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The Theory of Magnetotelluric Methods When the Source 
Field Is Considered 

A. T. PRICE 

The l;nil!rrsity, E x e t ~ r ,  Englnnd' 

Abstract. The theory of the relationship between the tangential components of E and H for 
geomagnetic fluctuations over a stratified earth is extended to take account of the distribution of 
the ionospheric inducing field. I t  is shown that Cagniard's simple formulas on which magneto- 
telluric methods are generally based need modification to take account of the dimensions of this 
field. This is so even when the inducing field is much more extensive than the region under con- 
sideration and when the depth of the probe is quite moderate. It  is further shown that, for deep 
probing, magnetotelluric methods can be satisfactorily applied only if an analysis of the field over 
a region having dimensions comparable with those of the inducing field IS first made. The relation 
between these methods and the earlier methods of deterrriining the conductivity distribution from 
analyses of the components of the surface magnetic field is discussed. The evaluation of the ampli- 
tude and phase relations of E and H over the oceans is also discussed, and it is shown that some re- 
sults obtained recently by Fonarev need extending and amending. 

The basic ideas underlying magnetotelluric 
methods of prospecting wcre presented in a 
classic paper by Cagniard [1953], in which he 
investigated thc amplitude and phase relations 
that  hold betueen the horizontal co~rlponents of 
E and H when a uniforrri oscillating elcctromag- 
netic field exists a t  thc surface of a stratified 
earth. He indicated how these relations de~cnded  
on the electrical conductivities of the strata and 
the period of the oscillating field, and he sug- 
gested that new methods of prospecting could 
be based on the measurements of the horizontal 
components of E and H over a range of fre- 
quencies of natural geomagnetic oscillations. 

These methods have bccn developed in recent 
years and applied extensively to geophysical 
explorations of limited areas [Wait, 1954; 
Tikhonm and Shakhsuvarov, 1956; Garland, 1960; 
Cantwell and Madden, 1960; Niblett and Sayn- 
Wittgenstein, 1960; Smith, Provazek, and Bostick, 
19611. They have also been used by Tikhonov 
and others in attempts to infer the distribution 
of conductivity down to depths as great as 950 
km;  some of the results obtained for these great 
depths arc quoted by Migaux, Astier, and Revol 
[1960]. These results do not, however, agree very 
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well with those obtained by spherical harmonic 
analyses of magnetic variations and associated 
studies of curre~its induced in nonuniform 
splierical conductors [Lahiri and Price, 19391. 
I t  is the purpose of the present paper to examine 
the basic theory of magnetotelluric methods more 
closely to see whether an explanation of the 
discordant results is to be found therein. 

One notable feature of magnetotelluric methods 
is that they apparently indicate the conductivity 
distribution with depth from measurcments (over 
a suitable range of frcquencies of the oscillations) 
made a t  one station only, whereas the magnetic 
variations method requires the analysis of the 
magnctic field over the entire earth, or  over a 
suitable portion of i t  if the inducing field is a 
local one. This suggests the desirability of con- 
sidering the influence of the distribution of thc 
source field when using magnetotelluric methods. 

Apart from a short but  important discussion 
by Flrait [1954], little attention appears to have 
been paid to a fundamental assumption on which 
Cagniard's calculations of the amplitude and 
phase relations of E and H are based, namely, 
that the electromagnetic field is uniform over 
any horizontal plane. Wait showed that,  if this 
conditiori is not satisfied, the simple relations 
found by Cagniard are not exact, and he cal- 
culated corrections to those relations in terms of 
second-order space derivatives of the field. He 
concluded that the corrections would be necessary 
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if the horizontal magnetic field changed ap- 
preciably in a distance of 35 km, when the 
period (T) of the oscillations was greater than 
about 10 seconds and the ground conductivity 
(v) of the order of 10-3 mho/m (10-14 emu). 
(The ground conductivity is given in Wait's 
paper as 10-1 mho/m, but this is apparently a 
misprint.) The relevant distance varies as 
d ( T / v ) .  Wait pointed out that,  if the source 
field arises from ionospheric currents flowing a t  
heights of about 100 km, the corrections would 
be important for many of the natural geomag- 
netic oscillations that  might be used in magneto- 
telluric methods. We may note in particular that  
this would be true for the fluctuations often 
observed in the fields of auroral or equatorial jets. 

Cagniard [1953], in a reply to Wait's discussion, 
argued that  'most magnetotelluric perturbations 
are generated by vast systems of ionospheric 
electric currents whose dimensions are on a 
global scale,' and that  consequently his original 
formulas can be applied in  the great generality 
of cases. This conclusion would be fairly reason- 
able if the actual effect of the source field dis- 
tribution were limited to  that  disclosed by Wait's 
discussion, but i t  seems that  Wait himself made 
a simplifying assumption that  causes his cal- 
culated effect to be smaller than the true one in 
certain cases. He assumed that  for the purpose 
of estimating the corrections to Cagniard's for- 
mulas the earth could be treated as a semi- 
infinite conductor of uniform conductivity. We 
find that, if the conductivity is assumed to vary 
with depth from the surface, the dimensions and 
distribution of the inducing field cannot be 
ignored, even when the field is on a global scale 
and the depths being probed are quite moderate. 

