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Abst.ract. 
h i!:l COIILIlIOIl that arl.ificial IllOural !llOhvork!:l (A)J')J'!:I) <'Irt< u�"d [or 

�ppmxim;n;ng th" ;nwTs" rlyn�llli�s of .. pl�nt. In th� ��mmp�ny­

ing paper 3. self-organising ANN model for associative identlfkatlOn 
of the inverse dynamics was introduced. IIere we propose the use 

of IlpproximllT;p inVPfSP dynillllir: m()d�ls f(lT h()th Static: Ilnd i)ynllmir: 
StlltA ,:snS) fppdhil!�k r:()mrnl . This mmp()\llld mntrnllAT is r:a.pllbIA 

or high-pl"t'cisiOIi cllrll,rlll t'1't'rl wll'HI I,ll'l i llWWl*! d,VrlH ITl i,:� i� JUSI, qll<;,l­
itlltiv(,ly m':ldelcd or the plant's dynamics is perturbed Properties 

of the SOS Feedback Controller in learning the Inverse dynamics as 

welills ".)mpllrison:: with other ITIpt.hods aTB dis.�lJss<'!o:J. An ""'''Ample is 

pre!if'med when a dl1l0tir: plant., a hior.'!ador, i!i r.ontroliM u!iing thA 
SDS COIlLmller \\'e round Lh;;.L till! 50S COflLroll"r call c\Jlllpi:!lI.!>aL� 
m .. ,d�l mismatches t.hat ot.h�rwiRp. would I .. ad t,n an IInt,\)II"r<'l.hly largA 
error if a tradition.::;,} controller were used. 
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1 Introduction 

A vast amount of work has dealt with n�ural networks for controlling a plant 
with knoy;n, parti ally known, or unknown dynamics, Som� of th� propos�:l 
tf,r,'hniqll�F, sel)ar<l.h� tnf. If.<l.rning <l.nd (I S11bF,f,qllellt workin g IJll aF.R, Dllri ng  tnR 
working pni'lSfl tne (:ontroller is no longer adilpcin g. 1n rei'l,l world prohlemF, 
It 16 quit€ common; ho",ever, that the plant 's dynamic!; changes over time 
i �" it might bl? nl?cI?6sary to retain ad aptivity Adopting now a different ap­
proach, the r�tention of adaptivity during the working phasl? cannot salvI? all 
prnhlflms . Tn give all examplf:, if tIll'': dynamicF, 11a,<, w hf, relearnRn WhRlleVf.r 

the load of a ma.nipluator chang;cs it may involve a considero.blc time until 
the controller cun get accustomed to working with t.he required precision in 0. 
new task. There are at least two options when dealing with this problem: (J) 

add uew UillleJl�iolls to I.he state space of I.ht: pl�1l1. Ij,nu extend the sensory 
:;ct (t:.g., 1lH.:i\:,urc tnc load oll-lille) Andelwil and Millt:r, 111 1:)92, or (ii) u:;c 
a feed back controller in order to extend the region in which the feedfon-.-ard 
controller can work Miyamoto, Kawato. Sctoyama, and Suzuki HiSS: Lcwis, 
Lill, and Yesildir",k 19�a.. This latter option ha.s �verallldvantag�� hut m ay 
al�o he di�ll tivantage011s 

Thfl ati\·ant:\g� of th� extr(\ l'eetihflck Coneroller (FRC) is that it ftllmvs 
thfl Pflflnforward C0ntroll�r (fpC) to work wieh ft hroftder rftngR of prohlfln1S 
since thR FRC Cftn mmpem:at� for Nrors. The other !'!ide of the cain iR thel.t 
fll'rar compenF,i'l.tian <'(In not remain perfect far non-line::'!,r control prohlemF, 
far a nnitfl period of time in tn", g",ner::'!,l Ci1�e. In order ta i1,pprecii1te thiR, one 
shOlllti Il!,!sume thftt irle(\l (:ompf:1lSi'l.tion is i'l.chievi'l.hle. Cle::trly, this results in 
thfl loF,s oftllfl inpllt of tllf. F'BC i'l.l1n this mflam thi'lt t.'he com po:msation Sigl1i'l.1 
remftins 11ndrmged. TTowevflr, 8.", thfl plallt mO .... fl� thfl "idei'll" r.ompflnsi'l.tioll 

signal ("bange!; and thl1S the c:ompo?nsation signal of th� controller bemmes 
imperfo?ct. Also, slDce feedback is working on th� basi!> of a pos,<;ible enor, 
�Ucll an error first has to develop b�iorl? any compenr,atory action can be 
made, i .fl., ff:f:dback c(jTltrol is wmewnat delayed . 

In S7.t'lpesvtiri <lnd Lorinc.7. 199;) we proposed to lIf,e the same invers", dy­
namics controller (a controllcr that has iC<lrnt and approximated tlie invcrse 
dynamics of the plant) for both FFC and FBC. The rFC is extended by an 
extel"ll�l, compellslj,lory control signal for cowpen:;lj,liug perturbatioll� of the 

plaul '::; dynamics. The rate of change of the cowpell:;alol'j' colltrol :;ignal i:; 
the differencc of the optimal control signal of the unperturbed plant and the 
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cunt.rol signal lhat. woulu move lhe llllperlurbeu jJlanl in lhe uirectiun along 
v,hich LIw plu.nl hilli muve..:u This 1Cl.t.Ler cont.rol sign ell is compule..:u by llle 
I'llC. 

The said "jJro"jJosal might be an attractive answer to the dilemma '';vnen to 
switch between feedfonvard and feedback control methods". The dilemma 
arises when the learning isslh� is comklereo, since prrors Sh01110 res1l lt in 
Iparning However, if hoth feenh(\ck (\11(1 fppMorwarn mPrhons are t(\king 
pla"e, thpn ::I.n imeresting in:o,t::l.bi lity m Cl.Y Mi:o,e, n(\mely: Whid :o,ystem is to 
be blamed for the error') Tn other woro:o,: -VVhid system :o,hOllld be tr(\ineo') 
This is one type of the credit R...ssignment prohlem "\Tinsky 1 �fil. This problem 
seems eR...sier if the fppMorward and the fppc1h(\ck :o,ystems are thp same. \Ve 
sh(\ll retllrn to this point later. Tt will be sho\'ln by theoretic::I.l comioeration:o, 
R...S well R...S hy "om})llter experiment:o, thin the compOllllc1 controller is cilpCl.l)le 
of "ompen:o,a.ting })ertllrbCl.tion:o" i .e. ,  pertllrl)Cl.tioll:o, tl1C1.t do llOt reverse tile 
effect of any compommt of the control sig-nal 

2 Prelirninaries 

2.1 Tenlls 

The terminolog-y will be defined first since the meaning- of some of the con­
cepls may be uiiIerenl depenuillg on lhe field, vi". COllLrol, Arlificial Inlelli­
gence, :.rellml :.rely/ork:::, dc. 

H "jJlanning and control are interleavcd, i.c., u.t cacn time t thc u"jJgrudcd 
in:;tcmtllnwus (state) information1 is used to generate a nc, ... ' control signal 
then the system villl be called a closed-loop systf-m. If the value of the control 
al t.ime /. uepell(h only on lhe st.ate of t.he planl al lhe same t.ime, lhe cont.rol is 
saic1 to be in a .�t(J.tic .�tatl' jl'fd�ark control mone i1nn thp controller is c(lileo 
Cl. jadjorward ronfmllu (FfC). Ap.."lllme th::l.t the pl::l.nned motioll Cl.nd tile 
adllal motion (\re c1ifferent. Then the difference, i .e. ,  the error, can bp used to 
generate an error-compen:o,ating :o,ign<l.l. (�eneration of the error-wmpen:o,<l.ting 
signal is the tR..."k of the jAl'dh(J.rk (?()nirollfr (PRe). C"Jote the i1mhigllOlls llse 

lit is assumed that the state information contains all the information needed to describe 

the (lynamir� of the plant. Tn rlloSe of sen�orimoT.nr row,rol tllP ,tat.e infnrmat.iorl �hOl1 lrl 

be developed from the sensory input. In this case oboervability, i.e. , whether enough 
information can be rccover,�d or not; is also a qucstion 

of Lhe lerm feedback.) The OUt.Pllt. of t.he feedbcv:k conlroller shollid be 
inlegrCl.leU in uruer lo recCl.ll pre..:yiOllS c�rrors Cl.nu UlUS lo ueyclup a {HCU(;flliv(; 
compcn:;atoni control :;ignlli. This means tnat a feedback controller u."jJ"jJlies 
d.l)n'].mic :;tc.tc JccdblJ.ck, i.e., it is "jJrecisely the d.l)nlJ.mic:; ofthe (com"jJensatory ) 
control sig-nal that depends on the state of the plant as opposed to the case 
of sta.tk stilte feedback when the wntrol signal itself oepends on the :o,tate of 
the plant. Tn other worc1s, in the Glose of oyni1mic sti1te fppc1bi1ck the control 
:o,iglla.l i:o, the Ollt})llt of ilnothpr dyna.mi"Cl.l :o,ystem. Tf, however, one vipws the 
problem from the i1spect of the feeobi1"k controller, it:o, Olltpllt m::l.y depenc1 
only on the error, i .e. ,  the feeoba"k "ontroller m ::l.y itself be ::I. feedfonvarc1 
control system working on the error R..." the state inpllt. Prom this viewpoint 
the tR..."k of the feeobCl.Ck (Inn th(\t of the feenforwarn controller ::I.rp similar 
both :o,hOlllo mCl.}) :o,tCl.te V(\hle:o, to control 1.'l].lu(;8. Tn the following we llSe the 
term jfd�(u:k control to refer to dynCl.mic :o,tCl.te feeobil"k COlltrol. 

