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1. Introduction

Ordinary differential equations (ODEs) of the form

t=V(x,t), xz€l, (1.1)

where &/ C R? is open and connected, and the vector field V is T-periodic in its second
variable, have been widely used to model many processes arising in biology, chemistry,
climate, engineering, finance, physics, etc. As real processes are subject to noises and are
often lack of mechanisms, the ODE model (1.1) can hardly capture the entire dynamics
of these processes. To incorporate such uncertainties into the model (1.1), we consider
stochastic perturbations to (1.1) resulting in the following stochastic differential equation
(SDE):

de = V(x,t)dt + G(x, t)dW,, z €U, (1.2)

where the noise intensity G : U x R — R%*™ is T-periodic in its second variable and
W := (Wy)ier is a standard m-dimensional Wiener process. We assume m > d.

One of the central problems concerning the SDE (1.2) is the long-time dynamics of
solutions. This problem has been extensively studied when V (z,t) = V(x) and G(z,t) =
G(z) are independent of ¢. Khasminskii [28] initiated the study of the existence and
uniqueness of invariant measures and the convergence of solutions to invariant measures
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when V(z) and G(x) are sufficiently regular. These results are largely generalized and
improved in later works (see e.g. [29,41,37,1] and references therein). In this case, the
theory of random dynamical system [2] has been developed and applied to study the
dynamics with the focus on random attractors, random invariant manifolds, etc.

In modeling complex fluid flows (see e.g. [39]), situations with rough V(z) and G(z) are
often the case, and gives rise to challenging mathematical problems. The well-posedness
of such equations (with time-dependent coefficients) have attracted a lot of attention in
recent years (see e.g. [34,21,44,19] and references therein). Concerning the global dynam-
ics, a large amount of literature has been carried out towards the understanding of the
existence and uniqueness of stationary measures of the associated Fokker-Planck equa-
tion (or Kolmogorov forward equation) (see e.g. [8,12,6,9,11,7,23] and references therein).
The convergence of solutions to Fokker-Planck equations to stationary measures is stud-
ied in [26]. We point out that invariant measures of an SDE are necessarily stationary
measures of the associated Fokker-Planck equation, while the converse is also true under
additional mild conditions (see e.g. [42]).

When V(z,t) and G(z, t) are T-periodic in ¢, the roles played by invariant measures or
stationary measures in the time-independent case are replaced by their periodic analogs,
called periodic solutions. There exist only a few results on periodic solutions (with dif-
ferent definitions) under rather different conditions. Khasminskii [29] defined periodic
solutions in the sense of periodic Markov process and proved the existence under a peri-
odic Lyapunov condition. Chen, Han, Li and Yang [15] studied the existence of classical
periodic solutions to the Fokker-Planck equation associated to (1.2) assuming the ex-
istence of an unusual Lyapunov function. The coefficients in [29,15] are assumed to be
locally Lipschitz. Under the same assumptions on the coefficients, the existence of peri-
odic solutions to semilinear SDEs has been established (see [38,24,16,14] and references
therein). Zhao and Zheng [45], and Feng, Zhao and Zhou [20] studied the existence of
the so-called random periodic solutions to (1.2) in the framework of random dynami-
cal systems. As random periodic solutions are trajectory based, the study of them does
not require the global dissipativity of the system, and therefore, they are in general not
expected to control the global dynamics.

The purpose of the present paper is to study periodic solutions to (1.2) with irregular
(in particular, non-Lipschitz) coefficients in the sense of distribution. As transition prob-
abilities associated to solutions of (1.2) can hardly be defined in this case, we consider
the following Fokker-Planck equation associated to (1.2):

L= =0+ afj(aiju) —0;(Viu) =0, (z,t) €U xR, (1.3)

where the diffusion matrix (a”/) := GG is pointwise semi-positive definite on & xR and

T-periodic in its second variable, the drift field (V%) is T-periodic in its second variable,
0; = 0y, 055 = 851,%,, for all 4,5 € {1,...,d}, and the usual summation convention is

used. It is known that the distribution of solutions to (1.2) is governed by (1.3) at least
when the coefficients are sufficiently regular, say, locally Lipschitz continuous. Therefore,
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Table 1
Notations.
C.(U) The space of compactly supported continuous functions on U
c2w) C.(U) N C2U)
Co(U x R) The space of compactly supported continuous functions on U x R
C.(U x R) The space of continuous functions u : Y x R — R such that u(¢,-) € C.(U) for each
teR
Cr(U x R) The space of T-periodic and continuous functions on U x R
c*t (U x R) The space of continuous functions u : Y xR — R such that 9;u, iju O:u are continuous
onU x R for all 4, j € {1,...,d}
c2l (U x R) C?>' U x R) N Co(U x R)
C2MU x R) C* (U x R) N C.(U x R)
C3'(U x R) C*'U x R)N Cr(U x R)
C*(R,C7(U)) The space of continuous functions v : Y X R — R such that u(¢,-) € C”(U) for each
t € R and the function ¢ — |u(t,-)|s, (@) lies in C%(R) for each bounded domain
Qcu

Cr(R, WZIO’CP(Z/I)) The space of T-periodic functions u : Y X R — R such that u(t, ) € Wllo’cp (U) for each
t € R and the function ¢t — |Ju(t, ')”W‘-f’(ﬂ) is continuous for each bounded domain
Qcu

L7 (R, WLID’CP(Z/{)) The space of measurable functions u : Y X R — R such that u(¢,:) € Wll.gf(b{) for

a.e. t € R and the function ¢ — [[u(t, )|l 31 () is locally essentially bounded for each
bounded domain Q@ C U

the distribution of periodic solutions to (1.2) correspond to periodic solutions to (1.3).
While the converse is expected to be true under additional mild assumptions as in the
time-independent case mentioned earlier, it remains an interesting open question. As
(1.3) with irregular coefficients does not admit classical solutions in general, and we are
mainly interested in the distribution of solutions to (1.2) if exist, we look for periodic
solutions to (1.3) in the space of Borel probability measures on I. This allows us to deal
with much worse coefficients.

From now on, we begin to use some function spaces, which, except the usual ones, are
collected in Table 1 in Section 1. For convenience, we denote by

L:=08+a" 0} +V'0;
the formal L2-adjoint of £*. Motivated by the definition of stationary measures to (1.3)
when V(z,t) = V(z) and G(z,t) = G(z) (see e.g. [8]), and measure solutions to (1.3)
(see e.g. [4]), we define periodic solutions to (1.3) as follows.
Definition 1.1 (Periodic probability solution). A Borel measure p on U x R is called a

periodic probability solution to (1.3) if there is a family of Borel probability measures
{1 }ter on U satisfying

Mt = Ht+T, vt € R7
a? Ve L (U x R,dudt), Vi, j€{1,...,d}

and £ =0 1in U x R in the sense that
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//Eqbdutdt =0, VoeCr'(UxR),
u

R

such that du = dudt.

Following [29], we use Lyapunov-type functions to quantify the global dissipativity
of (1.3), and thus, ensure the existence of periodic probability solutions to (1.3). For a
non-negative function U € C2'(U x R) (see Table 1 for the definition), we define for
each p > 0, the p-sublevel set

Q,={(z,t) eU xR :U(z,t) < p}
and its t-sections
Q ={zeU:U(x,t)<p}, VteR.

Definition 1.2 (Unbounded Lyapunov function). A non-negative function U € C%’l(lxl X
R) is called an unbounded Lyapunov function with respect to L if there is a sequence
{Up}nen of open sets in U satisfying U, C Up+1 CC U for all n € N and U = US2 U,
such that

inf - U—o00 as n— oo, (1.4)
U\U,)XR
and there exist a p,, > 0, called an essential lower bound of U, and a constant v > 0,
called a Lyapunov constant of U, such that

LU(x,t) < —v, Y(z,t) e (UxR)\Q,,,. (1.5)

Before stating our main results on the existence of periodic probability solutions to
(1.3), we make some assumptions on the coefficients.

(H) Let p > d + 2. The diffusion matrix A(z,t) = (a%(x,t)) is semi-positive definite for
each (z,t) € U x R, and a¥ € L;’;’C(R;Wllo’f(l/l)) for each 4,5 € {1,...,d}. The drift

vector field V = (V) satisfies V' € LT (U x R) for each i € {1,...,d}.

We point out that only semi-positive definiteness of A is assumed in (H). Our first
main result concerning the existence of periodic probability solutions to (1.3) in the non-
degenerate case is stated in the following theorem. A = (a%) is called locally uniformly
positive definite if for each bounded domain W CC U, there exist Ay, Ayy > 0 such that

Mwl€]? < a¥(z, )€ < Awl€|?, Y(z,t) e WX R, €£eR?

Theorem A. Assume (H). Suppose A = (a%) is locally uniformly positive definite, and
there is an unbounded Lyapunov function with respect to L. Then, (1.3) admits a periodic
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probability solution with a density in C*(R,C7(U)) for some a > 0 and v > 0 depending
on d and p.

In [29, Theorem 3.8] and the footnote on the same page, Khasminskii proved the
existence of a special solution, which is a T-periodic Markov process, to the SDE (1.2)
with locally Lipschitz coefficients provided the existence of an unbounded Lyapunov
function as in Definition 1.2. It is easy to see that the distribution of the special solution
is a periodic probability solution to (1.3). Therefore, Theorem A establishes a more
general framework.

