MATH 216 (Fall 2021)
Introduction to Analysis

Midterm #2 Practice Problems

l.Let @ # D C R, let f: D — R, and let 29 € D. Show that the following are

equivalent:

(1) limg 4, f($) = 00
(ii) for every R € R, there is § > 0 such that f(z) > R for all x € D with
|z — xo| < 4.

Solution: (i) = (ii): Assume that (ii) is wrong. Then there is Ry € R such that,
for every 6 > 0, there is z5 € D with |x5 — xo| < J, but f(xs) < Rp. In particular,
for each n € N, there is x,, € D with |z, — x¢| < % and f(z,) < Ry. This means
that lim,, o0 2, = xo whereas (f(z,))52; is bounded above and therefore cannot

diverge to oo.

(ii) = (i): Let R € R, and (z,)52; be a sequence in D such that =, — xo. Let
d > 0 be as in (ii). Then there is ng € N such that |z, — z¢| < § for all n > npg.
It follows that f(z,) > R for all n > ng, which means that lim,, . f(x,) = co. It

follows that limg_,,, f(z) = oo.

2. Let p and g be polynomials, let v be the degree of p, and let u be the degree of q.
Suppose that ng is such that q(k) # 0 for all k& > ng. Show that the series ) ;2 %
converges if and only if u — v > 2. (Hint: Limit Comparison Test.)

Solution: Let

p(z) = apa” + 2" oz 4 ag
and

q(x) = Bua + Bzt + -+ Pz + fo,
where o, # 0 # 3,. Without loss of generality, suppose that g—: > 0 (otherwise,
multiply p or ¢ by —1).

Let ay := %, and let b, := kip, where p := p — v. Since
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for all values of p, the Limit Comparison Test yields that the series Y o ; aj con-
verges if and only if Y .7, by converges. Since > ;- kip converges for p > 2 and

diverges for p < 1, this completes the proof.



3. Let S ¢ R. Show that

S = {xg € R : for each € > 0, there is x € S with |z — z¢| < €}.

Solution: Set
So :={xo € R : for each € > 0, there is z € S with |z — z¢| < €}.

We show that Sy = S by showing that both Sy € S and S C Sj.

“Sp C 57: Let 29 € So. Then for every n € N, there is z,, € S with |z, — 20| < 1,

so that zo = limy,—seo Tn, € S.

“S C Sy”: Let g € S, and let € > 0. By the definition of S, there is a sequence
(xn)52 such that x,, — xo. It follows that there is n € N such that |z, — zo| < €

for all n > n.. In particular, there is x € S with |z — x| < ¢, i.e., zg € Sp.

4. Determine whether or not the following series diverge, converge, or converge abso-

lutely:

(e.) .
k
_ 1)k 43k —Th413__ S .
(2) ;( ) cosk + k2’

Solution:

(a) For k € N, set

. ink
— (_1)KH3R2—Th+13_ SN
ar = (1) cosk + k?’
so that ]
ax| = | sin k|
|cosk + k2|
For k > 2, we have
1 1

ag| < <
lax] < |cosk + k2| — k2 —1
As Y72, i < 0o, the Comparison Test yields that Y5> | a; converges abso-

lutely.
(b) For v € N, set



so that a, # 0. We have
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By the Limit Ratio Test, this means that > 2, a, converges absolutely.
(c) For n € N, set

n
an, :7'7
n!
so that
n times
—
ap = i = >1
n-(n—1---2-1 nn-1 21

In particular, a, # 0, so that Y 7 a,, diverges.

5. Let (an)s2; be a sequence in R such that liminf, . |a,| = 0, and let (Ry)?2, be
a sequence of non-zero reals. Show that (a,);2; has a subsequence (ay,, )32, such

that >~ | Rian, converges absolutely.

Solution: From liminf, . |a,| = 0 it is immediate that 0 is a cluster point of
(lan|)se ;. For k € N, set

1
Ny := N: |a, —_ 5.
k {HE ‘a‘<’Rk|2k}

By Problem 4 on Assignment #5, we know that N is infinite for all k£ € N.

Choose n1 € Ni. Then, suppose that n; < --- < n, with n; € N; for j =1,...,k
have already been chosen. As Ngy; is infinite, there is ngy1 € Niiq such that
ng < Ngiq-

This way, we obtain a subsequence (an, )72 of (a,)s2, such that |Rian,| < 2% As

ey 2% < 00, the Comparison Test yields that Y ;- Rya,, converges absolutely.
6. Show the following:

(a) if Fy,..., F, C R are closed, then Fy U---U Fy, is closed;
(b) if F C P(R) is such that each F' € F is closed, then ({F : F' € F} is closed.

Solution:



(a)

Let (x,)72, a convergent sequence in Fy U---UFp,. For j =1,...,m, let
Nj 2:{n€N:(En€Fj}.

As N=Nj U---UN,, is infinite, there must be jo € {1,...,m} such that Nj,
is infinite, i.e., there is a subsequence (z,, )7, of (x,)52 contained in Fj,. As
F}, is closed, it follows that

lim x, = lim x,, € Fj, CF1U---UF,.
k—o0

n—00

Therefore, Fy U ---U F,, is closed.

Let (z,)32 be a convergent sequence in ([{F : F' € F}, ie., x, € Fforalln e
N and all F € F. As each F' € F is closed, it is clear that lim,,_,, x, € F for
each F € F, ie., lim, oz, € ({F : F € F}. This means that (\{F : F € F}

is closed.



