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List of Symbols and Abbreviations
N,Z,R - set of natural numbers (N = {0,1,2,...}), integers, reals

|- Il = supremum-norm: f: X — R, ||l = supgex [f(2)-

Part I

X,z,y set of states, states

A,a,b  set of actions, actions

p(z,a,y) — transition probabilities; p(r, e,y) > 0, Zye?( p(z,a,y) =1

c(z,a,y) — transition costs

B(X) — bounded real-valued functions over X (B(X) ={f: X = R/ 171l < oo}
R(X) - extended real-valued functions over X (R(X) = [—oc, oo]*)

Q - cost propagation operator; @ : R(X) — R(X x A)

T, 1, @ — policies

v, Uz, 0" cost-to-go function, cost-to-go function associated to the policy m,
optimal cost-to-go function

T  optimal cost-to-go opcrator; T : R(X) + R(X), (Tv)(z) = inf ,c 4(Qv)(x, &)

LSC,USC,M,I,D lowecr-, upper-scmicontinuous, monotonc, uniformly incrcas-
ing, uniformly dccrcasing

IT, I1*,T" — sct of policics, sct of optimal policics, greedy operator
w.r.t., Lh.s., r.h.s — with respect to, left-hand-side, right-hand-side

IT1(.\') — set of probability distributions over the the finite set X\

Part 11

v — 0 < v < 1, contraction factor

Ty(-,-) — approximating optimal cost-to-go operator; T, : B x B — B, where B is
a normed vector space

P(.), E(.), Var(:) — probability, expectation, variance

Gy(-), Fi(-) Lipschitz coefficient functions
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Foreword

In this thesis the theory of optimal sequential decisions having a general recur-
sive structure is investigated via an operator theoretical approach, the recursive
structurc (of both of the dynamics and the optimality criterion) being encoded
into the so-called cost propagation operator. Decision problems like Markovian
Dccision Problems with expected or worst-case total discounted/undiscounted
cost criterion; repeated zero-sum games such as Markov-games; or alternating
Markov-games all admit such a recursive structure. Our setup has the advan-
tage that it emphasizes their common properties as well as it points out some
differences.

The thesis consists of two parts, in the first part the model is assumed to
be known while in the second one the models are to be explored. The setup
of Part I is rather abstract but enables a unified treatment of a large class of
sequential decision problems, namely the class when the total cost of decision
policies is defined recursively by a so called cost propagation operator. Under
natural monotonicity and continuity conditions the greedy policies w.r.t. the
optimal cost-to-go function turn out to be optimal, due to the recursive structure.

Part II considers the case when the models are unknown, and have to be
explored and learnt. The price of considering unknown models is that here we
have to restrict oursclves to models with an additive cost structurc in order to
obtain tractable lcarning situations. The almost surc convergence of the most
frequently usced algorithms proposed in the reinforcement learning community is
proved. These algorithms are treated as multidimensional asynchronous stochas-
tic approximation schemes and their convergence is deduced from the main the-
orem of the second part. The key of the method here is the so called rescaling
property of certain homogeneous processes. A practical and verifiable sufficient
condition for the convergence of on-line learning policies to an optimal policy is
formulated and a convergence rate is established.

The algorithms discussed in this thesis has been tried out on a real-robot with
some success [36, 37] (the robot is shown in Figure 1). The experiments were
analyzed by ANOVA and the results indicated the significant superiority of the
model-based learning algorithms over the model-free ones. Although the learnt
policy differed from that of a handcrafted policy, the respective performances
were indistinguishable.

\7
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Figure 1: The Khepera robot

The figures show a Khepera robot equipped with eight IR sensors, siz in the front and
two at the back, the IR sensors measuring the proximity of objects in the range 0-5 cm.
The robot has two wheels driven by two independent DC motors and a gripper that has
two degrees of freedom and is equipped with a resistivity sensor and an object-presence
sensor. The wvision turret is mounted on the top of the robot as shown. It is an image
sensor giving a linear image of the horizontal view of the environment with o resolution
of 64 pizels and 256 levels of grey. The horizontal viewing angle is limited to about
36 degrees. This sensor is designed to detect objects in front of the robot situated at a
distance spanning 5 to 50 cm. The image sensor has no tilt angle, so the robot observes
only those objects whose height is exceeds 5§ cm. The task was to find a ball in the
arena, bring it to the stick which is in a corner and hit the stick by the ball so as to it
jumps out of the gripper. Some macro actions such as search, grasp, etc. were defined
and the number of macro actions taken by the robot until the goal was reached were
measured. A filtered version of the state space served as the state space and the robot
learnt a decision policy by the algorithms investigated in this thesis.
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Abstract Dynamic Programming






0.1. OVERVIEW OF PROBLEMS

(@)

Introduction

Abstract dynamic programming (ADP) analyses structural questions associated
to sequential decision problems, based only on the recursive structure of such
problems. It provides general tools for solving many kinds of sequential decision
problems, such as ordinary Markovian decision problems with the total expected
discounted cost [13, 65], worst-case cost [4, 28] (see Section 4.5), or exponential
utility criterion (32, 6, 16], multi-step games (both alternating and Markov games
(60, 17]) (see Example 0.1.4 and Section 4.4) or ”mixed” sequential optimization
problems where these various criteria and dynamics are combined [31].

The objective of this part of the thesis is to fill in some gaps in the theory
of ADP. This part consists of two further chapters. In the next chapter, the
evaluation of general (not necessarily Markovian) policies are defined, for the
first-time, using cost propagation operators only. It is shown under a positivity or
negativity assumption that when the cost propagation operator satisfies certain
continuity properties, the optimal cost-to-go function remains the same as the
optimal cost-to-go function defined for Markovian policies. Then related problems
such as the convergence of the value iteration algorithm and existence of optimal
policies are considered.

In the second chapter we consider increasing models under minimal continuity
assumptions. It is shown that Howard’s policy improvement routine decreases the
“long-term cost-to-go” but does not necessarily yield optimal policies even for
finitc modecls. We also give a description of the relationships of the key thecorems
for incrcasing models under the minimal continuity assumptions (scc Figure 2).

0.1 Overview of Problems

0.1.1 Notation

The relation w < v will be applied to functions in the usual way: v < v mcans
that u(z) < v(z) for all z in the domain of » and v. Further, u < v will denote
that v < v and that there cxists an clement z of the domain of © and v such
that u(z) < v(x). We employ the symbol < for operators in the same way, and
say that S; < S5 (51,52 : R(X) = R(X)) if Siv < Sov for all v € R(X). If
S : R(X) — R(X) is an arbitrary operator then S* (k =1,2,3,...) will denote
the composition of S with itself & times: S% = v, S'v = Sv, S%v = S(Sv), etc.

0.1.2 Definitions

First, we give a definition of abstract sequential decision problems.



Figure 2: Relations among the statements concerning best stationary
policies in models satisfying M,I and LSC.

The arrows indicate consequences, i.e., if an arrow points from one node to an-
other then the statement of the goal node is a conscquence of the statement of
the start node. Black dots denote the “and” operation, so, for example, from
Tse = Voe and I'v,e # 0 it follows that v** = v,. The arrows with white heads
denote trivial assertions. The non-trivial relations are proved in the text.

DEFINITION 0.1.1 An abstract sequential decision problem (ADP) is a quadru-
ple (X, A, Q,¢), where X is the state space of the process, A is the set of actions,
Q : [~oc,oc]Y = [—oc, 00)]¥¥A is the so-called cost propagation operator and
¢ € R(X) is the so-called terminal cost function (R(X) = [—oo,+o0]¥ and
R(X x A) = [—00, +00]¥*A).

The mapping Q makes it possible to define the cost of a decision (action)
sequence in a recursive way: the cost of decision a in state x is given by (Qf)(z, a)
provided the process stops immediately after the first decision and the terminal
cost of stopping in state y is given by f(y).

Then action sequences can be evaluated via @ in the following way. The cost
of the finite decision scquence (ag,ay, ..., a;) (the first decision is g, the sccond
is @1, ctc.) can be built up working backwards from the last decision to the first.
If the process starts in state = the cost of (ag, a1, ..., a;) is defined as

v(a-o,fll-,u-,flf)(x) = (QU(GI,U-Z,---,Gt))(‘/‘C7 aO)J

where
"1/'(011",_,“)(-7)) = (Q'U(az,ag,u-,at))(xs ‘1)‘
etc. with the terminal condition vi;(z) = (Qf)(,as), i.e., in finite-horizon

models the terminal cost function determines the terminal cost: when the final
state is y the decision maker incurs a final cost of £(y).
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Infinite action sequences can be evaluated as the limit of the correspond-
ing finite horizen evaluations provided that the limit exists. If, for example,
(Qf)(-,a) > ¢ holds for all @ € A then the derived sequence of functions is
non-decreasing and thus the limit must exist.

DEFINITION 0.1.2 Models satisfying
(QO)(a) > € or (Qp)(- )</ (1)

are called increasing models (resp. decreasing).! Accordingly Q is called increas-
ing (resp. decreasing), and these properties will be denoted by I and D, respec-
tively.

Markovian decision problems (MDPs) with the expected total cost criterion
are the standard example of abstract sequential decision problems.

EXAMPLE 0.1.3 Finite Markovian decision problems with the expected total cost crite-
rion [7, 55]. (X, A,p,c) is called a finite MDP if the following conditions hold:

1. X and A arc finitc scts,

2.p: XXAXX — R and for each a € A, p(-,a,-) is a transition probability
matrix, ie., 0 < plz,a,y) <13, cypl,a,y) =1forallz € X,

3. ¢: X X AX X — R is an arbitrary mapping.

For any given action sequence &g, ay, ... this structure gives rise to a controlled Markov-
chain, &, whose dynamics is given by P(§,41 = y|& = z,a, = a) = p(z,a,y), where
as is the action taken by the decision maker at time ¢ and & = zp. Preciscly, to
any action sequence ag, ay, ... and initial state zy there corresponds a measure P =
Pry.a0,01,... Over X N which is uniquely defined by the finite dimensional probabilities
P(z1,..-z,) = p(zo,as. 1)p(x1,a1,%2) - - . p(Tn—1,an, Tn). The objective is to select
the actions so that the expected total infinite-horizon discounted cost,

ce

Exl [Z ’th(ﬁt-, g, {t-{—l )L
t=0

is minimized for any given initial statc xp, where the cxpectation is taken w.r.t. P =
Pry.00.01,..- Here 0 < v < 1 is the so-called discount factor. If v = 1, i.e., when the
costs are not discounted then boundedness questions may arise [7] Let &y, a1, @2, ..,
dcnote an action scquence and let the cvaluation of it, for the initial statc x € X, be

! The rationale behind this terminology is that with increasing models the costs incurred by
the decision maker increase (resp. decrease) with time.



Via,.}(7) = E, 3720 Y el& ar, &41)]. By the properties of conditional expectation
wc casily obtain

Ero[ D20 Y'elltsau,Ert1)] (2)
= Enfc(60,00,€1)] + Eng[Y v'elér, @i Eer1)]
t=1
= ) p(zo.a0,y) (C(iﬂh @0, y) + VEzq [Z Ye(€erts aret, Era2) | €1 = 3/})
yex =0
= Zp("rOa(]‘an) (C(ﬂfo,loyll) +7V{a1,a2,...}(y)>
yeX
= (QViura.1) (@05 00) (3)

provided that Q : R(X) — R(X X A) is defined by

(Qf)(x,a) = C(:L',O,) + Z p(:l:,a,y)V(y).

yex

Note that Q incorporates both the dynamics (p(x, a,y)) and the cost-structure (¢(z, a,y))
of the decision problem and, by Equation 2, action scquences can be cvaluated using

O only without any reference to p or ¢. If £(x) = 0 for all z € X then (1) is equivalent

to 3 ex Pla, 0,y)c(w, a,y) 2 0 holding for all (z,a), i.e., that the immediate averaged

costs should be non-negative. Thus, incquality (1) can be viewed as the reformulation

of the conventional assumption of negative dynamic programming [65]. (It is negative

since in [65] or [13] the decision problem is given in terms of a reward function which

is related to the cost function by r(z,e) = —c(z,a), and so the immediate rewards

are negative if the immediate costs are positive.) For a concrete example of a MDP

rewritten in terms of the @ operator sce Example 0.1.14.

Another class of decision problems which can be formulated in the framework
of abstract dynamic programming are multi-step sequential games. For example
two-player, zero-sum alternating Markov games have the following interpretation
in our model:

EXAMPLE 0.1.4 Alternating Two-player Zero-sum Markov Games [60, 17]. Let X be
the state space, A the action space and assume that X is divided into two disjoint
parts: X = X U Xy, When = € X, Player ¢ chooses the action (¢ = 1,2). The
transition probability function, p, is defined and interpreted as in Markovian decision
problems. Further, let ¢: X X A X X — R be an arbitrary mapping, the one-step cost
mapping from the point of view of Player 1. The game is assumed to be zero sum
for each step: when Player 1 incurs the cost ¢(r,a,y), his opponent incurs the cost
—¢(z,a,y). Playcr 1 wants to minimizc the cxpected total cost, while Player 2 wants
to maximize it. The optimality criterion is minimax optimality: the maximizer (Ilayer
2) should choosc actions so as to maximizc the cost of Player 1 in the cvent that it (i.c.,
Player 1) chooses the best possible counter-policy. An equivalent definition is for the
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minimizer to choose actions to minimize its cost against the maximizer with the best
possiblc counter-policy. A pair of policics is said to be in equilibrium if ncither player
has any incentive to change policies if the other player's policy remains fixed. From
the point of view of Player 1 playing this game is equivalent to the ADD (X1, A, Q,0)
with Q : [~00, 0] — [—oe, ce] ¥ ¥4 given by

(Of )(z, «) pr: «.y) mapry,bz( (z,e.y) + cly,b,2) + f(z ))

yex z2eX

If Player 1 uses the optimal policy corresponding to (X7, A, @,0) and Player 2 chooses
the best possible counter-policy then these policies can be shown to be in equilibrium
[60].

The history of a sequential decision process up to the ' stage is a sequence
of state-action pairs: (zg,ag,21,a1,...,Ts_1,a;_1). This will be called the his-
tory at time ¢ and we will define the ¢th history space as the possible histories
of the process up to the time instant & H; = (A x X)* will be called the tth
full history-space. For brevity elements of H; will often be written as the con-
catenation of their components, i.e., if h = ((as, 2¢), . .-, (ag,zo)) then we will
write A = @y ...agxg. Further, for any pair hy = ((a¢, z¢),. .., (ap, Tg)) and
hy = ((al,x'),..., (ay, zy)) we will denote by hyhy the concatenation of h; and
ho: ((at, ¢), - . ., (a0, To), (al, x%), ..., (ay, Ty)). Note, that as H; is a history space
the ordering of the components of its elements is important and we admit the
assumption that the ordering of the components corresponds to the time order,
i.e., (ay, x;) is the most recent element of the history.

DEFINITION 0.1.5 A policy is an infinite sequence of mappings:

™= (71-0:'7"1:"'77"75’"')’

where 1y : X x Hi — A, t > 0. If m; depends only on X then the policy is
called Markovian, otherwise, it is called non-Markovian. If a policy is Markovian
and m, = my for all t then the policy is called stationary, otherwise, it is called
non-stationary Markovian. Stationary policies will also be called selectors.

Policics can be cvaluated using the @ operator similarly to the cvaluation of
action sequences. In order to simplify the notation let us define “policy-evaluation
operators”.

DEFINITION 0.1.6 If1m € A% is an arbitrary selector let the corresponding policy-
evaluation operator Ty : R(X) — R(X) be defined as

(T f)(x) = (Qf)(z,m(z)).
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The evaluation of Markov policies can be defined recursively as follows: If v €
R(X) is the evaluation of the t-step Markov policy «’' = (a1,..., 1), i.e., v(z)
is the total cost incurred when #' is executed then from the definition of Q we
have that (Qu)(x,m(z)) = (Tr,v)(x) is the cost of using 7y in state z and using
7" afterwards.

DEFINITION 0.1.7 (BERTSEKAS, 1977) The evaluation function (or cost-to-go
function) of a finite-horizon Markov policy w = (wg, 1, .-.,7¢) is defined as v, =
TroTn, - .. Tr b, while the evaluation function of an infinite-horizon Markov policy
T = (M0, M1y .., 70y, ...) is given by

By = 1tlgcr)lc 1 L (4)

If the policy is stationary (m; = o for all ¢ > 0) this reduces to

vy = lim T2 £ (5)
n —>oe
In what follows selectors will be identified with the stationary Markov policy
which they define and thus we can speak about the evaluation (the infinite horizon
cost associated with the underlying stationary Markov policy) of a selector. The
evaluation of arbitrary policies is more complicated and is the subject of the next
chapter.

ExAMPLE 0.1.8 Consider a finitc MDP (X, A,p,c) (cf. Example 0.1.3). Let 7« be any
policy. Then for all zg € X « generates a unique measure P = P, » over X N which is
defined through

Plzg, 21, .-,2n) = Plxo, a0, 21)P(x1,a1,22) .- Pty 1,51, Tn)s

where ag,...,a,—1 is recursively defined by ag = wo(zg), a1 = ai(z1.a9z0). ---,
and ap—1 = 7p-1(Tn—1,0n—2Tp—2...0a0%). Clearly, one can construct a random se-
quence (&n,an) € X X A (the controlled object) s.t. P(&nti|an,&n;--., @0, &) =

2(6n, an':{n—H) where oy, = 7f’n({ne an-1&p-1-.. aO(O)-
The definition of policies can be extended to involve randomized policies, which
will be needed in Part II. In this casc #, : X X H; +II(A) and P = Py, » becomes a

measure over (X x A)Y determined by the sample path probabilities
P(zg,a0,..-,%n,an) = w0(Zo)(ao)P (2o, 2, z1)71(21,a070)(a1) ...
P(zp-1,8n-1,%n)Tn(Tn, Gp—1Zp-1- . - a0$0)(an),

and a,, of the controlled object (&, @) should now satisfy

P(anmm n—1,En_1,... 0, E[)) = ﬂ'n(fna p—1&n—1... @060)(0{%)3

whilc the state-process, &, is as beforc.

The evaluation of a policy m in state zg is defined to be Egy - [>7% vie(&r, at, E+1)],
where the cxpectation is taken w.r.t. Py, ;. Later we will sce that this definition
coincides with Definition 0.1.7 for (non-randomized) Markovian policies.
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Notice that in the case of infinite horizon evaluation the intuitive meaning
of terminal costs disappears as there is no terminating step. In some cases the
evaluation of policies can still explicitly depend on £.

DEFINITION 0.1.9 If the evaluation of infinite-horizon policies is independent of
£, i.e., if any other bounded function ¢ yields the sume cost-to-go functions, then
the decision problem is said to be stable, otherwise it is said to be sensitive.?

If the decision problem is stable (such as when Q is a contraction w.r.t. the
supremum-norm) then the structure of the decision problem is simple, otherwise
it can be quite complicated.

0.1.3 Objectives

The objective of the decision maker is to choose a policy in such a way that the
cost incurred during the usage of the policy is minimal. Of course, the best cost
that can be achicved depends on the class of policies available for the decision
maker.

DEFINITION 0.1.10 The sets of general, Markov and stationary policies are de-
noted by I1,, I, and I1,, respectively. Further, let
*A(

)= i3t e,

v

be the optimal cost-to-go function for the class Ila, where A is either g or m or
S.

For any £ > 0 and fixed z € X the decision maker can assure a cost-to-go less
than v*2(z) + £ by the usage of an appropriate policy from I1o. However, this
policy may depend on z.

DEFINITION 0.1.11 Let
Ma(v) = {7 € Ma | v, <},

that is IIa (v) contains the policies from IIn whose cost-to-go is uniformly less
than or equal to v. A policy is said to be (uniformly) e-optimal if it is contained
in [y (v*9 +¢).3

The objective of abstract sequential decision problems is to give conditions under
which ITx (v* + ¢) is guaranteed to be non-empty when € > 0 or ¢ = 0. From the
algorithmic point of view the question is how to find an element of ITa(v*¢ + )
for a given ¢ > 0 (A € {a, m, s}).

2The notion of stability for MDPs has been introduced and discussed in [86].
3If v is a real valued function over X and ¢ is real then v + ¢ stands for the function v(z) + €.
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DEFINITION 0.1.12 Elements of I1y(v*9), I, (v*9), and [1;(v*9) are called opti-
mal, optimal Markovian and optimal stationary policies, respectively.

Similar questions can be posed when the set available policies is restricted to the
set of Markov, or stationary policies.

DEFINITION 0.1.13 Elements of I1,,,(v*™) (II4(v**)) are called best Markovian
(stationary) policies.

It is clear that v*9 < v < v** since I, C I, C I, so the existence of best
stationary policies (i.e., if II;(v**) is non-empty) is easier to ensure than that of
optimal stationary policies. It may happen that IT;(v*%) is non-empty and IT,(v*9)
is empty but the converse can never hold. A best stationary policy is also optimal
if v* = v*9 so the existence of optimal stationary policies can be reduced to the
solving of the inequality IT,(v**) # () and the equality v** = v*9. Thus, it is
reasonable to restrict our attention to stationary policies and algorithms that
contain elements from II,(v**) if there are any. This is exactly the approach of
Chapter 2.

0.1.4 Algorithms

There are two sorts of algorithms which are best illustrated for Markovian decision
problems with the expected total cost criterion, the value iteration [4] and the
policy iteration [32] methods. Both are based on the fact that greedy policies
w.r.t. the optimal cost-to-go function (v*7) are optimal. A policy 7 is said to be
greedy w.r.t. the function v if it satisfics the equation

(Qv)(@, 7(x)) = inf (Qv)(,a).

For convenience, we will write the right-hand side (RHS) of the above equation
in the more compact form (Tv)(z), where T : R(X) — R(X) is given by

(Tv)(x) = inf (Qv)(z,a).
acA
Also for notational convenience we will define the greedy policy operator, I, as
the operator that maps functions of R(X) to sets of stationary policies with every
7 € ['v satisfying T,v = Tv.
Value iteration is based on the Bellman optimality equation which states that

v = Tv*9,

In discounted MDPs greedy policies w.r.t. v*J are optimal, so a knowledge of v™9
is sufficient to find an optimal policy. Since v*9 is the fixed point of the operator
T it is reasonable to seek it by the method of successive approximations that
computes successive estimates of the fixed point of T" as v, 1 = T'v,, with suitable
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chosen vy. If vg = £ then lim, ;- v, is denoted by v.,. This choice of initial
evaluation is reasonable since then w, is equal to the optimal n-horizon cost-to-
go function. (For stable problems vy can be any other function.) Further, it can
be shown that vy, < v*9. In practice for cach n a greedy policy 7, w.r.t. v, is
generated. For finite decision problems 7,, will be optimal after a finite number of
steps [19], meaning that the value-iteration algorithm can be made to terminate
after a finite number of steps. The following example shows that without value
iteration does not necessarily converge to v*9.

EXAMPLE 0.1.14 [20] Let A=Nandlet X =Z,¢=0. Let

fla+1), ifax=0;
(@f)(x,a) = 1+ f(=1), ifz=1;
f(z—1), ifz#0,1

Then
infosg f(a), ifz=0;

(Tf)(z, &) =< 1+ f(—1), ifz=1;
flz—1), ifz 20,1;
This example corresponds to a deterministic decision problem with additive cost cri-
terion. In state 0 one may choose any state z > 0. After this decision the dynamics
cannot be controlled anymore: state z is followed by state £ — 1 except when z = 1.
When z = 1 then the next state is —1 and a cost 1 is incurred. The optimal cost-to-go

function is given by
) ) 1, ifz>0;
*g _ *8 = 3 — ?
vi(z) = v () {O, otherwisc.
Let v, =T"¢:
i) = 1, ifl<z<n;
PR 0, otherwise.

vl = {1 iz >
ST 10, otherwisce.

Then v, " veo, where

On the other hand, T (1im,—ce Vn) = TVoe = 1*7 > voe = limy,_,0¢ TV, meaning that T
is not lower-semicontinuous. It is obvious that Q is monotone, increasing and lower-
semicontinuous. Simple case analysis shows that Tv* = v*9. There is no e-optimal
policy when 0 <z < 1, but for each n € N there exists optimal n-horizon policies, even
stationary oncs: simply let 7(8) > n.

Policy iteration (PI) generates a sequence of policies, 7, that satisfy the re-
lations 7,41 € TI'v,, or Ty v, = Twv,, . Note that this method involves the
calculation of v,, which can be hard to do in the general (non-linear) case. For
Markovian decision problems v,,, drops out as the solution of some linear system
of equations. In addition, for discounted Markovian decision problems, the policy
iteration method is known to converge in a finite number of steps provided that
both X and A are finite.
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Chapter 1

Non-Markovian Policies

1.1 The Fundamental Equation

In this scction we define the cvaluation function associated to non-Markovian
policies and derive the fundamental equation of dynamic programming.

DEFINITION 1.1.1 If # = (mg, M1,..., T, ...) is an arbitrary policy then w* de-
notes the t-truncation of 7: 7t = (my, m1,...,m). Further, let Py and P denote the
set of t-truncated policies and the set of (infinite horizon) policies, respectively.
The s-truncation operator for t-truncated policies 1s defined similarly if s < t.

DEFINITION 1.1.2 The shift-operator S,q) for any pair (z,a0) € X x A is de-
fined in the following way:

Steai® = (M5 T sess)s
where m, is defined by
W;(yrh):ﬂ-t-%—l(y: hax), yEé\f’.hE (AX X)f

for allt > 0. We shall write 7% for S(z zy(zy)™ and call 7 the derived policy.
For finite-horizon policies S qy s defined in the seme way just now Sy q) :
Py = Pia,t > 1.

The above definition means that 7% € P,y holds for any 7 € P, and = € X. The
following proposition follows from the definitions and thus we omit its technical
proof.

PROPOSITION 1.1.3 7% = 7%1=! and thus if ®# € P, then 7b* = 7%l ¢ P,_,,
t>1.

