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Abstract. The present paper is devoted to the investigation of noisy
impacts on the dynamics of periodic ordinary differential equations
(ODEs). To do so, we consider a family of stochastic differential equa-
tions resulting from a periodic ODE perturbed by small white noises, and
study noise-vanishing behaviors of their “steady states” that are charac-
terized by periodic probability solutions of the associated Fokker-Plank
equations. By establishing noise-vanishing concentration estimates of
periodic probability solutions, we prove that any limit measure of pe-
riodic probability solutions must be a periodically invariant measure of
the ODE and that the global periodic attractor of a dissipative ODE
is stable under general small noise perturbations. For local periodic at-
tractors (resp. local periodic repellers), small noises are constructed to
stabilize (resp. de-stabilize) them. Our study provides an elementary
step towards the understanding of stochastic stability of periodic ODEs.

1. INTRODUCTION

In the traditional mathematical modelling of real systems arising in
biology, ecology, engineering, physics, etc., ordinary differential equations
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(ODEs) of the form

z=V(x,t), x€lU, (1.1)
where U is an open and connected subset of RY for some d € N and the
vector field V : U x R — R? is T-periodic in t for some T > 0, are often
created according to certain biological, chemical or physical laws. The pe-
riodic time-dependence in (1.1) is frequently used to model time recurrence
or seasonal variations. However, many real systems are subject to small
perturbations either from extrinsic environments or intrinsic uncertainties.
Such small perturbations could have great impact on the dynamics of these
systems. Thus, investigating the stability of (1.1) under small perturbations
is a fundamental issue of both realistic and theoretical significance. This
problem has been extensively studied in the classical perturbation theory of
dynamical systems that particularly deals with systems under small deter-
ministic perturbations (see [18, 41, 10] and references therein).

As for (1.1) under small noise perturbations, its investigation has been
attracting a lot of attention in recent years due partly to its power in studying
noise-driven phenomena in natural sciences (see e.g. [40, 37, 17, 16, 7, 39])
and modelling complex processes such as chemical reactions (see e.g. [13, 1]),
weather-climate systems (see e.g. [19, 29, 28]) and complex fluids (see e.g.
[32, 38]). In literature, small noise perturbations are often incorporated into
(1.1) as small multiplicative white noises, leading to the following stochastic
differential equation (SDE) of Ito type:

de = V(x,t)dt + eG(z, t)dWs, z €U, (1.2)

where the small parameter ¢ > 0 stands for the noise intensity, the noise
matriz G : U x R — R>™ is T-periodic in ¢ for m > d and W = (W})scr is
a standard m-dimensional Wiener process.

The stability of (1.1) under small noise perturbations can be considered
from either a geometric or statistical viewpoint. The former focuses on the
stochastic stability of “compact” invariant sets such as mazimal periodic
attractors and mazimal periodic repellers of (1.1) (see Definition 2.3), while
the latter tackles the stochastic stability of periodically invariant measures
of (1.1) (see Definition 1.3). When V(z,t) = V(z) and G(z,t) = G(z)
are time-independent, these problems have been widely studied, especially
for gradient systems (see e.g. [36, 23, 31, 3, 16, 21]). For non-gradient
systems, the authors recently investigated in [22, 27] the stochastic stability
of maximal attractors/repellers. Stochastic stability of SRB measures has
been studied for diffeomorphisms on compact manifolds (see e.g. [11, 42]). It
is worthwhile to point out that the large deviation theory (see e.g. [31, 16])
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provides finer results in the case that the unperturbed system admits a finite
number of equilibria or limit cycles. In contrast, the study of (1.2) with
general periodic coefficients lags behind although theories are being push
forward.

In the present paper, we focus on (1.2) with periodic coefficients and study
the stability of “compact” invariant sets of (1.1) under small noise pertur-
bations. More precisely, the stability of the global periodic attractor of a
dissipative system is investigated under general small noise perturbations,
while the stabilization of local periodic attractors and the de-stabilization of
local periodic repellers are examined under specific small noise perturbations.
Our approach is based on the noise-vanishing concentration of periodic prob-
ability solutions of the following Fokker-Planck equation (FPE) associated
to (1.2):

Opu = 628%(aiju) —0;(V'u), zel, (1.3)
where

A=) = 66T

is the diffusion matriz. Throughout the paper, we denote 0; = 0y, 8%- =
agw], fori,j =1,...,d, and adopt the usual summation convention whenever
applicable. It is well-known that the distribution of solutions of (1.2) is
governed by (1.3) at least when V' and G are sufficiently regular.

We recall from [25] the definition of periodic probability solution of (1.3).
For each € > 0, let

‘CEQA = 8t + €2aijai2j + V’&l

be the differential operator associated to the dual equation of (1.3).

Definition 1.1 (Periodic probability solution). Let € > 0. A Borel measure
u€ on U x R is called a periodic probability solution of (1.3) if there is a
family of Borel probability measures {u§ter on U satisfying

He = Hiyr, VEER,
a,Vie LL (U x R, dusdt), Vi,je{l,...,d},
and
/ / Loa¢dufdt =0, Vo e C2NU x R), (1.4)
RJU
such that dp® = dpgdt. In this case, we write pu€ = (j15)ier.

The study of SDEs with periodic coefficients dates back to the pioneering
work of Khasminskii [30]. Assuming locally Lipschitz continuous coefficients
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and Lyapunov-type conditions, he was able to show the existence of peri-
odic Markov processes whose distributions are necessarily periodic proba-
bility solution of (1.3). Since then, many researchers have looked into the
existence issue as well as the global dynamics under different settings (see
[35, 24, 43, 14, 9, 8, 15] and references therein). Very recently, the authors of
the present paper explored in [25, 26] the existence and uniqueness of peri-
odic probability solutions of (1.3) with irregular coefficients, and the global
dynamics of solutions of (1.2) and (1.3) under Lyapunov-type conditions.

To investigate the stochastic stability of maximal periodic attractors/rep-
ellers of (1.1), we examine the concentration and limit behaviors of periodic
probability solutions of (1.3) as noises vanish. To be more specific, for a
family of periodic probability solutions {u€}eso of (1.3), we derive concen-
tration estimates of {yu}e~o near maximal periodic attractors/repellers of
(1.1), and investigate possible limit behaviors of u€ as € — 0. This gives rise
to limit measures of {4}~ defined as follows.

Definition 1.2 (Limit measure). Let {u}eso be a family of periodic prob-
ability solutions of (1.3). A Borel measure  on U x R is called a limit
measure of {u}eso if
(1) pUU x [0, T)) =T, and
(2) there is a sequence {€n}nen C (0,00) with €, — 0 as n — oo such
that pn converges to pu under the weak*-topology as n — co.

We refer the reader to Definition 5.1 for the definition of convergence
under the weak*-topology. Limit measures of {u€}~¢ are later shown to be
periodically invariant measures of (1.1) as given in the following definition.
Let (%) be the two-parameter family generated by the solutions of (1.1).

Definition 1.3 (Periodically invariant measure). A Borel measure j on
U x R is called a periodically invariant measure of (1.1) if there is a family
of Borel probability measures {j}tcr on U satisfying:

(1) pe = cpi’sus fort > s, where Lpi’sus is the usual pushforward measure,

(2) po is an invariant measure of the Poincaré map P := o*9,

such that dp = dpgdt. In this case, we write p = (pt)er-

Remark 1.1. The periodicity of (1.1) ensures that periodically invariant
measures must be periodic in the sense that if u = (u:)ier a periodically
invariant measure, then p; = pyq7 for all t € R. Therefore, they are periodic
generalization of invariant measures and are expected to capture the “steady
states” of the system (1.1) from the distributional viewpoint.
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We point out that each periodically invariant measure naturally induces
an invariant measure of the skew product semi-flow on U X St generated
by (1.1), where Sy := R/TZ (see Remark 3.1). The skew product semi-
flow together with its invariant measures is a classical and widely accepted
approach to study the statistical behaviors of (1.1). However, as a Borel
measure on the product space U x Sp, it is not clear whether an invariant
measure of the skew product semi-flow admits t-sections (pu)icr (see Defi-
nition 3.1), let alone p; being a Borel probability measure for each ¢ € R.
Hence, invariant measures of the skew product semi-flow are not as fine as
periodically invariant measures in characterizing the dynamics of (1.1).

We introduce some notations before stating the main results. Note that
each set Z C U x R can be written as

Z:U(th{t}),

teR

where Z; = {z € U : (x,t) € Z} for each t € R. The sets {Z; };cr are called
t-sections of Z.

Convention: If a set Z C U xR is given, then the notation Z; always means
the t-section of Z, unless otherwise specified.

Definition 1.4.

(1) A set Z CU xR is called periodic if Zirp = Zy for all t € R.
(2) A periodic set Z C U x R is naturally identified with the set
(2] := Uyes, (Zt X {t}) in the space U x Sr.
(3) A periodic set Z C U xR is compactly embedded in an open periodic

set Z CU xR, if [Z] is compact and [Z] C [Z]. As usual, we write
Z CC Z.

The first result concerns the concentration of {u}eso in the vicinity of
maximal periodic attractors/repellers of (1.1) under general small noise per-
turbations. The reader is referred to Subsection 2.1 for dynamical aspects
related to (1.1). From now on, we start to use some function spaces whose
notations are collected in Table 1 located at the end of this section.

Theorem A. Assume V € C%’l(u x R). Let € be a mazimal periodic
attractor (resp. mazimal periodic repeller) with basin of attraction (resp.

basin of expansion) B(E). Let G € Cp(R, W PU)) for some p > d + 2

loc
satisfy GG being pointwise positive definite and {u¢ = (u$)icr }es0 be a
family of periodic probability solutions of (1.3). Then, the following hold.
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(1) For any periodic Borel set W CC B(E) \ &, there exist constants
C >0 and e, > 0 such that

+T
/ ws(Ws)ds < TeC”, VteRandee (0, €x).
t

(2) Any limit measure p of {u}teso is a periodically invariant measure
of (1.1) and satisfies u(B(E) \ €) = 0. In particular, if £ is the
global periodic attractor of (1.1), then any limit measure p of {11} e>0
satisfies supp(u) C E.

Note that Theorem A(2) only asserts some properties of limit measures
of {u}eso with no guarantee of their existence. The following corollary
provides easily verifiable conditions for the existence of limit measures of
periodic probability solutions. We refer the reader to Definition 2.5 for the
definition of unbounded uniform Lyapunov functions.

Corollary A. Assume V € Cp'(U x R). Let G € Cp(R,W,SPU)) for
some p > d+2 satisfy A := %GG—r being pointwise positive definite. Suppose
{L24}es0 admits an unbounded uniform Lyapunov function inU X R. Then,
there is an e, > 0 such that for each € € (0,¢€s), (1.3) admits a unique
periodic probability solution u¢. Moreover, the family {Me}ee(o,e*) admits
limit measures, which are necessarily periodically invariant measures of (1.1)

and supported in the global periodic attractor of (1.1).

