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7, EINSTEIN

EQUATIONS




Spacetimanodel in General Relativity is a differential manifold.
Its points represent events. In the vicinity of each point there
exist a domain covered by a local coordinate system. These
coordinate maps are consistent and cover all the manifold.




Gravitational field is described by a mme g,,, on the ST manifold

Basic elements and facts of the Riemanrgeometry:

(1) By a coordinate transformation metat a given poinp can be pui
inthe formg,, P =/ , =diag( -1,1,1,1);

(2) These coordinates can be choosetihaty, g, (p) =0;

(3) A scalar product of two vectors i5,8) = g, A"B"

(4) A partial derivativgy,, can be upgexdl to a coariant derivatived

Its action on a tensor Is againden
(5) Covariant derivative do not commuiéeir commutator is

proportional to the curvature tenso®, B, - B JA , AR,

b m




(6) Parallel transport along a curvetix€(/ ) be a curve and
u”=dx"(/ )/d / be a tangent vector to it. Thé “is paralel
transported "B, A"= 0, A" & A. " 9);

(7) Geodesic line (parle world line) uu”, = 0;

(8) Interval between two close evertsandx ™ dx "is
ds’ = g, dX’'d¥;

(9) Causal structure. Local null conds’ = g_dx’dx =0.




(10) x7(x) is a generator of 1-parametdfes:
dx” /d/ = X"(x);
(11) Symmetry is diffeo preserving theetric. It is

generated by Killing vector fas x, , = O;

(12) Integrals of mtionP, = x 1I”




Einstein-Hilbert action
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In the presence of matter the EinsteiHilbert action must be modified by
adding the matter action which we write in the form

SIF.d <fidx oL ¥F

The variation of theEinsteirHilbert actionis
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Here Ga = R , b.E g a@ Is the Einstein tensor.
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The variation ofthe matter actionover the metric gives the symmetric
tensor of rank two

This tensor ixalled the (metric)stressenergy tensoror energy-momentum
tensor ofthe matter.

Einstein equations

8pG
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The terms on the lefhand side depend only on thepacetimegeometry,

while onthe right-hand side we have the stresenergy tensor of the matter
fields.




8. SPRIERICALY

SYIMMIETTRIC
BLACK [RIOILES




Spherically symmetric ST

A spacetime is called spherically symmetf there exist
coordinates in which its etric takes the form

dS =g dX d® +F d W g =x@) r €3,
dw/=dg sin® ¢ °fAB 61

This metric admits 3 Killing vectors

X = <os f p cot gn ,f

X,=sin fi) eot qos fM, , = M
Prove that the commutators of thesetor fields are of
the form [x, x] g,  x; ;. eis a 30evi-Civita synb ol




Dimensional reduction

S,lg 1 4R, d*x/ ggRF 2#r, 2 212 gL
One may consider ~ In as a new scalaeldfiwhich
together withg,, determines 2D dilatomayity.
Variation of the reduced action givesuadjons

i

e =-(112)g( & %= 28 f L,

x" = e, is a new Killing vector (Birkhoff the@m).




A spherically symmetrigacuumsolution of Einstein equations with a
cosmological constant is determined by one essential constant (nmd$s
and can be written in the form

dr?
ds’ = -gdf 4; o’
2M L

=1
J r 3

Schwarzschild metric

_ dr’ 2
ds’= -gdf +— rFdwv




The radius=2Mis known asthe gravitationalradius or the Schwarzschild
radius. In physical units, after restorinG and c constants, it has the value

2GM

C2

Schwarzschild metric

Iy =

dg= 4 s 9
(;I’:

describes thegravitational field in vacuum, outside a sphericdistribution of
matter. Thismatter may be either static or have radial motion preserving the
sphericalsymmetry. Accordingo Birkhoff'stheorem, the external metric does
not depend onsuch motion In the absence of matter, the metridescribesan
exterior of aspherically symmetristatic black hole. In this casds isthe
radius of its event horizon.




-

singularity
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event horizon —— > \ \ /

null cones

Schematic picture illustrating
a black hole formation.
Timegoes in the vertical
direction. Collapse of the
matter results in the creation
of the event horizon. It is
formed some timebefore

the surface of the collapsing
body crosses the gravitational
radius. Soon afterthe formation the horizon becomes stationary. Future directed
local null cones are shownnside thehorizon these cones are strongly tilted, so that
the motion with the velocity less oequal tothe speed of light brings a particle
closer to the singularity.

<~———  collapsing matter




The null surfaceseparatingthe blackhole exteriorand interior is, in facta
regularsurface of thespacetimemanifold. This can be tested by calculating
curvature invariants.For example, the so calledretschmannvariant for the
Schwarzschild metrics finite at the gravitational radius.
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In the othercoordinate systemshe horizon is perfectly regular. At the center
of the black hole atr =0 the curvature isinfinite. Near thissingularitythe

tidal forcesinfinitely grow. This isa physicakingularity. It cannot be removed
by coordinate transformation.