We first develop the general theory of magneto- 
telluric methods for any source field and any 
distribution of conductivity with depth. We then 
illustrate the importance of the spatial dimen- 
sions of the source field by considering a simple 
example. 

I t  will be sufficient for the present purpose to  
treat the earth as a semi-infinite conductor 
occupying the half-space z > 0 of Cartesian 
coordinates, z being vertically downward from 
the surface, though for the application of mag- 
netotelluric methods to  deep probing (to depths 

that are a significant fraction of the earth's 
radius) it  will be necessary to develop the corre- 
sponding theory for a sphere. The conductivity 
v is a function of z only, and for simplicity we 
take the permeability p to be unity. We assume 
that a varying magnetic field of arbitrary dis- 
tribution in the region z < 0 induces electric 
currents in the conductor. We must find the 
tangential components of the electric and mag- 
netic fields a t  the surface z = 0. 

The theory of magnetotelluric probing is fre- 
quently expressed in terms of concepts drawn 
from wave propagation theory and transmis=: 
line analogies. For  example, Cayniard's basic 
formulas can be derived by considering plane- 
polarized electromagnetic waves incident nor- 
mally on the surface of the ear th;  the required 
complex ratio E/H is then simply the field 
impedance a t  the  surface. This can be found 
readily by using the  transmission and reflection 
coefficients a t  the  boundaries between the 
different strata. Some caution is needed, how- 
ever, in drawing deductions from the physical 
picture provided by  real wave propagation. An 
arbitrary oscillating magnetic field a t  the  earth's 
surface cannot, in  general, be built up physically 
from plane-polarized waves incident a t  all (real) 
angles a on the surface, though such a field can 
be built up mathematicallg if the angles a can 
take complex values. But then we no longer have 
real waves in the physical sense but only the 
so-called evanescent waves. Physically we are, 
in fact, concerned not with electromagnetic wave 
propagation but with the diffusion of the elec- 
tromagnetic field through the conductor. The 
problem may be treated as one in pure diffusion 
if the displacement current in  the conductor is 
negligible compared with the conduction current. 
This condition is certainly satisfied when the 
geomagnetic oscillations considered have periods 
greater than 1 second, and the oscillations used 
in magnetotelluric methods generally have peri- 
ods much longer than  this. Hence, in developing 
the general theory of magnetotelluric probing i t  
is convenient to  ignore the displacement current 
from the start. 

The field equations (in electromagnetic units) 
for a periodic field, when the displacement 
current is ignored and the permeability is unity, 
are 

curl H = 47ri = 4xu(z)E (1) 

curl E = - iwH ( 2) 
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where all the fielcl vectors c'ontain the same titnr 
factor e i u <  

Taking the curl of ( Z ) ,  we obtain.  

grad d i v  E - V ~ E  = -4aioa(z)E (3)  

I t  follows from (1) tha t  div i is zero, and therefore 

Now thc curreiits induced in the conductor by 
a varying external magnetic field necessarily flow 
parallel to the surface of the conductor. This is 
because the layers of equal conductivity are 
parallel to  the surface [Lahiri and Price, 19391. 
Current flows having a component normal to the 
surface are, of course, possible, but they cannot 
be produced or affected by electromagnetic 
induction from outside the conductor (Price, 
19501. 

I t  follows that  in the conductor 

and thcrcforc, from (4), 

and from (3) 

We shall now show t,hat the solution of the 
general problem, corresponding to  an  inducing 
magnetic field of arbitrary distribution, can be 
built up from elementary solutions of (7) of the 
form 

E = e ' " f Z ( z ) ~ ( x ,  y) (8) 
in which 

in virtue of (5) and (6). Equation 7 then shows 
tha t  

and 

where v is a constant. 

Hcnce the elect,ric field inside tlie co~lductor 
is given by 

where P and Z satisfy (10) and (11). 
From (2) we find tha t  the corresponding mag- 

netic field is given by 

Outside the conductor, whcre a = 0, the 
solution of (11) is of the form 

and, since the tangential components of E are 
continuous a t  the boundary z = 0, the function 
Z(z) of (12) must have the surface value 

The above implies that E,  is zero outside the 
conductor a s  well a s  inside, for if we assume 
that  in the dielectric 

E = e '" '~(z)( l? , ,  F',, F,) 

and there is no space-charge distribution, so that 

d i v  E = 0 

then Z aF,/a~ + Z dFv//dy + F ,  dZ/az = 0. 
But the tangential components of E are con- 
tinuous ctt z = 0, so that  

and therefore F, az/az = 0, whence F ,  = 0. 
This raises the question whether the assumed 

elementary solutions represented by (8) are 
sufficiently general to  permit tlie solution for 
any inducing field to  be found from them (see 
section 3), since such a field may not have E, 
zero. The currents induced in the conductor 
depend, however, only on the varying magnetic 
field, and any magnetic inducing field can always 
be represented by a suitable current system 
flowing in a plane parallel to  z = 0. Such a 
current system would make E. = 0 everywhere; 
wc may conclude tha t  a nonzero value of E, in 
the actual source field would not affect the result. 

