁ“’ﬂ, V|z|>1 and ye R

As Y Tty = (> (ziwi)]? = 0, we see that

LyG < —(by; + 0,V — F') - |xi| +ly)?, VY|z|>1 and yeR%
Thus,
LulU a( gy, + Py + ian)
v i=1

#5] = Wiy + 0,V — ) ko + 00

+ a2a”y1y] + 2aﬂaij% + %% T;TQJ, V]z|>1 and yeR%L
Setting

(D) := —abyy; + aF'y; + 5( a bji%j\ + ari‘P) yi + Blyl? + a%ayy; + 208a" I;y|]

(%3 3 l Zix
(I1) —aZa B@leﬁ+ﬁFﬁ+52 9|;|2J,
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we find 222 < (I) + (10).
Set

oo 7| 2 .
=V, 9) T+ O, B()|

Due to (A2) and (A4), My, Ms and Mj are finite. For (I), we see from (A1) and the definitions of My,
M2 and M3 that

My := sup , My:= sup |F| and Mj3:= sup
RixRd 2 R xR4 R xR J=1

—aboly|® + aMaly| + BMsly| + Bly|* + o® Mi|y|* + 2a8M |y|

I <
< (—aby + o® My + B)|y[* + (M + M3z + 2a8My)|y|.

Let us fix 0 < @ < b” and then choose 3 > 0 so small that —aby + «?M; + 3 < 0. It is clear that there
exists 6; > 0 such that (I) < =1 for all |y| > ¢;. Similarly, we find

(II) < aVdM; + BM, + B*M; — ﬁaxlv| i

It is easy to see from (A4) that there is d5 > 1 such that (II) < —1 for |x| > d2. Thus,

LU
T < _27 V(x,y) € {(‘ray) "/I"l 617 |y| 62}
which together with the fact that lim|, . U(z) = oo yields LyU(x) — —o0 as |z| — oo, i.e., U is a
strong Lyapunov function with respect to L. This completes the proof. O

We remark that the uniqueness of stationary measures of (4.2) is only known when the coefficients
are smooth, in which case the theory of hypoellipticity applies. Under the current conditions on the
coefficients, it remains an interesting open question.

4.2 Stochastic slow-fast systems

Consider the following SDE:

€@ = f@.y). (z,y) € R™ x R, (4.3)
dy = g(x,y)dt + o(z,y)dWr,

where 0 < e < 1, f = (f*) : R™ x R® 5 R™, g = (g1) : R™ x R" 5 R", g = (6%) : R™ x R™ — R"¥! is
the noise coefficient matriz with £ > n, and W = (W})er is a standard ¢-dimensional Wiener process.

As here we are only interested in the dynamics of (4.3) for each fixed 0 < e < 1, we set € = 1 in (4.3)
and consider the following system for clarity:

{ZE = f('rvy)v

(z,y) € R™ x R™.
dy = g((E,y)dt + J(x7y)tha

The associated FPE reads
Opu = 8;iyj(aiju) — Oy, (fFu) — 0y, (g'w), (z,y,t) € R™ x R" x R, (4.4)

where A := (a¥) = oo . Denote Lsr :=a"d; , + [, +¢'d,, as the diffusion operator.

We make the following assumptions on the coefficients.
(B1) A(x,y) is positive definite for each (z,y) € R™ x R", and a¥ € C(R™ x R") and ¢g* € C(R™ x R")
for each 4,5 = 1,...,n. Moreover, for each a > 0, it holds that

sup (Z la]+ ) Igi> < o0,
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where B, := {(z,y) € R™ x R" : |y| < a}.
(B2) There exists some compact function U € C1(R™) with the essential upper bound py > 0 such
that
sup (LsrU)(z,y) = —oc0 as |z] = o0
lyl<a

holds for each a > 0, and

LspU =0 on {0,}xR",
LspU <0 on (R™\{0,}) xR",

where 0,, denotes the origin in R™.
We recall from Definition 1.2 the definition of a compact function.

Definition 4.2. A compact function V € C?(R") is called
(1) a semi-Lyapunov function with respect to Lgp if there exist positive constants v and a such that

,CSFV < =y in R™ x Bg, (4.5)

where BS := {y € R" : |y| > a};
(2) a strong semi-Lyapunov function with respect to Lsp if lim)y| o LsrV (y) = —00.
If, in addition, the essential upper bound of V' is infinity, V is called unbounded.

Theorem 4.3.  Assume (B1), (B2) and that Lsp admits a semi-Lyapunov function. Then there exists
a stationary measure p of (4.4) that satisfies supp(p) = {0, } x R™.

If, in addition, the semi-Lyapunov function is unbounded, then p is the unique stationary measure
of (4.4).
Proof.  We write Lgr as L for notational simplicity. Let V' be a semi-Lyapunov function with respect
to £ with the essential upper bound py > 0 and v,a > 0 be constants such that (4.5) holds. The proof
is divided into three steps. To be specific, Steps 1-3 are devoted to the existence of a stationary measure
of (4.4) with support {0,,} x R™. The uniqueness is shown in Step 4 when V is unbounded.

Step 1.  We show that (4.4) admits a stationary measure p. Define
W(z,y):=U(x) +V(y), (z,y) €R™ xR"

Obviously, W is non-negative and satisfies LW = LU + LV < —v in R™ x B¢, where we recall that
B, :={y eR": |y| <a} and B :=R"\ B,.

