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Abstract The very first computational and most referred in the literature algorithm of Talwani and
Heirtzler (1964) for calculating of the magnetic anomaly caused by two-dimensional irregular shape
subsurface structure has particular fundamental and educational significance in geophysics theory. We
re-derive this algorithm from first principles and discuss previous derivation omissions. Our resulting
solution differs from the original publication. Based on our new solution we present the two-dimensional
forward magnetic modeling software and associated tutorials which are available for download from the
website www.ualberta.ca/~vadim/software.htm. Additionally, we include the computation of the remnant
magnetization which can be found using already published apparent polar wonder paths.

1. Introduction

Talwani and Heirtzler (1964) were first to examine a nonmagnetic space containing a uniformly magnetized
two-dimensional structure approximated by a polygonal prism and to suggest a numerical and
computational technique of the forward modeling. A magnetic anomaly above the magnetized body was
calculated by analytical formulae using summation of the anomalies due to semiinfinite prisms limited on
one side by a segment of the polygon. The derivation of the mathematical expression for the magnetic
anomaly over a two-dimensional body of polygonal cross section was first done in Talwani and Heirtzler
(1962). Certainly, it was not the first approach to the problem; a comprehensive review of algorithms and
approaches previous to 1962 is given in Talwani and Heirtzler (1962). The algorithm was, however, derived
specifically for the computation using digital computers and therefore was the first algorithm of such kind.

Since 1964, for the past more than five decades, forward calculations of magnetic anomalies caused by
two-dimensional (2-D) and three-dimensional (3-D) bodies have progressed significantly. Talwani (1965)
developed a new algorithm to compute a three-dimensional magnetic anomaly for geological bodies of
arbitrary shape. Since, both 2- and 3-D forward problems have been developed in various alternative ways.
A comprehensive overview of the progress and approaches of the 2-D modeling since 1964 is provided in
introductions from Kostrov (2007) and Jeshvaghani and Darijani (2014).

Our initial motivation was to create a Matlab software for educational purposes and for rapid interpretation
of magnetic data. The algorithm of Talwani and Heirtzler (1964) would provide a stable 2-D solution for
variety of geological situations. This algorithm is a very effective for small-scale magnetic surveys, and the
publication is the most cited among all existing magnetic forward modeling methods. The first version of
our software, however, produced some unfitting anomalies in a number of theoretically modeled situations.
Therefore, in this study, we reappraise the derivation that leads us to a different from Talwani and Heirtzler
(1964) solution. Both solutions are compared and discussed below. Further we develop a Matlab p-coded and
executable software that has user-friendly GUL The software is a freeware for research and education
purposes and can be redistributed among users. Any use of the software should refer to this publication.
The software can be downloaded from www.ualberta.ca/vadim/software.htm.

2. Important Concepts

Here we introduce the important concepts and notation used for the derivation:

1. Magnetic susceptibility (X)—dimensionless. An object's magnetic susceptibility is the constant that
indicates how much a material is magnetized in response to the local magnetic field.
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Figure 1. (a) A volume element with dimension dx, dy, dz within an irregu-
lar-shaped body. (b) AFGBA is a semiinfinite prism containing a rod
(KLMNK) that extends to positive infinity. ABCDEA is an arbitrary polygon
defined along the edge of AB. Modified from Talwani (1965).

2. Magnetization (M)—units = A/m. Magnetic fields can align the mag-
netic moments of individual atoms within a material based on that
material's magnetic susceptibility. The net magnetic moment of the
material per unit volume is magnetization.

3. Induced magnetization (M) is the magnetization associated with the
proportion of the material that is aligned with the Earth's magnetic
field according to its current inclination and declination.

4. Induced inclination/declination. Inclination is the angle the Earth's
magnetic field makes with respect with the horizontal. Positive angles
are defined as angles that are directed below the horizon. Declination
is the difference in angle between true north and horizontal projection
of Earth's present-day magnetic field. Values increase in the clockwise
direction (0° for north, 90° for east, etc.).

5. Remnant magnetization (Mg) is any preserved magnetization not
associated with induced magnetization. Often this is magnetization
associated with the formation of the rock/sediment, or may be asso-
ciated with recrystalization events (e.g., metamorphism); it is depen-
dent on the direction of the Earth's magnetic field at the time of its
acquisition.

6. Remnant inclination/declination. Remnant inclination is the angle
the source of the remnant magnetization, makes with respect with
the horizontal. Positive angles are defined as angles that are directed
below the horizon. Remnant declination is the difference in angle
between true north and horizontal projection of Earth's ancient mag-
netic field. Values increase in the clockwise direction (0° for north,
90° for east, etc.).

The values for remnant inclination and declination vary through time and
location but can be estimated if a paleomagnetic pole (paleopole) is
known for the object(s) in question. The paleopole latitude and paleopole
longitude can be converted into inclination (I) and declination (D) using
MagMod and is based on the following formulas:

P = sin™! [sin[lats] sin[lat,| + cos[lat,] cosHlongs—longpm

I = tan~![2 tan[P]]

D = sin™! {SinHlO”gs_longPH

cos|lat,|
cos[P] }

where P is the paleolatitude, lat; is the latitude of the site, lony is the longitude of the site, lat, is the latitude of
the paleopole, and lon,, is the longitude of the paleopole.

7. Total magnetization of the subsurface structure or small element is a superposition of the induced and

remnant magnetizations:

8. A magnetic anomaly is the magnetic field associated with unknown bodies within the subsurface nor-
malized against the local magnetic field (i.e., Earth's magnetic field).

