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Foreword 

In this thesis the theory of optimal sequential decisions having a general recur­
sive structure is investigated via an operator theoretical approach, the recursive 
structure (of both of the dynamics and the optimality criterion) being encoded 
into the so-called cost propagation operator. Decision problems like Markovian 
Decision Problems with expected or worst-case total discounted/undiscounted 
cost criterion; repeated zero-sum games such as Markov-games; or alternating 
Markov-games all admit such a recursive structure. Our setup has the advan­
tage that it emphasizes their common properties as well as it points out some 
differences. 

The thesis consists of two parts, in the first part the model is assumed to 
be known while in the second one the models are to be explored. The setup 
of Part I is rather abstract but enables a unified treatment of a large class of 
sequential decision problems, namely the class when the total cost of decision 
policies is defined recursively by a so called cost propagation operator. Under 
natural monotonicity and continuity conditions the greedy policies W.r.t. the 
optimal cost-to-go function turn out to be optimal, due to the recursive structure. 

Part II considers the case when the models are unknown, and have to be 
explored and learnt. The price of considering unknown models is that here we 
have to restrict ourselves to models with an additive cost structure in order to 
obtain tractable learning situations. The almost sure convergence of the most 
frequently used algorithms proposed in the reinforcement learning community is 
proved. These algorithms are treated as multidimensional asynchronous stochas­
tic approximation schemes and their convergence is deduced from the main the­
orem of the second part. The key of the method here is the so called rescaling 
property of certain homogeneous processes. A practical and verifiable sufficient 
condition for the convergence of on-line learning policies to an optimal policy is 
formulated and a convergence rate is established. 

The algorithms discussed in this thesis has been tried out on a real-robot with 
some success [36, 37] (the robot is shown in Figure 1). The experiments were 
analyzed by ANOVA and the results indicated the significant superiority of the 
model-based learning algorithms over the model-free ones. Although the learnt 
policy differed from that of a handcrafted policy, the respective performances 
were indistinguishable. 

v 
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F igure 1: The Khepera robot 
The figures show a Khepera robot equipped with eight IR sensors, six in the front and 

two at the back, the IR sensors measuring the proximity of objects in the range 0-5 cm. 

The robot has two wheels driven by two independent DC motors and a gripper that has 

two degrees of freedom and is equipped with a resistivity sensor and an object-presence 

sensor. The vision turret is mounted on the top of the robot as shown. It is an image 

sensor giving a linear image of the horizontal view of the environment with a resolution 

of 64 pixels and 256 levels of grey. The horizontal viewing angle is limited to about 

36 degrees. This sensor is designed to detect objects in front of the robot situated at a 

distance spanning 5 to 50 cm. The image sensor has no tilt angle, so the robot observes 

only those objects whose height is exceeds 5 cm. The task was to find a ball in the 

arena, bring it to the stick which is in a corner and hit the stick by the ball so as to it 

jumps out of the gripper. Some macro actions such as search, grasp, etc. were defined 

and the number of macro actions taken by the robot until the goal was reached were 

measured. A filtered version of the state space served as the state space and the robot 

learnt a decision policy by the algorithms investigated in this thesis. 
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Introduction 

Abstract dynamic programming (ADP) analyses 8tructuml que8tio11.8 associated 
to sequential decision problems, based only on the recursive structure of such 
problems. It provides general tools for solving many kinds of sequential decision 
problems, such as ordinary :VIarkovian decision problems with the total expected 
discounted cost [13, 65], worst-case cost [4, 28] (see Section 4.5), or exponential 
utility criterion [32, 6, 16] , multi-step games (both alternating and :VIarkov games 
[60, 17]) (see Example 0.1 .4 and Section 4.4) or "mixed" sequential optimization 
problems where these various criteria and dynamics are combined [31]. 

The objective of this part of the thesis is to fill in some gaps in the theory 
of ADP. This part consists of two further chapters. In the next chapter, the 
evaluation of general (not necessarily Markovian) policies are defined, for the 
first-time, using cost propagation operators only. It is shown under a positivity or 
negativity assumption that when the cost propagation operator satisfies certain 
continuity properties, the optimal cost-to-go function remains the same as the 
optimal cost-to-go function defined for Markovian policies. Then related problems 
such as the convergence of the value iteration algorithm and existence of optimal 
policies are considered. 

In the second chapter we consider increasing models under minimal continuity 
assumptions. It is shown that Howard's policy improvement routine decreases the 
"long-term cost-to-go" but does not necessarily yield optimal policies even for 
finite models. We also give a description of the relationships of the key theorems 
for increasing models under the minimal continuity assumptions (sec Figure 2). 

0.1 Overview of Problems 

0.1.1 Notation 

The relation 'It <:.: v will be applied to functions in the usual way: u <:.: v means 
that u(x) <:.: v (x) for all x in the domain of u and v .  Further, u < v will denote 
that u <:.: v and that there exists an clement x of the domain of 1l and v such 
that ll(x) < v (x) . We employ the symbol <:.: for operators in the same way, and 
say that SI <:.: S2 (SI, S2 : R(X) --+ R(X)) if SIV <:.: S2V for all v E R(X). If 
S : R(X) --+ R(X) is an arbitrary operator then Sk (k = 1,2,3, ... ) will denote 
the composition of S with itself k times: Sov = 1), SI1) = Sv, S21) = S(Sv), etc. 

0.1.2 Definitions 

First, we give a definition of abstract sequential decision problems. 
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Figure 2: Relations among the statements concerning best stationary 
policies in models satisfying M,I and LSC. 
The arrows indicate consequences, i .e., if an arrow points from one node to an­
other then the statement of the goal node is a consequence of the statement of 
the start node. Black dots denote the "and" operation, so, for example, from 
Tvoo = Voo and fvoo # 0 it follows that v's = Voo' The arrows with white heads 
denote trivial assertions. The non-trivial relations are proved in the text. 

DEFINITION 0. 1 . 1  An abstract sequential decision problem (ADP) is a quadT"U­
pie (X, A, Q, f), where X is the state space of the process, A is the set of actions, 
Q : [-x, XVI: --+ [_oo,oo]""XA is the so-called cost propagation operator and 
£ E 'R.(X) is the so-called terminal cost function ('R.(X) = [-00, +00]"" and 
'R.(X x A) = [_oo,+oo]""xA). 

The mapping Q makes it possible to define the cost of a decision (action) 
sequence in a recursive way: the cost of decision a in state x is given by (Q.f)(x, a) 
provided the process stops immediately after the first decision and the terminal 
cost of stopping in state y is given by f(y). 

Then action sequences can be evaluated via Q in the following way. The cost. 
of the finit.e decision sequence (0.0, 0.1 , " "  at) (the first. decision is 0.0, t.he second 
is 0.1 , et.c. ) can be built up working backwards from the last decision to the first .. 
If the process starts in state x the cost of (0.0 , 0.1, . . .  , at) is defined as 

where 

V(al, ... ,at)(·r) = (QV(a"a3, ... ,at)) (x, 0.1) ' 
etc. with the terminal condition V{at}(x) = (Q£)(x, at) , i.e., in finite-horizon 
models the terminal cost function determines the terminal cost : when the final 
state is y the decision maker incurs a final cost of £(y). 
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Infinite action sequences can be evaluated as the limit of the correspond­
ing finite horiwn evaluations provided that the limit exists. If, for example, 
(Q£K, a) ::0- C holds for all a E A then the derived sequence of functions is 
non-decreasing and thus the limit must exist. 

DEFINITION 0 . 1 .2 Models satisfying 

(QJ') (. , a) ::0- £ or (QC) ( ·, a) :s: P (1) 

are called increasing models (resp. decreasing). l Accordingly Q is called increas­
ing (resp. decreasing), and these properties will be denoted by I and D, respec­
tively. 

Markovian decision problems (MDPs) with the expected total cost criterion 
are the standard example of abstract sequential decision problems. 

EXAMPLE 0. 1 .3 Finite Markovian decision problems with the expected total cost crite­
Tion [7, 55}. (X, A,p, c) is called a finite MDP if the following conditions hold: 

1 .  X and A are finite sets, 

2. p : X x A x X -+ R and for each a E A, p(., a, ') is a transition probability 
matrix, i.e., 0 :s: p(x, a, y) :s: 1 LYE,y p(x, a, y) = 1 for all x E X, 

3. c: X x A x X -+ R is an arbitrary mapping. 

For any given action sequence 0,0, 0,1, . . .  this structure gives rise to a controlled Markov­
chain, �L' whose dynamics is given by P(�L+' = YI�L = X, at = a) = p(x,a,y), where 
at is the action taken by the decision maker at time t and �o = Xo. Precisely, to 
any action 8equence ao, aI, . . .  and initial 8tate Xo there corre8ponds a measure P = 
Pxo,ao,al,"" over XN which is uniquely defined by the finite dimensional probabilities 
P(Xl, ... xn) = p(xo, ao,x1)p(x1,a1, x2) .. . p( xn-l, an, xn)· The objective is to select 
the actions so that the expected total infinite-horizon discounted cost, 

00 
Exo [L rytc((t. at, (t+1)], 

t�O 

is nlinimizcd for any given initial state :ro, where the expectation is taken w.r.t. P = 
pTo.no,n[, . . .. Here 0 < ry :s: 1 is the so-called discount factor. If ry = 1, i.e., when the 
costs are not discounted then boundedness questions may arise [7]. Let 0,0, 0" ,0,2, . . . , 
denote an action sequence and let the evaluation of it, for the initial state x EX, be 

1 The rationale behind this terminology is that with increasing models the costs incurred by 
the decision maker increase (resp. decrease) with time. 
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V{ao,a" ... j(X) = Ex[E�o ,tc(�t, 0." �t+ l)] ' By the properties of conditional expectation 
we easily obtain 

00 
Exu [c(�o, 0.0, �1)] + Exu[L ,tc(�t, 0." �t+!)] 

t=1 

L p(xo, 0.0, y) (C(xo, 0.0, y) + ,Exo [f: ,tc(�t+!, at+!, �t+2) 16 = y]) 
yEX �o 

L p(Xo, 0.0, y) (c(xo, 0.0, y) + ,V{al ,a2, ... } (y)) 
yEX 

( QV{al,a".}) (xo, aD) (3) 

provided that Q : R(X) -+ R(X x A) is defined by 

(Qf)(X,o.) = C(X, 0.) +, LP(x,o.,y)V(y). 
yEX 

Note that Q incorporates both the dynamics (p(x, a, V)) and the cost-structure (c(x, 0., V)) 
of the decision problem and, by Equation 2, action sequences can be evaluated using 
Q only without any reference to p or c. If £(x) = 0 for all x E X then (1) is equivalent 
to LYEX p(:I:, (J" Y )C(:I:, (J" y) � 0 holding for all (:1:, a), i.e., that the iIIllnediate averaged 
costs should be non-negative. Thus, inequality (1) can be viewed as the reformulation 
of the conventional assumption of negative dynamic programming [65]. (It is negative 
since in [65] or [13] the decision problem is given in terms of a reward function which 
is related to the cost function by r(x,o.) = -c(x, a), and so the immediate rewards 
are negative if the immediate costs are positive.) For a concrete example of a MDP 
rewritten in terms of the Q operator sec Example 0.1.14. 

Another class of decision problems which can be formulated in the framework 
of abstract dynamic programming are multi-step sequential games. For example 
two-player, zero-sum alternating Markov games have the following interpretation 
in our model: 

EXAMPLE 0.1 .4 Altemating Two-player Zero-sum Mar'kov Garnes [60, 17j. Let X be 
the state space, A the action space and assume that X is divided into two disjoint 
parts: X = Xl U X2. When x E Xi, Player 't chooses the action U = 1,2). The 
transition probability function, p, is defined and interpreted as in Markovian decision 
problems. Further, let c: X x A x X -+ R be an arbitrary mapping, the one-step cost 
mapping from the point of view of Player 1. The game is assumed to be zero sum 
for each step: when Player 1 incurs the cost C(:E, a, V), his opponent incurs the cost 
-c(x, a, V). Player 1 wants to minimize the expected total cost, while Player 2 wants 
to maximize it. The optimality criterion is minimax optimality: the maximizer (Player 
2) should choose actions so as to maximize the cost of Player 1 in the event that it (i.e., 
Player 1) chooses the best possible counter-policy. An equivalent definition is for the 
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minimizer to choose actions to minimize its cost against the maximizer with the best 
possible counter-policy. A pair of policies is said to be in equilibrium if neither player 
haR any incentive to change policies if the other player's policy remains fixed. From 
the point of view of Player 1 playing this game is equivalent to the AD P (X" A, Q, 0) 
with Q: [-oo,oo1"r, --+ [-00, 00IX1xA given by 

(Qf)(x,a) = LP(x,a,y)�':.f LP(y,b,z)(c(x,a,y) +c(y,b,z) + f(z)). 
yEA' zEX 

If Player 1 uses the optimal policy corresponding to (X1, A, Q, 0) and Player 2 chooses 
the best possible counter-policy then these policies can be shown to be in equilibrium 
[601· 

The history of a sequential decision process up to the t,h stage is a sequence 
of state-action pairs: (xo, ao, Xl, al,···, Xt-l, at-I)' This will be called the his­
tory at time t and we will define the tth history space as the possible histories 
of the process up to the time instant t: Ht = (A x X)t will be called the tth 
full history-space. For brevity elements of Ht will often be written as the con­
catenation of their components, i.e., if h = ((at, .Tt), . . . , (ao, xo)) then we will 
write h = atXt . . .  aoxo . Further, for any pair h, = ( (at, Xt), . . .  , (ao, xo)) and 
h2 = ( (a:, x:), . . .  , (a�, x�)) we will denote by h,h2 the concatenation of h, and 
h2 : ( (at, Xt) , . . .  , (ao, xu), (a:, x:), . . .  , (a�, x�)) .  )/ote, that aR Ht is a history space 
the ordering of the components of its elements is important and we admit the 
assumption that the ordering of the components corresponds to the time order, 
i.e., (at, Xt) is the most recent element of the history. 

DEFINITION 0 . 1 . 5  A policy is an infinite sequence of m.appings: 

7r = (1fo;1f" . .. , 7rt ,  . . .  ) ,  

wher'e 7rt : X x Ht --+ A, t :;, O. If 7rt depends only on X then the policy is 
called Markovian, otheTwise, it -18 called non-Markovian. If a policy i8 Markovian 
and 7rL = 7ro for all t then the policy is called stationary, otheTwise, it is called 
non-stationary Markovian. Stat-lonm'y policie8 will al80 be called selectors. 

Policies can be evaluated using the Q operator similarly to the evaluation of 
action sequences. In order to simplify the notation let us define "policy-evaluation 
operators" . 

DEFINITION 0 . 1 .6  If7r E AX is an arbitrary selector let the corresponding policy­
evaluation operator T" : R( X) --+ R( X) be defined as 

(T".f) (x) = (Q.f) (x, 7r(x)) . 
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The evaluation of Markov policies can be defined recursively as follows: If v E 
R(X) is the evaluation of the t-step Markov policy 'Ir' = ('Ir1," " 'Irt), i.e., v(x) 
is the total cost incurred when 'Ir' is executed then from the definition of Q we 
have that (Qv)(x,'Iro(x)) = (T"ov)(x) is the cost of using 'Iro in state x and using 
'Ir' afterwards. 

DEFINITION 0. 1 . 7  (BERTSEKAS, 1977) The evaluation function (or cost-to-go 
jnnction) oj a finite-horizon Markov policy 'Ir = ('Ira, 'Ir" ... ,'Irt) iB defined as v" = 
T"uT", . . . T",f, while the evalnation jnnction oj an infinite-horizon Markov policy 
7r = (1fo1 1fl,"" 1ft; ... ) is given by 

If the policy is stationary ('Irt = 'Iro for all t ::> 0) this reduces to 

v" = lim r: f. n--+oo 0 

(4) 

(5) 

In what follows selectors will be identified with the stationary Markov policy 
which they define and thus we can speak about the evaluation (the infinite horizon 
cost associated with the underlying stationary Markov policy) of a selector. The 
evaluation of arbitrary policies is more complicated and is the subject of the next 
chapter. 

EXAMPLE 0.1.8 Consider a finite MDP (X, A,p, c) (ef. Example 0.1.3). Let 'Ir be any 
policy. Then for all Xo E X 'Ir generates a unique measure P = Pxu ," over XN which is 
defined through 

where ao, ... ,an-1 is recursively defined by ao = 'Iro(xo), a, = 'Ir1(x1,aoxo), . . .  , 
and an-1 = 'Irn-,(Xn-1, an-2Xn-2 ... aoxo). Clearly, one can construct a random se­
quence (�n,an) E X x A (the controlled object) S.t. P(�n+1Ian,�n, ... ,no,�o) = 
P((n, an, (n+1) where an = 'Irn((n, a,,-1(n-1 ... ao(o)· 

The definition of policies can be extended to involve randomized policies, w hieh 
will be needed in Part II. In this case 'Irn : X x Ht -+ II(A) and P = PXO,1l" becomes a 
measure over (X x A)N determined by the sample path probabilities 

P(Xo, ao,· .. ,Xn, an) = 'Iro(xo)(ao)P(xo, ao, X,)'Ir1 (Xl, aoxo)(a,) ... 
P(Xn-l, an-I, Xn)7rn (Xnl an-lXn-l ... aoxo) (an), 

and an of the controlled object (�n, an) should now satisfy 

while the state-process, �'" is as before. 
The evaluation of a policy 7r in state Xo is defined to be Exo,"[L�o 'lc(�t, at, �t+1)], 

where the expectation is taken w.r.t. Pxo,'" Later we will sec that this definition 
coincides with Definition 0.1.7 for (non-randomized) Markovian policies. 
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Notice that in the case of infinite horizon evaluation the intuitive meaning 
of terminal costs disappears as there is no terminating step. In some cases the 
evaluation of policies can still explicitly depend on e. 

DEFINITION 0. 1 .9  If the evaluation of ·injinde-h(,.,.izon policies is independent of 
R, i. e . ,  if any other bounded function f' yield8 the 8ume C08t-tO-go functions, then 
the decision problem is said to be stable, otherwise it is said to be sensitive.2 

If the decision problem is stable (such as when Q is a contraction w.r.t. the 
supremum-norm) then the structure of the decision problem is simple, otherwise 
it can be quite complicated. 

0.1.3 Objectives 

The objective of the decision maker is to choose a policy in such a way that the 
cost incurred during the usage of the policy is minimal. Of course, the best cost 
that can be achieved depends on the class of policies available for the decision 
maker. 

DEFINITION 0. 1 . 1 0  The sets of general, Markov and stationary policies are de­
noted by IIy, U", and II" respectively. Further, let 

v'''(x) = inf v,,(x), 
]TEll£>. 

be the optimal cost-to-go function for the class II", where Ll. is either g or m or 
s .  

For any s :::: 0 and fixed x E X the decision maker can assure a cost-to-go less 
than v''' (x) + s by the usage of an appropriate policy from II". However, this 
policy may depend on x. 

DEFINITION 0. 1 . 1 1  Let 

that is II" (v) contains the policies from II" whose cost-to-go is uniformly less 
than or equal to v .  A policy is said to be (uniformly) s-optimal if it is contained 
in IIg(v,g + c) a 

The objective of abstract sequential decision problems is to give conditions under 
which II" ('11'9 + c) is guaranteed to be non-empty when 10 > 0 or 10 = O. From the 
algorithmic point of view the question is how to find an element of II,,(v,g + c) 
for a given 10 > a (Ll. E {a , m, s}) . 

2The notion of stability for MDPs has been introduced and discussed in [86]. 
31£ v is a real valued function over X and E is real then v + E stands for the function v(x) + E. 
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DEFINITION 0. 1 . 1 2  Element.s of IIg(v*g), IIm(v*g), and II,,(v,g) are called opti­
mal, optimal Markovian and optimal stationary policies, r·espectively. 

Similar questions can be posed when the set available policies is restricted to the 
set of Markov, or stationary policies. 

DEFINITION 0. 1 . 1 3  Elements of IIm(v'm) (IIs(v*')) are called best Markovian 
(stationary) policie". 

It is clear that v·g ::; v·m ::; v's since II" <;; IIm <;; IIg, so the existence of best 
stationary policies (i.e. , if IIs(v") is non-empty) is easier to ensure than that of 
optimal stationary policies. It may happen that IIs(v*') is non-empty and IIs(v,g) 
is empty but the converse can never hold. A best stationary policy is also optimal 
if v's = v'g so the existence of optimal stationary policies can be reduced to the 
solving of the inequality II,(v'S) f 0 and the equality v*' = v'Y. Thus, it is 
reasonable to restrict our attention to stationary policies and algorithms that 
contain elements from IIs(v") if there are any. This is exactly the approach of 
Chapter 2. 

0.1.4 Algorithms 

There are two sorts of algorithms which are best illustrated for Markovian decision 
problems with the expected total cost criterion, the value itemtion [4] and the 
policy itemtion [32] methods. Both are based on the fact that greedy policies 
w.r.t. the optimal cost-to-go function (v·q) are optimal. A policy IT is said to be 
greedy w.r.t. the function V if it satisfies the equation 

(Qv)(x, IT (x)) = inf(Qv)(x, a) . aEA 

For convenience, we will write the right-hand side (RHS) of the above equation 
in the more compact form (Tv)(x), where T : R(X) --+ R(X) is given by 

(Tv)(:r) = inf (Qv)(x, a) . aEA 

Also for notational convenience we will define the greedy policy operator, f, as 
the operator that maps functions of R( X) to sets of stationary policies with every 
IT E fv satisfying Tnv = Tv. 

Value itemtion is based on the Bellman optimality equation which states that 

v*g = Tv'g. 

In discounted MDPs greedy policies w.r.t. v'g are optimal, so a knowledge of v*g 
is sufficient to find an optimal policy. Since v·g is the fixed point of the operator 
T it is reasonable to seek it by the method of successive approximations that 
computes successive estimates of the fixed point of T as vn+1 = TVn with suitable 
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chosen Vo. If Vo = f. then limn-+oo Vn is denoted by VX• This choice of initial 
evaluation is reasonable since then 'On is equal to the optimal n-horizon cost-to­
go function. (For stable problems '00 can be any other function. ) Further, it can 
be shown that Voo ::; v'Y. In practice for each n a greedy policy 1fn w.r.t. Vn is 
generated. For finite decision problems 1fn will be optimal after a finite number of 
steps [19], meaning that the value-iteration algorithm can be made to terminate 
after a finite number of steps. The following example shows that without value 
iteration does not necessarily converge to v*g. 

EXAMPLE 0.1.14 [201 Let A = N and let X = Z, £ == O. Let 

{ f(a+l), 
(Qf)(x,a)= 1+f(-l), 

f(x - 1) , 

Then 
{ infa>o f(a), 

(Tf)(:/;,a)= l+f(-l), 
f(;" - 1), 

if 1: = 0: 
if x = I: 
if x # 0, 1. 

if x = 0: 
if;/; = 1: 
if;"#O,l: 

This example corresponds to a deterministic decision problem with additive cost cri­
terion. In state ° one may choose any state x > o. After this decision the dynamics 
cannot be controlled anymore: state x is followed by state x-I except when x = 1. 
When x = 1 then the next state is -1 and a cost 1 is incurred. The optimal cost-to-go 
function is given by 

Let Vn = Tn£: 

Then Vn /' voo, where 

v*g(x) = v*'(x) = {I, 0, 
if x ;:. 0: 
otherwise. 

if 1 <:: x <:: n; 
otherwise. 

if x;:. 1; 
otherwise. 

On the other hand, T( li1I1n-too vn) = Tvoo = V'9 > Voo = limn-too TVn meaning that T 
is not lower-semicontinuous. It is obvious that Q is monotone, increasing and lower­
semicontinuous. Simple case analysis shows that Tv*9 = v*9. There is no f-optimal 
policy when ° <:: E < 1, but for each n E N there exists optimal n-horizon policies, even 
stationary ones: simply let 1f(O) ;:. n. 

Policy iteration (PI) generates a sequence of policies, 1f n that satisfy the re­
lations 1fn+l E rv�" or T"n+1V"" = Tv�". "ote that this method involves the 
calculation of v�" which can be hard to do in the general (non-linear) case. For 
Markovian decision problems V"" drops out as the solution of sorne linear system 
of equations. In addition, for discounted ylarkovian decision problems, the policy 
iteration method is known to converge in a finite number of steps provided that 
both X and A are finite. 
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Chapter 1 

Non-Markovian Policies 

1.1 The Fundamental Equation 

In this section we define the evaluation function associated to non-Markovian 
policies and derive the fundamental equation of dynamic programming. 

DEFINITION l .l . 1  If 1f = (1fQ' 1f" . . .  , 1ft , . . .  ) i.s an arbitrary policy then 1ft de-
note8 the t-truncation of 1f: 1ft = (1fQ' 1f" . . . , 1ft) . Further, let Pt and P denote the 
.set of t-truncated policie.s and the set of (infinite horizon) policies, re.spectively. 
The s-truncation operator for t-truncated policies is defined similarly if s ::; t .  

DEFINITION l.l .2  The shift-operator S(x,a) for any pair (x, a) E X x A i.s de­
fined in the following way: 

where 1f; is defined by 

1f; (y,  h) = 1ft+l (y, hax) , y E X, h E  (A X X)' 

for all t :;,. O. We shall write 1fX for SeX,KOeX))1f and call1fx the derived policy. 
For finite-horizon policies Sex,a) i.s defined in the .same way just now Sex,a) 

Pt -+ Pt-1 , t :;,. l. 

The above definition means that 1fx E Pt-1 holds for any 1f E PL and :D E X. The 
following proposition follows from the definitions and thus we omit its technical 
proof. 

PROPOSITION l .l .3  1ft,x = 1fx,t-l and thu8 if 1f E P, then 1ft,x = 1fx,t-l E P'-I, 
t :;,. l. 

Now we are in the position to give the definition of the evaluation of policies 
with finite horiwn. 

15 
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DEFINITION 1 . 1 .4 If1r E Po, i. e., 1r = (1ro) then v,,(.r) = (QJ')(x,1ro(:r)), where 
I' E R(X) is the terminal cost function. Assume that the evaluation of policies 
in Pt is alr·eady defined. Let 1r E Pt+! . Then 

(1.1) 

Since 1rX E Pt, V"x is already defined and thus (1 .1) is well defined. One can 
interpret this definition as follows: 1rx is the policy that is applied after the first 
decision. The cost of this the derived policy is V"x. This cost together with the 
cost of the first decision (the first decision is 1ro ( .r) in state .r) gives the total cost 
of the policy. 

EXAMPLE 1 . 1 .5 If 1r is a t-horizon policy in an MDP (X, A,p, c) (cf. Example 0.1 .3) 
and we set 

as usual, where an = 1rn(�n, an-l�n-l··· ao�o) and P(�n+! = Y 1 an�n··· ao�o) = 
P(�n, an, V), P(�o = x) > 0, x E X (i.e., (�n, an) is the controlled object corresponding 
to 1r but when eo is random), then one sees easily that v�t) = v�t) , where v�t) is the 
evaluation of 1r in the sense of Definition 1 .1 .4 in the ADP (X, A, Q,R) with 

(QJ)(x,a) = 2:>(x,a,y) (c(x,a,y) +rf(Y)), 
VEX 

and R(x) = 0 for all:r EX. 

The evaluation of infinite hori7,on policies can be defined as the limit of the 
evaluations of the finite horizon truncations of the policy: 

DEFINITION 1 . 1 .6 Let 7r E P = Poc. Then the total cost of policy for initial 
state x is given by 

:r: E X. 

This definition takes an optimistic point of view since it involves the lim inf of 
the costs. 

EXAMPLE 1 . 1 .7 Continuing the above example, if 7r is an arbitrary policy then (by 
boundcdncss) 

v,,(x) dcr 
E [�rnc((n,an'(n) 1(0 = x] 

tli,� E [� rnc(�n, an, �n) 1 �o = x] , 
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DEFINITION 1 . 1 .8 Q is said to be monotone if Qv ::; Qu whenever /1, ::; v. 

In what follows we will always assume that Q is monotone. 