The existence result in Theorem A is also a periodic counterpart of the existence
of stationary measures for stationary Fokker-Planck equations established in [11]. In
fact, for time-independent coefficients (a*) € W,L?(R?) being locally uniformly positive
definite and (V%) € L? (RY) for p > d, the authors proved in [11] the existence of
stationary measures for the stationary Fokker-Planck equation on the whole space R? in
the presence of a time-independent unbounded Lyapunov function, namely, a function
U € C?(RY) satisfying U(z) — oo as |z| — oo such that the inequality aijaij+Vi8,;U <
—~ holds in an exterior domain for some ~ > 0. Stationary measures for the stationary
Fokker-Planck equations on R¢ and any open and connected domain &/ C R? were
later shown to exist in [7, Corollary 2.4.2] and [23], respectively, under quasi-compact
or generalized Lyapunov conditions. Similar results for the stationary Fokker-Planck
equations on R? in the degenerate case have been established in [7, Corollary 2.4.4].

Given Theorem A, we are able to apply perturbation techniques to construct periodic
probability solutions to (1.3) in the degenerate case as stated in the next result.
Theorem B. Assume (H). Suppose A = (a™) € Cr(R; WLP(U)) and V = (V') € Cr(U x
R), and there is an unbounded Lyapunov function with respect to L. Then, (1.3) admits
a periodic probability solution.

Our study of (1.3) in the degenerate case is mainly motivated by the following stochas-
tic damping Hamiltonian system:

dz = ydt,
ey (z,y) € R x RY, (1.6)
dy = — [b(z,y)y + VV(z,t)] dt + o (x, y, t)dW4,

where b(z,y) is the damping, V(x,t) is the T-periodic potential and o(z,y,t) is the
T-periodic noise intensity. The Fokker-Planck equation associated to (1.6) is given by

= —Btu—kaiyj (a"u) =0y, (yiu)+0y, ((07y; + 0., V)u) =0, (z,y,t) € RIxRIxR,

which is obviously degenerate. Under appropriate assumptions on the coefficients, we
are able to construct an unbounded Lyapunov function with respect to Lg, the formal
L?-adjoint of L3, and hence, we can apply Theorem B to find periodic probability
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solutions to L3u = 0. See Theorem 5.1 for more details. Besides, we use Theorem B to
study stochastic differential inclusions in Theorem 5.2.

In the present paper, only the existence of periodic probability solutions to (1.3) is
studied. In the forthcoming work [25], we study the uniqueness of periodic probability
solutions to (1.3), the global dynamics of (1.3) and the ergodicity of (1.2).

The rest of the paper is organized as follows. In Section 2, we present some prelim-
inaries including the definition of measure solutions to (1.3) in general spatio-temporal
domains, the regularity theory of measure solutions to (1.3) and a priori estimates for
measure solutions to (1.3). Theorem A and Theorem B are proven in Section 3 and
Section 4, respectively. Applications of Theorem B to stochastic damping Hamiltonian
systems and stochastic differential inclusions are given in Section 5.

2. Preliminaries

In Subsection 2.1, we define measure solutions to (1.3), present some equivalent
formalisms, and recall the regularity theory. In Subsection 2.2, we establish a priori
estimates for measure solutions to (1.3).

2.1. Measure solutions and regularity

We first define measure solutions to (1.3). Let @ be an open and connected domain
in 4 x R, and Cg’l(Q) be the space of continuous functions u : Q — R such that u is
compactly supported and 0;u, 3i2ju and Opu are continuous on @ for all ¢, j € {1,...,d}.

Definition 2.1. A o-finite Borel measure p on @ is called a measure solution to (1.3) in
Q if
ad Ve L} (Q,du), Vi,je{l,...,d},
and £*p =0 in @ in the sense that
/ Lodp =0, VYoe CoY Q). (2.1)
Q

If, in addition, p admits a continuous density « in @, then p or w is called a weak solution
to (1.3) in Q.

Arguing as in [7, Proposition 6.1.2] and [10, Lemma 1.1], the following equivalent
formalisms hold for (2.1) in the case Q@ =U x R.

Corollary 2.1. Let p be a measure solution to (1.3) in U x R. Suppose there is a family
of o-finite Borel measures {u; : t € R} on U such that du = dpgdt. Then, the following
conditions are equivalent to (2.1) with Q@ =U x R:
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(1) for each ¢ € C2(U), there exists a subset Js C R satisfying |R \ Jy| =0 such that

t
/qﬁdut - /qbdszr//ﬁgbdquT, Vs, t € Jy; (2.2)
s U

u u

(2) for each ¢ € C*1(U x R), there exists a subset J, C R satisfying |R \ Js| = 0 such
that

t

/zj)dut = /(i)dpSJr//ﬁgbdquT, Vs, t € Jy. (2.3)
u u u

S

Remark 2.1. We claim that there exists a subset J C R satisfying |R \ J| = 0 such that
(2.2) (resp. (2.3)) holds for all ¢ € C%(U) (resp. ¢ € C>1(U xR)) and for all 5, ¢t € J. In
particular, if ¢ admits a continuous density in & x R, then (2.2) and (2.3) hold for all
s,t € R.

We prove the claim for (2.2); the claim for (2.3) can be proven in the same manner.
Let D be a countable basis for C2(U). For each ¢ € D, there exists J, C R satisfying
IR\ Jg| = 0 such that (2.2) holds for all s, t € Jg. Set J := NgepJy. Then, |[R\ J| =0
and for any s, t € J, there holds

t

/ oy = / ddps + / / Lodu,dr, Vo€ D. (2.4)
u u s U

Now, let ¢ € C%(U). There is a sequence {¢, }nen C D such that ¢, — ¢ in C%(U) as
n — oo in the sense that

d d
Jim maxc { [¢n — ¢+ D |0idn — 0i0| + Y 0500 — 00| | = 0.

i=1 ij=1

It follows that for each t € J, there holds

/qbnd,ut—/gbdut §mzjxx|¢n—¢|—>0 as n — oo.
u u

As a, Vi e L, (U x R,dpdt) for all 4, j € {1,...,d}, we see that for s,t € J with
s<t

n—oo

t t
i [ [ 126, - ol dmat <l [ [ [a(036,— 020)] + V(016 — 9:0)]] dpuc
s U s U

=0.
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The claim then follows from setting ¢ = ¢,, in (2.4) and letting n — oo.

For the “In particular” part, let us fix any ¢ € C%(U). As pu admits a density, the
functions ¢ — [, ¢dpy : R — R and (s,t) — f; Jy Lodprdr < {(s,t) : s <t} = R are
continuous. Since J is dense in R and (2.4) holds for all s,t € J, a density argument
shows that (2.4) holds for all s,¢ € R.

We recall the regularity theory of measure solutions to (1.3) in U x R. Recall p >
d+ 2. Let Hé’p (U x R) be the space of measurable functions v on U x R such that
u(-,t) € Wy (U) for a.e. t € R and the function t — |u(t, Mlwar @y lies in LP(R). Let
H~1#' (U x R) be the dual space of Hy” (U x R), where p’ > 1 is such that s+ =1

Let H"P(U x R) be the space of measurable functions u on U x R such that nqu €

loc

Hy?(U x R) and 9, (nu) € H-?(U x R) for each n € C§°(R*™!). By [7, Theorem 6.2.2],
there exist a > % and v > 0 (depending only on d and p) such that H} '’ (U x R) is

loc
continuously embedded into C*~» (R, CY(U)).

Theorem 2.1 (/5,7]). Assume (H). Suppose A = (a') is locally uniformly positive defi-
nite. Let i = {pt }ier be a measure solution to (1.3) inU x R. Then, p admits a positive
density u € %l{;’c’(u x R). Moreover, for each closed interval [ty,t2] CC [f1,12] and each

open subset W CC Wy CC U, there holds

2

<
letll ot s oy = N~ frs(Wr)ds (2.5)

ty

for some N > 0 depending only on d, p, t1, ta, t1, ta, W, Wi, Aw,, Aw,,

SUP¢e(f,,1s] ||aij('7t)\\wlvp(wl) and ||Vi||Lp(w1x[£l,£2])-
2.2. A priori estimates

We establish measure estimates for measure solutions, with continuous and periodic
densities, to (1.3). The proof is inspired by [11, Theorem 2].

Theorem 2.2. Assume (H). Let U € C2' (U x R) be non-negative and satisfy

LU < —y in (UxR)\Q,, (2.6)

for some pp, >0 and v > 0. Let p1 > ppy, be such that ﬁpl CCU X R. If p is a measure
solution to (1.3) inU xR and admits a density in Cr(U X R), then for each pg € (pm, p1)
there exists C, > 0 (depending only on p,, and pg) such that

pl U (@ @) x{sh|<cul | @, x{s})]. VteR, (27

s€[t,t+T) s€[t,t+T)
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where C = (’; (maxﬁpo aijaanjU).