3. Calculating Anomalies

Consider that there exists an elemental volume contained within an irregularly shaped body. This elemental
volume extends from negative to positive infinity in the y direction. Bodies of irregular shapes can be
approximated by a polygon, which can be and reduced to solving semiinfinite two-dimensional polygons
(Talwani & Heirtzler, 1962). Now consider a small-volume element with dimensions dx, dy, and dz
(Figure 1a) located in the geomagnetic field. The total magnetization of the volume is a superposition of both
induced and remnant magnetizations which coexist.
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The magnetic potential, Q, at the origin is given by
_ m-R W
4n R

where m is the magnetic moment of the volume element and R is the distance from the origin (Figure 1a).

Assuming that this volume element contains a uniform intensity of magnetization, J, the magnetic moment
of a body can be represented as

i = T dxdydz 2
The magnetic moment in terms of Cartesian coordinates X, y, z can be written as

J. J J
Q= PEEWEIL gy gz 3)
A7(x2 4+ y* + 22) /2
Using the assumption that the body extends from negative infinity to positive infinity in the y direction and
then integrating equation (3) with respect to y, the magnetic potential has the form

T JTy+17 J J
Q- y xx+ yY+ ZZS/ dy _ ( Xxj ZZZ) dxdz (4)
Seodm(x2 + 32 +22) 27(x? +2%)

The vertical (V) and horizontal (H) components of the magnetic strength can be derived by differentiating
equation (4) with respect to z and x, respectively, and results in the following equations:
00 200z (x*=2%)
9z 2m(x2 + z2)?
00 27z + T (x*—2%)

H=——="r"_""" “’dxdz 6
ox 21(x2 + 22)° ()

©)

Assuming that the body extents to positive infinity in the x direction we can simplify equations (5) and (6) by
integrating from x to positive infinity, which results in

2T xz—J, (x*—z> Jyz—J.
Y e 3 S )
27(x2 + 22) 27 (x* +z%)
o 2J J(x*—22 Jex—J,
o= [P g TR @®)
2wk +72) 27(x% + 22)

Equations (7) and (8) are the components produced by the rod KLMNK in Figure 1b. The resulting integrat-
ing these equations from z; to z,, the magnetic field strength for the prism AFGBA in Figure 1b produces
equations that can be expressed in the simplified form as shown below (see detailed step by step derivation
in the supporting information):

1
V= E(JXQ_JZP) ©

1
H:E(JZQ‘FJXP) (10)
where
r
Q=7!In <rf) =0y ¥, (cta—ar)

.
P=y,7.In (;72) + 672 (ap—a)
1

721

Yz =
2 2
VX5 + 2y
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Figure 2. A is the angle that defines the horizontal projection of magnetic
vector J. B is the angle measured from the geographic north clockwise
toward the horizontal projection of J. C is the angle between geographic
north and the positive x axis. Modified from Talwani (1965).

X21

Yx =
o
X0 T2
1 =\/X3+ 23,1, = /X3 + 73

oy = tan™! <46(Z1 + gxl))

X1 —ng

o, = tan™! <—5(22 * gxz))

X2—87Z>

X=X X
Z—Z1 I

6 =1if x;>gz,

6 =-1if x;<gz;

Note that these equations differ from Talwani and Heirtzler (1962, 1964).

For an arbitrarily shaped polygon a point x;, z; represents a corner of the polygon and a point x; 1, % + 1
to be the next corner of the polygon. Equations (9) and (10) represent the magnetic strength of the rec-
tangular region AFGBA for only one side of the polygon. For a polygon with n sides there are a n num-
ber of prisms of the same form as AFGBA. Calculation for a positive anomaly requires calculation of the
polygon clockwise with reference to the origin as depicted in Figure 2 and summing the contribution of

each side.
a) o +x > b)o +X >
A D A D ‘
\
B C B C
Y
o
C) o +X -
A D
]
]
+z |
| |
B C [ [

Figure 3. Visualization of the order of calculation of the magnetic field for a
square ABCDA. Sides DA and CB provide no contribution as z, - z; = 0.
(a) AB provides a positive contribution in the direction of the line integral
with the horizontal lines shading the area of the semiinfinite prism. (b) CD
provides a negative contribution in the direction of the line integral with
the vertical lines shading the area of the semiinfinite prism. (c) Summation
of the contributions from all sides results in only the magnetic field from
the space enclosed in ABCDA, the area that has both horizontal and vertical
lines cancel out.

To evaluate the total intensity anomaly, T, we need to sum the projection
of H and V along the direction of the total field. This can be done by
manipulating the magnetization vectors associated with total magnetiza-
tion (J) while using the convention shown in Figure 3. In general, total
magnetization is a superposition of induced (J;) and remnant magnetiza-
tion (J,) which are given by

- o~ . o~ . A~
Ji=Ji(cosIcosD n + cosIsinD e+ sinl V) (11)

T, = J(cosl, cosD, 1 + cosl, sinD, € + sinl, ) (12)

where 71 is north, e is east, Vis vertical, I is the induced inclination, D is the
induced declination, I, is the remnant inclination, and D, is the remnant
declination. Using equations (11) and (12) the angle (A) between the
two vectors can be determined as follows:

A = cos™! (ji-j,)
A = cos~!(cosI cosD cosl, cosD, + cosI sinD cosl, sinD, + sinI sinl,)

KRAVCHINSKY ET AL.
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This angle A can be used to calculate the magnitude of the total magnetization (J) as well as its inclination
(A) and declination (B). Using the cosine law the total magnetization J is defined as