If the actual source field has an oscillating 
normal component of E a t  the surface, i t  will 
induce a surface-charge distribution whose field 
will practically extinguish E,  inside the con- 
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ductor and double it outside. This is. not exactly 
true, because oscillating currents having a non- 
zero normal component are required to vary the 
surface charge. These currents, however, are of 
the order of 1/(3.101°) times the magnetically 
induced currents flowing parallel to the surface 
and are therefore negligible. I t  follo~vs from the 
above that  the tangential components of E and 
H at  the surface will be practically unnffected by 
B,, 1vhic.h can therefore be taken as zero without 
loss of generality. It may be noted in passing 
that the tangential component of E is mainly 
determined by the conductivity and will in 
general be much smaller than the tangential 
component of E arising from tlie source alone. 

The magnetic field outside the conductor is 
given by substituting the value of Z from (14) 
irito (13), which can then be reduced to the form 

Hcilcc thc scalar ~ m t e ~ l t i a l  of thc magnetic field 
in thc norlconducting rtsaio~~ z > 0 is 

I! = ( A e - "  + He")tJ(:r, y, v) ( l i )  

in analytic form for several different functions 
u(z); for example, there are solutions in terms of 
Bessel functions when u(z) = k (a  positive con- 
stant), u(z) = kz-2, and ~ ( i )  = ke+az. I n  the 
general case, when u(z) is an arbitrary positive 
real function of z (not necessarily continuous), 
the solution can be obtained to any degree of 
approsinlation by numerical methods. The values 
of E and H a t  a11 points c2an tht,n be found in 
terms of the inducing fiel(1 rcll~rrsented by the 
first term of (17). 

I t  will be noted that  the solutioil for this 
particular inducing firld (corresponding to any 
one value of v) makes E .H = 0 ;  that  is, the 
field vectors are orthogonal. This is one of the 
ncccssary conditions for the application of 
Cagniardls method in its original form. I t  has, 
Ilonevcr, already been pointcd out by Wai t  [I9541 
that ,  for a n  arbitrary inducing ficld, this condi- 
tion is not in general satisfied. This point is 
considered further in a later section. 

The amplitude and phase relations between 
the tangential componcnts of E and H a t  the 
surface, which form the basis of the magneto- 
telluric methods, arc fount1 from thc con~l~lex 
ratios L:,/II, or h',///,, ant1 from (12) ant1 (13) 
we find that  

If v is now taken as  real and positive, the tern1 
involving d e c V z  in (IT) corresponds to  a source 
in thr  rcgion z < h < 0 and thereforc represents 
an inducing field, whereas the tcrm involving 
Be p z  represents the field of thc induced currents. 

Eilice the tangential components of H art. 
co~itinuous a t  z = 0, we have from (13), (16), 
and (1s) 

The other boundary condition for H a t  r = 0, 
namely, t,hc corlt,inuity of the normal com- 
ponents of H, is alrrady satisficd in virtue of (15). 

Since the ficld originates from a varying 
magnetic source in t,llc rclgio~i z < h < 0, all thc 
fic,ld v c c t ~ ~ r s  must t,tlnd to zero as z tcmds to 
infinity. Hence the appropriate solution of equa- 
tion 11 for Z(z) is the one that  satisfies thc 
condition 

Solutions of (11) satisfying (20) can be found 

Since Z(z) depends on thc parameter v through 
equations 11, it  is evidcrit that the ratio P,/H, 
also depencls on v. The recil~rocal of this pararn- 
eter is a Incasure of the horizontal scale of the 
source field, represented by the term d e - u z  
P ( z ,  y, v) in cxl)rc~ssion l i  for the potential (2 
of the magnetic field outsitlc the conductor. X 
simple esarnple is . - l e  p z  cos vr, corresponding t o  
a field huving a ivavelength 27r/v in the x 
tlireetion. The case trcated by Cagniard is 
ubtuincd t)y taking v = 0, P = 1. This corre- 
s1)onds t,o a uniform oscillating ficld parallel to  
the surface of the conductor. Actually, t8he 
problem of fillding the intiuccd field (and the 
corresponding induced currents) beconics indc- 
terminate if the inducing fit,ltl is of this simple 
fornl, but if the total ficltl (intiucing 111~s induced) 
is assumed to have tllis for111 3 det,errninate 
problern results and, for u uniform conductor, 
gives the well-known formul:~ for the 'skin effect' 
as ~vcll as the result auotrd t)v Ca~rniard for 
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l?,/H,. The result can be regarded as giving the 
approximate value of ICJII, ovcr a limited region 
of the s ~ ~ r f a c r ,  of linc3ar dimensions I,, nh r r r  
Jjv/2.ir is small, and the vertical component of 
the total field is ncarly zero ovcr this region. 
I t  is important to notice that,  without further 
information about the firld outside this region, 
i t  is not possible to separate the induced and 
inducing fields. In any actual physical situation 
the induced currents will flu\\ in closed horizontal 
loops and will be d'tcrmin~d by  the rlcctro- 
motive forces generated by the changing ucrtiral 
co~nponent of the inducing firld. Tf this were 
zcro everywhere, no currents wo111d bc, intlucrd. 