Proof. Let {y:}ier be a family of Borel probability measures on U such that du =
dpdt. By the assumptions on p, Corollary 2.1 and Remark 2.1, there holds for each
¢ € CEHUxR)NCr(U x R)

t+T

/ /Ed)d,usds = /qb(:c,t—FT)duH_T - /qﬁ(a:,t)dut =0, VteR. (2.8)
tou u u

Fix po € (pm,p1)- Let {(p}pe(po,pr) be a family of smooth non-decreasing functions
on [0, 00) satisfying

0, t €10, pml,
G(t) =4t t€lpo,pl, and ¢ <0onpp]
%7 te [plaoo)a

In addition, we let the functions {{,} e (p,,p,) coincide on [0, po].
Obviously, (,(U) — 2522 € C21(U x R) N Cr(U x R). Setting ¢ = (,(U) — 222 in
(2.8), we find from

L (gp(U) - %) = C(U)LU + ¢!(U)a U ;U

that

t+T
/ / [C(U)LU + ¢ (U)a?8;Ud;U] dugds = 0, Vit € R. (2.9)
t U

As ¢, > 0 on [py,p1), ¢, =1 on [po, p] and (, = 0 otherwise, we obtain from (2.6) that

-, in Q,\Q,,

(2.10)
0, otherwise.

C(U)LU < {

Since (a') is semi-positive definite, ¢/ # 0 on [pm, o, ¢/ < 0 on [p, p1] and ¢}/ = 0
otherwise, we find

) C. (maxg a0,U0,U), i Q,\Q,
C(U)al UU < (masg, aWOUOU),  in B\ D (2.11)

0, otherwise,

where C. 1= max;c(p,, po] ¢, (t) < 00 is independent of p € (po, p1) due to the construc-
tion of {(,}pe(po.p1)- APPlying (2.10) and (2.11) to (2.9), we find
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t+T

t+T
v [ @ as<— [ [ wevanas
t t Uu

t+T

= / / ¢(U)a” 9;U8;Udpsds
t U

t+T
< C, (maxaijaanjU> / s (925, )ds,  Vp € (po, p1)-
QPO
t

Letting p — p; in the above inequality, the conclusion follows. O
3. Proof of Theorem A

Subsection 3.1 is devoted to the study of periodic solutions to (1.3) on product spaces
of the form  x R, where Q C U is open and bounded. The proof of Theorem A is done
in Subsection 3.2.

3.1. Periodic solutions in bounded domains

Let 2 CC U be a bounded domain with smooth boundary. Denote by Cr (€ x R) the
space of T-periodic and continuous functions on € x R.

Let o, 3" € Cr(Q x R) be C? on Q x R, namely, all of their partial derivatives up
to the third order are continuous on Q x R, for all 4,5 € {1,...,d}. In addition, let (a®)
be uniformly positive definite on Q x R. Consider the following eigenvalue problem with
the reflecting boundary condition

—0ip + 07 (7 ¢) — 0;(B'd) = A¢p  in QxR,
vi (9;(ai) — B'¢) = 0 on 90 xR, (3.1)
¢ € Cr(Q2x R)NC%1(Q x R),

where v = (v1,...,v,) is the unit outward normal vector field along 92, and C%1(Q2 x R)
is the space of continuous functions u : 2 x R — R such that 0;u, 872Ju Oyu are continuous
on QxR foralli, je{l,...,d}.

Definition 3.1. A number A € R is called a principal eigenvalue of the eigenvalue problem
(3.1), if there is a non-negative and non-zero function ¢ € C7(Q2 x R) N C%1 (2 x R)
such that the pair (A, @) solves the problem (3.1). In this case, the function ¢ is called a
principal eigenfunction associated to A.

Theorem 3.1. 0 is an algebraically simple and isolated principal eigenvalue of the eigen-
value problem (3.1), and it is the only eigenvalue admitting a non-negative eigenfunction.
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Proof. By the parabolic regularity theory (see e.g. [33,35]), the maximum principle (see
e.g. [40]) and the Krein-Rutman theorem (see e.g. [32,22]), the eigenvalue problem admits
an eigenvalue A as in the statement of the theorem. Let ¢ be a non-negative eigenfunction
associated to A.

We show that A = 0. Fix ¢ € R. Integrating the equation satisfied by the pair (A, ¢)
over Q x (t,t +T), we find

// 8t¢dxds+// (a7 ¢) — 0;(B'¢)dads = A //¢dxds

Applying the divergence theorem to the second term on the left hand side, we find from
the boundary condition satisfied by ¢ and the periodicity of ¢ that

/ /¢dxds+ // (a¢) — 0;(B'¢p)dzds

t+T

/¢xt+Tdm+/¢xtdx+t//vz (a¢) — B'¢) dS,ds = 0.

Hence, ) ft+T fﬂp ¢dxds = 0, which yields A = 0. O
We recall the definition of weak solutions to (1.3) in Definition 2.1.

Corollary 3.1. Assume (H). Suppose A = (a¥) is locally uniformly positive definite and
let U be an unbounded Lyapunov function with respect to L with an essential lower bound
pm and a Lyapunov constant . Then, for any p > pm, there is a weak solution u to
(1.3) in Q, satisfying the following properties:

e u 1S a non-negative, T-periodic and Hélder continuous function on §,;
o there holds HT st x,s)dzds =T for all t € R;

o for any pg € (pm,p) there exists Cy > 0 depending only on p,, and py such that

pl U (@ @) x{sh) | <cu| |J (@, x{s})], WteR,

s€[t,t+T) €[t t+T]
where dy := udxdt and C := %= (maxﬁ aijaanjU>.
v )

Proof. To highlight the dependence of £ on the coefficients, we write Lav = 8;+a" 0, +
Vid;. Fix p > py, and (o, 1) € Q. Since U satisfies (1.4), there exist a bounded subset
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Q C U with smooth boundary and a bounded subset €, C U such that Q CC 2, and
Q, CCOxR.

We first construct a sequence of smooth functions (A4,,), and (V,,), to approximate
A and V, respectively. To do so, we fix some non-negative function n € C§°(R*+1)
satisfying

n(x,t) =0 for |(z,¢)] > 1 and //ndxdt =1,
R R¢

and define
N (z,t) = n®n(nz,nt), neN.

Define A, := (a¥) and V,, := (V!) as follows:

ad(z,t) = //nn(x —y,t —8)lq, (y,8)a" (y,s)dyds, (z,t) € Qe x R,
R U

Vi(x,t) = //nn(x —y,t —8)1a.(y, 8)Vi(y, s)dyds, (z,t) € Q x R.
R U

It is straightforward to check that for all n > 1, A,, and V,, are smooth and T-periodic
in t, and A,(-,t) and V,,(-,t) are compactly supported in 2, for each ¢t € R. Moreover,

t
/||An(-,7)—A(-,T)||gvl,p(m ar =0, Vo= Vlpaepn =0 as n— oo (32)

for any ¢ > 1 and t > s.
For each n >> 1, we apply Theorem 3.1 to find a non-negative function u,, € O (Q x
R) N C%H(Q x R) satisfying

Oy, = ij (auy) — 0;(Viu,) in Q xR, (3.3)
and the normalization
un(xo,to) =1. (34)

Since A = (a%) is locally uniformly positive definite, there are positive constants A
and A depending only on €, such that

MéEP? < a¥(z, )66 < AE)?, V(1) eQxR, £€RY n> 1.

Moreover, we see from (3.2) that there exists M > 0 such that
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10;a%| + |V$|Hm(m[t,tm) <M, Vie{l,....,d}, teR, n>1.
We then apply classical results on local Holder estimates and Harnack’s inequality (see
g. [33,35]) to obtain that for each Q* CC Q and ¢ € R, there exist constants « € (0, 1)

and C1,Cy > 0 (depending only on d, A\, A, M, T, Q and Q*) such that

|un|o¢,%;ﬂ*><[t7T,t] <Ci sup u,<Cs inf U, (3.5)

Q*X[t—T,t] Q*X[t—‘rT,t—‘rQT]

where \u|a7%;g* x[t—T,] denotes the sum of the a-Holder norm in space and the §-Hdélder
norm in time in the domain Q* x [t — T, ¢].

As w, is T-periodic and u,(zg,t9) = 1 for each n > 1, we find for each t € R,
info« w47 e42m Un < 1 implying \un|a’%;ﬂ*x[t,T’t] < Cs. Applying the Arzela-Ascoli
theorem and the standard diagonal argument, we find a subsequence of {uy,},, still
denoted by {un}n, and a non-negative function u € Cr(2 x R) such that w, locally
uniformly converges to u as n — oo. By (3.5), u is Holder continuous in 2 x R. Moreover,
u(zg,to) = 1 due to the normalization (3.4). In particular, u is non-zero.

Now, we show that u is a weak solution to (1.3) in ©Q x R. Multiplying (3.3) by
¢ € Cg’l(Q x R) and integrating the resulting equation over Q2 x R, we conclude from
the divergence theorem that

//(ﬁAmVn(b)undxds =0. (3.6)
R Q

Since || L4, v, =LA, v®| Lrxr) — 0asn — oo due to (3.2), and u,, uniformly converges
to u on supp(¢) as n — oo, we deduce

[ [ 1£a 000~ widsa
R U

_ 1
< ( max [un — u|) 1supp(6)[*~ ¥ sup L4, vi 0ll 1o () = O,
qUPP(¢ n

and

//|EA,,L,V,L¢ — L volu(x,t)dedt

R U

_1
< 60,0~ Lavolian (o u) up(@)F >0

as n — 0o. Letting n — oo in (3.6), we find [p [,(£La,v¢)udazds = 0. Thus, u is a weak
solution to (1.3) in Q x R.
Finally7 we rescale u to finish the proof. Due to the periodicity of w, t +—
t+T fm u(z, s)dads is a constant function on R. Denote this constant by C. Set
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1
4:=—=u and df:= adxdt.
C

Clearly, @ is a non-negative, T-periodic and Holder continuous weak solution to (1.3) in
(xR, and hence in particular in ©,. From Theorem 2.2, we see that for each py € (pm, p)
there exists C, depending only on p,, and py such that

al U @\, x{s})

sE[tt+T)

< & <maxaij8iU8jU> fi U (2, x{s}) |, VteR.

v o sE[t,t+T)

This completes the proof. O
3.2. Proof of Theorem A

Let U be an unbounded Lyapunov function with respect to £ with an essential lower
bound p,, and a Lyapunov constant . The proof is done within three steps.