Now we are in the position to give the definition of the evaluation of policies
with finite horizen.
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DEFINITION 1.1.4 If 7w € Py, i.e.,, m1 = (mg) then v,(r) = (QF)(z,7o(x)), where
¢ € R(X) is the terminal cost function. Assume that the evaluation of policies
in Py is already defined. Let w € Pyy1. Then

Vg (2) = (Quge ) (i, mo (). (1.1)

Since 7% € Py, vy« is already defined and thus (1.1) is well defined. One can
interpret this definition as follows: 7% is the policy that is applied after the first
decision. The cost of this the derived policy is v;=. This cost together with the
cost of the first decision (the first decision is 7g(z) in state ) gives the total cost
of the policy.

EXAMPLE 1.1.5 If 7 is a t-horizon policy in an MDP (X, A,p, c) (cf. Example 0.1.3)
and we set

t
Tnlg) (:C) =FE Z’Y”C(‘fman,fn) “SO = 3"] )
n=0
as usual, where «,, = 7rn(£n,an_1£n_1.-.Olofo) and P(fm—l = y\an&z---aofo) =

P(&ns am,y), P(&o=1x) >0, z € X (ie., (&n, @) is the controlled object corresponding

to 7 but when & is random), then one sees easily that 'u,grt) = 6(;), where v/(-.t) is the

evaluation of 7 in the sense of Definition 1.1.4 in the ADP (X, A, ©,#) with

(Qf)(z, @) =D p(z,a,9) (C(:v, ey + vf(y)),

yeX
and £(z) =0 for all z € X.

The evaluation of infinite horizon policies can be defined as the limit of the
evaluations of the finite horizon truncations of the policy:

DEFINITION 1.1.6 Let 1 € P = P. Then the total cost of policy for initial
state x 1s given by

() = liminf o (x), €T .

vr () imin v (1), 1€ X
This definition takes an optimistic point of view since it involves the lim inf of
the costs.

ExXAMPLE 1.1.7 Continuing the above example, if = is an arbitrary policy then (by
boundcdness)

Oy (»T) o E [Z 7"e(€n, otny €n) | &o = 513:|

n=0

= lim FE
t—o0

t
Z ’Ync(fna (8 27%) fn) | & = 33] ;

n=0

and so v, = 4.
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DEFINITION 1.1.8 @ is said to be monotone if Qu < Qu whenever u < v,

In what follows we will always assume that Q is monotone.

DEFINITION 1.1.9 Operator Q is called lower semi-continuous (LSC) on the set
D(X) C R(X) if for every (pointwise) convergent sequence of functions v, €
D(X) for which vy < limy o0 vy,

lim Qu; = Q(lim v4)
t—00 t—00

holds. Similarly Q is called upper semi-continuous on the set D(X) if for every
(pointwise) convergent sequence of functions v, € D(X) for which v, > limy_,u0 v,
we have

lim Quy = Q(lim v;)
t-+00 t—0o0

If Q is increasing (decreasing) then the domain D(X’) over which the desired
property is required is D(X) = {v € R(X) £ < v} (D(X) = {v € R(X) £ > v}).
In such cases the domain will not be mentioned.

In his seminal paper Bertsekas investigated operators which are LSC only
for increasing sequences of functions [6]. Trivially, property LSC implies this
property. It is not very hard to show that the reverse implication holds as well, so
these too concepts are in fact equivalent. The notation of upper semi-continuity
(USC) and the corresponding notion of USC on decreasing function scquences
(USCD) arc again cquivalent.

In harmony with [20] the equation of the next theorem will be called the
fundamental equation (FE). Indeed we will find that this equation plays a central
role in the development of the theory.

THEOREM 1.1.10 Assume that at least one of the following conditions hold:
a) Q is LSC and I;

b) Q is USC and D;

c) Q is continuous.

Then
v (2) = (Quge ) (1, mo (). (1.2)

Proof. We prove the equation under Condition a. The other cases may be treated
similarly. First, we need the following proposition:

PROPOSITION 1.1.11 Let 7w be an arbitrary policy. If the ADP is increasing then
Uyt 18 tncreasing and £ < p*Y.
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Proof. Let us consider v, ¢+1:

Vet (2) = (Quyetre ) (T, o () = (Qugat ) (x, To(T)) (1.3)

Notice that v,0 > £, where u denotes an arbitrary policy. By definition we have
that v,1(z) = (Qugeo)(x, m0(z)). Now, since ©* is just another policy we have
that v;.0o > £ From the monotonicity of @ we have that Qu,.o > Qf and
conscquently that v,1 > v0.

Now, let us assume that we have already proved up to t that for all policies p
there holds an inequality such that v, > v,-1. Let m be an arbitrary policy and
let us apply the induction hypothesis on p = 7% This leads to vzt > Vyet-1.
Again, applying Q on both sides and using Equation (1.3) we obtain the desired
inequality. O

Now let vy = v,+ and let o = 7**1. By definition v,(:z) = (Qu,=)(x, po(z)).
According to Proposition 1.1.3 p® = 7#* 17 = 7™t and pp = 7 thus

Vg1 (2) = (Quget )(x, mp(z)). (1.4)

Now, let ¢ tend to infinity and consider the liminf of both sides of the above
equation:

ydx] = lil}ginfvﬂm(’n)

= hmlnf(Qv,rwt)(”C mo())
= (Q[tlggvﬂza])(’l?, mo(x))
= (Qvﬂ,m)(x,ﬂ'o(.’ﬂ))

where in the first equation the definition v,= = liminf, ,, v;.. and in the second
equation Equation (1.4) was exploited, while in the third equation we used that
vyee 1S an increasing sequence, which was shown above, and that Q is LSC, and
in the last equation v,z = limy o U=+ was utilized which holds since vg.¢ is an
increasing sequence. 0

COROLLARY 1.1.12 Under the conditions of the above theorem v, converges to
Uy, G.€., in Definition 1.1.6 liminf can be replaced by lim.

COROLLARY 1.1.13 Under the conditions of Theorem 1.1.10 the evaluation func-
tion of Markovian policies in the sense of Definition 1.1.6 coincide with their
evaluation functions in the sense of Definition 0.1.7. Moreover, if ™ is a station-
ary policy and if Q@ is I (D) and LSC (USC) then T*¢ is increasing (decreasing)
and vy = Trvs.
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Proof. In Definition 0.1.7 the evaluation of a Markovian policy
T = [R5 » « B » )
was defined as the limit
Ue(z) = tl_ign (Tm) co o (T (Tief0)) - - )
= limTpy .. . Tr,_ Trib-
t—r00
Howcver, it is casy to sce that Ty, ... T, _, Ty, = vy, so by Corollary 1.1.12 the

definition of Bertsekas coincides with ours for the case of Markovian policies. The
second part comes from the convergence properties of monotone sequences. O

1.2 Uniformly Optimal Policies

DEFINITION 1.2.1 The optimal cost-to-go function ¢s defined by
*9(zx) = inf v, (x).
v*9(x) inf v (x)

A policy s said to be optimal if v, = v*7.
We will now investigate the properties of v*9 and its connection with optimal
policies. Firstly, we relax the notion of optimal policies.

DEFINITION 1.2.2 Policy 7 s said to be uniformly s-optimal if

UW(;I,') < {U*g(m) + &, lf 'U‘(g( ) > —0oQ;

—1/e, otherwise
holds for every x € X.
THEOREM 1.2.3 If the F'E is satisfied then for alle > 0 there exists an e-optimal
policy.

Proof. Pick up an arbitrary © € X. By the definition of »*9(x) there cxists a

policy ;7 for which v_,(x) < v*¥(x) + £ when v*(x) > —o¢ and v, (x) < —1/¢,

otherwise. We define a policy which will be c-optimal by taking the actions

prescribed by ;7 when z is the starting state of the decision process. The resulting

policy is called the combination of the policies ,7r. Formally, 7o(z) = ,ro(2:) and
7, (<8, hagte) = zomm,(cx, hagxg).

We claim that v,(z) = v,,(z) and thus 7 is uniformly e-optimal. Indeed, 7% =
(z71)* and 7o (z) = z7ro(z) and so

(QU, e ) (, M0(2))

(Qvurl )(T’ m7r0('77))

V().

vr(z) =
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1.3 Finite Horizon Problems

DEFINITION 1.3.1 The optimal cost-to-go function for n-horizon problems is de-
fined by

FA(L) — .
vt () = ﬂg;}:% Vs,
where
PA= {7 | rellp},
A € {g,m,s}.

It is clear that v:%(x) = infreq, vgn since since P2 = {7 | 7 € 4 }. Further,
if Q is increasing (decreasing) then v:® < v*& (v22® > v*2) and {v;%}, is an
increasing (decreasing) sequence since for all policy 7, vze < vgntt < Vg (Vgn >
Ugnt1 > U, ). Moreover, v}¢ < vX™ <} and v*9 < *™ < v**.

DEFINITION 1.3.2 The optimal cost-to-go operator T : R(X) — R(X) associ-
ated with the ADP (X, A, Q. ) is defined by

Tf)(x) = inf T, a).

(Tf)(x) = inf (Qf)(z,0)
THEOREM 1.3.3 (OPTIMALITY EQUATION FOR FINITE HORIZON PROBLEMS)
The optimal cost-to-go functions of the n-stage problem satisfies

Vi9 = i = Ty (1.5)

n n

provided that Q s USC and the FE is satisfied.

Proof. We prove the proposition by induction. One immediately sees that the
proposition holds for n = 1. Assume that we have already proved the proposition
for n. Firstly, we prove that 7"71¢ < v’ _,. Note that this inequality will follow
from the FE and the monotonicity of Q alone: no continuity assumption is needed
here.

Let m € P,i1. We show that 7"t/ < v,. By the induction hypothesis
(T 18)(z) = (Twr9)(x). According to the FE v, (z) = (Quge)(x, mo(x)). Since
¢ € Py 50 ve > w9, Since Q is monotone it follows that

(T?)(e) = inf (Qu)(w.) < inf (Quee)(r.)

< (Quge)(x,mo(x)) = va(2).

This equation holds for arbitrary m € P,4q and thus Tv;9 < v;%,. Using the
induction hypothesis we find that 771 <079 .

Now let us prove the reverse inequality, i.e., that v;%, < T™*'¢ holds. Let us
choose a sequence of Markovian policies 7 € P, such that v,, converges to v;™.

Clearly, vy, > v;™. Now let p; : X — A be a sequence of mappings satisfying
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lim; s Ty, 030 = To;3. Now consider the policies vy ; = 7y, G),uj € Pny1: the
first n actions of v ; are the actions prescribed by m; while the last action is the
action prescribed by p;. It is clear that vy, < vi™ < v, = T,,vg,: the last
equality follows from the FE. Taking the limit in £ we get that

_ : , J*ITL
ﬂ,+1 = 1111’1 T i Vmy = T.Uj (kILIl;)T’Wk) I‘T.U‘;tlw

holds owing to the choice of the policics 7, and since Q is USC. Now taking the
limit in j the induction hypothesis yiclds that ud, < v < Ty™ = Ty
which finally gives that v;%, = v2% =T !4, complcting the proof. O

The following examples (taken from [6]) show that the conditions of the pre-
vious theorem arc indeed cssential for the theorem to hold.

EXAMPLE 1.3.4 Let X = {0} and A = (0, 1], £(0) = 0, and
(Qf):{l, if f(0) >0

a, othcrwisc.

Note that Q is I, LSC, T is LSC but Q is not USC. It is easy to see that 0 = voe(0) =
(T™2)(0) < va?(0) = 1 =2"9(0) if n > 2.

ExXAMPLE 1.3.5 Let X = {0}, A= (—1,0], £(0) = 0 and

if £(0) > —1;
(Qf) = { a—+ f(0), otherwise.

In this example Q is D but not USC. v,*(0) = —1 but (77£)(0) = —n.

1.4 The Optimality Equation and the Conver-
gence of Value iteration

Let us consider the sequence of optimal n-horizon cost-to-go functions, {v:*}.
If v}9 converges to v** then v*¥ can be computed as the limit of the function
sequence vy = £, vpy1 = Tvy provided that Q is USC and the FE holds. The
convergence of v}9 to v** expressed in another way means that the inf and lim
operations can be interchanged in the definition of v*9:

v*9 = inf lim v = lim inf v = lim 9. (1.6)
TEP n—o0 n—+oe TEP T—>00

DEFINITION 1.4.1 Let v™® € R(X) denote the function obtained as the limit

= lim T™¢.
n—+>00
If Q is increasing and LSC (D and USC) then since 7"/ is an increasing (de-
creasing) sequence T™¢ is convergent, v*® is well defined and if T is LSC then
Tyo® = v*.
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THEOREM 1.4.2 The following statements hold:

1.
limsup v)9 < v*9. (1.7)

]
n—o0e

2. If Qis D and USC then lim,_,ov;9 = v** = v*™ and

Tv*9 = v™. (1.8)

3. Assume that Q is I, LSC, T is LSC and there exists a mapping 7w : X —
A such that Trvee = Tvo. Then TV*9 = v*9, vy = V9 = v*° and
limy, 00 39 = 09,

Proof. First, let us prove (1.7). For this choose an arbitrary z € X and a number
¢ s.t. ¢ > v*9(z). By the definition of v* there exists a policy 7 € P such that
v, (z) < c. Furthermore, since v,(z) = lim,_,.q t;n () there exists a number ng
such that from n > ng it follows that v~ (z) < ¢. Thus, if n > ng then there
holds that v;9(z) < ¢ and consequently limsup,_,, v;9z) < c. Since ¢ and z
were arbitrary, we obtain the desired inequality.

Now we show that if @ is D then lim,_,o v:F = v*¥ where P C P is arbitrary.
Observe that by Proposition 1.1.11 v n+1 < v, and thus v*f < ?);‘Li1 < P for
all t. Let m € P be arbitrary. Then also v}” < v;». Letting n tend to infinity
and combining the result with Inequality 1.7 yields v*” < limy,_eo 27 < vy, and
hence

v = lim v;¥, (1.9)
n—+o0@

Now, we prove that v*Y = Tv*9. Note that by Theorem 1.1.10 the FE holds
so the Finite Horizon Optimality Equations hold (cf. Theorem 1.3.3). By (1.9)
vy > vy — v, n =00 and Qis USC so T, — Tv*,n — oo. But Tv9 =v;,_;
by Theorem 1.3.3 and by Equation (1.9) vi* — v*, so TvY — v* and thus
Tv*9 = v*9. Finally, since by Theorem 1.3.3 v}9 = v:™ and for all policy T,
Uy < Vgn (since Q is D), it follows that v*9 = v*™.

Now, let us prove the third part. Since T"/ is increasing and converges to vy,
and Q is LSC we have that T, = T(lim,_s00 T™) = lim,,_y0o TT" = v. Since
Voo < v™ < v* it is sufficient to prove that v, = v**. Let us consider the policy
whose existence is stated in the condition of the proposition: T v, = T Ve Since
{ < vos < v, thus also T, f < T,vee < Trv,. Exploiting the fact that T,y = voe
yields T,v0e = ¥s and also by the LSC of Q T v, = vy, SO0 Thf < Vos < Ur-
Repeating this argument onc gets 774 < vo < v, and letting n — oo yiclds that
Ve = Voo, Mcaning that v* < v,y and v* = ve. Since T™ < v} < v* we also
have that v} 0™, n — oce. O

Equation (1.8) is called the Bellman Optimality Equation and plays a fun-
damental role when solving sequential decision problems. Example 0.1.14 shows
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that 7" can be non-LSC even if Q is increasing and continuous, in which case
(1.6) may not hold.

The next example shows that v*9 = v, still does not necessarily hold even if
both Q@ and T are I and LSC.

ExXAMPLE 1.4.3 [6] Let X ={0,1}, A =(-1,0], £ = —1 and

(Qf)(z,a) = {3; gﬂfufil < -lare=l

Now Q isTand LSC as is T, but v,(0) = —1 <0 =v*9(0).

1.5 Existence of Optimal Stationary Policies

DEFINITION 1.5.1 A stationary policy ¢ is said to be greedy (myopic) w.r.t. v

if
Tov =Tw,

i.e., if for each z € X (Qv)(z,é(z)) = (Tv)(z).

In ADPs “greediness” w.r.t. v*9 and optimality are intimately related as shown
by the next theorem:

THEOREM 1.5.2 If the FFE holds and the stationary policy @ is optimal then
Tpv*9 = v™9. (1.10)

If the Bellman Optimality Fquation Tv* = v*9 holds then the following state-
ments hold, as well:

1. If the FFE holds then optimal stationary policies are greedy w.r.t. v*9;

2. If Q is I (D) and LSC (USC) then if there exists an optimal policy then
there is one which s stationary;

3. If @ is I and LSC then ¢ is greedy w.r.t. v*9 iff ¢ is optimal.

Proof. Equation (1.10) follows immediately from the FE (Equation (1.2)) and
the equations vy = v*9 and ¢ = ¢.

Now, assume that the Bellman Optimality Equation holds. Then immediately
Tyv*9 = v*9 = Twv*, showing part 1. Now, let us turn to the proof of part
2. The proof is presented only under the condition that Q is I and LSC, the
proof of the other case follows analogous lines. Let 7 be an optimal policy with
7 = (mo,71,..., 7, ...). For any selector u define P, : R(X x A) — R(X) as
(P) () = v(z, (x)). It is immediate that P, is M. By Theorem 1.1.10 the FE

vr () = (Qugs ), mo ()
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holds, and now it can be written in the form v,(x) = (P,,Qu,=)(r) using the
operator just introduced. Now, since v;= > v*9 and Q and Py, are M, we have
by the optimality of 7 that

v(z) = vp(x) = (P, Quee )(2) = (P, Q™) () = (Tr,0™) ().
Since Tyy > T, s0 (Tr,v*?)(2z) > (Tv*9)(z) = v*9(z) and thus
v > T ov™ >t

By induction we get that 77 v*9 = v*9 holds for all n = 1,2,.... On the other
hand, if @ is [ and LSC then Proposition 1.1.11 yields ¢ < v*9 < v,, and thus,
by Corollary 1.1.13, vy, <+ Tyl < T v*9 = v*9, n — oe, showing that vy, = v*9.

The third part follows easily: Since we know that Tv*9 = ¢*9 and by as-
sumption Tyv*9 = Tv*9, thus Tyv*9 = v*9. Consequently for all n = 1,2,...
Tyv*9 = v*9. Since ¢ < v™ < v, and since Q is [ and LSC so Tjv*9 converges to
v4 and therefore v, = v*9. O

Bertsekas proved a somewhat weaker statement, similar to the second part
(see Prop. 7 of [6]), namely that if there exists a Markov policy which is Markov-
optimal then there exists a stationary policy which is also Markov-optimal.

We have seen that in continuous, increasing models the set of optimal sta-
tionary policies coincides with that of the greedy policies w.r.t. v*9. However,
we have not obtained any similar results for decreasing models. The following
examples show that without additional requirements on Q we cannot expect to
get any such result:

EXAMPLE 1.5.3 (IDEA BASED ON [20]) Let & = {0,1} and A = {0,1}. Let Q be
defined as follows: (Qf)(0,0) = f(0), (Qf)(0,1) = =1 + f(1), and (Qf)(1,a) = f(1),
a € A. Let £ =0. Then v*9(0) = —1 and v*9(1) = 0. Clearly, the selector ¢ with
¢(0) = 0is not optimal but Tpv*Y = v*9. In thisexample Q is decreasing and continuous
and thus by Part 2 of Theorem 1.4.2 also Tv*9 = v*9.

The second question is whether there exists an optimal solution of Equation (1.10)
at all. The following example shows that it is not necessarily the case [20]:

EXAMPLE 1.5.4 Let X =N, A ={0,1} and let (Qf)(0,a) = f(0), a € A and for z > 0
let (Qf)(z,0) = —(z—1)/z + f(0) and (Qf)(z,1) = f(z +1). Let £=0. It is easy to
see, that v*9(z) = —1 if £ > 0 and v*9(0) = 0. The only stationary policy that satisfies
Equation (1.10) prescribes action 1 for cach non-zcro statc. However, the cvaluation of
this policy gives zero everywhere. Here again O is decreasing and continuous.

We summarize the results for contraction models, which will be considered in the
second part, in the following Corollary:

COROLLARY 1.5.5 Assume that Q is a contraction. Then
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1. the FE holds;
8,y = il g Vb

3.l =u"=T" n>0;

4. Tw*9 = v*9;

5. Greedy policies w.r.t. v*9 are optimal and optimal stationary policies are
greedy w.r.t. v*9; and

6. If there exist an optimal policy then there exists one which is stationary.

Proof. 1 follows from Theorem 1.1.10, 2 from Corollary 1.1.12, 3 from Theo-
rem 1.3.3. We prove 4 in the following way: we know from Theorem 1.4.2/1
that v, < v*? and since T is a contraction by the definition of v, we get that
Uso = TVs. It is sufficient to prove that v** < Tv** since then iterating this
incquality will yicld that v*¢ < ve. Let 7, be a sequence of 1/n-uniformly opti-
mal policics. Such policies exist by Theorem 1.2.3. Further, let p,, be a sclector
such that T, vx, < Tvg, +1/n. Then v <wv,, @, < (Tvr,)+1/n, and taking
the limit of both sides yields the desired inequality. 5 follows since if ¢ is greedy
w.r.t. v*¥ then Tyv*? = Tv** = v** and if ¢ is an optimal stationary policy then
Tv" = v = v, = Tyv, = Tyv™, showing the greediness of ¢. Here we exploited
that v, is the fixed point of T}, which follows since v4 = limy,_,o, T2¢ and since Ty,
is a contraction. 6 follows similarly as Part 2 of Theorem 1.5.2. O

1.6 Discussion

We have defined the evaluation of arbitrary policies based on the notion of the
cost propagation operator. The decision problems were investigated under the
conditions that the cost propagation operator is increasing or decreasing. It was
found that under the decreasing assumption, the upper semi-continuity of the
cost propagation operator, Q, was sufficient for the value iteration algorithm
to converge to the optimal cost-to-go function, but greedy policies w.r.t. to the
optimal cost-to-go function arc not nceessarily optimal. On the other hand, under
the increasing assumption it was much harder to cnsurce the convergence of value
iteration to the optimal cost-to-go function: we had to assume that Q and T are
lower semi-continuous, and that there exists a stationary policy which is greedy
w.r.t. the optimal cost-to-go function. However, optimal stationary policies are
much easier to find in this case: if Q is continuous then optimal stationary policies
coincide with policies greedy w.r.t. the optimal cost-to-go function. Therefore
increasing models are more worthy of study since greediness can be used as the
starting point for finding optimal policies. Further properties of these models are
considered in the next chapter. One of the reasons for the difference between the



26 CHAPTER 1. NON-MARKOVIAN POLICIES

increasing and decreasing models is that the corresponding natural concepts of
semi-continuity (lower- and upper-semi-continuity in the case of increasing and
decreasing models, respectively) carry over differently to the optimal evaluation
operator T in the case of increasing models there is no transfer while in the case
of decreasing models there is. For completeness the basic results for contraction
models were also derived. The main results of this chapter are published in [72]

To the author’s best knowledge there has been no work in ADPs concerning
general policies. Some recent related work has been done by Waldmann [83]
who developed a highly general model of dynamic-programming problems, with
a focus on deriving approximation bounds. Heger [28, 29] extended many of
the standard MDP results to cover the risk-sensitive model. Although his work
derives many of the important theorems, it does not present these theorems in
a generalized way which allow them to be applied to any other models. Verdu
and Poor [81] introduced a class of abstract dynamic-programming models that
is far more comprehensive than the model discussed here. Their goal, however,
was different from ours: they wanted to show that the celebrated “Principle of
Optimality” discovered by Bellman relies on the fact that the order of selection
of optimal actions and the computation of cumulated costs can be exchanged as
desired: in addition to permitting non-additive operators and cost-to-go functions
with values from any set (not just the real numbers), they showed how, in the
context of finite-horizon models, a weaker “commutativity” condition is sufficient
for the principle of optimality to hold. For infinite models they derived only basic
results, concerning Markovian policics.”

!Here is an example of their statements translated into our framework: They first show that
from their commutativity condition it follows that T7¢ = v;™, where v} is the n-step optimal
cost-to-go function for Markovian policies, ¢ is the terminal cost function. Now the statement
which concerns infinite horizons goes like this: if v;™ converges to v*™ (Condition 3 in [81])
then T™¢ converges to v*™. The problem is that in practice it is usually clear that v};™ =T"¢,

but it is much harder to show that v converges to v*™ (cf. Theorems 1.3.3 and 1.4.2).



Chapter 2

Increasing Models

Throughout this chapter we will assume that Q is monotone (M), increasing (I)
and lower semi-continuous (LSC). This is the minimal set of conditions under
which increasing models are worthy of study: without monotonicity the principle
of optimality may be violated [64, 48] and without lower semi-continuity even the
evaluation of stationary policies may behave strangely.

After reviewing the basic definitions of ADPs in the next section, a classi-
fication of increasing ADPs (shown in Figure 2) is given in Section 2.2. Using
the classification, the existence of optimal stationary policies can be reduced to
more basic problems, such as when the fixed point equation Tv,, = v and the
existence of greedy policies w.r.t. vy (i-e., ['ve # @) hold. Since previous au-
thors assumed stronger conditions than our minimal set most of our results can
be considered as being new. In particular, we can show that Howard’s policy
improvement routine is valid (Lemma 2.2.11), but may sometimes stop in local
optima (Example 2.3.3).

The special properties of policy iteration and value iteration algorithms for
finite models are given in Section 2.3. It is shown that policy iteration stops after
a finite number of steps (Theorem 2.3.2), but an example is also presented which
illustrates that it does not indispensably give the optimal policy (Example 2.3.3).
It is proved that valuc iteration may be stopped after a finite number of steps; the
greedy policy w.r.t. the most recent cstimate of the optimal cost-to-go function
will be optimal if the number of steps is large enough (Theorem 2.3.4).

