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Abstract

We compare scaling properties of several value-function estimation algorithms. In partic-
ular, we prove that QQ-learning can scale exponentially slowly with the number of states. We
identify the reasons of the slow convergence and show that both TD(A) and learning with a
fixed learning-rate enjoy rather fast convergence, just like the model-based method.

1 Introduction

Recently, there was some discussion about if the indirect (model-based) or the direct (model-free)
methods of reinforcement learning are more advantageous. Of course, the asnwer is affected by
many factors. One such factor is the learning-speed measured in terms of the number of samples
required to learn a good approximation of the optimal Q-function (with a given tolerance and with
high probability). In this article we take this number as the basis of our measure of convergence
rate.

In their recent paper Kearns and Singh argued that Q-learning is not much slower than model-
based learning [2], namely that their sample complexities scale the same in terms of the number of
states. The purpose of this short note is to show that this claim depends crucially on the presence
of discounting. In particular, we give a simple example of an undiscounted Markov decision process
when on-line Q-learning arguably converges much slower than other methods, including model-
based learning.

The example is a special Markov reward process (there are no actions) in which the states are
linearly ordered. The last, absorbing state yields a unit reward and there are no rewards otherwise.
It turns out that one can prove that for the case of this example Q-learning has an exponentially
slow convergence in the number of states: it takes at least C: exp(IN) steps until the Q-value of
the first state comes within an € neighborhood of its limit value. This is illustrated in Figure 1.
The slow convergence of Q-values in this example can be attributed to a number of reasons; (i)
the ”"wrong” ordering of updates, (ii) that the learning rates converge to zero and (iii) that there is
no discounting. The example generalizes easily to more complex problems and shows that on-line
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Q-learning can be very slow in problems having long chains in it. On the other hand, it is trivial
to see that the model-based approach would converge in time linear in the size of the problem for
this type of problems.

There are a number of other ways to avoid the slow convergence. By using a trajectory-based
learning with reversed order updates the slow convergence phenomena disappears. In order to
implement this strategy one needs to remember individual trajectories which may be prohibiting
when the expected time of reaching an absorbing state is large. The resulting algorithm was
critized e.g. by Rummery and Niranjan [6] who argue that on-line Q-learning’s advantage can
be huge since it uses experience earlier and therefore (by their argument) more efficiently. Our
example shows that this conclusion should be taken warily. It is certainly true that off-line (or
trajectory-based) learning cannot be applied unless there is some kind of notion of trial boundaries.
Therefore it is important to identify other ways to overcome the slow convergence of the on-line
method.

One such way is to use a fized learning-rate, a strategy often applied in practice. In general,
using a fixed learning-rate may prevent the convergence of the estimates to their limiting values if
the reward process is noisy. However, as it is proven in the article, for noiseless reward processes it
can radically increase the rate of convergence to superquadratic. If convergence for noisy processes
is required then one can compute the averages of the estimated values in a second step — this
method is called Poljak-averaging and has been considered by a number of authors [5, 4].

Since here we are dealing with estimating the value of a fixed policy (there are no choices in our
example) it is also reasonable to compare the performance of Q-learning to that of TD(A). TD(A)
with A > 0 can be expected to perform better than Q-learning since for A = 1 it is equivalent with
reverse-order updates.! Indeed, we found in the computer experiments that it performed better
than Q-learning. In particular, if A is scaled with the number of states than the exponentially
slow convergence can be improved to become linear.

Another source of the slow convergence is that we used no discounting in our example. Indeed,
this makes a big difference since if discounting is used then for a fixed ¢ (0 < ¢ < 1) the effective
”chain length” is

Netr = 10g((1 = 7)5/ Bumax) /108(7),

where Ry,ax is an upper bound on the absolute value of the immediate rewards. The effective chain
length means that trajectories not longer than Neg are sufficient to determine the total expected
discounted value of any policy. This can be proved easily in the following way: For any controlled
reward-stream {r;} with initial state x,
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Note that Neg does not depend on the number of states. Indeed, this property of discounted
problems was exploited in the paper of Kearns and Singh [2] and also in the paper of Kearns et.
al [1].

The effective chain-length can be interpreted in different ways, depending on the interpretation
of discounting. If the discounting is part of the problem definition per se (e.g. it is modeling a
fixed inflation rate in economic problems) then it is meaningful for the decision-maker to fix a
precision and compute everything up to the effective chain-length. If, however, the decision-maker
is primarily interested in the limiting case v = 1 and the discount-factor is used as a tool to ensure
that the particular algorithms work (i.e. to ensure boundedness) then the algorithm designer must
choose a discount-factor close enough to 1 so that the class of discounted optimal policies and the
undiscounted optimal policies coincide. In general, this means that Neg should scale with the size
of the state space. This means that there is indeed a big conceptual difference between discounted
and undiscounted Markovian decision problems.

1'We are considering trajectory-based TD()) only.
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Figure 1: Sample complexity of Q-learning Note the logarithmic scale of the y axis.