Step 1. We construct a weak solution p, with a density u € Cr(U x R) N
Co 5 (R,CV(U)), to (1.3) in U x R.

Let {p"}nen C (pm,00) be increasing and satisfy lim,, ,o p™ = 0o. For each n > 1,
let u,, be the weak solution to (1.3) in ,» obtained in Corollary 3.1. Note that for each
open set V CC U, there exists ng = no(V) such that ¥V x R CC Q,» for all n > ngy. By
Theorem 2.1, for each t € R, there exists N > 0 such that

|un| o ,([t L) = <N, Vn>ng. (3.7)
Applying the Arzela-Ascoli theorem and the standard diagonal argument, we may as-
sume, without loss of generality, that u,, converges locally uniformly in &4 x R to some
non-negative function u € Cp(U x R) as n — oo. For any ¢t € R and V CC U, it fol-

lows easily from (3.7) that ‘u|c°‘”([t TP = < N for some N > 0. As t and V are

arbitrary in R and U respectively, we deduce that u € co v (R,C7(U)).
Moreover, setting du = du,dt := udadt, we conclude from Fatou’s lemma that

t+T t+T

wU x [t t+T7)) / / u(zx, s)dzds < lim inf / /un(x,s)llgpn (z,s)dads =T
u

n—oo

for all t € R. In particular, p is o-finite.

Note that for any ¢ € Cg’l(u x R), there exists n; € N such that supp(¢) C Q,n for
all n > n;. Since u,, is a weak solution to (1.3) in ,», we find ffL{XR Lou,dzdt = 0 for
all n > ny. Letting n — oo, we find
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/ Loudxdt = 0.

UxR

Since ¢ € Cg’l(u x R) is arbitrary, p is a weak solution to (1.3) in & x R.

Step 2. We claim that u is non-zero on U x R. Otherwise, u = 0, namely, u,, converges
locally uniformly in & x R to 0 as n — oco. It follows from Corollary 3.1 that there exist
positive constants pg > p,, and C' > 0 independent of n € N such that

U (@) x fsh) | <cwr | U (@, x {sh) |,

SE[t,t+T) SE[t,t+T)

for all n > 1, where du" = dppdt = w,(z,t)dzdt in Q. Thus, for each ¢t € R there
holds

T=u" U (an x {s})

SE[t,t+T)

=l U @) x s +er | U, x (s

SE[t,t+T) SE[t,t+T)

<oupt U (@, x{s}) | +u" U (@, x{s})

SE[t,t+T) SE[t,t+T)

—0 as n— oo,

which leads to a contradiction.
Step 3. We show that there is C' > 0 such that [, u(x,t)dz = C for all t € R. Thus,
the measure fi, defined by dji := %udxdt, is a periodic probability solution to (1.3).
Let us fix s € R. Following the arguments in [36, Proposition 2.8], we can find a
non-negative function U € c%l(u x R) satisfying

(1) [, Ulz, s)u(z,s)dz < oo;

(2) infnu,)xR U — oo as n — 00;

(3) LU <0 in (U x R)\ Q5 for some jy, > 0, where Q5 = {(z,t) eUxR:U(z,t) <
-

Indeed, suppose for the moment that there is a non-negative function 6 € C2(]0, 00))

satisfying

6(0)=0, lim O(r)=o00, 0<@(r)<1, 0"(r)<0 and

T—00

/H(U(:E, s))u(z, s)dz < co.

u
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We show U := 0(U) satisfies required conditions. Properties (1) and (2) follow readily.
For (3), we see from LU < —v in (U x R) \ 2, that

LU =0 (U)LU + 0" (U)a0;U00;,U < —v0'(U) <0 in (UxR)\Q,,

where we recall that Q,, = {(2,t) €U x R: U(z,t) < pp,}. Since U satisfies (2), there
must exist some 5, > 0 such that Q, CC Q, , which yields (3).

It remains to construct the function §. Note that o := pus o U71(-, s) is a finite Borel
measure on [0,00), where dus = u(x, s)dz. It is not hard to find an increasing sequence
of numbers {2} renuqoy satisfying

1

ok for all ke N.

20=0, Zpy1— 2k > 2K —2k—1 > 1 and o([zx,00)) <

Let 6y : [0,00) — [0,00) be linear on each interval [zx, zx11] and satisfy 6y(zx) = k for
all k € N U{0}. It is easy to check that 6y is an o-integrable, increasing and concave
function on [0,00). Let g € C1([0, 00)) satisfy

for all k € NU{0}.

. 1 1
g(2) <0 and g(z) =06((z)if 2z € <zk + g T k_—|—3)

The function 6(z fo s)ds for z € [0, 00) meets the requirements.
Next, we shovv that ut(U) > us(U) for all t > s. We see from Step 1, Corollary 2.1
and Remark 2.1 that

t
oz, t)dp; = [ oz, s)dus + Lodu,dr, Voe CPUxR), t>s  (3.8)

Fix po > pm and set Ny = [po] + 1, where [po] is the integer part of po. Let {{n}n>n,
be a family of smooth non-decreasing functions on [0, o) satisfying

07 t S [07 ﬁm]’
nv(t) =4t t € [po, NJ, and (< O0on [N,N +2].
N +1, t €[N+ 2,00),
In addition, we let the functions {{nx}n>n, coincide on [0, po.

Obviously, (x(U) — (N 4+ 1) € C>1(U x R). Setting ¢ = (x(U) — (N +1) in (3.8), we
find

/ (Cn(0) = (N +1)) dpe
u
t (3.9)

— (N +1))dps + // (O LU + ¢ (U)a"0;,00;U) dprdr.
u

S

s\
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Since i = 0 on [0, pm], (i > 0and LU < 0in (UXR)\Q;,,, it follows that ¢y (U)LU < 0
in U x R. Similarly, as {§; Z 0 on [, po], ¢ < 0 on [N, N + 2] and ¢}, = 0 otherwise,
we find from the non-negative definiteness of (a*) that

Cy Supro a”&-[jajU =M, in on,

0, otherwise,

where C, = max;c,, o] (x 18 independent of N due to the construction of {{x}n>n,
and Q, = {(z,t) eUU x R: U(x,t) < po}. We then deduce from (3.9) that

/(<N(U) — (N +1))du < / (CN(U) = (N +1)) dps + M(t—s), Vt>s,

u u

which gives

0</gN Ve _/QN(U)dus+(N+l) o) — pe @]+ M(t—5), t>s. (3.10)

If i (U) < ps(U), then (N+1) [ue(U) — ps(U)] — —o0 as N — oo, while the construction
of U yields limsupy_, . Iy (v (D)u(z, s)dz < oo. This leads to a contradiction. Thus,
wtU) > ps(U) for all ¢t > s.

Since s € R is arbitrary and (pu)+cr is T-periodic, there must hold p,(U) = ps(U) for
all t > s. Let C = pt(U). Then, C > 0 thanks to Step 2. This completes the proof.

4. Proof of Theorem B

In Subsection 4.1, we introduce the concept of weak periodic probability measures. In
Subsection 4.2, we study the limiting properties of weak periodic probability measures
under the weak*-topology. The proof of Theorem B is given in Subsection 4.3.
4.1. Weak periodic probability measure

We introduce the following weak version of periodic probability measures.

Definition 4.1 (Weak periodic probability measure). A o-finite Borel measure g on U x R
is called a weak periodic probability measure (with period T ) if

(1) for each i € C.(R), there holds [[,,, g ndp = [ ndt;
(2) for each ¢ € Ce(U x R) N Cr(U x R), there exists Cy € R such that

/ ¢dp=Cy, VteR.
UX[t,t+T)
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Let M7 (U x R) be the set of all weak periodic probability measures on U x R as in
Definition 4.1. For convenience, we introduce the following notion.

Definition 4.2. A o-finite Borel measure p on U x R is said to admit t-sections, denoted
by (u¢)ier, if there are o-finite Borel measures {y;,t € R} on U such that dp = dpdt,
namely,

// b(z,t)dp :]!u/qs(x,t)dutdt, Vo € Co(U x R).

UxR

The next result justifies the notion of weak periodic probability measures.

Lemma 4.1. Let p be a o-finite Borel measure on U x R. If p admits t-sections (fit)¢cR,
then p € Mr(U x R) if and only if peyr = e and pe(U) =1 for a.e. t € R.