2.2 Forward, inverse dynamics and the speed field track­

ing task 

Let Rm>-:" uenole real m x 'fj. i llalnces. \Ve say lhal a illalrix A aumib a 
g-e..:llerCl.li"ed inyerse2 if lhe..:re is a lllulrix X fur which AXA = A hold:::. his 
well known thu.t (i) A is nonsingular if und only if it has u. unique generalized 
inverse and (ii) al l  tne solutions of tne linear equation Ax = b have the 
form x = Xb + (E - XA)y, where E is the unit matrix; provided that 
the consioered linear equ(ltion hi1s a solution ::I.t all Ren-Tsri1el (lnd Greville 
1974 Here y c1enoted ::I.n i1rhitrary vector of the (\TlPropri(\te nimensions 
For "om'ell ience, the generil.l i7.pc1 illVprse of (\ non-:o,inglllil.r m "trix A ,."ill he 
denoteo by A-1 

Assllmp that the plant's equation is gnren In thp fol lowing form Tsioori 
19RP 

q = h(q) + A(q)" (1) 

whc�re q E R" is lhe sLaLe vector of lhe..: plalll, q is lhe lime deriYuliYc� of q, 
u E R'" is thc control signal, b(q) E R", and A(q) E !lux",. \Ve assume 
that the domu.in (denotcd by lJ) of tne statc variable q is com"jJu.ct and is 
simply connected: that n S m ,  and for each qED the rank of matrix A(q) 
is A(}ll al to n: that is, the mi1trix is nonsinglll(\r. As a COllSA(}llence the plant is 

�Sometimes it is  called the pseudc-inverse, or simply the inverse of matrix A 



slrongly conlrollctble. In lhis ca::;e lhe ineqLl(:\lily n < m means lhctl lhere are 
more illciepelHlenl aclLlulor::; lhan slale yeclur componc�nls, i_e_, Lhc� conlrol 
problem is redundant _ _ Another kind of redundancy, or ill-posedness occurs 
,,,hen n > m in i-vhich case even A -I is non-unique 

Further, "I'oie assume tha.t both of the matnx fields, A(q:' and A -I(q) a.re 
rlif=r�rentiahh� ".'T.t. 'I (rlitf�renti<l.tion i s  assllmed to be extelld�d to matnx 
fields ill the llSnal W'A.y Lovelock 'A.wl Rlmrl -I !=IT.'l) 

One way to obtain a dos�d-Ioop "antrol t:1sk is to comirler th� .,pt:f:d fidd 

trrlr.king prohl�m. This iR de-nned a.": follow.": Let v = v(q) h� a fixed n 
rlim�nsion <l.l vector fi�ld over D_ The .�pppd jipld trrlr.king fruk is to -nnd tne 
static st<l.te feedback control 1 1  = 11('1) tnat wives tne eqlJation 

v(q) = b(q) + A(q)u(q) (2) 

}lore conventional tasks such as the point to point control and the trajectory 

tracking ta:sks cannot l)e exactly rewritten in the furm uf speecl field tracking 
Fmther discussiun of speed field tracking can be found in Szepo?svari and 
USrinc"'L 1990. 

Given the plant's dynumics by Equation (1) the inverse dynamics of the 
plant is given as follows 

who?re y = y(q, t) is an arbitrary function Of comse, the cuntrul signal 

"('I) = p(q, v(q)) 

solves the speed field tracking- control task g-lven by Equation (2) In the 

JulluwirlY u.'(:' u;ill lwk (II Olt main t'lJ/ltt: oj IItt irlVt:u!t: dYllrlmiu, I. (:'. , Wt 

1J/55UrrW IhlJl y(q, I) = [I IJnd /liltS 

p(q,v) = A-'iq)(q - hiq)) (4) 

'This u.ssumption simplifies the calculations and is justified later. 
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3 Theory of SDS Feedback Controllers 

3.1 The perturbed equations 

Assllme tnat the N}11ation of motioll of tn� plant enanges <l.nd the ne,li N}1Hl­
tiOll Rystem reads (lS fol lowR 

it = h(q) +4(q)1I, 

where A(q) is <l. nonsillglll<l.r m <l.trix field. LN ns first a.",Sllme tn<l.t we seek (l 
static state f��rlhack compellRatory control signal; w = w(q), snen tnat tn� 
control sign<l.l 11('1) + w(q) wlveR tne origin:11 speed field tr:1"king prol,lem 
for the perblrbed pl ant One call ch�"k that for tne comp�ns<l.tory cOlltrol 
Sigll<l.P 

1t holds that it = v(q) _ Here '\'(q) is the speed vector field followed by the 
perlLlrbed planl provided t.l1Cl.l lhe conlrol sig-nal i� u(q): 

Indeed, 

q 

Vlq) = b(q) + A(q)u(q) 

ll(q) + '\('1)(111:,'1) +w(q)) 
v(q) + v(q�1 - -<'(q'l 
v(qj. 

Unfortunately. the learnmg- of w(q) is ali complex as it is to �timate 
K -l(q) and b(q) and thus it 1S the same as retaining- the adaptivity of the 
[eed[on .... ard conlruller. \Ve should like lu alleviale lhis proLiem by inlroduc­
ing dynamic sl(l.le feedback [or e�limaliIlg lhe cumpem(l.lor.y conlrol Sig;IlUI 

3.2 Compensatory Dynamic State Feedhack Control 

First, nhs",rv", thin w(q) s:1.tisfieR tllA AqlHl.l ity 

"Notp t.hat thp comrpn�Cltor}' rontrol signClI 1-v(q) + (F, - A-1(q)A(q));y(q,t). whpfp 

Y = y(q, t) i� arbitrary, results in q = v(q), too. Thuo \v(q) can be viewed as the mean 
or main part of perfect compensatory signals 
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where 
v(q, w) = q = b(q) + A(q)(u(q�1 + W). (8) 

TndAAd, if both sic1es of P..q11ation (7) are m11ltiplied hy A(q) (l.nd h(q) is 
adnen W� (lrrive (l.t th� e(111(l.tion 

which is equivalent to the desired it = v(q) The simplest error-feedback law 
is to ld w change until Equatiun (7) is satisfied, Then we gd the folluwing 
Aq11ati(!ns: 

w 

q 

1\ (11('1) - p(q, v(q, w))) 

L(q) + A.(q)( u(q) + VIi) (10) 

where A IS a fixed positive number 4 Fortunately, EquatIOn (10) can bo? re­
alized by applying- a compound control alg-orithm provided tha.t the speed of 
lhe plCUIl is measllrable TIle block diag-rCl.lll of lhe compound conlroller is 
given in Fig. L As is depicted in lhe figure and is suggesled by lhe equa.­
tions the controller that realizes the inverse dynamics plays a dual role: it 
computes the feedforward control signal that would move the unperturbed 
pla.nt into the desired direction and; in case of error, the very same controller 
also compules t.he (feedback) cumpellSalory sig-netL The cumpound conlruller 
will b� c(\ll�n Static (Inn Dyn(l.mic St(l.t� P��nb(\ck G:mtrol1�r (SDS reenback 
Controll�r)_ '1'h� comp11t::ttion of th� control sigml.l is a." follO\vs: \Ve a.o,."lllm� 
that the state (Ina th� sp��n of the phnt ar� (lvailabl�. Th� invPrs� dynamics 
�ontrollN first �omTllltes thp f��dforw::trc1 control sign::tl by 11sing the sp��d 
fi�la to b� tf(l.�kea at point q. Thpn the S(l.mp control1�r complltes th� dif­
fer�ntial fppc1h(\ck control sign(l.1 hy 11sing th� (l.Ctll(\1 sTlPPc1 (q) of the phnt. 
\Tow th� feeaforward control sign "I is 1'lllbtr"dAd from th� fppc1b:1.Ck control 
sign(l.l, the res111t is intpgr::ttpc1 thrcmgh time, (l.na adnea to th� f��nforward 
control sig-nal Tho? sum is uso?d as the mput to the plant 

4Equivalently one might consider the feedback equation 

A�ain, in the case of equilibrium w = w(q). These two equations are not the same ifb(q) 
is nonzero 
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Il is dear lhal ill feedback eqLlililxium, i.e.; \vhen v.., :::: 0, il musl huld 
lhal v(q) = v(q,w). On llH� ollLCr llanci, if Cll Ml.l: lime ""'((I:::: 0 oUl w(q) 
is non-constant in the neighbourhood of q then w(t + s) must differ from 
w(q(t+s)) provided that s is sufficiently small. This means that w cannot be 
kept ideal. Below it will be indicated that under some ,'.'ell defined conditions 
w �an bp k�Tlt a." dos� to th� idp::tl control signal ::ts c1esir�d by choosing larg� 
en011gh A 

'1'0 proceed 111 this dir��tion ld 11S r�\'irit� Eq11ations (1 0) ha.�Ad on thA 
v::triablA 

,= A(q)w - (v(q) - v(q)) (11 ) 