Several connections are given to the work of other authors, and also connec-
tions to different models. We close this chapter with some concluding remarks.

2.1 Notation and Assumptions

As mentioned above, throughout this chapter we make the following assumptions:

AssuMPTION 2.1.1 (M) Monotonicity: if u,v € R(X) and u < v then Qu <
Qu.

27
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AssuMPTION 2.1.2 (I) Uniform Increase: (QF)(-,a) > £ for all a € A.

AssuMPTION 2.1.3 (LSC) Lower semi-continuity: if v, € R(&X) is such that
limy_se0 Uy exists and v, < limy, o v, then litmg_, o Quy, = Q(limy,_, o vp).

The monotonicity assumption implies the monotonicity of T, and T, where 7 €
A% if the Q operator is monotone. Further, from the definition of T we have
that T < T, for each selector m. Note that if Q@ is LSC then T, is LSC for each
selector 7, but as it was already noted and shown in as Example 0.1.14, T is not
necessarily LSC even if ©. This causes most of the difficulties with increasing
models.

2.2 Relations in Increasing Models

The aim of this section is to prove the relations of Figure 2. The following lemma
will be frequently used:

LEMMA 2.2.1 Assume that S : R(X) — R(X) is monotone. Let V € R(X),
< V. If SV <V then limsup,,_,,. S™ < SV, so limsup,_,,. S™ <V and if
SV <V then limsup,,_, ., S™ <V

Proof. This involves a simple induction on n. O

Note that if S is increasing (S¢ > £) then limsup,,_,,, S™ = limy_,4, S™ holds,
as well.

THEOREM 2.2.2 (P1) Assume M, I, LSC and let o = lim,, 400 T™€. Then

Voo K T < Tu™ < p*
and so if Vo = V™ then

Voo = Tlee = T0** = v** (2.1)
Proof. In order to prove this we need two lemmas which we state and prove now.

LEMMA 2.2.3 Assume M.I. Then vy, is well defined and satisfies the following
properties:

&) ¢ W < Tlay
b) if £ <wv and Tv < v then vy < v.

Proof. Since v, = T"¢ is non-decreasing by assumptions M and I, v, must be
well defined. Since v, < 14 for all n and T is increasing then v,1 = Tv, < T
Letting n — oo yields a). Part b) follows from Lemma 2.2.1 with S = T and
V =w. O
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LEMMA 2.2.4 Assume M,I,LSC and let y. be an arbitrary selector. Then
&) U = T, Ty < vy and Tu™ < 4™;
b) for every u € B(X) for which ¢ < u < v, limy, ;e Thu = vy,

Proof. First we prove that if Q@ is M and I then (1) ¢ < v, (2) if v > £ then from
T,v < v it follows that v, < T,v <w, and (3) v, < T,v,.

Indeed, (1) follows from M, (2) follows from Lemma 2.2.1 which can be applied
due to (1) with the cast S =T, and V = v. (3) follows from (2) by choosing v =
v,. Now assume that Q is also LSC. Note that as a consequence T}, is also LSC.
By (3) in order to have T,v, = v, it is sufficient to prove that T,,v, < v,. Since
T /v, by LSC of T, we have that v, = lim, ;0 T 'L = T, (limy, ,0e T) =
T,v,. Further, since T' < T, then T'v, < T,v, = v,. Finally let s be an arbitrary
selector. Then Tv** < T,v** < T,v, = v,. Taking the infinum of both sides
w.r.t. g we get that Tv*¥ < v** which proves Part a).

Now, let us prove Part b). Since T, is increasing and monotone

T n n,,
ir,u. 4 S ]1/1 u S Yﬂu Uy

holds for every natural number n. On the other hand from Part a) we have
Tv, = vy, and finally, by Corollary 1.1.13, litmy, 0 Tp0¢ = v,. Thus, it must
follow that limy, ,ce Tju = vy, O

Continuing the proof of the theorem, we note that the inequality Tv*® < v*¢
follows from Lemma 2.2.3, Part a) voe < T0oe and Lemma 2.2.4, Part a). So it
remains to be proved that v, < v*¥ so that Twv,e < Tv** holds because of M.
However, this follows immediately from Lemma 2.2.3, Part b) applied for v = v**.
O

Note that the corollary (2.1) of v** = wvy, is slightly stronger than what was
proved in Theorem 1.4.2, Part 3 where the existence of a greedy (stationary)
policy w.r.t. v.e was also needed. The following example, analogous to that of
[20], shows that the converse of this does not hold, i.c., v,e < v* may hold cven
when v, = TV and Tv* = v*° both hold.

EXAMPLE 2.2.5 In this example Q is monotone, increasing, Lipschitzian' (and thus
continuous) and T is also Lipschitzian.

The following relations hold: Tee = Uoe = v*9 = v*™, but Tv*® = 1™ > ve. ['voe = 0,
Tv** =0, TIs(v*9 +¢) =0 if 0 <z <1, but Mp(v*9 +¢) £0.

The model is as follows: X = {0}, A=2Z". (Qf)(0,a) =1/2°+(1—1/2%)f(0), £ = 0.
It is straightforward to scc that

(Tf)0) = {f('), if £(0) < 1;

1, otherwisc,

ILet By and B> be normed vector spaces. Operator S : By — B is called Lipschitzian with
index 0 < a if ||Sf — Sy|| < allf — g|| holds for all f,g € B;.
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so T is Lipschitz, too.

It is rcadily scen that v*#(0) = 1 (by consideration of the fixed point cquation Trv,; =
vy). However, if Tn = (Tmo, Tmls- -« Tmty - - -) With 7T (8) = m + ¢ then vy, (0) =
1-J[2,(1—1/2m) ~ 1 — exp(—1/2™) which goes to zero, as 1n tends to infinity,
showing that v*9(0) = 0.

Now we will show that the crucial point of this example was that IN'v, = 0.
First we need some more definitions:

DEFINITION 2.2.6 Let 114 (v) (A € {a,m,s}) denote the policies with infinite
horizon evaluation exactly equal to v:

MA(w)={m€llalv, =v}.
(The policy sets, Tl a, are introduced in Definition 0.1.10.)

Recall that ITa(v) denotes the set of policies with infinite horizon evaluation not
greater than v. Of course, [T (v) C [1a (v) and 114 (v*®) = [T (v*®).

THEOREM 2.2.7 Assume M,I,LSC. Then
P2 If Tvo = Voo and v # 0 then v = v*3.
P5 If Tv* =v* then I (v**) = Tv**.

P4 Assume that Tv** N1, (v**) # 0. Then Tv** = v**. In particular, if Tv*® =
I, (v*%) # 0 then Tv*® = v*°.

Proof. We need the following lemma:

LEMMA 2.2.8 Assume M, I, LSC. Then
a) IfTv #0 and £ < v and Tv < v then v** <.
b) If t <v <v* and Tv = v then I1%(v) = [v.
c) If ToNIi(v) # 0 then Tv = v.

Proof. Part a) is another application of Lemma 2.2.1. Let g€ I'v, S =T,V = v.
Since T,v = Tv & Tv < v it follows that T, v < v so the lemma assumptions arc
satisfied. The lemma and Lemma 2.2.4 Part a) yield that v, = lim,_,.e T <w
and consequently that v** < v holds as well. This proves Part a).

Now let us prove Part b). First of all we shall prove that II*(v) C I'v. Let
7 € II%(v); then T,v = T,v, = v, = v = Tv and thus 7 € I'v. Now assume that,
m € 'v. Then T, v = Tv = v. Consequently T7v = v for all n = 1,2,... and by
Part b) of Lemma 2.2.4 we get that v, = v.

Part ¢) follows easily since if 7 € TvNITi(v) then v = v, = Trv, = Trv = To.
O
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Now, let us prove (P2). Part a) of the lemma with the choice v = v,, yields
the inequality v** < v,. Since we know from Theorem 2.2.2 that v, < v*5, it
follows that v** = v.

(P3) follows by Part b) of the lemma with the choice v = v** since we know
that £ < v*¥ < v, < v**, while (P4) is obtained by Lemma 2.2.8, Part c¢) with
v = v, O

COROLLARY 2.2.9 If Tvo = Voo and Tvoe 7# D) then vee = v*9 = v}y, = v*°.

THEOREM 2.2.10 (P6) Assume M,I, LSC and that Tv** # O holds. Then the
set of best stationary policies and greedy policies w.r.t. v*°, coincide, i.e.,

I, (v*%) = [w™.

Proof. Firstly, we prove that greedy policies w.r.t. the optimal evaluation of
stationary policies are optimal, i.e.,

T'w*? € L (e}
For this let # € I'v**. We need to show that v, < v*%. Since T,v*® = Tv**
and according to Theorem 2.2.2 Tv** < v**, it follows that T, v** < v**. Now,
applying Lemma 2.2.1 with S =T, V' = v*® yields v, < v** where we exploited
the result of Lemma 2.2.4 Part b), namely that Trv™ — v,.

It remains to prove that I (v*®) C T'v*. Let 7 denote an arbitrary best,
stationary policy: v, = v**. Now we would like prove that Tv, = v,. Firstly,
we know that Tv, < v,. Next, assume that Tv, < v, and let 7 € T'v, = ['v*.
The next lemma, called the Generalized Howard’s Policy Improvement Lemma,
shows that v;(ze) < v,(z) which contradicts the optimality of v,. So we must
have that Tv, = v, = T,v, and @ € ['v, = ['v™® thus finishing the proof. O

LEMMA 2.2.11 (GENERALIZED HOWARD’S POLICY IMPROVEMENT) Assume M, I,
LSC and let m be an arbitrary selector and © and © € I'v,. Then v; < Tv, < v,
and if Tv, < v, then vy < v,.

The same conclusions hold when Q is monotone and is a contraction.

Proof. Since T' < Ty, duc to Lemma 2.2.4 Part a) we have Thv, = Tv, < Trv, =
vz. Now, Lemma 2.2.1 with S = T; and V = v, yiclds vz < T3v, = Tv,. The
second part follows analogously. The proof is identical for monotone, contraction
models, by noting that T, v, = v, follows by Corollary 1.5.5. O

An interesting open question is whether from Il (v**) # 0 it follows that
[I5(v**) = I'v**. Unfortunately, we could not prove or disprove this.
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2.3 Computational Procedures

If A is finite then T'v # 0, for all v € R(X). As a consequence we obtain the
following corollary:

COROLLARY 2.3.1 Assume M,I,LSC. Then if A is finite then all the assertions
n Figure 2 are valid. Moreover, vy, = v* = v*™ = v*s,

Proof. 1t is clear that ['vy, # (. Since T is LSC then T'v,, = v.e also, and hence
all the assertions of Figure 2 are valid. O

In essence, there are two computational approaches that can be utilized to find
an optimal policy:? policy iteration and valuc iteration (or successive approxi-
mation). First we will consider policy iteration (PI). For MDPs Puterman proved
the analogue of the sccond part of the next theorem [50].

THEOREM 2.3.2 (PoLicY ITERATION) Assume M,I, LSC and that both the ac-
tion space A and the state space X are finite. Let my be an arbitrary policy and
let us consider the sequence of policies {n:} defined by 741 € Tv,,. Then after
a finite number of steps, say T, the fired point equation v,,,, = vy, (t > 7) and
the fized point equation v,, = Tv,_ is satisfied. Further, v,, < T'v,,, i.e., PI
converges at least as fast as value iteration when value iteration is started with
Vg = Ugy-

Proof. By Lemma 2.2.11 we have that v, < v, for all + > 0. Since there
arc only a finite number of policics there exists a time 7 such that if + > 7 then
Uz, = Um,- However, this means that Tv;, = v, , otherwise by Lemma 2.2.11
we would have that v, ., <vs, .

The proof of the bound v, < T',, comes from a simple induction on ¢:
Easily the statement holds for ¢ = 0. Let us assume that it has been proved for
t: vp, < T'wg,. Due to M, Tv,, < T*1v,,. By Lemma 2.2.11 v,,,, < Tv,,. The
combination of the last two inequalities yields v,,,, < T**'v,, which completes
the induction. O

wr

The following example shows that, in arbitrary increasing models, continuity
assumptions alone are insufficient to guarantee the convergence of policy iteration
to optimality.

2In specific problems other procedures may be used, as well. For example, according to
Lemma 2.2.4 Part a) and Lemma 2.2.3, Part b) the non-linear variational equation Tv < v,
[lv]] — min with ¢ < v can be used to find ¢* if v** = v,.. Here || -|| is an arbitrary norm.
This variational equation reduces to linear programming for standard MDDPs and the L! norm,
but in the general case this variational equation may be hard to solve. Another recent efficient
method which is available only for deterministic MDPs is based on an observation that such
MDPs have a closed semiring formulation [43].
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ExXAMPLE 2.3.3 In this example @ is monotone, increasing, continuous and T is con-
tinuous. The modcl is finite. We will show that policy itcration cannot find the optimal
policy.

The modecl is as follows: X = {0}, A= {0,1}. (Qf)(0.0) =14(1/2)f(0), (2f)(0,1) =
1/4 + 247(0-1),

Now, let 7 be the policy with 7(0) = 0. Then from v, = Trv, we have that v,(0) = 2.
(Qux)(0,1) = 1/4+4 > 2 = (Qu,)(0,0) thus the PI routine returns .

On the other hand, the optimal stationary policy is given by 70%(0) = 1 since from the
fixed point equation Tr+vg» = v+ we have that v,-(0) = 1/2.

Policy iteration always stabilizes after a finite number of steps. Value itera-
tion, on the other hand, generates an infinite sequence of functions v, = T"vy.
Since greedy policies w.r.t. v** are optimal, considering v, as an approximation
of v*#, it is natural to ask whether greedy policies w.r.t. v, are optimal for large
enough n. This question has been answered when T is a contraction in [44]. If
T is not a contraction then vy, is not guaranteed to converge at all for general vy.
In this case it is convenient to take vy = ¢. The following theorem shows that
v, = T™¢ has the desired “absorbtion” property.

THEOREM 2.3.4 (ABSORBTION IN VALUE ITERATION) Assume M, I, LSC and
that v, converges to v*®, where v,+1 = Tv,, Qu, converges to Qu*® and both A
and X are finite. Then for sufficiently large n we have v, C 1 (v**).

Proof. Note that since A is finite IT,(v**) = T'v*S. So it is sufficient to prove that
['v, C T'v*® for large enough n.

Let z € X be an arbitrary state and ¢ € A be an arbitrary action. Let
Tz : B(X) — 24" be defined by

F(m,a)f = {ﬂ— € Ff"h'(l‘) = a}:

that is I'(; ) f is the set of greedy policies that choose an action a in state z.

Pick up a state . Since A is finite, ['v, # 0 for all n. So for all n there exists
an action a € A for which I'(; ,yvn, # 0. Again, since A is finite there must be at
least one action a for which I'¢; oyv, # 0 infinitely many times. Let A, be the set
of such actions. We claim that

Go ¥ Nyexr Uaea. Tio)v™® C o™, (2.2)

and for large enough n: I'v, C Gp. First of all, let us prove (2.2). Let 7 be
an element of Gy: 7(r) € A, for each z € X. Let ni(x),na(z),...,ni(x),...
denote the sequence of indices for which I'(; z(z))Unyz) # 0. Then it follows that
Une(e) () = (Quny)—1)(x,77(2)) = (Trvnu@)-1)(z), where z € X is arbitrary.
Taking the limit k — oo we get v** = Tv**. Since by Corollary 2.3.1 v** = Tv*?,
hence Trv** = Tv**, i.e., o« € ['v*® proving (2.2).
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It remains to be proved that I'v, C Gy if n is large enough. Let :x € X' be an
arbitrary state. Since A is finite there must be a time n, < oc after which for an
arbitrary policy with 7 € T'v,, 7(z) € A,. That is

T, € Uged, (r(a;,a)'un)

holds when n > n,. Let N = max,cx n,. Since X is finite N < oo and if n > N
and 7 € v, then 7(z) € A, for all z € X, i.e. m € Gq. O

Note that since A is finite, and if vy = ¢, Q is increasing, monotone and LSC,
and T is also LSC then v, = T™¢ converges to v** and Qu, converges to Qv** as
well and Theorem 2.3.4 applies.

2.4 Discussion

The aim of this chapter was to give a detailed description of the relations between
the important sub-problems of ADDPs (instead of resolving questions like the
existence of optimal stationary policies). In order to answer concrete questions
one needs to make further assumptions about Q. For example, if one is interested
in the optimality equation T've.e = ¥oe then the LSC of T should be ensured. One
way of achieving this is to assume that for all z € X S, : R(X) — [—o0,00]"
given by S,v = (Qu)(z,-) is lower semi-continuous w.r.t. the supremum-norm.
Also the moduli of continuity (w) of Q could be used for this purpose. Similarly
to the method employed in [12] one can show that if w(§) — 0 as § — 0 then
T is LSC. Further, if w(d§) < 6 for sufficiently small § then Tv** = v** holds as
well. The existence of e-optimal policies can also be studied using the moduli of
continuity of Q. Most of the results of this chapter are published in [72].
Bertsekas [6] and Bertsekas & Shreve [9] are the closest to the work in this
chapter. Bertsekas assumed that Q is Lipschitz®, and if so then it is also con-
tinuous at each bounded function «. (However, as Example 0.1.14 shows, Q can
be Lipschitz (even c-Lipschitz) without implying the same property for T.) Of
course under the Lipschitz assumption much more can be proved: for example
if @ is monotone, increasing, Lipschitz and lower-semi-continuous (this latter
condition could be dropped if we knew there existed a policy with bounded cval-
uation) then Tv*™ = v*™ [6, Proposition 5], TV.e = Vse 1s equivalent t0 voe = v*™,

3Under the monotonicity of Q Condition 1.2 of [6] can be shown to be equivalent to ||Qu —
Qul|| < allu — v]||, where || - || denotes the supremum-norm and a > 0. Note that since we
consider functions over the extended reals, Q can be Lipschitz without being continuous. The
following Lipschitz-like condition (let us call it the “c-Lipschitz property”) implies continuity:
if u is in the r (r > 0) neighbourhood of v then also Qu is in the ar neighbourhood of Qv,
where the r neighbourhood of a function V € R(X) consisting of the functions U € R(X’) for
which |U(z) — V(z)| < rif [V(2)| < o0 and U(z) < —1/r, if V(2) = —00 and U(z) > 1/r if
V(z) =00, 2z € X.
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[6, Proposition 10] or IT;(v*™) = ['v*™ [6, Proposition 7]. Note that under these
stronger conditions, TV = vy 18 still not equivalent to vy, = v** (or v*9 = v**) as
shown by Example 2.2.5. The optimality of stationary policies requires stronger
conditions such as a contraction assumption (Assumption C of [6]) or existence-
like conditions, such as I'vee # (). In Proposition 11 Bertsekas derived a necessary
and sufficient condition (based on the epigraph of Q) for v = TVoe and T'vee # ()
whose importance is clear from Figure 2.

Another question not fully explored is whether I'v # () for general v. Here,
compactness arguments can be put forward. If (Qu)(z,-) is continuous for all
v € R(X) and A is a complete metric space then one can show with Baire’s
theorem that ['v # (.

Increasing models are just one of the usual three models investigated in the
abstract setting. The other two assumptions are that @ is uniformly decreasing on
¢: (Q0)(-,a) < fforalla € Aand that Q is a contraction for somenorm //-!/. The
contraction assumption was first considered by Denardo [18] and later revisited
by Bertsekas [6] and Bertsekas and Shreve [9]. Contraction models are very well
understood, and in [9] it was shown that it is possible to get an approximately
optimal policy by an approximate policy iteration routine. Decreasing models
were first considered by Strauch [65] for MDDPs and later by Bertsekas [6] and
Bertsekas and Shreve [9]. Decreasing models are quite different from increasing
ones. It is well known, for instance that policy improvement does not work in the
decreasing case [65]. Finally we note that without too much effort the present
framework could be extended to arbitrary cost (reward) spaces cquipped with
a partial ordering and thus we could generalize the results that hold for vector-
valued DPs [31] to abstract models with optimality criterions differing from the
usual total expected discounted cost criterion.
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Part 11

Reinforcement Learning






Introduction

In this part we describe methods for solving MDPs when the MDP is unknown
but the decision maker may “experience” it. Recently many such algorithms
has been investigated under the name “reinforcement learning” (RL), but they
could also be considered as examples of adaptive controllers. In order to illus-
trate the idea consider a finite MDP and let the decision criterion be to minimize
the total discounted expected cost (cf. Example 0.1.3 of Part 1). Then it fol-
lows from Corollary 1.5.5 that the optimal cost-to-go function v* = »*9 is the
fixed point of the optimal cost-to-go operator T : B(X) — B(X), (Tv)(z) =
MiNgeq ), cx P(2, 0, y)(c(x; a, y) +7v(y)), 0 < 7 < 1, where p(z, a, y) is the prob-
ability of going to state y from state x when action a is used, ¢(z,a,y) is the
cost of this transition and < is the discount factor. From part I, we also know
that greedy policies w.r.t. v* are optimal. The defining assumption of reinforce-
ment learning is that p and ¢ arc unknown, so 7' is also unknown. Mecthods of
RL can be divided into two catcgorics: optimal cost-to-go function cstimation
based and policy iteration based methods. Here we will be concerned only with
the first class of methods. In this class, an estimate of the optimal cost-to-go
function is built gradually from experience (of the decision maker) and some-
times this estimate is simultaneously used for control. Two questions arise then:
the convergence of the estimates to the true optimal cost-to-go function and the
convergence of the control to optimality. Clearly, the two convergences can af-
fect each other: if the estimates converged to optimality then the control should
become asymptotically greedy with respect to the estimates in order to have
it converge to optimality, and if the estimates do not converge to the optimal
cost-to-go function then neither will the control converge to optimality. A more
scrious affect is that some control policics prevents the convergence of the cost-
to-go function estimates to the optimal cost-to-go function (the decision problem
is not “explored” sufficiently) in which case neither the control can converge to
optimality. In summary, the control must become asymptotically greedy w.r.t.
the cost-to-go function estimate bui if the convergence to greediness is .00 fast
then the cost-to-go function estimate may nol. have enough time to build up,
preventing the convergence of control to optimality. The tradeoff between using
“exploiting” (greedy) control and the convergence of estimates to optimality is
called the exploration-exploitation tradeoff, and is well-recognized in the field of
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adaptive control. The proof that RL algorithms resolve the tradeoff is done in
two steps by separating the proof of the convergence of the cost-to-go function
estimates from that of the learning policy: first the convergence of the cost-to-go
function estimates is shown under quite general conditions which prescribe only
the meaning of “sufficient exploration”. This is called off-line learning since the
control policy is not assumed to be coupled to the estimation procedure. Such
theorems are useful even from the practical point of view since the off-line al-
gorithms can be viewed as solution methods for large MDPs whose structure is
known but for which the explicit solution of the Bellman Optimality Equation
would be too laborious to obtain. Then a Monte-Carlo simulation of the sys-
tem together with a RL algorithm may provide a solution. It is important to
note here that off-line RL algorithms differ from dynamic programming in two
respects. Firstly, there is an estimation part of the algorithm and second, the
algorithm is asynchronous: instead of updating (changing) all components of the
estimate to the optimal value-function (as in value-iteration) only some carefully
selected components are updated. It is well known that these asynchronous up-
dates can speed up convergence considerably (similarly to the speed-up caused
by Jacobi-iteration) [1]. It is exactly the asynchronous nature of these algorithms
that makes the analysis of the off-line case non-trivial.

If the system is unknown then on-line learning policies, used during the esti-
mation process to control the system, must be put forth that will satisfy both the
“greedy in the limit” and the “sufficient exploration” conditions. This situation
is called on-line learning since the estimation procedurce and the control must be
coupled. The technique of providing admissible learning policies is to provide
conditions under which the cost-to-go function cstimates converge in a restricted
sense and finally to show that these conditions can be satisfied by some learning
policies.

In the next chapter we derive the main result; in subsequent chapters we give
applications of this result to off-line algorithms (Chapter 4) and on-line algorithms
(Chapter 5).



Chapter 3

Asynchronous Successive
Approximation

Consider an MDP where the decision maker has access to unbiased samples from
p(z,a,-) and ¢ we assume that when the system’s state-action transition is
(z,a,y) then the decision maker receives a random value ¢, called the reinforce-
ment signal, whose expectation is ¢(z, a,y). Assume, moreover, that the decision
maker wishes to identify v*, the optimal cost-to-go function. For example, he
might try to approximate p and ¢ using some cstimation procedures and usc the
estimated values, py, ¢, to approximate 7' (the optimal cost-to-go operator) as
T, = T'(p4, ¢;) and simultaneously he might try to use the operator sequence 7;
to build an estimate of v* by replacing T in the value iteration procedure by
T;. Or, as in Q learning [83], one might want to directly estimate Qu* without
ever estimating p or ¢, where (Qf)(r,a) = > ., P(z,a,y)(c(7,a,y) + vf(y))
is the cost propagation operator. The idea of this direct estimation procedure
is the following: from the optimality equation v* = Tv* it follows that Q* is
the fixed point of the operator T = QN, where N : B(X x A) — B(&X),
(NQ)(z) = minge 4 Q(x, a). Fer any fixed function Q, T'Q is easily approximated
by averaging, which can be written recursively in the form

Qi+1(z,a) = (3.1)
(1- sta) Qo) + oy (e + YNQ)@esr)), iF (@:0) = (2 00)
Qu(z,a), otherwise,

where ny(z,a) is the number of times the state-action pair (z, a) was visited by
the process (zy, a;) before time ¢ plus one and, x; is a controlled Markov cess
with transition laws given by P(z:i1'xy,ay) = p(24, ay, 2441), and where ¢; € R
depends stochastically on (zy, ay, 411) with Elcxs, ag, 2441) = ¢z, ag, 24) and
Varlc;|z+, as, 2441] < 0o. The above iteration can be written in the more compact
form

Qi1 = T (Qy, Q), (3.2)
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where T; is a sequence of appropriately defined random operators. The approx-
imation of * comes then from the “optimistic” replacement of () in the above
iteration by @;. The corresponding process, called Q-learning [83], is

Qi1 = Tu(Qr, Qr). (3.3)

Although the convergence of the iteration defined in (3.1) follows trivially
from the law of large numbers, since for any fixed pair (z, a), the values Qy(x, a)
as given by (3.1) are simple time averages of ¢;+ (N Q)(z:+,) filtered for the time
steps when (z,a) = (x4, as), note that the convergence of the iteration given by
(3.3) is not so straightforward. Specifically note that the componentwise analysis
of the process of (3.3) is no longer possible, i.e., Q.11 (2, a) depends on the values
of Q; at state-action pairs different from (2, a)— not like the case of Q.4 and Q,
in Equation (3.2).