J? =T} +J2=2J; J, cosA

To determine the inclination (A) and declination (B) of J we split J; and J, into their horizontal (J;z; and J,,
respectively) and vertical components (J;;- and J,y, respectively). Inclination is then derived as follows:

Jv=Jw +Jw
Jv =J; sinI+J,sinI,
JsinA = J;sinl + J, sinl,
Jisinl + J, sinl,
J
A = sin-! (Ji sinl q;]r sinlr)

SinA =

Similarly, declination is derived as follows:

Jg = JcosA
Ju=Jig +Jm
Jy = J;cosl + J,cosl,
Jyn = Jg cosB
Jy cOSB = JiH/ﬁ + ]rH/ﬁ
Jy cosB = Jig cosD + J g cosD,
Jy cosB = J; cosl cosD + J, cosl, cosD,
J;cosI cosD + J, cosl, cosD,

Ju

_y (JicosI cosD + J cosl, cosDy
B = cos
J cosA

CosB =

The intensity of magnetization of magnetization in the x and z directions in the terms of total magnetization,
J, in terms of A, B, and C, can be defined as

J = J cos(A) cos(C—B)
J, =Jsin(A)

The total intensity anomaly (T) can then be defined as

T = Vsin(A) + H cos(A) cos(C—B) 13)

4. Discussion

Upon a rederivation of the original Talwani and Heirtzler (1964) algorithm we found three explicit differ-
ences and errors in Talwani and Heirtzler's (1964) derivation. The first error began in the definition of x.
Figure 4 demonstrates the resultant difference between the two expressions for a polygon. Continuing deri-
vation of the magnetic fields using Talwani and Heirtzler (1964) definition for x, it was evident that the defi-
nition for 6; and 8, are not equivalent to the angle the corners of the side make with the origin as depicted in
Figure 1a. The final issue found in derivation was the definition of a § term. In Talwani and Heirtzler (1964)
this term was assumed to value 1, indicating that they did not account for the impact of the absolute value in
the derivation.

KRAVCHINSKY ET AL.
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Figure 4. Depiction of a simple polygon shape (top) and (a) the resulting values of cot(¢) in our derivation and (b) in
Talwani and Heirtzler (1964) definition of cot(¢) for each side, respectively. The figure demonstrates that the correct
calculation for cot(¢) has an opposite sign of Talwani and Heirtzler's (1964) definition for this object.

Due to the many different shapes and sizes of polygons the resultant error is not broadly quantifiable but
dependant on shape of the polygon, and inclination/declination of the induced magnetic field. To demon-
strate the potential differences produced by different derivations, we have calculated the induced magnetic
field produced from a diamond with three different inclinations. Figure 5 illustrates the comparison of the
magnetic anomalies computed using the six different algorithms: (i) Talwani and Heirtzler (1964), (ii) our
rederivation using Talwani and Heirtzler's (1964) definition of x and accounting for corrected &, (iii) defini-
tion of xand corrected 6, (iv) definition of x and accounting for the corrected § and 6 term, (v) robust deriva-
tion from first principles, and (vi) Won and Bevis (1987). We find that the results for (i), (v), and (iv) are very
similar. The errors inherent in the original derivation of Talwani and Heirtzler (1964), particularly the defi-
nitions of 6, 6,, and &, by removal compensate for each other to produce results that approximately agree
with the properly derived solution provided by our derivation. However, when the corrections for 6, 6,,
and ¢ are applied independently they produce the same incorrect anomaly, which indicates that these errors
had to be made dependently; otherwise, it would produce incorrect anomalies. We recommend the solution
produced by Talwani and Heirtzler (1964) be avoided, as it cannot be guaranteed to work for all possible
shapes and cases. It is, however, clear that the errors were fundamental and that when corrected the original
algorithm of Talwani and Heirtzler (1964) produced significant differences in the modeled magnetic field
(see supporting information).

KRAVCHINSKY ET AL.
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Figure 5. Comparison of the total magnetic intensity of a diamond at a magnetic inclination of 0°, 45°, and 90° of (i) Talwani and Heirtzler (1964), (ii) our
rederivation using Talwani and Heirtzler's (1964) definition of x and accounting for corrected 6, (iii) definition of x and corrected 6, (iv) definition of x and
accounting for the corrected 6 and 6 term, (v) our robust derivation in this study from first principles, and (vi) Won and Bevis (1987). The magnetization of the
objects is 10 A/m. The original Talwani and Heirtzler (1964) algorithm produces results similar to this study algorithm and Won and Bevis (1987) algorithm in this
example and a few other cases we have tried, although it cannot be guaranteed to work for all possible shapes and cases. The Talwani and Heirtzler (1964) rederived
algorithm with the different corrections applied together and independently produces offset results when calculated to a diamond for different inclinations.

Acknowledgments

We are thankful to K. Bianchi for his
help with derivation confirmation, S.
Alhashwa for his help at the initial
stage of the project, and F. Caratori
Tontini for his in-depth verification of
our derivations and discussion that led
to essential improvement of this
manuscript. The project was funded by
the Natural Sciences and Engineering
Research Council of Canada of V.AK.
(NSERC grant RGPIN-2019-04780).
This study forms part of B.L. M.Sc.
thesis at the University of Alberta.