It is not hard to find an unbounded uniform Lyapunov function in many
situations. For instance, when the ODE (1.1) admits an unbounded Lya-
punov function U with bounded second-order partial derivatives in z, then
U is an unbounded uniform Lyapunov function with respect to {L24}es0
for any bounded noise matrix G € Cr(R, I/Vllocp(l/l)) with A:= 3GG'. Asa
result of Corollary A, (1.3) admits a unique periodic probability solution pu*
for each 0 < € < 1 if in addition A is pointwise positive definite; moreover,
1€ tends to concentrate on the global periodic attractor of (1.1) as e — 0. In
other words, the global periodic attractor of (1.1) is stable under such noise
perturbations.

In general, the global periodic attractor of a dissipative system may further
contain local periodic attractors/repellers. It is natural to ask whether they
can survive from small noise perturbations. The following two theorems
provide partial answers to this issue.

Theorem B. Assume V € Cr_lp’l(l/{ x R) and that (1.1) is dissipative. Let
E be a local periodic attractor. Then, there exists a noise matrizx G €
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Cr(R, VVé’f(U)) with GG being pointwise positive definite such that the fol-
lowing holds for any family of periodic probability solutions {u° = (u§)ter }e>0
of (1.3): For any periodic Borel set VW CC (U x R)\ &, there are C1,Cy > 0
and e, > 0 depending on G and W such that

+T
/ ps(Ws)ds < Cie= @7 VieR and e € (0,¢,).
t

In particular, each limit measure p of {u}e=o satisfies supp(u) C £.

The above result indicates the stabilization of a local periodic attractor
by specific noise perturbations, while the next result reveals that a local
periodic repeller may not survive from some noise perturbations.

Theorem C. Assume V € C%’l(u x R). Let & be a local periodic re-
peller with basin of expansion B(E). Then, there exists a noise matriz G €
Cr(R, T/Vlif(U)) with GG being pointwise positive definite such that the fol-
lowing holds for any family of periodic probability solutions {u® = ($)ter }e>0
of (1.3): For any periodic Borel set W CC B(E), there are Cy,C2 > 0 and
€« > 0 depending on G and W such that

t+T
/ ps(We)ds < Cre @, YVt e R and e € (0,¢,). (1.5)
t

In particular, each limit measure p of {u}eso satisfies u(B(E)) = 0.

The proofs of Theorem B and Theorem C rely on delicate analysis compar-
ing the strength of noises in the vicinity of a local periodic attractor /repeller
with that away from it. More precisely, in the proof of Theorem B, we find
if the strength of the noises near a given local periodic attractor is much
weaker than that away from it, then each limit measure of {u}c~¢ is a pe-
riodically invariant measure of (1.1) and is supported in this local periodic
attractor. Similarly, in the proof of Theorem C, if the strength of the noises
near a given local periodic repeller is much stronger than that away from
it, then each limit measure of {u}e~¢ is a periodically invariant measure of
(1.1) and vanishes on the basin of expansion of this local periodic repeller.

The rest of the paper is organized as follows. In Section 2, we recall some
preliminaries including basic dynamical aspects of periodic ODEs, equiva-
lent formalism of periodic probability solutions of (1.3), regularity theory,
Lyapunov/anti-Lyapunov functions and Harnack’s inequality. In Section
3, an equivalent characterization of periodically invariant measure is given.
This provides an easily verifiable condition for limit measures of periodic
probability solutions being periodically invariant measures. In Section 4, an
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integral identity as well as a priori estimates of periodic probability solutions
are established assuming the existence of Lyapunov functions/anti-Lyapunov
functions. In Section 5, we first construct smooth Lyapunov functions (resp.
anti-Lyapunov functions) near maximal periodic attractors (resp. local pe-
riodic repellers), which are then used to derive concentration estimates of
periodic probability solutions. Finally, we prove Theorem A and Corollary A.
Section 6 is devoted to the proof of Theorem B and Theorem C. In Section
7, we study an example to demonstrate the idea of noisy stabilization/de-
stabilization and applications of our results.

For notational simplicity, we use | - | throughout the rest of the paper to
denote the absolute value of a number, the norm of a vector, a matrix, the
Lebesgue measure of a set, etc.

TABLE 1. Notations

VU (WU, ...,04U,0:U)

C.(U)/C.(R) The space of compactly supported continuous functions
on U/R

Cr(R) The space of T-periodic continuous functions on R

ceU) The space of all C*> smooth functions in C.(U)

C2(U) The space of all functions in C.(U) that are twice

continuously differentiable

Co(U x R) The space of compactly supported continuous functions
onU xR
C.(U x R) The space of continuous functions u : U x R — R
such that u(t,-) € C.(U) for each t € R
Cr(U x R) The space of T-periodic continuous functions on U x R
CerU xR) The space of functions in C.(U x R) that is T-periodic in ¢
C™™(U x R) The space of functions that have continuous derivatives

Cr(R; WEP(U))

loc

up to m-th order with respect to x and up to
n-th order with respect to ¢

Cm(U x R)NC.(U x R)

cm(U x R)N Cr(U x R)

C™"U xR)NC.r(U x R)

C™"(U x R)N Co(U x R)

The space of functions u € Cp(U x R), such that
u(t,) € WP (U) for all t € R for some p > d + 2

and for each subdomain 2 CC U, the function
t = [u(t, )[lywr.0 gy i continuous
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2. PRELIMINARY

In Subsection 2.1, we recall some basic dynamical aspects of periodic
ODEs. In Subsection 2.2, we present an equivalent formalism and a regular-
ity result of periodic probability solutions. In Subsection 2.3, Lyapunov /anti-
Lyapunov functions of (1.1) and (1.3) are respectively defined in periodic do-
mains to quantify their dissipativity/anti-dissipativity. Moreover, we prove
the positive/negative invariance of the sub-level sets of Lyapunov/anti--
Lyapunov functions. In Subsection 2.4, we recall the Harnack’s inequality
for parabolic equations.

2.1. Periodic ODEs. In this subsection, we recall some dynamical aspects
of the periodic ODE (1.1). We assume V € C}’l(u x R).

Denote by (¢"#) the local two-parameter family generated by the solutions
of (1.1), that is, for £ € U, ph*(£) is the local unique solution of (1.1) with
initial condition ¢**(&) = &.

Definition 2.1 (Dissipativity). The system (1.1) is said to be dissipative if
there ezists a periodic set K C U x R with [K] being compact in U X Sy such
that for each & € U, there exists some ty = to(£) > 0 such that *T5(¢) € K
for allt >ty and s € R.

Definition 2.2. A set V C U x R is called
(1) positively invariant under (o) if pt5(Vs) C V; for all t > s;
(2) negatively invariant under (%) if o**(Vs) C Vy for all t < s;
(3) invariant under (pb*) if it is both positively and negatively invariant.

We suppress the term “under (¢"*)” in what follows whenever no confu-
sion is caused. Set

Pt:=¢"0 and P~ = 10,

Definition 2.3. Let V C U x R be open, connected, periodic and positively
invariant (resp. megatively invariant).

(1) A set £ C V is called a mazimal periodic attractor (resp. mazimal
periodic repeller) in'V if it is invariant and &y is a mazimal attractor
in Vo of the discrete dynamical system generated by P* (resp. P™).

(2) Suppose the maximal periodic attractor (resp. mazximal periodic
repeller) € exists in V. If V =U x R, then & is called the the global
periodic attractor (resp. global periodic repeller). Otherwise, it is
called a local periodic attractor (resp. local periodic repeller).

Remark 2.1. We make some comments on Definition 2.3.
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e When V is positively invariant (resp. negatively invariant), P (resp.
P~) is well-defined and maps My to itself. Therefore, it is reasonable
to talk about the maximal attractor in Vg of the discrete dynamical
system generated by Pt (resp. P~), which has been extensively
studied in literature.

e Maximal periodic attractors (resp. maximal periodic repellers) de-
fined here are essentially the same as maximal attractors (resp. max-
imal repellers) of the skew-product semi-flow generated by (1.1). The
reason we choose maximal periodic attractors and maximal periodic
repellers is that they are more compatible with periodically invariant
measures given in Definition 1.3.

For a maximal periodic attractor (resp. local periodic repeller) &, its basin
of attraction (resp. basin of expansion) B(E) is defined as follows:

B(E) == {(m,t) cUXR: (g7 (x),7) EUXR, Vr > t,
dist(o™ (), &) — 0, as T — oo}
respectively,
B(E) == {(x,t) cUXR: (p7(x),7) €U xR, V1 < t,
dist (™! (z),&,) = 0 as 7 — —oo}.
The proofs of the following results are standard.

Proposition 2.1. Assume V € C}’I(Z/{ xR). LetV be as in the statement of
Definition 2.3. Suppose there exists a maximal periodic attractor (resp. the
mazximal periodic repeller) € in V. Then the following hold.

(1) & is the only maximal periodic attractor (resp. local periodic repeller)
m V.

(2) & is connected, periodic and positively invariant (resp. negatively
invariant), and [E] is compact in U X St.

(3) B(E) is open, connected, periodic and positively invariant (resp. neg-
atively invariant).

Proposition 2.2. Assume V € C’ilp’l(lx{ x R). Let £ be a maximal periodic

attractor (resp. local periodic repeller). If K C U X R is periodic and satisfies
K CcC B(€), then

lim sup dist g7 ("5 (Ky), Eps) = 0

§—00 teR
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respectively,
lim supdisty (05 (Ky), Evs) = 0,

S5——00 teR
where distg is the Hausdorff semi-distance.

Proposition 2.3. Assume V € C}’l(u x R). Let £ be a mazimal periodic
attractor (resp. mazximal periodic repeller) and B(E) be its basin of attraction
(resp. basin of expansion). Then, any periodically invariant measure p of

(1.1) satisfies p(B(E)\ &) = 0.
2.2. Equivalent formalism and regularity. The following result gives a
condition that is equivalent to (1.4).

Lemma 2.1 ([5, 6]). Let ¢ > 0 and pu® = (uf)ier be a Borel measure on
UXR such that a”, V' € L} (UxR d,ugdt) foreachi,j e {1,...,d}. Then,
(1.4) holds if and only if for each ¢ € o2t (U x R), there exists a subset
Jp C R satisfying |R\ Jy| = 0 such that

/¢ t)du; = /qb s)dps + /t/ﬁequb(-,T)d,uidT, Vs, t € Jy. (2.1)

Lemma 2.2 ([25, 26]). Fiz e > 0. Let pu¢ = (u§)er be as in Lemma 2.1. If

the function
t*—>/¢dﬂt

is continuous on R for each ¢ € C>(U), or u¢ admits a continuous density,
then (2.1) hold for all s < t.

We recall the regularity theory of periodic probability solutions of (1.3).
Recall p > d + 2. Let Hé’p (U x R) be the space of measurable functions
u on U x R such that u(-,t) € WyP(U) for a.e. t € R and the function
t— ||lu(t, -)||W01,p(u) lies in LP(R). Let H~"?' (1 x R) be the dual space of

“’(u x R), where p’ > 1 is such that 1 1% =1.