It is sometimrs argued that, if the surface 
vectors E, and H ,  are practically uniforrn o\.pr 
t h ~  limited arcs of the earth's surface being 
investigated, their amplitude ratio and phase 
difference depend only on the conductivity of 
the earth strata, and it is therefore unnecessary 
to know the nature of the inducing field over a 
wider area in order to determine the conduc- 
tivity distribution. The argument is based on the 
fact that E, depends on the surface values of 
the current density and conductivity, tvhile H, 
is a measure of the integrated current density 
throughout the entire depth of the conductor, 
being given by 

[Cagniard, 1953, p. 6081, from which i t  has been 
assumed that H, is due solely to  the currents in  
the conductor. But this assumption is unjustified, 
because Cagnisrd's derivation of the above PX- 
prrssion for 11, drpencls on taking the field to  be 
strirtly uniform ovrr the entire horizontal sur- 
face, and this in turn implies that  the intlucing 
field is similarly uniform. Such a ficld a111 not 
decrease as z increases to infinity but will remain 
constant. Hence, although the total H, tends to 
zero as z tcnds to  infinity, it dovs so becausc thc 
induced field 1)ccomcs equal and ol>,)osite to  the 
inducing field. IIcnce the- H ,  in Cagniarcl's 
forrnula contains an (unknou n) contr ihut io~~ 
from the inducing field. Of course, in any real 
situation the inducing field ail1 tend to zero as 
z tends to infinity, but  then the field will not be 
strictly uniform and ail1 contain a vert~cal com- 
ponent. No matter how small this component is, 
it will render Cagniard's rxprt,qsion for [I, ,  
invalld. 

3. THE GENERAL IXUUCING FIICI,D 
The cquations of the last section give the 

solution for the particular case whcn the poten- 
tial of the source field has the form d e  - p a  P ( x ,  
y ,  v ) .  The general solution corresponding to an 
arbitrary sourc,e field can be derived by sum- 
mation from this, bccause the potential of any 
such field can always bc cxprcssed as a sum (or 
i~itegral) of terms of this type, summation of the 
solutions being permissible hc,cause all the equa- 
tions arc lincar. For r,rample, the field of a line 
current of intcnsity Je"', flowing parallel to thc 
surfncc of the conductor along z = -h, x = 0 
can be written 

v ( r i h )  dv f1, = - 2Je ' " '  sin VL. -- 
V 

corresponding to a summation of terrns of the 
above form in which P ( x ,  IJ, v )  = sin vx and 
A = -2Je vh  d v / v .  

In the general cast it is convenient to express 
equation 10 in polar coordinates in the form 

of which elementary solutions are J , ( v T )  cos 
(s 0 + 0,  where s is any integer. Any arbitrary 
function Q,, given ovcr the plane of (r, O), can 
then be csprcssed in terms of these functions by 
means of Fourier's theorem and the Fouricr- 
Uessel integral. 

Whrre the intlucing field in~olvcs only a single 
value of v, it has becn seen that the horizontal 
coml)o~ients of E and H ari. orthogonal. This is 
not, however, true in grneral whrn :L rangc of 
values of v is involved, though it can be true 
in special cases such as that of the straight line 
current represented by ( 2 2 ) .  If the conductivity 
of the earth is isotropic, thc angle bctwren E 
and H is dctc~rnlined by the inducing fic~ld. 
Deviations from ~~rrpendicularity of thcs E :~nd 
H vcctors that  are found in practica.l a lq) l i r~ t io~is  
of the method havc usually bee11 attributed t o  
anisotropic conductivity of the ground, but thcy 
could also arise from the nature of thc distribu- 
tions of the inducing field. Consider, for example, 
the field whose potcntial is 

a, = (A,e-"'  cos v , x  

+ .12e-"" cos V , ~ ) P '  (24) 
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The induced field will then have a potential 

where B1 and Bp are obtained from the equations 
of the previous section. The horizontal com- 
ponents of H a t  z = 0 are therefore 

Hz = v,(Al + Bl) sin vlx 
(26) 