5. Conclusion

The resulting expressions for the components of the magnetic field (equations (9) and (10)) are not equal to
the expressions derived by Talwani and Heirtzler (1964). The discrepancy between our derivation and
Talwani and Heirtzler (1964) lies in the definition of the variable x, definition of the angles 6; and 6,, and
the dismissal of an absolute value. Talwani and Heirtzler (1964) have erroneous definitions. Detailed reder-
ivation of Talwani and Heirtzler formulas to calculate magnetic anomalies caused by two-dimensional struc-
tures of arbitrary shape is given in the supporting information. The rederived final solution is different from
the original published formulas of Talwani and Heirtzler (1964) and produces incorrect anomalies
(Figure 5); therefore, we strongly recommend to use our derived in this study robust formulas from first prin-
ciples to avoid any fundamental errors in calculating the anomalies.

Software and Data Availability

The free software and example data are available for download from www.ualberta.ca/~vadim/software.
htm. This publication has to be referred with any use of the software.
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Detailed derivation of the formulas to calculate magnetic anomalies caused by

two dimensional structures of arbitrary shape

Consider that there exists an elemental volume contained within an irregularly
shaped body. This elemental volume extends from negative to positive infinity in the
y-direction. Bodies of irregular shapes can be approximated by a polygon, which
can be and reduced to solving semi-infinite two dimensional polygons (Talwani and
Heirtzler, 1964). Now consider a small volume element with dimensions dx, dy,dz

(Fig. 1A) and its properties.

The magnetic potential, (), at the origin is given by:

where m is the magnetic moment of the volume element and R is the distance from

the origin (Fig. 1A).

Assuming that this volume element contains a uniform intensity of magnetization, J,

the magnetic moment of a body can be represented as:
m = Jdxdydz (2)

The magnetic moment in terms of Cartesian coordinates x, y, z, can then be written

as:

J X+J J.z
= XTI E vz 3)
Ar(X°+y +12°)"
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Using the assumption that the body extends from negative infinity to positive
infinity in the y-direction and then integrating equation 3 with respect to y, the

magnetic potential has the form

o0

Jx+J y+J.z
Q:j X - y)zl 223 :(JXX:_JZZZ) dxdz
Ar(x*+y? +2%)% 27(x% + 2%)

(4)

—00

The vertical (V) and horizontal (H) components of the magnetic strength can be
derived by differentiating equation (4) with respect to z and x respectively, and

results in the following equations:

_ 2 52
\Y =—a—Q: 2J,x2 ‘ZJZ(Xz 22 )dxdz (5)
oz 27(X°+12%)

L 0Q 23, xz+],(x*-7%)
OX 2 (x> +2%)°

dxdz (6)

Assuming that the body extents to positive infinity in the x-direction we can simplify

equations (5) and (6) by integrating from x to positive infinity, which results in:

©2J xz—J (x* -1 Jz-Jx
V:L £ 22( 55 )dxdz:—x — (7)
27(X° +2%) 27(X°+2%)
2 52 _
H:I 2 xz+J (X -z )dxdz: J.x-1J,z 8)

x o 2x(x*+12°)? 271 (X?* +2%)

Equations (7) and (8) are the components produced by the rod KLMNK in Fig. 1B.
Integrating these equations from z: to zz, the magnetic field strength for the prism
AFGBA in Fig. 1B can be calculated.

22 J,7-J,X
1 e (9)

1 27(x* +2°%)
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In order to compute this integral, consider taking a point on the side of a polygon

(ABCDEA) that makes up the region of interest (AFGBA). This enables us to find x as

a function of the coordinates of the corners and z.

Z,-2, X—X
Letg=—2—1t="—-1

X,—X, Z-1

(10)

Equation (10) can then be rearranged into,

X=0(z-z)+x (11)

and then inserted into equation (9), which results in the following sets of equations,

\Vi _LJ.ZZ‘]XZ_‘]Z(Q(Z_Zl)—I_Xl) dz

o

2 o) enf o7

1 (22 (J,z-9d,)z-J,(x - 97) dz

) Z 4 (1+ gz)zz + Zg(xl - gzl)z + (Xl - 921)2

We can rewrite this in simpler terms by letting

a=1+g’
b= Zg(xl - gzl)z
c= (Xl - 921)2

which results in,

J

72 Ux B g]z)Z _]z(xl B ng) dz
1 az’?+bz+c



98 These equations can be rewritten in terms of to 2 components,

99
_ 1 (% Ux B g]z)z 1 (# ]z(xl B ng)
=—| —V————dz——| —————dz
2m ), az?+bz+c 2w ), az?+bz+c
100
_ Ux—39J2) 72 Z J.(x1 — gz;) z2 dz
V= > dz —
2T 5 az?+bz+c 2T 1 az?+bz+c
101

102 V=I+1, (12)

103
104  where,
105
I _Ux_gjz)fzz 4 d
1= > z
21 1 Az +bz+c
I = _]Z(xl —9z1) (% dz
2 2m 1 az2+bz+c
106

107  Equation (12) can be integrated using the following integral identities:
108

A=0
109  For
AAC -B%*>0
110
.[AZX—(S(sz—lAIn‘Ax2+BX+C‘— ] B 2tan‘l[\/ZAXJrsz
X"+ bX+ — _
11 AV4AC - B 4AC - B (13)
J dx 3 2 tan-t 2Ax+B
AX*+Bx+C J4AC - B? J4AC - B?

112

113  To use these identities we first check that the criteria are met for equation (12).
114  First by checking that A= 0. For the first criteria, equation (12) defines A=1+g°,
115  which requires that A >0, which implies A#0.