Let Hl DU xR) be the space of measurable functions u on U x R such that
nu € H ’p(UXR) and Oy (nu) € H™YP(U xR) for each n € C’1 YU xR). By [5,
Theorem 6.2.2], Hl P(U x R) is continuously embedded into some function

space consisting of Holder continuous functions on U x R.
Set H, P (U x R) == HP(U x R) N Cr(U x R).

loc

Theorem 2.1 ([4, 5]). Assume a’l € Cp(R; W,5F(U)) and V' € L, 7(UXR)

loc

for each i,j = 1,...,d, where p > d + 2. Suppose A = (a¥¥) is pointwise
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positive definite. Fix ¢ > 0 and let u¢ be a periodic probability solution of
(1.3). Then, u admits a positive density u® € Hllfc)T(U x R).

2.3. Lyapunov/Anti-Lyapunov functions. Following previous works
[30, 22, 25], we define Lyapunov/anti-Lyapunov functions of (1.1) and (1.3)
in periodically varying domains.

Let W C U x R be open, connected and periodic. We denote C’izp’l(W)
as the space of all continuous T-periodic functions in W that are twice
continuously differentiable in z and continuously differentiable in .

We clarify the meaning of (z,t) — 0W. As W is T-periodic, we can
identify it with V] C U x Sp (see Definition 1.4). Let E¢ := R4 |JOR?
be the extended Euclidean space, where OR? = {22° : z, € S¥1} and 22°
denotes the infinity element of the ray through z,. Let Bd = B¢ JS?! be
the closed unit ball in R%. Define h : E¢ x S; — B4 x Sy as follows:

= d
h(fﬂ,t) = (mvt) ) (Qf,t) c R% x ST,
(24, 1), (z,t) = (x$°,t) € AR x Sy

Clearly, h identifies R x Sy with B? x Sy and OR? x S¢ with S4~1 x Sp.
If the topology of OR? x St is defined as the one inherited from h, then h
becomes a homeomorphism.

By virtue of h, the boundary 9[W] C E¢xSt of [W] is defined as the preim-
age of the boundary of h([W)]) in B¢ x Sz, namely, O[W] = h=1(dh([WV)])).
Therefore, (z,t) — OW if and only if (z,t mod T') — J[W], if and only if
h(z,t mod T) — Oh([W)]).

We start with the definition of compact functions.

Definition 2.4 (Compact function). A non-negative and continuous func-
tion U on W is called a compact function with the essential upper bound

PM, Zf
(1) U(z,t) < pu, for (z,t) € W, and
(2) hm(ac,t)—>8W U(z,t) = pum.

For a nonnegative and continuous function U on W, we define for each
p>0andteR

Q, ={(z,t) e W:U(x,t) < p} and
QZ: {r e W, : U(x,t) < p}
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to be the p-sublevel set of U and its t-section, respectively. Note that the no-
tation for the t-sections of €2, does NOT follow the Convention mentioned
right above Definition 1.4.

Definition 2.5 (Lyapunov/Anti-Lyapunov function). A compact function
U e Cr' (W) is called
(1) a Lyapunov function (resp. an anti-Lyapunov function) of (1.1) in
W, if there exist v > 0, called a Lyapunov constant (resp. an anti-
Lyapunov constant) of U, and pn,, > 0, called an essential lower

bound of U, such that
LoU < =y (resp. >7) in W\Q,,,

where Lo == 0y + V'0; and Q,,, := {(z,t) e W : U(x,t) < pm};

(2) a Lyapunov function (resp. an anti-Lyapunov function) with respect
to Loy in W, where € > 0 is fized, if there exist v > 0, called
a Lyapunov constant (resp. an anti-Lyapunov constant) of U, and
pm > 0, called an essential lower bound of U, such that

LogU<—y (resp. >7) in W\Q,.; (2.2)

(3) a uniform Lyapunov function (resp. uniform anti- Lyapunov function)
with respect to {L24}es0 in W if there exist positive constants e,
pm and vy > 0 such that (2.2) holds for all € € (0, ¢€y).

Next, we show that the sublevel sets of Lyapunov functions (resp. anti-
Lyapunov functions) of (1.1) are positively invariant (resp. negatively in-
variant).

Proposition 2.4. Assume V € CCIF’I(Z/{ X R). Let U be a Lyapunov function
(resp. an anti-Lyapunov function) of (1.1) in W with essential upper bound
pm and essential lower bound py,. Then, 2, is positively invariant (resp.
negatively invariant) for all p € [pm, par)-

Proof. We only prove the result when U is a Lyapunov function; the other
case can be treated in a similar manner. Let v > 0 be the Lyapunov constant
of U.

Fix p € [pm,pm]) and (z,t) € Q,. We need to show that U(o" " (x),t +
7) < p for all 7 > 0. Suppose for contradiction that this fails. Then,

moi=min{r > 0: U(" ™ (2),t + 1) = p}
is well-defined and finite. Moreover, U (¢t (z),t + 1) = p. Clearly,

U(cthrT’t(x), t+71)=U(x,t) + / ﬁoU(goHs’t(x), t+ s)ds
0
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<U(z,t) —~v1, V7 <7
It follows that
U™ 2),t + 1) < Ul t) — 97 < p,

which leads to a contradiction. Hence, (o7 (), t4+7)€Q, forall7 > 0. O

2.4. Harnack’s inequality. Consider the parabolic equation
o = 0;(@d;u — B'u), (x,t) €U x R, (2.3)

where o and B3’ are continuous functions and T-periodic in t for each
i,j=1,...,d. Assume (a%) is pointwise positive definite. Let W C U x R
be bounded. Denote by Ay and Ayy respectively the largest and smallest
positive constants such that

w2 < o (z, )67 < Awl€?, Y(z,t) € W and € € R4

Proposition 2.5 (Harnack’s inequality). Let u € H}O’ﬁ(u xR), for somep >
d+ 2, be a non-negative solution of (2.3) inU x R. Then for any connected
and bounded subdomains Uy CC Us CC U and s < s1 < t1 < 89 < tg < t,
there exists C' > 0, depending only on n, s1, So, t1, to, Uy and Us, such that

sup u<CM inf o,
U1 X [s1,t1] Ui X [s2,t2]

where

d
. 7|2
M = Ao +)‘Z/{2><[s,t]<1+ > usil[pt]\ﬁ\ )
i=1 U2 XIs,

Proposition 2.5 is a special case of [2, Theorem 3]. The explicit expression
of the constant M follows from the calculations done in [2, 33, 34].

3. CHARACTERIZATION OF PERIODICALLY INVARIANT MEASURES

In this section, we prove an equivalent characterization of periodically in-
variant measures of (1.1), which provides a convenient way to test that limit
measures of periodic probability solutions of (1.3) are periodically invariant
measures of (1.1).

We recall from [25] the definition of ¢-sections for o-finite Borel measures
onU x R.
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Definition 3.1 (¢-sections). A o-finite Borel measure p on U x R is said to
admit t-sections, if there exists a family of o-finite Borel measures { i }ter
on U such that dp = dudt, namely,

//MR odp = /R/uqﬁ(',t)dutdt, Vo € Co(U x R).

In this case, we denote = (ug)rer. Moreover, (ui)ier is called

(1) T-periodic or simply periodic, if pus = ppyr fort € R;
(2) continuous, if the function

t— / gdpy
u

is continuous on R for each g € C°(U).
Proposition 3.1. Assume V € Cr_lp’l(l/l x R). Let u be a Borel measure on
U x R. If p satisfies the following conditions:
(1) ptd x 0,T)) = T;
(2) w admits continuous and periodic t-sections (fit)ier;
3) for each bounded ¢ € Cp(U x R), there holds

//qb STHS( s+tdusds—/ /gb s)dusds, Vt € [0,00),

then = (u)er s a periodically invariant measure of (¢%*).

Proof. By Definition 1.3, it suffices to show that
(a) g = cpi+t “us for all s € R and t € [0, 00);

(b) o = 3 po;
(¢) i) =1 for all t € R.

To prove (a), we set ¢ = gn in (3.1), where g € C°(U) and n € Cp(R),
to find

T T
/ n(s+1t) / go@sTH3dp,ds = / n(s) / gdusds, Vte[0,00). (3.1)
0 u 0 u

It follows from the periodicity of © = (u¢)ter and 1 that

T T
/ n(s)/gdusds—/ 77(3+t)/gd,us+tds, vt € [0, 00).
0 u 0 u

Hence,

T T
/ n(s+ t)/ go *thiduds = / n(s + t)/ gdpsiids, Vit €10, 00).
0 u 0 u
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Fix t € [0,00) and g € C°(U). Since the functions

5 / go@*t*du, and s — / gd syt
Zi u

are continuous on R, and n € Cp(R) is arbitrary, we deduce

/ go <ps+t’sd,us = / gdpsye, Vs € [0,T].
u u

The above identity actually holds for all s € R as u = (u¢)er is periodic.
It then follows from the arbitrariness of g € C2°(U) and the density of
C*(U) in C.(U) that (a) holds. The properties (b) and (c) follow readily
from the periodicity of (ut):cr, the property (a) and the condition (1) in the
statement. (|

Remark 3.1. Note that Proposition 3.1 (3) is equivalent to say that pu,
being identified with a Borel measure on U X Sr, is invariant under the skew
product semi-flow (®7). Recall that (®7) is a semi-flow generated by the
following system:

x' =V (x,t),
{t’zl mod T (z,1) € U xS,
where 2/ = g—f and t' = g—f_.

The equivalent characterization is given in the following result. Recall
that

Lo =0+ V’@Z
Proposition 3.2. Assume V € C%’l(u x R). Let i be a Borel measure on

U x R with t-sections (ui)ier. Then, w is a periodically invariant measure
of (1.1) if and only if the following hold:

(1) utd x [0,T]) = T;
(2) (pt)ter is continuous and periodic;
(3) there holds

T
/ / Lod(-,8)dpsds =0, V¢ € Clp(U x R).
0 u ’

Proof. Necessity. Suppose p = (u)ter is a periodically invariant mea-
sure of (1.1). Then, (1) and (2) follow immediately from its definition (see
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Definition 1.3) and the continuity of (¢%*). It remains to show (3). Note
that

/ (-, t)du = / (" (), t)dus, Vo € Cor(U xR), s € Rand t > s.
U U
As a result, for each ¢ € Cj;}(u x R), the function

fs RoR, m/uqx-,t)dut

is T-periodic and continuously differentiable, and satisfies

) = g [ o= 5 [ o).
_ / (06 + ViDi6) (o), t)dpis = / Lod(-B)dus, it € (s,00).
u u

Integrating the above equality over [t,t + T/, we find

t+T T
f(t+T)—f(t):/t f(;dsz/o /uﬁogb(-,s)dusds, V€ R,

Remark 1.1 and the periodicity of ¢ give

f(t+T) = /u O(ot+ T)dpip 7 = /u (- )du = f(t), VteR.

T
/ /£0¢(-,s)dusds =0
o Ju
and (3) follows.