Schwarzschild metric
in the vicinity of the horizon

Consider the (r)-sector of theSchwarzschild metric

d¢ =| -g df % 2

-

Y]
J= r dg’

In the vicinity of the horizon I =r;1 %) ,y<1

J

& dr y
the proper length distance from the horizon / = = 2[‘
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dg°= -k °dt® d °

k=1 (ZI'S) 1:(4\M ) IS the surface gravity of the black hole.

d° 42 Fdf d 7 dd °

If we consider region, which in the transverse direction has the size much smaller
than [, then this sphere can be approximated by a 2D plane. In such a near
horizon regionthis approximation gives the 4Rindlermetric.




Main facts of the neathorizonphysics:

Many properties of the black hole in the near horizon region directly follow from the
analysis in theRindler

1. For a particle (light ray) falling into a black hole it takeBrate proper time

(afine parameter) to reach the event horizon,;

2. The time t measured by an external observer for the same procesdimstely

large;

3. The redshift factor for the light emitted by an object freefslling into the black
hole as measured by a distant observey, —~ @ i , Wherg is the surface gravity
of the black hole

4.Infinite redshift surface  ( X(Zt) =(0) coincideswith the event horizon

Thespacetimedescribed in the Schwarzschild coordinategyesodesicallyncomplete.
TheRindlerapproach allows one to conclude that beyond the Schwarzschild

horizon there exists a continuation of the geometry. In particular, one can expect that
there must exist regions where the Killing vector beconsmcelike




Rindler space aso « 2de o % @a




Many faces of the
Schwarzschild Black hole

The Schwarzschild metric does not cover a complgbacetime In this sense,
the Schwarzschil@¢oordinates (t; r) are similar to th&indlercoordinates
actingin the R, domain

0
AX

In Schwarzschild geometry one
can use aranalogue of null
Rindlercoordinates

U=(X° -X) v,
V=(X° Y R




Kruskal metric

. ar G 5
In Kruskal coordinates,UVvV = 1 8x 1-
QEI\/I = P ZEI

the Schwarzschild metric reads’ =2 BdU dV +f di?,

3
B = 16M -

Synge (1950)-ronsdal(1959);Kruskal(1960);
Szekere$1960);Novikov(1963,1964)




Instead of the null coordinate$) andV it is possible to introducdaimelike and
spacelikecoordinates

T=(v )2, R (& U2

3
2r¢

d === e'* Y ( .d7? «dR) & g sinf gd?
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wherer is a functionof T and R

The global structure of th&ruskalspacetimeis illustrated in Figure







Carter-Penrose diagram

There is a special modification of thepacetimediagrams, similar tdruskal
one, which makes the global causal structure of theacetime including its
properties at infinity, more profound. Let ugdenote

U = arctarlJ
V = arctarv

Thespacetimediagrams where the infinity is brought to finite coordinate
distance are known a€arterPenrose conformatliagrams

, 2B duUudvVv

ds +2 dw?

~ co2 U cogV




U = arctarlJ
V = arctarv




Einstein-Rosen bridge

The equationU =-V determines athree-dimensionalspacelikeslice of the
Kruskalspacetime Thisslice passes through theifurcation surfaceof the
horizons. It has twdoranches.This subspaces calledthe EinsteirRosen
bridge. Its internal geometry

2
d2=—9"  prgus =wy?

0

1-2M ¢

W =1 M

r=r@ M 2/ 27
diZ=dr® +7(d % sin® dg°)

The geometry of a twalimensionalsection ¢ = (2  thé metriccan be
embeddedin a at three-dimensional space as a revolution surface




dZ=dZ +dF Ro? dfd 72 ridsf
where Z= ?\/ZM(r 2M)

™M

)
a0
=
&=
2
c
@
2]
Q
o
0
£
-
@
=
i




Painleve-Gullstrand metric

The Schwarzschildpacetimecan be represented in mangifferent coordinate
systems, eaclbeing convenient fodifferent applications. In the acoustic
analogue model®f gravity the PainleveGullstrand metric appears naturally. The
Schwarzschildjeometry inthe PainleveGullstrand coordinates is

ds°= -g&? 21 gdtdr| d& r dv°

— I

F= o 90 = i
g(r)

Here the sign €orrespond to the coordinate patch covering the usual

Schwarzschild domain T~ arld,

[—




Eddington-Finkelstein
coordinates

Another useful representation of the Schwarzschild black hole is related to
coordinates associated with the free falling photons. The geodesics of radially
moving photons are described by thequation.