Note that if and only if w = w(q) then z :::: O. Thus z may be viewed as an 
error v(l.riC'lble. Eq11(l.tions (10) now take th� form 

q 
w 

v(q) +z 
-AA-I(q)Z (12) 

Thps� �ql1ations show that the plant apTlroximately follcYil,.'S th� pres�rib�c1 
sp�:l field provided that z is small As a Sl)ecial case .ve mention that if 
th�re is 110 pArtllr-bCttion Ctt ,,11, tllAn w c01lV�rg�s tu 7,ArO ::tt an Axpone11ti,,1 
r"k This might b� SAAn directly from EeJ,ll:1.tions 1:,11) "nd 1:12) Tn th� 
following- the perturbed caso? will be considered and we show that the error 
can be kept small 

3.3 Ullifonn ulthnat.e houllrlerllless 

Some notions on stability are needed for the subsequent developments_ Let 
R denut.e lhe set. of real numbers, and Rn denole lhe reCl.1 n·dimensional 
veclor::;. Consider t.he u.ulonomous ::;}'slem 

x = f(x), (13) 

whpr� x is the �lem�nt of D, Dis (l. compC'l�t sllbset of 'An, and f is (l. v�ctor 
V::tlllPc1 smooth f11nction OVN D. Th� sollltion of Eq11ation ('13) corr�sponding 
to th� initi(\l condition x(O) = �, is apnot�d by 'P(t; el (e E DL Tt is assl1med 
that thA 011tpl1t of EeJ,ll"tiOll 1:1;=1) is 

y :::: h(xl, 
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where y E Rt, Gnd h 1::; conl111uoLL::;. Lel 11·11 denole i:Ul arbilrary llurm over 
lr Cl.nd ld L: be Cl.ll Cl.rbilrary :wbsd oj" Ri, We:. ::;ay LhCl.L lhe:. OUlpul oj" Llle 
above system is u.niformly uftima.tcty bounded (U UH) u.:.r. t. th.c set U if there 
is a bound 6 > 0 rmd rI number '1' > 0 such t.hrlt for cac.h solution 9( t;.:-) 
for which h(O E U it holds that Ilh':rp(t;,;r:'11 < b provIded that t > T and 
if(t;f,) i::l clennen for t. Tf h(x) = x, then we ::lay that the ,'y.�tfm i::l UUR. 
Since if(tl +t2;,;) = <;(tl,<;:(t2;e)) for (\11 f, (\nn tl,t2 > 0, it follo\\'::l th(\t if 
the Olltpllt of tile ::lY8tem i::l uun "nn h( 'P(t; 0) E U for ::lOme e ann t then for 
all e> t + Tit holns that Ilh'�<;(�; 0)11 < h. T \.,·ill be c(\llen the ab8orI'tion 
tlme 

T,et 11::l ('J."81Ime that ::lystem (1:=1) is necomposen into two I'"rt::l 

x, j,(x) 
j,(x), (14) 

where x, E R," ) X2 E R":l, n,) n2 > 1 and n, + n� = n Further assume that 
the uutpllt of system (14) is h(xl = x, The follmving theorem is proven in 
Szepesvari and Lorincz 1995 

THF.OR.B'�'r 8.1 [,At jU rOiuida thp rmtonomOIB diiffrp.ntial p(1),ation giL'p.n DY 
(!4). A.w./mf thrJt thp. domain of thi., fqufJ.tion rontfJ.in.' fJ. nfighhourhood of 
2PTO. [,ret II . II d.:notp rm arbitrary norm on n:'� (j,nd la 

whe;rf l: < f( art' po ., itil:e numDu., and x, dfnotf,� th;; lIfctor formr:d from th;; 
.first 17, com.ponwts of x, A5sum.e further that we a.n git'fil 'J /1.xed p05itiUf. 
number. p. ,Vow suppose tha.t therf cris ts a rwl-II'Jlllfd fundion V = V I :X) 
df.finfd on D, l" has continuous parti'Jl deriva tiws on D, and V s'JtisfifS the 
follo wing pro]h:rtifs: 

I. V(x) = W(llxIID, where; Wi., rl .,trirtly iTlrrpa.,ing fl.lndion: 

2. if x E 11, then ii(XJ < -/j. 

Thw the olltpat y = x, of ,'y,�tfnl (14) i., uun w. r.t. thf ,�et {x E D 
Ilx,11 s: K} 'Jnd /lound b 

This tneorem ::lb.tes that lIndPI' the reqllired conclitions Eqll::ttion (14) i::l 
p'Jrti'Jlly uniformly bounded, Some pamal stability concepts were considered 
by R.umiantsev Rumiantsev 19G7 
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3.4 The ultimate boundedness of the feedback error 

Let lIS nenote by Amin(A) tile singular lIal,U? of the qll(\clr(\tic matrix A, th(\t 
h� the lea:st 'J/lSO/lltf value Of COllrse, \,,,,,(A) > 0 holds if and only if A is 
positive definite Let us denutt? by 11·11 the Euclidt?an norm, \Vt? use the same 
llcJtrdicm for tne E1IciideCtn norm (if vectors, tile indllcecl R1Iciideall llOrm of 
m::ttrices ann tensors . 

Vole wIll assume that the perturbation of A(ql is decomposed as 

A('1) = D'�'1)A('1) (If!) 

u.nd let 
r(q) = b(q) - b(q) (16) 

F1lrther, let 

Elementary calculations shmv that 

0('1) = (B - D('1))(v('1) - h('1)) + D('1)r('1) (17) 

The folio-wing theorem gives the conditions of t.he uniform ultimate bound­
edn��s of the error of tr(\cking 

THEOREM 3.2 Assume that the perturb'Jtion of A(q) is gi!;en by EquCJtion (13) 
(Ifld Iht PtrllJl'�!Jlilm o/L(q) ill yivtIJ �y E'11Juliori {16}. SUppOlI1:: IltlJl A(q), 
L(q\. ,,(q) artdD(q),. dq) !u.n·(; cr.mliwiJ01J5 dU'iv(JliuUf IJnd Ihal Ilt(; /ullou:iuy 
constants are positive: 

i"f{ IIAl'l)11 17. En) 
inf{lIDlq)11 I zED) 
inf{ Ami"ID(q) + DTl'l)) I q En). 

I1R) 
(19) 
(20) 

Then for fJ.1I f > 0 fhae ui.,t" a gain l\ and an :1D,wrption timf T > Q 
,wch that for all 7\(0) that Hti"jy 117'0(0)11 < f(A it hold" that 1I7'o(t)11 < ( 
providfd that t > T and thp ,w/ldion can Df continufd up to tinw t. Hae K 
i., a ji.ud po"itillf con.�tant and7',(n) dOlOtf ,' thf i"itial oalue of 7'. Furtha, 
,\ - 011/,). 
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For conveniell(:e D(q) + DT(q) ,,;ill be called t.he Symmtlriud Pt1'ltitulJliuTi 

nULltil.· and v,ill b� aLLreYluLed 10 Sl'-rw.J11·j:.c. Further, we SClY Llwl a per­
turbation of Equation (1) is non-invcrtit·c or uniformly pOlJitit·c dc.linitc if ,\ 
(defined by E-quu.tion (20)'1 is positive 

The proof, which is based on the Liapunov function V (X:I = zTz, is g-iven 
in S7.f'pesvil.ri ann L-:'lrincr;; 1 �85. 

3.5 Discussion of the theory 
Tn tniR sAction we consioN som� RTlAci<l.l C<l..",AR of th� <l.hov� tnPClrAm for varic:.1]s 
tyPf'R of RystemR. 'Ve st::l.rt with thA most simTlle CClse' 

Tt is f'Cl.<'y to finUW th(l.t the llmlesir<l.blf' llC!ll-qll<l.dr(l.tic term:=, of th", c1",riv(l.­
tive of the Li<l.l)llnOV fll1lction (\» c1i:='Ci.TlpeClr if the pl(l.nt's WIllCltion IR gn,'�n 
by 

Ct = Au + b, (21) 

and the perturbation and the vector field to be followed are constant Indeed, 
in lhi::; cGSe D'(q) :::: 0, A'(q) :::: 0, and d(q) = d is constant and lhus 
d'(q�1 = O. Consequently, in thi::; ca::;� V i::; neg;aliYc� ddlniLe u.nd lhe orig;illu.l 
theorem of Liapunov applies. Thus Vie h[lve the following sp ccial case 

PROPOSITIO:,{ 3.3 if A(qJ, b(q:l. D(q). r(q�1 and v(q) a.rc cOMtant jicldlJ 
then z convugelJ to zero and w convergelJ to w(q) = (E·-.A -I ,,\.)u+A - l(b _ 
b) (1,1 lirtit yOtIJ 10 irtjifJily. 