Sufficiency. By Proposition 3.1, it suffices to show

/OT/M¢(<PSH’S(~),S + t)dpsds = /OT/M¢('aS)d,usd8, (3.2)

Vo € Cer(U x R) and ¢ € [0,00). Thanks to the density of C’Cl”Tl,(u x R) in
Ce.r(U x R), we only need to show (3.2) for all ¢ € C’;’%(L{ x R).
Fix ¢ € Ccl”%(u x R). Obviously, the function

Hence,

T
st+t,s (.
t»—>/0 /uqﬁ(go (+),s +t)dusds
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is continuously differentiable on [0, 00) and satisfies

T T
st+t,s (. _ ‘ _
t:O/O /uqb(so (), 8+ t)dpsds /0 /M,Co(ﬁ(,s)dusds 0, (3.3)

where we used the condition (3) in the last equality.
Define

bu(x,s) = p(* 3 (x), s+ 1), (z,8) cUXR and t' €][0,00).
Clearly, ¢y € Ccl’%(u x R) for each t' € [0,00). An application of (3.3) yields

d
dt

4
dt
Note that

T ~
/ / Fo ("7 (), 5+ £)dusds
0 U

T
N / / G T 0 ™) s+t 4+ 1) dprsds
0 u

T ~
/ / Sp(0"7(), 8 + t)dpsds = 0, V' € [0, 00). (3-4)
0 u

t=0

T
:/ / P (), s+t +1)dpeds, W € [0,00).
0 u

Thus,
d

T ~
[ [ neroeni+ auas
dt o Ju

t=0

T
:i/ / H(PH*(), s + 1)dpads, ¥t € [0,00).
0 u

This together with (3.4) gives

d [T /
dt’/ / P (), s + 1) dpsds = 0, Vt' € [0,00),
0o Ju

which yields (3.2). O

4. INTEGRAL IDENTITY AND MEASURE ESTIMATES

In this section, we first prove an integral identity for periodic probability
solutions of (1.3). It is then applied to derive a priori estimates for periodic
probability solutions in periodic subdomains of U x R assuming the existence
of Lyapunov/anti-Lyapunov functions.
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For clarity, we focus on the Fokker-Planck equation (1.3) with € = 1, that
is,
Ou = 0%- (au) — 0;(Viu) in U xR, (4.1)
The corresponding results for (1.3) follows with a® replaced by €2a®. Denote
La:=0+d"0}+0,V".
Throughout this section, we assume
o o € Cp(R,W,P(U)) and V' € Cp' (U x R) for all i, j € {1,...,d};
e (a") is pointwise positive definite;
e W is an open and periodic subset of U x R.

The integral identity, generalizing the one in [20] for stationary measures,
is given in the next result.

Theorem 4.1. Let U € C’%’l(W) be a compact function with essential upper
bound pyr > 0 and satisfy V.U # 0 on 08, for some p € (0,pr). If
w = (ut)ter s a periodic probability solution of (4.1) with a density u €
Myl (U x R), then

t+T ij 9. .
/ L4Udpyds = / Mud%s, Vvt € R,
¢ Qs oQ,nUx[ti+1)) | Va,sU|

where dSy s denotes the Lebesgue measure on 02, N (U x [t,t +T1).

Proof. Since V, ;U # 0 on 9€,, the implicit function theorem ensures that
09, is a C! hypersurface in W. Define

J - Uz,t) —p, (x,t) € Qy,
vint)= {0, (z,t) € V\j\ Q,.

Obviously, U € Cr(W) is supported in Q, and oU,8,U,i,j=1,...,d are

essentially bounded.
Let n € C°(R¥1) be nonnegative and satisfy

// ndxdt = 1.
Rd+1
For 0 < e < 1, we define

t
el t) = (20 for (a,1) €

Set U, = U * Ne. Then U, is a periodic smooth function supported in a
neighbourhood €, of €2, for all 0 < € < 1, and satisfies
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. ﬁ6~—> U inNCT(ﬁ*) under the maximum norm as € — 0;
e 0,U. — oU, 9;U. — 9;U in L9(2) as € — 0 for any g > 1.

We see from Lemma 2.1, Lemma 2.2 and the periodicity of U, that for
each 0 < ek 1,

t+T S
/ / (8tU6 + a0, + VZOiU€> udzds (4.2)
t u
= / U, t + Tu(-,t + T)dx — / Uc(-, t)u(-, t)dz =0, VteR.
u u

Since u € ’Hll(;?T(L{ x R), we pass to the limit ¢ — 0 to find that for each

t eR,
t+T o t+T N ~
/ / a”f)inUeudxds = —/ / 0;(a"u)0;Ucdzds (4.3)
t u t u
t+T B
— —/ 0;(a”u)0;Udxds.
¢ Qs

Integration by parts yields that

t+T B
- / 0;(a”u)0;Udxds (4.4)
t Q3

y t+T y
—/ a’0;,UvudS, s +/ / a“@%Uudxds,
8(Use(t’t+T) (Q;SJX{S})) t 5

where dS; s denotes the Lebesgue measure on 0(U,e (11 (€2 x {s})) and
vj is the j-th component of the unit outward normal vector field 7 along the
boundary of ¢ ¢ 447 (€25 x {s}). Since

a( U @ x {s})) = L T J (09,0 U x [t,t+T1))

se(t,t+T)

and

(2. 5) 0, V(z,s) € Ul QrT,

vi(x,s) =9 aU

J W, V(f,s) Ganﬂ(UX [t,t+T])7
there holds

. Uo;U0;U
—/ a”@iUﬁjudSm = —/ aijUde,Sa
OUseoom) (@5 x{5)) oonuxita+r))  [VasUl
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which together with (4.3) and (4.4) yields

t+T T g
/ / ”82 Ucudrds — — / 8'(a13u)8ideds (4.5)

ali t+T -
—/ %V, Uude s+ / / ’Jﬁ%Uudxds,
o0,nUx[ti+T) | Va,sU| s

as e — 0.
For other terms on the left hand side of (4.2), it is easy to see that

t+T 3 o t+T '
/ / (0.0 + Vi9,0.) udads — / / (OuU + Vi,U) udads, (4.6)
t u t s

as € — 0. The theorem follows from (4.5) and (4.6). O

We apply the integral identity in Theorem 4.1 to derive a priori estimates
for periodic probability solutions of (4.1).

Theorem 4.2. Let U € C%’l(W) be a Lyapunov function (resp. an anti-
Lyapunov function) with respect to L4 in VW with essential upper bound
pyv > 0, essential lower bound py,, > 0 and Lyapunov constant (resp. anti-
Lyapunov constant) v > 0. Suppose that V.U # 0 on 08, for a.e. p €
(pm, pm). The following statements hold for any periodic probability solution

= (ut)ter of (4.1) with a density in ’HZOCT(U x R).
(1) If U is a Lyapunov function, then

t+T —y [P Ads
/ ps(Ws \ Q5)ds < Te™ em O Yp € (pp, pur) and t € R,
t

where

H(p) = sup alUO,U  for p € (pm, pur)-
o0,

(2) If U is an anti-Lyapunov function, then

t+T [P d t+T
/t us(Qzl \Qf)m)ds > e'ro Hs) /t MS(QZO \ Q5 )ds,

Vom < po < p1 <pum andteR.

Proof. Let u € ’Hll(;]ch(Z/{ x R) be the density of p. Denote by Z the set of
all p € (pm, pmr) satistying VU # 0 on 09Q,. Apparently, |Z| = py — pm
and Z is dense in (pm, par)-
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(1) Fix t € R and take p, p; € Z with p < p;. Applying Theorem 4.1, we

find
t+T
/ / LAUdpsds
t ﬁ;l \Q

/ / ) aij (%U(%U
- ——u
00, NuUx(ti+T))  Joanuxiterr)’  [VasU|

Since LAU < —v in W\ ©, and (a) is non-negative definite, we deduce

HT i0,U0;U
_7/ Hs(an \QZ)dS > _/ - - ude,s,
t OQN(UX[t,t+T7) ’vx,sU‘

dS;.s.

which leads to

T 1 a10,U0;U
/ ps (0, \ 25)ds < — J
t

———udS
gl /8(2pﬁ(2/{><[t,t+T]) |Vz,sU| o

< H) / LT
Y AQ,NU X [t,t+T7) Ve, sU|

As 7 is dense in (pm, pa), letting p1 € Z — pps in the above inequality
results in

t+T H(p) U
1s(Ws\ 29)ds < / dS;s, VpeZ. (4.7
/t W\ ) v Joaa,nwxiti+r)) | Va,sUl 4.7

Set
t+T t+T

f(p) :=/ MS(WS\QZ)ds=/ / © udads, Vp € (pm, pum)-
t t \Q25

The coarea formula ensures that
U

f(p :—/ —=—dS; s, VpeTI.
( ) OQpN(UX[t,t+T1]) ’vx,sU‘

It follows from (4.7) that

A0) i), wpet.

Applying the Gronwall’s inequality, we conclude from the continuity of f
on (pm, par) that

1 1
Flp) < F()e 0 mOY < 7 r mGY Yp, of € (pm, par) with o < p,
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which is the same as
t+T —7fp 1 gs , ) ,
/ psWs \ Qp)ds < Te e BE Np, pl € (pm, par) with p' < p.
t

Letting p’ — p,, concludes the result.

(2) Fix t € R and take p, p; € 7 satisfying p; > p. We apply Theorem 4.1
to find

t+T
/ / LUdpsds
t Qf,l \Q8
aij 6ZU8JU

= — uw
(/(9Qp1ﬂ(lxl><[t,t+T]) /é)Qpﬁ(Z/{X[t,tJrT])) Ve,sU|

Since LU >~ in W\ Q, and (a/) is non-negative definite, we have

T a9 o,U0;U
’)// s (€2 0%)ds S/ 7]714(15‘:1:,57
¢ ({2 \ %) 00, nUx[tt+1) |Va,sU]

dS, .

which yields

t+T s H(Pl) U
fes (€2 Qsdsg/ dSz s 4.8
| @ 0pas < 2 o sty aal] e (48

Set
T t+T
fp1) == / ps(€2,, \ Q5)ds = / / udzds, Vp1 € (p, pu)-
t t 21\ 2

Applying the coarea formula, we find
u

f'(pr) = / o 4
) 09, nUx[t+T)) |Va,sU|
It follows from (4.8) that

f(p1) <

The Gronwall’s inequality and the continuity of f in (p, pas) ensure

Szss Vo1 €ZN0(p,pm).

H(pl)fl(p1)7 Vpl EIO(Pva)'

1 _dp_
Flpr) = Flpo)e oo T Ypy > po > p,

namely,

p1 _dp

t+T t+T
[ s = R [ @\ 0gds Vo> 0>
t t
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Letting p — pm, we arrive at the result. g

5. QUANTITATIVE CONCENTRATION

In Subsection 5.1, we construct uniform Lyapunov functions (resp. uni-
form anti-Lyapunov functions) with respect to {L.2 4 }e>0 in neighbourhoods
of maximal periodic attractors (resp. maximal periodic repellers). We then
apply Theorem 4.2 to prove Theorem A and Corollary A in Subsection 5.2.