Interestingly, a large number of algorithms can be put into the form of (3.3)
so it is worth choosing this iteration as the basis of our analysis together with the
assumption that @, as defined in Equation (3.1) converges to 7'Q for all functions
). Then our main result is that under certain additional conditions on 7T}, the
iteration in (3.3) will converge to the fixed point of 7. In this way, we will be
able to prove the convergence of a wide range of algorithms. For example, we
will obtain a convergence proof for Q-learning, for the iteration v, = T(ps, ) vy
outlined earlier, and similar results for many other related algorithms.

3.1 The Main Result

Let T : B — B be an arbitrary operator, where B is a normed vector space, and
let 7 = (Ty,Ty,...,T},...) be a sequence of random operators, T; mapping B x B
to B. The following question is investigated here: Under what conditions can
the iteration fi11 = T¢(f:, fi) be used to find the fixed point of T, provided that
T = (Ty, T,...,T;,...) approximates T in the sense defined next?

DEFINITION 3.1.1 Let F C B be a subset of B and let Fo : ' — P(B) be a
mapping that associates subsets of By with the elements of F'. If, for all f € F
and all mg € Fo(f), the sequence generated by the recursion my 1 = Ty(my, )
converges to T f in the norm of B with probability 1, then we say that T ap-
proximates T for initial values from Fo(f) and on the set F C B. Further,
we say that T approximates T' at a certain point f € B and for initial values
from Fy C B if T approximates T on the singleton set {f} and the initial value
mapping Fo : F — B defined by Fo(f) = Fo.

We will also make use of the following definition.

DEFINITI®ON 3.1.2 The subset F© C B s invariant under T : B x B — B if, for
all f,g e F T(f,g) € F. If T is an operator sequence as above, then F is said
to be invariant under T if for alli > 0 F is invariant under T;.
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In many applications it is sufficient to consider the unrestricted case in which
F = B and Fy(f) = B for all f € B. For notational clarity in such cases, the set
F and mapping Fy will not be explicitly mentioned.

The following is our main result.

THEOREM 3.1.3 Let X be an arbitrary set and assume that B is the space of
bounded functions over X, B(X), i.e., T : B(X) — B(X). Let v* be a fized point
of T and let T = (Ty, Ty,...) approzimate T (w.p.1) at v* and for initial values
from Fy C B(X), and assume that Fy is invariant under T. Let Vy € Fy, and
define Vi1 = Ty(Vi, V3). If there exist functions 0 < Fy(z) <1 and 0 < Gy(z) <1
satisfying the conditions below w.p.1, then V, converges to v* w.p.1 in the norm
of B(X):

1. for allUy and Uy € Fy, and all x € X,
[ 7i(Lh, 07) () = T Us, v} ()] < Gof)|Un () = Us();
2. forallU andV € Fy, and oll z € X,
[ To(U, v*) (@) = T(U, V) ()] < B(z)(llv” = V][ + ),
where Ay = 0 w.p.1. ast — oo;
3. for allk > 0, II}_.Gi(x) converges to zere uniformly in z as n — 0o; and,
4. there exists 0 < v < 1 such that for all x € X and large enough t,

Fi(s) < (1 - Gufa)).

REMARK 3.1.4 Note that from the conditions of the theorem and the additional
conditions that T; approximates T at every function V € B(X), it follows that
T is a contraction operator at v* with index of contraction + (that is, T is a
pseudo-contraction at v* in the sense of [10]).

Preof. [of Remark 3.1.4] Let V, Uy, Vy € B(X) be arbitrary and let Uy =
Ti(Ur, V) and Viyy = Ty(Vy,v"). Let 84(z) = 'Ui(z) — Vi(z)!. Then, using Con-
dition 1, 2 and 4 of Theorem 3.1.3 we get that d4(z) < 6¢(z), where b4, (z) =
Gi(z)oy(z) + v(1 — Gy(x))||[V — v*/l. Substracting ||V — v*| from both sides
we obtain that (341 (x) — ||V — v*|]) = G(x)(6:(z) — ||V — v*!') and thus, by
Condition 3, d,(x) converges to vV — v*||, i.e., limsup, .. d,(z) < 4|V — v*||
(see, e.g., the proof of Lemma 3.2.2 of Section 3.2). Since T; approximates T at
v* and also at V, we have that U, — TV and V; — Tv* w.p.1 which shows that
&; converges to |TV —Tv*!! w.p.1 and so ||TV — Tv*| < ||V —v*!l also holds. O
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One of the most noteworthy aspects of Theorem 3.1.3 is that it shows how to
reduce the problem of approximating v* to the problem of approximating T at
a particular point V (in particular, it is enough that T can be approximated at
v*); in many cases, the latter is much easier to prove. For example, the theorem
makes the convergence of Q-learning a consequence of the classical Robbins-
Monro theory [53].

The most restrictive of the conditions of the theorem is Condition 4, which

links the values of G¢(z) and Fi(x) through some quantity v < 1. If it were
somehow possible to update the values synchronously over the entire state space,
i.e., if Vi1 (x) depended on Vi(x) only, then the process would converge to v*
even when v = 1 provided that it were still the case that [[;>,(Fi + Gt) = 0
uniformly in z. In the more interesting asynchronous case, when v = 1, the long-
term behavior of V; is not immediately clear; it may even be that V; converges
to something other than v* or that it may even diverge, depending on how strict
the inequalities of Conditions 4 and (3.4) (below) are. If these are strict, then
||0;]| need not decrease at all. The requirement that v < 1 insures that the use
of outdated information in the asynchronous updates does not cause a problem
in convergence.
Proof. [Theorem 3.1.3] Let Uy € Fo be arbitrary and let Uy, = Ty (Us, v*). Since
T, approximates T’ at v*, U, converges to Tv* = v* w. p- 1 umformly over X. We
will show that ||U, /, converges
to v*. Let

0y(z) = |Ui(z) — Vi(2)]
and let
Aulz) = |Ui(x) — v*(z) .
We know that A;(z) converges to zero because U; converges to v*.

By the triangle inequality and the conditions on 7} (invariance of Fy and the
Lipschitz conditions), we have

0er1(2) = Up(z) — Viga(z)!
= TyU;,v*)(z) = Ti(Vi, Vi) ()
< T U, v*) (1) — To(Vi, v*) ()| + 1 T(Vi, v7) () — To(VE, Vi) ()]
< Gil(2) Ui(z) = Vi) + Fi(z) (" = Vil + A)
= Gia)di(z) + Fu(z)(lv = Vil + )
< Gix)dz) + Fi(z)([[v" = Ul + [|Us = Vill + )

Gi(z)8(x) + Fy(@) (16, + (1A + Av)- (3.4)

In Lemma 3.4.2 presented below we will show that an inequality similar to
Inequality (3.4) holds for a sub-series of ||| and that therefore |&|| converges
to zero. The perturbation term will be treated by treating d; as a homogeneous
perturbed processes [33]. O
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3.2 Convergence in the Perturbation-free Case

We will nced a relaxation of the concept of probability-onc-convergence. Recall
that by definition a random sequence z; is said to converge to zero w.p.1 of for all
1,8 > 0 there exist a finite number T' = T(5, §) such that P (supyq [z > 6) < 9.
In this section we address the fact that the bound 7" might need to be random.
Note that usually T is not allowed to be random. However, we show that T' can
be random and almost sure convergence still holds if 7" is almost surely bounded.

LEMMA 3.2.1 Let x; be a random sequence. Assume that for each 17,6 > 0 there
exist an almost surely finite random index T = T(n,0) such that

r (sup || = 6) < 1. (3.5)

t>T

Then z; converges to zero w.p.1.

Proof. Notice that if T'(w) < k then supys, [z4(w)| < sup;sp(,) @(w) and thus

{w lsup |z4(w)! > 6, T(w) < k} C {w| sup |z4(w)! >0, T(w) < k} )

>k £>T(w)
Now,
A = {Cu 'sup lz4(w)! > (5}
t>k
= (A N{w I T(w) < k}) U (Aﬁ {wT(w) > k})
- {w sup 'z4(w)! 29, T(w) < k} U{w!T(w) > k}.
I>T(w)
Thus,

P (sup x| > (5) <P (sup lz,| > (5) + P(T > k).
t>k I>T
Now, pick up an arbitrary 6,7 > 0. We want to prove that for large enough
k > 0 P(supyy 2! > 0) < n. Let Ty = T(6,17/2) be the random index whose
existence is guaranteed by assumption and let & = k(e,7) be a natural number
large enough s.t. P(Ty > k) < 17/2. Such a number exists since Ty < oo w.p.1.
Then, P(sup;s [z > 6) < P(supgsp, ! > 8) + P(Ty > k) < 1, showing that &
is a suitable (non-random) index. O

Now we prove our version of Jaakkola et al’s Lemma 2 [33] which concerns
the convergence of the above process d; in the perturbation-free case. Note that
both our assumptions and our proof are slightly different from theirs.



46 CHAPTER 3. ASYNCHRONOUS SUCCESSIVE APPROXIMATION

LEMMA 3.2.2 Let Z be an arbitrary set and consider the random sequence

T (2) = gilz)oel2) + felz)l|ol 2 € Z (3.6)

where g, fr,9: > 0, t > 0, and ||zo]| < C < oe w.p.1 for some C > 0. Assume
that for all k > 0 limp o0 [[14 9t(2) = 0 wniformly in z w.p.1 and fz) <
v(1 = g4(2)) w.p.1. (g and f, are also random sequences). Then, ||z:|| converges
to0 w.p.1.

Proof. We will prove that for each £,6 > 0 there exist an a.s. bounded index
T =T(e,6) such that
P (sup ||z¢!! < (5) >1-—= (3.7)

i>T
Let £, > 0 be arbitrary and let py,...,ps,... be a sequence of numbers (0 <

pt < 1) to be chosen later.
We have that

zi1(2) = gl2)zu(2) + fi2)|lz]
< g(2)la! + fil2)||2]
= (9¢(2) + fi(2)) !z
< il

since by assumption g,(z) + fi(z) < @(z) + 7(1 — g(2)) < 1. Thus, we have
that |7, 1!| < ||| for all ¢ and, particularly, ||z;|] < Co = ||zo!! holds for all ¢.
Consequently, the process

Yer1(2) = g:(2)3:(2) + 7(1 — g:(2)) Ch, (3.8)

with yo = Z, estimates the process {z;} from above: 0 < z; < y; holds for all
t > 0. The process y; converges to vCo w.p.1 uniformly over Z. (Substract ~Cy
from both sides to get (ys+1(2) — 7Co) = gi(2)(y:(2) — Co). Now convergence of
lys — ~Co|| follows since limy o0 [ [}k g¢(2) = 0 uniformly in z). Therefore,
limsup 'z, < ~Cy
t->ce

w.p.1. Thus, there exists an a.s. bounded index, say M,, for which if ¢ > M,
then |z,| < (1 + 7)/2Cy with probability po. Assume that up to some index
¢ > 0 we have found numbers A; such that when ¢t > M, then

1+
el < (137) eo=c. (39)

holds with probability pop;...p;- Now, let us restrict our attention to those
events for which Inequality (3.9) holds. Then, we see that the process

Yni, = Ty
Ye+1(2) = g(2)m(2) + (1 — 9:(2))Cy, t > M,
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bounds z; from above from the index M;. Now, the above argument can be
repeated to obtain an index M, ; such that Inequality (3.9) hold for 7 + 1 with
probability pepi - - - PiDi+1-

Since (1 + 7)/2 < 1, there exists an index k for which ((1 + ~)/2)*Cy < e.
Then, we get that Inequality (3.7) is satisfied when we choose pq, . .., pr in a way
that pop1...px > 1 — ¢ and we set T = My(= Mi(po.p1:---,P8))- O

When the process of Equation (3.6) is subject to decaying perturbations, say
¢t (see, e.g., the process of Inequality (3.4)), then the proof no longer applies.
The problem is that ||z¢|| < ||lzo| (or ||zr4|] < 27|, for large enough T') can no
longer be ensured without additional assumptions. For x4 (2) < ]l to hold,
we would need that ye; < (1 —)'lz,/, but if liminf,_, ||2¢|| = 0 (which, in fact,
is a consequence of what should be proved), then we could not check this relation
a priori. Thus, we choose another way to prove Lemma 3.4.2. Notice that the
key idea in the above proof is to bound .z; by y;. This can be done if we assume
that z, is kept bounded artificially, c.g., by scaling. The next subscction shows
that such a change of x; docs not cffect its convergence propertics.

3.3 The Rescaling of Two-variable Homogeneous
Processes

The next lemma is about two-variable homogeneous processes, that is, processes
of the form
Tri1 — Gt(fﬂt, Et); (310)

where Gy : B x B — B is a homogencous random function (B, B denote normed
vector spaces as usual), i.c.,

Gi(8x, 3¢) = BGy(x,€) (3.11)

holds for all 3 > 0, z and €.! We are interested in whether z; converges to
zero or not. Note that when the inequality defining &; (Inequality (3.4)) is an
equality, the process becomes homogeneous. Lemma 3.3.2 below says that, under
additional conditions, it is enough to prove the convergence of a modified process
which is kept bounded by rescaling to zero, namely the process

S C Gt(yﬁ Et)/”Gt(yta 83) ||, otherwise,

'In [33] the authors considered a question similar to that which is investigated below in
Lemma 3.3.2 for the case of single-variable homogeneous processes, which would correspond to
the case when &; = 0 for all ¢ > 0 (see Equation (3.10)). The single-variable case follows from
our result.
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where C' > 0 is an arbitrary fixed number. The idea of “projecting” on a bounded
set to ensure boundedness of stochastic approximation processes has been dis-
cussed by Ljung [45] and Kushner and Clark [41].

We denote the solution of Equation (3.10) corresponding to the initial con-
dition ¥y = w and the sequence ¢ = {&;} by x,(w,e). Similarly, we denote the
solution of Equation (3.12) corresponding to the initial condition 4y = w and the
scquence € by o (w, g).

DEFINITI®ON 3.3.1 We say that the process x; is insensitive to finite perturba-
tions of ¢ if it holds that if x:(w,e) converges to zero then so does x(w,e'), where
e'(w) is an arbitrary sequence that differs only in a finite number of terms from
¢(w), where the bound on the number of differences is independent of w. Further,
the process x; s said to be insensitive to scaling of ¢ by numbers smaller than 1,
if for all random 0 < ¢ < 1 it holds that if z;(w,e) converges to zero then so does
z(w, c2).

LEMMA 3.3.2 (RESCALING LEMMA) Let C > 0, wy and the sequence € be ar-
bitrary. Then, a homogeneous process x,(wy, £) converges to zero w.p.1 provided
that (i) x; is insensitive to finite perturbations of =; (#) x; i.s insensitive to scaling
of € by numbers smaller than 1 and (i) y(wy,&) converges to zere.

Proof. We state that
Ye(w, g) = ze(dyw, e (3.13)

for some scquences {c:} and {d:}, where ¢; = (e, €115+ -, G4y - - .) and {¢;} and
{d;} satisfy 0 < ds, ¢ < 1, and ¢; = 1 if ¢ > t. Here the product of the
sequences ¢; and ¢ should be understood componentwise: (ci€); = cue;- Note
that y.(w,e) and z;(w,e) depend only on &g,...,€,_;. Thus, it is possible to
prove Equation (3.13) by constructing the appropriate sequences ¢; and dj.

Set cg; =d; =1 for alli =0,1,2,.... Then, Equation (3.13) holds for ¢t = 0.
Let us assume that {c;, &;} is defined in a way that Equation (3.13) holds for ¢.
Let S; be the “scaling coefficient” of y; at step (n + 1) (S; = 1 if there is no
scaling, otherwise 0 < S, < 1 with S, = C/| Gy(y,e4)!!):

Yeri(w,g) = SiGiylw,e), )
= Gi(Syp(w; ), Sier)
= Gy(Sxe(drw, i), Sier).

We claim that
Sz (w, €) = z(Sw, Sg) (3.14)

holds for all w, € and S > 0.
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For ¢ = 0, this obviously holds. Assume that it holds for ¢. Then,

Swryi(w,e) = SGix(w,€),2)
Gy(Szy(w,e), S=y)
Gi(z4(Sw, Se), S=y)
= zy1(Sw, Se).

Thus,
Y41 (wa €)= Gt(xt(stdtw; Stctff), Stft),

and we see that Equation (3.13) holds if we define ¢;41; as ¢iy1, = Sicys if 0 <
¢ < i, Cty1: — 1if¢ >t and dt+1 = Sud,.
Thus, we get that with the sequences

o 1= S, ifi<t
= 1, otherwise,

dy =1, and
(
dir1 = H Sis
i=0

Equation (3.13) is satisfied for all t > 0.
Now, assume that we want to prove for a particular sequence £ and initial

value w that
lim z.(w,€) =0 (3.15)

t—+oc

holds w.p.1. It is enough to prove that Equation (3.15) holds with probability
1 — 6 when § > 0 is an arbitrary, sufficiently small number.

We know that y;(w,€) — 0 w.p.1. We may assume that § < C. Then, there
exists an index M = M (0) such that if ¢ > M then

P(|lye(w, &)|| < 8) > 1 — 6. (3.16)

Now, let us restrict our attention to those events w for which ||y (w, e(w))|| < &
for all t > M: A; = {w : ly(w,e)(w)]| < 6} Since § < C, we get that there
is no rescaling after step M: Sy(w) = 1 if ¢ > M. Thus, ¢; = car41, for all
t > M +1 and 4, amd specifically ¢;; = 1 if ¢, ¢ > M + 1. Similarly, if £ > M then
dipr(w) = IL’Z. Si(w) = dyi1(w). By Equation (3.13), we have that if t > M
then

ye(w, €(w)) = Zo(dpr(W)w, epra(w)e(w)).

Thus, it follows from our assumption concerning y; that x;(dase1(w)u, car1€(w))
converges to zero almost everywhere (a.e.) on As and consequently, by Equa-
tion (3.14), z4(w, cpr+16(w)/dar+1(.)) also converges to zero a.e. on Ag. Since z,
is insensitive to finite perturbations and since in c¢p;4; only a finite number of
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entries differs from 1, z;(w, e(w)/dar+1(w)) also converges to zero, and, further,
since dyri1(w) < 1, zp(w,e(w)) = z4(w, drr1(w)(e(w)/drri1(w))) converges to
zero, too (x; is insensitive to scaling of € by djr1). All these hold with probabil-
ity at least 1 — ¢, since, by Equation (3.16), P(As) > 1— 4. Since § was arbitrary,

the lemma follows. O

3.4 Convergence of Perturbed Processes

We have established that Inequality (3.4) converges if not perturbed. We now
extend this to more general perturbed processes so we can complete the proof of
Theorem 3.1.3.

The following theorem concerns the stability of certain discrete-time systems:

THE®REM 3.4.1 Let X and Y be normed vector spaces, Uy : X x Y — X (t =
0,1,2,...) be a sequence of mappings, and 6, € Y be an arbitrary sequence. Let
0. € ) and 2o € X. Consider the sequences xi,1 = U(4,000), and yei1 =
Ui(ys, 0:), and suppose that x; and 6, converge to o, and O, Tespectively, in the
norm of the appropriate spaces.

Let LY be the uniform Lipschitz index of Uy(z,6) with respect to 6 at 6, and,
similarly, let LY be the uniform Lipschitz index of Uy(x, 0se) with respect to x.2
Then, if the Lipschitz constants LY and LY satisfy the relations L? < C(1 — LY),
and [[7_, LY, = 0, where C > 0 is some constant and n = 0,1,2,..., then
lim¢-seo |yt — Tl = 0.

Proof. The proof is based on relating the convergence of ||y, — Too|| and a triangle
transformation of ||6, — 64| and can be found in Appendix A.l. O

Observe that if U; and 6; are random and all the relations are required to
hold a.s., specifically, if “convergence in norm” is replaced by “a.s. convergence
in norm”, then the above theorem remains valid. We will indeed use this form
of the above theorem to show the a.s. convergence of certain random variables
holds. Now, we are in the position to prove that Lemma 3.2.2 is immune to
decaying perturbations.

LEMMA 3.4.2 Assume that the conditions of Lemma 3.2.2 are satisfied but Equa-
tion (3.6) is replaced by

211 (2) = gel2)e(2) + filz) (]| + &), (3.17)

where ¢; > 0 and & converges to zere with probability 1. Then, x:(2) still con-
verges to zero w.p.1 uniformly over 2.

IThat is, for allz € X and 8 € Y ||Uk(2,6) — Ur(2,8)|| < LY||0 — 0s|| and for all 2,y € X
U®,05) = Ur(y,608)|| < Lillz = yll-
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Proof. First, we show that the process of Equation (3.17) satisfies the assumptions
of the Rescaling Lemma (Lemma 3.3.2) and, thus, it is enough to consider the
version of Equation (3.17) that is kept bounded by scaling.

First, note that z; is a homogeneous process of form (3.10) (note that Equa-
tion (3.11) is required to hold only for positive scaling numbers). Let us prove
that z; is immune to finite perturbations of £. To this end, assume that =} differs
only in a finite number of terms from &; and let

Y1 (2) = ge(2)ye(2) + Ll2) [yl + )

Take
ki(z) = |ze(z) — wlz) .
Then,
ki (2) < ge(2hke(2) + fe(2) (1B (2)]] + l2e — &4])-

For large enough t £, = £}, so

ki (2) < gu(2)ke(2) + L(2)][ R (2)]];

which we know to converge to zero by Lemma 3.2.2. Thus, either z; and y;
converge and converge to the same value, or neither z, or y, converges.

The other requirement that we must satisfy to be able to apply the Rescaling
Lemma (Lemma 3.3.2) is that x; is insensitive to scaling of the perturbation by
numbers of the interval [0, 1); let us choose a number 0 < ¢ < 1 and assume that
z4(w, £) converges to zero with probability 1. Then, since 0 < zy(w, cg) < x4(w, €),
z4(w, ce) converges to zero w.p.1, too.

Now, let us prove that the process that is obtained from z; by keeping it
bounded converges to zero. The proof is the mere repetition of the proof of
Lemma 3.2.2, except a few points that we discuss now. Let us denote by 2, the
process that is kept bounded and let the bound be Cy. It is enough to prove that
||Z:¢|| converges to zero w.p.1. Now, Equation (3.8) is replaced by

vea1 (2) = ge(2hue(z) + (1 — 9:(2))(Co + &)

By Theorem 3.4.1, y; still converges to vCy, as the following shows: X',) := R
0; = ey, Up(,0) = g4(2)x+ (1 —g4(2))(Co+0), where z € Z is arbitrary. Then,
LY = g4(2) and L? = y(1 — g4(z)) satisfying the condition of Theorem 3.4.1.
Since it is also the case that 0 < z; < y;, the whole argument of Lemma 3.2.2
can be repeated for the process :7;, yielding that ||Z;| converges to zero w.p.1
and, consequently, so does ||z;||. This finishes the proof of the lemma. O

We have thus completed the proof of Theorem 3.1.3.
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3.5 Relaxation Processes

In this scction, we prove a corollary of Theorem 3.1.3 for relaxation processes of
the form

Viri(z) = (1 = fil@))Vi(w) + fi(2)[P V] (=), (3.18)

where 0 < fi(z) is a relaxation parameter converging to zero and the sequence
P; : B(X) — B(X) is a randomized version of an operator 7" in the sense that
the “averages”

Ui1(z) = (1 = file))Ui(2) + fo(z)[PV](2)

converge to TV w.p.1, where V € B(X). A large number of reinforcement-
learning algorithms have this form, which makes these processes of interest. We
give some concrete examples in later sections. It is important to note that while
/t+1 () depends on V;(y) for all y € X since P;V; depends on all the components
of V;, Ugq(x) depends only on Uy(z), z € X: the different components are
decoupled. This greatly simplifies the proof of convergence of (3.18). Usually,
the following, so-called conditional averaging lemma is used to show that the
process of (3.18) converges to T'V .

LeEMMA 3.5.1 (CONDITIONAL AVERAGING LEMMA) Let F; be an increasing se-
quence of o-fields, let 0 < oy < 1 and w; be random variables such that oy and
wy_y are F; measurable. Assume that the following hold w.p.1: E[w: Fy, 0p #
0] = A, Elw}|F] < B<oo, > at =00 and Y oo, a} < C < oo for some
B.C > 0. Then, the process

Qi = (1 — )@ + gy
converges to A w.p.1.

Note that this lemma generalizes the Robbins-Monro Theorem in that, here, oy
is allowed to depend on the past of the process, which will prove to be essential
in our case, but is less general since E [w;/F;, a; # 0] is not allowed to depend on
Q.. The proof of this Lemma can be found in Appendix A.2 (cf. Lemma A.2.3).

COROLLARY 3.5.2 Consider the process generated by iteration (3.18). Assume
that the process defined by

Upy1(z) = (1 = file))Us(x) + fe(z)[Prv*](z) (3.19)

converges to v* w.p.1. (This condition is called the approximating property of Py
and f;.) Assume further that the following conditions hold:

1. there exist number 0 < v < 1 and a sequence Ay > 0 converging to zero
w.p.1 such that ||[P,V — P*|| <~V — v*|| + A, holds for all V € B(X);
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2.0 < filz) <1, and Y, fdx) converges to infinity uniformly in = as
n — o0.