Proof. The sufficiency is obvious. We show the necessity. If = (ut)ier € Mr (U x R),
then conditions (1)-(2) in Definition 4.1 read

(1) for each n € Ce(R), [p n(t)pu(U)dt = [ ndt;
or eac € Ce(U X N Cr(U x R), there is a constant € R such that
2) f h ¢ € C.(U x R)NCr(U x R), th CseR h th

t+T

/ /qﬁ(m,s)dusds =Cy, VteR.
t U

Set f(t) := p(U) for t € R. We see from (1) that f € L}, (R) and h — [pn(t+
h)f(t)dt = [ ndt is a constant function on R, and hence, [ 7'(t + h)f(t)dt = 0 for all
h € R. Since n € C.(R) is arbitrary, the distributional derivative of f is 0, implying the
existence of some ¢ > 0 such that f(t) = cfor a.e. t € R. Thus, (1) reads [p en(t+h)dt =
Jg ndt, which implies ¢ = 1. That is, u(U) = 1 for a.e. t € R.

Let ¢ € C.(U), which can be seen as an element in C.(U x R)NCr (U x R). Obviously,
the function t — [, ¢(x)dy is locally integrable. Thus, the functions  — fot J ddp-dr
and t — f iT fu ¢dppdT are absolutely continuous on R, and hence, there exist subsets

J3, J; C R satistying [R \ J}| = 0 and |[R \ JZ| = 0 such that

¢

d 1

E//¢du7d7: /(bdut, vVt e Jy
0 u

u

and

t
d
&//¢dﬂr+Td7—:/¢dﬂt+T, YVt € Jg
-T U U
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It follows that for each t € Jy := Jé N Jg there holds

t t
d
/ $dperr — / ol = (/ / bty 7T — / / bdpydr
u u T U 0o u
t+T

:%//¢du7d7' (4.1)
t U

:07

where we used (2) in the last equality.

Let D be a countable basis of C.(U). For each ¢ € D, there is a set J, C R satisfying
IR\ Js| = 0 such that (4.1) holds for all ¢t € Jy. Setting J := NgepJy, we find [R\J| =0
and

u u

For each ¢ € C.(U), there is a sequence {¢,},en C D such that ¢, converges to ¢
uniformly in U as n — oo. It then follows from (4.2) that [, ¢(z)dprr = [, d(x)dp
for all t € J, which yields p; = pqr for all t € J. This completes the proof. O

The following result is a simple consequence of Lemma 4.1.
Corollary 4.1. Let p be a o-finite Borel measure on U x R. If u admits a density u €
C(UXR), then p € Mp(UXR) if and only if u € Cr(UXR) and satisfies [, u(x,t)dz =1

for a.e. t € R.

The next result shows that any o-finite Borel measure on U xR satisfying an additional
condition admits t-sections.

Lemma 4.2. Let p be a o-finite Borel measure on U x R satisfying
[ = [, wne .
UxR R

Then, u admits t-sections (ug)ier. Moreover, u(U) =1 for a.e. t € R.

Proof. For ¢ € C.(U), let Ly be the functional on C.(R) defined by

Lgn = // p(x)n(t)dp, Vne Ce(R).

UxR
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Obviously, L4 is continuous and linear. The Riesz representation theorem yields the
existence of a signed Borel measure g on R such that

// (@ / ndvs, 1€ Co(R). (4.3)

UxR

Moreover, vy is a Borel measure if and only if ¢ is non-negative. We see from (4.3) that

/ Ot < ol [ nldi= fol / nldt, ¥ € Cu(R), (1.4)

UxR

which implies that both |4 and v4 have no atom. By the Radon-Nikodym theorem, there
exists a unique fy € L}, (R) such that dvg = f,(¢)dt. Clearly, f, is non-negative if and
only if ¢ is non-negative. It follows from (4.4) that |fs|eo < |¢|co, namely, f, € L°(R).
Thus, there is a subset Jy C R satisfying |R \ Js| = 0 such that |f4(t)] < |¢|« for all
teJy.

Set CH(U) :={¢p € C.(U) : ¢ > 0}. Let C(U) be the completion of C.(U) under the
supremum norm. It is well known that C, () is a separable metric space. As subspaces
of C.(U), both CF(U) and C.(U) are also separable.

Let DT be a countable basis of C.f (U). We extend DT to be a countable basis, denoted
by D, of C.(U). For cach ¢ € D, there exists a subset Jy, satisfying |R \ Jy| = 0 such
that |f4(t)] < |@|eo for all t € Jp. Setting J := NyepJy, it follows that R\ J| = 0 and
[fo(t)] <|P|loo for all ¢ € D and t € J.

Fix ¢t € J and define the functional K; on D by setting

K= fy(t), VoeD.

Since K is linear and | K| < |fy(t)| < |¢|oo for all ¢ € D, K, can be extended to be a
continuous and linear functional K; on C.(U). Moreover, K, is positive. To see this, let
¢» € CF(U). As Dt is dense in CF(U), there exists a sequence {¢,}, C DT such that
¢y, uniformly converges to ¢ in U as n — oo. Thus,

Ki(¢) = lim Ki(¢,) = hm fon (t) > 0.

n—oo

We then apply Riesz representation theorem to find a Borel measure p; on U such that
?td) = /d)dut, V(Z) (S CC(U)
u

For ¢, € R\ J, we define y;, to be the zero measure on Y. We claim that dy = dpdt,
that is, 11 admits t-sections. Indeed, for any ¢ € D, we see from the definition of {yus,t €
R} that
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_ f¢(t)7 te J,
L/¢(x)d“t_{o, FERN

As |R\ J| =0, we find for each n € C.(R)

//¢ (Odpct = [ n(e) [ oadmet = [ n(o) oty

R u R

which together with the definition of fy imply that

//¢ Odpctt =[] ot (45)

UxR

Let

F= {Z ckdrne n € N, {opties €D, {me}ieis € Co(R) and {ex}r_; C R} .

k=1

As D is dense in C.(U), F is dense in Co(U x R). We conclude from (4.5) that

//thdutdt /thdu, Vi € Co(U x R),

UxR

that is, du = dugdt. Thus,

/ndt // ndp = /Wt(u)dt Vn € C.(R),

UxR

which implies that (i) = 1 for a.e. t € R. This completes the proof. O
As a simple consequence of Lemma 4.1 and Lemma 4.2, we have the following result.

Corollary 4.2. Let p € My (U x R). Then pu admits t-sections (ji)icr and there exists a
subset J C R satisfying |R \ J| =0 such that perr = pe and p(U) =1 for all t € J.

4.2. Limiting properties of weak periodic probability measures

We recall the weak™-topology for Borel measures on U x R.

Definition 4.3. A sequence of o-finite Borel measures {u",n € N} on U x R is said to
converge to a o-finite Borel measure p on U x R under the weak*-topology as n — oo if
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lim // ddu" = // odu, Vo € CoU x R).
n—o00
UxR UxR

Lemma 4.3. Let {u",n € N} and p be o-finite Borel measures on U x R. Assume that
u" converges to p under the weak*-topology as n — oo. Then for each ¢ € Co.(U X R),
there is a set J5 C R such that R\ Jy is at most countable, in particular |R\ Jy| = 0,

// édy = lim // $du™, Vst € Jy, s <t
n—oo
)

UX[s,t) UX[s,t

and

Proof. Let us fix ¢ € C.(U x R) and consider the measures v and {v,,n € N} on R
defined by

v(I) = / oy, vn(I) = / odu", 1€ B(R),

UxI UxlI

where B(R) is the Borel o-algebra on R. As u™ converges to p under the weak*-topology
as n — oo, we deduce that v, converges to v under the weak*-topology as n — oo,
that is, lim, o [ ndv, = [pndv for all n € Co(R). As a measure on R, v admits
at most countably many atoms. Let S, be the set of atoms of v. We see that if s,
t ¢ Ss, namely, [s,t) is a continuous set of v, then the Portmanteau theorem implies
that lim,,—, oo vn([s, 1)) = v([s,t)). Setting J, := R \ Sy, the conclusion follows. O

In the next result, we show that any limiting measure under the weak*-topology of a
sequence of measures in Mg (U x R) is periodic in the sense of Definition 4.1 (2).

Lemma 4.4. Let {p",n € N} C Mp(U x R) and p be a o-finite Borel measure on
U X R. If u™ converges to p under the weak*-topology as n — oo, then for each bounded
¢ € Cr(U x R), there exists a constant Cy € R such that

¢dp=C,, VteR. (4.6)

UX[tt+T)

In particular, p(U x (a,b)) < oo for all —co < a < b < 0.

Proof. Clearly, it suffices to prove (4.6) for non-negative and bounded functions ¢ €
CT(Z/[ X R)

We first prove (4.6) for non-negative functions ¢ € C.(U x R) N Cr(U x R). By
Definition 4.1 (2), for each n € N and ¢ € C.(U x R) N Cr(U x R) there is C,, 4 € R
such that

¢dp" = Cpy, VtER.

UX[tt+T)



24 M. Ji et al. / Journal of Functional Analysis 277 (2019) 108281

Let us fix a non-negative function ¢ € C.(U x R) N Cr(U x R) and let Jy be as in
Lemma 4.3. Let Jy := Jy N (Jg — T). Then |R\ Jy| = 0 and for any ¢ € J,, we have
teJyand t+ T € Jy. Applying Lemma 4.3, we find some Cy > 0 such that

// opdp = hm / pdu™ = ILm Ch,¢ =: Co, (4.7)

X [t,t+T) X [t,t+T)

holds for all t € J,.

Next, we show that (4.7) holds for all ¢ € R. Let t, € R\ J,. Since Jy is dense in R,
there is an increasing sequence {t,}n,en C j¢ such that ¢, — t, as n — oo. Define the
Borel measure v on R by setting

:/ ¢du, VI € B(R).