DEFINITION 1 . 1 .9 Operator Q is called lower semi-continuous (LSC) on the set 
D(X) <;; R(X) if for every (pointwise) convergent sequence of functions Vt E 
D(X) for which l}t ::; limt-+oo Vt, 

lim QVt = Q( lim Vt) t--+oo t--+oo 

holds. Similar'ly Q ·i., called upper semi-continuous on the set D(X) if for ever-y 
(po'ird'Wi8e) converyent .sequence of junction.s Vt E D(X) for- which VI :;> limHoo v{ 
'We huve 

lim QVt = Q( lim Vt) t-too t--+oo 

If Q is increasing (decreasing) then the domain D (X) over which the desired 
property is required is D(X) = {v E R(X) Ie ::; v} (D(X) = {v E R(X) Ie :;> v}) .  
In such cases the domain will not be mentioned. 

In his seminal paper Bertsekas investigated operators which are LSC only 
for increasing sequences of functions [6]. Trivially, property LSC implies this 
property. It is not very hard to show that the reverse implication holds as well, so 
these too concepts are in fact equivalent. The notation of upper semi-continuity 
(eSC) and the corresponding notion of USC on decreasing function sequences 
(eSCD) are again equivalent. 

In harmony with [20] the equation of the next theorem will be called the 
fundamental equation (FE) . Indeed we will find that this equation plays a central 
role in the development of the theory. 

THEOREM 1 . 1 . 10  Assume that at least one of the following conditions hold: 

a) Q is LSC and I; 

b) Q is USC and D; 

c) Q is cord·irmo·u.s. 

Then 
(1 .2) 

Proof. We prove the equation under Condition a. The other cases may be treated 
similarly. First, we need the following proposition: 

PROPOSITION 1 . 1 . 1 1  Let 7r be on arbitrar-y policy. If the ADP is incrmsing then 
V"t is incr-easing and e ::; v'g . 
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Proof. Let us consider V"t+1 : 

V"t+l (X) = (QV"t+l ,x ) (X , 7ro (x))  = ( Qv"x,t ) (x, 7ro(x)) (1.3) 

Notice that vI''' ?': f., where jJ, denotes an arbitrary policy. By definition we have 
that V", (X) = ( Qu"x,o ) (x, 7ro (x) ) .  Now, since 7rX is just another policy we have 
that v"x,o ?': e. From the monotonicity of Q we have that Qv"x,o ?': Q£ and 
consequently that V"l ?': v"o . 

Now, let us assume that we have already proved up to t that for all policie8 jJ, 
there holds an inequality such that vl't ?': V"t- 1 .  Let 7r be an arbitrary policy and 
let us apply the induction hypothesis on it = 7rx. This leads to U"x,t ?': V,,",t-1 . 

Again, applying Q on both sides and using Equation (1 .3) we obtain the desired 
inequali ty. D 

Now let Vt = V"t and let It = 7rtH. By definition V,,(:E) = ( Qv,tX ) (.r, J1,o (x) ) .  

According to Proposition 1 . 1.3 p:T = 7r1+ 1.,T = 7r,T.t and flo = 7ro thus 

(1.4) 

Now, let t tend to infinity and consider the lim inf of both sides of the above 
equation: 

lim inf V1fHl (x) f-too 
lim inf( Qv"x. t )  (x, 7ro (x)) 

'-->00 
(Q[ lim v"x,t ] ) (x, 7ro(x)) 

t-->oo 
( Qv",x ) (x, 7ro(X)) , 

where in the first equation the definition 'U"x = lim infHx 'UKx.' and in the second 
equation Equation (1 .4) was exploited, while in the third equation we used that 
V"X,[ is an increasing sequence, which was shown above, and that Q is LSC, and 
in the last equation V"X = limt-->oo U"x,t was utilized which holds since V",x,t IS an 
increasing sequence. D 

COROLLARY 1 . 1 . 12 Under the conditions of the above theorem V"t converges to 
V"' i. e., in Definition 1 . 1 . 6  lim inf can be replaced by lim. 

COROLLARY 1 . 1 . 1 3  Under the conditions of Theorem 1 . 1 . 1 0  the evaluation func­
tion of Markovian policies in the 8en8e of Definition 1 . 1 . 6  coincide with their 
evaluation functions in the sense of Definition 0. 1 .  7. Moreover, if 7r is a station­
ary policy and if Q is I (D) and LSC (USC) then T;: f. is inc7msing (decreasing) 
and 'Orr = Tn 'Orr· 
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Proof. In Definition 0.1 .7 the evaluation of a Markovian policy 

was defined as the limit 

lim (TKO ' . . (T"'t_l (T"'t£) ) . . .  ) t-hYCO 
lim T",o . . .  Tnt_1 T"tC. t--+oo 

19 

However, it is easy to see that T"o ' "  T"t_lT"'tt = V",t , so by Corollary 1 .1 .12 the 
definition of Bertsekas coincides with ours for the case of Markovian policies. The 
second part comes from the convergence properties of monotone sequences. D 

1 .2  Uniformly Optimal Policies 

DEFINITION 1 .2 . 1  The optimal cost-to-go function is defined by 

v,g(x) = inf v",(.r) . "'EP 
A policy is said to be optimal if v" = v'".  

\Ve will now investigate the properties of v'g and its connection with optimal 
policies. Firstly, we relax the notion of optimal policies. 

DEFINITION 1 .2.2 Policy 71 is said to be uniformly c-optimal if 

(
. 

) 
< { v,g(x

.

_ )  + e, if v,g(x) > -00; 
vK

:
r; - - l/e, otherwise 

holds for every x E X. 
THEOREM 1 .2 .3  If the FE is satisfied then for all e > 0 ther'e exists an e-optimal 
pol-icy. 

Proof. Pick up an arbitrary x E X. By the definition of 1)'" (.r) there exists a 
policy .T7I for which 1Jx,, (.r) :S v'" (.r) + c when v,g (.r) > -C)C and vx" (x) :S -l/e, 
otherwise. We define a policy which will be e-optimal by taking the actions 
prescribed by x71 when x is the starting state ofthe decision process. The resulting 
policy is called the combination of the policies x7l. Formally, 7Io (x) = x7lo (::r;) and 

711. (:r, hao:ro) = xo7l1. (:r, ha.o:ro) ·  

We claim that vK(x) = V,K (X) and thus 71 is uniformly e-optimal. Indeed, 7IX = 

(x7l)X and 7Io (x) = x7lo(x) and so 

v,, (x) ( Qvx",, ) (x, 7Io (x) )  

( Qv,,,,. ) (.r ' T7IO (r) ) 
v,,, (x). 

D 



20 CHAPTER 1. NON-IVIARKOllIAN POLICIES 

1 .3  Finite Horizon Problems 

DEFINITION 1 .3 . 1  The optimal co.�t-to-go function for n-horizon problems is de­
fined by 

where 

6. E {g, m, s} .  

V�t.(x) = inf V�, nEPf( 

It is clear that v;t. (x) = inf�EII" Vn" since since P,� = { 7r" I 7r E ITt. } . Further, 
if Q is increasing (decreasing) then v;t. <::: v,t. (v;,t. ::,. v't.) and {v;,t.}n is an 
increasing (decreasing) sequence since for all policy 7r, V�n <::: V"n+l <::: v" (V�n > 
'Unn+l � 'un ) ' IvIoreov€I, v�? � v�m � '1)�8 and '1)*9 .:s; v*m .:s; '0*8. 

DEFINITION 1 .3 .2  The optimal cost-to-go operator T : R(X) --+ R(X) assocz­
ated with the ADP (X, A, Q, £) is defined by 

(Tf) (x) = inf ( Qf) (.T, a) . nEA(.T) 

THEOREM 1 .3 .3  (OPTIMALITY EQUATION FOR FINITE HORIZON PROBLEMS) 
The optimal cost-to-qo functions of the n-staqe problem satisfies 

'0*9 = v*m = Tn£ 10 10 

provided that Q is USC and the FE is satisfied. 

(1 .5) 

Proof. We prove the proposition by induction. One immediately sees that the 
proposition holds for n = 1 .  Assume that we have already proved the proposition 
for n. Firstly, we prove that T,,+1£ <::: V'�+1 '  Kote that this inequality will follow 
from the FE and the mono tonicity of Q alone: no continuity assumption is needed 
here. 

Let 7r E Pn+1 ' We show that Tn+1 e <::: Vn. By the induction hypothesis 
(Tn+1C)(x) = (Tv;,g) (x). According to the FE vK (x) = (Qv�" ) (x, 7ro(x)). Since 
7rx E Pn so VK" ::,. V.;'9. Since Q is monotone it follows that 

(TV;'9) (X) = inf ( Qv;,q) (x, a) < inf (Qv�" ) (x , a) nEA(x) aEA(.T) 
< (QvKx ) (x, 7ro (x)) = v�(x). 

This equation holds for arbitrary 7r E Pn+1 and thus Tv;"g <::: V;,�l '  Using the 
induction hypothesis we find that Tn+1£ <::: V��l '  

Now let us prove the reverse inequality, i.e. , that V��l <::: Tn+1e holds. Let us 
choose a sequence of Markovian policies 7rk E Pn such that vn, converges to v;,m. 
Clearly, v"' ::,. v;,m. Now let /1j : X --+ A be a sequence of mappings satisfying 
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limj--+oo �"j v�g = Tv�9. Now consider the policies l/k,j = 11k EB Jij E Pn+1 : t.he 
first n actions of l/k,j are the actions prescribed by 11k while the last action is the 
action prescribed bv " ' .  It is clear that V'9 , < v'm < V , = T , v : the last .., fA') 11,+1 - n+ 1 - Vk,J 11-) 1rk 
equality follows from the FE. Taking the limit in k we get that 

holds owing t.o t.he choice of t.he policies 11k and since Q is USC. Now t.aking t.he 
I· . . ' h 

. 
d 

. 
h h ' . Id h , *9 < ''''' < 'T ''''' 'Tn+1 " Imlt. m J t. e m uct.lOn ypot. eSls Yle s t. at. Vn+1 _ Vn+1 _ Vn = f. 

h· h fi II 
. 

h *9 ''''' 'Tn+1 " I '  h f' D w lC na y gIves t. at. 1)n+1 = 1)n+1 = f., comp et.mg t. e proo . 

The following examples (taken from [6]) show that the conditions of the pre­
vious t.heorem are indeed essential for t.he t.heorem t.o hold. 

EXAMPLE 1 .3.4 Let X = {o} and A = (0, 1], £(0) = 0, and 

(Qf) = { I, if 1(0) > 0; 
a, otherwIse. 

Note that Q is I, LSC, T is LSC but Q is not USC. It is easy to see that 0 = 'U00(0) = 
(Tne)(O) < v,;'9 (0) = 1 = v'" (O) if n ;0. 2. 

EXAMPLE 1 .3.5 Let X = {O} , A = (-1 , 0] ,  £(0) = 0 and 

(Qf) = { a , if 1 (0) > -1; 
a + 1(0), ot.herwise. 

In this example Q is D but not USC. 'U.;'9 (0) = -1 but (TnC) (O) = -no 

1 .4 The Optimality Equation and the Conver­

gence of Value iteration 

Let us consider the sequence of optimal n-horizon cost-to-go functions, {V�9} .  
If v�,q converges to V'9 then V'9 can be computed as the limit of the function 
sequence Va = 1'., Vt+l = TVt provided that Q is USC and the FE holds. The 
convergence of v�g to V'9 expressed in another way means that the inf and lim 
operations can be interchanged in the definition of V*9: 

v*g = inf lirn 'OKJ1. = lirn inf 'OKJ1. = lirn 'u�g . 
nEP n--+oo n--+oo 7rEP n--+oo (1.6) 

DEFINITION 1 .4 . 1  Let 1}00 E 'R.( X) denote the function obtained as the limit 

Voo = lim T
n
£. 

11,--+00 

If Q is increasing and LSC (D and USC) then since Tnt is an increasing (de­
creasing) sequence TnI'. is convergent , VOO is well defined and if T is LSC then 
T'L)oo = 't.lX) .  
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THEOREM 1 .4 . 2  The following statements hold: 

1 .  
lim sup v�g <:.: V*9 (1. 7) 
n--+oo 

2. If Q is D and USC then limn-too v�g = v*" = v*m and 

TV*9 = V*9 , (1 .8) 

3. Assume that Q is I, LSC, T is LSC and there exists a mapping 71 : X ---+ 
A such thai T'-rrvoo = Tvx. Then Tt)*9 = V*9, Voo = 1)*9 = '1)*S and 
liIIln-too v�g = V*9. 

Proof. First, let us prove ( 1 .7) .  For this choose an arbitrary .r E X and a number 
c s.t. c >  v'Y(x) . By the definition of v'Y there exists a policy 71 E P such that 
v,, (x) < c. Furthermore, since v,,(x) = limn-too v"n (x) there exists a number no 
such that from n > no it follows that l}"n (x) < c. Thus, if n > no then there 
holds that v�"(x) < c and consequently lim suPn-too v,;g(x) < c. Since c and x 
were arbitrary, we obtain the desired inequality. 

Now we show that if Q is D then limn-too v�p = v'P where l' C;; P is arbitrary. 
Observe that by Proposition 1 . 1 . 11  V"n+l <:.: U"n and thus u,p <:.: V��, <:.: v�P for 
all t .  Let 71 E P be arbitrary. Then also v;,P <:.: V"n . Letting n tend to infinity 
and combining the result with Inequalitv 1 7 yields u,p < lim v,p < v and " . _ 

n--+oo 'fl _ 'if ,  

hence 
v*P = lim v�p. n-too (1.9) 

Now, we prove that v'Y = Tv'"' Note that by Theorem 1 . 1 . 10 the FE holds 
so the Finite Horizon Optimality Equations hold (d. Theorem 1 .3.3) . By (1.9) 
v� ::> v�+l ---+ v' ,  n ---+ 00 and Q is USC so Tv� ---+ Tv', n ---+ 00. But Tv.�g = v;'+ l 
by Theorem 1 .3.3 and by Equation (1 .9) v;'Y ---+ v,g , so Tv;,g ---+ v'g and thus 
Tv'g = v'g. Finally, since by Theorem 1.3 .3 v;.g = v;,m and for all policy 71 ,  
v" <:.: Vnn (since Q is D) ,  it follows that v'g = v'm. 

Now, let us prove the third part. Since Tnf! is increasing and converges to Voo 
and Q is LSC we have that Tvoo = T (limn-too Tnt) = limn-too TTnC = Voo. Since 
Voo <:.: v*" <:.: v" it is sufficient to prove that Voo = v". Let us consider the policy 71 
whose existence is stated in the condition of the proposition: T"voo = Tvoo. Since 
£ <:.: Voo <:.: 'UK thus also T"t <:.: T"voo <:.: T"vn· Exploiting the fact that T'Uoo = Voo 
yields T"voo = Voo and also by the LSC of Q T"'UK = v"' so T"t <:.: Voo <:.: 'UK ·  
Repeating this argument one gets T: p. <:.: Voo <:.: v" and letting n ---+ 00 yields that . th t ,, < d "  S· Tnp < .g < 'q I V7r = voo, meanIng , a }  1) _ 7100 an v = Voo' Inee , _ vn" _ V ·  we a so 
have that 1J�g ----+ V*9 , n ----+ Xl, D 

Equation (1 .8) is called the Bellman Optimality Equation and plays a fun­
damental role when solving sequential decision problems. Example 0.1 .14 shows 
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that T can be non-LSC even if Q is increasing and continuous, in which case 
(1.6) may not hold. 

The next example shows that V'9 = Voo still does not necessarily hold even if 
both Q and T are I and LSC. 

EXAMPLE 1 .4.3 [6] Let X = {O, 1}, A = (-1 , 0] ,  f == -1 and 

(Qf) (x, a) = { a, if 1(1) .<; -1 or x = 1 ; 
0, otherwIse. 

Now Q is I and LSC as is T, but voo(O) = -1 < 0 = v,g (O) . 

1 .5  Existence of Optimal Stationary Policies 

DEFINITION 1 .5 . 1  A stationary policy rjJ is said to be greedy (myopic) w.r.t. v 
if 

T¢v = Tv, 

i.e., iffor each x E X (Qv)(x, rjJ(x)) = (Tv) (x) . 

In ADPs "greediness" w.r.t. v'g and optimality are intimately related as shown 
by the next theorem: 

THEOREM 1 .5 . 2  If the FE holds and the stationary policy rjJ is optimal then 

T¢v'9 = V'9. (1 .10) 

If the Bellman Optimality Equation Tv'" = v'" holds then the following state­
ments hold, as well: 

1 .  If the FE holds then optimal stationary policies are greedy w.r.t. v'"; 

2. If Q is I (D) and LSC (USC) then if there exists an optimal pol-icy then 
there is one which i.s stationary; 

S. If Q is I and LSe then q, is greedy w. r. t. V'9 iff rjJ is optimal. 

Proof. Equation (1 .10) follows immediately from the FE (Equation (1.2)) and 
the equations v¢ = V'9 and q,x = q,. 

Now, assume that the Bellman Optimality Equation holds. Then immediately 
T¢v,g = V*9 = Tv'g, showing part 1. Kow, let liS turn to the proof of part 
2. The proof is presented only under the condition that Q is I and LSC, the 
proof of the other case follows analogolls lines. Let 1T be an optimal policy with 
1T = (1To, 1Tl , . . . , 1Tt ,  . . .  ) . For any selector f.1. define P� : R(X x A) --+ R(X) as 
(PI,v) (:r) = V(x" t(:r)) . It is immediate that PI' is M.  By Theorem 1 . 1 . 10 the FE 
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holds, and now it can be written in the form v,,(:r) = (P"o Qv", ) (.r) using the 
operator just introduced. l\ow, since V"x ::> v'9 and Q and P"o are M, we have 
by the optimality of 7r that 

Since T"o ::> T, so (T"ov'9 ) (x) ::> (Tv'9)(x) = v,g(x) and thus 

By induction we get that T:o V'9 = V'9 holds for all n = 1 , 2 , . . . . On the other 
hand, if Q is I and LSC then Proposition 1 .1 .11  yields e <::: V'9 <::: v"o and thus, 
bv Corollarv 1 . 1 . 13 v +-- Tn C < Tn V'9 = V'9 n --+ 00 showing that v = V'9. 

� .., , no ?fO - 'iTO " 'iTo 
The third part follows easily: Since we know that TV'9 = '0'9 and by as­

sumption T</>V'9 = TV'9, thus T¢V'9 = V'9 . Consequently for all n = 1 , 2, . . .  
T:;v'9 = V'9. Since £ <::: '0'9 <::: v¢ and since Q is I and LSC so T:;v'9 converges to 
v</> and therefore v¢ = '0'9. D 

Bertsekas proved a somewhat weaker statement, similar to the second part 
(see Prop. 7 of [6] ) ,  namely that if there exists a Markov policy which is Markov­
optimal then there exists a stationary policy which is also Markov-optimal. 

\Ve have seen that in continuous, increasing models the set of optimal sta­
tionary policies coincides with that of the greedy policies W.I.t. v*.q. However, 
we have not obtained any similar results for decreasing models. The following 
examples show that without additional requirements on Q we cannot expect to 
get any such result: 

EXAMPLE 1 .5.3 ( IDEA BASED ON [2a]) Let X = {a, I }  and A = {a, I } .  Let Q be 
defined as follows: ( Qf) (a, O) = frO) , (Qf) (O, l )  = -1 + f(l ) ,  and (Qf) (1. a) = f(l ) ,  
a E A. Let e '" a.  Then '0'9 (0) = -1 and '0'9 (1 )  = 0. Clearly, the selector 40 with 
40(0) = a is not optimal but T</>v·g = V'9. In this example Q is decreasing and continuous 
and thus by Part 2 of Theorem 1.4.2 also Tv'9 = '0'9. 

The second question is whether there exists an optimal solution of Equation (1 .10) 
at all. The following example shows that it  is not necessarily the case [20]: 

EXAMPLE 1 .5.4 Let X = N, A =  {0, 1 }  and let ( Qf) (O, a) = frO) , a E A and for x > ° 
let ( Qf) (x, O) = -(x - l)/x + frO) and ( Qf ) (x, 1 )  = f(x + 1) .  Let f '"  O. It is easy to 
see, that v'9 (.r) = -1 if x > 0 and v'9 (0) = O. The only stationary policy that satisfies 
Equation (1 . 10) prescribes action 1 for each non-7.ero state. However, the evaluation of 
this policy gives zero everywhere. Here again Q is decreasing and continuous. 

\Ve summari7.e the results for contraction models, which will be considered in the 
second part, in the following Corollary: 

COROLLARY 1 . 5 .5 Assume that Q is a contmction. Then 
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1 .  the FE holds; 

s. V'9 = V,m = ync n > O · n n j J 

4- Tv'" = V'"; 
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5. Greedy policies w. r. t. v*q are optimal and optimal stationary policies are 
greedy w.r.t. v*.q; and 

6. If there exist an optimal policy then there exists one which is stationary. 

Proof. 1 follows from Theorem 1 .1 .10 ,  2 from Corollary 1.1 .12, 3 from Theo­
rem 1.3.3. ,,lfe prove 4 in the following way: we know from Theorem 1.4.2/1 
that Voo <:: v'g and since T is a contraction by the definition of Voo we get that 
Voo = Tvoo· It is sufficient to prove that v'g <:: Tv'g since then iterating this 
inequality will yield that v'Y <:: Voo. Let 'ifn be a sequence of lin-uniformly opti­
mal policies. Such policies exist by Theorem 1.2 .3. Further, let l"n be a selector 
such that TfJn vnn <:: TVnn + lin. Then v'Y <:: vfJn $nn <:: (TvnJ + l/n, and taking 
the limit of both sides yields the desired inequality. ::; follows since if cp is greedy 
w.r.t. v'g then Tq,v,g = Tv'g = v'g and if cp is an optimal stationary policy then 
TV'9 = V'9 = vq, = T¢v¢ = Tq,v' ,  showing the greediness of cp. Here we exploited 
that v¢ is the fixed point of T¢ which follows since v¢ = liII1n-+oo T:;; g and since T¢ 

is a contraction. 6 follows similarly as Part 2 of Theorem 1 .5.2. . D 

1.6 Discussion 

We have defined the evaluation of arbitrary policies based on the notion of the 
cost propagation operator. The decision problems were investigated under the 
conditions that the cost propagation operator is increasing or decreasing. It was 
found that under the decreasing assumption, the upper semi-continuity of the 
cost propagation operator, Q, was sufficient for the value iteration algorithm 
to converge to the optimal cost-to-go function, but greedy policies w.r. t. to the 
optimal cost-to-go function arc not necessarily optimal. On the other hand, under 
the increasing assumption it was much harder to ensure the convergence of value 
iteration to the optimal cost-to-go function: we had to assume that Q and T are 
lower semi-continuous, and that there exists a stationary policy which is greedy 
w.r.t. the optimal cost-to-go function. However, optimal stationary policies are 
much easier to find in this case: if Q is continuous then optimal stationary policies 
coincide with policies greedy w.Lt. the optimal cost-to-go function. Therefore 
increasing models are more worthy of study since greediness can be used as the 
starting point for finding optimal policies. Further properties of these models are 
considered in the next chapter. One of the reasons for the difference between the 
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increasing and decreasing models is that the corresponding natural concepts of 
semi-continuity (lower- and upper-semi-continuity in the case of increasing and 
decreasing models, respectively) carry over differently to the optimal evaluation 
operator T: in the case of increasing models there is no transfer while in the case 
of decreasing models there is. For completeness the basic results for contraction 
models were also derived. The main results of this chapter are published in [72] 

To the author's best knowledge there has been no work in ADPs concerning 
general policies. Some recent related work has been done by Waldmann [83] 
who developed a highly general model of dynamic-programming problems, with 
a focus on deriving approximation bounds. Heger [28, 29] extended many of 
the standard MDP results to cover the risk-sensitive model. Although his work 
derives many of the important theorems, it does not present these theorems in 
a generali7,ed way which allow them to be applied to any other models. Verdu 
and Poor [81] introduced a class of abstract dynamic-programming models that 
is far more comprehensive than the model discussed here. Their goal, however, 
was different from ours: they wanted to show that the celebrated "Principle of 
Optimality" discovered by Bellman relies on the fact that the order of selection 
of optimal actions and the computation of cumulated costs can be exchanged as 
desired: in addition to permitting non-additive operators and cost-to-go functions 
with values from any set (not just the real numbers) , they showed how, in the 
context of finite-horizon models, a weaker "commutativity" condition is sufficient 
for the principle of optimality to hold. For infinite models they derived only basic 
results, concerning Markovian policies.' 

1 Here is an example of their statements translated into our framework: They first show that 
from their commutativity condition it follows that TnC = v�m : 'where v�m is the n-step optimal 
cost-to-go function for r.Jarkovian policies, £ is the terminal cost function. Now the statement 
which concerns infinite horizons goes like this: if v�m converges to v

* m  (Condition 3 in [81]) 
then Tnc converges to 'v*m. The problem is that in practice it is usually clear that v�m = Tnt, 
but it is much harder to show that v�m converges to v 

.. m (d. Theorems 1.3.3 and 1.4.2). 



Chapter 2 

Increasing Models 

Throughout this chapter we will assume that Q is monotone (M) , increasing (I) 
and lower semi-continuous (LSC) . This is the minimal set of conditions under 
which increasing models are worthy of study: without monotonicity the principle 
of optimality may be violated [64, 48] and without lower semi-continuity even the 
evaluation of stationary policies may behave strangely. 

After reviewing the basic definitions of ADPs in the next section, a classi­
fication of increasing ADPs (shown in Figure 2) is given in Section 2.2. Using 
the classification, the existence of optimal stationary policies can be reduced to 
more basic problems, such as when the fixed point equation Tvoo = Voo and the 
existence of greedy policies w.r.t. Voo (i .e. , rvoo f. 0) hold. Since previous au­
thors assumed stronger conditions than our minimal set most of our results can 
be considered as being new. In particular, we can show that Howard's policy 
improvement routine is valid (Lemma 2.2 .11) ,  but may sometimes stop in local 
optima (Example 2.3.3). 

The special properties of policy iteration and value iteration algorithms for 
finite models are given in Section 2.3. It is shown that policy iteration stops after 
a finite number of steps (Theorem 2.3.2), but an example is also presented which 
illustrates that it does not indispensably give the optimal policy (Example 2.3.3) . 
It is proved that value iteration may be stopped after a finite number of steps; the 
greedy policy w.r.t. the most recent estimate of the optimal cost-to-go function 
will be optimal if the number of steps is large enough (Theorem 2.3.4). 

Several connections are given to the work of other authors, and also connec­
tions to different models. We close this chapter with some concluding remarks. 

2 . 1  Notation and Assumptions 

As mentioned above, throughout this chapter we make the following assumptions: 

ASSUMPTION 2 . 1 . 1  (M) Monotonicity: if u, v E n(X) and u ::; v then Qu ::; 

Qu. 

27 
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ASSUMPTION 2 . 1 . 2  (I) Cniform Increase: (QR) ( - ,  a.) ::: P for all a. E A. 

ASSUMPTION 2 . 1 .3 (LSC) Lower semi-continuity: if Vn E R(X) is such that 
limn-+oo 'Un exists and 'Un ..:: limn-+x 'Un then lirnn-+oo Q'Un = Q(lirnn-+oo 'Un) · 

The monotonicity assumption implies the monotonicity of T", and T, where 7r E 
At' if the Q operator is monotone. Further, from the definition of T we have 
that T ..:: T", for each selector 7r. �ote that if Q is LSC then T", is LSC for each 
selector 7r ,  but as it was already noted and shown in as Example 0.1 .14, T is not 
necessarily LSC even if Q. This causes most of the difficulties with increasing 
models. 

2.2 Relations in Increasing Models 

The aim of this section is to prove the relations of Figure 2. The following lemma 
will be freqnently used: 

LEMMA 2 . 2 . 1  Assume that S : R(X) --+ R(X) is monotone. Let V E R(X) , 
I'. ..:: V. If SV ..:: V then lim snPn-+x s

nl'. ..:: SV, so lim snPn-+x s
nl'. ..:: V and if 

SV < V then lim snPn-+oo s
n R < V 

Proof. This involves a simple induction on n. D 

Note that if S is increasing (Sl'. ::: £) then lim snPn-+oo s
n£ = limn-+oo snl'. holds, 

as well. 