t = const °ﬁcE
g

It is convenient to introduce dortoise coordinate

r*lﬁOE :—ﬁ— = rs+nL Jl
I

g 17

S

And the null coordinate V=1

d& =in® 4 2




Sometimes it iIs convenient to use thetarded time coordinate

dg = 9 o B¢ 2dudr P
(; :

These coordinates are called the outgoiigidingtonFinkelstein coordinates




Charged black holes

If an electrically charged patrticle falls into the Schwarzschild black hole it becomes
charged. To describe such a charged black hole one has to solvEitisein

Maxwell equationsand take into account the stresenergy tensor of the
electromagneticfield. Thespherically symmetric solution of the problem can be
found in a similar way ashe Schwarzschild solution. Is easy to check that for the
spherically symmetric electriield the condition is satisfied so thethe generalized

Birkhoff'stheorem is valid and the metric ief the form

ds’= -gdt g df rFdv’

5 For L =0 this solution
is known as thé&reissner
Nordstromspacetime




The radius of the horizon of the charged black hade r, =M

For the charged black hole the functiorgy(r) hastwo roots

=M °/M? Q2

I isaninneror Cauchy horizon
located inside theblack hole.
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Note that in astrophysical applications the electric charge is usually
negligibly small. This is because the electromagnetic coupling constant is
many orders of magnitude stronger than the gravitational one. For two
electrons the electromagnetic interaction is proportional to

a=¢ejtc 1437 03¢
while for their gravitational attraction

GnE/hc £75 10%

Because of this huge disparity electrically charged black holes in the
interstellar medium will attract charges of the opposite sign and repel

charges of the same sign. Eventually they become almost neutral. The charge
of such a black hole of mass obeys an inequality

QeM o5 192
M e




If there were magnetic monopoles in nature then black holes could acquire a
magnetic chargeThe metric of the magnetically charged black hole coincides
with that of the electrically charged one

ds’= -gdt ¢ df r&+dv’

2M N2 L
=1 — —r?,
97 r r2 3

A =-d Ncos g




Euclidean black hole

In the “physicalspacetimethe signature of the metricig-; + ; +; +.)The
Schwarzschild metrics static and it allows an analytical continuation to the
Euclideamone (+; + ; +; 4 . Thiscontinuation canbe obtained by making the
Wick's rotation { = itE . Thecorresponding spacecalled a Euclidean bladiole,
has interesting mathematical properties angas importantphysical applications.

dr?

The twodimensional part of the Euclidean metric dgé =dJ dté —

Near the Euclideahorizonis has the form dgt° & *dtZ +d °

In a general case this metti@as aconical singularity. This singularity vanisheif
isa periodic coordinate witlthe period

ca. 20
t| D
E k ‘




Euclidean Schwarzschild metric
in the vicinity of the horizon

Consider the (r)-sector of theSchwarzschild metric

ds £ gdf % %

-

BT
J= r dg

In the vicinity of the horizon I =r;1 %) ,y<1

J

S dr y
the proper length distance from the horizon / = n \/7 = 2[‘




dg° = k& °dt* +d °
k=1 (ZI'S) 1=(4\M ) IS the surface gravity of the black hole.

d€° k2 FdE +d 7 £d 2

Regularity atr =0 requirets is periodiatva period 2p/ .
This condition detrmines Hawkg themperatte

— __hc3
Qx - 8pGkg M *




— _ hcd
Qi - 8pGkg M
Why 7 enters the expression for the tenajpare”

We keep In the relations, but pt G =
hnohk o h

Q~E~hw~

/[ 2p 8 I\
We used here thdt Is equal to theqekof the

Euclidean time.




Gibbons-Hawking instanton

This regular four dimensional Euclidean space is called the Euclidean
black hole or theGibbonsHawkinginstanton. The inverse period in Euclidean
time is equal

¥
—1-5
g r

is called the Hawking temperature of the black hole.




Higher Dimensional Spherical
Black Holes

dr? ;
ds" = -gdt +— rzﬁ[d/t/D_2 |
g

(D-2)-dimensional unit sphere

If the matter distribution hasthe property T, ~ g,z  oo&n provethat the

generalized A NJ kh2ofein Qvalid.
Birkhoff's theorem states that any spherically symmetric solution of the
vacuum field equations must be static and asymptotically flat.
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For L =0

dr’
ds’= -gdt —+— r*dig,
g
o5 _8G(%)GOW

> (D-2pC7"

This vacuum spherically symmetric solution is known as the

Tangherlinimetric. It describes higher dimensional spherically
symmetric black hole in an asymptotically flapacetime

The global structure of the completepacetimefor this metricis similar to
the Kruskal4D solution.