H ,  = v2(A2 + B2) sin v2y 

and the corresponding horizontal components of 
E are 

E, = w (  A2 - B2) sin v,y 
(27) 

Ev = -w(Al - BI) sin v,x 

Hence 

and therefore the horizontal components of E 
and H are perpendicular if (1) vl or vp is zero, 
(2) vlx or vzy is a multiple of 1, or (3) vl = v2 

(because then B2/A2 = BJAI). 
This suggests that apart from (1) when the 

source field is unidirectional, or (2) when the 
point (x, y) has a special position in relation to 
the source field, the field vectors will approach 
perpendicularity if the band width of v for the 
inducing field is small. This is probably true for 
many world-wide geomagnetic fluctuations hav- 
ing a definite time period 2r/w. Even when it is 
not, as for a jet current, represented approxi- 
mately by (22), the vectors may be perpendicular 
for other reasons already noted. 

Values of v for geomagnetic fields. I t  has 
already been pointed out that the general equa- 
tions obtained above reduce to Cagniard's 
equations when v = 0, and that 2 d v  may be 
taken as a measure of the linear dimensions of 
the source field. Cagniard has argued that, since 
the geomagnetic fields are generally world-wide 
in character, their spatial variations can be 
ignored for local geophysical prospecting; this is 
equivalent to taking v = 0. On the face of it 
this would seem reasonable, but calculations 
show that the dimensions of the source field may 
be quite important in certain circumstances. 
To obtain an estimate of the least value of v 
that can occur, we may equate 2 4 v  to the 
circumference of the earth, which would corre- 

spond to the wavelength of a field represented in 
polar coordinates by a spherical harmonic of the 
first order; this gives v = 1.57 X 10-0 cm-I. 
The fields of most geomagnetic fluctuations 
would contain spherical harmonics of an order 
somewhat higher than the first, and v = 10-8 
cm-I would probably be a good representative 
value for many such fields. 

For more local fields, like the field of an 
ionospheric jet current, the relevant values of v 
are larger. The greatest value of v likely to be of 
importance may be found by equating the wave- 
length 2 4 v  to, say, 4 times the height (about 
100 km) of the ionospheric currei~ts; this gives a 
maximum for v of about 1.57 X 10-7 cm-I. 
For example, in the expression 22 for the poten- 
tial of the field of a straight jet current a t  
E = -h, although all values of v from 0 to 
infinity occur in the integration, the magnitude 
of the integrand drops off sharply when v in- 
creases beyond d ( 2 h )  because of the factor 
e-*h/v. Hence the important values of v are 
those less than d ( 2 h ) .  We may conclude that 
the values of v of interest in magnetotelluric 
investigations will generally lie somewhere in the 
range 1.57 X lo-' cm-1 to 1.57 X lo-' cm-1. 

We shall now show that for certain distribu- 
tions of ground conductivity the quantity E,/H, 
used in magnetotelluric methods will be con- 
siderably affected by the value of v assumed for 
the inducing field and may be very different 
from that obtained when v is assumed zero. 

A simple illustrative case is that in which the 
conductivity has a constant value u down to a 
certain depth D and is zero below this depth. 
This will represent very roughly a common 
actual situation, since i t  is probable that the 
conductivity of the earth a t  a depth of a few 
kilometers is much smaller than a t  the surface 
(though a t  considerably greater depths it may 
rise again, owing to increase of temperature). 

For this simple case the function Z(z) of 
equation 11 in the region 0 > z > D is easily 
found to be 

where a and b are constants and 
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and therefore !&%en v = 0, (39) reduces to 

wherc a? = 4 x u w .  In the rcgion z < 0, Z is wherc 

given by (14); and in the region z > D, Z is of 0, = (1 f i) * m u )  
the form 

(4 1) 

, rions The field vectors E, H in cach of the threv rc b' 

can then be writttn from (12) and (13). 
The tangential components of E and all the 

components of H are continuous a t  each of the 
boundaries z = 0 and z = D. These boundary 
conditions lvad to  thc r~lat ions 

If the inducing field were known, U would be 
known, and the above four equations would 
determine the other coefficients 63, e a, and b in 
terms of R ;  the total field could then be evaluated 
everywhere. 

For our purpose we need only the ratio h',/H,. 
From equations 21, 33, and 35 we have 

Eliminating a, m, and C? from equations 33 to  
36 we find 

The modulus and argument of the colnplex 
quantity E,/H, given by this expression are 
equal to the amplitude ratio and phase difference 
of E, and H,. In  the expression, v and D are real 
but 0 is the complex function given by (31). 
In  considering the dependence of the ratio 
Ez/H, on v, i t  should be noted that,  apart from 
v appearing explicitly on the right-hand side of 
(39), the quantity 0 also depends on v. 

which is equivalent to result 44 given by Cagniard 
[1953]. For D Oo small, the right-hand side of (40) 
reduces to 1/ 0 , 2  D approximately, so that  

showing that  E,/Il, is thcn practically inde- 
pendent of the period T = 27r /w.  