THEOREM 2 . 2 . 2  (PI) Ass'urne M, I, LSC and let 'Uoo = limrHoo TnC. Then 

and so if 'Uoo = v*s then 

(2.1) 

Proof. In order t.o prove t.his we need t.wo lemmas which we st.ate and prove now. 

LEMMA 2 . 2 . 3  Assume M,I. Then Voo is well defined and satisfies the following 
propertie.s: 

b) if i! ":: v and Tv ..:: 'U then 'Uoo ":: 'U. 

Proof. Since Vn = Tn P is non-decreasing by assnmpt.ions M and I, VOO must. be 
well defined. Since Vn ..:: )Jx for all n and T is increasing t.hen Vn+1 = TVn ..:: Tvoo. 
Let.t.ing n --+ (Xl yields a). Part. b) follows from Lemma 2.2.1 with S = T and 
V = v. D 
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LEMMA 2 . 2 . 4  AsslLm.e M,I,LSC and let 11 be an arbitrary selector. Then 

b) for every 1l E B(X) for which £ ::; 1l ::; v"' limn--+oo T;ll = l}w 
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Proof. First we prove that if Q is lvI and I then (1)  e ::;  v"' (2) if v :::: l' then from 
T"v ::; v it follows that v" ::; T"v ::; v, and (3) v" ::; T"vw 

Indeed, (1)  follows from lvI, (2) follows from Lemma 2.2 .1 which can be applied 
due to (1) with the cast S = �} and V = v. (3) follows from (2) by choosing v = 
vI' "  Kow assume that Q is also LSC. Kote that as a consequence �}, is also LSC. 
By (3) in order to have T"v" = v" it is sufficient to prove that T"v" ::; vI'" Since 
T;e /' v" by LSC of T" we have that v" = limn-tco T;+I£ = T,, (limn-tco T;£) = 
T"vl'" Further, since T ::; T" then Tv" ::; T"v" = Vw Finally let J1 be an arbitrary 
selector. Then Tv's ::; T1/u·8 ::; �}VI} = vp- Taking the infimum of both sides 
w.r.t. J1 we get that Tv's ::; v·s which proves Part a) . 

Now, let us prove Part b) . Since T" is increasing and monotone 

Tn o < Tn < Tn , �1' {� - p H  _ It ·llll 

holds for every natural number n.  On the other hand from Part a) we have 
T;v" = v"' and finally, by Corollary 1 . 1 . 13, lirrln-too T;e = 'Ow Thus, it must 
follow that limn-too T;v = v", D 

Continuing the proof of the theorem, we note that the inequality Tv" ::; v" 
follows from Lemma 2.2.3, Part a) Voo ::; Tvoo and Lemma 2.2.4, Part a) . So it 
remains to be proved that Voo ::; v.s so that Tvoo ::; Tv's holds because of lvI .  
However, this follows immediately from Lemma 2.2.3, Part b) applied for v = V·S• 
D 

Note that the corollary (2.1) of v's = Voo is slightly stronger than what was 
proved in Theorem 1.4.2, Part 3 where the existence of a greedy (stationary) 
policy w.r.t. Vco was also needed. The following example, analogous to that of 
[20], shows that the converse of this docs not hold, i.e. , 1)00 < 1)" may hold even 
when Vco = Tvco and Tv" = v" both hold. 

EXAMPLE 2 .2 .5 In this example Q is monotone, increasing, Lipschitzian1 (and thus 
continuous) and T is also Lipschitzian. 
The following relations hold: Tvco = Voo = v·g = v·m, but Tv" = v" > Voo' rvoo = 0, 
rv*' = 0, lIs (v'9 + 0) = 0 if 0 < E < 1 ,  but lIm(v'9 + E) # 0. 
The model is as follows: X = {O}, A = Z+. ( Q/) (O , a) = 1/2a + ( 1 - 1/2a)f (0), £ == O. 
It is straightforward to see that 

(Tf)(O) = { /(O), if 1(0) < 1; 
1 ,  otherWIse, 

1 Let BI and B2 be normed vector spaces. Operator S : B, --t B2 is called Lipschitzian with 
index 0 < a if l iS! - Sgll <:: al l! - gi l holds for all !, g E B,. 
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so T is Lipschitz, too. 
lt is readily seen that v" (O) = 1 (by consideration of the fixed point equation T"v" = 
v,,) . However, if Km = (KmO, Kml , . . .  , Kmt, . . .  ) with Kmt(O) = m + t  then VXm (O) = 
1 - TI�l (l - 1/2mH ) "" 1 - exp(-1/2m) which goes to zero, as m. tends to infinity, 
showing that v,g (O) = o. 

Now we will show that the crucial point of this example was that fvoo = 0. 
First we need some more definitions: 

DEFINITION 2 . 2 . 6  Let ITt,(v) (!'l E {a, m, s}) denote the policies with infinite 
horizon evaluation exactly equal to v :  

ITt, ( v )  = {K E ITt. I v" = v }. 

(The policy sets, ITt., are introduced in Definition 0. 1 .10') 

Recall that ITd v) denotes the set of policies with infinite horizon evaluation not 
greater than v .  Of course, ITt,(v) C;; ITt. (v) and ITt,(v't.) = ITdv't.). 

THEOREM 2 . 2 . 7  Assume M,I,LSC. Then 

P2 If Tvoo = Voo and fvoo of 0 then Voo = v". 

P 5 If Tv'" = v" then IT ,  (v") = fv''' . 

P4 Assume that fv'" n IT, (v''') of 0. Then Tv'" = v'''. In particular, if fv" = 
IT,,(v") of 0 then Tv" = v". 

Proof. We need the following lemma: 

LEMMA 2 . 2 . 8  Assume M, I, LSC. Then 

a) If fv of 0 and g ::; v and Tv ::; v then v" ::; v .  

b) If g ::; v ::; v" and Tv = v then IT; (v) = fv. 

c) If fv n IT;(v) of 0 then Tv = v. 

Proof. Part a) is another application of Lemma 2.2 .1 .  Let fJ, E fv, S = TM, V = v. 
Since Tllv = Tv & Tv ::; v it follows that Tllv ::; v so the lemma assumptions are 
satisfied. The lemma and Lemma 2.2.4 Part a) yield that vll = limn-too T�'£ ::; v 
and consequently that v" ::; v holds as well. This proves Part a) . 

Now let us prove Part b). First of all we shall prove that n:(v) C;; fv. Let 
K E IT;()) ) ;  then T"v = Tocv" = v" = v = Tv and t.hus K E f)). Now assume t.hat. 
K E fv. Then T;,v = T)) = v .  Consequent.ly T;v = v for all n = 1 , 2 ,  . . .  and by 
Part b) of Lemma 2.2.4 we get that v" = v .  

Part c) follows easily since if K E fv n IT;(v) then v = v" = T"v" = T"v = Tv. 
D 
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Now, let us prove (P2) . Part a) of the lemma with the choice v = Voo yields 
the inequality V'" <:.: Voo' Since we know from Theorem 2.2.2 that Voo <:.: v" ' ,  it 
follows that v" = VOO' 

(P.)) follows by Part b) of the lemma with the choice v = v" since we know 
that f. <:.: v'Y <:.: v;;'. <:.: v", while (P4) is obtained by Lemma 2.2.8, Part c) with 
v = ,v"".'i. D 

COROLLARY 2 . 2 . 9  If Tvoo = Voo and rvoo of 0 then '000 = v'Y = V�, = v".  

THEOREM 2 . 2 . 10 (P6) Assume M,I, LBC and that rv'8 of 0 holds. Then the 
set of best stat'ionar-y policies and gr-eedy pol'icies W. T·. t. v's , co'incide, �. e., 

Pmof. Firstly, we prove that greedy policies w.r.t. the optimal evaluation of 
stationary policies are optimal, i .e. , 

For this let IT E rv". vVe need to show that Vn <:.: v". Since Tnv" = Tv" 
and according to Theorem 2.2.2 Tv" <:.: v's , it follows that Tnv" <:.: v's . l\ow, 
applying Lemma 2.2.1 with S = TK, V = v" yields VK <:.: v" where we exploited 
the result of Lemma 2.2.4 Part b) , namely that T;'v'" --+ ))n ' 

It remains to prove that IIs (v*S)  <::: rv". Let IT denote an arbitrary best, 
stationary policy: Vn = v".  Now we would like prove that TVn = Vn' Firstly, 
we know that TVn <:.: Vn' l\ext, assume that TVn < Vn and let if E rVn = rv". 
The next lemma, called the Generali7,ed Howard's Policy Improvement Lemma, 
shows that Vii (XO) < v,, (xo) which contradicts the optimality of vK. So we must 
have that TVn = Vn = Tnvn and IT E rVn = rv'" thus finishing the proof. D 

LEMMA 2 . 2 . 1 1  (GENERALIZED HOWARD'S POLICY IMPROVEMENT) Ass'ume M,I, 
LBC and let IT be an ar-bitrary selector' and if and if E rvn· Then Vii <:.: TVK <:.: Vn 
and �f Tv < v then V ·  < v 'if 'if 7r Jr "  

The same conclusions hold when Q is monotone and is a contraction. 

Proof. Since T <:.: Tn, due to Lemma 2.2.4 Part a) we have Tiiv" = TVn <:.: T7rv" = 
v". l\ow, Lemma 2.2.1 with B = Tit and V = v" yields Vii- <:.: Titvn = Tv". The 
second part follows analogously. The proof is identical for monotone, contraction 
models, by noting that Tnvn = Vn follows by Corollary 1 .5.5. D 

An interesting open question is whether from IIs (v") of 0 it follows that 
IIs (v") = rv*'. Unfortunately, we could not prove or disprove this. 
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2.3 Computational Procedures 

If A is finite then [v f 0, for all v E R(X). As a consequence we obtain the 
following corollary: 

COROLLARY 2 . 3 . 1  Assume M,I,LSC. Then if A is finite then all the assertions 
in Figure 2 are valid. Moreover, v"" = V'9 = v'm = v".  

Proof. It is clear that [voo f 0. Since T is LSC then Tvoo = Voo also, and hence 
all the assertions of Figure 2 are valid. D 

In essence, there are two computational approaches that can be utilized to find 
an opt.imal policy:2 policy it.erat.ion and value it.eration (or successive approxi­
mation) . First. we will consider policy it.erat.ion (PI) . For MDPS Put.erman proved 
t.he analogne of the second part. of t.he next. t.heorem [50] . 

THEOREM 2 . 3 . 2  (POLICY ITERATION) Assume M,I, LSC and that both the ac­
tion space A and the state space X are finite. Let 1fo be an arbitrary policy and 
let us consider the sequence of policies {1fd defined by 1ft+! E [v"t · Then after 
a finite number of steps, say T, the fixed point equation V"t

+
1 = V"t (t 2' T) and 

the fixed point equation v"r = TVnT is satisfied. Further, V"t <::: Ttv"O ' i. e . ,  PI 
converges at least as fast as value iteration when value iteration is started with 
Vo = vno · 

Proof. By Lemma 2.2 .11 we have that. 1)"t
+1 <::: V"t for all t 2' O. Since t.here 

are only a finit.e number of policies t.here exist.s a t.ime T snch that if t 2' T then 
V"t = V"H1 '  However, this means that TV11"

T 
= V"d otherwise by Lemma 2.2.11 

we would have that v"r+1 < V"T ' 
The proof of the bound V11"t <::: T'v"o comes from a simple induction on t : 

Easily the statement holds for t = O. Let us assume that it has been proved for 
t: V"t <::: T'v"o ' Due to M,  Tv,,! <::: T'+!v11"o' By Lemma 2 .2 .11 V"H1 <::: TV"t . The 
combination of the last two inequalities yields 'U"t

+
l <::: Tt+l vno which completes 

the induction. D 

The following example shows that, in arbitrary increasing models, continuity 
assumptions alone are insufficient to guarantee the convergence of policy iteration 
to optimality. 

2In specific problems other procedures may be used, as \vell. For example, according to 
Lemma 2.2.4 Part a) and L€mma 2.2.3, Part b) the non-linear variational equation Tv <: v, 

I Iv l l  -+ min with £ <: v can be used to find v" if v" = v=. Here 1 1 · 1 1  is an arbitrary norm. 
This variational equation reduces to linear programming for standard :vIDPs and the L1 norm, 
but in the general case this variational equation may be hard to solve. Another recent efficient 
method which is available only for deterministic MDPs is based on an observation that such 
:VlDPs have a closed semiring formulation [431 . 
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EXAMPLE 2 .3 .3 In thiR example Q iR monotone, increasing, continuous and T iR con­
tinuous. The model is finite. We will show that policy iteration cannot find the optimal 
policy. 
The model is as follows: x =  {O} , A =  {0, 1 } .  (Qf) (O, O) = 1 +  (1/2)f(0) ,  (Qf) (O, I )  = 
1/4 + 24(1(0)-1) . 
Now, let 1r be the policy with 1r(0) = O. Then from Vn = T"v" we have that v,, (O) = 2. 
( Qv" ) (0, 1) = 1/4 + 4 > 2 = ( Qv,,) (0, 0) thus the PI routine returns 1r. 
On the other hand, the optimal stationary policy is given by 1r'(0) = 1 since from the 
fixed point equation T",v", = V,,, we have that V,,, (0) = 1/2. 

Policy iteration always stabilizes after a finite number of steps. Value itera­
tion, on the other hand, generates an infinite sequence of functions Vn = Tnvo . 
Since greedy policies w.r.t. v*' are optimal, considering Vn as an approximation 
of v*' , it is natural to ask whether greedy policies w.r.t. Vn are optimal for large 
enough n. This question has been answered when T is a contraction in [44] . If 
T is not a contraction then 'Un is not guaranteed to converge at all for general 'Uo . 
In this case it is convenient to take Vo = £. The following theorem shows that 
Vn = Tn g has the desired "absorbtion" property. 

THEOREM 2.3.4 ( ABSORBTION IN VALUE ITERATION) Assume M, I, LBC and 
that Vn converges to v*', where Vn+l = Tvn, QVn converges to Qv*' and both A 
and X are finite. Then for sufficiently large n we have fVn C;; IIs(v*') .  

Proof. Note that since A is finite II., (v*') = fv". So it is sufficient to prove that 
fVn C;; fv'" for large enough n. 

Let x E X be an arbitrary state and a E A be an arbitrary action. Let 
f(x,a) : B(X) --+ 2Ax be defined by 

that is f(x,a) .f is the set of greedy policies that choose an action a in state x. 
Pick up a Rtate x. Since A is finite, fVn # 0 for all n .  So for all n there exists 

an action a E A for which f(x,a)vn # 0. Again, since A is finite there must be at 
least one action a for which f(x,a)vn # 0 infinitely many times. Let Ax be the set 
of such actions. We claim that 

G dcr f *S C f *s o = nxEx UaEAx (x,a)'u _ V 1 (2.2) 

and for large enough n: fVn C;; Go. First of all, let us prove (2.2) . Let 1r be 
an element of Go: 1r (.r) E AT, for each x E X. Let 77.1 (x) , 77.2 (x), . . .  , 77.k(X), . . .  
denote the sequence of indices for which f(x,1r(x)))Jnk(x) # 0. Then it follows that 
Vndx) (x) = ( Qvnk(x)-I)(X, 1r(x)) = (T"Vnk(X)-I) (x) , where x E X is arbitrary. 
Taking the limit k --+ 00 we get v" = T"v*'. Since by Corollary 2.3.1 v" = Tv*', 
hence T"v*' = Tv" ,  i.e., 1r E fv*' proving (2.2) . 
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It. remains to be proved that fVn <;; Go if n is large enough. Let. :r E X be an 
arbitrary state. Since A is finite there must be a time nx < DC after which for an 
arbitrary policy with 7r E fvn, 7r (x) E Ax. That is 

holds when n ::> nx. Let III' = maxxEX nx. Since X is finite N < 00 and if n ::> N 
and 7r E fVn then 7r(x) E Ax for all x E X, i.e. 7r E Go. D 

Note that since A is finite, and if Vo = c, Q is increasing, monotone and LSC, 
and T is also LSC then Vn = Tnc converges to v*' and QVn converges to Qv" as 
well and Theorem 2.3.4 applies. 

2.4 Discussion 

The aim of this chapt.er was to give a detailed description of t.he relations between 
the important sub-problems of ADPs (instead of resolving questions like the 
existence of optimal stationary policies) .  In order to answer concrete questions 
one needs to make further assumptions about Q. For example, if one is interested 
in the optimality equation Tvoo = Voo then the LSC of T should be ensured. One 
way of achieving this is to assume that for all :r: E X Sx : R( X) --+ [-00, 00] A 
given by Sxv = (Qv) (x, ·) is lower semi-continuous w.r.t. the supremum-norm. 
Also the moduli of continuity (w) of Q could be used for this purpose. Similarly 
to the method employed in [12] one can show that if w(.5) --+ 0 as .5 --+ 0 then 
T is LSC. Further, if w(.5) < .5 for sufficiently small .5 then Tv*s = v*s holds as 
well. The existence of E-optimal policies can also be studied using the moduli of 
continuity of Q. Most of the results of this chapter are published in [72] . 

Bertsekas [6] and Bertsekas & Shreve [9] are the closest to the work in this 
chapter. Bertsekas assumed that Q is Lipschit,,3 , and if so then it is also con­
tinuous at each bounded function ·U. (However, as Example 0 .1 .14 shows, Q can 
be Lipschitz (even c-Lipschitz) without implying the same property for T.) Of 
course under the Lipschitz assumption much more can be proved: for example 
if Q is monotone, increasing, Lipschitz and lower-semi-continuous (this latter 
condition could be dropped if we knew there existed a policy with bounded eval­
uation) then Tv*m = v*m [6, Proposition 5] , Tvoo = Voo is equivalent to Voo = v*m, 

'ender t.he monot.onicity of Q Condit.ion 1.2 of [61 can be shown t.o be equivalent. t.o I I Qv ­
Qul l  -<: a l lu - v i i , where 1 1 · 1 1 denotes the supremum-norm and a > O. Note that since we 
consider functions over the extended reals, Q can be Lipschitz without. being continuous. The 
following Lipschitz-like condition (let us call it the "c-Lipschitz property" ) implies continuity: 
if u is in the r (r > 0) neighbourhood of v then also Qu b in the aT neighbourhood of Qv, 
where the r neighbourhood of a function Y E 'R.( X) consisting of the functions U E 'R.( X) for 
which IU(x) - Y(x) 1 < r if W(x) 1 < 00 and U(x) < -l/r, if Y(x) = -00 and U(x) > l/r if 
Y(x) = 00, x E X. 
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[6, Proposition 10] or II., (v,m) = fv*m [6, Proposition 7]. Note that under these 
stronger conditions, Tvoo = Voo is still not equivalent to Voo = v*" (or V'9 = v*" ) as 
shown by Example 2.2.5. The optimality of stationary policies requires stronger 
conditions such as a contraction assumption (Assumption C of [6] ) or existence­
like conditions, such as fvoo f 0. In Proposition 11 Bertsekas derived a necessary 
and sufficient condition (based on the epigraph of Q) for Voo = Tvoo and fvoo f 0 
whose importance is clear from Figure 2. 

Another question not fully explored is whether fv f 0 for general v. Here, 
compactness arguments can be put forward. If (Qv) (x, ·) is continuous for all 
v E R(X) and A is a complete metric space then one can show with Baire's 
theorem that fv f 0. 

Increasing models are just one of the usual three models investigated in the 
abstract setting. The other two assumptions are that Q is uniformly decreasing on 
R: (Q£) (. , a) <C: j! for all a E A and that Q is a contraction for some norm 1 1 · 1 1 .  The 
contraction assumption was first considered by Denardo [18] and later revisited 
by Bertsekas [6] and Bertsekas and Shreve [9]. Contraction models are very well 
understood, and in [9] it was shown that it is possible to get an approximately 
optimal policy by an approximate policy iteration routine. Decreasing models 
were first considered by Strauch [65] for MDPs and later by Bertsekas [6] and 
Bertsekas and Shreve [9]. Decreasing models are quite different from increasing 
ones. It is well known, for instance that policy improvement does not work in the 
decreasing case [65]. Finally we note that without too much effort the present 
framework could be extended to arbitrary cost (reward) spaces equipped with 
a partial ordering and thus we could generalize the results that hold for vector­
valued DPs [31] to abstract models with optimality criterions differing from the 
usual total expected discounted cost criterion. 
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Introduction 

In this part we describe methods for solving MDPS when the MDP is unknown 
but the decision maker may "experience" it. Recently many such algorithms 
has been investigated under the name "reinforcement learning" (RL), but they 
could also be considered as examples of adaptive controllers. In order to illus­
trate the idea consider a finite MDP and let the decision criterion be to minimize 
the total discounted expected cost (d. Example 0 . 1.3 of Part 1) .  Then it fol­
lows from Corollary 1.5 .5 that the optimal cost-to-go function v' = V'9 is the 
fixed point of the optimal cost-to-go operator T : B (X) -+ B(X) , (Tv) (x) = 
minaEA LyEx p(x, a, y) (c(x, a, y) + iV(Y)), 0 < i < 1 ,  where p(x, a, y) is the prob­
ability of going to state y from state x when action a is used, c(x, a, y) is the 
cost of this transition and i is the discount factor. From part I, we also know 
that greedy policies w.r.t . v' are optimal. The defining assumption of reinforce­
ment learning is t.hat. p and c are unknown, so T is also unknown. Met.hods of 
RL can be divided int.o two categories: optimal cost.-to-go function estimat.ion 
based and policy it.erat.ion based met.hods. Here we will be concerned only wit.h 
the first class of methods. In this class, an estimate of the optimal cost-to-go 
function is built gradually from experience (of the decision maker) and some­
times this estimate is simultaneously used for control. Two questions arise then: 
the convergence of the estimates to the true optimal cost-to-go function and the 
convergence of the control to optimality. Clearly, the two convergences can af­
fect each other: if the estimates converged to optimality then the control should 
become asymptotically greedy with respect to the estimates in order to have 
it converge to optimality, and if the estimates do not converge to the optimal 
cost-to-go function then neither will the control converge to optimality. A more 
serious affect is that some control policies prevents the convergence of the cost­
to-go function estimates to the optimal cost-to-go function (the decision problem 
is not "explored" sufficiently) in which case neither the control can converge to 
optimality. In summary, the control must become asymptotically greedy w.r.t. 
t.he cost-to-go funct.ion est.imat.e but. if t.he convergence t.o greediness is t.oo fast. 
t.hen t.he cost.-t.o-go function est.imat.e may not. have enough time t.o build up, 
prevent.ing t.he convergence of control to optimality. The tradeoff between using 
"exploiting" (greedy) control and the convergence of estimates to optimality is 
called the exploration-exploitation tr·adeojJ, and is well-recogni�ed in the field of 

39 



40 

adaptive control. The proof that IlL algorithms resolve the tradeoff is done in 
two steps by separating the proof of the convergence of the cost-to-go function 
estimates from that of the learning policy: first the convergence of the cost-to-go 
function estimates is shown under quite general conditions which prescribe only 
the meaning of "sufficient exploration" . This is called off-line learning since the 
control policy is not assumed to be coupled to the estimation procedure. Such 
theorems are useful even from the practical point of view since the off-line al­
gorithms can be viewed as solution methods for large MDPS whose structure is 
known but for which the explicit solution of the Bellman Optimality Equation 
would be too laborious to obtain. Then a Monte-Carlo simulation of the sys­
tem together with a IlL algorithm may provide a solution. It is important to 
note here that off-line IlL algorithms differ from dynamic programming in two 
respects. Firstly, there is an estimation part of the algorithm and second, the 
algorithm is asynchronous: instead of updating (changing) all components of the 
estimate to the optimal value-function (as in value-iteration) only some carefully 
selected components are updated. It is well known that these asynchronous up­
dates can speed up convergence considerably (similarly to the speed-up caused 
by Jacobi-iteration) [1] . It is exactly the asynchronous nature of these algorithms 
that makes the analysis of the off-line case non-trivial. 

If the system is unknown then on-line learning policies, used during the esti­
mation process to control the system, must be put forth that will satisfy both the 
"greedy in the limit" and the "sufficient exploration" conditions. This situation 
is called on-line learning since the estimation procedure and the control must be 
coupled. The technique of providing admissible learning policies is to provide 
conditions under which the cost-to-go function estimates converge in a restricted 
sense and finally to show that these conditions can be satisfied by some learning 
policies. 

In the next chapter we derive the main result; in subsequent chapters we give 
applications of this result to off-line algorithms (Chapter 4) and on-line algorithms 
(Chapter 5) .  



Chapter 3 

Asynchronous Successive 

Approximation 

Consider an M D P  where the decision maker has access to unbiased samples from 
p(x, a, . ) and c; we assume that when the system's state-action transition is 
(x, a, y) then the decision maker receives a random value c, called the reinforce­
ment signal, whose expectation is e(x, a, y) . Assume, moreover, that the decision 
maker wishes to identify v*, the optimal cost-to-go function. For example, he 
might try to approximate p and c using some estimation procedures and usc the 
estimated values, Pt ,  Ct, to approximate T (the optimal cost-to-go operator) as 
Tt = T(pt, ct) and simultaneously he might try to use the operator sequence Tt 
to build an estimate of v' by replacing T in the value iteration procedure by 
Tt. Or, as in Q learning [85], one might want to directly estimate Qv* without 
ever estimating P or e, where ( Qf) (:r, a) = L.YEcy p(x, a, y) (e(.T, a, y) + ,fry)) 
is the cost propagation operator. The idea of this direct estimation procedure 
is the following: from the optimality equation v' = Tv' it follows that Q' is 
the fixed point of the operator l' = QN, where N : B(A' x A) ---+ B(A') , 
(NQ) (x) = minaEA Q(x, a). For any fixed function Q, 1'Q is easily approximated 
by averaging, which can be written recursively in the form 

Qt+1 (x, a) = 

{ (1 - nt(�
.

,a) ) Qt(x, a) + nt(�,a) (et + ,(NQ) (xt+1)) , 
Qt(x, a), 

(3. 1 ) 

if (x, a) = (Xt, at); 
otherwise, 

where nt(x, a) is the number of times the state-action pair (x, a) was visited by 
the process (Xt, at) before time t plus one and, Xt is a controlled Markov cess 
with transition laws given by P(.Tt+1 IXt, at) = p(.T/, at, .Tt+1 ) ,  and where Ct E lR 
depends stochastically on (.Tt, at, Xt+1) with E[etl.Tt, at, .Tt+1l = C(.Tt, at, .Tt) and 
Var[ ct Ix/' at, xt+1l < 00. The above iteration can be written in the more compact 
form 

(3.2) 

41 
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where 7; is a sequence of appropriately defined random operators. The approx­
imation of Q' comes then from the "optimistic" replacement of Q in the above 
iteration by Qt. The corresponding process, called Q-learning [85], is 

(3.3) 

Although the convergence of the iteration defined in (3.1) follows trivially 
from the law of large numbers, since for any fixed pair (x, a), the values Qt(x, a) 
as given by (3.1) are simple time averages of Ct+'!(NQ) (Xt+!) filtered for the time 
steps when (x, a) = (Xt, at), note that the convergence of the iteration given by 
(3.3) is not so straightforward. Specifically note that the componentwise analysis 
of the process of (3.3) is no longer possible, i .e . ,  Ot+! (.r , a) depends on the values 
of Ot at state-action pairs different from (.r, 0)- not like the case of Qt+! and Qt 
in Equation (3.2). 

Interestingly, a large number of algorithms can be put into the form of (3.3) 
so it is worth choosing this iteration as the basis of our analysis together with the 
assumption that Q, as defined in Equation (3.1) converges to tQ for all functions 
Q. Then our main result is that under certain additional conditions on T" the 
iteration in (3.3) will converge to the fixed point of t. In this way, we will be 
able to prove the convergence of a wide range of algorithms. For example, we 
will obtain a convergence proof for Q-learning, for the iteration Vt+! = T(pt , c�)Vt 
outlined earlier, and similar results for many other related algorithms. 

3 . 1  The Main Result 

Let T : B ---+ B be an arbitrary operator, where B is a normed vector space, and 
let T = (To,  Ti , . . .  , Tt , · ·  .) be a sequence of random operators, Tt mapping B x B 
to B. The following question is investigated here: Under what conditions can 
the iteration ft+! = Tt (ft , ft) be used to find the fixed point of T, provided that 
T = (To, Tj , • • .  , 7;, . . .  ) approximates T in the sense defined next? 