5.1. Uniform Lyapunov/anti-Lyapunov functions. Throughout this
subsection, let £ be a maximal periodic attractor (resp. maximal periodic
repeller) and B(€) be its basin of attraction (resp. basin of expansion).

Theorem 5.1. AssumeV € C%’I(Z/{ xR). Let V' and V? be open, connected
and periodic subsets of UxR and satisfy € CC V! cC V? cC B(E). Suppose
V? is positively invariant (resp. negatively invariant). Then, the following
statements hold.

(1) There exist an open, connected and positively invariant (resp. nega-
tiely invariant) set W C B(E), and a bounded C* Lyapunov func-
tion (resp. anti-Lyapunov function) U of (1.1) in W with essential
upper bound ppr > 0, essential lower bound p,, > 0 and Lyapunov
constant (resp. anti-Lyapunov constant) v > 0. Moreover, the fol-
lowing properties hold:

e £CCQ,, cCViccViccw,
o V..U #0 ondQ, for a.e. p € (pm,pm), where

Q, ={(z,t) e W:U(z,t) < p}.
(2) Let G € Cr(R, W PU)) and A := 1GGT. Then, there exists some

loc
€x > 0, depending on v, G|y and U, such that U is a uniform Lya-
punov function (resp. uniform anti-Lyapunov function) with respect
to {L24}es0 with essential lower bound pn, and Lyapunov constant

; y
(resp. anti-Lyapunov constant) 3.
We prove two lemmas before proving the above theorem.

Lemma 5.1. Assume V € CCIF’I(Z/I x R). Let V C U xR be open and
connected, and satisfy E CCV CC B(E). Then the following hold.
(1) For each (z,t) € B(E), there is a 7. > 0 (resp. T < 0) such that
(@), t+7) €V for all T > 1 (resp. T < Ty).
(2) Let W C U x R be positively invariant (resp. negatively invariant)
and satisfy V C W C B(E). Then, W is connected.
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Proof. (1) It is a simple consequence of Proposition 2.2. (2) For any (z,t) €
W, (1) ensures that the forward orbit (resp. backward orbit) of (1.1) starting
at (z,t) enters V after some finite time. Given the positive invariance (resp.
negative invariance) of W, its connectedness follows from that of V. t

Lemma 5.2. Assume V € C}’l(u x R). Let V C U x R be open, connected
and periodic, and satisfy E CCV CC B(E). Then, there exists an open, con-
nected, periodic and positively invariant set (resp. negatively invariant set)
W satisfying V CC W CC B(E). Moreover, W is connected and positively
invariant (resp. negatively invariant).

Proof. We prove the lemma when £ is a maximal periodic attractor; the
other case follows in the same manner. Since V CC B(E), there exists an
open, connected and periodic set V! satisfying V cC V! cC B(€). Define

wie U U0 o).
T€[0,00) tER
Obviously, V CC W and W is periodic and positively invariant. Hence, the
connectedness of W follows from Lemma 5.1 (2).
To show the openness of W, we consider the skew product semi-flow cor-
responding to (¢"*) (see Remark 3.1):
7((2,t)) == (¢ (2),(t+7) modT), V(z,t)€U xSy, T>0.

Then, W can be identified with [ J, - ®7(V1). Applying the semi-flow prop-
erty of (®7), we see that for each 7 > 0, ®7(V!) is open in U x Sp. Hence,
U,>o @™ (V') is open in U x Sy. The openness of W in U x R follows.

We show W CC B(€). By Proposition 2.2, there holds

lim sup distp (" (V)), Er4) = 0,
S

T—r 00 teER
which yields the existence of 75 > 0 such that
Wor = | U@V x {t+7}) cc BE).
TE[70,00) tER
Since V! cC B(€) and B(€) is positively invariant, we see that
Wery = ) J@ V) x {t+7}) cc B(E).
T€[0,70) tER

It follows from W = W, U W>r, that W CC B(E).
Obviously, W is periodic, compact and positively invariant. The connect-
edness of W then follows from Lemma 5.1 (2). O
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Now, we prove Theorem 5.1.

Proof of Theorem 5.1. We only prove the case when £ is a maximal pe-
riodic attractor; the case of a maximal periodic repeller can be treated in
the same manner.

We start with (1). By Lemma 5.2, there is an open, connected, periodic
and positively invariant set WW? satisfying V2 cc W? cc B(E). Moreover,
W2 is connected and positively invariant. Applying Proposition 2.2 to W2,
we find

lim sup disty (npt+7’t(Wt2), 5t+r> =0.

T—00 tcR

Since £ CC V!, there exists 7, > 0 such that

wh= | J@E V) x {t+7}) cc V.

T2>Tx tER

Clearly, W! is connected, periodic and positively invariant. The openness of
W! follows from arguments as in the proof of Lemma 5.2.
We finish the proof of (1) within two steps.

Step 1. We generalize the integral approach in [27] to construct a contin-
uously differentiable function U, : B(€£) — [0,00) satisfying the following
properties:

(a) There holds

U, < inf U,. 5.1
U< >

(b) There exists an open, connected and periodic set W! satisfying
wt cc W cc V! such that

sup U, < inf U,. (5.2)
Wl oyl

(c) There exists some v > 0 such that
LoU, < —2y in W2\ WL (5.3)
Let § € (0,1) be such that
(OW?)5 := {(z,t) €U x R : dist ((x,t), 0W?) < §} CC B(E)

and (OW?); N V2 = ().
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Since W! and (OW?); are periodic, we can find non-negative and T-
periodic functions ¢,n € C*°(U x R) satisfying

((z,1) {_0’ (z,) € W, and n(x,t){>0’ (z,t) € (OW?)s,

> 0, otherwise, =0, otherwise.

For each n € N, define
Un(a,t) = / (€ + ) (T (@), b+ 1)dr, V(at) € BE).
0

Obviously, U, is well-defined, nonnegative and continuously differentiable.
We claim that there exists some n, € N such that

supU,, < inf U,,.

V2 w2

Note that for any (,t) € V2, there is 7(, 4 > 0 such that (o7 (z), t+7) €

(OW?);5 for all T € [0, 7(;,4)). The continuity of (¢"*) and the compactness of
2

OW? then ensure the existence of some 79 > 0 such that (™7 (z),t +7) €
(OW?);s for all (z,t) € OW? and 7 € [0,70). As a result, for any n € N,
2

there holds

Up(z,t) = /OT*(( +nn) (" (), t + 7)dr (5.4)
> /TO(C +nn) (TN x),t + 7)dT > nrg min 5, V(x,t) € OV
0 ©OW2) s
As V? is positively invariant, we deduce
Up(z,t) = /OT*(( +nn) (" (), t + T)dr (5.5)

= / C(e™ (x),t + 7)dT < Tesup(, Y(x,t) € V? and n € N.
0 V2

The claim follows readily from (5.4) and (5.5).

Set U, := U,,,. We show that U, satisfies the expected properties (a), (b)
and (c).

(a) It is trivial.

(b) As W' is positively invariant under (¢»*), the definitions of ¢, 7 and
Uy, ensure that U, = 0 on W!. Obviously, infgn Us(z,t) > 0. Hence, (b)
follows from W1 cC V! and the continuity of (¢5*).
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(c) Direct calculations give

d
LoUu(w,t) = LU (@) b+ 7)|
d [™
= / (€ 4+ nen) (TN 2), t + 7 4 7)dmy
dr 0 i
d

Te+T
— [ @), )

As the definition of W! ensures
("), t+ 1) € WL, Y(z,t) € W2 and T > T,
it follows from ¢ = 0 and = 0 on W! that

7=0

Tx

Te+T
/ (€ + nan) (@), £+ )y = / (¢ + nem) (7 (@), £+ 7).

T

As a result, we arrive at

d [
LoU(x,t) = dT/ (€4 naen) ("™ (2), t 4+ 71)dmy .

= —(C+n*77)(x,t), V(':Cut) € W=
Setting

min (¢ + n.n) >0

1
,y T 2 W2\W1

in the above equality, we find
LoU, < —2y in W2\ WL

This proves (c).
Step 2. We use Morse functions to construct a smooth Lyapunov function
of (1.1).

Clearly, we can extend U, to be a function in C’%’I(Z/{ x R). As Morse
functions are dense in C%’I(Z/l x R) ~ C1(U x St), there exists a sequence of
Morse functions

{Un}nen € C®U x St) = C¥ (U x R)

such that

d
li ~n_ * Nn_ * iNn_ iU = U.
im ma2x<|U Ul + 100, — 00 + 100 aU|) 0

n—o00 A2 .
=1
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Since

lim supU, = supU, and lim inf U, = inf U,,
n—00 12 V2 n—00 g2 oW?

we find from (5.1) the existence of some n; € N such that
supU, < inf U,, Vn>n;. (5.6)
V2 ow?

Similarly, it follows from (5.2) that there is an ny € N such that
supU, < inf U,, VYn > ns. (5.7)
Wi oyt

Since (5.3) and

max |EOUn — LUy — 0 as n — oo,
W21

we can find some n3 € N such that
LoUn < —v in W2\ W', Vn > ns. (5.8)

Let N = max{ni,ng,n3} and U := Ux. Then (5.6), (5.7) and (5.8) hold
with U, replaced by U.
Fix pm € (supyin U,infgyn U). Clearly,

W cc Q= {(z,t) e W2:U(z,t) < pp}-
We show €2, CC V!. Suppose on the contrary that there exists (z,t) €
W2\ V! such that U(z,t) < py,. Set
T =inf{r>0: (""" (z),t+ 7)€ V'}.

We apply Lemma 5.1 (with V replaced by V') to find 7/ < oo. The continuity
of (¢"*) and the pre-compactness of V! then lead to (p!*7 (), t+7') € V.
It follows that

inf U < Ut Ha), t + 7/
fU < U™ (2),t+ 1)

=U(z,t) + / EOU(goH'T’t(x),t +7)d7r < pp — 97,
0

which leads to a contradiction.

Clearly, (5.6) yields the existence of some pys € (supy2 U, infg2 U) such
that V2 cc Q,,, CC W2 We then see from (5.8) that U is a Lyapunov
function of (1.1) in W := ,,,, with essential upper bound pys, essential
lower bound p,, > 0 and Lyapunov constant v > 0.
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Lemma 5.1 and Proposition 2.4 ensure that W is connected and positively
invariant. Finally, we see that VU # 0 in W except for finite points, which
is a property of U being a Morse function on U x Sy. This proves (1).

Now, we prove (2). Setting

€y 1= sup{e >0: 62sup\aij8i2jU! < 7}7
W 2

we find
LU =0,U+ VU + 62aij8i2jU < —% (resp. > %), Ve € (0, €y).