Cagniard obtains a corresponding result, his 
equations 45, in the form 

Here 0 is the phase difference, and PI the depth 
of penetration given by 

IIe does not point out, however, that T dis- 
appears from the formula. 

When D is infinite, that  is, for a semi-infinite 
conductor, equation 39 reduces t o  

Thus the dependence on v is now only through 
the quantity 0. For small values of v we have, 
approximately, 

Wait 119541 has ol~taincd the correction to 
CagniardJs formula in this case by a quite 
different method. He finds 

and a similar equation for E,, where, on taking 
p = 1, ignoring displacement currents, and 
using t.rnu, 
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Wait actually writes y = iupw - ~pw2 and 
q = iwply, but  in the first equation y should 
read y2, and the term epw2 is negligible; the 
factor 4a is accounted for by the different units 
used. I t  may be noted that,  since there are no 
vertical currents, we have 

so that  (45) may be reduced to the more sym- 
metrical form 

To compare this with (44), we note that  using 
(13) and (29) n e  can express 11, a t  the surface 
in the form 

Substituting this value in (48) and using ( l o ) ,  
it is easily seen that  Wait's formula 48 reduces 
to  (44). I t  should be emphasized, hon-ever, that  
this formula is based on the assumption that  the 
conductivity has the same constant value a t  all 
depths extending to infinity. In the expression 
39 for a different distribution of conductivity, 
Wait's correction effectivrly takes account only 
of the factor 0 in the denominator. I t  will now 
be shown that  the correction introduced by the 
other factors in this espression H-ill sometimes be 
of greater importance. 

For numerical illust'ration, calculatioils have 
been 111ade of the modulus and argument of the 
expression on the right of (39) for a range of 
values of v from 0 to  cm-l, aild for a range 
of depths D from 0 to 108 ern. The conduct'ivity 
cr has been taken as 10-l4 emu, and the period 
T (=2a/w) as 100 seconds. Since u and T enter 
into the expression only as the ratio u /T ,  it 
fo1lon.s that  the ralues calculated for E,/iwll, 
will be unaltered if u and T are altered hy the 
same factor; for cra~nl~le?, the calculations will 
apply equally rvell to u = 10-l3 elnu, T = lo3 
seconds. We also note from (39) that  the qunn- 
t i ty  0E,/iwH, is nondimensional, and its value 
will be unchanged if d ( u / T )  and v are changed 
by a factor k while D is changed by t h ~  factor l/k. 
The calculations are thereforc, c\:~sily c~xtc,ntlcd to  
other valuc>s of t h t  l~nm~nctc~rs .  

The rcsults arcx shown in Figurcys 1 ,  2, and 3. 
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Fig. I .  Variation of amplitude ratio E / w H  with 

change of dimensions of irlducing field, for a con- 
ducting stratum of thickness D overlying a stratum 
of high resistivity. c/2' - uw/2rr = 10-lR emu/sec 
= l(r5 in mks units. 

In  Figure 1 the value of mod (E,/iwH,) is 
plotted against u for various thicknesses D of 
the conductor. The   rave length (2a /v )  of the 
inducing field is shown a t  the top of the figure, 
and the corresponding order of the spherical 
harmonic for a ficld I-arying in thc same degree 
over the earth's surface, bu t  expressed in spheri- 
cal harmonics, is shown at the bottom. I t  will 
be seen that  for moderatr: values of D there is a 
considerable change in tlic value of the modulus 
as v ranges over the valucs from 1.57 X 
em-' to 1.57 X 10-7 cm-l, whirh are those we 
expect to find in thc ficlds of natural geomag- 
net'ic fluctuations. The valucs of mod (E,/iwH,) 
for different I-alucs of D n hcn u is assumed zero, 
as in Cagniard's calculations, nould be obtained 
by continuing the curvi3s to  infinity on the left 
of the diagram. (Note that  the scales for both v 
and mod (E,/iotl,,) arc logarithmic. Each cur\ e 
will levcl off a t  some value, of mod (E,/iwH,) as 
u is tlecrcasrd and \\ill t11r.n rc,main practically 
conatant for smallrr values of v. 

Wait's corrected value corresponds to the 
curve labeled D -= m, arid his correctioil becomes 
important only when v increases beyond lo-'; 
that  is, the ~va\relength 2a /v  is ICSS than 628 km. 
This agrecs \vith \Trait's o\vn cstiinate if we takct 
into account thc diffrrent vn1~1c.s wr have assumed 
for u : ~ n d  T .  I t  is i,lc.ar from the figure that,  for 
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T H I C K N E S S  OF CONDUCTOR I N  KILOMETCRS 

Fig 2. Variation of amplitude ratio E/wW with thickness D of conducting stratum f o ~  
different values of r ,  which determines the scale of the  inducing field. 

geomagnetic fluctuations having a period of 100 
seconds and originating from ficl[ls of large 
dimensions corresponding to wavelengths 27r/v 
ranging from 40,000 kin to, say, 1000 km, Wait's 
correction would not bc important. 