DEFINITION 3 . 1 . 1  Let F c:: B be a subset o,f B and let :Fo : F ---+ P(B) be a 
mapping that associates subsets of Bl with the elements of F .  rt, for all f E F 
and all rna E :FoU), the sequence ,generated by the recursion mt+! = Tt (mt, f) 
converY]es to Tf in the norm of B with probability 1, then we say that T ap­
proximates T for initial values from :Fo (f) and on the set F c:: B. Fwther·, 
we say that T approximates T at a certain point f E B and for initial values 
from Fa c:: B if T approximates T on the singleton set {J} and the initial value 
mapping :Fo : F ---+ B defined by :Fo (f) = Fo . 

We will also make use of the following definition. 

DEFINITION 3 . 1 . 2  The subset F c:: B is invariant under T : B x B ---+ B if, for· 
all 1, g E F T(f, g) E F. If T is an oper·ator· sequence as above, then F is said 
to be invariant under T if fOT all i ::> 0 F is invaTiant undeT T, . 
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In many applications it is sufficient to consider the unrestricted case in which 
F = B and :Fa (I) = B for all f E B. For notational clarity in such cases, the set 
F and mapping :Fa will not be explicitly mentioned. 

The following is our main result. 

THEOREM 3 . 1 .3 Let X be an arbitrary set and assume that B is the space of 
bounded functions over X, B( X), i. e . ,  T : B (X) --+ B(  X) .  Let v' be a fixed point 
of T and let T = (To , T1 , . . .  ) approximate T (w.p. i) at v' and for initial values 
from :Fo C;; B(X), and assume that :Fa is invaTiant under T Let Vo E :Fa, and 
define vt+1 = Tt (vt, vt) .  If theTe exist functions a <::: Ft (x) <::: 1 and a <::: Gt (x) <::: 1 
satisfying the cond#ions below w.p .i ,  then V; converges to v' w.p . i  in the norm 
of B(X): 

i .  for all [h and U2 E :Fa, and all x E X, 

2. for· all U and V E :Fa , and all x E X, 

where At --+ 0 w.p. i .  as t --+ 00; 

3. for all k > 0, II�=kGt (x) conveTges to zeTa unifoTmly in x as n --+ 00; and, 

4- theTe exists a <::: , < 1 .,-uch that fOT all ;r; E X and large enough t, 

R.EMARK 3 . 1 .4 �ote that from the conditions of the theorem and the additional 
conditions that Tt approximates T at every function V E B(X), it follows that 
T is a contraction operator at v' with index of contraction , (that is, T is a 
pseudo-contraction at v' in the sense of [10]). 

Proof. [of Remark 3.1 .4] Let V, Uo, Va E B(X) be arbitrary and let Ut+1 = 
Tt(Ut , V) and vt+1 = Tt (vt , v') . Let 8t(x) = IUt (x) - V;(x) l .  Then, using Con­
dition 1 ,  2 and 4 of Theorem 3.1 .3 we get that 6t(x) <::: 6t(x), where 5t+1 (x) = 
Gt(x)5t(x) + '((1 - Gt(x)) 1 1V - v' l l · Substracting '(I IV - v' l l  from both sides 
we obtain that (5'+1 (.T) - ,I IV - v' l l )  = Gt(.T ) (5,(.T) - ,I IV - v ' l l )  and thus, by 
Condition 3, 5, (;r) converges to , I IV - v' l l ,  i.e. , lim suPHoo 6t(.T) <::: , I IV - v' l l  
(see, e.g., the proof of Lemma 3.2.2 of Section 3.2) . Since Tt approximates T at 
v' and also at V, we have that U, --+ TV and vt --+ Tv' w.p.l which shows that 
6t converges to I ITV - Tv' l l  w.p.l and so I ITV - Tv' l l <::: , I IV - v' l l  also holds. D 
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One of the most noteworthy aspects of Theorem 3.1 .3 is that it shows how to 
reduce the problem of approximating v* to the problem of approximating T at 
a particular point V (in particular, it is enough that T can be approximated at 
v*) ; in many cases, the latter is much easier to prove. For example, the theorem 
makes the convergence of Q-learning a consequence of the dassical Robbins­
Monro theory [53]. 

The most restrictive of the conditions of the theorem is Condition 4, which 
links the values of Gt (x) and Ft (x) through some quantity I < 1 .  If it were 
somehow possible to update the values synchronously over the entire state space, 
i.e., if vt+1 (x) depended on vt(x) only, then the process would converge to v* 
even when I = 1 provided that it were still the case that IT;:1 (Ft + Gt) = 0 
uniformly in x. In the more interesting asynchronous case, when -( = 1 ,  the long­
term behavior of vt is not immediately dear; it may even be that vt converges 
to something other than v* or that it may even diverge, depending on how strict 
the inequalities of Conditions 4 and (3.4) (below) are. If these are strict, then 

I l rlt l l need not decrease at all. The requirement that I < 1 insures that the use 
of outdated information in the asynchronous updates does not cause a problem 
111 convergence. 
Proof. [Theorem 3.1 .3] Let Uo E Fo be arbitrary and let UH1 = Tt (Ut , v*) . Since 
T{ approximates T at v' ,  Ul converges to Tv' = v' w.p .l  uniformly over X. \'\/e 
will show that 1 1U{ - v; 1 1  converges to zero w.p .l ,  which implies that V; converges 
to v'.  Let 

rlt (x) = IUt (x) - vt (.r) I 
and let 

�t(x) = IUt(x) - v* (x) l ·  
\Ve know that �t (x) converges to  zero because Ut converges to  v' . 

By the triangle inequality and the conditions on It (invariance of Fo and the 
Lipschitz conditions), we have 

rlHl (.r) I Ut+1(x) - vt+1(.r) I 
ITt(Ut , v')  (x) - Tt(vt , vt) (x) I 

< ITt(Ut ,  v')  (:r) - Tt(v;, v') (:r) 1  + ITt(v; , v*) (:r) - Tt(v;, vt) (x) 1 
< Gt (x) I Ut (x) - vt(x) 1 + Ft (x) ( l lv' - vt l l  + At) 

Gt(x)rlt(x) + Ft(.r) ( l lv* - vt l l  + At) 
< Gt (x)rlt(x) + Ft(x) ( l lv' - Ut l l  + I IUt - vt l l  + At) 

= Gt (x)<lAx) + Ft(x) ( I IOt l l  + I I�t l l  + At) . (3.4) 

In Lemma 3.4.2 presented below we will show that an inequality similar to 
Inequality (3.4) holds for a sub-series of 1 1 0tI! and that therefore I I 0t i i  converges 
to zero. The perturbation term will be treated by treating Ot as a homogeneous 
perturbed processes [33] .  D 
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3.2 Convergence in the Perturbation-free Case 

We will need a relaxation of the concept of probability-one-convergence. Recall 
that by definition a random sequence Xt is said to converge to zero w.p.1 of for all 
7), J > 0 there exist a finite number T = T(7), 6) such that P (SUPC>T IXt l  ::> J) < 7). 
In this section we address the fact that the bound T might need to be random. 
Note that usually T is not allowed to be random. However, we show that T can 
be random and almost sure convergence still holds if T is almost surely bounded. 

LEMMA 3 .2 . 1  Let Xt be a random sequence. Assume that for each 7), J > 0 there 
exist an almost surely finite random index T = T (7), 6) such that 

(3.5) 

Then Xt converges to zero w.p. i .  

Proof. Notice that if T(w) <: k then SUPt;;'k IXL(W ) I  <: SUPt;;'T(w) I :r, (w ) I  and thus 

{w I sup I ·Tt(W) I ::> J, T(w) <: k} c:: {W I sup I ·Tt(W) I ::> 6, T(w) <: k} . 
t;;'k t;;'T(w) 

Now, 

Thus, 

A {W I sup IXt(w) 1 ::> J} 
t>k 

(A n {w IT(w) <: k}) U (A n {w IT(w) > k}) 

C {W I  sup IXt(W) I ::> 6, T(W) <: k} U {W IT(W» k} . 
L;;'T(w) 

P (sup l :r, 1 ::> 6) <: P (sup I :r t l  ::> 6) + P(T > k) .  
t�k l'2T 

Now, pick up an arbitrary 6, Tl > o. We want to prove that for large enough 
k > 0 P(SUPt>k IXt l  ::> S) < 7). Let To = T(8, 7)/2) be the random index whose 
existence is guaranteed by assumption and let k = k(E, T7) be a natural number 
large enough s.t. P(To > k) < 7)/2. Such a number exists since To < 00 w.p.I. 
Then, P(SUPt>k IXt l ::> 8) <: P(SUPt>To IXt l  ::> 6) + P(To > k) < 7), showing that k 
is a suitable (I lOn-random) index. - D 

Now we prove our version of Jaakkola et al.'s Lemma 2 [33] which concerns 
the convergence of the above process 8t in the perturbation-free case. Kote that 
both our assumptions and our proof are slightly different from theirs. 
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LEMMA 3 .2 . 2  Let Z be an arbitrary 8et and consider the random sequence 

(3.6) 

where xo, ft, 9t :;" 0, t :;,.  0, and I lxo l l  < C < CXJ w.p .1  for some C > O. Assume 
that for all k :;,. 0 limn-too rr��k 9t (Z) = 0 uniformly in Z w.p .1  and ft(z) <::: 
'j(1 - 9t (Z)) w.p . 1 .  (9t and ft are also random .sequences). Then, I IXt l 1 converges 
to 0 w.p. 1 .  

Proof. We will prove that for each s ,  6 > 0 there exist an a.s. bounded index 
T = T(s, 6) such that 

P (sup I IXt l 1  < 0) > 1 - c. t>T 
(3.7) 

Let E, c5 > 0 be arbitrary and let Po, . . .  , Pt, . . .  be a sequence of numbers (0 < 
Pt < 1) to be chosen later. 

We have that 

X{+, (z) g{ (z)Xt(z) + f{ (z) l lxl l l  
< 9t(z) l lxt l l  + ft(z) l lxt l l  

(gt (z) + ft (z) ) I IX t l l  
< I I ·rt l l , 

since by assumption 9t(Z) + ft(z) <::: gt (z) + '((1 - gt (z) )  <::: 1 .  Thus, we have 
that I I :ItH I I  <::: I I :It l l  for all t and, particularly, I IXt l 1 <::: Co = I I :ro l l  holds for all t .  
Consequently, the process 

(3.8) 

with Yo = xo, estimates the process {xd from above: 0 <::: Xt <::: Yt holds for all 
t :;,.  O. The process Yt converges to iCo w.p.1 uniformly over Z. (8ubstract 'jCo 
from both sides to get (Yt+l (z) - iCo) = 9t(Z) (Yt (z) - 'jCo) .  Now convergence of 
I IYt - 'jCo l l  follows since liilln-too rr��k 9t(Z) = 0 uniformly in z) .  Therefore, 

lim sup 1 1 :r:{ 1 1  <::: 'jCo t-too 
w.p.l .  Thus, there exists an a.s. bounded index, say Ala , for which if t > lvIo 
then I lxl l l  <::: (1 + i)/2 Co with probability Po .  Assume that up to some index 
i :;,. 0 we have found numbers 1\1[i such that when t :;,. Mi then 

( l + 'j
)

i 
I lxt l l  <::: -2- Co = Ci (3.9) 

holds with probability POPl . . .  Pi . Now, let us restrict our attention to those 
events for which Inequality (3.9) holds. Then, we see that the process 

'YI'vIi X ltii 
Yt+l (Z) = 9t (Z)Yt (z) + '/(1 - 9t (Z))Ci ,  t >  1'vIi 
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bounds x, from above from the index Mi. Now, the above argument can be 
repeated to obtain an index IV!,+! such that Inequality (3.9) hold for i + 1 with 
probability POP1 · ·  , PiPi+1 · 

Since (1 + '()/2 < 1 ,  there exists an index k for which ( (1  + '()/2)kCo < E. 
Then, we get that Inequality (3.7) is satisfied when we choose Po , . . .  , Pk in a way 
that POP1 . . .  Pk ?: 1 - c and we set T = Nh (= ]'vh(PO, P1 , ' "  , pd). D 

When the process of Equation (3.6) is subject to decaying perturbations, say 
lOt (see, e.g., the process of Inequality (3.4)), then the proof no longer applies. 
The problem is that I lxt l l  <:: I lxo l l  (or I lxT+t l l  <:: I l xT I I , for large enough T) can no 
longer be ensured without additional assumptions. For Xt+1 (z) <:: I lxt l l  to hold, 
we would need that let <:: (l - ,) l lxt l l , but if lim inft-too I lxt l l  = 0 (which, in fact, 
is a consequence of what should be proved) ,  then we could not check this relation 
a pr·iori. Thus, we choose another way to prove Lemma 3.4.2. 'lot ice that the 
key idea in the above proof is to bound .Tt by y,. This can be done if we assume 
that .T, is kept bounded artificially, e.g., by scaling. The next subsection shows 
that such a change of x, docs not effect its convergence properties. 

3.3 The Rescaling of Two-variable Homogeneous 

Processes 

The next lemma is about two-variable homogeneous processes, that is, processes 
of the form 

(3.10) 

where G, : B x B --+ B is a homogeneolls random function (B, B denote norm cd 
vector spaces as usual) , i .e. , 

G, (iJX, /'Jc) = iJGt (:r, c) (3.11) 

holds for all (3 > 0, x and c.1 VVe are interested in whether Xt converges to 
zero or not. Kote that when the inequality defining 6t (Inequality (3.4)) is an 
equality, the process becomes homogeneous. Lemma 3.3.2 below says that, under 
additional conditions, it is enough to prove the convergence of a modified process 
which is kept bounded by rescaling to zero, namely the process 

if I IGt (Yt, et) I I  <:: C; 
otherwise, 

(3.12) 

1 In [33] the author� considered a question similar to that which is investigated belmv in 
Lemma 3.3.2 for the case of single-variable homogeneous processes; which would correspond to 
the case when Sf = 0 for all t :;> 0 (see Equation (3.10) ) .  The single-variable case follows from 
our result. 
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where C > 0 is an arbitrary fixed number. The idea of "projecting" on a bounded 
set to ensure boundedness of stochastic approximation processes has been dis­
cussed by Ljung [45] and Kushner and Clark [41]. 

We denote the solution of Equation (3.10) corresponding to the initial con­
dition Xu = w and the sequence e = {ek} by X[(W, e) .  Similarly, we denote the 
solution of Equation (3.12) corresponding to the initial condition Yo = w and the 
sequence e by Yt(w, e) .  

DEFINITION 3 . 3 . 1  We .my that the proce.s.s Xt i.s insensitive to finite perturba­
tions of e if it hold8 that if Xt (w, e) converge.s to zero then .so doe.s Xt (w, el) , where 
el (W) i.s an arbitrary sequence that dzffer8 only in a .finite number of term.s from 
c ( w) , where the bound on the number of dzfference8 i.s independent of w. Further, 
the proces.s X, is .said to be insensitive to scaling of c by numbers smaller than 1 ,  
if for· all r·andorn 0 < c <:: 1 it holds that if X, (w, e)  converyes to zero then so  does 
x, (w, ee) . 

LEMMA 3 . 3 . 2  (RESCALING LEMMA) Let C > 0, Wo and the sequence e be ar­
bitrary. Then, a homogeneou.s proce.ss x,(wo, c) converqe.s to zero w.p . l  provided 
that (i) X, is insen.sitive to .finite perturbation.s of c; (ii) Xt i.s insensitive to scaling 
of c by numbers smaller· than 1 and (iii) y,(wo , c) convcrycs to zel"O. 

Proof. We state that 

(3.13) 

for some sequences {Ct} and {dt}, where Ct = (CtO ,  Ctl, · · ·  , r"i, . . .  ) and {cd and 
{d,} satisfy 0 < d" Gti <:: 1 ,  and Gti = 1 if i :;,. t .  Here the product of the 
sequences c, and E should be understood componentwise: (GtE) i  = C'iEi. Note 
that y,(w, E) and x, (w, e) depend only on co, . . .  , E,-I. Thus, it is possible to 
prove Equation (3.13) by constructing the appropriate sequences c, and dt. 

Set COi = di = 1 for all i = 0, 1 , 2, . . . . Then, Equation (3.13) holds for t = 0. 
Let us assume that {Ci' d,} is defined in a way that Equation (3.13) holds for t .  
Let S, be the "scaling coefficient" of y, at step (n + 1 )  (S, = 1 if  there is no 
scaling, otherwise 0 < S, < 1 with S, = C I I IG,(y" e,) I I ) :  

We claim that 

holds for all w, c and S > o. 

StGt(y,(w, E) ,  Ct) 

Gt(StY,(w, E) ,  StEt) 

Gt(St.rt (dt7ll , Ctc) , Stet) .  

(3.14) 
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For t = 0, this obviously holds. Assume that it holds for t. Then, 

Thus, 

SGt(Xt(W, c), St) 
Gt(SXt(W, c) , Sst) 
Gt(Xt(Sw, Ss), Sst) 
Xt+l (Sw, Se) . 

'Yt+! (711, c) = Gt (Xt (StdtW, StCtc), Stet) ,  

and we see that Equation (3.13) holds if we define Ct+!,i as Ct+!" = StCti if 0 <::: 
i <::: t, Ct+1" = 1 if i > t and dt+! = Stdt. 

Thus, we get that with the sequences 

do = 1 ,  and 

Ct 'i =  j=i J '  { rrt-l S 
. 1 ,  

( 

if i < t; 
otherwise, 

dt+! = II S" 
i=O 

Equation (3.13) is satisfied for all t ::,. O. 
Now, assume that we want to prove for a particular sequence c and initial 

value 711 that 
lim Xt(w, c) = 0 t-+oo (3.15) 

holds w.p. l .  It is enough to prove that Equation (3.15) holds with probability 
1 - 6 when 6 > 0 is an arbitrary, sufficiently small number. 

We know that 'Yt (W, c) --+ 0 w.p. l .  We may assume that 6 < C. Then, there 
exists an index 1\:1 = NI (5) such that if t > M then 

P (I I'Yt (W, e) 1 1  < J) > 1 - 6. (3.16) 

Now, let us restrict our attention to those events W for which I I 'Yt (w, c(w)) 1 1  < <5 
for all t > M: A, = {w : I I Vt (71I , s) (w) 1 1  < <5}.  Since <5 < C, we get that there 
is no rescaling after step AI: St(w) = 1 if t > AI. Thus, Ct,i = CM+!,i for all 
t ::,. AI + 1 and i ,  amd specifically Ct,i = 1 if i, t ::,. M + 1 .  Similarly, if t > 1'\11 then 
dt+l (W) = rr:'::O Si (W) = dil4+1 (w) . By Equation (3.13), we have that if t > 1'vl 
then 

'Yt (  w, c(w)) = Xt(dM+! (w)w ,  CM+! (w )c(w)) .  

Thus, it follows from our assumption concerning Yt that :rt (d,'vI+! (W)71I, Cl'I+lc(W)) 
converges to �ero almost everywhere (a.e. ) on A" and consequently, by Equa­
tion (3.14), Xt(w, cM+!c(w)/dM+!(w)) also converges to �ero a.e. on A". Since Xt 
is insensitive to finite perturbations and since in CM+! only a finite number of 



50 CHAPTER 3. ASYNCHRONOUS SUCCESSIVE APPROXINL4TION 

entries differs from 1 ,  :"t (w, c(w)/dM+l (w)) also converges to zero, and, further, 
since dM+l (w) < 1 ,  Xt (w, c(w))  = xt (w, dM+l (w) (c(w)/dM+l (w)) )  converges to 
zero, too (Xt is insensitive to scaling of 0 by dM+l) .  All these hold with probabil­
ity at least 1 - 6, since, by Equation (3.16) , P(Ab) > 1 - 6. Since 6 was arbitrary, 
the lemma follows. D 

3.4 Convergence of Perturbed Processes 

We have established that Inequality (3.4) converges if not perturbed. We now 
extend this to more general perturbed processes so we can complete the proof of 
Theorem 3.1.3. 

The following theorem concerns the stability of certain discrete-time systems: 

THEOREM 3 .4 . 1  Let X and Y be normed vector space.s, Ut : X X Y --+ X (t = 
0, 1 , 2 , . . .) be a sequence of mappings, and (It E Y be an arbitrary .sequence. Let 
(100 E Y and Xoo E X. Consider the .sequences XHl = Ut (x" (100) ,  and Yt+l = 
Ut(Yt , (It) ,  and suppo.se that Xt and (It converge to Xoo and (lac" respectively, in the 
norm of the appropriate .spaces. 

Let L� be the unifor·m Lipschitz index of Uk (x, (I) with Tespect to (I at (100 and, 
similaTly, let L� be the unifor·m Lipschitz index of Uk (x, (100) with respect to X .2 
Then, if the Lipschitz constants Lt and Lf satisfy the relations Lf <:.: C(1 - Ln , 
and rr:=n L'/r, = D, where C > D is some constant and n = D, 1 ,  2, . . .  , then 
limt-too I I YI - xoo l l  = D. 

Proof. The proof is based on relating the convergence of I I Yt - xoo l l  and a triangle 
transformation of I I (lt - (100 1 1  and can be found in Appendix A.1 .  D 

Observe that if Ut and (It are random and all the relations are required to 
hold a.s. , specifically, if "convergence in norm" is replaced by "a.s. convergence 
in norm" , then the above theorem remains valid. VVe will indeed use this form 
of the above theorem to show the a.s. convergence of certain random variables 
holds. �ow, we are in the position to prove that Lemma 3.2.2 is immune to 
decaying perturbations. 

LEMMA 3 .4 .2  As.sume that the conditions of Lemma 3.2.2 are .5atisfied but Equa­
tion (3. 6) i.s replaced by 

where Ot 2: 0 and Ot converges to zero with probability 1. Then, Xt (z) .still con­
verges to zero w.p. 1 uniforrnly over· Z .  

2That is, for all x E X and 8 E Y I IUk (x, 8) - Uk (x, 8.x) 1 1  <:: L� 1 18 - 800 1 1  and for all x, y E X 

I lUk(X, 8oo) - Uk (y , 800) 1 1  <:: L� l lx - y l l ·  
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Proof. First., we show t.hat the process of Equat.ion (3.17) sat.isfies t.he assumpt.ions 
of the Rescaling Lemma (Lemma 3.3.2) and, thus, it is enough to consider the 
version of Equation (3.17) that is kept bounded by scaling. 

First, note that Xt is a homogeneous process of form (3.10) (note that Equa­
tion (3.11) is required to hold only for positive scaling numbers) . Let us prove 
that Xt is immune to finite perturbations of s. To this end, assume that s; differs 
only in a finite number of terms from St and let 

Take 

Then, 

For large enough t Ct = s; , so 

which we know to converge to zero by Lemma 3.2.2. Thus, either Xt and Yt 
converge and converge to the same value, or neither XL or YI converges. 

The other requirement that we must satisfy to be able to apply the Rescaling 
Lemma (Lemma 3.3.2) is that Xt is insensitive to scaling of the perturbation by 
numbers of the interval [0, 1) ; let us choose a number 0 < c < 1 and assume that 
Xt(-w, e) converges to zero with probability 1. Then, since 0 ::;  Xt(w , Ce) ::; Xt (w, e), 
Xt(-w, ce) converges to zero w.p.1 ,  too. 

Now, let us prove that the process that is obtained from Xt by keeping it 
bounded converges to zero. The proof is the mere repetition of the proof of 
Lemma 3.2.2, except a few points that we discuss now. Let us denote by Xt the 
process that is kept bounded and let the bound be Co. It is enough to prove that 

I lxd l converges to zero w.p.1 .  Now, Equation (3.8) is replaced by 

By Theorem 3.4. 1 ,  Yt still converges to '(Co, as the following shows: X, Y : =  R 
Ot := Ct, Ut (x, 0) := 9t(Z).T + '((1 - 9t(Z))( Co + 0), where Z E Z is arbitrary. Then, 
L� = 9t(Z) and Lf = 1'(1 - 9t(Z)) satisfying the condition of Theorem 3.4.1 . 

Since it is also the case that 0 ::; Xt ::; YI, the whole argument of Lemma 3.2.2 
can be repeated for the process crt, yielding that 1 1.i:t l l  converges to zero w.p.1 
and, consequently, so does I lxt l i .  This finishes the proof of the lemma. D 

We have thus completed the proof of Theorem 3 .1 .3. 
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3.5 Relaxation Processes 

In this section, we prove a corollary of Theorem 3.1.3 for relaxation processes of 
the form 

(3.18) 

where 0 ::; ft (x) is a relaxation parameter converging to zero and the sequence 
Pt : B (X) ---t B (X) is a randomized version of an operator T in the sense that 
the "averages" 

Ut+1 (x) = (1  - ft(x) )Ut (x) + ft (x) [PtV] (x) 

converge to TV w.p.1,  where V E B(X). A large number of reinforcement­
learning algorithms have this form, which makes these processes of interest. \Ve 
give some concrete examples in later sections. It is important to note that while 
v,+1 (x) depends on v,(y) for all y E X since Ptv, depends on all the components 
of 11" Ut+1 (x) depends only on Ut(x) , x E X: the different components are 
decoupled. This greatly simplifies the proof of convergence of (3.18) . Usually, 
the following, so-called conditional averaging lemma is used to show that the 
process of (3.18) converges to TV. 

LEMMA 3 . 5 . 1  (CONDITIONAL AVERAGING LEMMA) Let Ft be an increasing se­
quence of a-fields, let () ::; at ::; 1 and Wt be random variables such that at and 
Wt-1 are Ft measurable. Assume that the following hold w.p. l: E[Wt IFt, at f 
0] = A, E[wz IFt] < B < 00, I::1 at = 00 and I::1 a; < C < 00 for some 
B. C > O. Then, the process 

converges to A w.p. l .  

Note that this lemma generalizes the Robbins-Monro Theorem in that, here, at 
is allowed to depend on the past of the process, which will prove to be essential 
in our case, but is less general since E [wt IFt, at f 0] is not allowed to depend on 
Ql' The proof of this Lemma can be found in Appendix A.2 (cf. Lemma A.2.3) .  

COROLLARY 3 .5 . 2  Cons'ider- the pmcess genemted by iteration (3. 18). Ass'urne 
that the process defined by 

converges to 1)' w.p .l .  (This condition is called the approximating property of Pt 
and ft .) Assume further that the following conditions hold: 

1. ther-e exist number- 0 < , < 1 and a sequence At :::> 0 converying to zem 
w.p . l  such that I lPtV - Ptv* 1 1  ::; , I I V  - v* 1 1  + At holds for all V E B(X); 
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2. 0 ::; ft(x) ::; 1,  and 2:;'=1 ft(:r) converqc8 to infinity 7J.n�formly in :r a8 
n --+ 00 .  

Then, the iteration defined by (3. 18) converges to v* w.p . l .  

Note that if limHoo I l ft l l  = 0 w.p.1 then for large enough t P( l l ft l l  ::; 1) > 1 - dor 
arbitrary 0 < E < 1 ,  so if I l ft l l  converges to zero w.p.1 then condition ft (x) ::; 1 
can be discarded. 
Proof. Let the random operator sequence Tt : B(X) x B(X) --+ B(X) be defined 
by 

Tt (U, V) (x) = (1 - .ft(x))U(x) + .ft(x)[IW] (x). 
Tt approximates T at v', since, by assumption, the process defined in (3.19) 
converges to v' = Tv' for all V E fleX). Moreover, observe that Vi as defined 
by (3 .18) satisfies v;+! = 7t(V;, v;) .  Because of Assumptions 1 and 2, it can be 
readily verified that the Lipschitz-coefficients Gt(.x) = 1 - ft (x), Ft(.x) = ift (.x) 
satisfy the rest of the conditions of Theorem 3.1.3, and this yields that the process 
Vi converges to v* w.p.1.  D 

Note that, although a large number of processes of interest admit this relax­
ation form, there are some important exceptions. In Sections 4.2 and 4.5 we will 
deal with some processes that are not of the relaxation type and we will show 
that Theorem 3.1 .3 still applies; this shows the broad utility of Theorem 3.1 .3 .  
Another class of exceptions are formed by processes when Pt involves some addi­
tive, 7,ero-mean, finite conditional variance noise-term which disrupts the pseudo­
contraction property (Condition 1) of Pt. With some extra work Corollary 3.5.2 
can be extended to work in these cases; in that proof the Rescaling Lemma must 
be used several times. As a result a proposition almost identical to Theorem 1 
of [33] can be deduced. This extension will be presented at the end of the next 
chapter. 