UuxI

Clearly, vy is o-finite. Applying the dominated convergence theorem to the sequence
t = 1, ¢,41)(t), we deduce from (4.7) that

Voltarte + ) = T vy ([tn, tn + 7)) = Cy.

Hence, (4.7) holds for all ¢ € R. That is, (4.6) holds for all non-negative ¢ € C.(U x R)N
CT(U X ]R)

Finally, for any non-negative and bounded ¢ € Cp(U x R), there is a non-decreasing
sequence of non-negative functions {¢,}, C C.(U x R) N Cr(U x R) such that ¢,
converges locally uniformly in & x R to ¢ as n — oo. As ffux[t,t+T) ¢du is finite, we
apply the monotone convergence theorem to find

// ¢>du—hm // $ndp = lim Cy,, VEER.

X [t,t4+T) X [t,t4T)

This completes the proof. O
4.8. Proof of Theorem B

Let U be an unbounded Lyapunov function with respect to £ with an essential lower
bound p,, and a Lyapunov constant . The proof is done within six steps. To highlight
the dependence of £ on A and V, we write L4 v for L.

Step 1. We construct a candidate measure on U/ x R.

Since A = (a%) is semi-positive definite, the matrix A+el is locally uniformly positive
definite for any € > 0, where I is the d x d identity matrix.

We identify C(U x R) with C°(U x St) and write C° (U x R) = C*(U x Sr),
where ST = R/TZ. By a partition of unity (see e.g. [27]), there exist a locally finite open
cover (Vg)gen of U x St and functions (fg)gen C C°(U x St) such that
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(1) supp(fs) C Vs for all 8 € B;
(2) 0< fa(x,t) <1forall (z,t) €U x Sy and 8 € B;
(3) Ypes fo(x,t) =1 for all (z,t) €U x St.

Set Cpg := , where D?U denotes the Hessian of U. For n € N, let

0l
2(1+maxvﬁ |D2U])

1
en(z,t) == - Z fa(z,t)Cg, (x,t) €U X Sr.
BeB

Clearly, e, € C®°(U x St) =~ C¥ U x R) for each n. Moreover, ¢, converges locally
uniformly in U x R to 0 as n — oo and €, Zle 02U < 7 in U x R for all n € N. Then,

(%3

for each n € N, writing A4,, = (a¥/) := A+ ¢,1I, we have

LagaUS—3 in UxR\D,,. (4.8)

2

That is, U is an unbounded Lyapunov function with respect to L4,y for each n € N
with a uniform essential lower bound p,, and a uniform Lyapunov constant 3.

Applying Theorem A, we find that for each n € N, there exists a periodic probability
solution p™ to (1.3) with A replaced by A,. We see that sup,, u"(K) < oo for any
compact set K C U xR. Then, we apply [17, Corollary A2.6.V.] to conclude the existence
of a subsequence, still denoted by {u™},, such that u™ converges to some o-finite Borel
measure i on U X R under the weak*-topology as n — co. The measure 4 is the candidate.

We apply Lemma 4.4 to conclude that for each ¢ € C.(U x R) N Cr(U x R), there
exists Cy € R such that

/ ¢dp = Cy, VteR. (4.9)
UXx[tt+T)

Step 2. We show that u is a measure solution to (1.3) in U x R. Since p” is a periodic
probability solution to (1.3) with A replaced by A,,, there holds

// La,védu" =0, VéeCol(UxR).

UxR

Fix ¢ € Co'' (U x R). As maXgupp(g) | LA, ve — Lave| — 0 as n — oo, we find

// (La,vo—Layvo)du™|<[La, vo— Lavd|, xsuppu”(supp(¢)) -0 as n — oo.
xR

Since La,v¢ € Co(U x R) and p™ converges to p under the weak*-topology as n — oo,
we find
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| £avodu=tim [ cavoan

UxR UxR
Thus,
| £avosn=tin [ 24 vosr =0
UxR UxR

Since ¢ € C’g’l(u x R) is arbitrary, we conclude that u is a measure solution to (1.3) in
U xR.

Step 3. We show that p is non-trivial. Suppose on the contrary that p is the zero
measure so that lim,, ., 4" (K) = 0 for each compact set K C U x R.

Fix pg > pm. Due to (4.8), we can apply Theorem 2.2 to each p™ on Q,, for p; €
(po, 00) and then take p; — oo to find

U (@Neg,) < {s))

SE[tt+T)

C. g
<= <n_mxa§{8iU6jU> u" U (@, x{s}) |, VteR,
v Po sE[t,t+T)

where C, > 0 depends only on p,, and pg.
As A,, converges locally uniformly in & x R to A as n — oo, there holds

max a? 0;U0;U — maxa”Q;U9;U as n — ooc.

Q Q

PO PO

Thus, there is C' > 0 independent of n such that

et U (@) x{sh) | <cur | | (@, x{s}) |, VteR

sE[tt+T) sE[tt+T)

Then, for each ¢t € R,

T | @x{s)

SE[t,t+T)

=t | U @) < dsy ) e | U (95, < )

SE[t,t+T) SE[t,t+T)

<@+opm | U (@ x{s})

SE[t,t+T)
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—0 as n— oo,

which leads to a contradiction.
Step 4. We show that for any 71, 72 € C.(R) with max supp(rn;1) < min supp(ns2), there
holds

// d(x, t2)ma(t2 dﬂ/m(tl)dh

UxR

/ ¢) X tl 'Ih tl dﬂ/ng tg dtz +// / ,CA VQSd/,L ﬂl(tl)dtlng(tg)dtz

UxR U X [t1,t2)
(4.10)

As p™, with a continuous density, is a periodic probability solution to (1.3) with A
replaced by A,,, we see from Corollary 2.1 and Remark 2.1 that for each ¢ € C>(U xR),
there holds

/¢($at2)du?2 =/¢($»t1)dl~t?l //ﬁA vodpzdr, Vi <ty
u u

ty

Multiplying the above equality by 71 (¢1) and then integrating the resulting equality with
respect to t; over R, we arrive at

/ /¢($7t2)dﬂg m(t1)dt

R
:/ /¢(x,t1)d,u?l 71 (t1)dts

R

to
—|—/ //L’Aquéd,ufdr m(t1)dty, Vte > maxsupp(n).

R L U

Multiplying the above equality by 12 (¢2) and then integrating the resulting equality with
respect to to over R, we deduce

/ / / ¢(@, t2)dpg, | m(tr)dtina(t2)dts
R R

:/ /fﬁ(ﬂf,tl)duﬁ m(t1)dtinz (t2)dtz

R
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// //EA"’V‘Z’d” dr | 1 (t)dtin(t2)dt,

that is,

MZ/R o(,t2)n2(t2)dp” /m(t1)dt1
// o(, t1)m (t)dp” /772(t2)dt2

UxR
(4.11)
+// // (La,,ve—Laye)du™| mi(t1)dtinz(t2)dts
R R E/l)([tl,tg)
+// / £A7V¢d,un T]l(tl)dtlng(tg)dtg.
R R y)([tl,tz)

Since p™ converges to p under the weak*-topology as n — oo, we find

[ etataimtedir — [ o tam(ea)dn

UxR UxR
and
Pz, tr)m (t)dp™ — Gz, t1)m (t1)dp,

as n — oo. Since
// |La, v —Lavoldu™ < |La, véd—Laveol, X (t2 —t1),
Z/{X[tl,tQ)
we find

lim // // 1L, ve—Layvoldp"n(t)dtinz(t2)dtz = 0.

n—oo
R Z/[X thtg

As Loy € Co(U x R), we apply Lemma 4.3 to find a subset set J C R (depending
on L4,y ¢) satisfying |R \ J| = 0 such that

lim // Lgyvedy"™ = // Layvedy, Vii, tx € J with ¢ < t»,

n—roo
UX[t1,t2) UX[t1,t2)
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which enables us to use the dominated convergence theorem to obtain

HILH;O// // Layodu™ | ni(ty)dtina(ta)dts

ZB33 [tl,tg

:nlggo// / Lavedp™| L eRxR:s<e} (t1, t2)n(t1)dtinz(t2)dtz
Z/{X[tl,tz)

I
—
—

/ Laveodp| Ty eRxRis<t} (t1, t2)ni(t)dtinz(t2)dtz
R R |uxt tz)

:// // Layedp | m(ty)dtina(t2)dts.
R R

Z/{X[tl,tg)

Thus, letting n — oo in (4.11), we find (4.10).
Step 5. We show the existence of some C' > 0 such that

// ndp = C / ndt, Vn € Co(R). (4.12)

UxR R

Clearly, it suffices to show that (4.12) holds for any n € CF (R), where C}(R) is the
set of non-negative functions in C.(R).
We first claim that for any 7 € CF(R) satisfying |supp(n)| < T, there holds

// ndp < // n(-—8)du, Vo >T. (4.13)

UxR UxR

To see this, let us fix s € R and h € (0,7). Arguing as in Step 3 in the proof of
Theorem A, we find a non-negative function U € Ca' (U x R) satisfying

(1) Jatses,n U < 003

(2) 1nf(u\u xR U — oo as n — oo;

(3) LayvU < 0in (U x R)\ Qz, for some p,, > 0, where Qj = {(z,t) e U xR :
U(x,t) < pm }-

Fix po > pm and set No = [po] + 1, where [po] is the integer part of p. Let {{n}n>n,
be a family of smooth and non-decreasing functions on [0, c0) satisfying
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0’ te [Ojﬁm]7
(n(t) =1t t € [po, N, and (3 <0on [N,N +2].
N +1, t €[N+ 2,00),

In addition, we let the functions {{nx}n>n, coincide on [0, po].