If, however, the actual distribution of con- 
ductivity is represented more closely by the 
curve D = 10 km, tha t  is, if the conductivity 
decreases sharply with depth a t  about 10 km, 
to  such a n  extent that  we can neglect i t  below 
this depth, then the graph shons tha t  mod 
(E,/ iwH,) depends very markedly on the value 

of v, and a correction to Cagninrd's formula 
\\ ould be nrccssary n hcn consid(,ring all geomag- 
nctic fluctuations, including those having a 
global distribution. 

Another way of loohing nt the rcsults is to  
plot the values of mod (E,/oII ,)  against D for 
different lalucs of v. This is clone in Figure 2,  
both scales b h g  again logarithmic. The results 
obtained by Cagniard now correspond to the 
curve v = 0, and this curlc  would be used to 
rstimate the thickness of the conducting layer 
from a knowledge of mod (E , /wl i , )  found from 

THlCI(NESS O F  CONDUCTOR IN KILOMETERS 

Fig. 3. Variation of phase difference E - H with thickness D of contluc,ting strntum for . 
different values of r .  
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measurcmerlts of E, and El,. For esample, if mod 
(E,/wH,) were found to be 5.107, using emu, the 
thickness would be estimated as  about 25 km. 
But  this estimate would be in serious error if the 
source field were such tha t  v = 2.10-8 cm-1. 
I n  this case the thickness could not be greater 
than 4 km, but  might have any value less than 
this, because the value of mod (E,/wN,) would 
nuw be due almost entirely to the inducing field. 

The phase difference, given by arg (E,/II,), 
is plotted against 13 for various values of v in 
Figure 3. The importance of the linear dimen- 
sions of the field source, represented by the 
reciprocal of the parameter v, is again very 
obvious. Only when D is greater than 300 km is 
the influence of v much reduced. I n  this case the 
phase difference is always greater than 45", but  
may still vary from 45" to  75" for valucs of v 
well within the range appropriate to natural 
geomagnetic fluctuations (see section 3). For 
smaller values of D, for example, D = 20 km, 
the phase difference varies from near 0" to 
about 85'. 

Although the above calculations have been 
made only for a n  especially simple distribution 
of conductivity, they are sufficient to show that  
the dimcnsions of thc source firld will sumctimes 
have a n  important influence on both the ampli- 
tude ratio and the phase difference found 
between the horizontal com~onents  of E and H 
in magnetotelluric prospecting. This is so even 
when the source field has a global distribution 
and when only moderate depths within the earth 
are involved. The  corrections to Cagniard's 
formulas to take account of this may in certain 
cases be considerably greater than those cal- 
culated from Wait's formula. 

I t  is perhaps worth noting that ,  if both the 
amplitude ratio and the phase difference of E 
and H are known for a given w, the value of D 
for the model considered above would be uniquely 
determined; for example, if mod (E/wH) were 
5.107 and arg (E/H) were 60°, D would be about 
13 km. This suggests the possibility that,  for 
a general model with u a n  unknown function of 
z, a knowledge of both the amplitude ratios and 
the phase differences for a whole range of valucs 
of w might be sufficient to  determine both v and 
a(%). I n  this way a n  extension of Cagniard's 
theory could be made, with a corresponding 
useful development of magnctotelluric methods. 
It would, however, be necessary to consider the 
practical limitations imposed by the assumption 

t'liat the grountl c.onductivit,y is uniform and 
isotropic over any horizontal plane. 

The above figures \\-ill also represent the values 
of mod (wE,/H,) and arg (E,/H,) found a t  the 
surface of a sca of depth D, if suitable changes 
are made in the values of the parameters and  if 
the bottom conductivity can be ignored (or 
allowed for approximately by taking a n  effective 
D somewhat greater than the true value). T o  
obtain a value of u corresponding to the con- 
ductivity of sea water (about 3.10-l1 emu) the 
original u must be multiplied by a factor 3000. 
If the period T is kept the same a t  100 seconds, 
a is increased by a factor d(3000) = 55 approxi- 
mately. Hence if v is multiplied by 55 and D 
divided by 55, the curves of the diagrams will 
give the value of 55 mod (E,/wH,). The curve 
labeled D = 10 km in Figure 1 will correspond 
to a sea of depth rather less than 200 meters, 
and the figure therefore shows tha t  for seas 
deeper than about 200 meters the value of mod 
(E,/H,) is scarcely affected by the dimensions of 
the sourcc field unless v is greater than about 
3 X X 55 = I .65 X 10-7, tha t  is, unless the 
field is of a decidedly local character. 