3.6 Convergence Rates 

The difficult part of proving the convergence of RL algorithms is to prove that 
the asynchronous iteration 

(3.20) 

converges to 7,ero (ef. Equation (3.6) of Lemma 3.2.2). The aim of this section is to 
strengthen the statement of Lemma 3.2.2 under special assumptions concerning 
ft and gt, and then to give an estimate for the convergence rate of the above 
process to zero. Here, we assume that the set of possible states Z is finite (we 
identify this set with {I ,  2, . . .  , n} ) , and that the process 3.20 takes the form 

.Xt+! (i) = { (1 - Si
1
(i) ) xt ei) + Siti) I IXt l l ,  if 1Jt = i ;  (3 .21) 

xt (i) ,  if 1Jt # i , 
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where t = 1 , 2, 3 , . . .  , i = 1 , 2, . . .  , n, Tit E {1 ,  2, . . .  , n},  Steil is the number of 
times the event {Tit = i} happened before time (t + 1) plus one (i.e . ,  St (i) = 
1 + I { s I Tis = i ,  0 < s < t + 1 } I ) and 1 1 · 1 1 denotes the supremum-norm as before. 
For example, in the case of Q-learning with learning rates inversely proportional 
to the visit-times a given state-action pair, the difference process !it defined in 
the proof of Theorem 3.1.3 admits the form of (3 .21) . 

THEOREM 3 . 6 . 1  Ass'urne thut Til , r/2 , · · · ,  rlL , ' "  -is a jin'ite, stationary Markov 
chain with states {1 ,  2, . . .  , n} and stationar'y distrib'ution (PI , P2 ,  . . .  , Pn) , wher'e 

Pi > 0, 1 :::; i :::; n .  Then the process Crt defined in Equation (3.21) satisfies 

with probability one (w.p. ll, where R = mini P;! maxi Pi · 

Proof. Let To = 0 and 

Tk+1 = min{ t 2: Tk I Vi = 1 . . .  n, :Js = sCi) : Tis = i } , 

I.e. Tk+ 1 is the smallest time after time Tk such that during the time interval 
[Tk + 1 , Tk+1l all the components of XtC) are "updated" in Equation (3 .21) at 
least once. Then 

(3.22) 

where Sk = maxi 51,+1 (i) .  This inequality holds because if tk (i) is the last time 
in [Tk + 1 ,  Tk+1l when the iLh component is updated then 

XTk+l+1 (i) Xtk(i)+l (i) = (1 - I/Stk(i) (i))Xtk (iJCi) + '(/St,(i)(i) I IXtk(il) 1 1 
< ( 1 - 1/Stdi) (i)) I IXtdi) ( - ) 1 1 + ,,/Stdi) (i) I IXt, (i) ( -) 1 1 

(1 -
1
5

- 1 (i)) I IXtdi) ( - ) I I  tk (i) 

< (1 -
1�1) I IXTk+1 c) I I , 

where it was exploited that I IXt l 1 is decreasing and that Sk 2: STk+l (i) = Stdl) (i) . 
Now, iterating (3.22) backwards in time yields 

3In this context at = O(bt) means that limsuPt-->= I bt il lat i <: C(w) < 00 for some random 
variable C and for almost all w. 



3.6. CONVERGENCE RATES 55 

Now fix an f > O. Then there exists an integer N = N(f) > 0 and an event 
set A, such that P (A,) 2> 1 - f and 

(3.23) 

holds when W E A, and .i 2> N (Sj = Sj (w)) .  l'\ow, if f is sufficiently small, 
k 2> N(f) and W E A, then: 

rr (l - l;,) 
j=O J 

In the last inequality we have used Ro > Pm;n/Pmax = R and that E was assumed 
to be sufficiently small. 

Now, by defining 8 = Tk + 1 so that siC R:; k we get 

( 1 ) R(l-,) (C) R(l-,) 
I lxs l l  = I lxTk+1 1 1 -<: I l xo l l  k R:; I lxo l l  --; 

Therefore, also I IXt l 1 = O(l/tR(l -,) ) holds due to the monotonicity of Xt and the 
mono tonicity of {l/kRo(l -,) } in k .  All these hold on A" i .e. , with probability 
1 - E, thus, finishing the proof. D 

Now, assume , > 1/2. Then the same convergence rate holds for the per­
turbed process 

. 
( 

1 ) . , ( ) Xt+1 (2) = 1 - s;(i) Xt(2) + 
St(i) I lxt l l  + Ct , (3.24) 

(cf. also (3.17)) where lOt = O( y'log log tit) is a decreasing sequence. We state 
that the convergence rate of ft is faster than that of Xt .  Define the process 

( .) _ 
{ (1 - 8'-(') ) Zt(i), if r/t = i; Zt+l 1, _ . t t 

Zt (i) , if ryt T' i. 
(3.25) 
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This process clearly lower bounds the perturbed process, .Tt . Obviously, the con­
vergence rate of Xt is slower than that of z" whose convergence rate is o(1/t1-,) ,  
which is slower than the convergence rate of E t provided that O( > 1/2, proving 
that Et must be faster than Xt. Thus, asymptotically Et <:.: (1/, - l )Xt, and so 
1 1 :r;t l l is  decreasing for large enough t .  Then, by an argument similar to that of 
used in the derivation of (3.22) , we get 

(3.26) 

where .ok = min" 5TH1 (i) . Finally, by sorne approximation arguments similar to 
that of Theorem 3.6.1 , together with the bound (l/n") �'� s,,-3/2 Jlog log s <:.: 
S-1/2Jlog log s, 1 > 1] > 0, which follows from the mean-value theorem for inte­
grals and the law of integration by parts, we get that I IXt l 1 � O (1/tR(1-7)) .  

Now, consider a relaxation type-of approximation process 

TT ( .) _ { (l - l/St (i) )V,(i) + l/St(i ) [PtV,] (i) , Vt+1 l - V,(i) , 
if Tit = i ; 
otherwise, (3.27) 

(which can be e.g. Q-learning) and assume that At = 0 in Condition 1 of Corol­
lary 3.5.2. Then Et corresponds to I IV' - Ut l l , where Ut is an n-dimensional 
stochastic approximation process, where there is no coupling among different 
components: 

U ( ,o) _ { (1 - 1/5,(i))U, (i) + 1/5, (i) [P,u' ] (i) ,  
,+1 , - U (i) {, . , 

if Tit = 'i ; 
otherwise, 

(3.28) 

(cf. the proof of Theorem 3.1 .3) .  Therefore, the Law of Iterated Logarithm 
applies to Ut if Ftu* has a bounded range, showing that 

Et = O (  Vlog(log(t/Pmin))/ (t/Pmin) ) ,  

where Pmin = mini p, [46]. Thus, I IV, - u* 1 1 = I IXt l 1  = O(l/tR(1--y) ) .  

3.7 Discussion 

Most of the results of this chapter were presented in the paper of the author and 
Littman [74] and the paper of the author [71] . Some ideas in the proof of the main 
convergence result (Section 3.1) came from the paper of Jaakkola, Jordan and 
Singh who were the first together with and independently of Tsitsiklis [79] who 
developed the connection between stochastic-approximation theory and reinforce­
ment learning in MDPS. Our work is more similar in spirit to that of Jaakkola, 
et al. We believe the form of Theorem 3.1 .3 makes it particularly convenient 
for proving the convergence of reinforcement-learning algorithms; our theorem 
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reduces the proof of the convergence of an asynchronous process to a simpler 
proof of convergence of a corresponding "synchronized" one. This idea enables 
us to prove the convergence of asynchronous stochastic processes whose under­
lying synchronous process is not of the Robbins-Monro type (e.g., risk-sensitive 
MDPS, model-based algorithms, etc.) in unified way (see e.g. , Section 4.5). 

The Main Convergence Lemma, presented in Section 3.2 is central to our 
results. A similar, but different lemma was proposed by Jaakkola et al. [33] . 
Similarly, the result of Section 3.3 comes from an idea after the same paper of 
Jaakkola et al. However, Lemma 3.4.2 is original. 

The relaxation process formalism, which will prove to be very useful in the 
subsequent sections, and the corresponding results of Section 3.5 are new, as are 
the convergence rate results. This latter result is published in [69]. 



58 CHAPTER 3. ASYNCHRONOUS SUCCESSIVE APPROXINL4TION 



Chapter 4 

Off-line Learning 

This section makes use of Theorem 3.1.3 to prove the convergence of various 
off-line learning algorithms. First we give the proofs for the basic reinforcement 
learning algorithms, particularly for Q-learning [85] and for the adaptive real­
time dynamic programming (value iteration) algorithms. Then the extension of 
Q-learning to an algorithm that may use a function-approximator to store the 
Q values Qt(x, a) , and finally the convergence of the equivalent of Q-learning for 
risk-sensitive models are considered. The defining characteristics of these proofs 
are that they make use of the .sufficient-exploration (SE) condition which requires 
that in the MDP every state-action pair is visited infinitely often. 

4.1 Q-learning 

In Chapter 3 we presented the Q-learning algorithm, but we repeat this definition 
here for the convenience of the reader. Consider an MDP with the expected total­
discounted cost criterion and with discount factor a < '( < 1 .  Assume that at 
time t we are given a 4-tuple (Xl, at, Yt, ct), where XI, Yt E X, at E A and Ct E lR 
are the decision maker's actual and next states, the decision maker's action, and 
a randomised cost received at step t, respectively. We assume that the following 
holds on (:rt, at, Yt, et) : 
ASSUMPTION 4 . 1 . 1  (SAMPLING ASSUMPTIONS) Consider a finite MDP , (X, A,p, c) . 
Let { (Xt, at, Yt, ct) } be a fixed stochastic process, and let Ft be an increasing se­
quence of u-ficlds (the history spaces) for which 

are measurable (xo can be random). Assume that the followings hold: 

1 .  P(Yt = y lx = Xt, a = at, Ft) = p(x, a, y) 

2 .  E [Ctlx = Xt, a = at, Y = Yt, Ftl = c(x, a, y) and Var[ct IFt] is bounded inde­
pendently of t ,  and 
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3. Yt and Ct are independent. given t.he hist.ory Ft: P(Yt E Xo, Ct E U 1 Ft) = 
P(Yt E Xo I Ft)P(Ct E U I Ft), where Xo C X is arbitrary and U C lR is 
measurable. 

Note that one may set Xt+! = Yt, which corresponds to the situation in which the 
decision maker gains its experience in a real-system; this is in contrast to ylonte­
Carlo simulations, in which Xt+! = Yt does not necessarily hold. The Q-learning 
algorithm is given by 

where (};t (x, a) = 0 unless (x, a) = (Xt, at) , which is intended to approximate the 
optimal Q function, Q', of the MDP. 

DEFINITION 4 . l . 1  We .my that the proce.s.s { (Xt, at) } sati.sfie.s the sufficient explo­
ration (SE) condition if (.T = X" 0. = at) i .o .  hold" w.p .l ,  for all (.T, 0.) E X x A. 

We have the following theorem: 

THEOREM 4 . l .2 Assume 4 . 1 . 1  and that the following holds w.p. l :  

Then, the value.s defined by  (4 . 1) converge to the optimal Q function Q*  w.p. l .  

REMARK 4 . l .3 "ote that usually one defines 

if (x, 0.) = (cTt, at) ,  
otherwise, 

(4.2) 

where nt(x, o.) is the number of steps the pair (X, 0.) was visited by the process 
(xt, at) before time t. Then the Robbins-Monro condition (Condition 1 above, 
see [53]) on the learning rates requires every state-action be visited infinitely 
often, i.e., the SE condition. The theorem leaves open the question whether 
this can be fulfilled by any particular learning-policy and also the form of such 
learning policies. We shall return to this question in Chapter 5. 

Proof. The proof relies on the observation that Q-learning is a relaxation process, 
so we may apply Corollary 3.5.2. We identify the state set of Corollary 3.5.2 ,  X, 
by the set of possible state-action pairs X x A. If we let 

f ( ) = { (�L (x , a), t .T, a 0 , 
if (;r; , a) = (XL ; at) ;  
otherwise, 
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and 
(PtQ) (.r , a) = Ct + 7maxQ(vt, b) bcA 
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(PI does not depend on a), then we see that Conditions 1 and 2 of Corollary 3.5.2 
on II and p{ are satisfied because of OUI Condition 1 .  So it remains to show that 
for a fixed function Q E B (X X A) the process 

converges to TQ, where T is defined by 

(TQ)(x, a) = 2:>(x, a, v) (c(x, a, v) + 7m�nQ(v, b)) . (4.4) 
VEX 

Using the conditional averaging lemma (Lemma 3.5. 1 ) ,  this should be a routine: 
First, observe that the different components of 01 are decoupled, i.e., 01+1 (x, a) 
docs not depend on Qt(x' , a') and vice versa whenever (x, a) # (x', a') . Thus, it 
is sufficient to prove the convergence of the one-dimensional process Qt (.r, a) to 
(TQ) (x, a) for any fixed pair (.r, a). So pick up any such pair (x, a) and identify 
Qt of the lemma with Ot(x, a) defined by (4.3) .  Let Ft be the CT-field that is 
adapted to 

if t 2> 1 and let Fo be adapted to (:co , ao) , al = (i, (:c, a), 'WI = C{ + 7minb Q(Vt, b) .  
The conditions of Lemma 3.5.1 are satisfied, namely, 

1 .  Ft is an increasing sequence of CT-fields by its definition; 

2. 0 <:: al by the same property of (�I (X, a) (Condition 1 ) ;  

3 .  at and 11It-l arc Ft measurable because of the definition of  Ft; 
4. EIWt IFt , at # 0] = E let + 7 minb Q(Vt, b) 1Ft] = 2:.YEX p(x, a, V) (c(x, a, V) + 

7minb Q(V, b)) = (TQ) (x, a) because of the first part of Condition 2; 

5. Elw; IF,J is uniformly bounded because Vt can take on finite values (X 
is finite) , the bounded variance of Ct given the past (cf. second part of 
Condition 2) and the independence of Ct and Vt (Condition 3) ; 

6. 2:.:1 al = (Xl and 2:.:1 n; < (Xl (Condition 1 ) .  

Thus, Ot+l (x, a) converges to E IWt IFt, at # 0] 
theorem. 

(TQ)(x, a), which proves the 
D 
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4.2 Model-based Learning Methods 

Q-learning shows that optimal cost-to-go functions can be estimated without ever 
explicitly learning c and p; however, building estimates of c and p can make more 
efficient use of experience at the expense of additional storage and computation 
[47] . The parameters of c and p can be learned from experience by keeping 
statistics for each state-action pair on the expected cost and the proportion of 
t.ransit.ions t.o each next. stat.e. In model-based reinforcement. learning, c and 
p are est.imat.ed on-line, and t.he estimat.e of t.he opt.imal cost-t.o-go funct.ion is 
updated according to the approximate dynamic-programming operator derived 
from these estimates. Interestingly, although this process is not of the relaxation 
form, still Theorem 3.1 .3 implies their convergence for a wide variety of models 
and methods. In order to capture this generality, let us introduce the class of 
MDPS in which the cost-propagation operator Q takes the special form 

ffiex,a) (QV) (x, a) = W .1' (c(x, a , y) + jV(y)) . 
yE 

Here, a/x" a) fe)  might take the form 2:yc,t' p(x , a, y)f(y), which corresponds to 
the case of expected total-discounted cost criterion, or it may take the form 

max fry) , 
y:p(x,a,y» O 

which corresponds to the case of the risk-averse worst-case total discounted cost 
criterion. One may easily imagine a heterogeneous criterion, when EBex,a) would 
be of the expected-value form for some (x, a) pairs, while it would be of the 
worst-case criterion form for other pairs expressing a state-action dependent risk 
attitude of the decision maker. In general, we require only that the operation 
EBex,a) : B (X) ---+ IR should be a non-expansion wit.h respect t.o t.he supremum-
norm, i.e., t.hat. 

lEgex,a) f ( ·) - E9(T,a) g( ·) 1 <:: I l f - g i l 

for all f, g E B(X). See our earlier work [44, 75] , for a detailed discussion of 
non-expansion operators. 

As was noted above, in model-based reinforcement learning, c and p are esti­
mated by some quantities ct and Pt. As long as every state-action pair is visited 
infinitely often, there are a number of simple methods for computing Ct and Pt 
that converge to c and p. Model-based reinforcement-learning algorithms use the 
latest. estimat.es of t.he model-parameters (e.g. c and p) t.o approximat.e operator 
Q, and in part.icular operator EB. In some cases, a bit. of care is needed t.o insure 
that EBt, the latest estimate of EB, converges to EB, however (here, convergence 
should be understood in the sense that II EBt f ---+ EB f l l  ---+ 0, t ---+ (X) holds for all 
f E B  (X) ) .  There is no problem with expected-cost models; here the convergence 
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of Pt to P gnarantees the convergence of EB�x.a) f = 2:yEx pt(:r, a, y)f(y) to EB. 
On the other hand, for worst-case-cost models, it is necessary to approximate P 
in a way that insures that the set of y snch that Pt (x, a, y) > 0 converges to the 
set of y snch that p(x , a, y) > O. This can be accomplished easily, however, by 
setting Pt (:r: , a, y) = 0 if no transition frmn x to y under a has been observed. 

In this framework, the adaptive real-time dynamic-programming algorithm [2] 
takes the form 

where Cl (X, a, y) is the estimated cost-function and Tt is the set of states updated at 
time step t . This algorithm is called "real time" if the decision maker encounters 
its experiences in the real system and Xl E Tt , where :ret denotes the actual state 
of the decision maker at time step t, i.e., the value of the actual state is always 
updated. 

THEOREM 4 . 2 . 1  Consider a finite MDP and for any pair (x, a) E X x A let 
EB;x.a) , EB : B (X) --+ JR. Assume that the following hold w.p. 1:  

1 .  EBt --+ EB in the sense that 

I 
CD 

(x ,a) CD 
(x ,a.) 

I 
lim max W f( · )  - w f(-) = 0 
£-+00 (.T,a)EXxA t 

a.s. 

2. EB;",a) is a non-e:r;pan.sion foT' all (x, a) E X x A and t .  

S. c/(x, a ,  y )  converges to c(x, a ,  y )  for all (x, a ,  y) . 

4- 0 :<: , < 1 . 

5. Ever'y state x 'IS 'updated infinitely often (i. o.), that is x E Tt '1. 0. for' all 
.r E X. 

Then, �'; defined in Equation (4 . 5) converges to the .fixed point of the operator 
T :  B (X) --+ B(X), where 

(TV)(x) = min CD (x,a) (c(x, a, y) + 'IV(y)) . 
aEA WyEX 

Proof. We apply Theorem 3.1 .3 .  Let the appropriate approximate dynamic­
programming operator sequence {Tt} be defined by 

T. (U V) ( ) = { minaEA EBl(x,a) (Ct (x, a, · )  + ,V(·)) , 
t ,  X U(x) , 

if. r E Tt 
otherwise. 
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Using Theorem 3.4.1 it is a routine to prove t.hat. Tt approximat.es T. However, 
the following simple direct argument can also be used: Let x E X and let Ut+1 = 
Tt(Ut ,  V). Then Ut+1 (x) = Ut (x) if x rt Tt .  Since in the other case, when x E Tt , 
Ut+1 (x) does not depend on Ut and since x E Tt i .o. , it is sufficient to show that 
Dt = I minaEA EEl/T•O) (Ct(x, a, ' ) + IV(·) ) - (TV) (x) 1 converges to zero as t --+ 00. 
Now, 

Dt < max I ffi (x,a) 
(Ct(x, a, .) + IV(· ) ) -ffi (x ,a

) 
(c(x, a, . ) + IV ( . ) ) I aEA Wt W 

I ffi (x
,
a) ffi (.T,O.) I < �E':.f Wt (Ct(x, a, · ) + IV(· ) ) - Wt (c(x, a, · ) + IV(· ) ) 

+ max Iffi (x,a) (c(x, a, ·) + IVO) - ffi(x,a) (c(x, a, · ) + IVO) I aEA Wt W 
< maxmax ICt(x, a, y) - c(x, a, y) 1 a.EA yEX 

+ max Iffi (x,a) (c(x, a, ·) + IVO) - ffi(x,a) (c(x, a, · ) + IVO) I , aEA Wt W 

where we made usc of the triangle inequality and Condition 2. The first term on 
the r.h.s. converges to zero because of our Condition 3, while the second term 
converges to zero because of our Condition 1 .  This, together with Condition 5 
implies that Dt --+ 0, which, since x E X was arbitrary, shows that Tt indeed 
approximates T. 

Returning to checking the conditions of Theorem 3.1 .3 , we find that the func-
tions 

and 

if x E Tt ;  
otherwise, 

if x E Tt ; 
otherwise, 

satisfy the remammg conditions of Theorem 3.1 .3, as long as EElt is a non­
expansion for all t (which holds by Condit.ion 2) and each x is included in t.he Tt 
sets infinitely often (this is required by Condition 3 of Theorem 3.1 .3) and the 
discount factor I is less than 1 (ef. Condition 4 of Theorem 3.1 .3) .  But these 
hold by our Conditions 5 and 4, respectively, and therefore the proof is complete. 
D 

This theorem generalizes the results of [26], which deal only with the expected 
total-discounted cost criterion. 

Note that in t.he above argument, mino.EA could have been replaced by any 
other non-expansion operation (t.his holds also for the other algorithms presented 
in this article) .  As a consequence of this, model-based methods can be used to 
find optimal policies in MDPS, alternating Markov games, Markov games, risk­
sensitive models, and exploration-sensitive (i.e., SARSA) models [35, 57]. Also, 
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if Ct = C and Pt = P for all t, this result implies that asynchronous dynamic 
programming converges to the optimal cost-to-go function [3, 10, 2] . 

4.3 Q-learning with Multi-State Updates 

Now let us return to direct (or model-free) methods. Ribeiro argued that the 
use of available information in Q-learning is inefficient: in each step it is only 
the actual state and action whose Q value is reestimated [51] (i.e . ,  only Qt (x, a) 
is changed) .  The training process is local both in space and time. If some a 
priori knowledge of the "smoothness" of the optimal Q value is available, then 
one can make the updates of Q-learning more efficient by introducing a so-called 
"spreading mechanism," which updates the Q values of state-action pairs in the 
"vicinity" of the actual state-action pair also. 

The rule studied by Ribeiro is as follows: let Qo be arbitrary and 

Qt+1 (Z, a) = (1 - at(z, a)s(z, a, Xt) )Qt (z, a) + 

aL(z, a)s(z, a, xL) (cL + l m�n QL (YL, b)) ,  (4.6) 

where at(z, a) :;0. 0 is the learning rate associated to the state-action pair (z, a) ,  
which is () of a f at; 8 (Z, a ,  x)  is a fixed "similarity" function satisfying () ::; 
s(z, a, x) ;  and (Xt, at, Yt, Ct) is the experience of the decision maker at time t .  The 
difference between the above and the standard Q-learning rule is that here we 
may allow O<t (z, a) f 0 even if crt f z, i.e. , the values of states different from 
the state actually experienced may be updated, too. The similarity function 
s(z, a, x) weighs the relative strength at which these updates occur. (One could 
use a similarity which extends spreading over actions. For simplicity, we do not 
consider that case here. )  

Our aim here is to  show that, under the appropriate conditions, this learning 
rule converges; also, we will be able to derive a bound on how far the limit values 
of this rule are from the optimal Q function of the underlying MDP. 

THEOREM 4 .3 . 1  Consider the learning rule (4 . 6) and assume that the sampling 
conditions 4 . 1 . 1  are satisfied and further 

1 .  the states, xL, ar'e sampled frmn a pmbab'ility distr-ib'ution poo E II(X) 

2. 0 ::;  8(Z, a, ·) and 8(Z, a, z) ¢ 0, 

3. O<t(z, a) = 0 if a f a" and 

00 x 

L at(z, a) = 00, L a;(z, a) < 00. 
t=O t=O 
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Then Q" 0.8 given by Equation (4 . 6  j, converges to the .fixed point of the operator 
T :  B(X x A) --+ B(X x A), 

(TQ) (z, a) = � 3(Z, a, x) I>(x, a, y) (c(x, a, y) + '( m�n Q(y, b)) , (4.7) 

wher'e 

xEX yE:t' 

A ( 
) 

8(Z, a . x)pOO(x) 
a Z a x = =--'--'c-'---"-�c-'--c-" 2:y 8(Z, a, y)px (y) 

Note that T is a contraction with index r since 2:x .§ (z, a, x) = 1 for all (z, a) . 
Proof. Since the process (4.6) is of the relaxation type, we apply Corollary 3 . . 5.2. 
As in the proof of the convergence of Q-learning in Theorem 4.1.2, we identify 
the state set X of Corollary 3.5.2 by the set of possible state-action pairs X x A. 
We let 

(PtQ)(x, a) = Ct + r maA
x Q(Yt, b) ,  bE 

but now we set fl (z , a) = 8(Z, a, xl)al (z, a) . For large enough t the conditions 
on it and Pt are satisfied by Conditions 2 and the conditions on the learning 
rates a,ter, a.) , so it remains to prove that for a fixed function Q E B(X x A) , the 
process 

(1 - C¥t(z, 0.)8(Z, a., Xt) )Qt (z, a.) + 

at(z, a)s(z, a., Xt) (Ci + r m�n q(Yt , b)) , (4.8) 

converges to Tq. We apply a modified form ofthe Conditional Averaging Lemma, 
which concerns processes of form qt+1 = ( 1  - atSt)qt + atStWt and which is pre­
sented and proved in Appendix A.2 (d. Lemma A.2.3). This lemma states that 
under some bounded-variance conditions Qt converges to E[St11Jt IFtl!  E[St IFt] '  
where Ft is an increasing sequence of o--fields which is adapted to {St-l, 'Wt-l , at} .  
In this case let Ft of Lemma A.2.3 be the o--field generated by 

(at , o�l (:r;; a), Y{-l , CL-1 ,  XL-1 ,  . . .  , a, , ct, (:c, a) ; Yo ,  co, xu , (la , no (:c, a)) 

if t :::: 1 and let Fo be adapted to (0.0 , 000 (x, a.) ) . Easily, 

(Tq) (z, a) = 
E[8(Z, a., Xt) (et + r minbEA Q(Yt ,  b)) 1Ft, at (z, a.) -I Ol

. E[s(z, a., Xt) IF" at(z, a.) -I Ol 

By Conditions 2 & 3 E[S2(Z, a., Xt) (Ct+r mina Q(Yt , a.) )" IXt ,  Ftl < B < CXJ for some 
B > O. Moreover E[s(z, o., :rt) IFtl = 2:xE.ypOO(.r)s(z, o, x) > 0 by Conditions 1 
& 2, and E[s2 (z, 0., xt ) IFtl = 2:T,EX pOO(x)s2 (z, a, x) < i3 < CXJ for some i3 > 0, 
by the finiteness of X. Finally, at(z, a.) obviously satisfies the assumptions of 
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Lemma A.2.3 and, therefore, all the conditions of the quoted lemma are satisfied. 
So, Qt (z , a) , defined by (4.8) , converges to (TQ)(z,  a) .  D 

Note that if we set s(z, a ,  .r) = 1 if and only if z = .r and s(z, a., .r) = 0 
otherwise, then (4.6) becomes the same as the Q-lcarning update rule (see Equa­
tion (4.1 ) ) .  However, the condition on the sampling of Xt is quite strict, so 
Theorem 4.3.1 is less general than Theorem 4.1 .2 .  