q::::All +Rq 

Then u::;ing; the i:l.bove argumenl one gel::; t}mL lhe error ::;ignal 'L. is ulLi1lli:l.tely 
10 unded in lhe rc�gjon 

where v = SUPq Ilv1:q) 11 provided that LI :::: u(q) == const. That is, in this 
special case ,ve Cl.rrive at the original concept o[ ulli1llctLe bOllndednes::; (the 
term of orner O(lI'ZW') oisappears from l» 
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An inleresling; queslion is ,vhet.her [or cbssical 1lleCha.llical 1llodels lhe 
p�rlurLClliun of Lhe "g;eomclry" Clnd olher physical propert.l�s of lhe planl 
result in uniformly positive definite perturbu.tion or not. The answer is posi­
tive [It Icu.st for the following; speci[ll cu.se. Consider tnc  robot [lrm working in 
three dimensional space I\"ith 3 deg-rees of freedom (see Fig. 2:1. \Ve assume 
a simplifif'n monAI of thf' arm's oyn::l.mics th<l.t seem� to be <l. "re(l."onClblf' 
compromise hPr\vf'f'n systf'm complAxity (<l.nc1 thm reClIi�m) ann f'<l..",f' of im­
plelllenb.tiOll" Anoerwn Ci.no MillAr, TTT 1 !·J9:? The monel iR completA in thCi.t 
all joint cOllpling tf'rmR (cf'nrripet<l.l <l.no CorioliR torqllf'S, v<l.ri<l.hlf' f'fff'divf' 
mOlllentR of inf'rtiCl, f'tc.) <l.rA indl1deo. Tt is still Cln ic1f'alillf'd moo AI, howf'ver, 
in that <l.ll mClSSAR are ClSSllmf'O to hI" Tlltlreo <l.t oiscrete points ann f'fl"'ects S11Ch 
(I." nrive trClin friction <l.rf' not mooAllf'o. Thf' <l.rlll is simihr to tlw rnree m<l.­
jor Ci.xes (b(\."e, 11pper Ci.rm, and fOreCi.rlll) of tYTlicCi.l innllRtri<l.l robots. We are 
illterestf'o in thf' properties of the sYlllmetrillec1 perhlrbation lll<ltrix of tllis 
robot arm prov lded that th8 arm g-rasps or releases an idealized obJo?d ( 1.8. , 
the mass of the end point changes) Of course, the perturbation matrix is 
nonlinear One can proV8 that the SP-matrix is positiv8 definite and even 
that it i:=, 111liformly positive definite Th", cakl1lations Clre given in S7."'pesvari 
(l.no LorinG>; 1 �H1Fi. 

3.6 COIIlpensatory control llsing neurot:(mtrollers 

In this section we tre[lt the invers c dynumics neurocontrollcrs ,vithin the 
g;cneml control scneme discussed [lbove. The usc of neurocontrollers - be­
cause they represent a larg-e class of a.daptit'e controllers - is important when 
lhe dynalllics uf lhe plalll i::; nol known in advallce or ullcertainties 1llay be 
Tlr�sent in the dynClmicR. Adaptive controllerR l�arn to control a Tll<l.nt from 
control s(l.mpl��. Dired mf'thon:=' (l.im to oevelop (l. "ontrol rlllA withom �x­
Tlli"itly finning <l. modAl of thf' plant. Tndired methon:=, first go throllgh an 
ioentification RtClgf' to f':=,tabli:=,h <l. monel bf'for� aTlplying other tAchniqlles to 
finn the control policy Vf'mllri 1 R�;:. \Tf'llrocontrollerR can also hA chssifi�c1 
C\.\,corc1ing to hmv thf' training OCl.tCl. is 11S�c1 for If'Cl.rning On thiR h<l..",AR \'.'� 
oiRtinglli:=,h vrLrirztiorwl (l.no 1"I()n-1I(J.ri,.di()nrzll�arning :=,dl�mf':='. Tn tlle CCl.",e of 
vari<l.tion<l.l learning an error iR "omplltAc1 from a d�sirf'd Cl.nd adllal r�sponse, 
whereas for non-variational schemo?s tho?ro? is no do?sired responso? Indirect 
methods t8nd to utilize variational schem� and cliro?d methods utilize both 
variational and non-variational schemes 
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AnolIler dC\::lsificalion o[ learning schemes is ba::;ed on whelher or nol 
IC�Cl.rning i::; inleric,wed wilh problem salving-. In lhe former ca::;e.: we sa}' lital 
the !cuming is on-line, otherwise it is off-tine 

Yirst we consider the effect of simultaneously twining and using a neu­
roeontroller such as the dynam1e state feedback controller Thus, in this 
"a.",e the S<l.mp learning nel1rocontroller is llsed to "ontrol the pl<l.nt. First we 
discnss th<tt thp prfr'i.,irJi), of trarcking mfJ.Y hp incwl.wiif onp 11Ses a ne llro"on­
troller, whi"h reprpsents the inversA dyn <l.mics of the plilnt jnst approximatfiy, 

for sns r'Ontrol. This qllestion is of great importance since the invprse dy­
namics of the plClnt may not be exactly reprodnced llsing <t previon�ly fixed 
set of models (i.e., with a fixed Cl.rchitectllre and <l.djmtable parameter�). The 
error obt<l.ined by doosing the hest model from the set of possible moelels 
is "<l.lIed the struc turrd approximation aror while the error reslliting from 
Sllb-ol,tim<l.l weights is c<l.lIed the lw,rning error. 

To see that the above statement holds, assume that the plant's equation 
is given by EcPlation (1)  and assume that we ap:proximate A -' I:.q) 'by P I:.q) 
and b(q) by s(q) Then, of cour:se; A(q) "approximates" P-1 (q) Kow let 
lIS im<tgillA thCtt the inversA dYllamicn<, of onr contrnller is "exilct" i.o"., tne 
plCtnts AqlJation is givAn I,y 

q � P-' (q) + s(q) (22) 

�o .. ; ,  (1) is lhoughl o[ a::; lhe f-l'�rLurbe.:d ::;y::;lem and (22) a::; lhe ullJ)e.:rlllrLe.:d 
system. If we upply Theorem 3.2 we get thu.t under some smoothnc.ss con­
ditionR and provideel that infq \llin(DT(q) + D'�q)) > ii,  where D'�q) = 
A (q)P(q), then for ICl,rgp enOllgh gains the error of fppelb(I.Ck (in other words 
the Prror of tr(I.Cking) is UUR and the llltim<l.te hcmnd on error is proportional 
to 1 /  t\ .  The positivity of the symmetrized IJPrtl1rh<ttion m <ttrix follmvs if P 
apIWoxim<l.tes A -1 sllfficipntly dOSAly. Tf )' = illfq )'min(DT(q) + D'�q)) > 0,  
wp say that the controllu repreunt., th(; invf:ru dynamic., of th(; pl(J,rd .,ign­

propf:rly. Tf ), = (I then we say the "ontroller represents the inverse dyn<l.mics 
of the phnt umi-.,ign proPfrly. \Vithclllt the feedb<tck sign<l.l, i.e., when 
A = 0; the (ultimate) boundeclne:ss of the error cannot be guaranteecl ,: a few 
example:=, are givell ill tile :=,inl1ll<l.tinw;). 

ThllS if the above symmetrized pertnrh<l.tion m <l.trix is nniform ly positive 
then the use of the neurocontroller for SDS Control seems to be advantageous 
even during the learning :pha:se On the other hand, if the initial controller 

Hi 

doe� nal repre:>en(. lhe planl (:;cllli- ):;igll properly lhell Ulle sho llid be cauliou::; 
in using; L.h,� conLrullcr Cor SDS ConLroi since L1(; Loundcdne::;::; of lhe COlll­
pcnsutory signal cu.nnot be ensured. One should therefore howe C\ sign proper 
initial guess of the inverse dynamics of t.he plant in order to allow learning 
a.nd feedback to work simultaneously. There are two ways to achieve this 
First, on� may initi(l.Ii;>;� th� controller so rrnl.t it re<l.lize:", (he eVPry\vhPre zero 
fllnctioll; or one m<1y prelearn (\ Clth stage mooel lmtil it is signIwoper 

TToweVf�r, it if, i'itill posRible tn<l.t mntrollen; h,,�ing signpro}Jeriy mil)' nmrler 
the sYRtem llllRtahle riming ie<l.rning, depending on tne ieClrning rule <l.pplierl 
Thi� ql1estion is consiclered ill the rPRt of tniR spction. "Fir�t we wn�idPr dired 
mptnod� GrosRberg Clnd Knperstpin 1 RRfi; Psaltis, Sideris, <tnd Y<tmamllr<t 
1RRR; \Vieiro\'!, "fcCool, and "fedoff l R7R The mom ",1 ,1,.'Cly of imIJlementing 
the elired metnod is the following: <l. r<l.ndOlll <l.ction (comrol sign<tl) is tried 
<l.nd the effed of tl1e <l.ction I:e.g., the direction of motion) is ohservwl. Then 
we associate the eif8Ct .vith the action that camed it In this case while 
learning there is no external signal to follmv and thus there is no error term 
It is therefor!? meaningl�s to compute the dynamic :state feedback signal . If 
the learnillg pna.<,e (i.e., tile self-gener<l.tic!ll cJf ex<tmples) is cc!mpleted and the 
wntroller snOlllel then tr<l.ck Cl.11 external sign <l.1 , then feedbCl"k "an be switded 
on, If the adaptivity of the controller lS still retained then both the feedback 
and the learninp; of the controller may work simultaneously (Alternat1vely, 
lhi::> working mode can be C\::lsumed [rom lhe beg-inning.) �ule lhal [or proper 
learning lIte FFC ::;!lOuld a::;::;ociale.: lhe lrue conlrol sig-net! (i.e .. lhe sum of 
the control signals of t.he F!" C and the YEe) witn the uctual movement 
(effcet 'l. However, this leurning mode requires a well designed external signul 
to follm\-' in order to ensure the erp;odiClty of the plant 's trajectory as ,veil as 
exhall::;live sampllng [rom lhe Space o[ cunt.rol signa]::; �arendra and Monopoli 
1080.5 Note lhul during karning lhe.: t.rad:.ing o[ lhe.: dc::;ire.:d lrCl..iect.ory is more.: 
pre"ise witl l  sns Control thCln withont it <l.nd this lllP<tTIS th<l.t if le<l.rnillg is 
stable withO llt the sns Feedback Control then the st<l.hility of le<l.rning is 
ensnred with it too. FnrthPrmore at the enel of le<l.rning the comIJens<l.tory 
wntrol sign<l.l becomes �mall: it compensates the strnctmal approxim<l.tion 
error only 