Obviously, (n(U) — (N +1) € C>1(U x R). Let € C.(R) be non-negative, non-zero
and satisfy supp(n) C [s, s + h]. Setting ¢ = (n(U) — (N + 1) in (4.10) with 7, = 7 and
ny =n(-—0) for 6 > T, we find

/ [N (U) = (N +1)] 772dM/771(751)dt1
R

UxR

/ [(n(0) = (N +1)] mdu/nz(tg)dtg (4.14)

UxR R

// // (v (T NLavU + (O )”&U@U] dpe | my(ty)dtyma (t2)dts.

X [t1,t2)

Since (i = 0 on [0, ), ¢ > 0 and LU < 0in (U x R)\ Q;,,, we have (i (T)LU <0
inU xR. As ¢ £ 0 on [pm, pol, ¢ < 0 on [N, N + 2] and ¢}, = 0 otherwise, we find

from the non-negative definiteness of (a%/) that

Cisupg a’9;,U00;U =: M, in Q,,

0, otherwise,

where C\. = max;e[s,, 0] ¢ 18 independent of N due to the construction of {{n}n>n,
and on ={(z,t) eUXR: Ulx,t) < po}- As 1 and 1 are compactly supported, we see
from Lemma 4.4 that there is C' > 0 such that u(U x [t1,t2)) < C for all t; € supp(n;)
and ty € supp(n2). We then deduce from (4.14) that

/ [Cw () = (V +1)] 772du/m(t1)dt1
R

UxR

/ [Cn(U) = (N +1)] 771dﬂ/772 to)dty + M //nl(tl)dt1n2(t2)dt2,

UxR R R
which gives

/ nv(U 772d,u/771(t1)dt1

UxR
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<[] stmas sty ( ] e =[] i s

UxR

+Mé//7]1(t1)dt17’]2(t2)dt2.

Since [p mdt = [p n2dt = [ ndt > 0, we find

0< //CN nzdu</ (n(O)mdp+ (N +1) //nzdu—//mdu

UxR UxR xR UxR (415)

+M6’/ndt

As U is integrable with respect to g over U x [s,s + h], there holds

lim supy_, o [f;«r SN (U Tymdu < oo. If [owr mdn > [f, g m2dp, a contradiction is
easily derived by letting N — oo in (4.15). Thus, [[,, g mdp < [[,, g n2dp-

As s € R and h € (0,7) are arbitrary, we see that for any 7 € CH(R) satisfying
|[supp(n)| < T, there holds (4.13).
Next we claim that for any n € C(R) satisfying |supp(n)| < T, there holds

// ndp = // n(-—06)dp, V§>T. (4.16)
UxR UxR

Let n € CF(R) satisfy |supp(n)| < T and § > T. Let ko be a positive integer such that
koT — 6 > T. Applying (4.13) to n and n(- — §) respectively, we find

// ndu < // n(- —0)du < // n(- — koT)dp
UxR UxR UxR
The claim follows if we can show
JJ man=J] n~war)an (4.17)
UxR UxR

We show (4.17). Let [a, b] satisfy b —a < T and supp(n) C [a,b]. Define 77 € Cr(R) by
setting

50 n(t—kT), tela+kT,b+kT)and k € Z
’[7 =
0, t € R\ Upegla+ kT, b+ kT).

It is straightforward to check that
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// ndp = // ndy  and // 77d,u = // — koT)d
la,a+T) UxR UX[a+koT,a+(ko+1)T UxR
By Lemma 4.4, there holds
// ndp = // ndu,
Ux[a,a+T) Ux[a+koT,a+(ko+1)T)

which indicates [, g 7(t)dp = ([, g 7(t = koT)dp. The claim thus follows.
Now we show that (4.16) actually holds for all n € C.f (R) and § € R, namely,

// ndu = // n(-—&)du, VYneCHR), J§eR. (4.18)
UxR UxR

Let n € CF(R). By a partition of unity (see e.g. [27]), there exists a locally finite open
cover {Zg}3 on R and functions {f3} 4 satisfying

o for each 8, Zs is an open interval satisfying |Zg| < T';
o supp(fs) CZp and ) 4 fg(t) =1fort € R

Define ng := nfz. Then ng € CH(R) and |supp(ng)| < T. Applying (4.16) to each ng
and then summarizing the resulting equalities, we find

Z// ngdp = Z//n,g —0)dp, Vi>T.
P Uuxr B UxRr
Applying Fubini’s theorem, we find
// ndp = // n(-—0)du, V§>T. (4.19)
UxR UxR
For § < T, let 61 > T. We then apply (4.19) to find
// —5du—// (-—=6— (51d,u—//77d,u
UxR

Thus, (4.18) holds.
Finally, we show the existence of some C' > 0 such that (4.12) holds. Let us consider
the functional L on C.(R) defined by

Ly = //ndm n € Ce(R).

UxR



M. Ji et al. / Journal of Functional Analysis 277 (2019) 108281 33

Clearly, L is linear, continuous and positive. Applying Riesz representation theorem,
there exists a o-finite Borel measure v on R such that [pndv = [f,, pndp for all
n € C.(R). It follows from (4.18) that

/ndu = /77( —0)dv, VYneC.(R), ¢eR,
R R

which implies that v is translation-invariant. By [18, Theorem 0.1], there is a constant
C > 0 such that dv = Cdt leading to [[,,, g ndp = C [p ndt for all n € C(R). As p is
non-trivial, it follows that C' > 0.

Step 6. Let C' > 0 be as in (4.12). Define i := &pu. It follows from (4.12) and (4.9)
that @ € Mp(U x R). We show that i admits t-sections (fit);cr satisfying fiy = fig4r
and fi;(U) =1 for all ¢ € R.

Applying Corollary 4.2, we find i admits ¢-sections (fi;)ier satisfying fi; = fig+r and
i (U) =1 for all t € Jy, where Jy C R satisfies |R \ Jo| = 0.

By Step 2, fi (or equivalently 1) is a measure solution to (1.3) in U xR. By Corollary 2.1
and Remark 2.1, we find a subset J C R satisfying |R \ J| = 0 such that

/d)(aj)dﬁt = /d)(x)dﬂs —|—//£A7V¢>d,&Td7', Vo € C3(U) and s, t € J.  (4.20)
u u s U

Since L4,v¢ € C.(U) is bounded, we see from (4.20) that

/q&(:c)dﬁt—/(b(x)dﬂs <Lavel_lt—sl, Vs ted.
u u

Thus, the function t — fu o(x)diy : J — R has a unique periodic and continuous
extension to R. We denote this extension by Fj.
For each t, € R\ J, let us consider the functional K; on C,(i) defined by

Ky, ¢ =Fy(t), ¢€CeUd).
As |Fy(t.)] = [limjs,_,, [, ¢(x)dfie| < |¢|oo, we see that K, is linear, continuous and

positive. Applying Riesz representation theorem, we find a o-finite Borel measure 7,
satisfying

/ odin, = K, (¢), Vo € Colld).
u

Redefine fi;, := vy,. We see from [, ¢(x)dfy;, = Fy(t.) = limjg, ,, [, ¢(x)dy, that
(4.20) holds for all s,t € R. Clearly ji; = fit4r for all t € R and fi:(U) =1 for ¢ € Jp.
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Note that the arguments in Step 3 in the proof of Theorem A do not require (a*) to
be non-degenerate. Thus, we can follow the lines to argue that ji; (i) =1 for all ¢t € R.
This completes the proof.

5. Applications

In this section, we apply our results to study stochastic damping Hamiltonian systems
and stochastic differential inclusions in Subsection 5.1 and Subsection 5.2, respectively.

5.1. Stochastic damping Hamiltonian system

Consider the following stochastic damping Hamiltonian system:

{dx = ydt, (z,y) € R x R, (5.1)
dy = — [b(z,y)y + VV (2, )| dt + o(x,y, t)dW;,

where the damping b = (") : R? x R? i R%*? is continuous, the potential V : R% x
R +— (0,00) is twice continuously differentiable in its first variable and continuously
differentiable and T-periodic in its second variable, the noise intensity o : R x R4 x R
R¥*™ helongs to C(R, WLP(R? x R?)) and is T-periodic in its third variable, where
p > d+ 2 and m > d are fixed, and (W;);er is the standard m-dimensional Wiener
process.

The Fokker-Planck equation associated to (5.1) reads

u = — O+ 85”” (a“'u) — Oy, (yiu),
+ 0y, (By + 05, V)u) =0, (2,y,t) e R x R x R, (5.2)
where the diffusion matrix (a%) := % is semi-positive definite. Let

Lg =0+ aija?iyj + yiaﬂfi - (bijyj + awiv)ayi

be the L?-formal adjoint of L.
We make the following assumptions on the coefficients.

(H1) There is by > 0 such that b¥y,y; > boy|? for all y € R,

(H2) The functions o and 9;V are uniformly bounded on R¢ x R? x R and R% x R,
respectively.