It is interesting and important to ask how close Q', the fixed point of l' is 
to the "true" optimal Q*, which is the fixed point of T (defined by 4.4), if s is 
different from the above "no-spreading" version. The answer can be derived as a 
corollary of the following proposition: 

PROPOSITION 4 .3 . 2  Let B be a. normed vector space, T : B --+ B be a contraction 
and F : B --+ B be a non-expansion. Further', let T : B --+ B be defined by 
TQ = F(TQ), Q E B. Let Q* be the fixed point of T and Q' be the fixed point of 
T. Then 

I IQ* - Q' I I  <:: 2 infq{ I IQ - Q' 1 1  : FQ = Q }  
1 - '( 

(4.9) 

Proof. Let Q denote an arbitrary fixed point of F. Then, since I ITQ' - Q' I I  = 
I ITQ' - TQ'll <:: '(I IQ' - Q' I I , I IQ' - Q' I I  � I IFTQ' - Q' I I  <:: I IFTQ' -SI I  + I IQ ­
Q' I I  = I IFTQ' - FQI I  + I IQ - Q' I I  <:: I ITQ' - Q I I  + I IQ - Q' I I <:: I ITQ' - Q' I I  + 
2 1 1Q - Q' I I  <:: 

'(I IQ' - Q' I I  + 2 1 1Q - Q' I I · Rearranging the terms and taking the 
infimum over all possible Q yields (4.9) . D 

Inequality (4.9) helps us to define the spreading coefficients s(z, a, .r) . Specif­
ically, let n > 0 be fixed and let 

( ) { 1 ,  if iln < Q* (z , a.) , Q* (x, a.) < (i + l)ln for some i ; s z a x  = � , , 
0, othcrwlse, 

(4.10) 

then we have (l - ,) I IQ' - Q' I I  <:: lin. Of course, the problem with this definition 
is that we do not know in advance the optimal Q values. However, the above 
definition gives us a guideline for how to define a "good" spreading function: 
s(z, a, :r,) should be small (7,ero) for states z and x for which Q' (z, a) and Q' (x, a) 
differ substantially, otherwise s(z, a, x) should take on larger values. In other 
words, it is a good idea to define s (z, a, x) as a degree of the expected difference 
bctween Q' (z , a.) and Q* (x, a) .  

Note that the above learning process is closely related to learning on aggre­
gated states. An aggregated state is simply a subset Xi of X. The idea is that 
the size of the Q table (which stores the Qt (x , a.) values) could be reduced if we 
assigned a common value to all of the states in the same aggregated state Xi. By 
defining the aggregated states {Xi h=I,2, . . . .  n in a clever way, one may achieve that 
the common value assigned to the states in Xi are close to the actual values of 
the states. In order to avoid ambiguity, the aggregated states should be disjoint, 
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i.e., {Xi} should form a partitioning of X. For convenience, let us int.roduce t.he 
equivalence relation � among states with the definition that x � y if and only 
if x and y are elements of the same aggregated state. We say that the function 
Q : X x A --+ lR is compatible with � if Q(x, a) = Q(z, a) holds for all a E A if 
x :::::: z. 

Now, assume that Qo is initialized so that it is compatible with the "�" 
relation, set s (z, a, x) = 1 if and only if z � x and s(z, a, x) = 0 otherwise 
and consider the function Qt obtained by Iteration (4.6) . It is easy to see by 
induction that for all t :::> 0 Qt will be compatible with �. This enables us to 
rewrite Equation (4.6) in terms of the indices of the aggregated states: 

if i (xt) = i , at = a; 
otherwise. 

(4.1 1) 
Here, i (z) stands for the index of the aggregated state to which z belongs. Then 
we have the following: 

PnOPOSITION 4 .3 .3  Let rr = {I ,  2, . . . , n} and let l' : B (rr x A) --+ B(rr x A) be 
given by 

(TQ)(i, a) = L P(Xi, x)p(x, G, y) {C(:T, G, y) + ; mln Q(i(y) ,  b) } ,  
xEXi ,yEX 

where P(Xi, x) = pOO(x)/ L-YEXi pOO(y) . Then, under the conditions of Theo­
rem 4 .8. 1, Qt (i , G) converges to the fixed point of T, where Qt(i, a) is defined 
by (4 . 11). 

Proof. Since T is a contraction its fixed point is uniquely defined. The proposition 
follows from Theorem 4.3.1 : 1  Indeed, let Qo(x, a) = Qo(i(x) , a) for all (x, a) 
pairs. Then Theorem 4.3.1 yields that Qt(x, a) converges to Q* (x, a), where 
Q* is the fixed point of operator T. Observe that 8(Z, rI, x) = 0 if Z r:f :c and 
.9 (z, rI, :r;) = P(Xi (Z) , x) if Z � :c. The properties of .9 yield that if Q is compatible 
with the partitioning (i.e . ,  if Q(x, a) = Q(z, G) if x � z) , then TQ will also 
be compatible with the partitioning since the right-hand side of the following 
equation depends only on the index of z and (J (i, b) , which is the common Q 

'Kote that Corollary 3.5.2 could also be applied directly to this rule. Another alternate way 
to deduce the above convergence result is to consider the learning rule over the aggregated states 
as a standard Q-lcarnillg rule for an induced MDP whose state space is {;t't , . . .  , Xn} , whose 
t.ransition probabilit.ies are p(Xi, a, Xj) = L EX EX POO(x)p(x, a, y) and whose cost.-struct.ure x .,Y J 

is c(Xi , a, Xj) = LXEX.,YEXj p=(x)p(x, a, y)c(x, a, y). 
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value of state-act.ion pairs for which the st.at.e is t.he element of Xi : 

(TQ) (z, a) = L P(Xi(z) , x)p(x , a, y) {c(x, a, y) + ')'m�n Q(y, b) } 
:r,EXi(z),yEX 

L P(Xi(z) , x )p(x, a, y) { c(x, a, y) + '( m�n Q(i(y) , b) } . 
xEXi(z),yEX 
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Since T is compatible with the partitioning, its fixed point must be compatible 
with the partitioning, and, further the fixed point of T and that of T are equal 
when we identify functions of D(X x A) that are compatible with "" with the 
corresponding functions of B(rr x  A) in the natural way. Putting the above pieces 
together yields that Qt as defined in Equation (4.11) converges to the fixed point 
� T. D 

Note that Inequality (4.9) still gives an upper bound for the largest difference 
between Q* and Q*, and Equation (4.10) defines how a l/n partitioning should 
look. 

The above results can be extended to the case when the decision maker follows 
a fixed stationary policy that guarantees that every state-action pair is visited 
infinitely often and that there exists a non-vanishing limit probability distribution 
over the states X. However, if the actions that are tried depend on the estimated 
Qt values then there does not seem to be any simple way to ensure the convergence 
of Qt unless randomized policies are used during learning whose rate of change 
is slower than that of the estimation process [39]. 

4.4 Q-learning for Markov Games 

In an MDP, a single agent selects actions to minimize its expected discounted 
cost in a stochastic environment. A generalization of this model is the alteTrwt­
·jug Markov game, in which two players, the maximizer and the minimizer, take 
turns selecting actions-the minimizer tries to minimize its expected discounted 
cost, while the maximizer tries to maximize the cost to the other player. The 
update rule for alternating Markov games is a simple variation of Equation 4.5 
in which a max replaces a min in those states in which the maximizer gets to 
choose the action; this makes the optimality criterion discounted minimax op­
timality. Theorem 4.2 .1 implies the convergence of Q-learning for alternating 
Markov games because both min and max are both non-expansions. 
Markov games are a generalizat.ion of both MDPS and alternating Markov 

games in which the two players simultaneously choose actions at each step in the 
process [42]. The basic model is defined by the tuple (X, A, B,p, c) and discount 
factor T As in alternating Markov games, the optimality criterion is one of 
discounted minimax optimality, but because the players move simultaneously, 
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t.he Bellman equat.ions t.ake on a more complex form: 

V* (.T) = min max L P(o.) { C(X, (a, b)) + 1 LP(:T, (o., b) , Y)V* (Y) } ' (4.12) 
pEll(A) bEB 

aEA yEA' 

In t.hese equations, c(x, (a, b)) is the immediate cost for the minimi�er for taking 
action a in state x at the same time the maximi�er takes action b, p(x, (a, b) , y) 
is the probability that state y is reached from state x when the minimizer takes 
action a and the maximizer takes action b, and II(A) represents the set of discrete 
probability distributions over the set A. The sets X, A, and B are finite. 

Optimal policies are in equilibrium, meaning that neither player has any in­
centive to deviate from its policy as long as its opponent adopts its policy. There 
is always a pair of optimal policies that arc stationary [49]. Unlike MDPS and al­
ternating Markov games, the optimal policies arc sometimes stochastic; there arc 
Markov games in which no deterministic policy is optimal (the classic playground 
game of "rock, paper, scissors" is of this type) . The stochastic nature of optimal 
policies explains the need for the optimization over probability distributions in 
the Bellman equations, and stems from the fact that players must avoid being 
"second guessed" during action selection. An equivalent set of equations can be 
written with a stochastic choice for the maximi7,er, and also with the roles of the 
minimizer and maximizer reversed. 

The obvious way to extend Q-learning to Markov games is to define the cost 
propagation operator Q analogously to the case of MDPS from the fixed point 
Equation (4.12) . This yields the definition Q : B(X) --+ B(X x II(A)) as 

(QV) (x, p) = r��� L p(o.) {C(X, (a, b)) + 1 LP(x, (a, b) , Y)V(y) } . 
aEA yEX 

Note that Q is a contraction with index 1-
However, because Q* = Qv* would be a function of an infinite space (all 

probability distributions over the action space) ,  we have to choose another rep­
resentation. If we redefine Q to map functions over X to functions over the finite 
space X x (A x B): 

[QV] (x, (a, Ii)) = {c(:r, (a, Ii)) + 1 L IJ(.T, (a, Ii) , y)V(y) } 
yEA:' 

then, for Q' = Qv' , the fixed-point equation (4.12) takes the form 

v' (y) = min maxL P(o.)Q' (y, (o., Ii) ) . 
pCIT(A) bcB 

acA 
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Applying Q on both sides yields 

Q' (x, (ao, bo)) = c(x, (ao , bo))+ 

' L  {P(X, (ao, bo) , Y) min max LP(a)Q' (y, (a, b) ) } . 
pEn(A) bEB 

yEX aEA 

The corresponding Q-learning update rule given the step t observation 

(.Tt, at , bt , Yt, c�) 
has the form 

where 

(1 - at(xt , (at , bt) ) ) Qt(Xt, (at , bt) ) 
+at(xt , (at , bt) ) {ct + ,(0 Qt) (Yt) } , 

(0Q) (y) = min max L P(a)Q (y, (a, b)) 
pEntA) bEB 

aEA 
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(4.13) 

(4.14) 

and the values of Qt not shown in (4.14) are left unchanged. In general, it is 
necessary to solve a linear program to compute (0 Q)(y). 
THEOREM 4 .4 . 1  Learning rule (4- 14) converges to Q' defined by (4- 13) pro­
vided that the condition., 4 - 1 . 1 hold, the learning rate., .satisfy 0 <:: at (x, (a, b)) , 
I:�o atCT, (a, b)) = x, I:�o a; (x, (a, b)) < (Xl and at(x, (a, b)) = 0 if (x, a , b) f 
(xt , at , bt) . 
Proof. The above update rule is identical to Equation (4.1) ,  except that actions 
are taken to be simultaneous pairs for both players. So a proof identical to that 
of Theorem 4.1 .2 proves the theorem. D 

It is possible that Theorem 3.1 .3 can be combined with the results of [82] on 
solving Markov games by "fictitiolls play" to prove the convergence of a linear­
programming-free version of Q-learning for Markov games. 

4.5 Risk-sensitive Models 

The optimality criterion for MDPS in which only the wor8t possible value of the 
next state makes a contribution to the value of a state is called the worst-case 
total cost criterion. An optimal policy under this criterion is one that avoids 
states for which a bad outcome is possible, even if it is not probable; for this 
reason, the criterion has a risk-averse quality to it. Following [28], this can be 
expressed by changing the expectation operator of MDPS used in the definition of 
the cost propagation operator Q to 

(QV) (:c, a) = max (c(x, a, y) + ,V(y)) . 
y,p(a.x.y» o 
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The argument. in Sect.ion 4.2 shows t.hat. model-based reinforcement. learning 
can be used to find optimal policies in risk-sensitive models, as long as p is 
estimated in a way that preserves its �ero vs. non-�ero nature in the limit. 
Analogously, a Q-learning-like algorithm, called Q-learning (Q-hat learning) can 
be shown and will be shown here to converge to optimal policies. In essence, 
the learning algorithm uses an update rule that is quite similar to the rule in 
Q-learning, but has the additional requirement that the initial Q function be set 
optimistically; that is, Qo(x, a) ::; Q' (x, a) for all x and a.2 Like Q-learning, this 
learning algorithm is a generalization of the LRTA * algorithm of [40] to stochastic 
environments. 

THEOREM 4 . 5 . 1  A88ume that both X and A are finite. Let 

if (x, a) = (Xl, all; 

othcrwi8c, 
(4.15) 

where (Xt, at, Yt, Ct) i8 the data observed by the decision maker at time t, Yt i8 
selected at random aceor'ding to p(x, a, . ) , and Ct is a random var'iable satisfying 
the following condition: Iftn(x, a, y) is the subsequence ofts for' which (x, a, y) = 
(Xt , al, YI) , then Cl,,(x,a,y) ::; c(x, a, y) and lim suPn-teo cl,, (x,a,y) = c(x, a, y) w.p . 1 . 
Then, Q I converges to Q' = Qv' p7'Ovided that Qo ::; Q' and evel'Y state act-ion 
pail' is 'Updated infinitely often. 

Proof. The proof is an application of Theorem 3.1 .3 but here the definition of the 
appropriate operator sequence Tt needs some more care. Let the set of "critical 
states" for a given (x, a) pair be given by 

M (:r, a) = {y E X I p(x, a, y) > 0, Q' (:r;, (1) = c(x, G, y) + 'f lt��lQ' (Y, b)}. (4.16) 

M(x, (1) is non-empty, since X is finite. Since the costs Cl satisfy Cl,,(x,a,y) ::; 
c(x, G, y) , n ::>: 0, and 

lim sup Ct,,(x,a,y) = c(x, (1, y) 
n-teo 

we may also assume (by possibly redefining tn(x, a., y) t.o become a subsequence 
of it.self) that 

lim Cl,,(x,a,y) = c(:r, (1, y) . 
n--+oo 

(4.17) 

2The necessity of this condition is clear since in the Q-learning algorithm we need to estimate 
the operator ma."'{y:p(x,a,y» O  from the observed transitions� and the underlying iterative method 
is consistent with maxy:p(x,a,y» O only if the initial estimate is overestimating. Since we require 
only that Tt approximates T at Q*, it is sufficient for the initial value of the process to satisfy 
Qo <: Q'. Note that Qo = -M / (1 - ,) satisfies this condition, where leI = maJe(x ,a,y) c(x ,  a, y) .  
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Now, let T(.x, a, V) = {tk (:r, a, V) I k :::: O }  and T(:r, a) = UyEM(x,a)T (.x, a, V) . 
Consider the following sequence of random operators: 

Tt(Q' Q) (x. a) = 
{ max (ct + rminbEAQ(Vt, b) , Q'(x, a)) ; if t E T  . . (x, a), , . Q'(x, a); otherwise, 

and the sequence Q� = Qo and Q;+l = Tt( Q;, Q;J with the set of possible initial 
values taken from 

:Fo = {Q E B(X x A) I Q(x, 0) <::: Q* (x, 0) for all (x, 0) E X x A}. 

Clearly, :Fo is invariant under Tt. We claim that it is sufficient to consider the 
convergence of Q;. Since there are no more updates (increases of value) in the 
sequence Q; than in Qt, we have that Q* :::: Qt :::: Q; and, thus, if Q; converges to 
Q* , then so does Qt. It is immediate that Tt approximates T at Q' (since w.p.1 
there exist an infinite number of times t such that t E T(x, a) ) , and also that 
with the choice of functions 

Gt(x a) = { O; if (x, a). = (Xt, at) and Vt E M(x, a), , 1 ;  otherwise, 

Condition 1 of Theorem 3.1 .3 is satisfied since TI (Q, Q') (x , a) = Q* (x, o) if 
(x , a) = (x{, al) and VI E M(x, o) . 

Now, let us bound ITI (Q', Q) (x, o) - Tt(Q', Q' ) (x, a) l . For this assume first 
that t E T(.x, a). This means that (.x , a) = (Xt , at) and Vt E M(x, a). Assume 
that Q, Q' E :Fo, i.e. , Q, Q' <::: Q* . Then 

ITt(Q' , Q) (.x , a) - T,(Q' , Q* ) (.x , a) 1  <::: 
(c(:r, a, VI) + "f min Q*(V[, b)) 

I bEA 

-max ( Ct + r��� Q(Vt, b) ,  Q'(x, a)) 

< (c(x, a, Vt) + "I min Q' (Vt, b)) - (ct + rminQ(Vt, b)) bEA bEA 
< -( I IQ* - QI I + Ic(x, a, Vt) - c� l · 

(4.18) 

where we have used that Tt(Q', Q*) (x, 0) :::: Tt(Q', Q) (.x , a) (since Tt is monotone 
in its second variable) and that 

1t (Q' , Q' ) (x, a) < max(c(x, a, Vt) + r ��� Q* (Vt, b), Q'(x, a)) 
< max(c(:c, a, Vt) + r lt��Q* (v{ , b) , Q* (x, a)) 

c(x, a, Vt) + '( Il�� Q* (Vt, b) 

which holds since Q' <::: Q' and Vt E M(x, a). 



74 CHAPTER 4. OFF-LINE LEARNING 

Let. O"t(x, a) = Ic(x, a, Vt) - c, l . Not.e t.hat. by (4.17) ,  

lim O", (:r, a) = 0 t--+':XJ,tET(:r:,a) 
w.p. l .  In t.he ot.her case (when t rt T(x, a)) , 17t (Q' , Q) (x, a) - Tt (Q' , Q* ) (x, 0.) 1 = 
O. Therefore 

ITt(Q', Q) (x, a) - 7t (Q', Q') (x, 0.) 1 <::: Ft (x, a) ( I IQ - Q' I I + At ) , 
where 

if t E T(x, a), 
ot.herwise, 

and At = O"t (.Tt, at);' if t E T(x, a), and At = 0, ot.herwise. Thus, we sat.isfy 
Condit.ion 2 of Theorem 3.1.3 since At converges to zero w.p.l .  

Condition 3 of the same theorem is satisfied if and only if t E T(x, 0.) i .o. But 
this must hold due to the assumptions on the sampling of (x" at) and Yt, and 
since p(x, a, y) > 0 for all V E M(x, a) . Finally, Condition 4 is satisfied, since 
for all t, Ft (x) = ,(1 - Gt (x)), and so Theorem 3.1 .3 yields that "Q-learning" 
converges to Q* w. p .l .  D 

Note that this process is not of the relaxation-type (d. Equation (3.18)) but 
Theorem 3.1.3 st.ill applies t.o. 

4.6 Discussion 

The Q-learning algorithm analyzed in Section 4.1 was described first by Watkins 
in his thesis [84]. He presented a simulation-type of proof. The connection to 
stochastic approximation was first observed by Jaakkola, Jordan, and Singh [33] 
and Tsitsiklis [79]. The proof presented here was first presented in the paper of 
Michael Littman and the author [74] . 

Model-based learning methods for expected value models (Section 4.2) were 
proposed by Barto et al. [1] .  The first theoretical analysis of this algorithm is 
due to Gullapalli and Barto [27]. The proof presented here allows a more general 
treatment than that earlier and can be found in the paper of Michael Littman 
and the author [74] . 

In Section 4.3 several generalizat.ion of Q-lcarning arc treat.ed at once. The 
algorit.hm present.ed here was proposed by Ribeiro [51] and a variant. was analyzed 
t.heoret.ically by Ribeiro and t.he aut.hor in [52].3 The proof present.ed here is 

3The variant considered the case when the time-independent spreading coefficients of (4.6) 
are replaced by time-dependent coefficients and also a function of the actual action, that is the 
spreading coefficient of (z, a) at time t is given by s,(z, a, Xt, at). By using Theorem 3.1.3 Ribeiro 
and the author have shown that if the convergence rate of .5t(z; a, Xt, at) - 6(z = Xt, a = at) to 
zero is not slower than that of [Yl(z,a), and the expected time between two successive visits is 
bounded for any state-action pair then Q" as defined by the appropriately modified version of 
Equation (4.6), converges to the true optimal Q-function, Q* [521. 
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new, although Gordon [24] and Tsitsiklis and Van Roy [80] commented on these 
questions in the context of using function-approximators together with value 
iteration. Proposition 4.3.2 is due to Gordon [24, Theorem 6.2] .  The idea of 
state-aggregation is discussed in the context of MDPS in [59] & [8] and the context 
of RL in [61] .  

The basic Illodel of :vrarkov-garnes presented in Section 4.4 was developed 
by Shapley [60] (see also [17] ) .  The corresponding Q-learning update rule was 
proposed by Littman [42] . The theorem and the proof were first presented in the 
paper of Littman and the author [74] . 

It is hard to trace back the origin of risk-sensitive models (Section 4.5) .  Bell­
man already described a Illultistep minimax model in his book [4] . Bertsekas and 
Shreve [9] also analyzed this criterion as a nice example for their abstract dy­
namic programming framework. Recently, Heger [28, 29] considered the learning 
aspects of this criterion. He proposed the Q-learning algorithm whose proof is 
presented here which appeared first in the paper of Littman and the author [74] . 
Heger also proved the convergence of this algorithm in his thesis [30]. The au­
thor also proved rigorously that the decomposition of this risk-sensitive criterion 
through Q is valid [68] and that estimating a model does not conflict with acting 
myopically under this criterion [67, 70] . 
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Chapter 5 

On-line Learning 

All the algorithms of the previous chapter required that every state-action pair 
is visited infinitely often which is called the "sufficient explomtion" (SE) as­
sumption. In this chapter we assume that the decision maker interacts with 
the system through an appropriate learning policy, i.e. learning is on-line. The 
learning policy determines then the actual visits to the state-action pairs and 
thus should be chosen in a way that the SE condition is met. For example, when 
the environment is a comllmnicating MDP (i.e., each state can be reached frmn 
every other state with positive probability) then a random-walk learning-policy 
(i.e . ,  when the actions are chosen randomly in each step) satisfies this condition. 
However, the random-walk learning policy is not very efficient in that the decision 
maker will never behave optimally. Think about choosing in each step the action 
that seems to be the best according to the momentary knowledge of the decision 
maker. For certain environments such a purely exploiting learning-policy does 
not satisfy the SE condition and neither the estimate of the cost-to-go function 
nor the learning-policy converges to optimality. Three questions arise. 

1 .  \Vhat are the environments when pure exploitation yields convergence? 

2.  What is a universal form of learning-policies which results in the conver­
gence of both the cost-to-go function estimates to the optimal cost-to-go 
function and the learning-policy to the optimal policy? 

3. What happens if the SE condition is not met: do we still have convergence 
(to somewhere)? 

In this chapter we try t.o answer the last. two quest.ion and some relat.ed ques­
tion. The first question was partially answered by the author in [67, 70] where 
it was shown that under minimax optimality pure exploitation does not conflict 
with convergence to optimality, so we con sid ere here the remaining two questions. 

77 
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5 . 1  Convergence of Q-learning without the SE 

Condition 

In the subsequent results the following sampling assumptions will be standard: 

ASSUMPTION 5 . 1 . 1  (ON-LINE SAMPLING ASSUMPTIONS) Let us consider a fi­
nite MDP , (X, A, p, c) , and let 7r = (7ro, 7rl , " "  7rt, . . .  ) be a fixed randomized 
policy, where trt : X x (JR x A x X)t ---+ II(A), and let (Xt, a" Ct) be t.he st.ochastic 
process over X x A, induced by 7r and t.he MDP, which is construct.ed recursively 
in a way t.hat. is sat.isfies the followings: If {Ft} denot.es an increasing sequence 
of (J-fields adapted to (Xt, Ct-l ,  at-I ,  Xt-l , · · · , Co, 00, xo) then 

1 .  P(XtH = y lx = Xt, a = at, Ft) = p(x, a, y) ; 
2.  P(at = a lFt) = 7r(.Tt, C1:-1at-l·Tt-l · · · coao.To)(a); 
3. EI Ct I.T = .Tt, 0. = 0." Y = .TtH , Ft] = C(.T, a, y) and VarlCt 1Ft] is bounded; 

4. XtH and Ct are independent given (J (Ft , at). 
We furt.her assume t.hat. t.he learning-rates at(x, 0.) in t.he st.ochast.ic approximat.ion 
processes considered in t.he following are of t.he form 

( ) _ { l/ (nt(x, 0.) + 1) ;  at x, a -
O. 

, 
if (x, 0.) = (x" at) , 
otherwise, 

(5.1) 

where nt(x, 0.) denotes the number of times the pair (x, 0.) was visited before time 
t by the process { (Xt, at) } .  
DEFINITION 5 . 1 . 1  We say that the policy 7r satisfies the sufficient exploration 
(SE) condition (or is sufficiently exploring) if, for the process { (xt, at) }  induced 
by 7r, (x = Xt, a = at) i .o . holds w.p.i , for all (X, 0.) E X x A. 

A reasonable weakening of t.he SE condit.ion is when in st.ates visited infinit.ely 
oft.en every act.ion is t.ried infinit.ely oft.en - t.his will be called t.he weak BE con­
dition (WBE). 

DEFINITION 5 . 1 .2 We say that the policy 11 satisfies the weak sufficient explo­
ration (WSE) condition (or i8 weakly sufficiently exploring) if for all (.T , a) E 
X x A, and for the process { (Xt, at) }  induced by 11, (.T = Xt, a. = at) i .o . holds on 
{w : x = .Tt(W ) i .o .} a.s. We will denote by Xx the 8et of states vi8ited i. o. by .T" 
i .e . , Xoo(w) = { x  E X I x = Xt(w) i.o. } . 

When designing a given learning policy we shall write 1I(at = a. IFt) to denote 
that given the information/history Ft, action 0. is chosen with a given (a-priori) 
probability. We begin by a simple observation: 
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PnOPOSITION 5 . 1 . 3  Consider Q-learning given by (4 . 1) and as.mme 5. 1 . 1 .  If 
the policy 7r is sufficiently exploring then Qt converges to Q* w.p .l .  

Proof. The proposition follows immediately from Theorem 4.1 .2 since 

00 00 
L Qt(x, a) = L l/(n + 1) = 00 

n=O 

w.p.1 and 

w.p. l .  D 

The following theorem shows that the WSE condition is sufficient for conver­
gence to optimality to hold in a restricted sense. 

THEOREM 5 . 1 .4 Consider Q-learning given by (4 . 1) and assume 5. 1 . 1  and that 
the leaming pol-icy meets the WSE condition. Then faT all (x, a) E X x A and 
almost all w s.t. x E Xoo (w) , liIllHoo Qt(x, a) (w) = Q* (x, a), -i. e. ,  Qt IX=xA --+ 
Q* IX=xA' as t --+ 00 w.p . l .  

Proof. Let X" . . .  , Xk C X denote those subsets of X for which P (Xoo = Xi) > 0 
and pick up some i ,  1 <:: i <:: k .  Then for all (.r , y) E Xi x (X\Xi) and for all a E A, 
p(x, a, y) = 0 since otherwise by the WSE property of the control-policy we would 
have P(Xoo = Xi) = P(Xoo = Xi, Y E Xoo) + P(Xoo = Xi , Y rt Xoo) = O. l\ow, 
let us restrict our attention to the event {Xoo = X;}. By the above property 
the restriction of the original :VIDP to Xi is well-defined. Let Qj denote the 
corresponding optimal Q-function. The Bellman Optimality Equation for or 
gIVes 

O; (x, a) = LP(x, a, y) (c(::r;, a, y) + 'f TeT Qi(y , b)) , \:f(.r , a) E Xi x A 
yEXi 

and for Q* gives 

Q' (x, a) = LP(x, a, y) (c(x, a, y) + ,��iJq* (y, b)) 
yEX 
L p(x, a, y) (c(x, a, y) + 'TeTQ'(y, b)) , \:f(x, a) E Xi x A. 
yE.1::'i 

So both Qj and Q* satisfy the same fixed point equation. Since , < 1 this fixed 
point equation has a unique solution and so we must have 

Q7 = Q' IX, XA' (5.2) 
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Let T E N  and set Oi.T = {w : Xt E Xi, t :::: T} . Then Qt converges t.o Qi a.s. on 
0i.7 by Proposition 5 .1 .3 since on 0i.7 and after time T the Q-learning algorithm 
works as a Q-learning algorithm for the MDP whose state space is restricted to 
Xi , and the SE condition for this restricted state space is satisfied on Oi,7' Since 
U7EWO.i,T = {w : Xoo(w) = Xi} a.s., so Q,(W) IXi XA --+ Qt , t --+ 00 holds a.e. on 
Xi = Xoo, and the theorem follows by (5.2) .  D 

Note that without any condition put on the learning policy convergence of 
Q-learning could be still proved (to some random function), but in general there 
is no simple relat.ion between Q' and t.he limit. values. 