�Notp t.hat PXhA.11�t.1W sampling of cont.rol signals rf'�tri d.� th� rangp of control proh­
lems where direct methods can be used. For high dimensional control spaces exhaustive 
�il rn plirlg lIIay I.<l.k� 1,IHl iong I,() Ii� 1 >ril.I:l.il:al. 
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The olher method, known a::; lhe indired metllOd (ur model diiIerenli­
aliunJ Joruan 1£190; \\\;ruu::; 19S8; Widrow 1980 requires u. well de::;igneu 
external signed to follow. In this CCISC the controllcr makes an informcd guess 
CIS to which control signal should hiyc rise to t.he provided cxtcrnal signal 
This guessed control sig-nal results in a movement or effect that is usually 
rlif=r�rent from the extern::tl sign::tl .  The di1feren�e between t"hese nvo is then 
11sed <1 s ::tn error term. Then, the parameters of the controller (l.re modifien so 
then the error is redlJ( :ed (1lS1Hl . l ly only on cwer::tge). \Tote that here the error 
is (l. st(l.te or speed error. From this error should one compllte the error of the 
�ontrol sign <l.1 , i.e., the obtainerl error shcmlrl be " back propagated" through 
the plant dyn::tmics. To this enrl the rlyn::tmics of the pl<l.nt is morlelled first 
(or ::l..'mlmen to be known) and then th� monel is llSed to back-prop<l.gate the 
error: tl l llS learning is indirect it reqllir�s ::tn anillytical model of th� pl::tnt'R 
rlyn::tmics. TTowever, from 0111' point of vie,v it is more important th::tt in the 
case of the indirect method the (state or speed ) error sig-nal is available dur­
ing the whule learning phase, i e ,  both the SDS Feedback Control and the 
learning might l)e taking place simultaneously Huwever, this silllultaneo1lS 
11se might prevent or "t least delay He le"rning of the true illVerse dYll::tmics 
since tile colltrol ::tnrl thm; the inverse dynamicli model m"y seem more preciRe 
than they are Another problem is that overcompensatlon may render the 
learnmg process unstable: large errors in traJectory track:inp; may be caused 
by bOlh lhe uvercompen::;i:l.t.iun ur lhe impreci::;e feeJJon .... ctrd cont.rol �ibllctl 
Con::;eq uelILJ.\.:, t.lli::; !camillI; m�Lhud ::;hould be cauLiou::;iy u::;ed lugdher wilh 
dynamic state fecdback. Further rcsearch is nccded to clarify this point. An 
appropriate starting point might be to consider thc "feed back-error learning" 

models Lewis, Abdallah, and Da'i-':son 1993; Miyamoto, Kawato, Setoyama, 
and SUMlki 1988 when one replaces t.he (:v.lapt.ive feedback conlruller by a 
lheordicCl.ll.y j uslified and lhu::; slabk feedbCl.ck cOlILroller lhal can provide 
the �rror sign::tl for th� tril.illillg of tile inverse dynil.mics colltroller il.nrl c"n 
st::tbi1i7.e th� control loop 

Ali �an be seen from the <l.bov� rlisClls,c,ion dir��t inverRe mocieling pro­
vicied a better fit \vith sns Control. Tn the next section \v� deli�ribe some 
simlliation resllits \vith om nellro�ontroller. Th� (l.im her� is to illlutrr;.tr: the 
theory by simlliatiom The plil .nt 'R A<}llil.tion, the nellrocontroller ilnd ::tlso 
the pertllrb<l.tionR ,v�re kept as liimpl� (l.<; pos..<;ibl� in orcier to ilhlstr<1te the 
way of working- of the compensatlOn mechanism. Despite thls slmplicny the 
mudel used is quite COllll)lex and goes beyond the limits of the theory This is 
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because we comiider sirupiified sensorimolor cOlllrul, i.e., Wille aspecl uf Sen­
::;or.y cuding is included 'The ::;imulalion::; s u pport lhc ::;df-improving nalure 
of SDS f'ccdback. 

4 Computer simulations 

w� prAsent t,vo li�tS of compllter exp�rim�nts. The -first example ilhlRtr<l.teli 
when a nellral network <l .pproximates the inv�rse dynamics, i.�., this <l.pproach 
involves the non-p(l.mmAtric (lpproximation of the invprli� ciyn<l.mics, ,vhile in 
th� second �xample it is <1SS11med that the form of the invArse nynamics lli 
kllOWll l-lllt sume pil.ril.lllders "re R�ver�ly miSlllil.tclJed. 

4.1 Inverse dynamic approximated by a neural net­

work 

In these experiments the so called FDA controller is used to model the inverse 
dynamics of a simple plant <l.nci thA very liame (l.rchitectl1re is 11sed to g�ner<l.te 
t h� speeci fiAld to he trackeci. POl' net?ils of this nem?l network R�� S7.epesvari 
il.nd Larinc7 1 �Hlf:;. 

Th� sp::ttial -nlter�, t he proximity r�1 ::ttions ?s well <1� t hA control comm andR 
stored by thA int�rnellrons, althol1gh could be learnt S7epAsv::\,ri anci Larinc7 
19!=!6, were prr:wirtA iF (In idfrl/ jr-uhir)1J in ord�r to exdllci� th� adciitional 
etf��ts of imperfect learning ::tnd thllR only .,tr1J. rct1J.rrtl npprn.rimntion frrn r.� 

an prr;.Hmt in thr: .�im1Jlrltion.'. 

Th� pl ::tnt',c, eqll::ttion il.nd th� pertllfbed equ(ltion ::tre givell by 

q :::: 1 1  (2:=:) 

iJ = Ji'1:()i(q))ll, (24) 

where .F(-) is the rotation matrix introduccd cu.rlier and the rotation angle 
hClS the samc position dependcnce as before 

a(q) = 
{ Ir/2(1 - J(q, <:)); 

0; 
if Tr/2(l - d(q,<:)) > 0 
ot.llerwise. 

Function d gwes the Euchdean distance between q and c, where vector 
C = (0, 0) is the center of the state space [-1, If Thus the rotatiun is 
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�ht bret\te�� (it the (;ell�er and rea.ches :.:;ero i::\:l we iivvroao::h �he t(lg:e� oJ the 

state :q)OCl!. [\01(; L10L the puturbotioIl is 110L (;\'l!l'y ..... 1l!('(; dillcl"Clltioble and 
thut Amill(lJ'I'(C) + lJ(c)) = 0; thut is, the symmetrized perturbation matrix 
is llon-uniformly positivc defillite. This 'way the simulutioll goes beyolld the 
present theory. 

The task wa.., cn<l.nged to st<l.rt from the 100 .... el' left corner :'I.n d to move to 
the llpper right corner, i.e., v('1) is prnportional Tn ( 1 , 1 )  - C). (Th e sC<l.le on 
the ngllre:-; correfipond to the :W x :?O riiF,(Teti?:l'Ition.) The optimA.1 p<l.th WOllid 
go thrO ll gh the center (c) of the sb.te F,p:=tce, ,,"-here the pertnrb<l.ti()n if! the 
3trongeF,c. 'T'ypic<l .1 traj�.::toriffi are Rhown in "Fig. :{. The 1:r:'l.jedorief! plottecl 
hy cl iflmon <h, pllHt signs, <l.nd sqU<l.rf� correspond respe(':tively co th e trajec­

tories of che unpertu rhed plant, the pertl1rbed plant ,,:it.hout compens<l.tion , 

and the perhlrbed plant that U&ef, the c:ompen3f1cion mechani3m. 