Then, the iteration defined by (3.18) converges to v* w.p.1.

Note that if lim; e |'f;/! = 0 w.p.1 then for large enough ¢t P(||f;]| < 1) > 1 —¢ for
arbitrary 0 < € < 1, so if | f;|| converges to zero w.p.1 then condition fi(z) < 1
can be discarded.

Proof. Let the random operator sequence Ty : B(X') x B(X) — B(X) be defined
by

T,(U, V)(z) = (1 = f(z))U(z) + fe(z)[V](2).

T; approximates 1T at v, since, by assumption, the process defined in (3.19)
converges to v* = Tv* for all V € B(X). Moreover, observe that V; as defined
by (3.18) satisfies Vi, = T;(V;, V;). Because of Assumptions 1 and 2, it can be
readily verified that the Lipschitz-coefficients G(x) = 1 — fi(z), Fi(z) = v fi(z)
satisfy the rest of the conditions of Theorem 3.1.3, and this yields that the process
Vi converges to v* w.p.1. |

Note that, although a large number of processes of interest admit this relax-
ation form, there are some important exceptions. In Sections 4.2 and 4.5 we will
deal with some processes that are not of the relaxation type and we will show
that Theorem 3.1.3 still applies; this shows the broad utility of Theorem 3.1.3.
Another class of exceptions are formed by processes when P; involves some addi-
tive, zero-mean, finite conditional variance noise-term which disrupts the pseudo-
contraction property (Condition 1) of P;. With some extra work Corollary 3.5.2
can be extended to work in these cases; in that proof the Rescaling Lemma must,
be used several times. As a result a proposition almost identical to Theorem 1
of [33] can be deduced. This extension will be presented at the end of the next
chapter.

3.6 Convergence Rates

The difficult part of proving the convergence of RL algorithms is to prove that
the asynchronous iteration

zi1(2) = qu(z)zi(z) + filz)||2, (3.20)

converges to zero (cf. Equation (3.6) of Lemma 3.2.2). The aim of this section is to
strengthen the statement of Lemma 3.2.2 under special assumptions concerning
ft and g4 and then to give an estimate for the convergence rate of the above
process to zero. Here, we assume that the set of possible states Z is finite (we
identify this set with {1,2,...,n}), and that the process 3.20 takes the form

l . . . . I
renti) = 4 (1 ) w@ + gl ifm=is 5y,
(%), if n; # 1,
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where t = 1,2,3,..., i = 1,2,....n, n, € {1,2,...,n}, S¢(?) is the number of
times the event {17, = i} happened before time (¢ + 1) plus one (i.e., S;(i) =
1+{s'ns=14, 0<s<t+1}])and | -]| denotes the supremum-norm as before.
For example, in the case of Q-learning with learning rates inversely proportional
to the visit-times a given state-action pair, the difference process d, defined in
the proof of Theorem 3.1.3 admits the form of (3.21).

THEOREM 3.6.1 Assume that th,70,...,1,... 15 a finite, stationary Markov
chain with states {1,2,...,n} and stationary distribution (p1,pe,-..,p,), where
pi >0, 1 <i<mn. Then the process r; defined in Equation (3.21) satisfies

el = O (sa)

with probability one (w.p.1)?, where R = min; p;/ max; p;.
Proof. Let Ty = 0 and
Teor=min{t>T|Vi=1...n, Is =5(i): n, =1},

1.e. Tpiq is the smallest time after time 7; such that during the time interval
[T} + 1,T;.1] all the components of z;(-) are “updated” in Equation (3.21) at
least once. Then .
. - "}’ )¢
'I:Tk+1+1(z) S (1 - S—) ||$Tk+1||7 (322)
k

where Sy = max; Sy, ,, (¢). This inequality holds because if #;(¢) is the last time
in [Ty + 1, T+1] when the #*" component is updated then

T +1(8) = e (0) = (1= 1/Sh@) (8) e,y (1) + 7/ Sty l|zeny () |
< (1= 1/Sum @)z (O + /St 1266 O]

_ (1g;?uﬁnwmwn

k(2

(1= 150 lennsl,

where it was exploited that ||z;|| is decreasing and that Sy > St,,, (i) = Sg,)(4).
Now, iterating (3.22) backwards in time yields

E—1
s1,10) < ol [T (1=
=0
3In this context a; = O(b;) means that limsup,_,, |b:|/|e;] < C(w) < oo for some random
variable C' and for almost all w.

IA

1—~
Sj




3.6. CONVERGENCE RATES

C
[$3)

Now fix an € > 0. Then there exists an integer N = N(¢) > 0 and an event
set. A, such that P(4.) > 1—¢ and

S;— G+ DR < (j+1)e (3.23)

holds when w € A, and j > N (S; = S;(w)). Now, if € is sufficiently small,
k> N(e) and w € A, then:

k—1 N-1 k-1
5 = D055
1— = 1~ 1-—
H( Sj ndr S JI_I\ Sj
|

=0

(e
N Ry™ +e
k—1
1oy 1
N BXP(R01+e§J+1)
1~
< e log(k/(N +1
< e*cp(RU +€0g( J(N + )))
_ 4V(€)+1 R]é_lJrc
N k
ﬂ
)

< (.L’\T(E +1> R’ .
- k

In the last inequality we have used Ry > Dmin/Pmax = R and that € was assumed
to be sufficiently small.
Now, by defining s = T + 1 so that s/C ~ k we get

1\ =7 O F-7)
[s]] = |z 11| < 2ol <E> ~ ||z <_> )

o

Therefore, also |z;| = O(1/t®('=7)) holds due to the monotonicity of z, and the
monotonicity of {1/k®0="1 in k. All these hold on A, i.e., with probability
1 — ¢, thus, finishing the proof. O

Now, assume ~ > 1/2. Then the same convergence rate holds for the per-
turbed process

ra) = (1= g5 ) 20+ g (I +.2). (324)

(cf. also (3.17)) where £, = O(4/loglogt/t) is a decreasing sequence. We state
that the convergence rate of ¢; is faster than that of x;. Define the process

e B PN AR —
z1(1) = { (1. St(i)) zy(2), ifn = Z (3.25)
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This process clearly lower bounds the perturbed process, x;. Obviously, the con-
vergence rate of z; is slower than that of z;, whose convergence rate is o(1/t'~7),
which is slower than the convergence rate of €; provided that v > 1/2, proving
that ¢; must be faster than z;. Thus, asymptotically ¢ < (1/7 — 1)x;, and so
||| is decreasing for large enough t. Then, by an argument similar to that of
used in the derivation of (3.22), we get

. 1-
ka+1+1(7') < (1 T g 7) ||33Tk+1|| 5 lGTk, (3.26)
k Sk

where s = min; Sy, (i). Finally, by some approximation arguments similar to
that of Theorem 3.6.1, together with the bound (1/n7) > s7=3/2/loglogs <
s~ 2 /Toglogs, 1 > 1 > 0, which follows from the mean-value theorem for inte-
grals and the law of integration by parts, we get that ||z¢]| ~ O(1/t%=7).

Now, consider a relaxation type-of approximation process

Voudld) = {(1fl/St('i))Vt(i)+1/St(i){PtH](i)7 if 1, = i; (3.27)

dhie Vi(7), otherwise,

(which can be e.g. Q-learning) and assume that A\; = 0 in Condition 1 of Corol-
lary 3.5.2. Then ¢; corresponds to ||[V* — Uy, where U; is an n-dimensional
stochastic approximation process, where there is no coupling among different
components:

A= S, + 1S (@) P i), i = 4
Unn (i) = {U,,('i), b oth,erwise, (3.28)

(cf. the proof of Theorem 3.1.3). Therefore, the Law of Iterated Logarithm
applies to U, if Pow* has a bounded range, showing that

€ = O(\/log(log(t/pmin))/(t/pmin))u

where puin = min; p, [46]. Thus, ||V; —v*| = Iz, = O(1/¢R0-).

3.7 Discussion

Most of the results of this chapter were presented in the paper of the author and
Littman [74] and the paper of the author [71]. Some ideas in the proof of the main
convergence result (Section 3.1) came from the paper of Jaakkola, Jordan and
Singh who were the first together with and independently of Tsitsiklis [79] who
developed the connection between stochastic-approximation theory and reinforce-
ment learning in MDPs. Our work is more similar in spirit to that of Jaakkola,
et al. We believe the form of Theorem 3.1.3 makes it particularly convenient
for proving the convergence of reinforcement-learning algorithms; our theorem
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reduces the proof of the convergence of an asynchronous process to a simpler
proof of convergence of a corresponding “synchronized” one. This idea enables
us to prove the convergence of asynchronous stochastic processes whose under-
lying synchronous process is not of the Robbins-Monro type (e.g., risk-sensitive
MDPs, model-based algorithms, etc.) in unified way (see e.g., Section 4.5).

The Main Convergence Lemma, presented in Section 3.2 is central to our
results. A similar, but different lemma was proposed by Jaakkola et al. [33].
Similarly, the result of Section 3.3 comes from an idea after the same paper of
Jaakkola et al. However, Lemma 3.4.2 is original.

The relaxation process formalism, which will prove to be very useful in the
subsequent sections, and the corresponding results of Section 3.5 are new, as are
the convergence rate results. This latter result is published in [69].
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Chapter 4

Off-line Learning

This section makes use of Theorem 3.1.3 to prove the convergence of various
off-line learning algorithms. First we give the proofs for the basic reinforcement
learning algorithms, particularly for Q-learning [85] and for the adaptive real-
time dynamic programming (value iteration) algorithms. Then the extension of
Q-learning to an algorithm that may use a function-approximator to store the
Q values Q4(z, a), and finally the convergence of the equivalent of Q-learning for
risk-sensitive models are considered. The defining characteristics of these proofs
are that they make use of the sufficient-ezploration (SE) condition which requires
that in the MDP every state-action pair is visited infinitely often.

4.1 Q-learning

In Chapter 3 we presented the Q-learning algorithm, but we repeat this definition
here for the convenience of the rcader. Consider an MDP with the expected total-
discountcd cost critcrion and with discount factor 0 < v < 1. Assumec that at
time ¢ we are given a 4-tuple (4, a4, Yy, ct), where x4, y: € X, @ € Aand ¢; € R
are the decision maker’s actual and next states, the decision maker’s action, and
a randomised cost received at step ¢, respectively. We assume that the following
holds on {:z4, as, Yz, ¢):

AssuMPTION 4.1.1 (SAMPLING AsSUMPTIONS) Consider a finite MDP , (X, A,p, ¢).
Let {(z4,a¢, Y1, ¢1)} be a fixed stochastic process, and let F; be an increasing sc-
quence of o-ficlds (the history spaces) for which

{:L.La Ay Ye—1, Ct—1y - - - J/o}
are measurable (zy can be random). Assume that the followings hold:
L Py =ylr = 2,0 = ay, Fy) = p(z, 0,y)

2. Eledz = x40 = apy = yp, F) = ¢(z,a,y) and Var[c;|F] is bounded inde-
pendently of ¢, and
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3. y; and ¢; are independent given the history F: P(y; € Xy € U F) =
Py, € Xy | F)P(c; € U'FR), where Xy C X is arbitrary and U C R is
measurable.

Note that one may set x;,; = y;, which corresponds to the situation in which the
decision maker gains its experience in a real-system; this is in contrast to Monte-
Carlo simulations, in which x;.; = y; does not necessarily hold. The Q-learning
algorithm is given by

Qi1 (z,a) = (1 — alz,0))Qi(x, a) + au(z. a) (c,g + 7y mbin Qe b)) . {41

where oy(x,a) = 0 unless (x,a) = (x4, a;), which is intended to approximate the
optimal Q function, *, of the MDP.

DEFINITION 4.1.1 We say that the process {(z, a;)} satisfies the sufficient explo-
ration (SE) condition if (z = x,& = a;) i.0. holds w.p.1, for all (z,a) € X x A.

We have the following theorem:

THEOREM 4.1.2 Assume 4.1.1 and that the following holds w.p.1:
1. 0< ey(z,0) <1, Y 2 au(z,0) = oc, D00 o (z,a) < 0o, and
2. aw(w.a) =0 4f (z.0) # (21, a).

Then, the values defined by (4.1) converge to the optimal @ function Q* w.p.1.
REMARK 4.1.3 Note that usually one defines

il ) = { 1/ (ne(x,a) +1); if (z,8) = (74, ar), (4.2)

0; otherwise,

where n.(x,a) is the number of steps the pair (x,e) was visited by the process
(z¢, a;) before time ¢t. Then the Robbins-Monro condition (Condition 1 above,
see [53]) on the learning rates requires every state-action be visited infinitely
often, i.e., the SE condition. The theorem leaves open the question whether
this can be fulfilled by any particular learning-policy and also the form of such
learning policies. We shall return to this question in Chapter 5.

Proof. The proof relies on the observation that Q-learning is a relaxation process,
so we may apply Corollary 3.5.2. We identify the state set, of Corollary 3.5.2, X,
by the set of possible state-action pairs X x A. If we let

fi(z,a) = {OZL(IL',(L), if (1:7 a) = (zar);

0, otherwise,
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and
(PQ)(r,0) =c;,+7 max QY1 b)

(P, does not depend on a), then we see that Conditions 1 and 2 of Corollary 3.5.2
on f, and P, are satisfied because of our Condition 1. Soit remains to show that
for a fixed function @ € B(X x A) the process

Qo (,0) = (1 — ou(z, ) Qu(z, @) + a2z, ) (cf + ’}fmbin Q(yr, h)) (4.3)

converges to T(Q, where T is defined by

(TQ)(z, a) Zp (z,a,y) ( c(z, a, l/)+’)me(y, )) (4.4)

yex

Using the conditional averaging lemma (Lemma 3.5.1), this should be a routine:
First, observe that the different components of @, are decoupled, i.e. QL+1(93 a)
docs not depend on Qs(z, a’) and vice versa whenever (z,a) # (z',a"). Thus, it
is sufficient to prove the convergence of the onc-dimensional process Qy(x, a) to
(TQ)(z, a) for any fixcd pair (.z,a). So pick up any such pair (z, a) and identify
Q; of the lemma with Q4(z,a) defined by (4.3). Let F; be the o-field that is
adapted to

(It, ag, Oft(ﬁﬂ, a)-: Yr—1,Ct—1, Tp—1, 01, Oé‘t—l(ﬂ?a a), Y2, Ct—2y ..., X0, ao)

if t > 1 and let Fy be adapted to (g, ag), oy = oy, a), 1w, = ¢, +~ min, Q(y,, b).
The conditions of Lemma 3.5.1 are satisfied, namely,

1. F; is an increasing sequence of o-fields by its definition;
2. 0 < oy by the same property of oy (x,a) (Condition 1);
3. «; and w;_; arc F; mecasurable because of the definition of Fy;

4. Elw,/ Fy,ar # 0] = E[¢; + 7 min, Q(ys, b) Fi] = Zye\,p(fc a,y)(c(x, a,y) +
v min, Q(y, b)) = (TQ)(z, a) because of the first part of Condition 2;

E[w? F] is uniformly boundecd because y: can take on finite values (X
is finite), the bounded variance of ¢; given the past (cf. sccond part of
Condition 2) and the independence of ¢; and y; (Condition 3);

(@3]

6. Doy oy =00 and ) .2, a7 < co (Condition 1).

Thus, Q.1 (z,a) converges to E[w; F, o # 0] = (TQ)(z,a), which proves the
theorem. O
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4.2 Model-based Learning Methods

Q-lcarning shows that optimal cost-to-go functions can be cstimatcd without cver
cxplicitly lcarning ¢ and p; however, building cstimatcs of ¢ and p can make morce
efficient use of experience at the expense of additional storage and computation
[47]. The parameters of ¢ and p can be learned from experience by keeping
statistics for each state-action pair on the expected cost and the proportion of
transitions to each next state. In model-based reinforcement learning, ¢ and
p are estimated on-line, and the estimate of the optimal cost-to-go function is
updated according to the approximate dynamic-programming operator derived
from these estimates. Interestingly, although this process is not of the relaxation
form, still Theorem 3.1.3 implies their convergence for a wide variety of models
and methods. In order to capture this generality, let us introduce the class of
MDPs in which the cost-propagation operator Q takes the special form

{w,a)

yeX (C(x, a, 1/) + 7‘/'(1/)) .

(QV)(z0) = D)
Here, @(m’“) f(+) might take the form _ _. p(z,a,y)f(y), which corresponds to
the case of expected total-discounted cost criterion, or it may take the form

sriagso!
which corrcsponds to the casc of the risk-averse worst-casc total discounted cost
criterion. Onc may casily imagine a heterogencous criterion, when EB(I’“) would
be of the expected-value form for some (z,a) pairs, while it would be of the
worst-case criterion form for other pairs expressing a state-action dependent risk
attitude of the decision maker. In general, we require only that the operation
EB(“) : B(X) — R should be a non-expansion with respect to the supremum-

norm, i.e., that
(z,a) (wa) |
\@ 70— @) <f g

for all f,g € B(X). See our earlier work [44, 75], for a detailed discussion of
non-expansion operators.

As was noted above, in modcl-bascd reinforcement learning, ¢ and p arc csti-
mated by some quantities ¢; and p;. As long as every state-action pair is visited
infinitely often, there are a number of simple methods for computing ¢; and p,
that converge to c and p. Model-based reinforcement-learning algorithms use the
latest, estimates of the model-parameters (e.g. ¢ and p) to approximate operator
Q, and in particular operator €. In some cases, a bit, of care is needed (o0 insure
that €D,, the latest estimate of @, converges to €, however (here, convergence
should be understood in the sense that | €D, f — @ f!! = 0,t — ce holds for all
f € B(X)). There is no problem with expected-cost models; here the convergence
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of p, to p guarantees the convergence of @ﬁw) =2 explz,a,9)f(y) to .
On the other hand, for worst-case-cost models, it is necessary to approximate p
in a way that insures that the set of y such that @ (z, a, y) > 0 converges to the
set of y such that p(z,a,y) > 0. This can be accomplished easily, however, by
setting p(x, a, y) = 0 if no transition from x to y under a has been observed.

In this framework, the adaptive real-time dynamic-programming algorithm [2]
takes the form

: @) (1 o s o
v, ) — J MMge 4 @t (('L(‘L: i, ) e rﬂ’t()) , LTz e 4.5
() { Vi(x), otherwise, (4:5)

where ¢,(x, a, y) is the estimated cost-function and 7, is the set of states updated at
time step ¢. This algorithm is called “real time” if the decision maker encounters
its experiences in the real system and x, € 7;, where x, denotes the actual state
of the decision maker at time step ¢, i.e., the value of the actual state is always
updated.

THEOREM 4.2.1 Consider a finite MDP and for any pair (z,a) € X x A let
Em’a), @ : B(X) — R. Assume that the following hold w.p.1:

1. @, — ) in the sense that

(z,0) (z,0)

lim AN ) = =0 a.s.
Ll>oo (m,g?ea}?x./t U, fC) @ f() @5

2. @t”'“) is a non-expansion for all (z,a) € X x A and t.

3. ci(z,a,y) converges to c(z,a,y) for all (z,a,y).

4. 0<y<1.

Sy

Every state x is updated infinitely often (i.0.), that is x € 7, i.0. for all
re X.

Then, Vi defined in Equation (4.5) converges to the fixed point of the operator
T : B(X) — B(X), where

(2.)
(

(TV)(x) = min@D " (cle, a,9) + 7V (»)).

a€A yeEX

Proof. We apply Theorem 3.1.3. Let the appropriate approximate dynamic-
programming operator sequence {1;} be defined by

T,(U,V)(z) = MiNee 4 EBL(M) (ce(zya,-) +~4V (), ifxcn
' U(z), otherwise.
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Using Theorem 3.4.1 it is a routine to prove that T: approximates T'. However,
the following simple direct argument can also be used: Let x € X and let Uy ; =
Ty(U;, V). Then Ugi(z) = Uy(z) if ¢ 71 Since in the other case, when z € 7,
Usi1(z) does not depend on U, and since € 7; i.0., it is sufficient to show that
D; = Iminge 4 @t(m’"‘) (ce(z,a,-) + vV (-)) — (TV)(x)| converges to zcro ast —+ oo.
Now,

D, < ?ea}‘@t“’“’ (il a, ) + V() — D (el a,) + 7V ()
< max @, (ehera,) + W) B, (clasa,) + W)

+ max @t(w,u) (e(zya,-) + V() — Ga(w’a) (c(z,a,-) + f},V(.))‘

acA

< maxmax | —c \
< maxmax ey, a,y) — c(z,a,y)
(.’l;,u) m(:ﬂaﬁ)
. . /(- _ 5 / 5
+I}zle%i{ 691‘. (c(z,a,-) +V (")) NP, (c(zya,) + 4V (),

where we madc usc of the triangle incquality and Condition 2. The first term on
the r.h.s. converges to zero because of our Condition 3, while the second term
converges to zero because of our Condition 1. This, together with Condition 5
implies that D; — 0, which, since x € X was arbitrary, shows that T; indeed
approximates T'.

Returning to checking the conditions of Theorem 3.1.3, we find that the func-

tions
0, ifzemw
Gelg) = {1, otherwise,

and

v, ifx €T

Fi(z) = { 0, otherwise,
satisfy the remaining conditions of Theorem 3.1.3, as long as €D, is a non-
expansion for all ¢ (which holds by Condition 2) and each z is included in the 7
sets infinitely often (this is required by Condition 3 of Theorem 3.1.3) and the
discount factor 7 is less than 1 (cf. Condition 4 of Theorem 3.1.3). But these
hold by our Conditions 5 and 4, respectively, and therefore the proof is complete.
O

This theorem generalizes the results of [26], which deal only with the expected
total-discounted cost criterion.

Note that in the above argument, min,c 4 could have been replaced by any
other non-expansion operation (this holds also for the other algorithms presented
in this article). As a consequence of this, model-based methods can be used to
find optimal policies in MDPs, alternating Markov games, Markov games, risk-
sensitive models, and exploration-sensitive (i.e., SARSA) models [35, 57]. Also,
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if ¢; = ¢ and p; = p for all ¢, this result implies that asynchronous dynamic
programming converges to the optimal cost-to-go function [3, 10, 2.

4.3 Q-learning with Multi-State Updates

Now let us return to direct (or model-free) methods. Ribeiro argued that the
use of available information in QQ-learning is inefficient: in each step it is only
the actual state and action whose Q value is reestimated [51] (i.e., only Q¢(z, a)
is changed). The training process is local both in space and time. If some a
priori knowledge of the “smoothness” of the optimal Q value is available, then
onc can make the updates of Q-lcarning more cfficicnt by introducing a so-called
“sprcading mcchanism,” which updates the Q valucs of statc-action pairs in the
“vicinity” of the actual state-action pair also.
The rule studied by Ribeiro is as follows: let Qg be arbitrary and

QH—I(Za a) - (1 - at(z’ .’)8(27 ., ;Ut))Qt(z’ .’) +
aulz, a)s(z, a, 1) (ct + oy min Qu(ye b)) , (4.6)

where (2, ) > 0 is the learning rate associated to the statc-action pair (z, e),
which is 0 of a # ay; s(z,a,x) is a fixed “similarity” function satisfying 0 <
s(z,a,z); and (T4, at, Yy, ¢¢) is the experience of the decision maker at time ¢. The
difference between the above and the standard Q-learning rule is that here we
may allow a4(z,a) # 0 even if x; # =z, i.e., the values of states different from
the state actually experienced may be updated, too. The similarity function
5(z, a, x) weighs the relative strength at which these updates occur. (One could
use a similarity which extends spreading over actions. For simplicity, we do not
consider that case here.)

Our aim here is to show that, under the appropriate conditions, this learning
rule converges; also, we will be able to derive a bound on how far the limit values
of this rule are from the optimal Q function of the underlying MDP.

THEOREM 4.3.1 Consider the learning rule (4.6) and assume that the sampling
conditions 4.1.1 are satisfied and further

1. the states, x, are sampled from a probability distribution p>® € TI(X)
2. 0< s(z,a,-) and s(z,a,2) Z 0,
3. ay(z,a) =0 if a # a4, and

oC oC
0 < ay(z,a) <1, Zat(z, a) = oo, Zaf(z,a) < 00.
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Then @y, as given by Equation (4.6), converges to the fized point of the operator
T:B(X xA) — B(X x A),

(TQ)(z.0) = 3 8(z,0.2) Yoplw.a.v) (c(,a,9) +7min Qb)) . (47)

TEX yeX

where
s(z,a, x)p™(x)

>y 8z e, y)p=(y)

§(z,a,2) =

Note that T is a contraction with index v since 3> _§(z,a,z) =1 for all (z, a).
Proof. Since the process (4.6) is of the relaxation type, we apply Corollary 3.5.2.
As in the proof of the convergence of Q-learning in Theorem 4.1.2, we identify
the state set X of Corollary 3.5.2 by the set of possible state-action pairs X x A.
We let

(RQ)(-’E a) =Ct + B Igle%i( Q(yta b)a

but now we set fi(z,a) = s(z,a,z,)au(z,a). For large enough ¢ the conditions
on f; and P, arc satisficd by Conditions 2 and the conditions on the lcarning
ratcs a7, @), so it remains to prove that for a fixed function @ € B(X x A), the
proccss

Quii(z,a) = (1 —ey(z,a)s(z,a,24))Qi(2,0) +
ai(z,a)s(2, a, ;) (C% + 7 min Q(y:, b)) : (4.8)

converges to TQ We apply a modified form ofthe Conditional Averaging Lemma,
which concerns processes of form Q41 = (1 — ays:)Q: + ays;w; and which is pre-
sented and proved in Appendix A.2 (cf. Lemma A.2.3). This lemma states that
under some bounded-variance conditions @y converges to E[syw|Fi)/Els, Fl,
where F; is an increasing sequence of o-fields which is adapted to {s, 1, w, 1, }.
In this case let F; of Lemma A.2.3 be the o-field generated by

(ala QL(ZE', a’):‘ Y—1,C—1, Ty—15 - - ., A, (IL', a): Yo, Cos Loy Ao, (MO(:L‘a a))
ift > 1 and let Fy be adapted to (&g, ag(z,a)). Easily,

. _ E[s(z, a,z:)(ce + yminge 4 Q(yz, b)) | Fi, e (2, a) # 0]
(TQ)(z,a) = E[s(z,a,x:) | Fp, (2, a) # 0] '

By Conditions 2 & 3 E[s*(z, a, z;) (¢;+vming Q(y;, a))* 'z, Fi) < B < oo for some
B > 0. Moreover E[s(z,a,2¢)|F] = > ,.c vp™(1)s(2,a, :c) > 0 by Conditions 1
& 2, and E[s*(z,a,2,) Ft] = e 0™ (x)$%(2,a,2) < B < oce for some B > 0,
by the finiteness of X. Finally, a(z,a) obviously satisfies the assumptions of



4.3. @-LEARNING WITH MULTI-STATE UPDATES 67

Lemma A.2.3 and, therefore, all the conditions of the quoted lemma are satisfied.
So, Qi(z, a), defined by (4.8), converges to (T'Q)(z, a). O

Note that if we set s(z,a,2) = 1 if and only if 2 = x and s(z,a,2) = 0
otherwise, then (4.6) becomes the same as the Q-learning update rule (see Equa-
tion (4.1)). However, the condition on the sampling of z; is quite strict, so
Theorem 4.3.1 is less general than Theorem 4.1.2.