5.2 Asymptotically Optimal Learning Strategies 

In order to present sufficient conditions for asymptotic optimality of learning 
strategies we need to specialize the form of on-line learning policies: 

ASSUMPTION 5 . 2 . 1  (STATISTICS BASED LEARNING POLICIES) Let us assume 
that Assumptions 5.2 .1 hold and that also the following hold: Let Sl. be some 
Ft-measurable statistics which is computed recursively on the basis of (Xt, at, C., ) :  
St = St(Xt, Ct-lat-1Xt-l . . .  c{)aOxo ) .l Then, assume that the learning policy 1f 
depends on the history of the decision process only through St: 

1f (.rt, Ct-, at-, Xt-, . . .  coaoxo) (a) 
1f' (a. l .rt, 8t ) 

In the following we will identify 1f with 1fl 

(5.3) 
(5.4) 

Note that it is sufficient to specify 1f at times when Xt = x, i.e., as a function 
1f (a. lk , s, x) = 1f (a. lx, s[k (xl ) ,  where tk (x) denotes the time when Xt visits x the kth 
time. If s; is any other statistics of Xl., C,_ , , 0.[_, , :c 1-, , . . . , ('0, au, Xu then 

since, by assumption, the probability of choosing action a in state X at any time 
given the history of process depends only on the statistics .5 at that time and the 
learning policy 1f (. ) . 

The following lemma gives a sufficient condition for a learning policy to satisfy 
the WSE condition. 

'In the examples below this statistics will be composed of the "table" Q,(-" J ,  {n,(x)}xEX, 
and {n,(x, a)} (x,a)EXxA' Here ",,(x) is the number of times state x was visited by {Xj};<:(. 
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LEMMA 5 .2 . 1 AsslLme 5.2. 1 and that the po,licy 7r is given in terms o,f the statis­
tics St and the pr-obabilities 7r(alxt, St) of choosing action a. Let tk (x) denote the 
time when Xt visits x the kth time. If for- all x E X 

00 

L 7r(a lx, SLk(X)) = 00 a.s. 
k�l 

then 7r satisfies the WSE condition. 

(5.6) 

Below we will give two examples when 7r(a lxt, St) is given explicitly and condi­
tion (5.6) is verifiable. 
PTOo,j. Note that the WSE condition is equivalent to that for all .T E X and every 
action a E A, and for almost every w s. t. x E Xx (w) there holds that {a = atk (X) } 
1.0. 

For the proof we need the following lemma whose proof follows the same lines 
as the proof of Corollary 5.29 in [14, pp.96] . 

LEMMA 5 . 2 . 2  (EXTENDED BOREL-CANTELLI LEMMA) Let J:k be an mer-eas­
ing seqlLence o,f (J-fields and let Ak be J:k-mea.snmble. Then 

00 

{ w : L P(Ak lJ:k-1 ) = oo } = { w : W E Ak i.o. } .  
k�l 

ho,lds w. p.l . 

Assume that the given policy is  used for control and let x E X be fixed. 
Then for all W s. t. :r E Xoo (w) the sequence tk (x) is well-defined and can be 
continued up to infinity. In Lemma 5.2.2 choose Ak = {atk (X) = a} and J:k be 
the (J-algebra generated by Sto(x), st,(x) , · · · ,  Stk+l(X) and Ao, AI' . . . ' Ak · Then Ak 
is J:k-measurable and thus by Equation (5.5): 

I'(aL, (X) = aISLo(X), SL,(X), · · · ,  SLk(X) , Ao, AI' . . .  ' Ak-l )  
7r(a lx , Stk (X) ) .  

So a.e. on {x E XOO } , 2:�1 I'(Ak lJ:k-l) 
{a = aLk(X)} i.o. holds a.e. on {x E XOO}. 

DC and thus by Lemma 5.2.2 also 
D 

DEFINITION 5 . 2 .3 A policy 7r is said to be asymptotically optimal if for· all x E 
X, limL-too P (aL E Argrnin Q' (x, a) 1Ft , x = XL ) = 1 holds w.p. l . 

The following theorem concerns policies which achieve asymptotic optimality by 
becoming greedy w.r.t. Qt sufficiently slowly, where Q, E B(X x A) is the t'h 
estimate of the optimal action-value function computed (e.g.) by Q-learning. In 
order to state the theorem we need 7r(at E ArgminaEA Q,(x, a) Ix = Xt, Ft) � 
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2.:aEA"gminbEA QtCx,b) 1I (a lx = .Tt, :Ft) , so 1I(at E ArgminaEA Qt (.T, a) Ix = crt, :Ft) can 
be interpreted as the conditional probability of choosing a myopic action given 
the history. This is well defined because of the measurability conditions on 11 and 
since Qt is :Fcmeasurable. 

THEOREM 5 . 2 .4 Consider Q-learning given by (4. 1) and assume 5.2. 1 .  Let 11 be 
a policy such that for all x E X: 

00 
L 1I (al:r: , 8t,, (x) ) = 00 and 
k=l 

lim 11 (at E Argmin Qt(x, a) Ix = Xt, :Ft) = 1 .  t-+oo aEA 

Then 11 is asymptotically optimal. 

(5.7) 

(5.8) 

Proof. Condition 5.7 ensures that the condition of Lemma 5.2.1 is satisfied which 
shows that the conditions of Theorem .5.1 .4 are satisfied. This latter Theorem 
yields that Qt lXooxA -+ Q' IXooxA as t tends to infinity w.p.l and so by the finite­
ness of A and (.5.8) we get the asymptotic optimality of 11. D 

It is immediate that the learning policy that, on the kth visit to state x 
chooses a myopic action with a probability proportional to 1 - 1/ k, and chooses 
non-myopic actions randomly, i .e . ,  for which 

if a E ArgminacA (h,Cx) (x, a) , 
otherwise, 

where ClT) is the cardinality of ArgminaEA QlT, a), satisfies the conditions of 
Theorem 5.2.4. Here St = (Qt, {nt(::r;) }xc.t' ) .  Note that here the whole history of 
the process up to time t is projected into the function Qt. 

The following corollary gives conditions under which the Boltzmann-exploration 
policy becomes asymptotically optimal. 

COROLLARY 5 .2 . 5  Consider Q-learning given by (4 . 1) and assume 5.2. 1 and 
that the random immediate costs, Ct, are uniformly bounded by some R > 0 
(Ct E [- R, R] for all t :::> 0) and the learning policy has the form of the so-called 
Boltzmann-exploration policy, i. e . ,  

where 
,, ( . .  ) _ '" (-Qt (:r, b) ) lVt X - L... exp 

T. (x) bEA t 
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i.s the partition function. A.s.9Ume that the "temperature " parameter T, (.r) (0 < 
Tt (x)) is a function of the numbeT of visits of state x, nt (x), i .e. , 

If 
T(v) = 2R 

(1 - ,) log(v) ' (5.9) 

11JheTe 0 < , < 1 is the di.scount factoT of the MDP then the Boltzmann-exploration 
policy i.s a8ymptotically optimal. 

PTOOj. Since Tt (x) --+ 0 a.e. on x E .:1:'00, (5.8) is satisfied. First note that since the 
random immediate costs are uniformly bounded qt remains bounded by R/(l-,) 
w.p. I .  (this comes directly from the form of the Q-learning equation). R/(l - ,) 
is therefore an upper bound on maxb qt (x, b) and similarly -R/(l - ,) is a lower 
bound on minb qt (x, b) :  

1 
1f(alx, 8tk(X) ) :::: 

( ) ( 211 ) ' 1 + m - 1 exp (l -�)T(k) 
(5.10) 

where m is the number of actions (we used the identities ntk(X) = k and Ttk(x) (:r) = 
T(ntk(X)) = T(k) .) Substituting (5.9) yields 

1 
1f(alx, 8tk(X) ) :::: 

( )k  m - 1 + 1  

and thus (.5.7) is also satisfied. Therefore, Theorem 5.2 .4 yields that 1f is asymp­
totically optimal. D 

Since the WSE condition is only an asymptotic requirement and the bound 
R/ (1 - 'f) may be asymptotically strengthened to ( 1 lnaxaEA q*(x, a) I + c), it is 
plausible that Bolt�mann-learning with Tx (v) = 2(l maXaE1o�:( x,a)l+ak) satisfies the 
vVSE condition with some au --+ 0, 11 --+ CXl. However, a lower bound on the rate 
of convergence of av towards zero is not trivial to obtain. Another approach is 
to make the temperature Tt depend explicitly on the qt values. This way one 
can give asymptotically optimally policies with the assumption on the bounded 
range of the immediate costs removed [62]. 

Note that although these theorems enable us to construct asymptotically op­
timal learning policies, the convergence rate of such general learning policies to 
optimality could still be optimized. Policies which optimize this convergence 
rate are called optimal leaming policies. Some types of optimal learning policies, 
which minimize the total expected loss caused by adaption as compared to the 
performance of an optimal policy, has recently been determined for the long-Tun 
average cost criterion [15, 25] . We would like to note that this optimization prop­
erty is an asymptotic requirement which fits the long-run average cost criterion, 



84 CHAPTER 5. ON-LINE LEARNING 

but. does not. fit. the discount.ed cost. crit.erion where the t.ransient. performance 
plays an important role. A suitable concept of optimality for the discounted case 
is discussed in [58]. Kote that once we know that the algorithms are asymptoti­
cally optimal the ODE method to stochastic approximations (see, e.g. [45, 41 , 5]) 
could be used for further analysis, e.g. to derive central limit type of theorems. 

REMARK 5 . 2 . 6  It is important to note that in the proofs of this and the previous 
sections we have not exploited the actual form of Q-Iearning. The only property 
that was used is that the for any process { (Xt , at) } which satisfies the SE condition 
the QI. values should converge to Q' w.p. l .  This means that we may use any 
algorithm that satisfies this property to generate the Q l values an the results of 
these two sections will still hold. Moreover, the same holds if Q' is replaced by any 
other function (corresponding to a different optimization criterion) which is the 
fixed point of a contraction of form (Tq) (x, a) = "£YE.¥ p(x, a, y) (T'Q)(x, a, V) , 
where T' : B(X x A) --+ B(X x A x X) is another contraction. This shows that 
the results of this chapter remain true for IlL algorithms with multi-state updates 
(see Section 4.3) .  

5.3 Exploration-Sensitive Learning 

In this section we investigate in some sense an opposite situation to that of the 
previous section, in that here the probability of the selection of exploring actions 
(non-greedy actions w.r.t. qt) will be kept constant. Such learning policies could 
respond to the changes in a non-stationary environment much faster than the 
ones with decaying exploration. Nevertheless, we investigate their properties in 
st.at.ionary environment.s so as t.o capt.ure t.he price of t.heir fast.er response t.imes. 

\Ve will consider semi-uniform learning policies: 

DEFINITION 5 .3 . 1  Given a q function and a small value E > 0, when in state x, 
take the action Argmin q(x, a) with probability 1 - E: and a random action from A 
with probability c (i. e., the probability of choosing a.n action from Argmin Q(x, a) 
i8 (1 - E:) + E: / 1  Argmin Q(.T, a) I). Such a learning-policy i8 referred to 0.8 (1 - c)­
greedy w.r.t. Q, and i8 denoted by 7r(Q, c) (7r (Q, c) : X --+ II(A) ) . 

The following theorem gives the form of the optimal semi-uniform policy. 

THEOREM 5 . 3 . 2  Let 

Q' (.T, a) = LP(x, a, y) (c(x, a , y)+yc: "£b�:\y , b) +(l-c) mbinQ' (y , b)) .  (5 .11) 
yE,Y 

Then vn(Q',c) <::: Vn(Q,c) for' all Q E B(X x A) . 
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Proof. vVe prove a slightly more general version form of this theorem. For this 
let us define the operator P : B(X x A) --+ B(X) by 

(PJ) (x) = inf (P.,.J) (x), /TEPa 

where Po is a fixed set of (randomized) stationary policies, 11 denotes a random 
stationary policy (11 : X --+ II(A) , or in an equivalent representation 11 : X x A --+  
lR, where 1I(x, · ) is a probability distribution) and (P"h) (.r) = 2:a 11 (.r, a)h(x, a) . 
Note that P is a non-expansion [74] . Let T : B(X) --+ B(X) be given by T = P Q, 
where Q :  B(X) --+ B(X x A) is defined in the usual way: 

(QV) (x, a) = 2: (c(x, a, y) + IP(x, a, y)V(y)) . 
'YEA: 

Since Q is a contraction with index I and P is a non-expansion we see that 
T is also a contraction with index ,. More importantly, TV <::: T" V = P" QV 
for all 11 E P and T is monotone. From these it follows by the reasoning of 
Corollary 1 .5 .5  that the optimal cost-to-go function given by 

is the fixed point of T and the T-greedy policy w.r.t. the optimal cost-to-go 
function is optimal, i.e. , it evaluates to v' . 

For the class of greedy policies considered in the previous paragraph 

( ) ( ) 2:aEA Q(x, a) 
( ) . ( ) P"QQ x = E IA I  + 1 - E ��Q x, a , 

so if we set Q' = Qv' then v' = PQ' = P"QQ' which yields that Q' indeed 
satisfies (5. 1 1 ) .  D 

COROLLARY 5 .3 .3  A88ume 5.2. 1, let E > 0 be fixed and con.sider the learning 
equation 

(1  - at(Xt, at))Qt(Xt, at) + 

at(xt , at) {ct + I(E 2:b ��(rt' b) + (1  - E) mlnQt (Yt, b)) } , 

(5 .12) 

where at iB Belected by the c -greedy policy w. T. t. Qt, 11. (ValueB not 8hown 
in (5. 12) are left unchanged.) Then, faT any fixed :r E X, 0,.8. on {:r E Xoo} 
and for· all a E A, Qt(x, a) --+ Q*(x, a) , wher·e Q* is the solution of (5. 11) and 
P (at = 0. 1 x = Xt, :Ft) --+ 11 ( Q' , c) ( x, a), i. e., 11 is asymptotically optimal in the 
class of c-gr·eedy policies. 
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Proof. :-Iot.e t.hat. t.he "nat.ural" learning rule corresponding t.o t.he fixed point. 
equation (5.11) (aE follows from the constructions of Chapter 4) is 

Ql+l (Xt , aLl = (1 - O<I(XL, aL) )QI(Xt, aLl + al (xl, aLl {CL + i min(T"QI) (YL) } ' 1TEPo 
(5.13) 

where Po = {1f(Q, c) IQ E B(X x An and the required convergence of Q, defined 
by this learning rule to the fixed point of (5.11 ) follows by Remark 5.2.6. Since 
the Lemma of Three-Years-Old yields that 

min (T"Q) (x) = e 2:" ��' a) 
+ (1 - c) min Q(x, a), 

7l"EPu ' a 

the Q-learning update rule (5.13) corresponds to (5.12) . :-low let x E X be 
arbitrary. Since by construction 1'(at = a lFt , x  = Xt) = 1f(Qt , c) (x, a), a.s. 
on {x E X",,} where a.s. Qt(x, a) --+ Q' (x, a), also Plat = a lFt, x = Xt) --+ 
1f(Qt, e) (X, a) a.s. on {x E Xoo}.  D 

An alternative to the rule (5.12) is given by 

Qt+1 (Xt, at) = (1 - at(.Tt, at))Qt (:rt, at) + at (.Tt, at) (et + iQt(Yt, btl ) , (5.14) 

where bt is chosen stochastically aE the action in state Yt according to the learning 
policy, i.e., in the case of (1 - c)-greedy learning policies 

The above rule can be viewed as an action-sampled version of the update rule 
(5.12) and is called SARSA since the update rule is based on the actual Q'tate, 
il,ction, the immediate Ieward (cost) and the next fitate and il,etion. \Ve will 
investigate the behaviour of this learning rule for the dass of mnk-based learning 
policies. 

DEFINITION 5 .3 . 4  A.s8ume that Qt E B(X x A) is a .sequence o.f Frmeasureable 
functio.ns. A statio.nary rank-based learning po.licy P is given in terms o.f a 
prabability distributio.n (P" P2, . • .  , Pm) aver the actian .space A, where Pi > a 
for i = 1 , 2, . . .  , m, and 1f (a IFt , x = Xt) = pp(Qt,x,a) ,  where p(Q, x, a) denotes the 
mnk af action a in the table Q(x, ·) (p(Q, x, a) = 1 if a = argminb Q(x, b) and 
ties ar'e assumed to. be b7'Oken in an arbitmrily fixed manner), 

Assuming that Argmin Qt(x, a) is a singleton the above (1 - c)-greedy learning 
policy is given by P, = (1 - c) + elm and 1'i = elm, where IA I = m ::,. i > l . 

THEOREM 5 . 3 . 5  Assume 5.2. 1 and that the SARSA learning equation (Equa­
tion (5. 14)) is used to co.mpute Qt . Further, assume that a mnk-based learning 
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policy 'if = 'ifp, where P = (PI , ' " , Pm) is a distribution, is used for control. 
Then, faT all (x, a) E X x A, Qt(x, a) (w) --+ Q*(x, a) , t --+ (Xl holds a. e. on 
{x E Xcx,} ,  where Q* is the function defined by the fixed-point equation 

Q* (.1: , a) = LP(.1:, a, y) (c(.1: , a, y) + 1 L pp(Q',y,b)Q* (y, b)) . (5 .15) 
VEX bcA 

MOTeoveT, 'if is asymptotically optimal w.p. l in the class of mnk-based poi'icies 
detennined by P .  

Proof. By Remark 5.2.6 it is sufficient to prove that (5. 14) converges when the 
SE condition is satisfied, so let us assume this. Since the learning rule is of the 
relaxation form, we can apply Corollary 3.5.2. Let 0.( Q, x, k) denote the action 
whose rank in table Q(x, ' ) is k (i .e . ,  p(Q, a(Q, x, k)) = k) . Let us write the 
SARSA update rule in the form 

Qt+! (Xt, at) = (1 - (It (x, , at))Qt(Xt, at) + (It (Xt, at) (Ct + IQt(Yt, a(Q, Xt+! ,  kt) ) ) , 
(5 .16) 

where the kts arc appropriately defined independent , identically distributed ran­
dom variables with I'(kt = k) = I'k' These random variables should be de­
fined in such a way that at+! = a(Qt, Xt+! ,  ktl w.p.l .  Notice the condition 
on action-selection guarantees the existence of these random variables. Let 
T : B(X x A) --+ B(X x A) denote the operator whose fixed point is Q* as 
given by (5.15) : 

(TQ) (x, a) = LP(x, a, y) (c(x, a, y) + 1 L I'p(Q,y,b)Q(y, b)) . 
VEX bEA 

Note that rank-based averaging is a non-expansion (see Lemma 7 and Theorem 9 
of [74]) so T is a contraction. Once again, we identify the state set X Corol­
lary 3.5.2 by the set of possible state-action pairs X x A, we further let 

and 

f ( ) - { (It(X, a), if (x, a) = (xt , at) ;  t x , a  - . . 0, otherWIse, 

(PtQ) (x, a) = ct + IQ(Xt+l , a(Qt, Xt+! ,  kt) ) .  
The conditions on ft and the approximation property of (ft, Pt) are readily veri­
fiable, but the condition for Pt is not immediate in this case. We show: 

1 (I'tQl) (X, a) - (I'tQ2) (X, 0.) 1 ..::: 
IIQ1 (:1:/+1 ,  a( Q1 , :Dt+1 o k,) )  - Q2(:r:t+1 , a(  Q2, X/+ 1 , kt)) I 

< 1 rna AX IQl (Xt+! ,  a) - Q2 (xt+l , a) 1  aE 
< I l lQl - Q2 1 1 ·  
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Here the second inequality comes from Lemma 7 of [74] which states that t.he 
absolute difference between the ith largest values of two (discrete-valued) func­
tions is smaller than or equal that the maximum-norm difference of the functions. 
Since all the conditions of Corollary 3.5.2 are satisfied, the convergence of Qt to 
Q' follows. D 

We conjecture that if the action aHI would be allowed to depend on the 
actual values of Qt and not only the ranks of actions in Qt(XHI, ') (consider 
e.g. the Boltzmann-learning policy) then the SARSA rule would not necessarily 
converge. In fact, for a non-rank based learning policy the Lipschitz property of 
the appropriate Tt operators w.r.t. their second argument may not hold. 

5.4 SARSA with Asymptotically Greedy Learning­

Policies 

In this section we still consider the SARSA learning-rule (5.14) ,  but here we as­
sume that the greedy actions (i.e., elements of ArgminbEA Q,(Xt+l , b)) are selected 
with a probability going to one. If this convergence is slow enough then, as sug­
gested by Theorem 5.2.4, this learning policy might be asymptotically optimal. 
Note that the SARSA learning rule is cheaper to compute at the onset of learn­
ing since initially there is no need to compute minaEA CJt(Xt, a). This may save 
essential computational resources if A is large, such as when A is a discretized 
version of some continuous action space (initially a rough discretization may be 
used) . 

If in this learning rule actions are still selected based on their ranks in Qf (XH 1 , .) 
then an argument similar to the proof of Theorem 5.3.5 can be used to show the 
convergence of Qf to Q'. However, if we do not make any such restrictions on the 
action-selection procedure apart from that the probability of the choice of greedy 
actions goes to one, then this type of proof cannot be used any more. The reason 
for this is that 

is not necessarily a contraction, but can be viewed as the sum of a contraction 
(E[PtQIFtl , where Ft represents the history of the process up to time t) plus a 
zero-mean term (PtQ -E [PtQIFtl) whose variance depends on Q. In order to an­
alY7,e this new situation we need an extension of Lemma 3.2.2 and Theorem 3.1 .3 
to conditional probability spaces. 

LEMMA 5 . 4 . 1  Let Z be an arbitrary set and consider the sequence 

(5 .17) 

wher'e z E Z and I lxI 1 1 < C < CXJ w.p. l  for' sorne C > O .  Assurne that for all 
k ;:, 0 limn-too TI�=k 9t(Z) = 0 unifor'rnly in z w.p .l ,  ft(z) <:: ,(I - 9t (Z)) w.p. l, 
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L.�o fl (z) < D < 00 w.p. 1 ,  I IE [Nt ( · ) IF,] II ::; I I :rt l l + At, where ° 2 At ---+ 0, 
and Val'[Nt(z) 1Ft] ::; C(z) for some non-negative constants C(z). Here, Ft is 
an incr'eOsing sequence of u-fields adapted to the process {Nt-1 , .ft, gt} and Fo is 
adapted to Xo . Then, I lxt l l  conver'!]es t o  ° with probability 1 .  

Proof. By defining rt(z) = Nt(z) -E [Nt(z) 1 Ft] , we can decompose Xt to the sum 
of 6, and Wt, where 

61+1 (z) 
Wt+! (z) 

g((z)6t(z) + ft (z)E[N,(z) I Ftl 
gt (z)Wt(z) + ft(z)rt(z), 

with 60 = Xo and Wo = 0. Since, by assumption, Val'(r, (z) 1 Ft) is bounded 
by C(z), we get by the Conditional Averaging Lemma (Lemma 3.5 .1)  that w, 
converges to E[rt 1 Ft] = ° w.p.I. Moreover, 

6t+1 (z) 9t(z)6t(z) + ft (z) 1 16t + Wt l l  
< gt(z)6t (z) + ft (z) ( 1 1 8t l l  + I IWt l 1 + At) 

and thus, since I lwt l l + At ---+ 0, we get by Lemma 3.4.2 that also 6t converges to 
zero w.p. l ,  thus finishing the proof. D 

The next lemma is a non-trivial extension of the above lemma to the case 
when the conditional variance may grow with I lxL i I : 
LEMMA 5 . 4 . 2  Let us con.sider the procesB OTt defined in Lemma 5.4 - 1  and a881lme 
that the conditions of that lemma are satisfied, except that here we assume only 
that Val'[Nt(z) IF, ]  ::; C(z)(1 + I lxt l l )2 . Then, I IXt l 1 converges to ° with probability 
1 .  

Proof. Define St (z) = rt (z)/(1 + I lxt l l ) ,  where T't (z) = Nt(z) - E [Nt(z) 1 Ft] as 
above. Then E[st(z) 1 Ft] = ° and E[sZtz) 1 Ft] < C(z) < 00, since Xt is F,­
measurable. This yields the decomposition '(', (z) = s( (z) + s,(z) I I X t i l - Now let us 
define the sequences ot, u( and v, by the recursions 

gt (z)6t(z) + ft (z)E[Nt (z) 1 Ft] 
9t(z)6t(z) + ft (z) ( 1 1Ut + 0t I I + at (z)) 
gt(Z)11t (Z) + ft(z)St (z) I IXt l l 
9t(Z)11t (Z) + .ft(z)St(z) ( 1 1 Ut + Ot l l + btl 
gt (z)Vt(z) + ft(z)St(z), 

with 60 = XO, 110 = Vo = 0, and 

at(z) E [Nt (z) I Ft] - I IUt + 6,11 , 
bt I lxt l l - l l 11t + Ot l l ·  
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Then :r, (z) = 6,(z) + 1J.,(Z) + v, (z) . By t.he Conditional Averaging Lemma 
(Lemma 3 .5 . 1) v, --+ 0 w.p. l ,  that is we can think of 'V, as a perturbation con­
verging to zero. Now let 

G,( [8, u] , e,) (Z) = [ 9,(z)6(z) + 1"'(z) ( I l u  + 8 1 1 + a,(z)) , 
9,(z)n(z) + 1, (Z)8,(Z) ( I lu + 8 1 1 + b,) ] , 

where Ct(z) = [at (z) , btl . Then [8t+1 ' UtH] = Gt([Ot, nt], et) ,  Gt is homogeneous, 
and by linearity XtH = Gt (Xt, et) is insensitive to finite perturbations of E = 
{E, h:>o and also scaling c by positive numbers smaller than one. Therefore the 
Rescaling Lemma (Lemma 3 .3 .2) applies to X" i.e. , in order to show that X, 
converges to zero w.p.l it is sufficient to show this under the assumption that 
Xl is kept bounded by rescaling it . Let we., ul'] denote the rescaled version and 
o < Sl <::: 1 the scaling coefficient at time t. Since 

n"" (z) = S 9 (z)n'''' + S 1 (Z)8 (z) ( l in"" + 6"" 1 1 + b ) .  t+1 t t t t t t t t t , 
by the Conditional Averaging Lemma (Lemma A.2.3, Part 2) 'llt(Z) converges to 
zero. In order to show this apply the identification Wt = St(z) ( 1 I n:c, + 61c' l l + btl , 
and the rest of the identifications should go without saying. In fact ,  the conditions 
on 9t and 1t imply the conditions on at in the Lemma, and the conditions on Wt 
are implied by 

and 

Va.r [8t(Z) ( l in;' + 6;' 1 1 + btl 1 Ft] E [8;(Z) ( 1 Iu;" + 6t l l + bt)2 1 Ft] 
< 3K E[s; (z) 1 Ft] (5 .18) 
< 3KC(z), 

where K is a bound on [6sc' , u1c,] and in (5.18) bt --+ 0 w.p.l was used. Also (\1" 
converges to zero since by the triangle inequality l at(z) I <::: I lat l l <::: bt + At and 

1 6;�1 (z) I < S, (9' (Z) 1 6;C (z) 1 +  1,(z) ( 1 In;C + 8:' 1 1 + lo, (z) I )) 
< 9l(z) 16;C (z) 1 + 11 (z) ( 1 Iu;C I I + 1 1 6r l l + bl + Al) ' 

If we let 6ri = 66c, and 6;+t1 (Z) = 9t(z) l6t (Z) I + 1t (z) ( l 1 6t l l  + I l u1' 1 1 + bt + At) 
then (by induction on t) we get IW' (z) 1 <::: 6t (z), which holds for all t :::: D. Since 
we know that n;' converges to zero, t.hus by Lemma 3.4.2 also 6t and t.herefore 
6t· converge to zero w.p.l .  This proves t.hat. the rescaled version of X, converges 
to zero, and therefore by the Rescaling Lemma so must do the unsealed version. 
But this means that x, = 6, + 'u, + 'V, converges to zero w.p. l ,  which is just what 
we wanted to prove. D 



5.4. GREEDY LEARNING AND SARSA 

The next. theorem concerns relaxat.ion processes of form 

Vt+1 (x) = (1 - f, (x))V,(x) + f, (x) ([PtVt] (x) + Z,(V,) (x)) , 
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(5 .19) 

where ft satisfies the usual properties, PI is typically a pseudo-contraction and 
Zt represents some kind of zero-mean "noise." )fot.e t.hat. t.he relaxat.ion processes 
considered earlier could also he put. in t.his form, hut, t.here, t.he noise t.erm st.ill 
remains a cont.raction! Our aim here is t.o consider t.he case when Zt is no longer 
a contraction hut is a "real" noise. 