It follows from (B1) that £V is bounded on R™ x B, and from (B2) that lim|,|_, supg, LU = —oc.
Hence, there is a constant b > 0 such that LW = LU+ LV < —yon {(z,y) € R™ xR" : |y| < a, |z| > b}.
As a result, we find LW < —y on {(z,y) € R™ x R" : |y| > a or |z| > b}, i.e., W is a Lyapunov function
with respect to £. Then, Theorem 1.4 ensures the existence of a stationary measure p of (4.4).

Step 2.  We show that p is supported on {0,,} x R™. Since p is a stationary measure, we find
// Lodp =0, VéeCIHR™xR"). (4.6)
me’n

For each a > 1, we define W, (z,y) := aU(z) +V(y), (z,y) € R™ xR". Recall that the essential upper
bounds of U and V are respectively pyy and py. Then, for each > 1 it holds that W, (z,y) = apy + pv
as |z| + |y| — oo.

Let us fix o > 1 and set M, := apy + pv. Let {(,},c0,m.) be a family of smooth and non-decreasing
functions on [0, M,,) satisfying

t, t€0,p],
p+ M,
C,(t) = M M and ¢/ <0 on {p, )
P P+4 a, t€|:p+ aaMa>a 4 2
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Clearly, (,(Wa) — 3(p + M,) € C3(R™ x R™) for each p € (0, M,). Setting ¢ = (,(Wa) — X(p+ M.,,)
n (4.6), we find from

LEG(Wa) = C(Wa) LW + () (Wa)a" 8, Wady, W

= (O (Wa)(aLU + LV) + ¢/ (Wa)a 8, V),V

o= [[ec W)
foz// [:Ud[LJr// Wa)LVdu
Rme" ]Rme"

// C'(Wa)a0,,Vo,,Vdpu. (4.7)
R’”xR"
As ¢, > 0 on [0,00], (4.5) implies that

that

_’YCL(Wa)v (xvy) €R™ X Bgv
Cp(Wa)LV < ( max |L‘V|>C’(W ), (z,y) €R™ x B (48)
R ><B,,, P )y Y y a-
Since ¢, < 0 on [p, 2 +2M ] and () = 0 otherwise, the non-negative definiteness of (a¥) yields
¢ (Wa)a”9,, Vo,V <O0. (4.9)

Substituting (4.8) and (4.9) into (4.7), we find

_ < ! )
a//men 'CUd“J”//mch 0 Jdp < (R]E?S’é |[LV] //MXBQ C,(Wa)dp

As || < 1, we arrive at

- ’
Oz//mX]Rn EUdM ( ma)};a ‘£V|> //mxBa Qp(Wa)d,u < Rglg,)é |£V‘ (410)

Note that lim, s, (,(t) =t for each t € (0, M,). As a result, lim, 7, ¢, = 1 on (0, M,). Passing to
the limit p — M in (4.10), we deduce

—a// LUdp < max |[LV].
R™ xR™ R™mx B,

To see supp(p) C {0} x R™, we suppose on the contrary that there exists a closed set B C R™
satisfying 0,, ¢ B such that u(B x R™) > 0. It follows from (B2) that supg g~ LU < 0, which results in

—a( sup ,CU),u(B x R") < max |LV].
BxRn R™x B,

A contradiction is derived by letting & — oo in the above inequality.
Step 3.  We show that supp(u) = {0,,} x R™. Define

pi«(B) := p({Om} x B), VB e B([R"),

where B(R"™) is the Borel o-algebra of R”. We further define £y := aija‘iyj + B'0,,, where a(y) =
a0, y) and B (y) := g*(Om,y) for y € R™ and i,j = 1,.

As p is a stationary measure of (4.4) and supported on {Om} x R™, it holds that p.(R™) = 1 and
Jan Loddp, = 0 for all ¢ € C§(R™), i.e., u, is a stationary measure of the following FPE:

Ou = Bi_yj (@u) — 9y, (B'u), yeR™ (4.11)
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By (B1), (%) is pointwise positive definite on R". It follows from [5] that u. admits a positive density
on R™, which implies supp(p.) = R™. Equivalently, supp(u) = {0, } x R™.

Step 4. As V is indeed an unbounded Lyapunov function with respect to Lo, we can follow [10,
Example 5.1] to argue that p. is the unique stationary measure of (4.11). As a result, u is the unique
stationary measure of (4.4). O

A convergence result can be established if Lgr admits an unbounded strong semi-Lyapunov function.

Theorem 4.4. Assume (Bl), (B2) and Lsp admits an unbounded strong semi-Lyapunov function.
Then for any global probability solution = (p)i>o0 of the Cauchy problem associated with (4.4) with the
initial condition py = v, where v € P(R™ x R™) is compactly supported, it holds that

1 t
Jim 7/ // bdprdr — // édji, Vo € Co(R™ x R™),
t=oo t Jo J Jrmxrn R xR"

where [i is the unique stationary measure of (4.4) and satisfies supp(ft) = {0, } x R™.

Proof.  Let V be the unbounded strong semi-Lyapunov function with respect to Lgr. Then it is easy
to show that W(x,y) := U(x) + V(y), (z,y) € R™ x R™ is a strong Lyapunov function with respect to
Lsr, where U is given in (B2). The conclusion then follows from Theorems 1.7 and 4.3. O
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