It is interesting and important to ask how close Q*, the fixed point of T is
to the “true” optimal @*, which is the fixed point of T' (defined by 4.4), if s is
different from the above “no-spreading” version. The answer can be derived as a
corollary of the following proposition:

PROPOSITION 4.3.2 Let B be a normed vector space, T : B — B be a contraction
and F B — B be a non-expansion. Further, let T : B — B be defined by
TQ = F(TQ), Q € B. Let Q* be the fized point of T and Q* be the fired point of

T. Then )
o 2infe{ Q- Q) FQ=0Q)
< 1=~ -

*-Q (4.9)

Proof. Let () denote an arbitrary fixed point of F. Then, since ‘|TQ* -Q*| =
ITQ"=TQ* | <H|Q" - ||, |Q" = Q|| = [|FTQ" = Q" < ||FTQ* - Q|| +'Q —
Q' =|FTQ = FQ+ 1@ - Q| < |TQ" - QI + |@ — || < ITQ" — || +
2]|Q — Q! < 4||Q* — Q|| + 2||Q — Q*!'. Rearranging the terms and taking the
infimum over all possible Q) yields (4.9). O

Inequality (4.9) helps us to define the spreading coefficients s(z,a, x). Specif-
ically, let n > 0 be fixed and let

s(z,0,8) = { 1, ifi/n g Q*(z,a),Q*(z,a) < (i + 1)/n for some i; (4.10)

0, otherwise,
then we have (1—7)||Q* —Q*|| < 1/n. Of course, the problem with this definition
is that we do not know in advance the optimal Q values. However, the above
definition gives us a guideline for how to define a “good” spreading function:
5(z,a, ) should be small (zero) for states z and z for which Q*(z, a) and Q*(z, a)
differ substantially, otherwise s(z,a,z) should take on larger values. In other
words, it is a good idea to define s(z, a, x) as a degree of the expected difference
between Q*(z,a) and Q*(z, a).

Note that the above learning process is closely related to learning on aggre-
gated states. An aggregated state is simply a subset X; of X. The idea is that
the size of the Q table (which stores the Q;(z,a) values) could be reduced if we
assigned a common value to all of the states in the same aggregated state &;. By
defining the aggregated states {/1’1-}1':1,2,“,,” in a clever way, one may achieve that

the common value assigned to the states in A&; are close to the actual values of
the states. In order to avoid ambiguity, the aggregated states should be disjoint,
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i.e., {&;} should form a partitioning of X. For convenience, let us introduce the
equivalence relation &~ among states with the definition that z ~ y if and only
if z and y are elements of the same aggregated state. We say that the function
Q: X x A— R is compatible with = if Q(z,a) = Q(z,a) holds for all a € A if
TR 2.

Now, assume that Qg is initialized so that it is compatible with the “~”
relation, set s(z,a,2) = 1 if and only if 2 =~ z and s(z,a,2) = 0 otherwise
and consider the function (Q; obtained by Iteration (4.6). It is easy to see by
induction that for all ¢t > 0 Q; will be compatible with ~. This enables us to
rewrite Equation (4.6) in terms of the indices of the aggregated states:

(1 — (i, a))Culi, o)
Qi1(i,a) = +a (i, a) {e, +yming Qi (i(y,), a)}, ifi(xy) =1i,a; =
Q:(1,a), otherwise.
(4.11)
Here, i(z) stands for the index of the aggregated state to which z belongs. Then
we have the following:

PROPOSITION 4.3.3 Letn = {1,2,...,n} and let T : B(n x A) — B(n x A) be
given by

(TQ)i,a) = ) P(X,a)p(z.a,y) {C(m,a,y)+’y'm‘inQ('i(y),b)},

TEX;,YeX

where P(Xi,z) = p**(x)/ 2 2,cx, P°(y). Then, under the conditions of Theo-
rem 4.3.1, Q¢(i,a) converges to the fized point of T, where Q4(i,a) is defined
by (4.11).

Proof. Since T is a contraction its fixed point is uniquely defined. The proposition
follows from Theorem 4.3.1:' Indeed, let Qo(z,a) = Qq(i(z),a) for all (z,a)
pairs. Then Theorem 4.3.1 yields that Q.(z,a) converges to Q*(z,a), where
@Q* is the fixed point of operator T. Observe that §(z,a,2) = 0 if z % « and
§(z,a,2) = P(X;(2), z) if 2 &~ x. The properties of § yield that if () is compatible
with the partitioning (i.e., if Q(z,a) = Q(z,a) if £ = z2), then TQ will also
be compatible with the partitioning since the right-hand side of the following
equation depends only on the index of z and Q(ij b), which is the common ()

i

INote that Corollary 3.5.2 could also be applied directly to this rule. Another alternate way
to deducc the above convergence result is to consider the learning rule over the aggregated states
as a standard (Q-lcarning rule for an induced MDP whosc statc space is {X1,..., X}, whosc
transition probabilities are p(X';,a, ;) =3 cr e X, P (z)p(z,a,y) and whose cost-structure

is C(‘Yia a, ’Yj) = er/‘\’hye/‘\/j pc‘(:"')])(l'; a, y)c($7 a, y)
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value of state-action pairs for which the state is the element of Aj:

(TQ)(z,a) = Z P(X(;), z)p(z, a,y) {c(x, a,y) +7v mbin Q(y,b)}

rEX;(,)HYEX

— Z P(Xiy, 2)p(z, a,y) {c(x, a,y) + v mbin (j(z'(y), b)} )

meXi(Z)ayéX

Since T is compatible with the partitioning, its fixed point must be compatible
with the partitioning, and, further the fixed point of T and that of T are equal
when we identify functions of B(X x A) that are compatible with ~ with the
corresponding functions of B(n x A) in the natural way. Putting the above pieces
together yields that Q; as defined in Equation (4.11) converges to the fixed point
of T O

Note that Inequality (4.9) still gives an upper bound for the largest difference
between Q* and Q*, and Equation (4.10) defines how a 1/n partitioning should
look.

The above results can be extended to the case when the decision maker follows
a fixed stationary policy that guarantees that every state-action pair is visited
infinitely often and that there exists a non-vanishing limit probability distribution
over the states X. However, if the actions that are tried depend on the estimated
Q; valucs then there does not scem to be any simple way to ensure the convergence
of Q; unless randomized policics arc used during lcarning whose rate of change
is slower than that of the estimation process [39)].

4.4 Q-learning for Markov Games

In an MDP, a single agent selects actions to minimize its expected discounted
cost in a stochastic environment. A generalization of this model is the alternat-
ing Markov game, in which two players, the maximizer and the minimizer, take
turns sclecting actions—the minimizer trics to minimize its expected discounted
cost, while the maximizer trics to maximize the cost to the other player. The
update rule for alternating Markov games is a simple variation of Equation 4.5
in which a max replaces a min in those states in which the maximizer gets to
choose the action; this makes the optimality criterion discounted minimax op-
timality. Theorem 4.2.1 implies the convergence of Q-learning for alternating
Markov games because both min and max are both non-expansions.

Markov games are a generalization of both MDPs and alternating Markov
games in which the two players simultaneously choose actions at each step in the
process [42]. The basic model is defined by the tuple (X, A, B,p, ¢) and discount
factor 7. As in alternating Narkov games, the optimality criterion is one of
discounted minimax optimality, but because the players move simultaneously,
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the Bellman equations take on a more complex form:

*(2) = mi - . 4.
(o) = i g ) {00+ e b)) (412

In these cquations, ¢(z, (a, b)) is the immediate cost for the minimizer for taking
action a in statc z at the same time the maximizer takes action b, »(z, (a.,b), y)
is the probability that state y is reached from state  when the minimizer takes
action a and the maximizer takes action b, and II1(A) represents the set of discrete
probability distributions over the set A. The sets X, A, and B are finite.

Optimal policies are in equilibrium, meaning that neither player has any in-
centive to deviate from its policy as long as its opponent adopts its policy. There
is always a pair of optimal policics that arc stationary [49]. Unlike MDPs and al-
ternating Markov games, the optimal policics arc sometimes stochastic; there are
Markov games in which no deterministic policy is optimal (the classic playground
game of “rock, paper, scissors” is of this type). The stochastic nature of optimal
policies explains the need for the optimization over probability distributions in
the Bellman equations, and stems from the fact that players must avoid being
“second guessed” during action selection. An equivalent set of equations can be
written with a stochastic choice for the maximizer, and also with the roles of the
minimizer and maximizer reversed.

The obvious way to extend Q-learning to Markov games is to define the cost
propagation operator @ analogously to the case of MDPs from the fixed point
Equation (4.12). This yields the definition Q : B(X) — B(X x [1(A)) as

(QV)(z,p) —maXZp { {a,0) + 7Y p(w. {a, b), y)V (J)}-

acA yeX

Note that @ is a contraction with index 7.

However, because Q* = Qu* would be a function of an infinite space (all
probability distributions over the action spacce), we have to choose another rep-
resentation. If we redefine Q to map functions over X' to functions over the finite
spacc X X (A x B):

[QV](z, (a, b)) :{ c(x, {a, b)) + Zp {a, by, y)V (y)}

yeX

then, for Q* = Quv*, the fixed-point equation (4.12) takes the form

v (y) = mm mapr (a,b)).

pETI(A) beB
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Applying Q on both sides yields
Q" (2 (a0, bo)) = c(z. (ao, bo))+

! " B)p. (4
fyy%;{ ML )pg%l&)%lgagxae P(a)Q" (y, (a, ))} (4.13)

The corresponding (Q-learning update rule given the step ¢ observation

('Tt: at, bta Yt C[,>

has the form

Quei(me, (e, b)) = (1 — cul(zy, (ar, br))) Qe(t, (ar: be)) (4.14)
ol fan b)) { e+ (@ Q) |

where

Q) = AL p(a)Q (y, {a,b))
acA
and the values of @; not shown in (4.14) are left unchanged. In general, it is
necessary to solve a linear program to compute (&) Q)(y).

THEOREM 4.4.1 Learning rule (4.14) converges to Q* defined by ({.13) pro-
vided that the conditions 4.1.1 hold, the learning rates satisfy 0 < ay(x, (a, b)),
Sz, (a, b)) = oc, Do, ai(x, (a,b)) < 0o and ay(z, {a,b)) = 0 if (z,a,b) #
(xt, ag, b )

Proof. The above update rule is identical to Equation (4.1), except that actions
are taken to be simultaneous pairs for both players. So a proof identical to that,
of Theorem 4.1.2 proves the theorem. O

It is possible that Theorem 3.1.3 can be combincd with the results of [82] on
solving Markov games by “fictitious play” to prove the convergence of a lincar-
programming-free version of Q-learning for Markov games.

4.5 Risk-sensitive Models

The optimality criterion for MDPs in which only the worst possible value of the
next state makes a contribution to the value of a state is called the worst-case
total cost criterion. An optimal policy under this criterion is one that avoids
states for which a bad outcome is possible, even if it is not probable; for this
reason, the criterion has a risk-averse quality to it. Following [28], this can be
expressed by changing the expectation operator of MDPs used in the definition of
the cost propagation operator Q to

(QV)(#,a) = max  (c(z,a,y) +7V(y)).

y:»(a.z.y)>0



72 CHAPTER 4. OFF-LINE LEARNING

The argument, in Section 4.2 shows that model-based reinforcement, learning
can be used to find optimal policies in risk-sensitive models, as long as p is
estimated in a way that preserves its zero vs. non-zero nature in the limit.
Analogously, a Q-learning-like algorithm, called Q—learning (Q-hat learning) can
be shown and will be shown here to converge to optimal policies. In essence,
the learning algorithm uses an update rule that is quite similar to the rule in
Q-learning, but has the additional requirement that the initial Q function be set
optimistically; that is, Qg(z,a) < Q*(z,a) for all z and a.? Like Q-learning, this
learning algorithm is a generalization of the LRTA* algorithm of [40] to stochastic
environments.

THEOREM 4.5.1 Assume that both X and A are finite. Let

Qian5) = {max {e + v minge g Qulye, ), Qi(x, a)};  if (z, a,). = (zy, ay);
' Qi(x, a); otherwise,

(4.15)
where (I, a4,y ¢y) 15 the data observed by the decision maker at time t, y, is
selected at random according to p(x,a,-), and ¢; is a random wvariable satisfying
the following condition: Ift,(x,a,y) is the subsequence of ts for which (z, a,y) =
(@, a,y.), then ¢ (ray < c(,a,y) and imsup, . C(z,09) = (@, 0,y) w.p.1.
Then, QQ; converges to Q* = Qu* provided that Qy < Q* and every state action
pair is updated infinitely often.

Proof. The proof is an application of Theorem 3.1.3 but here the definition of the
appropriate operator sequence T; needs some more care. Let the set of “critical
states” for a given (z, a) pair be given by

M(z,a) ={y € X 'p(z,a,y) >0, Q" (x,a) = ¢(z,a,y) + 7 IfJIéijIllQ*(y, b)}. (4.16)

M(z,a) is non-empty, since & is finite. Since the costs ¢, satisfy ¢ (z.0y) <
C(w:a’zy): n > 07 and

1im Sup ¢y, (z,0.0) = (> 4, Y)
n—*00

we may also assume (by possibly redefining #,(z, a,y) to become a subsequence
of itself) that

im ¢ g0y = c(z,a,y). (4.17)
n—00

2The necessity of this condition is clear sincein the Q—learning algorithm we need to estimate
the operator maxy.,(;,q.y)»0 from the observed transitions, and the underlying iterative method
is consistent with maxy. p(z,e,)>0 only if the initial estimate is overestimating. Since we require
only that 7} approximates T at Q*, it is sufficient for the initial value of the process to satisfy
Qo < Q*. Note that Qo = —M/(1 —~) satisfies this condition, where M = max(, , . ¢(«, 4, y).
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Now, let T(z,a,y) = {ts(r,a,y) 'k > 0} and T(x,a) = Uyem,a) T (20, 9).
Consider the following sequence of random operators:

, [ max (¢; + yminpea Q(y1,0),Q'(z,a)); ift € T(z,a),
T, Q)(z,0) = { Q'(z,a); otherwise,

and the sequence Q) = Qo and Q,,, = T;(Q}, Q}) with the set of possible initial
values taken from

Fo={Q e B(X x A) 1Q(z,a) < Q" (z,a) forall (z,a) € X x A}.

Clearly, Fo is invariant under T;. We claim that it is sufficient to consider the
convergence of (Q)}. Since there are no more updates (increases of value) in the
sequence (0} than in @, we have that Q* > Q; > Q) and, thus, if @} converges to
Q*, then so does ;. It is immediate that T; approximates T' at Q* (since w.p.1
there exist an infinite number of times ¢ such that ¢t € T(x,a)), and also that
with the choice of functions

Gyz,a) = 0 i (®a) = (21a) and y, € Mz, 0),
e 1;  otherwise,

Condition 1 of Theorem 3.1.3 is satisfied since T;(Q,Q*)(z,a) = Q"(z,a) if
(xz,a) = (x),a,) and y, € M(z,a).

Now, let us bound |T;(Q’, Q)(z,a) — T,(Q', Q*)(z,a)|. For this assume first
that + € T(z,a). This mcans that (z,a) = (z;,a;) and y; € M(z,a). Assumc
that Q, Q' € Fo. i.c., Q,Q" < Q*. Then

T(Q',Q)(z,0) — THQ', Q")(x,a) < (4.18)
(e(:n, @, y1) + Y min Q' b))
— max (q +ymin Q(y:, ), Q'(z, a))
< (C(:c, aYt) + 7 Ibléijrll Q* (ys, b)) - (Ct + ’)’Il}éijlll Q(ys, b))

< AN1Q" - Q| + le(z, a,ys) — .

where we have used that T3(Q', Q")(z,a) > TH{Q', Q)(x, a) (since T} is monotone
in its second variable) and that

7;‘(Q' Q*)(IE’ (l) S HlaX(C(.’E, a, yt) + Y l}}éi_:tl Q* (yt, b)’ Q’(lE, (L))
< max(cle, 1) + 7 1in @ (0, b), Q" (z,0)

= ¢ 1 ~1min Q" (yy, b
C(:U7a7yt)+ ’I()Iél_,‘rtlQ (yh )

which holds since Q' < Q* and y; € M(z,a).
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Let, 04(2,a) = le(z, a, y:) — ¢;. Note that by (4.17),

lim  o,(z,a)=0
t—oe,tET(1,a)

w.p.1. In the other case (when t € T(z, a)), |T3(Q, Q)(z,a) — TH(Q, Q") (z,e) =
0. Thercfore

T(Q", Q)(z,a) — TH(Q', Q") (z, 8)| < Fy(2,a)(1Q — Q"I + o),

where

o ifteT(x,a),
Fz,0) = {8, otherwige, )
and \; = o4(vy,a4)/v if t € T(z,a), and \; = 0, otherwise. Thus, we satisfy
Condition 2 of Theorem 3.1.3 since A; converges to zero w.p.1.

Condition 3 of the same theorem is satisfied if and only if ¢ € T(z,a) i.0. But
this must hold due to the assumptions on the sampling of (z;, a;) and vy;, and
since p(z,a,y) > 0 for all y € M(2,a). Finally, Condition 4 is satisfied, since
for all t, Fy(z) = v(1 — Gy(z)), and so Theorem 3.1.3 yields that “Q-learning”
converges to Q* w.p.1. O

Note that this process is not of the relaxation-type (cf. Equation (3.18)) but
Theorem 3.1.3 still applies to.

4.6 Discussion

The Q-learning algorithm analyzed in Section 4.1 was described first by Watkins
in his thesis [84]. He presented a simulation-type of proof. The connection to
stochastic approximation was first observed by Jaakkola, Jordan, and Singh [33]
and Tsitsiklis [79]. The proof presented here was first presented in the paper of
Michael Littman and the author [74].

Model-based learning methods for expected value models (Section 4.2) were
proposed by Barto et al. [1]. The first theoretical analysis of this algorithm is
due to Gullapalli and Barto [27]. The proof presented here allows a more general
treatment, than that earlier and can be found in the paper of Michael Littman
and the author [74].

In Scction 4.3 scveral gencralization of Q-lcarning arc trcated at once. The
algorithm presented here was proposed by Ribeiro [51] and a variant was analyzcd
theorctically by Ribeiro and the author in [52].2 The proof presented here is

3The variant considered the case when the time-independent spreading coefficients of (4.6)
are replaced by time-dependent coeflicients and also a function of the actual action, that is the
spreading coeflicient of (z, a) at time t is given by s4(z, a, x4, a;). By using Theorem 3.1.3 Ribeiro
and the author have shown that if the convergence rate of sy(z, a, 24, a;) — 8(z = 24,6 = a;) to
zero is not slower than that of a(z,a), and the expected time between two successive visits is
bounded for any state-action pair then Q)¢, as defined by the appropriately modified version of
Equation (4.6), converges to the true optimal Q-function, Q* [52].
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new, although Gordon [24] and Tsitsiklis and Van Roy [80] commented on these
questions in the context of using function-approximators together with value
iteration. Proposition 4.3.2 is due to Gordon [24, Theorem 6.2]. The idea of
state-aggregation is discussed in the context of MDPs in [59] & [8] and the context
of RL in [61].

The basic model of Markov-games presented in Section 4.4 was developed
by Shapley [60] (see also [17]). The corresponding Q-learning update rule was
proposed by Littman [42]. The theorem and the proof were first presented in the
paper of Littman and the author [74].

It is hard to trace back the origin of risk-sensitive models (Section 4.5). Bell-
man already described a multistep minimax model in his book [4]. Bertsekas and
Shreve [9] also analyzed this criterion as a nice example for their abstract dy-
namic programming framework. Recently, Heger [28, 29] considered the learning
aspects of this criterion. He proposed the Q-learning algorithm whose proof is
presented here which appeared first in the paper of Littman and the author [74].
Heger also proved the convergence of this algorithm in his thesis [30]. The au-
thor also proved rigorously that the decomposition of this risk-sensitive criterion
through Q is valid [68] and that estimating a model does not conflict with acting
myopically under this criterion [67, 70].
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Chapter 5

On-line Learning

All the algorithms of the previous chapter required that every state-actien pair
is wvisited infinitely often  which is called the “sufficient expleratien” (SE) as-
sumption. In this chapter we assume that the decision maker interacts with
the system through an appropriate learning policy, i.e. learning is en-line. The
learning policy determines then the actual visits to the state-action pairs and
thus should be chosen in a way that the SE condition is met. For example, when
the environment is a cominunicating MDP (i.e., each state can be reached from
every other state with positive probability) then a random-walk learning-policy
(i.e., when the actions are chosen randomly in each step) satisfies this condition.
However, the random-walk learning policy is not very efficient in that the decision
maker will never behave optimally. Think about choosing in each step the action
that seems to be the best according to the momentary knowledge of the decision
maker. For certain environments such a purely exploiting learning-policy does
not, satisfy the SE condition and neither the estimate of the cost-to-go function
nor the learning-policy converges to optimality. Three questions arise.

1. What are the environments when pure exploitation yields convergence?

2. What is a universal form of learning-policies which results in the conver-
gence of both the cost-to-go function estimates to the optimal cost-to-go
function and the learning-policy to the optimal policy?

3. What happens if the SE condition is not met: do we still have convergence
(to somewhere)?

In this chapter we try to answer the last two question and some related ques-
tion. The first question was partially answered by the author in [67, 70] where
it was shown that under minimax optimality pure exploitation does not conflict
with convergence to optimality, so we considere here the remaining two questions.

[
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5.1 Convergence of Q-learning without the SE
Condition

In the subsequent results the following sampling assumptions will be standard:

ASSUMPTION 5.1.1 (ON-LINE SAMPLING ASSUMPTIONS) Let us consider a fi-
nite MDP , (X, A,p,c), and let 7 = (7o, my,..., T, ...) be a fixed randomized
policy, where 7, : X x (Rx Ax X))t — TI(A), and let (z4,a,, ¢;) be the stochastic
process over X x A, induced by 7 and the MDP, which is constructed recursively
in a way that is satisfies the followings: If {F;} denotes an increasing sequence
of o-fields adapted to (x4, ¢;—1, @t—1, T4—1,- . ., Co, Ao, Tp) then

1. P(zy1 = ylz = 2,0 = ay, ) = p(a, a,y);

2. Pla; = o/ F) = m(xy, 4—1a4-1T4—1 - . . Co@oTo)(Q);

3. Ele)lr = 2,0 = ap,y = 2411, F4) = ¢(x,a,y) and Varc;! F] is bounded;
4. x;41 and ¢; are independent given o(F;, a;).

¢ further assume that the learning-rates a4z, a) in the stochastic approximation
We furtl that thel t the stochastic app t
processes considered in the following arc of the form

where n(z,a) denotes the number of times the pair (z,a) was visited before time
t by the process {(z, a;)}.

DEFINITION 5.1.1 We say that the policy m satisfies the sufficient cxploration
(SE) condition (or is sufficiently exploring) if, for the process {(x1,a;)} induced
by m, (x = 4,0 = ay) i.0. holds w.p.1, for all (z,e) € X x A.

A rcasonable weakening of the SE condition is when in states visited infinitely
often cvery action is tricd infinitely often — this will be called the weak SE con-
dition (WSE).

DEFINITION 5.1.2 We say that the policy © satisfies the weak sufficient explo-
ration (WSE) condition (or is weakly sufficiently ezploring) if for all (z,a) €
X x A, and for the process {(z;,a1)} induced by 7, (x = z4,a = a;) i.0. holds on
{w:z =1 (w)i.o.} a.s. We will denote by X« the set of states visited i.0. by x;,
e, Xoow)={z € X | z=z4w)i.o}.

When designing a given learning policy we shall write w(a; = a!F;) to denote
that given the information/history F;, action a is chosen with a given (a-priori)
probability. We begin by a simple observation:
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PROPOSITION 5.1.3 Consider Q-learning given by (4.1) and assume 5.1.1. If
the policy 7 is sufficiently exploring then QQ; converges to Q* w.p.1.

Proof. The proposition follows immediately from Theorem 4.1.2 since

Zat(a:,a,) = Zl/(n+ 1) =00

n=0
w.p.1 and
> ad(e,a) = Y1+ 1) < 0
=0 n=()
w.p.1l. O

The following theorem shows that the WSE condition is sufficient for conver-
gence to optimality to hold in a restricted sense.

THEOREM 5.1.4 Consider Q-learning given by (4.1) and assume 5.1.1 and that
the learning policy meets the WSE condition. Then for all (z,a) € X x A and
almost all w s.t. T € Xog(w), iy e Qu(z,a)(w) = Q*(z,0), ie., Q)lxoxa —
Qv xa, ast — 00 w.p.1.