116



117
118

119

120

121

122
123

128
129
130

131

132
133

134
135
136

Checking 4AC — B? > 0 is done as follows:

B= Zg(xl - gzl)
C=x-97

4AC - B2 =4(1+g2)(x, — 9z,)° — (29(x, — 92,))?
4AC - B? =4(1+9%)(x, - 02,)° —49°(x, — 02,))°
4AC -B? = (x, - 9z,)*(4(1+ 9*) - 49?)
4AC-B* = (Xl _921)2(4(1+ gz)_4g2)

4AC - B? = (x, — 92,)*(4(L+ 9> - g?)

4AC —B? =4(x, —gz,)* >0

Since both criteria are met we use the above identities to solve for I; and I>.
124

%(In‘azz2 +bz, + c‘ —~ In‘azl2 +bz, + c‘) 125
J,—9J,

I, = 1
" 2z | b tan‘l( 2az,+b J_ tan‘l( 2az, +b

av4ac —b? v4ac—b’ Jaac —b*2 (14)
where,
az> +bz, +c=(1+9%)zs +29(x, - 92,)z, + (X, — 9z,)°
az> +bz, +c =122 +9°z7 +29x,2, — 29°2,2, + X7 + 9z - 29%,Z,
azs +bz, +c =125 +9° (27 - 22,2, + 27) + 29%,2, — 29X, Z, + X}

2 2 2 2 2
az, +bz,+c=12,+9°(z, - 2,)" +20%x,2, — 20X, Z, + X;

azs +bz, +c =122 +(9(z, - 2,))* + 29%,(z, — 2,) + X}
but, g(z, —z,) = X, — X, which then gives,

az +bz, +C =27 + (X, — X,)* + 2%, (X, = X))+ X' =22 + X5



137
138

139

140
141
142

143

144
145
146

147

148
149
150

151

152
153

154

155

156

157
158

159

Similarly,
az’ +bz +c=27 +x
By inspection of Fig. 1B, the following relationship exists:

> =z +x’=az’ +bz, +¢ (15)
I} =27 +Xx, =az; +bz, +c

By inspection equation 15 is equivalent to its absolute value:

= ‘azl2 +bz, + c‘ = ‘rf‘

2 2 2
ry = ‘az2 +bz, +c‘ = ‘rz ‘
therefore,

2 2 2
In‘az1 +bz, + c‘ = In‘r1 ‘ =Inr;

In‘azf +bz, + c‘ = In‘rj‘ =Inr}
The terms 2az, , +bin equation (14) can be rewritten as follows:

2az, +b=2(g* +1)z, +29(x, — 9Z,)
2az, +b=29%z, + 2z, + 29, —29°z,
2az, +b=29%(z, - 2,) +2z, + 29X,

recall g(z, —z) =X, — X, so that,

2az, +b=29(x, —x) +2z, + 29%, =2(z, + 9%x,)  (16)



160
161
162

163
164

165

166

167
168
169
170
171
172

173
174

175

176
177

similarly,

2az, +b =2(z, + gx,) (17)

The term +/4ac— b? is rewritten as follows:

Vaac—b? =41+ g2)(x, - 02,)° — (29(%, - 92,))’
\/4aC_b2 =\/4(X1_gzl)2(1+92 _gz)
J4ac —b? :2\/(x1—gzl)2

Vdac—b? =2)x, — gz,

Vdac-b® =25(x, — gz, (18)

where,

o0=1if x, >0z
o=-1if x, <9z

Substituting equations (15), (16), (17), and (18) into equation (14), produces:

1(
Il_‘]x_g‘]z 1 . (Inrzz_lnr12) Zg(xl_gzl)
27 | 20+ g?%)

X, = X%

2 1

recall that, g =

=0(2,-2) =% %=X —02 =X, — 02,

which can be substituted into the above equation to produce:

2(z, + 9x,) j

25()(1 - gzl)

201+9°)5(x% —9z,)| tan‘l[ 2(z, + gx,)

25()(1 - gzl)

|




I, = 1. -9, L —~In 2 __ > (tanl(—g(z2 ha gXZ)j— tanl(—g(Zl * gxl)j]
2z _2(1+ 9°) 1+9%) (X, —9z,) (X, —0z,)

I—‘q |l\.7-1

2

J,—qgJ 1 r &N . .
|, ==X z I 20 _ _
1 272. 2(1+gZ) n rl (1+g2)(tan (AZ) tan (Ai))]
178
o(z,+9gx) 5(z, + gx,)
179  where, A =—2—2 gnd A =227
Ai (X1 - gzl) (Xz - gzz)
180
2
J,—gJ 1 I &
1 1 I = X z I _ - - —_ 1
8 ' 27 {2(1+92) n(l’lJ (1+gz)(052 al)} (19)
182

183  where, o, =tan"'(A)and a, =tan"*(A,)  (20)

184

185  Now solving for I,

186

187 I, = _(‘]z(xi - 921))_[ . dz _ 2 tan: 2AX+ B
21 ;az’ +bz+c  \J4AC - B JAAC — B2

188

189  Using equations (14), (16), (17), and (18), as well as the appropriate integral
190  identity we define:

191

s 1=l | )]

193 1, - —(Jz(zlﬂ— 921)):\/4;;\:— = [tanl(% —tan{—%}ﬂ
194 1, = —(Jz(>2<17[ = gzl)): - 5()(12_ ) (tan_l(Az)—tan‘l(A))}



195

196

197

198
199
200

201

202

203

204

205

206
207
208

209

210
211
212
213

2r 5()(1_921)
-J
I, = 272_62‘(0‘2_0‘1)
-J.0
I, = ZZ (az_al) (21)
T

From equation (19) and (21), we can define V as:

V=I+1,
J,—9J,| 1 r J,0
V= J 2In_2 - 592 (az_al) - (az_al)
27 |1+¢g n) 1+g9) 2r
X, — X, :
Recall that ¢ :ﬁ' then by letting X,, =X, —Xand z,, =
27 A
defined as:
X
g 2
221

which produces:

yA r X
Wi '”[—Zj T a)
Z, Xp1 + 2y h X1+ 2y

h

27\ X2 + 25
XZl r-2 5221
—3| i n| |- (e - )
X21 + ZZl X21 + 221

z,—zallows g to be

(22)

Solving for the horizontal component (H) can be done in a similar manner. Starting

with equation (8) we integrate with respect to z to obtain:

10



214 H=— 22720y,

215
216  Recall that we defined X = (z — z,)g + X;, so subbing in this definition yields:

217
; (z—zl)g+x) + 72
219

220  which can then be split into two terms to create equation (23).