(H3) There exists a lower bounded function ® € C2(R9) such that

d
sup Z b7 (, y)m—J + 0., P(2)| < 0.
(xy)ERIXRE 5 ||
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(H4) V,V - & — o0 as |z| = o0.

||

We remark that (H1) says that the system (5.1) is actually damped. When b(z,y) is
bounded, the function ® in (H3) can be taken to be 0.

Theorem 5.1. Suppose (H1)-(H4). Then, (5.2) admits a periodic probability solution.

Proof. We first follow [43,13] to construct an unbounded Lyapunov function with respect
to Lg. Define

E(x,y,t) = % +V(z,t), (z,9,t) € R x RY xR,
Ty
G(J?,y) - (|‘r|)7|7 (l‘,y) € Rd X Rda

Let o, 8 > 0 (to be chosen) and define
Uz,y,t) = exp{aB(z,y,t) + B (G(z,y) + 2(x))}, (z,y,1) ER* x R! xR,

where @ is as in (H3). Clearly, U € C7'(R? x R? x R) is positive and satisfies
sup,cg U(z,y,t) — oo as |z|+|y| — oo. For the last property of U, the lower boundedness
of @ is used. In particular, U satisfies (1.4).

We claim the existence of some v > 0 such that

sup LyU(x,y,t) < —v, V]z|+|y| > 1, (5.3)
teR

which implies that U is an unbounded Lyapunov function with respect to £. We compute

LyU ;
“i= = ALy B + BLu(G + @) + 0¥ (a0, B + 50,,G) (ady, E + 59, )

=algE+ BLE(G+ ®)+a" (ayi + ﬁﬁ) (ayj + Bﬁ)
= oLy E + BLy(G + ®) + aalyy; + 2087 % + B%a¥ TxTQ’ :

V|z| > 1 and y € RY.
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Direct calculations show that

d
LuE =0,V —byy; + Z a”,
1=1
ﬁH(I) = yﬁli@,
LG =Ly (_y) = (g 40 v) T B gy e R
|| | || ||

As Y0 iy = [Zl(arlyz)}2 > 0, we see that

LG < — (b9y; +0,,V) - % +|y|?, V|z| > 1 and y € RY

Thus,

LyU ij ! i
=== @(atvaiyﬁZa )

i=1

+5 [— (b7y; + 0., V) - % +[y* + yi&gi@}

+ a?a"yy; + 2aBa" % + B%a%

T;Tyj

FER V|z| > 1 and y € R%.

Setting

(@) = —abyy; + (b“ﬁ + amfb) yi + Blyl* + a’a¥yiy; + 206a” Iflj ’

d
()= a0V +a > a = o,V 2+ g0 T
x x
=1

we find £2U < (I) + (II).
Set

5 My := sup |0;V] and
RIxR4xR RIxR

Ms = sup Z _b]z(xay)x_—’_awl@(‘r) .

j
ij=1 1

Due to (H2) and (H4), M;, My and Mj are finite. For (I), we see from (H1) and the
definitions of M7, M5 and M3 that
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(I) < —aboly|® + BMsly| + Bly|* + o> My |y|* + 2a8M Jy|
< (—aby + o> My + B)|y|* + BMs|y| + 2a8My|.

Let us fix 0 < @ < ]{74—“1 and then choose 8 > 0 so small that —aby + o?M; + 8 < 0. It is
clear that there exists d; > 0 such that (I) < —1 for all |y| > d;. Similarly, we find

(I1) < @My + a/dM, + 2M, — ﬁain%-
A

It is easy to see from (H4) that there is 65 > 1 such that (II) < —1 for |x| > . Thus,

LulU _

o S2 V(z,y,t) € {(z,y,t) : [2| > 61, |y| > o2} =1 Us,

which implies that
LU < —y on U,,

where v = 2infy,, U > 0. This proves the claim (5.3).
Thus, we apply Theorem B to find a periodic probability solution to (5.2). O

5.2. Stochastic differential inclusion

Let (Q, F,{Fi}ier,P) be a filtered probability space satisfying the usual conditions.
Let CI(R?) and CI(R%*™) denote the class of all closed subsets in R? and R4*™ re-
spectively.

We consider the following stochastic differential inclusion (SDI)

dz € B(z,t)dt + X(z,t)dW;, (x,t) €U x R, (5.4)

where B : U x R — CI(R?) and ¥ : U x R — CI(R¥*™) are set-valued functions and
(Wi)ter is the standard m-dimensional Wiener process. We assume both B and ¥ are
T-periodic in their second variables.

A stochastic process © = (x1):er adapted to (Fi)ier is called a solution to (5.4) if for
any s < t, there holds

¢ ¢
Ty — x5 € /B(:L’T,T)dT—l-/Z(LCT,T)dWT, P-a.s.. (5.5)

S S

We refer the reader to [30,31] for the definition of the integrals on the right hand side of
(5.5). It is worthwhile to point out that if there are continuous selections b and ¢ from
B and X, respectively, then a solution = (4);cr to the SDE

dz =b(z,t)dt + o(z,t)dW;, zell
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must be a solution to (5.4). According to this, we can study the long-time behavior of
the distribution of = (2;);cr. Given this, we define periodic probability solutions to
(5.4) as follows.

Definition 5.1. A o-finite Borel measure p is called a periodic probability solution to (5.4)
if there are T-periodic selections b = (b') € B and o € X such that u is a periodic
probability solution to the Fokker-Planck equation

Opu = afj(aiju) — 0i(b'u), (x,t) €U xR,

where A = (a¥) = %

Definition 5.2. A non-negative function U € C’%’I(Z/{ x R) is called an unbounded Lya-
punov function for (5.4) if U is an unbounded Lyapunov function with respect to L4

for all T-periodic selections o and b from ¥ and B, respectively, where A = %

We recall the following definitions from [3].

Definition 5.3. Let X be a Polish space, and F : U x R — 2% be a set-valued function.

(1) F is called lower semi-continuous if for each fixed (xg,t0) € U x R, the following
holds: for any yo € F(zo,to) and any neighborhood Ny, of yo in X, there is a
neighborhood N, 1) of (xo,%0) such that F(x,t) N Ny, # 0 for all (z,t) € Nggt,-

(2) F is called Lipschitz continuous in @ C U x R if there is Lg > 0 such that

sup ‘yl - y2| < LQ|(x17t1) - ($27t2)|, V(xiati) € Qv 1= 172~
yi €F (x4,t),1=1,2

F is called locally Lipschitz continuous in U x R if for any bounded subdomain
Q CC U x R, F is Lipschitz continuous in Q.

Lemma 5.1. Let B be a lower semi-continuous function from U X R to the class of closed
convex subsets of R% and be T-periodic in its second variable. Then, a function b €
Cr(U x R) can be selected from B.

Proof. Arguing as in the proof of the Michael’s selection theorem (e.g., [3, Section 1.11,
Theorem 1]), we can construct a sequence of continuous functions {b,}, on U x R
such that b, converges locally uniformly to some b € C(U x R) as n — oo, and
SUp( pyeuxr Abn(,t), B(x,t)) < 27" for all n > 1. Since B is periodic, we can cer-
tainly construct b, to be T-periodic in its second viable for each n. As a result, b is
T-periodic in its second variable. O

Lemma 5.2. Let ¥ be a locally Lipschitz continuous function from U x R to the class of
compact convex subsets of R¥™™ and be T-periodic in its second variable. Then, a locally
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Lipschitz continuous function o on U x R that is T-periodic in its second variable can
be selected from X.

Proof. Let U C U be a bounded subdomain. We claim that if ¥ is a Lipschitz continuous

function from U x R to the class of compact convex subsets of R4X™

, and is T-periodic
in its second variable, then a Lipschitz continuous function & on & X R that is T-periodic
in its second variable can be selected from Y. Indeed, as in the proof of the barycentric

selection theorem (e.g., [3, Theorem 1, Section 1.9]), the function

1 -

5(x,t) = - dAPX™ (y), ) el xR
i(xvt)"!‘BO(l)

is a Lipschitz continuous selection from 3, where A%*™ is the Lebesgue measure on R4X™
and By(1) is the unit ball in R4*™ centered at the origin. It is clear that & is T-periodic
in the second variable.

Now, let {U,}nen be an increasing sequence of bounded domains in U satisfying
U := U2 U,. For each n € N, define ¥, (z,t) = X(z,t) for all (z,t) € U, x R. Then
>, is Lipschitz continuous in U, X R due to the T-periodicity in its second variable.
Applying the claim, we see that there is a T-periodic Lipschitz continuous selection o,
from X,. It is clear that o, = 0, on U, x R for m > n. Then, o(z,t) := o,(x,t) for
(z,t) €U, x R and n € N, is a T-periodic locally Lipschitz continuous selection from %
as required. O

Theorem 5.2. Let B be a lower semi-continuous function from U xR to the class of closed
convez subsets in RY, and ¥ be a locally Lipschitz continuous function from U x R to
the class of compact convex subsets of R™™. Suppose B and ¥ are T-periodic in their
second variables. If (5.4) admits an unbounded Lyapunov function U, then (5.4) admits
a periodic probability solution.

Proof. Applying Lemma 5.1 and Lemma 5.2, respectively, we see that there exist a
T-periodic continuous selection b from B and a T-periodic locally Lipschitz continuous
selection o from 3.

Clearly, A = (a) = % is semi-positive definite and locally Lipschitz continuous.
Thus, we apply Theorem B to conclude the existence of a periodic probability solution
to (5.4). O
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