Proof. Let Xy,..., X, C X denote those subsets of X for which P(X,, = X;) > 0
and pick up some ¢, 1 <7 < k. Then for all (z,y) € X;x (X\X;) andforalla € A,
p(z,a,y) = 0 since otherwise by the WSE property of the control-policy we would
have P(Xp = X;) = P(Xo = X1,y € Xoo) + P(Xo = Xiyy € Xoo) = 0. Now,
let us restrict our attention to the event {X., = X;}. By the above property
the restriction of the original MDD to A&; is well-defined. Let Q) denote the
corresponding optimal Q-function. The Bellman Optimality Equation for Qj
gives

Qi (z,0) = Y p(wa,y) (e(z,a,9) + ymin Qi (1, 0)), ¥(w,0) € X x A

YEeX;

and for Q* gives

Q*(z,a) = Zp(:v,a,y)(C(:c,a,y)+7r§gg(2*(y,b))

yeX
= > p(:c,a,y)(C(z,a, y) + yminQ"(y, b))> V(z,a) € Xi x A.
ye;

So both Q; and Q* satisfy the same fixcd point cquation. Since v < 1 this fixcd
point cquation has a unique solution and so we must have

Q: = Q*‘XzXA' (52)
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Let 7 € N and set Q;, = {w : &, € X;,t > 7}. Then Q; converges to @ a.s. on
(), ; by Proposition 5.1.3 since on (2, . and after time 7 the Q-learning algorithm
works as a Q-learning algorithm for the MDP whose state space is restricted to
A&;, and the SE condition for this restricted state space is satisfied on §2; ;. Since
Urenir = {w 1 Xp(w) = X} as., so Q(w) x,xa — QF, t — oc holds a.e. on
X; = X, and the theorem follows by (5.2). O

Note that without any condition put on the learning policy convergence of
Q-learning could be still proved (to some random function), but in general there
is no simple relation between Q* and the limit, values.

5.2 Asymptotically Optimal Learning Strategies

In order to present sufficient conditions for asymptotic optimality of learning
strategies we need to specialize the form of on-line learning policies:

ASSUMPTION 5.2.1 (STATISTICS BASED LEARNING POLICIES) Let us assume
that Assumptions 5.2.1 hold and that also the following hold: Let s, be some
Fi-measurable statistics which is computed recursively on the basis of (x+, a, ¢):
St = S¢(@4, Ct1Q4-1T¢-1 . - . CoaoTp).! Then, assume that the learning policy =
depends on the history of the decision process only through s;:

Pla;=alF) = w(® cm1a-128-1 . - - CoapZo)(a)

= 7'(alxy, 8t) (5.4
In the following we will identify 7 with 7.

Note that it is sufficient to specify 7 at times when z; = z, i.e.. as a function
w(alk, s, z) = w(alz, s,,(z)), where ¢;(z) denotes the time when x; visits = the kth
time. If s} is any other statistics of x;,¢,—1,y—1, €11, . .., Co, @, Tp then

P(at, ) = alz, 320(@? sil(x), s o i B == Plogps, = wlm:8g.3) (5.5)

since, by assumption, the probability of choosing action a in state x at any time
given the history of process depends only on the statistics s at that time and the
learning policy 7 (-).

The following lemma gives a sufficient condition for a lcarning policy to satisfy
the WSE condition.

'Tn the examples below this statistics will be composed of the “table” Q¢(-,-), {n¢(z)}eecx,
and {n(x, @)} (,0)ex x.A- Here 7(r) is the number of times state x was visited by {xj}<i-
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LEMMA 5.2.1 Assume 5.2.1 and that the policy w is given in terms of the statis-
tics sy and the prebabilities 17(a|zy, $;) of cheesing actien a. Let tx(x) denete the
time when xy visits x the kth time. If for all z € X

ce
Z?F a'z, $1,(s)) =00 a.s. (5.6)
k=1

then 7 satisfies the WSE cenditien.

Below we will give two examples when (alz;, s;) is given explicitly and condi-
tion (5.6) is verifiable.
Proof. Note that the WSE condition is equivalent to that for all z € X and every
action a € A, and for almost every w s.t. 2 € X;(w) there holds that {a = ay,(z)}
i.o.

For the proof we need the following lemma whose proof follows the same lines
as the proof of Corollary 5.29 in [14, pp.96].

LEMMA 5.2.2 (EXTENDED BOREL-CANTELLI LEMMA) Let Fi be an increas-
ing sequence of a-fields and let Ay, be Fy-measurable. Then

oC

{w: ZP(Ak‘f}H):OO}:{w tw € A o).

k=1
holds w.p.1.

Assume that the given policy is used for control and let z € X be fixed.
Then for all w s.t. 1 € X,o(w) the sequence ty(x) is well-defined and can be
continued up to infinity. In Lemma 5.2.2 choose Ay = {as,(x) = a} and Fi be
the o-algebra generated by $u (), Sty(z)s - - -5 Sty 1 (z) and Ag, Ay, ..., Ax. Then A,
is Fj-measurable and thus by Equation (5.5):

P(Ak|ﬁk_1) = P(atk(x) = U/|5¢0(x), 5L1(m), 500 Stk(:r); A., Al, 80 a ,Ak_l)

= 7T((,l-‘£L‘, Sﬁk(l‘))‘

So a.e. on {x € X}, Zlep(z‘lk‘f‘kq) = oc and thus by Lemma 5.2.2 also
{a = ay, (s} i.0. holds a.e. on {z € X**}. O

DEFINITION 5.2.3 A pelicy 7 1s said te be asymptotically optimal if fer all x €
X, lim;_,o, P(a; € Argmin Q*(z,a) F,x = x;) = 1 helds w.p.1.

The following theorem concerns policies which achieve asymptotic optimality by
becoming greedy w.r.t. @; sufficiently slowly, where @, € B(X x A) is the t'

estimate of the optimal action-value function computed (e.g.) by Q-learning. In

order to state the theorem we need 7(a; € Argming 4 Q(z,a)x = 4, F) =
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ZaeAxgminbeAQ,(w,b) n(alz = x4, Fy), so w(a; € Argmingc 4 Q4(, a)lz = x4, F;) can
be interpreted as the conditional probability of choosing a myopic action given
the history. This is well defined because of the measurability conditions on 7 and
since (Q; is F;-measurable.

THEOREM 5.2.4 Consider Q-learning given by (4.1) and assume 5.2.1. Let w be
a policy such that for all x € X':

Zﬂ alr, sy, () = o0 and (5.7)
k=1

lim 7 <(Lt € Argmin Qy(z, a)

t—oe aeA

T = Ty, J:t) =1. (58)

Then m is asymptotically optimal.

Proof. Condition 5.7 ensures that the condition of Lemma 5.2.1 is satisfied which
shows that the conditions of Theorem 5.1.4 are satisfied. This latter Theorem
yields that Q' v, x4 — Q| x4 ast tends to infinity w.p.1 and so by the finite-
ness of A and (5.8) we get the asymptotic optimality of . O

It is immediate that the learning policy that, on the kth visit to state x
chooscs a myopic action with a probability proportional to 1 — 1/k, and chooscs
non-myopic actions randomly, i.c., for which

(el ) — 4 G LT )T 0 € Argminge,s Quy)(7,0),
alx, s =
(7] 1-— C.sk (1-5); otherwise,

where Cy(z) is the cardinality of Argmin,. 4 Q¢(z, a), satisfies the conditions of
Theorem 5.2.4. Here s; = (Q4, {n:(x)},cx). Note that here the whole history of
the process up to time ¢ is projected into the function Q.

The following corollary gives conditions under which the Boltzmann-exploration
policy becomes asymptotically optimal.

COROLLARY 5.2.5 Consider Q-learning given by (4.1) and assume 5.2.1 and
that the random immediate costs, c;, are uniformly bounded by some R > 0
(. € [~R,R)] for all t > 0) and the learning policy has the form of the so-called
Boltzmann-exploration policy, i.e.,

B 1 —Qi(z, a)
m(alz = 2, F) = Ny(z) “EP (W) j

where

Ni(z) =Y exp ( (=, b))

be A
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is the partition function. Assume that the “temperature” parameter Ty(x) (0 <
T;(2)) is a function of the number of visits of state x, ni(x), i.e.,

Ti(w) = T(mu(a)).
il 2R
(1= ) log(v)’

where 0 < v < 1 is the discount factor of the MDP then the Boltzmann-exploration
policy 1.s asymptotically optimal.

T(v) = (5.9)

Proof. Since T;(x) — 0 a.e. on z € X'®*, (5.8) is satisfied. First note that since the
random immediate costs arc uniformly bounded @; remains bounded by R/(1—7)
w.p.1. (this comes dircctly from the form of the Q-learning equation). R/(1 —+)
is therefore an upper bound on max, Q;(z,b) and similarly —R/(1 —~) is a lower
bound on min, Q;(x,b):

1

z 1+ (m —1)exp(—2 )’
SPAO=)T(R)

(5.10)

m(alz, st (c))

where m is the number of actions (we used the identities ny, ;) = k and Ty, () () =
T(ns,(z)) = T(k).) Substituting (5.9) yields

1

lp. D R —
'IT(a» xZ, Stk(l)) — (rrn/ _ l)k + ].

and thus (5.7) is also satisfied. Therefore, Theorem 5.2.4 yields that 7 is asymp-
totically optimal. O

Since the WSE condition is only an asymptotic requirement and the bound
R/(1 — ~) may be asymptotically strengthened to (! max,c 4 Q*(z,a)! + ¢), it is
plausible that Boltzmann-learning with T, (v) = 2(‘maX“EfD?;(T’“N+”’k) satisfies the
WSE condition with some a, — 0, v — ce. However, a lower bound on the rate
of convergence of a, towards zero is not trivial to obtain. Another approach is
to make the temperature T; depend explicitly on the (), values. This way one
can give asymptotically optimally policics with the assumption on the bounded
range of the immediate costs removed [62).

Note that although these theorems enable us to construct asymptotically op-
timal learning policies, the convergence rate of such general learning policies to
optimality could still be optimized. Policies which optimize this convergence
rate are called optimal learning policies. Some types of optimal learning policies,
which minimize the total expected loss caused by adaption as compared to the
performance of an optimal policy, has recently been determined for the long-run
average cost criterion [15, 25]. We would like to note that this optimization prop-
erty is an asymptotic requirement which fits the long-run average cost criterion,
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but, does not. fit, the discounted cost. criterion where the transient performance
plays an important role. A suitable concept of optimality for the discounted case
is discussed in [58]. Note that once we know that the algorithms are asymptoti-
cally optimal the ODE method to stochastic approximations (see, e.g. [45, 41, 5])
could be used for further analysis, e.g. to derive central limit type of theorems.

REMARK 5.2.6 It is important to note that in the proofs of this and the previous
sections we have not exploited the actual form of Q-learning. The only property
that was used is that the for any process {(z:, a;)} which satisfies the SE condition
the (), values should converge to Q* w.p.1. This means that we may use any
algorithm that satisfies this property to generate the ), values an the results of
these two sections will still hold. Moreover, the same holds if Q* is replaced by any
other function (corresponding to a different optimization criterion) which is the
fixed point of a contraction of form (TQ)(z,a) = > yex P, a, y)(T'Q)(z, a, y),
where 7" : B(X x A) — B(X x A x X) is another contraction. This shows that
the results of this chapter remain true for RL algorithms with multi-state updates
(see Section 4.3).

5.3 Exploration-Sensitive Learning

In this section we investigate in some sense an opposite situation to that of the

previous section, in that here the probability of the sclection of exploring actions

(non-greedy actions w.r.t. (;) will be kept constant. Such learning policies could

respond to the changes in a non-stationary environment much faster than the

ones with decaying exploration. Nevertheless, we investigate their properties in

stationary environments so as to capture the price of their faster response times.
We will consider semi-uniform learning policies:

DEFINITION 5.3.1 Given a @ function and a small value € > 0, when in state x,
take the action Argmin Q(z, a) with probability 1 —¢ and a random action from A
with probability € (i.e., the probability of choosing an action from Argmin Q(z, a)
is (1 —¢)+¢e/ Argmin Q(z, a)'). Such a learning-policy is referred to as (1 — ¢)-
greedy w.r.t. Q, and is denoted by 7(Q,¢) (7(Q,e) : X — II(A)).

The following theorem gives the form of the optimal semi-uniform policy.

THEOREM 5.3.2 Let

(z,0) = plz,a,y ( z,a,y)+e 2 4( : )+(1*6) mbinQ*(y,b))- (5.11)

yeX

Then vy g+c) < Vr(a,e) for all Q € B(X x A).
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Preef. We prove a slightly more general version form of this theorem. For this
let us define the operator P : B(X x A) — B(X) by

(Pf)(z) = inf (P, f)(z),
TEPy
where Py is a fixed set of (randomized) stationary policies, © denotes a random
stationary policy (7 : X — II(.A), or in an cquivalent representation 7 : X x A —
R, where 7(z,-) is a probability distribution) and (Prh)(z) = )_, 7(x,a)h(z, a).
Note that P is a non-cxpansion [74]. Let T : B(X) — B(X)begivenby T = P Q,
where Q : B(X) — B(X x A) is defined in the usual way:

(QV)(z,0) = (c(x, a,y) +vp(z, a, y)V(y)).

yeX

Since Q is a contraction with index 7 and P is a non-expansion we see that
T is also a contraction with index . More importantly, TV < T,V = P,QV
for all # € P and T is monotone. From these it follows by the reasoning of
Corollary 1.5.5 that the optimal cost-to-go function given by

* = inf [

vi{e) = inf vn(x)
is the fixed point of T' and the T-greedy policy w.r.t. the optimal cost-to-go

function is optimal, i.e., it evaluates to v*.
For the class of greedy policies considered in the previous paragraph

20eaQ0) |1y i O a),

(PreQ)(e) = e =<4 iy

so if we set Q* = Quv* then v* = PQ* = P,,Q" which yields that Q" indeed
satisfies (5.11). O

COROLLARY 5.3.3 Assume 5.2.1, let ¢ > 0 be fized and censider the learning
equatien

Quialzn o) = (1 — ;y(@4,04))Qe(Te, a8) +
(x4, ay) {ct + (e W +(1-¢) min Q1 (s, b))} ,

(5.12)

where a; 1s selected by the e-greedy pelicy w.r.t. Qi, w. (Values net shewn
in (5.12) are left unchanged.) Then, for any fired x € X, a.s. en {xr € X}
and fer all a € A, Qi(z,a) — Q*(z,a), where Q* is the selution of (5.11) and
Pla; = &z = 24, F;) — 7(Q*,¢)(z,a), i.e., m is asymptetically eptimal in the
class of e-greedy pelicies.
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Preef. Note that the “natural” learning rule corresponding to the fixed point
equation (5.11) (as follows from the constructions of Chapter 4) is

Quii(w,a) = (1 = e, a))Qulzy, ar) + c(y, ar) {CL + 7£I€1§.1(TWQL)(yL)} ;
(5.13)
where Py = {7(Q,¢) |Q € B(X x A)} and the required convergence of @, defined

by this learning rule to the fixed point of (5.11) follows by Remark 5.2.6. Since
the Lemma of Three-Years-Old yields that

min(1,Q)(e) = £ =+ 4T 4 (1 - &) min Qe

the Q-lcarning updatce rule (5.13) corresponds to (5.12). Now let 2 € X be

arbitrary. Sincc by construction I’(a; = a!Fp,z = ) = 7(Qt,¢)(z,a), as.
on {z € X} where as. Qiz,a) = Q*(z,a), also P(a; = a/Fy,z = x1) —
(@ e)(x,a) as. on {z € X} O

An alternative to the rule (5.12) is given by

Qi+1 (%4, a0) = (1 — (x4, 00)) Qe (1, ar) + (4, @) (€0 + YQ:(Y1, be)) (5-14)

where b; is chosen stochastically as the action in state y; according to the learning
policy, i.e., in the case of (1 — ¢)-greedy learning policies

| Argming (y(x, b)|
Al

P(b, € Argmin Q;(z, 0)|F) = (1 —2) +¢
b

. The above rule can be viewed as an action-sampled version of the update rule
(5.12) and is called SARSA since the update rule is based on the actual state,
action, the immediate reward (cost) and the next state and action. We will
investigate the behaviour of this learning rule for the class of rank-based learning
policies.

DEFINITION 5.3.4 Assume that Q; € B(X x A) is a sequence of F;-measureable
functiens. A statienary rank-based learning pelicy P is given in terms of a
probability distributien (Pi, Ps,...,P,) over the action space A, where P; > 0
fori=1,2,....m, and 7(a'Fy,x = 1) = Pyq, 2.0, where p(Q,x,a) denetes the
rank of actien a in the table Q(z,-) (p(Q,z,a) = 1 if a = argmin, Q(z,b) and
ties are assumed to be broken in an arbitrarily fized manner).

Assuming that Argmin Qq(z,a) is a singleton the above (1 — ¢)-greedy learning
policy is given by I’ = (1 — &) + ¢/m and I, = ¢/m, where |[Al=m > > 1.

THEOREM 5.3.5 Assume 5.2.1 and that the SARSA learning equatien (Equa-
tion (5.14)) is used to cempute Q;. Further, assume that a rank-based learning
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policy 1 = mp, where P = (Py,...,Py) is a distribution, is used for control.
Then, for all (z,a) € X x A, Qyz,a)(w) = Q" (z,a), t — oe holds a.e. on
{z € X}, where Q* is the function defined by the fized-point equation

qu a,y ( c(, a,y) +“/ZP CL (l/,b)) (5.15)

yex beA

Moreover, 7 is asymptotically optimal w.p.1 in the class of rank-based policies
determined by P.

Proof. By Remark 5.2.6 it is sufficient to prove that (5.14) converges when the
SE condition is satisfied, so let us assume this. Since the learning rule is of the
relaxation form, we can apply Corollary 3.5.2. Let a(Q, z, k) denote the action
whose rank in table Q(z,-) is k& (i.e., p(Q,a(Q, x,k)) = k). Let us write the
SARSA update rule in the form

Qir1(Tya) = (1 — eyl a))Q4(T4, ay) + (x4, as) (c; + YQu(Ys a(Q; Tpr1, ky))) 5

(5.16)
where the ks arc appropriately defined independent, identically distributed ran-
dom variables with P(k; = k) = DP%. These random variables should be de-
fined in such a way that a;; = a(Qy x¢41, k) w.p.l. Notice the condition
on action-selection guarantees the existence of these random variables. Let,
T : B(X x A) — B(X x A) denote the operator whose fixed point is Q* as
given by (5.15):

(TQ)(z,a) meay( c(z,a,y) +~/ZP9J,,)Q(yb))

yeX be A

Note that rank-based averaging is a non-expansion (see Lemma 7 and Theorem 9
of [74]) so T is a contraction. Once again, we identify the state set X Corol-
lary 3.5.2 by the sct of possible statc-action pairs X x A, we further let

0, otherwise,

ft(-lf a) - { O‘L(Iv a)a lf (:1;1 G,) - (wta at);

and
(HQ) (;l"? a) =G + A/'Q(‘Tt-f'l?a(Qt: Ti4+1, k/t))

The conditions on f; and the approximation property of (f;, P,) are readily veri-
fiable, but the condition for £, is not immediate in this case. We show:

‘(Pth)(‘rL‘; a’) - (I)tQQ)(fE, a’)' <
7‘Q1 (*/l"l.JrU G(Q] s Tyy; k/)) - Q‘z(flfpr] 5 a(Qg, Tiq1, k[))‘

< ymax !Qi(zs41,a) — Qa(21+1,a)!
ecA

< QL - @2l
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Here the second inequality comes from Lemma 7 of [74] which states that the
absolute difference between the ith largest values of two (discrete-valued) func-
tions is smaller than or equal that the maximum-norm difference of the functions.
Since all the conditions of Corollary 3.5.2 are satisfied, the convergence of Q; to
Q* follows. O

We conjecture that if the action a;;; would be allowed to depend on the
actual values of @; and not only the ranks of actions in Q4(x¢y1,-) (consider
e.g. the Boltzmann-learning policy) then the SARSA rule would not necessarily
converge. In fact, for a non-rank based learning policy the Lipschitz property of
the appropriate T; operators w.r.t. their second argument may not hold.

5.4 SARSA with Asymptotically Greedy Learning-
Policies

In this section we still consider the SARSA learning-rule (5.14), but here we as-
sume that the greedy actions (i.e., elements of Argming 4 Q,(x,41,0)) are selected
with a probability going to one. If this convergence is slow enough then, as sug-
gested by Theorem 5.2.4, this learning policy might be asymptotically optimal.
Note that the SARSA learning rule is cheaper to compute at the onset of learn-
ing since initially there is no need to compute minge 4 Q¢(x+, @). This may save
essential computational resources if A is large, such as when A is a discretized
version of some continuous action space (initially a rough discretization may be
used).

If in this learning rule actions are still selected based on their ranks in Q(xs41, *)
then an argument similar to the proof of Theorem 5.3.5 can be used to show the
convergence of Q; to Q*. However, if we do not make any such restrictions on the
action-selection procedure apart from that the probability of the choice of greedy
actions goes to one, then this type of proof cannot be used any more. The reason
for this is that

(PQ) (2, a) = & + Y @pt1, 0041 (Q, Te41))
is not necessarily a contraction, but can be viewed as the sum of a contraction
(E[P,Q!F;], where F; represents the history of the process up to time t) plus a
zero-mean term (P;Q — E[P;Q' F;]) whose variance depends on Q. In order to an-
alyze this new situation we need an extension of Lemma 3.2.2 and Theorem 3.1.3
to conditional probability spaces.

LEMMA 5.4.1 Let Z be an arbitrary set and consider the sequence

T11(2) = ge(2)2(2) + fi(2) Ne(2), (5.17)

where z € Z and ||z1|| < C < o0 w.p.1 for some C > 0. Assumne that for all
£ > 0 limy pon [Tt 96(2) = O uniformly in z wp., fulz) < 7(1 — ge(2)) wy.1,
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Yoo fi(z) < D < 0o wp.d, IEN:()F) < ]l + Aoy where 0 > N, — 0,
and Var[N¢(z)|F:] < C(z) for some non-negative constants C(z). Here, F; is
an increasing sequence of o-fields adapted to the process {N;_1, fi, gt} and Fy is
adapted to xo. Then, |'z:'" converges to 0 with probability 1.

Proof. By defining r(z) = Ny(z) — E[Ny(z) | Fi], we can decompose x; to the sum
of 4; and w;, where

0i41(2) = gi(2)d,(2) + fi(2)E[N(2) | F)]
w1 (2) = g(2)wi(2) + fu(2)re(2),

with 0 = xy and wy = 0. Since, by assumption, Var(r,(z) | F,) is bounded
by C(z), we get by the Conditional Averaging Lemma (Lemma 3.5.1) that w,
converges to E[r; | F] = 0 w.p.1. Morcover,

6141(2) = 94(2)04(2) + fi(2)0; + wy |
9t(2)0e(2) + fe(2) (16" + ||| + Ay)

IN

and thus, since |lw¢|| + Ay = 0, we get by Lemma 3.4.2 that also d; converges to
zero w.p.1, thus finishing the proof. O

The next lemma is a non-trivial extension of the above lemma to the case
when the conditional variance may grow with ||2,||:

LEMMA 5.4.2 Let us consider the process x; defined in Lemma 5.4.1 and assume
that the conditions of that lemma are satisfied, except that here we assume only
that VariN(2)!Fo] < C(2)(1 + llz:!1)2. Then, ||z:|| converges to O with probability
1.

Proof. Define si(z) = ri(2)/(1 + ||a]|), where r:(z) = Ni(z) — E[Ne(2) | F] as
above. Then E[s:(z)!F] = 0 and E[s}(z) | F] < C(z) < oo, since z; is Fy-
measurable. This yields the decomposition r,(z) = s,(z) + s,(z)!/z;||- Now let us
define the sequences d;, u, and v, by the recursions

0r1(2) = 6:(2)04(2) + fi(2)E[Ne(2) | Fi
= g4(2)04(2) + fi(2) (lue + 6] + ar(2))
(2)u(2) + fi(2)se(2) |||
(2 ue(2) + fr(2)s4(2) ('ue + 8ell +b¢)
viy1(z) = gt(Z)?Ig(z)—I-ft(z)?t( ),

uryi(2) =

Il
Q@ @

with dg = xg, ug = vg = 0, and

alz) = E[Ny(z)! F) — lu, + 8,
bt = ||xt|| - ||ut+6tH.
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Then x(z) = 84(2) + ui(2) + v1(2). By the Conditional Averaging Lemma
(Lemma 3.5.1) v; — 0 w.p.1, that is we can think of v; as a perturbation con-
verging to zero. Now let

Gi((6,ul &) (2) = [ 9:(2)8(2) + fi(2) (lu+ 6] + as(2)),
gu(2)u(z) + fr(z)s4(z) (lu + 6| + br)],

where £4(2) = [a:(2),bt). Then [0141,us11] = G([d4, ws), £¢), Gy is homogeneous,
and by linearity X1 = G¢(X3, &4) is insensitive to finite perturbations of ¢ =
{e+h>0 and also scaling ¢ by positive numbers smaller than one. Therefore the
Rescaling Lemma (Lemma 3.3.2) applies to Xy, i.e., in order to show that X,
converges to zero w.p.l it is sufficient to show this under the assumption that
X is kept bounded by rescaling it. Let [6°", u{“] denote the rescaled version and
0 < 5; <1 the scaling coefficient at time ¢. Since

uy (2) = Sige(2)uy + Sife(2)5:(2) (I1uy® + 67| + by)

by the Conditional Averaging Lemma (Lemma A.2.3, Part 2) u,(2) converges to
zero. In order to show this apply the identification w; = s4(2) (Iluf® + 85%|| + by),
and the rest of the identifications should go without saying. In fact, the conditions
on g; and f, imply the conditions on «; in the Lemma, and the conditions on w;
are implied by

Ese(2) (llui + &l + &) | Fo] = (lui® + 51 + ;) Bsp(2) | F] =0
and

E [52(2) (lu} + 8 +b)* |
3K E|s3(2) | F) (5.18)
3KC(z),

V(=) (i + 6| + be) | 71

<
<

where K is a bound on [6°¢, %] and in (5.18) b, — 0 w.p.1 was used. Also 05“
converges to zero since by the triangle inequality 'ay(z)' < ||a¢|' < by + A, and

552 < S (gt(z)éfc'(Z) T2 (e + 8 + a/f,(zw))
< o) 85 ()] + £i(2) (el + 150 + b+ A).