221

229 I(J +gJ )Z J'J (Xl ng)d (23)
"~ 2x ) ar? +bz+c 27z az’+bz+c
223
224 This can be written in short form using the following terms:
225
'[(J +9J, )z 226
e "2z azt+hz +c
J, +9J z
I, =— : dz
" 27 J.a22+bz+c
13,04 —9z,)
I —1d
M on I az’ +bz+c
J,+9gJ z
l,, =—% X dz
2" 27 ;[azz+bz+c
227

228 H=1,+1,,
229
230 Using the appropriate identities from (13) we can integrate equation (23). For the

231  first term integration yields:

232

11



233

234
235
236
237

238

239

240

241

242

243
244
245

246

247
248

249
250

251

1
—(In‘azz2 +bz, + c‘ — In‘azf +bz, + c‘)
_J,+0d,| @

Ly (24)
2r | b tan‘l{ 2az, +b j_ tan‘l( 2az, +b j
a+/4ac —b? v4dac —b? yJ4ac —b?

By applying the same transformations used in equations (14) and (19) we can

transform equation (24) into the following expression:

J,+9J 1 r. A
I, =—2 X In| 2 |- - 25
1H or |:1+ gz n( rlj 1+ gz (a, al):| (25)

The 2nd term 1, = I, (% +07,) j 5 dz is a similar to equation (21) except the
; az

27 +hz+c

term that lies outside the integral, thus:

J
(Y :2_X5(a2 -a,) (26)
T

Combining I1n and Izn yields:

27 |1+9° |1 r

J +qJ 1 r J
H=1z 9 { In(—zj—%(az—%)}tzx5(0{2—051)

Recalling that x,, = X, —X and z,, =z, -2z allows g to be defined as in the following

ways:
X, — X
_ "2 1
g=
Z, -1,
X
_ 21
g=
Zy

12



252
253
254

255

256
257
258

259

260
261
262

263

264
265

Using these definitions produces:

27+ X2 + 22
21 21 X I
N X9 25 n

J #m i 2
z 2 2 r
7y VXa t 2y 1 Xo1 + 25

0Ly,

(o, — al)}

A simplified form of expressions (22) and (27) are as follows:

V= 27—7[{\1(7 |n£2j ~5y,(a, - al)j - Jz[n ln(r?j + 6y, (a, - al)ﬂ
H= zy—ﬂ{J(y ln[%j -5y, (a, - al)J + Jx[n |n(:—jj +7,(a, - al)ﬂ

e

where,
v, = Z21
, = —————
2 2
VX531t 23
Ve = X21
= ——
2 2
X531 t 23

T1 = ’X12+le

T, =/X5 + 23

-1 <6(Zl + gx1)>

a, =tan™ | ————

X1 = 9%

6(zy +

a, = tan™( (22 + gxz)

X2 — 923
o0=1if x, > gz
o=-1if x, <gz

13
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266

267
268
269

270

271

272
273
274

275

276
277

278
279
280
281
282
283
284
285
286
287
288
289

In a more simplified form our equations can be reduced to the following:

V=--(3,0-3,P) (28)
27

H=21(1,0+,P) (29)
27

where,

r
Q :yzzlnL_zj_é‘yzyx(aZ _al)

r-l
P=y,7, ln(r—zJ +8yi(a, — )
rl

Note that these equations differ from Talwani and Heirtzler (1962, 1964).

For an arbitrarily shaped polygon a point x;, zi represents a corner of the polygon
and a point xi+1, Zi+1 to be the next nearest corner of the polygon. Equations (28) and
(29) represent the magnetic strength of the rectangular region AFGBA for only one
side of the polygon. For a polygon with n-sides there are a n number of prisms of the
same form as AFGBA. By choosing the proper sign for each prism that comprise the
polygon and summing their contribution of the magnetic field strength at the origin
we can produce the magnetic anomaly for the entire polygon (AFGBA), at that point.
Calculation for a positive anomaly requires calculation of the polygon clockwise
with reference to the origin as depicted in Fig. 3 and summing the contribution of

each side.