Thus, U is a uniform Lyapunov function (resp. uniform anti-Lyapunov func-
tion) with respect to {L.24}e>0 with essential upper bound pys, essential
lower bound p,,, and Lyapunov constant 3. U

Corollary 5.1. Assume V € C’%’l(u xR). Let G € Cr(R, I/Vllof(Z/{)) be such
that A := %GGT is pointwise positive definite, and U, pm, par, 7 and €, be
as in Theorem 5.1. The following statements hold for any family of periodic
probability solutions {u® = (u§)ier feso of (1.3).
(1) If€ is a mazimal periodic attractor, then for any po, p1, p2 € (Pm, PM]
with po < p1 < p2 there holds

t+T
/ (€25, \ 5, )ds < Te ", VteR ande € (0, €x),
t
where

Y(po — pm)
C .= _ > 0.
2maxg  a?o;U0;U
PO

(2) If € is a mazximal periodic repeller, then for any pi, p2, p3 € (Pm, PM]
with p1 < pa < ps there holds

t+T L, [T
/ pS(Q,\ Q5 )ds < e / S5 \Q )ds, V€ R and € € (0,e.),
t t

where
O v(ps — p2)
' 2 maxﬁps \sz aij (9ZU6]U '

Proof. (1) We apply Lemma 4.2 (1) to find

ds

t+T _x fﬂl _ds _a fpo
pe(2, \ 2, )ds < T * lom PG < ™ Jom 2
t
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Vt € R and € € (0, €,), where

H(p) := supa? Q;U0;U for p € (pm, pur)-
29,

Setting

_ Po
c.e o= rm) <7/ ds
2maxg a¥O;UO;U — 2 J,

Po

we arrive at the result.
(2) Applying Lemma 4.2 (2), we find

ds

t+T 3 s t+T
/ ug(ﬁ; \Qf)m)ds <e 201 Tu@ / NZ(QZS \ sz)ds,
¢ ¢

Vt € R and € € (0,€,). Setting

O (ps = p2) < /”3 ds
2max<§p3\9p2) aio,Uo;U — 2 J,, H(s)
we derive the result. O
Corollary 5.2. Assume V € C’;’l(u xR). Let G € Cr(R, Wllo’f(b{)) be such

that A = %GGT is pointwise positive definite. If {u = (u§)ter}tes0 5 @
family of periodic probability solutions of (1.3), then for any periodic Borel
set W CC B(E)\ &, there are C >0 and 0 < e, < 1 such that

4T
/ ps(Ws)ds < Te ", VteRandee (0, €4).
t

Proof. Let VW be as in the statement. There exist open, connected and
periodic sets V! and V? in B(€) such that W C V?\ V1. By Lemma 5.2, we
may assume, without loss of generality, that V? is positively invariant.

Set A := 1GGT. Theorem 5.1 ensures that {£.4}c>0 admits a uniform
Lyapunov function (resp. uniform anti-Lyapunov function) U in a neigh-
bourhood of V? with essential upper bound pp; > 0 and essential lower
bound p,, > 0. Moreover, 2, CC V!. Clearly, there are p1,p2 € (pm, pm)
such that ,, cc V! cc V? cC Q,,. Hence, W C Q,, \ ,,.

Corollary 5.1 yields the existence of positive constants C and €, such that

t+T t+T B
/ ws(Ws)ds < / s (€25, \ 25 )ds < Te ", VteRandec (0,e).
t t

This completes the proof. [l
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5.2. Concentration of periodic probability solutions. We prove The-
orem A and Corollary A in this subsection.

We recall the convergence under the weak*-topology for a family of Borel
measures on U x R.

Definition 5.1. A sequence of Borel measures {u" : n € N} onU xR is said
to converge to some Borel measure i on U x R under the weak*-topology as
n — oo if

lim / opdu"™ = // odp, Vo € Co(U x R).
n=0 J JuxR UxR

Remark 5.1. We emphasize that a limit measure p of a family of periodic
probability solutions {}eso of (1.3) (see Definition 1.2) is not only a limit
point of {p,}eso under the weak*-topology, but also satisfies the condition
wU x[0,T])=T.

We turn to the proof of Theorem A.

Proof of Theorem A. We only prove the results when £ is a maximal
periodic attractor; the case when £ is a local periodic repeller can be treated
in the same way.

(1) Fix a periodic Borel set W CC B(€) \ £. There exist open, connected
and periodic sets V! and V? satisfying £ cC V! cC V? € B(£) and W CC
V2\ V1. Lemma 5.2 yields the existence of an open, connected, periodic and
positively invariant set V such that V2 cc V cc B(€).

Applying Theorem 5.1, we find a uniform Lyapunov function U with re-
spect to {L24}e>0 in a neighbourhood of V with essential upper bound
pm > 0, essential lower bound p;,, > 0 and Lyapunov constant v > 0. More-
over, 0, CC V. For po, p1 € (pm, par) with pg < p1 such that Q,, C V1,
Corollary 5.1 (1) yields the existence of some €, > 0 such that

t+T
/ pe (9 \ Q9 )ds < Te C’, VteRandee (0, €4),
t

PM P1

where

y
C .= — 0.
2max§p0 a¥ 8ZU8JU >

Due to W C V2\ V!, Q, C V! and V2 C Q,,,, we arrive at

t+T t+T .
/ ps(Ws)ds < / P, \Q5 )ds < Te ““7, VteRand €€ (0,6,).
t t
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(2) Let p be a limit measure of {u}eso. It follows from (1) and the
Portmanteau theorem that p(B(€) \ £€) = 0. It remains to show p is a
periodically invariant measure of (1.1). This is finished within two steps.
We may assume, without loss of generality, that u¢ — p under the weak™*-
topology as € — 0.

Step 1. We prove that p admits periodic and continuous t-sections (p¢)ter-
According to Theorem 2.1, ;¢ admits a density u€ € Hl oc. P (U xR). Then,
Lemma 2.1 and Lemma 2.2 ensures for each ¢ > 0,

t
/qbduf = / pdps +/ /Eequﬁdu:dT, Vo € C2(U) and t > s, (5.9)
u u s Ju

where dy§ := u(z,t)dx for t € R.
Fix ¢ € C2(U). For each € > 0, we define

°(t) :/¢du§, teR.
u

Obviously, f§ is T-periodic and satisfies \ f(;\oo < |@|oo for all € > 0. It follows
from (5.9) that for each € € (0,1),

t
1500 150 = | [ [ Lanodcar] < max|Coandl x (1o
< ma a”ﬁ + ma Vo x (t—s), Vs<t.
B (supp(¢§(XR‘ 7! supp(¢) X | ¢’> ( )

Thus, the family { f;}ge(m) is uniformly bounded and equicontinuous. Ap-
plying the Arzela-Ascoli theorem, we find a subsequence { f;)j }jen, where
lim;j_, €; = 0, that uniformly converges to some f, € Cr(R). Obviously,

[foloo < []oc-

For each n € C.(R), the dominated convergence theorem yields that

lim/ /qbd,u,t]dt hm /nqudt /nf¢dt.
j—o0 R

Since pu€ converges to p under the weak*-topology as € — 0, there holds

lim / n / ¢dpy’ dt = / / nedp, Vn € Ce(R).
I Jr  Ju UxR

[ttt = [[ noau. e cum. (5.10)

Hence,
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Note that fs must be the unique periodic continuous function on R satisfying
(5.10). Following an argument almost the same as that in the proof of [25,
Lemma 4.2], we find a family of o-finite Borel measures {1 }tcr such that

= / ddpy, Vo € C2(U) and t € R.

It follows from (5.10) that

// nedpdt = //MXR nodu, Vn € C.(R) and ¢ € C2(U). (5.11)

Since the set
{3 cumon: n e N fenkis € R mios © ColR) and {61} © C200 )

is dense in Cp(U x R), (5.11) ensures

//¢ #)dpdt = /umd)d“’ Vo € CoU x R),

that is, {1 }ter are t-sections of p, or p = (put)ter.
Moreover, as fg is T-periodic and continuous for each ¢ € C2(U), the
periodicity and continuity of (u¢)er follows.

Step 2. We prove that
t+T
/ / Lop(-,8)dpsds =0, ViteRand ¢ € Clp(U xR).  (5.12)
t u '

Proposition 3.2 then ensures that p = (u¢)wer is a periodically invariant
measure of (1.1).
We claim that

/ / Lod(-, t)dpedt =0, Vo € C2' (U x R). (5.13)
RJU

Fix ¢ € Cg’l(u x R). As p¢ = (u§)er is a periodic probability solution of
(1.3), there holds

/ / Lor 4 (-, H)dpcdt = 0. (5.14)
R JU

Since p¢ converges to p under the weak*-topology as € — 0 and Lg¢ €
C()(Z/f X R), we find

‘//Eogb(-,t)du;dt—//Eocz)(-,t)d,utdt 50 as e 0.
RJU RJU
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/ / L2aB(-+8) — Lod(-, )| dufat < |£,246 — Lolow X 1 (supp(6))
< € ma()é5 \a”@%tﬁ] X pc(supp(¢)) -0 as € —0,
supp
we derive

)//Egm d“tdt_//£0¢(',t)dutdt‘
S/R/u — Loo(- ‘dﬂtdt‘i"//ﬁoqb £)dusdt

—//£0¢(-,t)dutdt‘—>0 as €— 0.
R Ju

Letting € — 0 in (5.14), we conclude (5.13).
Since (p¢)¢er is continuous, Lemma 2.1 and Lemma 2.2 ensure that

/ 6 ) = / 6 5)dpa + / /u Loddprdr,

Vo € C2H(U xR) and ¢ > s. It follows from the T-periodicity of (yu)er that

t+T
/ / Logdprdr =0, VteRand ¢ € C27(U x R).

Since C’ (Z/l x R) is dense in C (Z/l x R), (5.12) follows. This completes
the proof O

Proof of Corollary A. Let U be the unbounded uniform Lyapunov func-
tion and p,, be its essential lower bound. We apply [25, Theorem A] and
[26, Theorem A] to find an €, > 0 such that (1.3) admits a unique periodic
probability solution p¢ = (u§)ier for each € € (0,¢€,). Theorem 4.2 (1) gives

t+T —y [ —L ds
/ psU\ Q) )ds <Te "“rm @HE ™ VYt e Rand € € (0,6,), (5.15)
t

where -
H(p):= rggxa”@iU@U for p € (pm, pur)-
P

Since
sup p(K) < oo
€€(0,€4)
for any compact set K C U xR, we apply [12, Corollary A2.6.V.] to conclude
the existence of a subsequence of {}i}cc(o,,), denoted by {1 }jen, that
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converges to some o-finite Borel measure g on U x R under the weak*-
topology. Here, lim;_, €; = 0. Following the arguments as in the proof of
Theorem A, we conclude that p admits periodic and continuous t-sections
(1t)ter and satisfies (5.12). By Proposition 3.2, p is a periodically invariant
measure of (1.1) if we can show u(U x [0,T]) =T.