:'Jote that t.he plant th<l.t. uses the c:ompenf;ation mechani�m overcompen­
sat.;os the perturbation This might be obso:>.rvo:'id at the e.nd of the traJt¥":· 
tory. Th� overr.ompe.nsation is dUf: to thf: strongly nonlinf:ar naturo'! of thf: 
perturbation by tho'! time tho'! controllf:r C'vmpensa�� fvr th� strong,*,t p",.r­

tllrbat1,111 in th e middle of the sp;;u:e �h e p�rtllrhat.ion decrei'lsef, ql1ickly and 
over<:ompeTl3<l.t.ion re;!mits . The overc:ompen"ation I!', t.he cOMeql1ence; of tne; 
into'!g-ratlon tIme ''''o'! applied m the f�back controller This overcompe.n­
sa.tlon can be made arbitrarily small by usinJ:; faster compensation, Le., by 
ilJ(;ret!.:iinl:!,' die gain of A. The gain incre"-Se, however, may mak;:: �he [eedba.ck 

more; ::;e;ll�jtive; La noise; - a lopic thol will be; discusse;d in Sedic'll 5.2 
The uncompensated pbnt not only deviutes strongly from the desired 

path but also revcals the underlying discretizution by the small humps of the 
motion. This structural approximation error is also compensated by the SDS 
COIl�r()lleL 

The; pL"t�l:nv.'<l numcrie:d cXalll pk ::;hows �hc difTcrcIl{;(; bClW(''C1l [.:':':':,][0["­

ward anrl feedback mlltrol ntratf!gies. If thf! problf!m il' perfectly learnt thf!ll 
thf! (':ontrol prohlem if! solvf!d withOllt. error. "Feedforwflrd <:antrol if! fast.; how­
ever, it requires experience and leal·nin g. If, on the other hand , the problem 
i3 not perfectly learnt then feeMorward control may hecome Ilnstahle and 
feedhack "hnuld he appliecl to "tahili7,e the c.ont.rol loop. Ciener<l.lIy speak­
ing, feedhac:k ti'lhR time since the error n i'l.,� to develop and alw tne error 

cletedion ancl the clevelopment. of t.he feedback control signfll may t.ake some 

tIme If the feedback signa1 is fast and strong t hen the system has a very 
short sampling time and may becomf: I'>f:llsitive to lloise, thil'> problem I'>ets 
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lill1ita�ioll::; 011 the tillle required to apply the JeeJ.bad <':ol1tro1 �trakbY' An­

other il1lporLanL wm;cquc11cL of U::;i11g �hL ct.'Jll peu�ator'y ll1CChalli�ill j:; t10t 
it corrects structural approximation errors, too. 

4.2 Controlling a chaotic plant 

Chemical gYF,temR Gl.n he n�l"tiv,-"ly !;implR in thi'lt they hA.ve few v<l.ri"hIAR, 
hilt gtill trouhlesome to control d n e  to !;tr(ll1g nonlinefl,ritieF, which are diffiCllit 

to model aCC11rfltely. A prime ex:=tmplf� iF, the hioreactor. Tl1 itF, F,impleRt 
form , a hiorea<:tor iR Rimply a tank '�(ll1tain in g W<l.ter and celh (e.g., yea."lt 
or hPLCt.eria) which c:on Rllme nlltrieutR (" Rllh!;crate") and produce prodl1cts 
(hl)th desired and llnd enirffi) and morf! o�II�. The �implest ver::.ioll of the 
hiore�tor i!', a c:ontinllOllS flow st.in·ed &ank reflc:cor (CFS1'n.) in which cell 
growth dep.;onds only on the nutrient being- f.;od to the system. The target 
values to be C'.ontrolled arf: tho" cell mass yi",Jd and tho'! nutrient concentration 
A basic sd of equations for !'.uch a bioreaetor is: 

(25) 

(:26) 

where Cl and C2 are, respectively. dimen:siOllclcss mass and substrate conYer­

SiOllS Agrawul, Lee, Lim, and H.amkrishna 1982. The control parameter, u. 
IS the flm\-' rate throup;h the reactor, while the cOlltrol parameter, u ,  is the 
flow n:\le u�d [.0 rai�e �he �uL�lrale cOllcenlfC\lio11. The COll:5�ttn�s j3 and )' 
dderwinc lL(: ra�c o[ cdl g;L"Owth and n11Lriclll COltS 11m pli0Il, \'( hilt: S ddinG:; 
the dimensionless form of substrak ';::ollcentration. 

1'hi& prohlem hrs.� provecl ch al leu giu g for conventional r.ontrolleNt find \vrs.� 
nllggef;ted as a <:antrol ben-::hmark prohlem in Ungar If-j�n. Th e sY3tem is 
d iffk:l1h co (':ontrol for 3everal rea..<;onR: the nncontrollecl eqU<l.t.ionR are highly 
nonlinear and exhibit limit cycles. Optimal hehavionr occur.'! in near an 
lIn3tahle region . Note that for I� = 0.02, 7 = 0.48 and .<i = 1 a "opf 
hifurcation 0<":<:111"11 at u = 0.H29, 1: = 0.0004, 

01lr experiments with this pl<l.nt c:onRiF,t.ed of two pha.<:;es corresponding 
to twv I'>ets of targo"t value!'. for c; and c; First, tho'! l'>ystE'.ID W� brought tv 
a steady state at (c�,f-;) = (0 .0737, 0 87130) and then the target value!'. Wf:re 
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changed lo (c�, c;) = (0 .1287,0.8688) which correspund::; t.u a ::;lC\ble fixed 
pOlnL of lhe reuclor wiL1 How rat.e::; (u� , v* )  = (0.8012, 0.0004). Then L1e 
tu.rg;et cell mu.s ?,'CIS increClSed u.g;u.in, nmv to (ci, c;) = (0.1737, 0 .'1078) witn 
equili brium control vulues (u·, u*) = (1.0652, 0 .0004) Control wu.s made ut 
intervals of 0.5 s, while simula.tmg- the bioreador wIth Euler-methods and 
with dt = 0.01 s. Onp ph(l.."e 1('J."ted .'i0 seconds. The s(l.ic1 ch(l.nge in set-point 
is sllfficient to shift from (l. st(l.ble regime into the dom?in of <1ttr(l.ction of (l. 

l imit cycle (see Fig. 4). Even if the corre"t model i8 known, sm,,11 errors ill 
parameters give rise to very im l.CCll rate control ,.,·hen ? feedforw<1rd controller 
is 118ed: ?n error of L% in , leads to .')1)% error in the target cpll m (l.% Rrengel 
(l.nd Seider 1 �R� 

\Ve testen sns Control 118ing tlw inversp nyn (l.mics corresponning to 
Equ"tion (:�!)) witl1 -'y = 1 . 1 /- Sillce the ch"llge of, re811 lts in iln "dditive per­
tllrb"tion of tne inverse dYll "m ics, tnllS sns Control ""n he "ppl ied withollt 
any restrictions and the theory predicts that SDS Control villi yield bOllllded 
tracking error The Sl)eed field was given by v(Cl , C2) = A(C� - Cl , c; - C2), 
where A \vas determined so that with ideal control eU*)/e(O) = l/e for 
t� = 10/8 s, wnere pU) is the error of either 1:1 or r2 "t time t. Tile errur of 
trrtcking is 8110Wll in figllre G Tile first of the three suhfigures "orrespono 
to the case when the mverse dynamK'.s model .vas perfect, whIle the second 
and third subfig-ures correspond to the cases when the inverse dynamICs was 
imperfecL wit.h and "iilhuuL dynamic feedback, respecliveiy. Nole lhal there 
is airnosl llo di1Terence between lhe fir::;l Cl.nd ::;econd sublig-ure::;, meulling lhaL 
SDS Feedbu.ck could very efficiently comp cnsu.te for the mismu.tched inverse 
dynamics modeL Hmvever, when there WClS no feed buck tnc error percentage 
of Cl was larg-er then 60%. This fig-ure sug-g-ests that SDS Control is able to 
pt7Jeclly compensi:l.l.e t.lle perlurbctlion, alt.lIOLlgh lhe perlLlrbalion is llig-ldy 
nOldineClL This alsu follows from lhe lheury since lhe Clim uf dte conlrol wu::; 
to bring the I;Yl',tem to rt stA"dy I;t"te "no tllllS Proposition 8.::l ""n be "p­
plied to thp line"ri7Ad plrtnt'8 Aqllation rtfter the plant rAachel', rt sufficiAntly 
small nAighbornood of thA design"ted eqll ilibrillm strth�. Pigllre fj showl; tnA 
control vrtri"hles "nd tnp id�(l.l control valu�s in the thrAA C('J.",AS. Tnil; figllrA 
reintC,rcPfl the impression th rtt SDS Control il; very efficient. Pigure 7 shows 
the feedb"ck sign,,1 in the Unl)prtllrhed "no the perhlrbed Cilsel; (correspond ­

ing to the Lh.l;. and r.h.s. I'mhfigllrel;, rpspedivAly) "Totice that feedback 
was non-z�ro even m the unpert11rbed case beca11se of the delay of control 
It can be seen that after a short l)eriod of time the feedback values settled 
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quickly. In lhe::;e experirnenl::; A, t.lle feedl)C\.Ck gain, wa::; 1 .  

5 Discussion of SDS Feedback 

Tn thi� spction \VA ciisCllSS some qllPfltions concerning SDS F'eenback Control 
First we compilre conv�lltion ,,1 feedh"ck con troll PI'S with Ollr method, then. 
thA pffed of nonRt<1tion<1ry pprtllrhrttions (1.." well ('J."\ 8enRitivity to noiRA arA 
diRCllI;R�d . Wp then conl',ider 80me oppn quel;tions. 