14



290
291
292
293
294
295

296

297

298
299
300
301
302

303

304
305
306
307
308

309

310
311
312
313
314

To evaluate the total intensity anomaly, T, we need to sum the projection of H and V
along the direction of the total field. This can be done by manipulating the
magnetization vectors associated with total magnetization (]J) while using the
convention shown in Fig. 2. In general, total magnetization is a superposition of

induced (Ji) or remnant magnetization (J;) which are given by:

—

Ji

J,(cos I cos Dii + cos | sin Dé +sin IV) (30)

—

J, =3 (cosl, cosD,A+cosl, sinD,é+sinl V) (31)

where N = north, é= east, V= vertical, I = induced inclination, D = induced
declination, I = remnant inclination, D; = remnant declination. Using equations (30)

and (31) the angle (A) between the two vectors can be determined as follows:

A =cost 2o
34,

A= cos‘l(ji : 5r)
A =cos™(cos | cos DCosl, cos D, +cos I sin Dcos |, sinD, +sinlsinl )

<y

This angle A can be used to calculate the magnitude of the total magnetization (]) as
well as its inclination (A) and declination (B). Using the cosine law the total

magnetization ] is defined as:

J?=J7+J7-2J.J, cosA

To determine the inclination (A) and declination (B) of ] we split Ji and ]; into their
horizontal (Jix and [, respectively) and vertical components (Jiv and Jw,

respectively). Inclination is then derived as follows:

15



315

316
317

318

319
320
321

322

323
324
325

326
327

Jy=Jdiy+Jy

Jy =J;sinl +J,sinl,

JsinA=J;sinl +J sinl,

J,sinl +J sinl,
J

A—sin‘l(‘]isml +J,sin Irj
J

SinA=

Similarly, declination it derived as follows:

J, =JcosA

Jy=Jn + Iy

J, =J,cosl +J cosl,

J,n=1J,cosB

J,cosB=J,A+J,n
JycosB=1J,,cosD+J,, cosD,
JycosB=J,coslcosD+J,cosl, cosD,
J;coslcosD+J,cosl, cosD,

cosB =
JH
l(Jicosl cosD+J,cosIrcosD,j
B = cos
JcosA

The intensity of magnetization of magnetization in the x and z directions in the

terms of total magnetization, |, in terms of A, B, C can be defined as:

J, = J cos(A)cos(C - B)
J, =Jsin(A)

The total intensity anomaly (T) can then be defined as:

T =V sin(A) + H cos(A) cos(C — B) (32)

16



328
329
330
331
332
333
334
335
336
337
338
339
340

341
342
343
344

345

346
347

348

Detailed derivation of Talwani and Heirtzler formulas to calculate magnetic

anomalies caused by two dimensional structures of arbitrary shape

Rederiving equations (3) and (4) from Talwani and Heirtzler (1964), and equations
(9) and (23) from our derivation for the vertical and horizontal components of the
magnetic intensity. Talwani and Heirtzler (1964) begin their derivation not by

defining x and z as shown in Fig. 3, but defining x as:
X = xq + z, cot(¢p) — zcot(¢) (33)

which means
X = X, + z, cot(¢p) — zcot(¢) (34)
gives

X
cot(¢p) = ~

1~ X2

(35)
27 4

This derivation fails as equation should be -cot(¢)

Using the equations for the Vertical and Horizontal Magnetic field

szfzzudz
VA

) x2 + z2

H=2fZZMdz

2 2
2 X°t Z

Subbing in for x using Equation (33) we obtain

Vo fZZsz — Jo(%1 + 21 cot(9) — zcot(@)) | 36)
z (% + 24 cot(¢p) — zcot(qb)) + 22

by fZZJx(xl + 71 cot(§) — zcot(@)) + Jo7 a7
z (%, + 2 cot(¢p) — zcot(¢)) + 22

17



349
350
351

352

353
354
355

356

357
358
359

360

361

Rearranging gives

Zy 7z

V =20, +J, cot@) | ——dz
z (%1 + 2, cot(¢p) —zcot(¢))” + z2

— 2J,(x1 + z; cot(¢)) fzz & 2 dz
2z (%1 + 21 cot(¢p) —zcot(¢h))” + z2

Zy 7z

H = 20, - Jucot(#) | ——dz
z (%1 + 2, cotcot(¢p) —zcot(¢))” + z2

+ 2/, (1 + 21 cot()) f K dz E—
z (%1 + 2z, cot(P) —zcot(p))” + z2

Setting I1 and I

Zy VA
Il = .f 2 dZ
z; (x1 + 2, cotcot(gp) —zcot(¢))” + z2

%2 dz
Iz = f 2
z1 (x1 + 21 cotcot(gp) —zcot(¢))” + 22

Solving the denominator

(1 + 2z, cot(¢) —zcoi:(qb))2 + 7?2

(1 + cot?(¢))z? + (—2x; cot(p) — 2zycot?(¢))z + (x1 + z; cot($))? + cot?(¢))
A= (1+cot?(¢))

B = —2x; cot(¢p) — 2z,cot?(¢p) = 2cot(P)(x; + z;, cot(P))
C = (x; + z; cot(¢))? + cot?(¢))

18



362

363

364

365

366

367

368

369

370
371
372

Equation I1 becomes

1—]22 R
17, Az ¥Bz+c”

Equation I becomes

Z dz
A
.. Az2+Bz+C
1
Solving Equation Iy

1 (%2 24z+B

Il:ﬂ AZZ+BZ+C

! I B I
243 24°*
Solving I3

22 24z+B
13 = f

Z

11=

) Az2+Bz+C d

Substituting in
u= Az*+Bz+C
du = (24z + B)dz
We get

b= [La
3= |4 u
Solved as

I; = In|u]|

Subbing back in for u

Z3
I; = In|Az? + Bz + C| |Z1

B

24

f zz+Bz+C

I; =1n|Az% + Bz, + C| —In|Az? + Bz, + C|

Solving Az? + Bz, + C

(1+ cot?(¢))zZ + (—2x; cot(p) — 2zycot?(¢))zy + (x; + 2 cot(¢))?

+ zZcot?(¢p) — 2x,z; cot(Pp) — 2 zZcot?(¢)

+ x% + 2x,2, — 2z%cot?(¢)

19



zZ + x?