2 Results

We assume that readers are familiar with reinforcement learning. First we descibe the example
we are using throughout the paper. Consider a Markov decision process with one action per state,
consisting of a linearly ordered chain of N states: in each state there is only one action, the one
leading to the next state. The process terminates upon reaching the Nth state. All transitions
result in zero reinforcement, except for the last one leading from state N — 1 to state N whose
associated value equals to one.? Since there is only one action per state, the Q-values will be
indexed only by their corresponding state, i.e., we write Q(i) for Q(i,a), where a € A = {a} is the
single action available.

2.1 Analysis of Q-learning

In the on-line version of Q-learning reinforcement propagates from the state NV —1 in the backwards
direction. The question considered here is how long does it take for the value of the first state Q(1)
to reach a fixed limit, say 1 —e as a function of N. We shall assume that all ) values start at zero.
In this simple example it is easy to see that the Q-learning algorithm ensures that all Q-values
will monotonously increase to their limit of 1. In our case the Q-learning equations reduce to

Qo(s) = 0, 1<s<N (1)
Qi+1(st) = (1 —au(se))Qe(se) + ar(se)(r(se) + Qe(se41)),t >0 (2)

where r(N—1)=1,r(s) =0s # N —1, sy = t+1 (modN), and a;(s) is the inverse of the number
of times the state s has been visited up to time step ¢. It follows that during the k" trial oy (s) is
1/k for all states (k = 1,2,...). Therefore, by relabelling the Q-values such that Q(s) becomes
the value of state s during the k*® trial we get

1

Quls) = (1 _ z) Q) + 1 Qumr(s+1), s <N -1,

which is the familiar formula of averaging the values of the sequence {Q(s+1)}, in an incremental
way and storing the result in Q(s):

T =

k—1
Qu(s) = ZQi(s+1), s<N-—1. (4)

The boundary conditions are given by the equations Qx(N) =0if &k > 1 and Qr(N — 1) = 1 if
E>1.3

2This is assumed just to simplify the presentation. The analysis can be repeated without any effort for other
similar reward structures.

3Therefore the claim of slow convergence is transformed to the claim that the Cesaro averages of the Cesaro
averages of .. (etc.) the Cesaro averages of the sequence {0,1,1,1,1,...} admit a slow convergence.
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Figure 2: Sample complexity of TD(\) for different A values. Note the logarithmic scale of
the y axis.

Now, we would like to develop an upper bound for Q4 (1). Firstly, note that {Q.(s)}, and
{Qr(-)} are monotone increasing and Q(s) <1 for all k£ and s. Let

Qr(l) +... +Qu(N -2)

Sk = N
Then Qk(]-) < Sk, So =0 and
Qr—1(N1) — Qr—1(1) Qr—1(N —1) 1
— _ < _ - = Si_ e ——
S = Sp-1 + k(N —2) I I e i
and thus i
1 1+1logk
Qr(1) < Sy < > - k7

N-244j°S"N=2"~
Jj=1
Therefore in order to have 1 — & < Q4 (1) one needs

1+logk

1—e< 12088
SN2

i.e.
k> el-9)(N=2)-1

)

meaning that Q-learning is exponentially slow in this case.

The algorithm described above was simulated for different chain lengths N. The number of
steps required for Q¢(1) to reach 0.99 is plotted on a logarithmic plot in Figure 1. After a short
initial transient, the plot is fairly linear, indicating that the convergence is exponentially slow in
the size of the problem.

2.2 TD())

The Q-learning algorithm discussed above corresponds to on-line TD(0). We also ran some com-
puter simulations to investigate the scaling properties of TD(A) for A > 0. Again, we plotted the
number of steps on a logarithmic plot for different N’s (see Figure 2). It turned out that, after
an initial transient period, the convergence becomes exponentially slow for all 0 < A < 1. During
the transient, however, the number of steps scales linearly with N, and this transient becomes
infinitely long as A — 1 like 1/(1 — A). This is in good agreement with the trivial observation that
the TD(1) algorithm is linear as it corresponds to straight Monte-Carlo estimation. Note that
linear scaling can be achieved if one chooses Ay =1 —1/N.



2.3 Constant Learning Rate

If we fix the learning rate a (i.e. a:(s) = a for all ¢ > 0) then the algorithm becomes faster.
Namely, we prove below that it becomes superquadratic (txy = Q(1/aN?)).* For a = 1, it is
obvious to see that the number of steps required to propagate the value 1 to the beginning of the
chain is (IV — 1)2. Now let 0 < a < 1. Then one can prove by induction that

. 0, if k£ < 7;
Qk(N—y+1>={j !
o/pN_jt1,k, oOtherwise,
where i
—J . .
j+i—1 ;
pNj+17k:Z< Z )(1_04)’
=0
Therefore .
— (N+i-1 ,
Qr(1) = o™ ( +; )(1 —a)i, k>N.
=0

Now, observe that the sum on the r.h.s. of the above equation is just the (kK — N)th Taylor-
polynomial of the function f(z) = (1 — )~ around the point zero, evaluated at = = 1 — «
(indeed, f*) (z) = (1 — z)~(N+k) Hf;ol (N +).) The rate of convergence of the Taylor-series