For slower gcomagnetic fluctuations, corre- 
sponding to larger values of T, the dimensions of 
the source field become more important. Thus  
for T = 86,400 seconds (1 day) and the same 
value 3 X 10-11 emu for a ,  the values of v and 
of mod (E,/wH,) in the diagrams must each be 
multiplied by d(30/864) = 0.19 approximately, 
and D multiplied by 5.26. Since the average 
depth of the oceans is near 5 km, the curve 
labeled D = 1 km in Figure 1, which now 
corresponds to an ocean of depth 5.26 km, would 
be fairly representative of the results obtained 
a t  sea for daily oscillations of the source field. 
This shows that the amplitude ratio of E, to  H ,  
and their phase difference would now be largely 
dependent on v throughout the whole range of 
possible values of v. In  fact, i t  appears that  the 
ratio will be almost entirely determined by the 
source field, and practically independent of the 
induced field. I t  therefore appears that  the cal- 
culations made by Fonarev [I9611 of mod (E/H) 
and arg ( E / H )  over a n  ocean of depth 5 km for 
geomagnetic oscillations of periods 3, 6, 12, and 
24 hours need modifying and extending to take 
account of the source field. 
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ti. THL L)ETLR~IINATION OF THE CONDUCTIVITY 
AT GREAT DEPTHS 

I n  the previous sections we have been con- 
cerned mainly with distributions of conductivity 
a t  moderate depths within the earth. Some 
information about the distribution a t  much 
greater depths can be obtained from analyses of 
relatively long-period fluctuations of the geomag- 
~ ~ e t i c  firld cornpuncnts [Chapmun and Price, 
1950; Lat~iri and Price, 19391. I t  is worth ullile 
consideriilg whether and in what way magncto- 
telluric methods can be used to supplement this 
information [Garland, 19601. To answer this 
question completely i t  would be necessary to 
develop the theory of magnetotelluric methods 
for a spherical conductor, but we can get some 
idea of what to expect from the equations of the 
present theory. 

I n  the first place, i t  is clear that  in order to  
gain information about the conditions a t  a great 
depth i t  is necessary tha t  the measured surface 
field components be significantly affected by 
the induced currents flowing a t  that depth. 
Hence the induced currents must penetrate 
deeply, and this in turn requires tha t  the field 
fluctuations have a correspondingly long period. 
We have already seen that,  in the particular 
case treated in section 4, the influence of the 
dimensions of the source field on the amplitude 
ratio EJH, increases as  the period is made 
longer. I n  the general case the amplitude ratio 
and phase difference of E, and H, are given by 
(21), in which the ratio Z(0)/(aZ/ay)o is deter- 
mined by (11) and (20). The problem is to decide 
to what extent this ratio is affected by the value 
of v in  (11). From equation 11 i t  is evident tha t  
v will be important if vZ is comparable in magni- 
tude to  4rwu(z) over all or some appreciable 
part of the range of z involved. Since a(z) is the 
quantity we are seeking, we have t o  proceed, to  
some extent, by  trial and error. Moreover, i t  is 
quite likely tha t  a(z) varies by several orders of 
magnitude within the range of z we wish to  
consider. The  values near the surface will have 
the greatest effect, but the solution of the prob- 
lem treated in  section 4 shows that  i t  is not 
permissible merely to take the surface value a(0). 

For the purpose of numerical calculation we 
shall adopt the representative value a = 10-1' 
emu with the proviso tha t  i t  may be altered by 
one or two orders of magnitude either way. 
Then for a period of 1 day  the value of 4rwu is 
approximately 4.6 X 10-'8, so tha t  v will be 

important if i t  is near tlic value 2.15 X 10-9. 
This is near the lower limit (1.57 X 10-0) of the 
values of v estimated in section 3 to be present 
in natural geomagnetic fields. Hence, for this 
value of a and all smaller values the distribution 
of the inducing field would have to be taken into 
account in  using magnetotelluric methods. Even 
if a is as high as 10-12 emu (and the results of the 
rnngrletic: firltl analyses already referred to  sug- 
gest that this is too high until a depth of several 
hunc11.ed kilometers is reached), v would be 
important when near 2.15 X 10-8, which is still 
within the range of values expected in the 
natural fields. 

We may conclude that the application of 
magnetotelluric methods to  the determination 
of the conductivity a t  great depths would first 
require the analysis of the horizontal surface 
magnetic field components (Hz, H,) over the 
earth to determine the distribution of the field. 
This shows that  the methods are comparable 
with those based on the analysis of the magnetic 
components (Hz, N,, H,) without using E, and 
E,. The  only question that remains is whether a 
knowledge of E, or E, over the earth is equiva- 
lent to  a knowledge of H z .  T h a t  this is so may be 
inferred from equations 12 and 13, which show 
tha t  

so that,  if the horizontal distribution of the field 
represented by P(z ,  y, v) is known, E, and E, 
can be found from H,. I t  will be noted t h a t  these 
relations depend only on the distribution of the 
field and the period 2r/w, and that they are 
independent of the conductivity. 
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