The continuity of (4)cr and the Portmanteau theorem lead to

t+T
/ ps(U)ds = p(U x (t,¢+T)) < liminf u& U x (L, t+T)) =T, Vt€R.
t

Jj—00

As

00 1
li —— ds=
61—1)%’)//#”1 GQH(S) s o

we find from (5.15) that for any § > 0, there exists €, > 0 such that

t+T
/ psU\ Q5 )ds <4, VteR and € € (0, €x).
t

This together with the Portmanteau theorem yields

+T T
/ ,us(Qf)m)ds > lim sup/ u?(QZm)ds >T -6, VteR.
t t

Jj—00
It follows from the arbitrariness of 6 > 0 that p(U x [t,t + T]) = T for all
t € R. This completes the proof. O

6. Noisy STABILIZATION/DE—STABILIZATION

This section is devoted to the proof of Theorem B and Theorem C. For
G € Cr(R, WP(U)) with GGT being pointwise positive definite, we define

loc
a’l (z, 1)£'¢? al (z, 1)£'¢7

Ap = inf inf , Ap:= sup sup ,
(@heBeeRN{0}  [§[? (@eBecrigoy &I
VB CC U x R, where (a¥) = 1GGT.

Proof of Theorem B. Let W CC (U x R) \ € be a periodic Borel set.
Arguing as in the proof of Theorem A, we could apply Theorem 5.1 to £
to find a Lyapunov function U of (1.1) in some neighbourhood of £ with
essential upper bound pp; > 0, essential lower bound p,, > 0 and Lyapunov
constant v > 0. Moreover, £ CC §,, and W CC (U x R) \ Q,,,, where
Q, = {(z,t) : U(z,t) < p} for p € (0, prs]. Let p;, i =0,1,2,3 be such that
Pm < po<p1<p2<p3<pyand WCUxXR)\Q,.
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The proof is finished within two steps. In Step 1, we establish estimates
for {u}eso in W for a general G € Cr(R, T/Vlif(l/{)) with A := LGG being
pointwise positive definite, where {y}e~¢ is a family of periodic probability
solutions of (1.3). In Step 2, a special noise matrix G, € Cr(R, T/Vlif(l/{))
is designed according to such estimates to meet the requirements of the
theorem.

As (1.1) is assumed to be dissipative, the global periodic attractor .4

exists.

Step 1. Let G € Cr(R, VVl})f(Z/{)) be such that A := 1GGT is pointwise
positive definite and {u® = (u§)ier}e>0 be a family of periodic probability
solutions of (1.3). Let VY C U x R be an open, connected and periodic
neighbourhood of A, and satisfy Q,,, cC V. Obviously,

PM

we (WAP)U (0 20) U @0\ 900).

We derive estimates for {/i }eo in the domains W\ V, V\Q,, and Q,, \ Q,,.

Since W\ V cC (U x R) \ A, we apply Corollary 5.2 (with & and W
replaced by A and W \ V respectively) to find positive constants C; and €;
such that

t+T ~ -
/ PEW \ Ve)ds < Te @ vt eRand € € (0,¢). (6.1)
t
Corollary 5.1 ensures the existence of an ez > 0 such that
t+T .
/ s (25, \ Q5,)ds < Te 2", VteRandee (0,e), (6.2)
t
where
o 7(po = pm)

9 1= — .
2 maxg a¥ 0;U0;U

It remains to estimate tt+T 1 (Vs \ Q;,)ds. This is done by a delicate

analysis of {u}eso in a neighbourhood of V'\ Q,;, where u is the density of
u€ for each € > 0.

Since V \ ©,, needs not be connected, we denote by {V¥: k =1,..., N}
the connected components of V' \ Q,,. As V\ Q,, is periodic, so is V¥ for
each k € {1,...,N}.

We show that

VPN (Q,\ Q) #0, VE€{l,...,N}. (6.3)
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Fix k € {1,..., N} and some point (x,t) € V*. The connectedness of Y yields
the existence of a continuous curve I' : [0,1] — V connecting (x,t) = I'(0)
and some point I'(1) € ,,. Set

sy :=1inf {s € (0,1) : I'(s) € Qp, }.
Clearly, s. € (0,1), ['([0,s4)) C V¥ and T'(ss) € 9,,. As Q,, CC Q,, and
I" is continuous, there exists some 0 < §, < 1 such that
T(s) € (s \ Qpy) NVF, Vs € (54 — bu, 55).

This proves (6.3). )
_ Let vicu x R be open, connected and periodic, and satisfy V CC
VI Obviously, V \ Q,, cC V'\ Q,. Set €. := min{e1,e2,1}. For each
ke{l,...,N} and 0 < € < €, Harnack’s inequality (see Proposition 2.5)
applied to u® in V' \ Q,, gives

supu® = sup ut® < D,iwﬁ inf ut = D,i\/lﬁ infu, (6.4)

Vk Usepo,r (VEx{t}) Ureper,sm (VEx{t}) VF
where Dy, = D(VF, V'\ Q,,,d,T) and M, = A, )+ e 2N}

(VI\Qp,)’
In which,
d

Ne=1+>_ sup (e49;a7]> + [V']?).
i=1 (VI\Qpy)
It follows from (V\ ©,,) = Ur_, V¥ that

+T N 4T N N N
[ = 3 [ vt < Ssupu| U (v fs})
t k=1 k=1

s€[0,T7

N
<3 DM x infuf x ( U v x {s})‘. (6.5)

k=1 s€[0,7]
Note that (6.2) gives

infu® < inf uc
Vk VEN(Q2p5\ Q)
1 t+T
< [ mokn@, s
Uscpoun[V 0 (23,0 2,)) x {s3]] /2
1

t+T
< JRT AR A
[Usepouzy [0V 01 (23, \ 95,)) x {s}]] /e
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—026_2
S Le ) Ve S (07 6*)7
Uuciour [V 1 (25,1 25,)) x {s)]
which, together with (6.5), yields
Y DY U V8 x {s})]

t+T _ B
[ mmag s Tty
t 5 |Uucon (V5 0 (25,\ 925,)) x {5}]

= C3DMee=C¢* Yt e Rand € € (0,¢,), (6.6)
where D, = max{Dy,k=1,...,N} and
v Usctoury(VE x {s})]
Cs=TY .
i1 Usepoung 102 1@, 92,)) x {s}]]

Step 2. We look for a noise matrix G, € Cp(R; W2 (U)) giving

loc

H+T -
/ ps(Vs \ Q7 )ds < @105 teRand e € (0, €x) (6.7)
t
for some positive constants Cy and Cj, where {/f = (1f)ter fe>o is a family
of periodic probability solutions of (1.3) with (a”) := %G*GI. Consequently,
the estimate (6.7), together with (6.1) and (6.2), yields the desired estimate
t+T o
/ ps(Ws)ds < Cre @ VteRandee (0, €x),
t

where C} := max{T,e“} and Cy := min{C}, Cy, Cs}.
To find such a G,, we take the logarithm on both sides of (6.6) to deduce

T
ln/ ps(Vs \ Q5,)ds <InCs + McIn D, — Coe™?
t

—2
=G 1D (Apng,) + € NAGg,)) = 3 nlffg apiTa);U@jU
<Cy—Cs¢ 2 VteRandec(0,¢),

where
Cy=|InCs| + |In D*|A(91\Qp1)
and

— —|In D, N,k oo = pm)
Cs | i | (VI\Qp,) + 2max§p0 a”aanjU



312 MiIN J1, WEIWEI QI, ZHONGWEI SHEN, AND YINGFEI Y1

In which,

—1—1—2 sup (|0;a" 2 + [V ]?).
1= 1 V Qpl)

Hence, C5 > 0 if and only if

Y(po — pm)
ISZXCL 3 U@ U < m)\ Vl\Qpl)' (68)

As Q,, N(V'\ Q,,) = 0, there must exist a G, € Cp(R, Wlo’f(Z/{)) such

that (6.8) holds with (a¥/) := £G.G, being pointwise positive definite. It
then follows from (6.6) that

t+T
/ PE(Vs\ 25,)ds < €@ Wt e R and € € (0, ).
t

This together with V' \ Q,, C V' \ Q,, leads to (6.7). O

Proof of Theorem C. Let W CC B(€) be a periodic Borel set. Arguing
as in the proof of Theorem A, we could apply Theorem 5.1 to find an anti-
Lyapunov function U of (1.1) in some neighbourhood of £ with essential
upper bound pps > 0, essential lower bound p,, > 0 and anti-Lyapunov
constant v > 0. Moreover, £ CC §2,,, and W CC €,,,, where Q, := {(z,1) :
U(z,t) < p} for p € (0, ppr]. Let p;, i = 0,1,2,3 be such that

pm < po<pr<p2<p3<py and W CQ,.

We break the rest of the proof into two steps. In Step 1, we establish esti-
mates for {u€}eso in W for a general noise matrix G € C’T(]R W, O’f(U)) with
A= %GGT being pointwise positive definite, where {u}c~¢ is a family of
periodic probability solutions of (1.3). Step 2 is devoted to the construction
of a special noise matrix G, € Cp(R,W,"P(U4)) based on estimates estab-

loc
lished in Step 1 to finish the proof.

Step 1. Let G € Cr(R, Wl})f(l/{)) be such that A := 1GG' is pointwise
positive definite, and {u¢ = (uf)ier >0 be a family of periodic probability
solutions of (1.3). Denote by {u}eso the densities of {1 }eso.

For € > 0, we apply Harnack’s inequality (see Proposition 2.5) to u¢ in
Q,, to find

supu® = sup ut < C{Vlﬁ inf ut = C{V[E inf u®,
Q0o Usego,71 (825, x{t}) Userar,am (25, x{t}) Qoo
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where C1 = C1(Qpy, Qp,,d,T) and M = *Aq, + 6—2N6A5i1. In which,

d
Ne=1+> sup(e*|0;a” | + [V'[?).

i—1 o1
It follows that
t+T
[ s <swuc x| U @, x (5D (6.9)
t Lo s€[0,T7]

< O jmfuc ‘ U (@, x {s})‘.
PO 86[07T]

Note that Corollary 5.1 ensures the existence of some €, > 0 such that
t+T o
/ PS5\ Q5 Yds <Te > 7, VteRandee€ (0,6),  (6.10)
t
where

Cy — (p3 = p2) ‘

It follows that

1 T
infu® < inf w< / s (25, \ €2, )ds
B "0\ U (@ \ 23, x {s3]] /o
T 7026_2
< € , Vee (0,e).
Uaeiour (92 \ 25,.) x {s}]
This together with (6.9) yields
t+T B
/ 115 (Qpy)ds < C3CMee=C27" 1 vt € R and € € (0, ¢.), (6.11)
t

where

T|Uuepoiry (@5, * {s))

Cs:= .
Uueioury (9 \ 925,.) x {}]
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Step 2. We show the existence of some G, € Cr(R; I/Vlif(Z/{)) such that
t+T
/ ps(Ws)ds < (03604)605672, Vt € R and € € (0,€,), (6.12)
t

where €, > 0 is fixed, and {p€ := (u§)ter feso is a family of periodic proba-

bility solutions of (1.3) with (a¥) := 1G.G.