I we let 87 = 83 and 6/11(2) = 04(2)/67 (2) + fi(2) (18711 + el + be + )
then (by induction on t) we get |5} (z)! < ;" (z), which holds for all ¢ > 0. Since
we know that u$® converges to zero, thus by Lemma 3.4.2 also §;" and therefore
3¢ converge to zero w.p.1. This proves that the rescaled version of X, converges
to zero, and therefore by the Rescaling Lemma so must do the unscaled version.
But this means that z; = 8; + u; + v; converges to zero w.p.1, which is just what
we wanted to prove. O
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The next, theorem concerns relaxation processes of form

Vi (@) = (1= fi(e))Vi(2) + ful2) ([P Vi)(2) + Z:(V2) (%)), (5.19)

where f, satisfies the usual properties, P, is typically a pseudo-contraction and
Zy represents some kind of zero-mean “noise.” Note that the relaxation processes
considered carlier could also be put, in this form, but, there, the noise term still
rcmains a contraction! Our aim here is to consider the case when Z; is no longer
a contraction but is a “real” noise.

THEOREM 5.4.3 Let X be an arbitrary set, v* € B(X) and consider the stochas-
tic process given by Equation 5.19. Assume that the following conditions are

satisfied:
1. The process defined by
Uppa (2) = (1 = file)Ur(z) + filz)[Pr7] () (5.20)
converges to v* w.p.1;
2.0< fi(z) <1

8. i, fi(x) converges to infinity uniformly inx asn — 0o and Y oo, fE(x) <
D < oo for some D > 0;

4. there exist number 0 < v < 1 and a sequence A\¢ > 0 converging to zero
w.p.1 such that ||RU — BV|| < y||lU = VI + X, holds for all U,V € B(X);

EZ(V)(x) | F) =0, VarlZ(V)(z) | F] < C(z)(1 + |V!?) < oo for some
C >0, forall V € B(X), where F: 18 an increasing sequence of o-fields
adapted to the process (G, Fy, Py Z,_)) and V}y is Fo-measurable.

Kl

Then, Vi converges to v* w.p.1 uniformly over X.

Proof. Let To(U,V)(z) = (1 = fu(x))U(z) + fi(2)([PV](2) + Z:(V)(2)) and let
LW, V) = EITW, V)| F), so T(U,V) = HU, V) + fuZu(V). 1 we let T =
Tt(Ut, V) and Ui = T;‘,(Ut? ‘/) then

Ui (2) = Usa(®) = (1= f@)) (Ol3) — Ulw)) + Fol@) Z(V) (@)

converges to zero w.p.l by the Conditional Averaging Lemma (Lemma 3.5.1).
Therefore we get that Ty approximates T if and only if 7; approximates T. Next,
olserve that Tt gives rise to a relaxation process of the type considered in Corol-
lary 3.5.2, so T, approximates T at v* and V1 = Tt(l t,‘ ), Ve = Vg converges
to v* w.p.1. Since

Viri(@) = Vin(@) = (1 - fie)(Vi(z) - Vi)
i) (PV)(@) — (P () + Z(V3)(=)).
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by identifying Z. x;, f;, & and N, of Lemma 5.4.2 with X, V} — Vi, vfi, 1 — f
and (PV}) — (Ptl ) + Z;(V}), respectively, we have that V; — V, conver ges to zero
w.p.1 if

E; = |E[(PVy) — (BV) + Z,(Vi) | F| < vIVi = Vi

+ A (5.21)
and

Var[(PVi) — (PV;) + Zo(Vi) | R < Cla) (1 + [V = Vil)? < oo (5.22)

for some C'(x) > 0. However, since P, is a non-expansion, we have that

E, = IE(PV)() = (PV)() | ]+ ElZV) () | A
= HE[( t t)() ( )() ft]”

= I(PV)() = (P ﬁ’)()‘
< AV = Vil + A

where in the the F; measurability of V;, V, and P, was used. F inally, since V} is
bounded,

_1\|)

for some D(x) > 0, thus proving (5.22). O

E[1Z(Vi)(=)? | F) < Clx)(1 + VilI*) < D(x)(

Using this theorem, it is easy to show the convergence of SARSA with decaying
exploration.

THEOREM 5.4.4 Consider the learning rule 5.14, assume 5.2.1 and that the
learning policy satisfies the WSE condition. Further, assume that the learning
policy w is constructed so that

,hjn w(aey € ArgminQy(Teg,a) F) =1 (5.23)

where Fy is an increasing sequence of o-fields adapted to {41, Qt,at,ce-1, 0 }.
Then, for all (z,a) € X x A, Qi(z,a)(w) — Q*(x,a). t — oo holds a.e. on
{x € X} Moreover, the learning policy is asymptotically optimal w.p.1.

Proof. By Remark 5.2.6 it is sufficient to prove that (5.14) converges when the
SE condition is satisfied, so let us assume this.

The process (5.14) is a relaxation process of form (5.19), where V; corresponds
to @i, X to X x A, fi(z) to ay(z,a) if (x,a) = (x4, a;) and to zero, otherwise,
and P is given by

C(‘T"a CL,LEL+1)+
(Fi@)(z,0) = T2 pea Plass = 0| F)Q(z10,), i (2,0) = (24, 01);

0, otherwise,
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and

Z,(Q)(z, a) = {c,, +9Q(x141, a141) — (PQ)(xya), if (x,a) = (14, ar);

0, otherwise.

Since Fy is adapted to (Zey1, as, Qr, i1, ), indeed Ec; + YQu(Tes1, ap41) | F] =
(PQ¢) (x4, at). By assumption the learning rates satisfy the conditions of Theo-
rem 5.4.3. So in order to apply Theorem 5.4.3 we need to check only if

Qt+1 (331&’ @t) = (1- (24, at))@t(fﬂt; ar) + ay( e ar) (Cz + VQ(l'Hla a’t—l—l))

A

= (1 — ay(xy, 04)) Qs (4, a4) + ay(cry, ay) (ct + Ihléi}tl Q(%H, b)) +

you (y, ar) (Q(:L‘Hh a1) — Ibréi/lll QA(:L'H] , b)) ,

converges to 7'Q) (T" being the ordinary @Q value operator of the MDP : (T'Q)(z) =
Zyexp(a;,a,y)(c(x,a, Y) + yminge 4 Q(y,b))) and the properties of P; and Z;.
The Conditional Averaging Lemma (Lemma 3.5.1) together with Theorem 3.4.1
show that (5.24) indeed converges to T'Q). The propertics of I and Z; arc casy
to verify. By definition, E[Z;(Q)(z,a) | F) = 0. Since Var(e; | Fi] < C < oo, and
¢; & ap+q, and ¢; & x4+, arc independent given Fy, and there arc a finite number
of actions, so there exists a function C'(z, a) > 0 such that Var[Z,(Q)(z, a) ' F) <
C(z, a)(1+ Q) O

Note that the learning policies suggested after Theorem 5.2.4 are concrete
examples when all the conditions of Theorem 5.4.4 are met.

5.5 Discussion

Most of the material presented in this chapter is original. The results on the
convergence of Q-learning algorithms without the SE (sufficient exploration) con-
dition, presented in Section 5.1, are new (Theorem 5.1.4).

The main results of Sections 5.2,5.3 and 5.4 are based on the joint work of
the author with Jaakkola, Singh and Littman [62]. Nevertheless, the proofs pre-
sented here differ from those of [62] in order the connection with the previous
chapters arc clear. Strictly speaking, Lemma 5.2.1, Theorem 5.2.4, Lemma 5.4.1,
Lemma 5.4.2, Theorem 5.4.3 are entirely new. A similar result to that of Theo-
rem 5.4.3 appeared in [11] (Proposition 4.5, pp.157) with an informal proof.

Notice that the result on how to decay the temperature in Boltzmann-exploration
(Corollary 5.2.5) so as to keep the SE condition satisfied is the outcome of a worst-
case analysis. Indeed, recently Kalmar, Lérincz and the author found that in a
real-world domain (controlling an autonomous robot) Boltzmann exploration is
not needed for convergence [37]. Such situation may arise as a consequence of
the strong ergodicity of the underlying Markov-chain.
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John [35, 34] devised the algorithm presented in Section 5.3 which is intended
to work with persistent exploration. He found that better learning performance
can be achieved if the Q-learning rule is changed to incorporate the condition
of persistent exploration. More precisely, in some domains John’s learning rule
performs better than standard Q-learning when exploration is retained, i.e., the
discounted cumulated cost during learning was higher for his learning rule. The
convergence of this algorithm was first investigated in the paper of Littman and
the author [74]. This update rule was also described by Rummery [56] in the
context of variations of the TD(A) rule. In addition, Rummery explored SARSA,
the action-sampled variant of the exploration-sensitive rule, too. This rule has
also been studied by John [34], and by Singh and Sutton [63, 66]. The first proof
published for the convergence of SARSA appeared in [62].

The convergence rate of on-line RL algorithms is can be investigated from
different perspectives. An asymptotic convergence rate can be obtained directly
from the results of Section 3.6. Non-asymptotic results are also of interest. Such
results has been obtained for particular learning policies by [21] and more recently
by Singh and Jaakkola [38]. These results show that the problem of learning
optimal policies is PAC-learnable, i.e., almost optimal policies (§-optimal policies)
can be found with high probability (1 — ) within polynomial time in the size of
the MDP, 1/(1 — ), 1/¢ and 1/§. The proofs rely on the idea that the structure
of MDPs can be estimated quickly by appropriate learning policies and they use
Hoeffding (or Large Deviations) type of inequalities to provide upper-bounds on
the precision of cstimates.



Chapter 6

Summary

In summary, we list the contributions of the author:

1.

For the first time the operator-theoretical treatment of sequential decision
problems is extended to non-stationary policies in a consistent way (Corol-
lary 1.1.13).

. The usual theorems concerning the fundamental equation of Dynamic Pro-

gramming (Theorem 1.1.10), the convergence of the finite-horizon opti-
mal cost-to-go functions to the infinite-horizon optimal cost-to-go func-
tion (Theorem 1.3.3), the validity of Bellman’s fixed point equation (The-
orem 1.4.2), existence and characterisation of optimal stationary policies
(Theorem 1.5.2), etc. are transferred to this case.

It is shown that in increasing models (i.e. when the cost of policies increases
by time) if v, denotes the function obtained by value iteration (dynamic
programming) then

(a) if the optimal cost-to-go function for stationary policies is equal to v.q
then both functions satisfy the Bellman optimality equation (Theo-
rem 2.2.2)

(b) if v, satisfies the Bellman optimality equation and there exists a
greedy policy w.r.t. v, then v,, equals to the optimal cost-to-go func-
tion and the myopoic policies w.r.t. v, are optimal (Theorem 2.2.7).

. Also for increasing models it is shown that Howard’s policy improvement
y

routine is valid under mild continuity assumptions (Lemma 2.2.11) but does
not necessarily give rise to optimal policies when iterated (Example 2.3.3).

. For finite and increasing models it is shown that the greedy policies w.r.t.

the function given by the t*" step of the value iteration algorithm are optimal
after a finite number of steps (Theorem 2.3.4).
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10.

11.

13.

14.

CHAPTER 6. SUMMARY

Convergence of the so called reinforcement learning algorithms which are
asynchronous, estimation-based variations of the value-iteration algorithm
is proved based on a new operator-theoretical treatment (Theorem 3.1.3).

. The asymptotic rate of convergence of valuc-iteration based reinforcement

learning algorithms is given (Theorem 3.6.1).

. As an application a rigorous proof of the convergence of the so-called Q-

learning algorithm which approximates the optimal action-value function
in minimax problems is put forth (Theorem 4.5.1).

For the first time, conditions for the convergence of the learning policy to
an optimal policy arc given (Theorem 5.2.4).

It is proved that the on-line algorithm called SARSA(0) converges to opti-
mality (Theorem 5.4.4).

Some experiments have been performed using these algorithms on a real-
robot [36, 37] (the robot is shown in Figure 1). The experiments were
analyzed by ANOVA and the results indicated the significant superiority
of the model-based learning algorithms over the model-free ones. Although
the learnt policy differed from that of a handcrafted policy, the respective
performances were indistinguishable.

. In the case of the worst-case total discounted cost criterion the learning

policy which always selects the actions that seem to be the best converges
to optimality [70, 67].

Stability results based on the Liapunov method were derived for a class of
continuous-time adaptive control for plants whose control gain varies by the
state of the plant [76, 77, 73, 78].

Worst-case upper performance bounds for a class of model-based adaptive
control systems are given in [22, 23] under the assumption that the con-
trolled system is known up to a L? measure of uncertainty.

Results 1-5 can be found in [44, 72, 74], results 6-9 were published in [44, 74, 71,
69], while result 10 was published in [62].



Appendix A

A.1 Convergence of Composite Processes

In this appendix, we prove Theorem 3.4.1, which we restate below for the conve-
nience of the reader.

THEOREM 3.4.1 Let X and Y be normed vector spaces, Uy : X x Y — X (t =
0,1,2,...) be a sequence of mappings, and 0, € Y be an arbitrary sequence. Let
B €Y and zo, € X. Consider the sequences

T = Ut(xtagoo)a (Al)

and

Y1 = Ui(ys, 81), (A.2)
and suppose that x; and ¢ converge to T and O, Tespectively, in the norm of
the corresponding spaces.

Let LY be the uniform Lipschitz index of Ug(x,0) with respect to 0 at O and,
similarly, let LY be the uniform Lipschitz index of Uy(z,0) with respect to x.
Then, if the Lipschitz constants LY and LY satisfy the relations L? < C(1 — L),
and [[7_, L%, = 0, where C > 0 is some constant and n = 0,1,2,..., then
im0 'Y —Zool| = 0. Without the loss of generality we will assume that xo = yq.
The theorem is proved through a series of simple lemmas. The assumption zy = yq
will be used to simplify the expressions in Lemmas A.1.2 and A.1.5 below. In
this part we admit the convention that H::a Ay = 1 ¢ a > b which also makes
some expressions shorter.

We start with an elementary, though useful lemma concerning iterated linear
inequalities.

LEMMA A.1.1 Let {6:}, {a:}, {bs} be sequences of real numbers which satisfy the
inequality
6t+15ag(5t+bt, n:U,l,Q:....

Then,

t t t
Ot <00 [+ b [] a5 (A.3)
i=0

=0  j=i+l

97



98 APPENDIX A.

Proof. By assumption, §; < agde + bg and d; < aid; + b;. Substituting the
estimate of §; into the latter inequality yields do < a1aode + a1bg + b1. Continuing
in this way we get (A.3). O

Since in Theorem 3.4.1 llyy — x5! < llyy — a!| + 2y — 255!, it is sufficient to
show that ||ly; — 2¢|| converges to zero. First we bound this difference:

LEMMA A.1.2 Let xy,y;, LY, LY, 8, be the series as defined in Theorem 3.4.1.
Then,

t t
e =@ |1 <D 10, — 0,110 T L (A.4)

s=0 p=s+1

Proof. The proof is the application of Lemma A.1.1 to the sequence d; = !lz;—y; .
Indeed, by the triangle inequality we have that

01 = U(xy, 930) - Ut(yt,Qt)‘l
< U1, 00) — Uiy, 008) | + 'Ui(y1,058) — Uiy, 0))|
< LX¥6; + L0109, — 6.

Thus, §; satisfies the conditions of Lemma A.1.1 with a; = LY and b, = L?/'6, —
Ooe . O

Obscrve that the right-hand side of (A.4) can be taken as the “triangle”
transformation of the scequence |16, — 0!l in the following sense. If A; is a
scquence of numbers, and ayy,, 0 < m < t is a triangular matrix, then the

transformed sequence
t

bt = Z at,mAm

m=0

is called the triangle transform of A; with transformation sequence a;,,. The
transformation itself is a RN — RN linear operator.

DEFINITION A.1.3 A triangle transformation defined by the sequence {aym}, 0 <
m < t, t,m € N, is called regular if the following two conditions hold:

1. limy yo0 atm = 0 for all m, and

2. 1imy_yo (Xm0 Gtm) = C.

In this case the sequence {a.n} is called regular, too. The constant c is called the
multiplier of the transformation.

Regular triangle transformations actually map Cy(N) to Cy(N), as it is shown in
the following lemma.
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LEMMA A.1.4 Let a = {arm} (t,m € N,O < m < t) be an arbitrary regular
sequence with multiplier c. Let Ay be arbitrery with lim; oo Ay = A and let by be
the “triangle transforrm” of A, with trensforrnation sequence agpm:

t
by = E (Lt,mAm-
m=0

Then, by — cA, t — 0o and:

K
‘bt—CA‘ S ‘€LA‘+2‘C‘H[(+1+HUZ‘(L¢’m‘, (AS)

m=0
where 0 < K <t is arbitrary (but it may depend on t), ey = ¢ — Z:nzo Qgm, and

Hyg =sup A, — Al
t>K

Proof. Let 0 < K <t. Then

i t
by — cAl = Z Ot mAm — (g1 + Z Q) A (A.6)
m=0 m=0
i
< Z at,m(Am - A) + ‘EtA‘
m=0
K t
< D am(An —A) |+ sup A=A D agm| + e
m=0 i>K+1 m=K+1

K
< HO Z ‘(l(,,m| + 2‘(3‘]‘1}(.1_1 + |E¢A‘.

m=0

Hencee, (A.5) follows.

Now, let us consider the convergence of b;. Pick up an arbitrary € > (. Then,
let us choose the number K so that 2|c/Hx4+1 < £/2, and choose N > K such
that e, Al + H ZZZO laym| < €/2 is satisfied whenever ¢ > N. Such numbers
exist because Hx and ¢; converge to zero and also a;, converges to zero as ¢
tends to infinity for any fixed m. Then, by (A.7), if ¢ > N, then |b; — cAl < &.

Since € was arbitrary, b; converges to cA, O

The following lemma completes the proof of Theorem 3.4.1.

LEMMA A.1.5 Let z;, v, Lf, L¥,0; be the sequences as defined in Theorem 3.4.1.
Assume that there exists a constant C > 0 such that

L} < C(1 - LY) (A7)
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holds for all t > 0 and also for all k > 0

ﬁ L¥ = 0. (A.8)

t=k

Then, limy o0 !z — 3!l = 0. (Note that Condition (A.7) requires that LY < 1
holds for all t since L? > 0.)

Proof. Let Ay = |6, — 0! and ay,, = LY, IL ms1 Lj. Observe that by
Lemma A.1.2, llz;;; —y;,1!! can be estimated f10m above by the triangle trans-
form of A w1th coefficients a; . Since L < C(1- L), then ag,, < bt m, Where
by = C(1—LY) IL m+1 Li- Therefore, since 0 < S o m < S o bemdy,
it is sufficient to estimate the sum Zmzo bymA; from the above to obtain an

upper bound on ||z; — y;/|. Now, observe that (b,) satisfies the assumptions of
Lemma A.1.4: by > 0,

X
Jim by = C(1 L) H L¥=0
j=m+1

and
i

2 {
D bm=C) (0-L1%) [T L},

m=0 m=0 j=m+1

which is a telescopic sum that reduces to C(1 — ['[320 LY) after expansion. There-
fore,

t >

t oe
lim by =C1-[[LY)=C>0.

Thus, Lemma A.1.2 can be applied, and we see that ||z; — ;|| converges to zero.
O

Note that this proved Theorem 3.4.1.

A.2 Convergence of Certain Stochastic Approx-
imation Processes

THEOREM A.2.1 Suppose the following assumptions are satisfied. Let Fy C
FirC...CF, C Fy C ... be an increasing sequence of o-fields and consider
the process

Tyl :."L't+Ht(.’Et), {= 01,2 (Ag)

where Hi(-) is real-valued and a.s. bounded function. Assume that x; is Fi-
measurable and let hy(z;) = E[H(z;) | Fi)- Assume that the following assumptions
are satis fied:
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1. A number =* ezists s.t.

(a) (x —2%)hy(z) <0 for allt >0,
and if for any fired ¢ > 0 we let
= he ()

he(e) = sup =
el |<lfe L — F

then w.p.1;
(b) Zzoﬁt(g) ==
(c) Z;ﬁoﬁr(a) < oo, where rt = (r +1r)/2; and

2. E[H(z))|F) < C(1+ (z,—z*)?), for some non-negative random sequence
C, whzch satisfies Y e Cy < 00 w.p.1.

Then x, converges to x* w.p.1.

Proof. The proof is based on the following “super-martingale” type lemma due
to [54];

LEMMA A.2.2 Suppose that Z4, By, Cy, D; are finite, non-negative random vari-
ables, adapted to the o-field F;, which satisfy

E(Zi+ | Fi) < (1+ Bi)Z + Gy — Dy (A.10)

Then on the set {> ;2o By < 00,y ,24Ct < oo}, we have Y 2Dy < oc and
Zy — Z < 00 a.s.

In our case let Z; = (2, — *)?. Then

< Zi+ Ci(1+ Zy) + 2(z0 — 2" )ha(ze)
S (]. + Ct)Zt + Ct + 2(77t - 'E*)ht('Et)

and therefore by the above lemma (since by assumption C; > 0, Y2, Cy < 00
and (z; — z*)hs(zy) < 0) Z; — Z < oc w.p.1 for some random variable Z and
Soe(@ — z%)he(z1) > —00. Il oc > Z(w) # 0 for some w then there exist an
e > 0and N > 0 (which may depend on w) s.t. ift > N thene < lzy(w)—z* < 1.
Consequently
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N—

D (@s(w) — 2°) holeiw) +

s=0

IN

_ 1 o
Y hsw) + hs(e;w)

5> Nhs(30)<0 > Nhs(s30)>0

vy

= —00

by Condition 1b. This means that {w'Z(w) # 0} must be a null-set which
finishes the proof of the theorem. O

The theorem could easily be extended to vector-valued processes. Then the
definition of A (¢) would become hy(€) = sup, ¢y g, <176 (€ —2)" hy(x) and Con-
dition la should become (z — z*)Th(z) < 0. Otherwise, the proof is identical if
one defines Z; = ||z; — z*||2. Note that Theorem A.2.1 includes as a special case
i) the standard Robbins-Vonro process of form x;.q = x¢ + ~v;H(x¢, 1), where 1,
are random variables whose distribution depend only on z;; v > 0, >, 7 = 00
and Y, 77 < 0o, and ) one form of the Dvoretzky process ;.1 = T, + 73, where
T, =Gz, —z*)+z, Em|Gum-1,Giory -1, Gol = 0, >, E[f] < 00, G, < 1,
and ) ,(Gy — 1) = —o0.

Next an extension of Lemma 3.5.1 is proved.

LEMMA A.2.3 (CONDITIONAL AVERAGING LEMMA) Let F; be an increasing se-
quence of o-fields, let 0 < ay, s¢ and wy be random variables such that oy, we_1
and s, are F, mea.smullie. Assume that the following hold w.p.1: E[s,|F, o, #
0] = A >0, E[s2|F] < B < o0, E[s;uw;/ F,o # 0] = A, E[s}w} F] < B < 0,
Yoo =00, and Y2, a; < C < oo for some B,C > 0. Then, the process

Qi = (1 — s,00) Qi + aysyy (A.11)

converges to AJA w.p.1.
Further,

Qi1 =5 ((1 — )@+ ﬁt’wz) (A.12)

converges to zero, if oy, 34, Sy and w;_, are F;-measurable, E[w,F,] = 0, Varjw,/Fy] <
B, 0 < S, <1 and the relations a; > 0, Y poq 0 = 00 and Y-, max(as, 8)? <
oc hold w.p.1.

Proof. Without the loss of generality we may assume that E[s;/F;] = A and
E[s,w| F;] = A. Rewriting the process (A.11) in the form of (A.9) we get Q41 =
Qt + Oztst(wt - Qt) al}d thus ht(c_?) = E[atStA(wt - Q)‘ft] = Oft(E[St’LUt“E] -
QE[s,/F]) = atA(A/A — Q) and hy(¢) = —a:A independently of €. Due to the
identity l.z] < 1+22, |E[s’w|F)| < E[s?lw, | F) < Bls?(1+w}) |F) < B+B and
making use of lz! < 1+ 2?2 again, we have E[H}(Q;)Fi) = & E[s(w,—Q;)* F] <
a(B+ 2(B + B)(1 4 Q%) + BQ?) < a2C'(1 + (Q; — A/ A)?) for some C' > 0.
Thus, the lemma follows from Theorem A.2.1.
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The second part is proved from Lemma A.2.2 directly. Let Z, = !Q;'2. Note
that by the non-negativity of S;

Qup1| < 8l(1 — o) |Qy] + Brawy),

SO
E(Zy,|F) < S?(Zt —204!Q¢ + ;’333 + OétQZt)

If we let C? = max(B,1) max(/3;, a:)* then we obtain
E[Z1|F) € 2 — (1 - 892, — 20,52|| + SEC2(1 + %))

Since 0 < Sy < 1 and since for large enough ¢, 1 > o; > 0 w.p.1., we have
(1= SHZ; + 20452|1Q;) > ((1 — S?) + S?(20;)) min('Q;!, Z;) > 20, min('Q;!, Z))
and so

E[Z1|F] < (1+C)Zi+ CF — 204 min(y/ Zy, Zy).

Now the same argument that lead to the proof of Theorem A.2.1 yields that here
also Z; — 0 w.p.1, thus proving the Lemma. O
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