5.1 Conventional vs. SDS Feedback Control 

The main difference betl\'een these two types of controls is that in deslp;nmg­
a conventional feedback controller , a knowledge of the plant 's dynamic." (or 
its inverse dynamics) is required. If the dynamics of th� l)lant is not known 
lhen one must usc an uuaplive methou; in ol1c�r words, one sllOuld leach 
U.n ap-propriate controller, c.g. an inverse or forwurd system identification 
should take -place first . If an anu.lytical model of the dynamics of the -plunt 
IS learnt then one has stIll the opportumty to desig-n a dynamic state feed­
back contruller in t.he cunventiunal way. However , as il ha::; been ::;hown, one 
can simply usc t.he lcarnL inverse dynamic::; cont.roller fur dYllamic sl(l,lc� fced­
buck as wel l. !vloreover, thc resulting compound controller cun com-pensute 
-perturbutions quickly under relatiyely mild conditions. Since the -present 
PRe dOI',�ly fits the colltrolled plrtnt the f��dh"ck may w�11 h� morp pr�ci�e 
than " line(l.r fppcibtl.Ck controllPr WOllld h�. Moreover, simllltrtneollS leClrning 
of the inverse dynamics monel ?nd th� sns Peedh(I.Ck is pos8ihlp whpn the 
le"rll ing method iR dired sYl;tem idpntific"tiOll (I;ee I',edion 3.11) The flllly 
I;fM-organi:;;ing rtpprotl.Ch prARAllted in thil; paper I;ppml; m08t Clov"nt"gAou� if 
thA phnt'l; oyn rtmiC8 il; completely or partial ly unknown. 

5.2 Nonstationary perturbations and noise sensitivity 

In th� proofs w� assumed that the pert1ll"batlOn is stationary, i .e . , if it IS 
switch�:l on then it remains unchanged forev�r. However , this is not a realistic 
assumption . As far as nonstationary pert11rlJations are concern�:l the proof 
uf T'lleorem 8.2 8nrmld be modified. Tn f<l.ct , if tile perturbed sYRtem iR givell 
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uy 

q A(t,q)l.I + b(t, q) 

then ;It." '''''0111d c:om"in ildd itional terms �11ch tiS, e.g. , ft A(t, 'I). 'Jote that 
theRe, !l.dditionill h�rms do not illCrf�!l..�f. the orcler of n on-()ll !'ldr!l.tic te,rms in 
the (f) ill the derivative of the Li!l.pll llOV f1111c,ion. Thill', meanF, that if the 
changes are 9.1ow, i.e., these terms are h011nded ,  the,n for large en011gh 1\ 
one may kee:p the ultimate hOlmder"l11ess of the error signal , Hc:;wever, it is 
me.ntiollf!d thflt ill refll world applicationR theRe. r:htl.nge.s iHe 1I9.1l r .lly ffl9.t te.g., 
whe.n a rohot tl.rrn gra.'1:pR tl . heavy ohjlOd.) . Tn fnlch a r:a.�e, the. ermr signal 
may boc.ome very large and the sY5tem may becom"" un5tabl"". 

Any nois-;! disturbing the cOlltroi ioop can be cOIll>id�red as a nom.tatiollary 
perturbativn, hut noise usually does not admit a time-derivative and what 
i" more thoEl variation of noi!>e OVoElr timoEl iR not. eVf:n hOll11ded. The.rf::fore, fIllr 
machinery ctl.nnm he tl.pplied lllllefi..<; the� 111lpieMenc fetl.tllres of noi� are 
ruled out In \',hat follows ",e as.')urne that the nois-;! affecting- th.;! s�'stern ha::; 
bound�l amplitud€ and bandwidth. Anoth""r important iShU';! is where th€ 
lloi!:le ell�en� the sysltlll. Ont u.:;ually a:.SUWe!:I that lloi�e ",freds �he ouLpul 
d the conlwller In :;uch (l. cu.::;c th<.: lI':;lse C(l.ll be view'..:J a:; u.Il (l.drlilive 
perturbation of t.hc plant u.Ild Gan be compensated by the SDS YC\..---dback 
mechu.ll.ism ,·,..ith .hig.h enough A values. 1f the noise, on the other hand, affects 
the inputs of the controller, e.g-., the state of the plant, then it can be vie ... ,ved 
::l-li �he perl urb"'liun of l1e illVerse dynawj,;;:) illodel. TIle l)()ulldedne�� of l1e 
!lolse-(l.mplilude implics l1(; bo unrlcdn(;� 01 t11(; c()l"fcs p()nrling' perlurbalion. 
seeill g th<it , thA inven;A dYll Cl.m ics iR hy ,,",�s11mption a d ifferrmti<'Lble flll1ction 
with llnifr:.rm ly hOlll1ded dNivativAs. Tn thiR CA�, <'LgA i n ,  the noifie C<'Ln he 
r:ompellR<'LtlOd hy t:he prff.ent. fiystem. Kote that this is not fiO for convelltiollal 
linear fe,e,dhtl.ck mnt.rollerR. 

ThA most nelicate C,,",'1� iR when the noi� enteNi t.he. sy�tem jllSt. hefore the 
compenl'atory vector iR integr<'Lted, i.e., the noif>e ... ffects "'. Sllch a noiRe C<'Ln 
ea.�ily make the system llnRt.able, in spite. of the fact th at this t.ype of noise 
rflj;lIltR alw in an a.dditiv� perturhation of t.he pl ant, �inc:e the pe.rturbat.ion 
now tak.,.... tho;! form 

:\ IT n(t)dt, 
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where n(t.) denole� the nol�e. ::'{ow, even lhe boulldt:dn�s of the illltgTal 
canllol ue cnsurd [or lh·:.: gcn(;ral cu.::;c. Moreovcr, Lhe amplitudc o( Lhe 
perturbu.tiQn will be proportioIlu.1 to i\. This means that increusing A will 
also increase the perturbu.tioll of the system. This problem, hoV'tcYcr, is the 
problem of every dYrllJ.mic state feedback controller provided lf noise can enter 
pre,r:isely before tne point where the (X;.mpellsatory control sigm l .l ifi integrated 
through time . 

5.3 Open questions 

011e sh ol't.com illg of om approA .ch i9. th at thlO plOrtllrhations 9.hOllld he non­
invenive in f,nlf:r to keep t.he error tf:rrn b\J1Inded. F,xpel'iment.f'i indicate , 

however, thtl.t. hnmam are capahle of compenRat.ing not uniformly positive 
de1inite perturbations i"�"traordinanly rapidly Young 1969 ]0 our frame­
work such "structural" changes should be detecto?ci and the appropriate f.ign 
(,.hanges f.hvuld be incorporated in &he control The d�tection of suc.h chaogef. 
may hf: ba.c;ed on the ohf.f:l'va&ion &hat with sllch <'L perturhation the €lITo!' 
term keeps growi ng to inflni&y. However, the. detection of the ntl.ture of an 
"inversion" f.O€:ems to b", far from trivial. 

It is intnl;"Ulllh" to think about fa::;t action problems. Such actions may not 
",1l()W �he direct. use or lhe ftedbttck <':olllrollef :since �he �iillt: 11:) j usl ftt[ loo 
::;lwr� l() rluvd()� Lh·:.: cump(;Il:;(J,lor.y :;ignal. H()wc�'ec, tliU h:c.:rlbaclt conLrolkr 
may be used during the Icu.rning; -procedure: if the task to be controlled is such 
that it may be practiced stu.rting; from slow speed and the high spccd u.ctiOil 
could be built up step by step, then the feedback controller may be utilized 
1:)iu,;;e lhe �<:I.Sk j� now �luw enuugh iinrl the feedback c()lllruller LUOoy 'p1",y a role. 
If the, very same leA.rning prOCe<:l11rA al10ws for th e inCl'AI\.,c,e. of the, gaill fA.ctor 
:\ dwing training then the feed hack colltrolllOr m ay he, ahle to keep lJp with 
the, ne,e,dR of t.he feedforward mntrol pl'ohle.m . r n t.hiR way t.he c:ontrolllOr can 
pmdl)(:e V!'�ry precise motion that. can he M.oren in <'L :'proCedl1ftl.l" memory 
for lat.er reURe. 

Another fea.c,on to change A that if t.he plant is highly 110n_line.Ar the.n in 
Rome regions; of the fttate !>pac.e a 100 .... er gain i� Ruffic:ient: while in other region!> 
a higher gain is ne.e.ded to enRure A certain M.ability, A f,t.ate dependent gain 

would r.:>dllce r;ensitivity to Il0l5e. Another option is to lise an adaptive (time 
varying) gain, the gain should be increased if the error of tracking is not 
suffici€'.Il.t and v&herwise it should be decr�ase<l. 
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One can lry lo use SOlUe aspect.s o[ pa::isiyily Good,.;in and Sin 1984; 
Landuu 1970; Lcl ..... is, Abdallu.h, and Dawson 1093: Siulinc and Li 1901 or LItc 
pbnt . In this case one may start from the Liapunov function of the plant 
,vhicn satisfies tne pMsivity criterion [md use tne components of this function 
to deslp;n a modified dynamic state feedback control as in Lewis, Liu, and 
'Ypsilclirpk 1 f:lR.'). Tt seems Tlossible that te,r S11cn Tlassivp systems the 11ltimate 
bOlmriedness of the error C(l.n he extpnded to the wholp prror STl<tcp Tn this 
"a,c,e the sTleeri of nonRtation ary perturhationR would not bp limited hy thp 
nlC l.gnihlrie of thp g(l.in f<l.cror. 