THEOREM 5 .4 . 3  Let X be an arbitrary set, v' E B(X) and consider the stochas­
tic process given by Equation 5. 1 g. As81tme that the following condition., are 
.sati"fied: 

1. The process defined by 

(5 .20) 

converges to v' w.p. l; 

2. 0 ::;  .ft(x) ::; 1; 

3. 2:;'�1 .ft(X) converges to infinity uniformly in x as n --+ 00 and 2::"'1 tf(x) < 
D < 00 for some D > 0; 

4· there exist number 0 < , < 1 and a sequence At 2" 0 converging to zero 
w.p . l  .51tch that I IPtU - PtVl 1 ::; , I IU - VI I + At holds for all U, V E B(X); 

5. E[Zt (V) (.r) 1 Ft] = 0, Var[Zt(V) (x) 1 Ft] < C(.r) (l + 1 1V 1 1 2) < 00 for some 
C > 0, for all V E B (X) , where Ft is an increasing sequence of rY-fields 
adapted to the process (G" F" Pt, Z'-1 ) and Va is Fo-measurable. 

Then, V, converge" to v' w.p . l  uniformly over X. 

Proof. Let Tt(U, V) (x) = (1 - .ft(.r))U(x) + ft (x) ( [PtV] (x) + Zt (V) (x)) and let 
T,(U, V) = E[T,(U, V) I FtL so T, (U, V) = T,(U, V) + ftZt(V). If we let (;1+1 = 
1',((;" V) and Ut+1 = T,(U" V) then 

(;1+1 (:1') - Ut+1(.r) = (1 - ft(x) ) ((;t (.r) - Ut(:r)) + ft(.r)Zt(V) (x) 
converges t.o zero w.p.1 hy t.he Condit.ional Averaging Lemma (Lemma 3.5 . 1 ) .  
Therefore we get t.hat. Tt approximat.es T if and only if Tt approximat.es T. Next., 
ohserve that 1; gives rise to a relaxation process of the type considered in Corol­
lary 3.5.2, so Tt approximates T at v' and y;,+1 = Tt(y;" y;,), Va = Vo converges 
to v' w.p. l .  Since 

v,+1 (x) - y;,+1 (X) = (1 - .ft(x))(V,(x) - y;,(x)) 

+ft (:1') ( (PtV,) (.r) - (Pty;,) (.r) + Zt(V,) (:1')) , 
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by ident.ifying Z, x"� ft, Vt and Nt of Lemma 5.4.2 wit.h X, v" - Vt, 1ft , 1 - ft 
and (Pt v,,) - (Pt Vt) + Zt(v,,) , respectively, we have that v" - Vt converges to ;oero 
w.p.1 if 

and 

for some C(x) > O. However, since PI is a nOll-expansion, we have that 

Et I IE [ (Ptv,,) (· ) - (PtVt)( ·) I Ftl + E[Zt(v,,) ( · ) I Ftl l l 
I IE [ (Ptl/; ) ( ·) - (PtVt) (· ) I Ftl 1 1  
I I (PtV;) (, ) - (Ptv�) (- ) I I  

< -( I Iv" - Vtl l + At 

(5.21) 

(5.22) 

where in the the Ft measurability of v", v" and Pt was used. Finally, since �t is 
bounded, 

E[ I Zt(v,,) (.TW I F,] ::; C(.T)(l + 1 1v,, 1 1 2 ) ::; D (.T) (l + 1 1 v" - V; 1 12) 
for some D (;r;) > 0, thus proving (5.22) . D 

U sing this theorem, it is easy to show the convergence of SARSA with decaying 
exploration. 

THEOREM 5 .4 .4  Consider the leaming r'ule 5. 14, assume 5.2. 1 and that the 
lear'ning policy satisfies the WSE condition. Further', assume that the leaming 
pol'icy 11 is const7'ucted so that 

lim 1I(at+1 E Argmin Qt (.Tt+I , 0.) 1 Ft) = 1 t--+oo 
a 

(5.23) 

where Ft is an increasing sequence of (I-fields adapted to {Xt+1 ' Qt, at, Ct-I, at} .  
Then, for all (x, a) E X x A, Qt(x, a) (w) --+ Q'(x, 0.), t --+ CX) holds a. e. on 

{x E Xcx;} .  Moreover, the leaming policy is asymptotically optimal w.p. 1 .  

Proof. By Remark 5.2.6 it is sufficient to prove that (5 .14) converges when the 
SE condition is satisfied, so let us assume this. 

The process (5. 14) is a relaxation process of form (5 .19) ,  where v" corresponds 
to Q" X to X x A, ft(x) to at(x, a) if (x, 0.) = (Xt, at) and to zero, otherwise, 
and Pt is given by 

if (x, 0.) = (Xt, at) ;  
otherwise, 



5.5. DISCUSSION 

and 

Z (Q) (  ) _ { c/. + ,Q(:C/+1 , a1+1 ) - (p/Q) (:e, a) , t · .T , a  - 0, 
if (x, 0.) = (:e/ , at); 
otherwise. 
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Since Ft is adapted to (.Tt+1 '  a" Q" Ct-1 ,  at) , indeed E [et + 7Qt(.Tt+1 ,  at+1) 1 Ft] = 
(PtQt) (Xt, at). By assumption the learning rates satisfy the conditions of Theo­
rem 5.4.3. So in order to apply Theorem 5.4.3 we need to check only if 

(1 - at (Xt, at) )C:!t(xt, at) + at(xt, at) (et + ,Q (Xt+1 , at+1))  

(1 - at (Xt, at) )Qt (.Tt ,  at) + at(:rt, at) (ct + 7 Tcc� Q(.Tt+1 ,  b)) + 

,ule/ , at) (Q(:eI+1 , aI+1 ) - rninQ(:C/+1 , b)) , bEA 

converges to TQ (T being the ordinary Q value operator of the MDP : (TQ) (x) = 
L.YEX p(x, a, y ) (c(x, a, y) + , minbEA Q(y, b) ) ) and the properties of Pt and Zt . 
The Conditional Averaging Lemma (Lemma 3.5.1) together with Theorem 3.4.1 
show that (5.24) indeed converges to TQ. The properties of I't and Zt arc easy 
to verify. By definition, E[Zt (Q) (x, a) I F,] = O. Since Var[c, I F,] < C < 00, and 
c, & at+1 ,  and Ct & Xt+1 arc independent given Ft, and there arc a finite number 
of actions, so there exists a function C(x, 0.) > 0 such that Var[Zt (Q) (x , a) I F,J < 
C(x, 0.)(1 + I IQ I I " ) . D 

Note that the learning policies suggested after Theorem 5.2.4 are concrete 
examples when all the conditions of Theorem 5.4.4 are met. 

5.5 Discussion 

Most of the material presented in this chapter is original. The results on the 
convergence of Q-learning algorithms without the SE (sufficient exploration) con­
dition, presented in Section 5.1 ,  are new (Theorem 5.1 .4) .  

The main results of Sections 5 .2 ,5.3 and 5.4 are based on the joint work of 
the author with Jaakkola, Singh and Littman [62] . Nevertheless, the proofs pre­
sented here differ from those of [62] in order the connection with the previous 
chapters arc clear. Strictly speaking, Lemma 5.2.1 ,  Theorem 5.2.4, Lemma 5.4.1 ,  
Lemma 5.4.2, Theorem 5.4.3 are entirely new. A similar result to that of Theo­
rem 5.4.3 appeared in [11] (Proposition 4.5, pp.157) with an informal proof. 

Notice that the result on how to decay the temperature in Boltzmann-exploration 
(Corollary 5.2.5) so as to keep the SE condition satisfied is the outcome of a worst­
case analysis. Indeed, recently Kalmar, Lorincz and the author found that in a 
real-world domain (controlling an autonomous robot) Bolt;omann exploration is 
not needed for convergence [37]. Such situation may arise as a consequence of 
the strong ergodicity of the underlying Markov-chain. 
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John [35, 34] devised t.he algorit.hm present.ed in Sect.ion 5.3 which is int.ended 
to work with persistent exploration. He found that better learning performance 
can be achieved if the Q-learning rule is changed to incorporate the condition 
of persistent exploration. More precisely, in some domains John's learning rule 
performs better than standard Q-learning when exploration is retained, i.e. , the 
discounted cumulated cost during learning was higher for his learning rule. The 
convergence of this algorithm was first investigated in the paper of Littman and 
the author [74] . This update rule was also described by Rummery [56] in the 
context of variations of the TD (A) rule. In addition, Rummery explored SARBA, 
the action-sampled variant of the exploration-sensitive rule, too. This rule has 
also been studied by John [34], and by Singh and Sutton [63, 66] . The first proof 
published for the convergence of SARSA appeared in [62]. 

The convergence rate of on-line RL algorithms is can be investigated from 
different perspectives. An asymptotic convergence rate can be obtained directly 
from the results of Section 3.6. Non-asymptotic results are also of interest. Such 
results has been obtained for particular learning policies by [21] and more recently 
by Singh and Jaakkola [38]. These results show that the problem of learning 
optimal policies is PAC-learnable, i.e., almost optimal policies (O-optimal policies) 
can be found with high probability (1 - e) within polynomial time in the si�e of 
the MDP, 1/(1 - ;) ,  l /e and 1/6. The proofs rely on the idea that the structure 
of MDPs can be estimated quickly by appropriate learning policies and they use 
Hoeffding (or Large Deviations) type of inequalities to provide upper-bounds on 
t.he precision of estimat.es. 



Chapter 6 

Summary 

In summary, we list the contributions of the author: 

1 .  For the first time the operator-theoretical treatment of sequential decision 
problems is extended to non-stationary policies in a consistent way (Corol­
lary 1 .1 .13). 

2 .  The usual theorems concerning the fundamental equation of Dynamic Pro­
gramming (Theorem 1 . 1 . 10), the convergence of the finite-horizon opti­
mal cost-to-go functions to the infinite-horizon optimal cost-to-go func­
tion (Theorem 1 .3.3) , the validity of Bellman's fixed point equation (The­
orem 1.4.2) ,  existence and characterisation of optimal stationary policies 
(Theorem 1.5 .2) ,  etc. are transferred to this case. 

3. It is shown that in increasing models (i.e. when the cost of policies increases 
by time) if Voo denotes the function obtained by value iteration (dynamic 
programming) then 

(a) if the optimal cost-to-go function for stationary policies is equal to Voo 
then both functions satisfy the Bellman optimality equation (Theo­
rem 2.2.2) 

(b) if Voo sat.isfies t.he Bellman opt.imalit.y equation and t.here exist.s a 
greedy policy W.r.t. Voo t.hen Voo equals t.o t.he optimal cost.-t.o-go func­
tion and the myopoic policies w.r.t. Voo are optimal (Theorem 2.2.7). 

4. Also for increasing models it is shown that Howard's policy improvement 
routine is valid under mild continuity assumptions (Lemma 2 .2 .11)  but does 
not necessarily give rise to optimal policies when iterated (Example 2.3.3) . 

5 .  For finite and increasing models it is shown that the greedy policies w.r.t. 
the function given by the tth step of the value iteration algorithm are optimal 
after a finite number of steps (Theorem 2.3.4). 
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6. Convergence of t.he so called reinforcement. learning algorithms which are 
asynchronous, estimation-based variations of the value-iteration algorithm 
is proved based on a new operator-theoretical treatment (Theorem 3.1 .3) .  

7 .  The asympt.ot.ic rat.e of convergence of value-it.erat.ion based reinforcement. 
learning algorithms is given (Theorem 3.6.1) . 

8 .  As an application a rigorous proof of the convergence of the so-called Q­
learning algorithm which approximates the optimal action-value function 
in minimax problems is put forth (Theorem 4.5 .1) .  

9.  For the first time, conditions for the convergence of the learning policy to 
an optimal policy are given (Theorem 5.2.4). 

10. It is proved that the on-line algorithm called SARSA (O) converges to opti­
mality (Theorem 5.4.4). 

11. Some experiment.s have been performed using t.hese algorit.hms on a real­
robot [36, 37] (t.he robot. is shown in Figure 1 ) .  The experiment.s were 
analy�ed by ANOVA and the results indicated the significant superiority 
of the model-based learning algorithms over the model-free ones. Although 
the learnt policy differed from that of a handcrafted policy, the respective 
performances were indistinguishable. 

12. In the case of the worst-case total discounted cost criterion the learning 
policy which always selects the actions that seem to be the best converges 
to optimality [70, 67] .  

13. Stability results based on the Liapunov method were derived for a class of 
continuous-time adaptive control for plants whose control gain varies by the 
state of the plant [76, 77, 73, 78]. 

14. Worst-case upper performance bounds for a class of model-based adaptive 
control systems are given in [22, 23] under the assumption that the con­
trolled system is known up to a L2 measure of uncertainty. 

Results 1-5 can be found in [44, 72, 74] , results 6-9 were published in [44, 74, 71, 
69] , while result 10 was published in [62]. 



Appendix A 

A.I Convergence of Composite Processes 

In this appendix, we prove Theorem 3.4.1, which we restate below for the conve­
nience of the reader. 
THEOREM 3.4.1 Let X and Y be normed vector 8pace8, Ut : X X Y -+ X (t = 
0, 1 , 2 , . . .  ) be a 8equence of mappings, and Bt E Y be an arbitrary .sequence. Let 
Boo E Y and Xoo E X. Consider the sequences 

(A. l) 

ILnd 
(A.2) 

and suppo.se that Xt and Bt converge to Xoo and Boo, respectively, in the norm of 
the corre8pondinq spaces. 

Let L� be the uniform Lipschitz index of Uk (x, B) with respect to B at Boo and, 
similarly, let L� be the uniform Lipschitz index of Uk (x, ()oo) with respect to x.  
Then, if the Lipschitz constants L� and Lf satisfy the relations Lf <:.: C(1 - Ln , 
and rr:�n L'1r, = 0, where C > ° is some constant and n = 0, 1 , 2 , . . .  , then 
limt-too I I Yt -Xool l  = o. Without the loss of generality we will a8sume that Xo = yo . 
The theorem is proved through a series of simple lemmas. The assumption Xo = Yo 
will be used to simplify the expressions in Lemmas A.1 .2 and A.1.5 below. In 
this part we admit the convention that rr:�a At = 1 if a > Ii which also makes 
some expressions shorter. 

VVe start with an elementary, though useful lemma concerning iterated linear 
inequalities. 

LEMMA A . l . l  Let {bt l ,  {atl , {btl be sequences of real numbers which satisfy the 
inequality 

Then, 
t t t 

elt+! <:.: 60 II a, + L bi II aj . 
i=O i=O j=i+l 
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(A.3) 
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Proof. By assumption, 81 � 0,080 + lio and 62 � 0,181 + li1 . Substituting the 
estimate of 61 into the latter inequality yields 62 � 0,10,060 + 0,1 lio + b1 .  Continuing 
in this way we get (A.3) . D 

Since in Theorem 3.4.1 I I Yt - XOO I I  � I I Yt - Xt l l  + I IXt - Xx I I ,  it is sufficient to 
show that I IYt - xt l l  converges to zero. First we bound this difference: 

LEMMA A . 1 . 2  Let Xt , Yt, Lr, L� ,E it be the series as defined in Theorem 3.4 . 1 .  
Then, 

t t 
I I Yt+1 - XH1 I I  � L I Iii, - lioo I IL� II L�. (A.4) 

8=0 p=s+l 

Proof. The proof is the application of Lemma A. I . 1  to the sequence 5t = I IXt-Yt I I . 
Indeed, by the triangle inequality we have that 

6tH I lUt(Xt, ex) - Ut (y" et) I I  
< I I U1 (Xt , ex) - U' (Yh lioo) I I  + I I U,(Yh lioo) - U' (Yl ,  Ii,) I I  
< L�"t + Lf l l et - lioo l l ·  

Thus, 6t satisfies the conditions of Lemma A . I . 1  with at = L� and bt = Lt I I lit -
lioo l l . D 

Observe that the right-hand side of (A.4) can be taken as the "triangle" 
transformation of the sequence I I lit - (100 I I  in the following sense. If o6.t is a 
sequence of numbers, and at,m , 0 � Tn � t is a triangular matrix, then the 
transformed sequence 

t 
bt = L at,mo6.m 

m=O 
is called the triangle transform of o6.t with transformation sequence at,m . The 
transformation itself is a ]RN ---t ]RN linear operator. 

DEFINITION A . 1 . 3  A triangle transformation defined by the sequence {at,m} ,  0 � 
Tn � t, t, Tn E N, is called regular if the following two conditions hold: 

1 .  limt-too at,m = 0 for all Tn, and 

2. lin1t-too (2:�n=O at,m) = c. 

In this case the sequence {at,m} 'i" called TegullLT, too. The constant c i8 called the 
multiplier' of the tmn.sfonnation. 

Regular triangle transformations actually map Co (I'!) to Co (1'1), as it is shown in 
the following lemma. 
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LEMMA A . 1 .4 Let a = {a.t,m} (t, m E N, 0 ::; m ::; t) be an arbitrary regular 
sequence with rnultipliel' c. Let /:',.t be al'bitmry with limt-too /:',.t = /:',. and let bt be 
the "tr'iangle tmnsfonn" of /:',.t with tmnsfonnation sequence at,m : 

t 
bt = L at,m/:',.m. 

m=O 
Then, bt ---+ c/:',., t ---+ (Xl and: 

K 
I bt - c/:',. I ::; lEt/:',. I + 2 1c 1HK+l + Ho L lat,m l , (A.5) 

m=O 
wher'e 0 ::; J( ::; t is al'bitrary (but it may depend on t), Et = C - 2.:�=0 a.t.m, and 

HK = sup I/:',.t - /:',. 1 ·  t'2I< 
P1'OOj. Let 0 ::; J( ::; t. Then 

t t 
I bt - c/:',. I = L at,m/:',.m - (Et + L at,m)/:',. 

m=O m=O 
t 

< L at,m (/:',.m - /:',.) + l et/:',. I 
1n=O 
K 

< L at,m (/:',.m - /:',.) + sup I/:',.i - /:',. 1  i�K+l m=O 
K 

< Ho L lat,ml + 2 lc lHK+l + let/:',. I ·  
rn=O 

Hence, (A.5) follows. 

(A.6) 

t 
L at.m + let/:',. I 

rn=K+l 

Now, let us consider the convergence of bt. Pick up an arbitrary E > D. Then, 
let us choose the number J( so that 2 ICIHK+1 < s/2, and choose N :::: J( such 
that let/:',. I + Ho 2.::'=0 lat.m l  < e/2 is satisfied whenever t :::: N. Such numbers 
exist because HK and Ot converge to zero and also a.t,m converges to zero as t 
tends to infinity for any fixed m. Then, by (A.7) , if t :::: N, then Ibt - c/:',. I  < c.  
Since c was arbitrary, bt converges to c/:',.. D 

The following lemma completes the proof of Theorem 3.4.1. 

LEMMA A . 1 . 5  Let x"� Vt, Lf, L�, Ot be the sequences as defined in Them'ern 3·4 · 1 .  
Aswrne that thel'e exists a constant C > 0 weh that 

Lf ::; C(l - L�) (A.7) 
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holds for all t :::: 0 and also for all k :::: 0 

00 
II L� = O. (A.8) 
t=k 

Then, limHoo I IXt - Yt l l  = O. (Note that Condition (.4 .  7) requires that L� -<: 1 
holds for all t since Lr :::: 0.) 

Proof. Let L::.t = I I Bt - Boo I I  and at.m = L?n rr��m+l L7- Observe that by 
Lemma A.1 .2 ,  I lxt+l - Yt+1 1 1  can be estimated from above by the triangle trans­
form of L::.t with coefficients at,m' Since Lr;" -<: C(l - L:j;,) , then at,m -<: bt,m, where 
bt,m = C(l - L:j;,) rr��m+1 L; . Therefore, since 0 -<: 2:�.�o at,mL::.t -<: 2:��o bt,mL::.t, 
it is sufficient to estimate the sum 2::n�a bt.m.L::.t from the above to obtain an 
upper bound on I I .Tt - '!f& Now, observe that (bt,m) satisfies the assumptions of 
Lemma A.1 .4: bt•m :::: 0, 

and 

00 
lim bt.m = C(l - L;"') II LX = 0 t-too . J j=m+1 

t I ( 
L bt•m = C L(l - L;"') II L;. 
m=O m=O j=m+l 

which is a telescopic sum that reduces to C(l - rr��o L;) after expansion. There­
fore, t 00 

tli,n� L bt,m = C(1 - II L;) = C > O. 
m=O j=O 

Thus, Lemma A.1.2 can be applied, and we see that I IXt - '!ft l l  converges to zero. 
D 

Note that this proved Theorem 3.4. 1 .  

A.2 Convergence of Certain Stochastic Approx­

imation Processes 

THEOREM A . 2 . 1  Suppose the following assumptions aTe satisfied. Let Fa C;; 
Fl C;; . . .  C;; Ft C;; Ft+1 C;; . . .  be an incTeasing sequence of (J -fields and consideT 
the pTocess 

(A. g) 
wher'e Ht(· ) is Teal-valued and a.s. bounded function. Assume that Xt is Ft-
measur'able and let ht(xt) = E[Ht(Xt) 1Ft] . Assume that the following assumptions 
aTe satisfied: 



A.2. STOCHASTIC APPROXIMATION 

1 .  A number x' c.7:ists s. t. 

(0) (:T - .7:* )ht(x) ::; 0 for all t ? 0, 
and if for any fixed e > 0 we let 

then w.p. 1; 

(b) 2:::0 ht(e) = -00; 
00 -+ (c) 2:t=o ht (e) < 00, where r+ = (r + I r l )/2; and 
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2. E[H/(x{) IFd ::; C, (l + (Xl - x')"), for some non-negat'ive mndorn sequence 
C, which satisfies 2:::1 Cl < 00 w. p .l .  

Then x{ converges to x' w.  p .l .  

Proof. The proof is based on the following "super-martingale" type lemma due 
to [54]: 
LEMMA A .2 . 2  Suppose that Zt, Bt, Ct, Dt ar'e finite, non-negative mndom vari­
ables, adopted to the a-field Ft, which satisfy 

E[Zt+! 1Ft] ::; (1  + Bt)Zt + Ct - Dt. (A.10) 

Then on the set {2:::0 Ht < 00, 2:::0 Ct < oo}, we have 2:::0 Dt < x and 
Zt --+ Z < 00 0 . 8. 

In our case let Zt = (.Tt - .T*)2. Then 

E[Zt+! 1Ft] < Zt + Ct(l + Zt) + 2 (xt - x')ht(xt) 
< (1 + Ct)Zt + Ct + 2(xt - x*)ht (xt) 

and therefore by the above lemma (since by assumption Ct ? 0, 2:::0 Ct < 00 
and (Xt - x')ht (xt) ::; 0) Zt --+ Z < x w.p.1 for some random variable Z and 
2:::o (Xt - x')ht (xt) > -00. If x > Z(w) f 0 for some w then there exist an 
s > 0 and N > 0 (which may depend on w) S.t. if t ? N then e ::; IXt(w) -x' I ::; � .  
Consequently 

00 
-00 < �).x , (w) - .T')h , (.Ts(W)) 

8=0 
co 

< �).T., (W) - .T* )2 h., (c; w) 
s=o 
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N-I 
< 2)Xs (w) - x,)2 hs(c; w) + 

-00 

- 1 
hs(c; w) + 102 s�N,h.� (€;w)<50 s�N,h.� (€;w» O 
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hs(c; w) 

by Condition lb. This means that {w I Z(w) f O }  must be a null-set which 
finishes the proof of the theorem. D 

The theorem could easily be extended to vector-valued processes. Then the 
definition of ht (e) would become ht(e) = sUPcSllx-x' 1 1 2S 1/J:r; - ;:r;'fhl:r;) and Con­
dition 1a should become (x - x'JTh(x) ::; O. Otherwise, the proof is identical if 
one defines Zt = I lxt - x* I I � . Note that Theorem A.2 .1 includes as a special case 
i) the standard Robbins-'vIonro process of form Xt+! = Xt + ItH(Xt, Tit ) ,  where Tit 
are random variables whose distribution depend only OIl Xt; -it ::>: 0, 2::t It = 00 
and 2::t -d < 00, and .j.t) one form of the Dvoretzky process Xl+I = Tt + Tit , where 
Tt = Gt(Xt - x' ) + x' ,  Elrit lGt, rlt-I , Gt-I , . . .  , Tlo , Gol = 0, 2::t E [rdl < 00, Gt ::; 1 ,  
and 2::t (Gt - 1) = -00. 

Next an extension of Lemma 3.5.1 is proved. 

LEMMA A.2 . 3  (CONDITIONAL AVERAGING LEMMA) Let :Ft be an increasing se­
quence of a-fields, let 0 ::; at, St and 'Wt be mndorn var'iables such that at, 'Wt-I 
and St-1 are :Ft rnea.mmble. A8surne that the following hold w.p. i:  E[st l:Ft. ,  at f 
Ol = ii > 0, E[s; l:Fd < B < 00, E[S(Wt lh at f Ol = A, E [s;w; l :Ftl < B < 00, 
2::�, at = 00, and 2::�, a; < C < 00 for some B, C > O. Then, the process 

converges to A/A. w.p.i .  
Further, 

(A.11) 

(A.12) 

converges to zero, zf at, /3t, 5t and Wt-I are :Ft-rneasumble, E[Wtl :Ftl = 0, Va,r[wt l:Ftl < 
B, 0 ::; 5t ::; 1 and the relations at ::>: 0, 2::�o at = 00 and 2::�o max(at, f3t)2 < 
x hold w.p. i .  

Proof. Without the loss of generality we may assume that E[St l :Ftl = A and 
E[StWt l :Ftl = A. Rewriting the process (A.11 ) in the form of (A.9) we get Qt+! = 
Qt + atSt(wt - Qt) and thus ht(Q) = E[atsteWt - Q) I :Ftl = at(E[StWt l:Ftl -
QE[St l :FtD = atA(A/A - Q) and ht(e) = -atA independently of c. Due to the 
identity I.rl ::; 1+ :,.2 , I E[s;Wt l:Ftl l ::; E [s; IWt l l:Ftl ::; E [s; (1 + 11Jf) l:Ftl ::; B+B and 
making use of Ix i ::; 1 + x2 again, we have E [Hf(Qt) l:Ftl = a;E [s; (wt - Qt? l:Ftl ::; 
al(B + 2(B + B)(l + Qn + BQn ::; alC'(l + (Qt - A/A?) for some C' > O.  
Thus, the lemma follows from Theorem A.2.1 .  
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The second part is proved from Lemma A.2.2 directly. Let Zt = IQt I 2 • Note 
that by the non-negativity of St 

so 
E [Zt+1 IFt] ::; Si (Zt - 2at lQt l + t3;B + a;Zt) .  

If we let Cf = max(B, 1 ) max(/lt, at? then we obtain 

Since 0 ::; St ::; 1 and since for large enough t, 1 ::> at ::> 0 w.p.1 . ,  we have 
( (1 - S'f)Zt + 2atSl lQt l )  ::> ( (1 - S'f) + Sl (2at)) mill ( IQt l ,  Zt) ::> 2at min( IQt l ,  Zt) 
and so 

Now the same argument that lead to the proof of Theorem A.2 .1 yields that here 
also Zt ---+ 0 w.p.l ,  thus proving the Lemma. D 
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