T () = Zn: (N +ii - 1> i

=0

to f(xz) can be estimated using the Cauchy-residual theorem. According to this theorem there
exists a number ¢ € [0, @] such that

- e
@ - @) < | @ - e

?

where @ = 1 — a.. Now, since the function g(¢) = (@ —¢)/(1 — &) is decreasing on the interval [0, @]
and its maximum is taken on at &€ = 0 with ¢g(0) = @. Therefore

n

(@) — Ta@)] < (1— &)~ +Dgnt T2
i=0

i+1°
The inequality

BN+ _
A":Hi+1 <(n+2)N!
=0

can be easily proved if one takes the logarithm of A,, and uses the inequalities log(1 + z) < x and

1+1/24...1/(n+1) < [

n .
N -1 .
1—a¥ E ( +_l )6’
i
i=0

It follows that in order to achieve the € error-bound, one needs at least ky = N + kn trials, where
kn/logkny > N. Since here ky is the number of trials and one trial consists of N steps, one gets
that the number of steps required to achieve the e error-bound scales worse than N2 and better
than N3.

Note that the decay of the learning rate is required only to ensure that the effect of noise in the
system is cancelled out asymptotically: in deterministic problems a small enough, fixed learning
rate is sufficient to ensure convergence. In stochastic problems, another opportunity is to use
Poljak averaging on the top of the fixed learning-rate scheme.

1/x dx = log(n +2). By means of the above inequalities we get that

< AnanJrl < (n+2)Nflan+1'

4In fact, from the analysis below it follows that ty = O(N3).



3 Relation to Previous Work

In the context of satisficing search® and deterministic problems Whitehead has shown that the
number of steps that a zero-initialized Q-learning algorithm with goal-reward representation and
greedy action selection needs in order to reach a goal state and terminate can be exponential in
the number of states [8]. If, however, an action-penalty representation is used then the complex-
ity of search drops to O(|A|N) as shown by Koenig and Simmons [3] (they proved this only for
deterministic problems). They also considered bi-directional versions of both Q-learning and the
model-based algorithm for the construction of the optimal value (or action-value) function and
show that they are no more complex than the problem of reaching a goal state from a particular
initial state. Our conjecture that Q-learning can be exponentially slow also in deterministic prob-
lems does not contradict the results of Koenig and Simmons since the version of Q-learning they
considered uses a fixed learning rate equal to 1, whilst the slow convergence conjecture depend
crucially on the assumption that the learning-rates are decayed.

In an earlier paper one of the authors has proven that an upper bound on the asymptotic rate of
convergence of Q-learning is O(1/t#(=7)) provided that R(1—+) < 1/2 and Q-learning is subject
to the law of iterated logarithm otherwise [7]. This bound did not concern directly scaling with the
number of states. Here R is a constant related to the “mixing-rate” of the aperiodic ergodic Markov
chain corresponding to an appropriately fixed stationary policy. This result cannot be interpreted
in MDPs where there are now policies yielding aperiodic and/or ergodic Markov chains. The MDP
considered in this paper is such an environment. Note, however, that the the slow convergence
shares the same root in both cases; the steady decay of the learning-rate towards zero which results
in very small learning-rates before the relevant information “arrives” to a given state.

We conjecture that under the above conditions Q-learning indeed does not obeys the law of
iterated logarithm, i.e. the above bound is essentially tight. Such a result would enable us to
compare the asymptotic rates of convergence of Q-learning and model-based methods. To see this
consider a model-based learning algorithm which runs value iteration (using the latest estimates
of transition probabilities and rewards) until convergence after each observation. As it was noted
in [7], such a model-based learning clearly satisfies the law of iterated logarithm. This is proven
in two stpes: firstly, the estimation process of the transition probabilities and immediate rewards
is subject to this law where the time scale is given by R (but scaling time linearly does not effect
the form of the rate of convergence). Secondly, the L™ distance between the fixed point of the
approximate Bellman operator and the optimal value function can be bounded from above by
the distance of the approximated transition probabilities and the rewards to the true transition
probabilities and rewards.

Therefore proving a polynomial lower-bound for Q-learning would enable one to conclude that
Q-learning is slower than model-based learning if the underlying process is slowly mixing. This
remains, however, a topic for further research.

4 Conclusions

In this paper we have shown that Q-learning applied to undiscounted problems with a decaying
learning rate can exhibit exponentially slow convergence. We have identified a number of reasons
of this negative result and considered various methods to overcome it. In particular, we have shown
that slow convergence can be avoided in our example, if off-line (or trajectory based) learning is
used or if TD(\) is used with A depending on the number of states or if a constant learning rate
is used.

We think that the simple example presented in this paper brings some more insight into the
various tradeoffs present in reinforcement learning methods. We believe that a similar lower bounds
could also be carried out for the case of general optimization problems having “long chains” in it.
We consider this as an important research topic. Another important problem is to give similar

51n satisficing search one is interested in finding a solution to a given problem. This is quite different from the
problem considered in this paper, namely that of learning a value function.



bounds for the case of TD(\) and to analyze the convergence and convergence rate properties of
Juditsky style algorithms.
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