6 Conclusions 

Complex control problems in structuroo environments were consideroo m the 
present work the task being to control a plant with previously unknown dy­
namics \·"hile avoiding obstacles and experiencing perturbations in the plants 
dYll<tmics. The solmiC!11 i:=, ba,c,ed un He designiltiun of an <tpprnIJri"tp speed 
field, which when tracked ensures collision free motion This ll.pproach is 
more robust tnen the earlier models for collision free motion, namely, trajec­
tory tracking-. A v:ell known spreading- activation neural model for fast speed 
field pb.nnin!; un lhe disreLiz;alion o[ lhe slale spcv:e WGS uliiiz;ed. This model 

V,ill) augmcnl c�d by inLcrncurons and cunlroi llcurons, ,.,.ilh inLcrncurons bcing 
connected to control neurons. The pll.rticular architecture ll.llows to control 
pbnts having non-linear inverse dynamics. The resulting control signal is 
smooth Tn tne spcond part of the article it WR..c, shown th <tt the so c(lileri 
sns Controller is c<l.Tl<l.hlp of compensating in homogenec;.]]s, non-linear, non­
additive pertllrhation� of non-linpCl.r plCl.nts that admit an inver�e dynCl.mic-:�. 
SlJ(�h pertl1rbiltions arise, for px<tmple, when a rohot <l.rm grR..c,ps or relpR..c,PR 
a heavy obje"t. The SDS Controller is composed of two irientic<l.l copies of 
an inverse dyn(l.mics controller. One coTlY ads R..c, the original dosed loop 
"ontroller while the other identic-:<11 copy is 11sed to develop the compens<1tory 
�ign(l.1 The <1rivCl.nt<tge of this compc;.]]n o  controller i� th<1t it C(l.n oevelop 
a control Sigl1<l.1 for 11nSPP11 pprtl 1rbatiuns and tllllR "<l.11 "ontrol the IJlant 
more precisely th all tile dosed loop feediorw<l.rd controller alone. Also SDS 
Feooback Control is advantap;eous to error feedback control smce the feedfor­
ward controller can provide almost preci:se control signals Under relatively 
mild conditions it wa:, shown that an arbitrary nOll-linear perturbation can 
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be cUlllpem;aled by lhe preselll met.llOd provided t.hal lhe perlurl)alioll is 
non-inycrlivc Tilc cumpcmialor.y signal can bc� buill up yc�ry rapidl.y a::; il 

follmvs from tne general tneory for linear plants Compensatory control for 
non-linell.r pla.nts was demonstrated by computer simulll.tions 

The mam advantag-e of the sup;g-ested architecture is that the very same 
sYRtem is m'led for feerib<tck <tnri fppMorll,.'ud control <l.11(1 the lp<l.rning Tlroblpm 
is thprpfore relaxpd sincp only one �ystem is <1vail<l.hlp for tmining. Le<1rning 
and SDS Control may take Tllacp siml1 ltilnously if the training signed is ahvays 
the Rl1m of thp fppMorl','(lrd <l.nd feerib<l.ck control sign aiR. Another adv(l.nt(lgp 
is that the sns F'eec1h<l.ck Control mode C<1n reri1J.:�e the tne aTlproxim <l.tion 
errors of thp inverRe dyn<1micR Thi� rpl<l.xes the 11l1mbpr of paramders th <l.t 
(l.re rpqllired to Cl.chipve <1 given predRion in control 
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8 Figure captions 

Figure 1 .  Compensatory control hy douhling the inver"e dynamic" 
cont.roller The proposed comTlcl1lnd controller is cCl.pCl.ble of "om pen­
Rating llOmogeneOllR IJertllrbiltions. The S<l.me inverse dynamics "on­
troller pl<1YR two roles: it is 11sed to comTll1tate the control sign <l.l 
it is used as a Feedforward Controller, FFC) as well a,c; the compen­
satory :signal (Feedback Controller, FEe) 

Figure 2. Tdf'ali'Zf�d a-joint rohotic manipulator Tnp dyn(lmics of tnis 
::l-joint rohotic milnipl1lator is highly non-line<l.r. A typi"al pertllrbiltion 
is \·"hen the m<l.n ipl11<1tor grR..c,ps (or relpR..c,PR) <1n object. Tnis is mooelec1 
hy changing the m R..c,s (AI2 ) <l.t tnp eno-eife"tor. Compensation of tnis 
pertmbation is h <trc1 , pSTleci<l.lly when the m R..c,s of the objed is large 
com:pared to the mal,s of the manil)ulator 

20 



Figul'e 3. Typical trajectories iu lht': prt':�t':Ul:t': or iliholllogeJlt':ou� 
pcrLudJUl.io[j�. In these experimeills �ht ph�!It's equutioll duuged ill­
homogeneously_ The chunge (uguin u rotution effcct) was the strongest 
in the middle of the stute spuce and , .... u.s zero Dot the edges of the stute 
space. The task "vas to travel from the lower left corner to the up­
p�r right �orner of the state space within th� 20 X 20 pixel region 
The figl1re shows three tr(tjectories. The first (piotr-eo by diamonds) 
is n line, almost strnight "nd it c:orrespond" to the 11npertllrbeo l)ln11t 
that med the compelli'>(ttion mechani"m. The �ond (Tllotte.d by phIi'> 
sign,,) shows the trajectory of the perhlrhed Tllam: withom compen­
sation . The large devilltion frDm the optimal trajectory i!\ dw: to the 
pertllrhation while the 5ma.1I oodll11tion like distllrhances a.re d1H� to the 
diS(';reti7.a.tion The third tra.jectory (plotted by lIoqllllres) correspondllo 

to the perturhed plant th at. used the mmpenl>ation mechanism Oue 
to the inhomog-",.neolls nature of the pertllrbatlon and to tho? large mte­
gration time; the controller uw.r(,vUlpenSat�: the plant Ulov� from the 
upper !>ido'! of the optimal path to the lower side when the perturbation 
dec:reaM�s rapifl ly from II large valll� til 7�ro. This error can hf: madf: 
arhit.rarily small nnder slJit.able mnditiOTIs. 

Figllrf'l /1. Reh1l"iollf of thf' hioff'Rctor for oifif'I'f'lnt. c.onstant. flow 

rates. The figures shuw the evulution of the bioreactor �tate vari­
abl� as d�cribed by Equatiun 1:.25) with (tI, j; ) ;;;;;; (0.8012, 0.0004) and 
('.,11) ;;;;;; ( 1 .Om;2, O.0004) for tl1f: I .n .s. and r.h.s. sllbfig1lres, re5pec­
tive!y. Tn hot11 C'I .. se5 the read()r WaF, started fmm a 0.0001 neign1)()r­
hood of an eqmlibrium state - m the first case the equilibrl1lIIl state 
il'., s,table, while in the I'.,econd caM it is un!>tablo'! and the plane's, state 
approadl� a limit cycle The vl?rtkal axi!> correspond!> to the tim", 
vaJ"iuuk. Th·:.: left u.I1d LIte righL a.xi::; rq)!'C:I<.:nl lhe C2 aud CJ value:;. 
respectively. 

Figure S. Bioreactor control: Error of control "5. time. Tht>. error 
perc.;o.ntage of ('Ontrol if, given at. ei ;;;;;; 100(('i - c;)IC:, i ;;;;;; 1,2,  wh",.r", 
(('� , C;) i� the desired !>et point of the bioreactor After 50 5 a nt>.w 
f,f:t.-point is designated that (' .. "rrespr,nd:;; to all llm, ti\hl� &"}uilihrimll of 
the plant._ When feedbllc:k is in e.fff:Ct t.he err()r qll ickly redll(,..H> to 7..ero. 
Without feedback the error remalllS high eveJl. if tho? Jnve.rse dynamia: 
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i:i llloder<'ltely imprecise. For det.iiib oJ tht: experiment. :iee the text. 

Figllffl 6. niorflactor cont.rol: Control valllf'lS VS. t.imfl. (u·,I!�J are 
the idenl equilibriuIIl control yalucs, ..... rnile (u, u) arc the actual control 
values. After 50 s a new set-pomt is deslh"nated that corresponds to 
<1.11 llll:itC'l.ble equilibrilllll o[ the plalll . Thw:I lhe ide::l.l c011trol vC'l.lues C::I.11 
Iwl lH.! ��um:.:d from lhe Leg-iullillg . .Fur detail::; or lilt (:xpcrimcnl ::iCC 
the text. 

Figure 7. Bioreactor control: Feedback "alues '\'S. time The g-raphs 
ItloLelled by " Cb- u" aud "Cb-v" rtprd)t!ll lhe feedback sig;n::l.l <.:Orre:;pond­
ing lo lhe control variables u and v, n:spccLivdy. for ddaiJ:, of the 
experiment see the text. 
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Fi.£!;ure 1: Compensatory control by doubling- the myers£; dyna.mics controller 
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Fig-ure 2: Ideahzed 3-Joint robotic ma.nipula.tor 

32 



c 

figllre R: Typical trCi.jectoriel', in the presence ofinholllogeneom; perhlrbation 
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Figure 4: Behaviour cftne uncontrolled bioreactor for different control yalues 



P<>rl� modGl+I<>9dbock 

Approximate rnod�+f,..,dlJock 

Appmximot. rnodioI, no f.8odlJock Approximot. modlOf, no f.adbock 

r-' .... -..... -..... ---cu �u '� -� ! !t�':::======/;::'��.===== 
Pignre S:  TIiorea"tor mntrol: Error of "ontrol in per"ent vs. time figllre t'i: TIioreador control: Colltrol Wl.hlel', Wi. time 
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Pigllre 7 Riore(l�tor �ontrol: Peeclh<l.ck Vg_ time 
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