373
374  Where 12 = zZ + x?
375
376  Solving AzZ + Bz, + C
377
x1 = X3 + (2 — z;) cot(¢)
378

379 (1+ cot?(¢))z2 + (—2x cot(p) — 2zycot?(¢))z, + (x; + 21 cot(¢))?
380
381 Rearranging
(23 + z3cot*())
382 Becomes
r2 = z2 + x2

383  Plugging back into

g

[, = 2ln|—=

3 n "

384  Solving I

385

386  Checking Aisnotequalto 0
A=1+ cot?(¢p) >0

387  Checking that 4AC - B2 >0 for I,

388

4(1+ cot?(9))(x; + zycot(d))? — 4cot?(p) (x; + 24 cot(h))?
(1 + cot?(¢p) — cotz((,z.'>))(x1 + z; cot(@))? = (x; + z,cot($))?> >0
389

390 Completing the square for the denominator

391

2

B
Az? +Bz+C = \/Zz+B+C—7

20



2= B \2 B?
\/_2+—) +C—57
( 2VA 44
B
u= VAz +—
2VA
BZ
2:C__
v 4A
du = VAdz

392  Subbingin u and v gives

1
L=—|——
2 \/qu2+v2

u = vtan(p)
du = vsec?(B) + v? = visec?(p)
I, = ! jdﬁ
2 U\/Z
393
b= —— = B
2 = (‘U\/Z) 2 1
394  Checking
u
= L
0 = tan (v)
395 subbing backin uand v
/\/_z+ \
0 = tan™! 2\2_
5 )
\ C-7

396 Solvingz = z;
24z; + B = 2(1 + cot?($))z;, — 2x; cot(p) — 2z, cot?(p)1 — x; cot(¢h))
397 Solvingz = z,
X1 = Xz + (22 — 21) cot(P)
398 24z, + B = 2(1 + cot?(¢))z, — 2x, cot(¢p) — 2z, cot?(¢h)
399  2(2(z; — x, cot(g))
400

21



401
402

403

404
405
406

407
408
409

410

411
412
413
414
415
416
417
418
419

420

421

Solving the denominator

V4AB — C? = \[4(x; + z, cot())?
2|x; + z; cot(e)]

Using x; = x, + (2, — z;) cot(¢)
2%, + 2, cot()|

which gives

B | 21 — x; cot(¢)
6, = tan™ <|x1 + 2z COt(¢)|> (38)

R ( Z, — X, cot(¢)
|2 + 2z, cot(¢)]

) (39)

Which are not the same as defined in Fig. 1b.
V= 20+ ], cot(d) ]y — 2], (x; + z; cot(¢p))];
H = 2(J; = Jx cot(@)]y + 2/, (x1 + 2z, cot(Pp))1;
Subbing I1 and Iz back into V and H gives

V= 20y +]; cotl(§) ]y — 2],(x; + z; cot(P))],

H = 2(J; = Jx cot(dp)I; + 2], (x1 + z; cot(¢))1;

22
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(41)



V= 2. 4, cot(e)) % N i3 -0 |- 2],(x1 + 24 3cot(qb))B 6, — 6)
1 242 2A2
422
H= 20, J, cot@) | grin [2] - L5 (0, 0y | ¢ AT 0ODE
il 24z 2A2
423
424  Rearranging V and H and subbing in values for A, B, and C
425
X1 + z; cot(¢)
V= 20 [sin® (@) In | 2| + sin(@)cos(@) [ s (6 = 6)]
X1 + z; cot(¢p)
+ Jol-sin(@) cos(@) In | 2| + sin? (@) s (6= 60))
426
X1 + z; cot(¢)
= 20 [~sin(¢) cos(@) In| | + sin® (#) [ s (6, = 61)
) 7 X, + z; cot(¢)
+ Jylsin®(@)n |;| + sin(#)eos(9) [ o (0, — )]
427

428  Comparing to equations (3) and (4) in Talwani and Heirtzler (1964) we get the same

429  answer with the exception of:

430

e

432

433  And 0 from Talwani and Heirtzler (1964) # 6 derived here.
434

435

23



436
437

438
439

440
441
442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457

Rewriting to get Q and P

X1 + z1 cot(¢)
= — |
sin(¢) cos(¢) In |=| + sin? (¢) % % 2, otD)] (6, —6,)
X1 + z; cot(¢p)
= |
sin? (¢) In [=| + sin(¢)cos(¢) %+ 2, cot(d)] 6, —6,)
using Talwani and Heirtzler definition of ¢ gives
Z31X12 T 73 x; + 2z cot(¢)
= 5 7 In|— (62 —61)
z5 +xf, In 221 + xZ, |x1 + z1 cot(¢)]
75 T Z1X12  Xp + 2 cot(g)
z5 + x5, Inp z2 +x2, % + 74 cot(qb)l

This shows dissimilarity with our derivation of the P and Q terms due to the

different definition of the angle 8 and the & term in Talwani and Heirtzler (1964).
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Appendix

Click here to download the open source code on GitHub.
Click here to download the software manual.

Click here to download the software zipped p-code. This code is verified for Matlab 2015-2021.
Click here to go to the software web page.


https://github.com/Kravchins/Magnetic-2D-modelling-in-geophysics
https://sites.ualberta.ca/~vadim/software/MagMod%20V1.01%20User%20Manual.pdf
https://sites.ualberta.ca/~vadim/software/MagModV1.01%2023Oct2020%20pcode.zip
https://sites.ualberta.ca/~vadim/software.htm
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