Taking the logarithm on both sides of (6.11), we deduce
t+T
ln/ 15 (Qpy)ds <InC3 + M. InCy — Coe ™2
t

=InCs5+1InC; (62AQp1 + 672NE>\§—2;1) —Che2< 0y — C5672,
where Cy = [InC3| + [In C1|Aq, and

7(p3 = p2)
2maxq, \q,,) @/ OUO;U

Cs = —|In 01|N*A§jl +

In which,
d
N, =1+ sup(|9;a’]* + [V*]?).
i=1 {1
Clearly, Cs > 0 if and only if
3 v(p3 — p2)
max aYo;U0;U < ——"—"-~ . 6.13
(@3 \22) 7= 2 Gy [N, (6.13)

Since Q,, N (Qp, \ Qp,) = 0, there exists a G, € Cp(R, V[/l%)f(l/{)) such that
(6.13) holds, where (a¥) := 1G,G, is pointwise positive definite. It follows
from W C Q,, and (6.11) that (6.12) holds. O

7. AN EXAMPLE

In this section, we demonstrate the noisy stabilization/de-stabilization
and applications of concentration estimates of periodic probability solutions
by the following stochastic planar system:

dzy = {a1 [b(t) — (2% + 23)] — z2} dt + eg™ (1, 22, t)AW}
+eg'? (w1, 22, t)dWE,

dao = {2 [b(t) — (3 + 23)] + z1} dt + eg?! (z1, z2, t)dW}!
+eg?? (w1, z2,t)dWE,

where 0 < e < 1, b : R — R is a Lipschitz continuous, positive and T*-
periodic function for some T > 0, G := (¢%) : R? x R — R?*? belongs

(7.1)
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to Cr(R, VVll’p (R2)) for some p > 4, is such that GG is pointwise positive

ocC
definite, and satisfies

|G(x1,22,t)| < C (az% —i—:ng) . Y(z1,20,t) € R xR

for some constant C' > 0, and W' and W? are independent one-dimensional
Wiener processes.

It is not hard to construct an unbounded uniform Lyapunov function for
the system (7.1), and therefore, (7.1) admits a unique periodic probability
solution for each 0 < € < 1 (see the proof Theorem 7.1). To study the
concentration and limit behaviors of these periodic probability solutions as
€ — 0, we need to explore the dynamics of the unperturbed system:

{.I"l =1 [b(t) — (.I‘% + x%)] — X2,

Bo = my [b(t) — (2% + 23)] + 1. (7.2)

It is more convenient to study (7.2) in polar coordinates (x1 = rcosf and
x9 = rsinb):

f:r[b(t)—TQ], r >0,

=1 mod 2.

Lemma 7.1. The following hold.

(1) The equation (7.3a) admits a unique positive T-periodic solution,
denoted by r.(t), that attracts solutions of (7.3a) with positive initial
data.

(2) The system (7.3a)-(7.3b) admits a unique local T-periodic repeller
RPolar = {0} x Sor x R with basin of expansion

B(RP'T) = | ([0,74(1) x Sar x {t}).
teR
(3) The system (7.3a)-(7.3b) admits a unique local T-periodic attractor

el = | J ({r* ()} x Sar x {t})

teR

with basin of attraction B(JP*%) = (0,00) x Sar x R. Moreover,
— (the non-resonance case) if % is irrational, then JP°'T con-
sists of quasi-periodic solutions of (7.3a)-(7.3b) with the same

frequencies; each of them, when identified as an orbit in JZ,ZZOZW,
is dense in JIEOZM, where j%wlar = Uses, {r«()} x Sax);
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— (the resonance case) zf% = for some relatively prime positive

integers m and n, then JP consists of Tsei-periodic solutions
of (7.3a)-(7.3b), where Tsoy = nT = 2mm.

Proof. Note that the system (7.3a)-(7.3b) is decoupled. Obviously, r =
0 is an unstable solution of (7.3a). This together with (7.3b) gives the
unique local T-periodic repeller RP?“*". By the classical comparison principle
and contraction arguments, it is not hard to show that (7.3a) admits a
unique positive T-periodic solution r.(¢) that attracts solutions of (7.3a)
with positive initial data. This together with (7.3b) gives the unique local
T-periodic attractor JP°". Tt is easy to determine the basin of expansion
of RP°la™ and the basin of attraction of JPolar,

It remains to explore the structure of J polar - Note that the dynamics of
(7.3a)-(7.3b) on JP" are equivalent to those of the following system:

(7.4)

=1 modT,
=1 mod 27.

It is well-known that if 2= is an irrational number, then each orbit of (7.4) is
quasi-periodic and dense in Sy X Sor; moreover, these quasi-periodic orbits
have the same frequencies. If % = " is a rational number for some relative
prime positive integers m and n, then each orbit of (7.4) is Tyy-periodic,

where Ty, = n1T = 2mm. This completes the proof. ]
The next result follows readily from Lemma 7.1.

Proposition 7.1. Let r.(t) be the unique positive T-periodic solution of
(7.3a) given in Lemma 7.1. Then, the following hold.
(1) The system (7.2) admits a unique local T-periodic repeller R =
{(0,0)} x R with basin of expansion
B(R) = {(z1,72,t) e Rx Rx R: 22 a2l < r*(t)Q}.
(2) The system (7.2) admits a unique local T-periodic attractor
J ={(z1,22,t) E Rx R x R: a2} + 23 = r.(t)*}

with basin of attraction B(J) = (R?\ {0}) x R. Moreover,

— (the non-resonance case) if % is irrational, then J consists of
quasi-periodic solutions of (7.2) with the same frequencies; each
of them, when identified with an orbit in Jr, is dense in Jr,
where Jr = {($1,$2,t) ERXxRxSr:a?+a23= r*(t)z};
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— (the resonance case) zf% = for some relatively prime positive
integers m and n, then J consists of Tsy-periodic solutions of
(7.2), where Tsop = nT = 2mr.

Now, we turn to the stochastic system (7.1). Denote

b(t) — (23 + 23)] — 29
+x1)"
The Fokker-Planck equation associated to (7.1) reads

xo [b(t) — (23 + 23)
Opu = 628%-(aiju) —0;(Viu), (x,t) € R? xR, (7.5)

V= (Vl, V2)T _ <«T1

where A = (a¥) := 1GGT and 6%- = Ogixj fori,j=1,2.

Theorem 7.1. The following statements hold.

(1) For each 0 < € < 1, the stochastic system (7.5) admits a unique
T-periodic probability solution p¢ = (u§)ier. Moreover, the set of
limit measures of {1 }o<e<1, denoted by M, is nonempty, and each
element in M is a T-periodically invariant measure of (7.2) and is
supported in J .

(2) If, in addition, % is irrational, then M = {u}, where p is the unique
T-periodically invariant measure of (7.2) on R?\{(0,0)} and satisfies
supp(p) = J. In particular, p¢ — p under the weak*-topology as
e — 0.

Proof. (1) For each 0 < ¢ < 1, denote
Leog =0+ a0+ V'

We construct an unbounded uniform Lyapunov function with respect to
{Leato<ex. Define

|z[? 2
U(.’L',t) = 7, V(.'L',t) S R* x R,

where z = (z1,22)" and |z| ;= /27 + 2. Obviously, U is an unbounded
C? compact function. We calculate

LoaU = |z2(b(t) — |z*) + (et +a®2), V(z,t) € R? x R.
Since

4] = % oG] < %C'Q]xrl,
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it is not hard to find positive constants ¢y, C7 and Ry such that for each
€ € (0,¢€p), there holds

LU < —Cilz|*, V|z|> RoandteR.

That is, U is an unbounded uniform Lyapunov function with respect to
{£52A}0<5<<1‘

It follows from Corollary A that for each 0 < € < 1, (7.5) admits a
unique periodic probability solution pu¢ = (u§)icr. Moreover, M # () and
each element in M is a T-periodically invariant measure of (7.2) and is
supported in the global T-periodic attractor of (7.2).

It remains to show that each u € M satisfies supp(u) € J. Fix an
arbitrary p € M and let {¢;}jen C (0, 1) be such that ¢; — 0 as j — oo and
1% — p under the weak*-topology as j — oo. Proposition 2.3 yields that
supp(p) C R U J. Thus, it suffices to prove u(R) = 0.

Since A = (a¥) is pointwise positive definite and [B(R)] is bounded in
R? x S7, there exists some A > 0 such that

a(z, )€€ > Ne?, Y(z,t) € B(R) and € € R%
Set
Dp:={(z,t) e R*xR: |z| < L},
where

L:= rtrélﬂg min {r*(¢),b(t)}.

Obviously, Dy, C B(R). Direct calculations give
Lo Uz, t) =z (b(t) — |2) + E(a" + a?)(z,t) > 262\, V(x,t) € Dy.

That is, U is an anti-Lyapunov function with respect to L.24 in Dy with
essential upper bound %Lz, essential lower bound 0 and anti-Lyapunov con-
stant 2€\.

Recall that €, is the p-sublevel set of U, and QZ is its t-section. Note that
Qo = (0. Hence, for fixed p; € (0, %Lz), we can apply Lemma 4.2 (2) to find
that

t+T t+T
/t (925 ds = / HE(Q5\ 95)ds

t+T
_ P11 _ P11
<P H(s)dS/ (s, \ Q)ds < Te M me
t
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vVt € R and p € (0, p1), where
H(p) := supa”9;U0;U.
09,

It is easy to verify that

1
H(p) < Asup |[VU|*> < 2Ap, Vp €0, §L2],
o0,
where A := supp, |A[. Hence,

t+T
/ pE(25)ds < Te a2 dr 3% wieR,
t

Since p% — p under the weak*-topology as j — oo, the Portmanteau
theorem yields

t+T
u( U (Q;x{s}))gnmmf/ uS (Q3)ds < Te 3 1758 vie R,
sE(t,+T) Jree Je

Letting p — 0 in the above inequality, we conclude p(R) = 0.

(2) If % is irrational, then the system (7.4) is uniquely ergodic. This
leads to the unique ergodicity of the skew product semi-flow generated by
(7.2) on R?\ {(0,0)}. As any element in M, considered as a T-periodically
invariant measure of (7.2), can be identified with an invariant measure of
the skew product semi-flow, we conclude that M is a singleton set, that is,
M = {u}, where p is the unique T-periodically invariant measure of (7.2)
on R?\ {(0,0)}. The fact that supp(u) = J and the convergence of 1 to u
under the weak*-topology as € — 0 follow readily. g

Remark 7.1. Theorem 7.1 (1) asserts that the local T-periodic repeller
R and the local T-periodic attractor J are respectively de-stabilized and
stabilized by any noise described at the beginning of this section.

In the case that % = 7% is a rational number for some relatively prime
positive integers m and n, Lemma 7.1 (3) says that the local T-periodic at-
tractor J consists of Tyy-periodic solutions of (7.2). As a result, the system
(7.2) admits many T-periodically invariant measures who are candidates for
elements in the set of limit measures M given in Theorem 7.1 (1). It remains

an interesting problem to investigate finer structures of M.
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