Euclidean black holes
in higher dimensions

2
dst = gdt % ¥ g, t.i (020 4

It describes theEuclidean black holevhich is regular at theEuclidean horizon

= D-3
2T

In the case of the Schwarzschi(dnti) de Sitter metric

k:} D 3




Particle and light motion near
Schwarzschild black hole

_ dr? , e
ds"= -gdt +— r&d g1 =
g r




Geodesic equatiomplies
X"+Gx % 0.

Motion is planar.

Using rigid rotation one can put

g, = p2, ,g-0.

g%+ G| & ab g

G, ~ W9, € (ontheplang, #g/2)
Henceg, = 0, andg= /2 is a siibon.




X7), u =t g, 7
=41 Ygt* i¥Hg ¥

EL x7u_ gt

(t) “'m

1 m 2 °
Lt xnu, 3" f

(2=E% -g(L ¥ r?)




(P=E°> U ,z rH,
U=@ +,/r)A Fr?Y

(1- 2)1 +* 2);
¢=L/rg

Maximum and minimum of) conside at a powhere
U,,=2°Q1 -F) 8 Yz, 1#3

rISCO - 3rS :avl :

For acircular orbit with this radius vwaso have

U,=0 Y/=+3; Egeo=U o =V8/9




Types of trajectories

. gravitationalcapture;

. hyperbolic motion §cattering;

. boundedorbits;

. stable circulaorbits;

. unstable circulaorbits

. hear horizon trappednotion;

. marginal outerand innerorbits;




In astrophysical black holes matter falling onto a black hole usually forms an
accretion disk Particles are moving approximately along circul&efplerian orbits.
As a result of loss of energy and angular momentum the radius of their orbits
slowly decreases. They move closer and closer to the black hole. A particle may
loose upto

(1- EYm¢ ©0 057m¢

of its proper restmass energy until it reaches thenermost stable circular orbit
(ISCO). After this, it falls into the black hole.

Thisscenario gives thestimation for the efficiency of a static black hole. Namely
this part of the total energy can be extracted from the accreting matter.




Second images







Additional material

to this section




Types of trajectories
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r- . — Effective potential
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L =L/m










Gravitational capture

For a given | the gravitational capture occurs when E*>U, .Letus
calculatethe capture crosssection

s(v)= (Y

for a particle which has theelocity V at infinity. b a% impactparameter.

E?=p? 47 and the capture thresholdtonditon E°=U,  imply

p=mjU, 1 p=mvyl

v ML S5 = (V)

2770
/ J1- VA
Is 0.1 (V) y

b=




Combining these equations webtain the crosssection

? rF(v)a- v)

s(v) = v

For a nonrelativistic motion v<«1 andU,°1 (©2

o 2 4

Vv

? non rel(v) \/2

For theultrarelativistic motion ~ v- 1, ¢- @, U, °4* 27

2T
2 b}
27

S ultra- reI(V) ° Z Ms




Circular and marginal orbits

Circular motion around a black hole is an important special case of motion of a
particle at constant radius. The point at the minimum of potential corresponds
to stable motion; and that at the maximum, to unstable one. The latter motion
has no analogue in Newtonian theory.

The maximum and minimum appear on tHe¢ curve when?{ > \/é
If ¢<+/3 tblecurveis monotonic.

When (>+/3 tménima of the curvescorrespondto [ > 3rs
Thus, stable circular orbits exismly for ' > 3g

At smaller distances there are only unstable circular orbits corresponding to
the maxima of thepotential.




The critical circular orbit which separates stable trajectories from unstable ones
correspondgo

r =3rg

This orbit is called atnnermost stableor marginally stableorbit
(ISCQ) Particlesmove along it at thevelocity v = C 2

Emin :\ﬁ gl_—ﬁ \FQ 0 943

This is the motion with the maximum possible

DE 1 E_)mé 0057mé

The velocity of motion on (unstable) orbits with¢ 3r¢ grows from ¢/2 to con
the last circular orbitvith I =1 3rg




Light propagation

There is a variety of effects connected with action of the gravitational
field of a black hole on the light propagation in its vicinity:

1. Lightrays are bendedso that images of bright objects are distorted,;
2. Apoint-like source may havenany images

3. Acrosssection of a beam of light rays after its passing near the black
hole may shrunk;

n® . ShHape@saistorted;

5. Visiblebrightness of images depends on their position;

6. Timeof alight signal arrival is delayewhen it passes near the black
hole;

7. Registeredrequency of radiationp emitted by an object moving near
the black hole,s shifted




Multiple images




The turning points for the radial motion can be found from geodesic equations for
null rays. One can show that thieere is a minimum angular momentum parameter

Emin :3\/5 2

corresponding to the turning point at I =3 2!‘5

For (</(_. anull ray propagates from infinity to the horizon. Such a null ray is
captured by the black hole. Thus the capture cresstion for photonss

,
oo [

nall ray has a radial turning point.




